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INFINITE DIMENSIONAL OSCILLATORY INTEGRALS
WITH POLYNOMIAL PHASE FUNCTION AND THE TRACE
FORMULA FOR THE HEAT SEMIGROUP

by

Sergio Albeverio & Sonia Mazzucchi

It is a special honour and pleasure to dedicate this work
to Jean-Michel Bismut, as a small sign of gratitude
for all he has taught us by his inspiring work

Abstract. — Infinite dimensional oscillatory integrals with a polynomially growing
phase function with a small parameter ¢ € Rt are studied by means of an analytic
continuation technique, as well as their asymptotic expansion in the limit € | 0. The
results are applied to the study of the semiclassical behavior of the trace of the heat
semigroup with a polynomial potential.

Résumé (Intégrales oscillantes en dimension infinie avec une phase polynomiale et formule de la
trace pour le semigroupe de la chaleur)

Nous étudions les intégrales oscillantes en dimension infinie avec une phase de
croissance polynomiale & petit parameétre € € RT au moyen d’une technique de pro-
longement analytique. Nous donnons aussi leur développement asymptotique en €
lorsque € | 0. Nous présentons une application de ces résultats & I’étude du comporte-
ment semiclassique de la trace du noyau de la chaleur avec un potentiel polynomial.

1. Introduction

Oscillatory integrals on finite dimensional Hilbert spaces, i.e. expressions of the
form

(1) /n e_%q)(z)g(x)dw,
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18 SERGIO ALBEVERIO & SONIA MAZZUCCHI

(where ® : R™ — R is the phase function and € € R* a real positive parameter) are a
classical topic of investigation, having several applications, e.g. in electromagnetism,
optics and acoustics. They are part of the general theory of Fourier integral operators
[27, 35]. Particularly interesting is the study of the asymptotic behavior of these
integrals in the limit € | 0. The generalization of the definition of oscillatory integrals
to the case where the integration is performed on an infinite dimensional space, in
particular a space of continuous functions, presents a particular interest in connection
with applications to quantum theory such as the mathematical realization of Feyn-
man path integrals [1, 7] (see also, e.g. [26, 36] and references therein; applications
include—Dbesides quantum mechanics—quantum field theory and low dimensional ge-
ometry, see, e.g. [10] and references therein). In the case where the integration is
performed on such spaces and on general real separable Hilbert spaces, the theory was
for a long time restricted to oscillatory integrals with phase functions ¢ which can be
written as sums of a quadratic form and a bounded function belonging to the class of
Fourier transforms of complex measures. In [8, 9] these results have been generalized
to phase functions with quartic polynomial growth. In this paper we consider a gen-
eralization of the oscillatory integral (1) and its infinite dimensional analogue, in the
case where the imaginary unity ¢ in the exponent is replaced by a complex parameter
se€Ct={z€C : Re(z) >0}:

(2) I(s) = /e_%é(z)g(x)dw.

Strictly speaking I(s) has an oscillatory behavior only for s being a pure imaginary
number. By generalizing the results of [8], we prove (in section 2) a representation
formula which allows us to compute an infinite dimensional oscillatory integral of the
form (2), with a phase function ® having an arbitrary even polynomial growth, in
terms of a Gaussian integral. In the non degenerate case (i.e. when the Hessian
of the phase function is non degenerate), we compute (in section 3) the asymptotic
expansion of the integral as € | 0 in powers of €. In the degenerate case the situation
is more involved. In section 4 we handle in detail a particular example and apply this
result to the study of the asymptotic behavior of the trace of the heat semigroup
Trfe~%H], t > 0, in the case where H is the essentially self-adjoint operator on
C® = C°(R?) C L?(R?) given on the functions ¢ € C§° by

(3) o) = (- 2 8e + V() 6)

where & > 0 and V is a polynomially growing potential of the form V(z) = |z|?V,
z € R4 N € N. This corresponds to exhibiting the detailed behavior of Tr[e_%H I,
t > 0, “near the classical limit”. Indeed H can be interpreted as a Schrodinger

Hamiltonian (in which case ki is the reduced Planck’s constant), and consequently
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OSCILLATORY INTEGRALS 19

e *H asa Schrodinger semigroup with imaginary time, i.e. the heat semigroup. In
recent years a particular interest has been devoted to the study of the trace of the
heat semigroup and of the corresponding Schrédinger group e~ ®H , t € R, (related
to the heat semigroup by analytic continuation in the “time variable” t) and their
asymptotics in the “semiclassical limit % | 0” (see, e.g., [46], [1, 4, 12] and also
[16, 17, 18, 20] for related problems). In particular one is interested in the proof
of a trace formula of Gutzwiller’s type, relating the asymptotics of the trace of the
Schrédinger group and the spectrum of the quantum mechanical energy operator H
with the classical periodic orbits of the system. Gutzwiller’s heuristic trace formula,
which is a basis of the theory of quantum chaotic systems, is the quantum mechanical
analogue of Selberg’s trace formula, relating the spectrum of the Laplace-Beltrami
operator on manifolds with constant negative curvature with the periodic geodesics
(see, e.g., [25] and [3, 4, 12]).

In the case where the potential V' is the sum of an harmonic oscillator part and
a bounded perturbation V, that is the Fourier transform of a complex (bounded
variation) measure on R?, rigorous results on the asymptotics of the trace of the
Schrodinger group and the heat semigroup have been obtained in [4, 12] by means of
an infinite dimensional version of the stationary phase method for infinite dimensional
oscillatory integrals (see [7] for a review of this topic).

The paper is organized as follows. In section 2 we give the definition and the main
results on infinite dimensional oscillatory integrals of the form (2) with a polynomial
phase function ®, in section 3 we study the asymptotic expansion of the integral in
the case where the origin is a non degenerate critical point of ®, while in section 4
we study a degenerate case and apply these results to the asymptotics of ’I&'[e"%H I,
t>0,as h|O0.

2. Infinite dimensional oscillatory integrals

The present section is devoted to the study of the oscillatory integrals with complex
parameter s. In the following we shall denote by (¥, (, ), || ||) a real separable infinite
dimensional Hilbert space, s will be a complex number such that Re(s) > 0,9 : # — C
a Borel function.

Let us consider the generalization of the oscillatory integral (1) to the case (2) where
the imaginary unity 4 in the exponent is replaced by a complex parameter s € Ct =
{z € C : Re(z) > 0}:

(4) I(s)= [R" e~ <®@g(z)dz.

In the case where s is a pure imaginary number, by exploiting the oscillatory behav-
ior of the integrand, the oscillatory integral (4) can still be defined as an improper
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20 SERGIO ALBEVERIO & SONIA MAZZUCCHI

Riemann integral even if the (continuous) function g is not summable. In the case
where the phase function @ is a quadratic form, the integral (4) is called Fresnel in-
tegral. We propose here for the general case (4) a modification of the Hérmander’s
definition [27], also considered in [5, 23] in connection to the generalization to the
infinite dimensional case. This modification is as follows:

Definition 2.1. — Let f : R® — C be a Borel function, s € CT a complex parameter.
Let J be a subset of the space of the Schwartz test functions S(R™). If for each ¢ € J
such that ¢(0) = 1 the integrals

4,8) = [_(rs™) et (o) (50)da

n

exist for all § > 0 and lims_,¢ I5(f, ¢) exist and is independent of ¢, then this limit
is called the Fresnel integral of f with parameter s (with respect to the space ¢ of
regularizing functions) and denoted by

(5) F(f) = / e tel® f(z)da,

n

By an adaptation of the definition of infinite dimensional oscillatory integrals given
in [23] it is possible to define the oscillatory integral with parameter s on the Hilbert
space J{, namely

(6) I(s) = /ﬂ 4191 g () e

as the limit of a sequence of (suitably normalized) finite dimensional approximations
[12].

Definition 2.2. — A Borel measurable function f : # — C is called F° integrable
if for each sequence {P,}nen of projectors onto n-dimensional subspaces of J, such
that P, < P41 and P, — I strongly as n — oo (I being the identity operator in ),
the finite dimensional approximations of the Fresnel integral of f, with parameter s,

g T5.(N)= [ et (R a)(Pas)

exist (in the sense of definition 2.1) and the limit lim,_,.c ¥, (g) exists and is inde-
pendent of the sequence {P,}.
In this case the limit is called the infinite dimensional Fresnel integral of f with
parameter s and is denoted by

/ o810 (1) g
H

f is then said to be integrable (in the sense of Fresnel integrals with parameter s).
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OSCILLATORY INTEGRALS 21

The description of the largest class of functions which are integrable in this sense
is an open problem, even in the finite dimensional case. Clearly it depends on the
class  of the regularizations. The common choice is J = S(R"), [5, 23]. In this case
[5, 7, 23] the space of integrable functions includes (in finite as well as in infinite
dimensions) the Fresnel class & (#), that is the set of functions f : # — C that are
Fourier transforms of complex bounded variation measures on J¢:

f(z) = /ﬂ eVDdue(y) = ps(c), zeEH

sup ) |us(Ei)| < oo,

where the supremum is taken over all sequences {E; } of pairwise disjoint Borel subsets
of #, such that U;E; = #.

In fact for any f € F(J) it is possible to prove a Parseval type equality that allows to
compute the infinite dimensional oscillatory integral of f (with purely imaginary pa-
rameter s) in terms of an absolutely convergent integral with respect to the associated
complex-valued measure ps [5, 23]. Indeed given a self-adjoint trace-class operator
B : # — H, such that (I — B) is invertible, a function f € F(¥#), f = jif and a
positive parameter & € R™, it is possible to prove that the function e~ 2r (@ Ba) f(z) is
Fresnel integrable and the corresponding Fresnel integral with parameter s = —i/h is
given by

————

Sin .
(8) / erlal =3 (2.B9) i@ ) f () dp
H
=(det(I_B))—1/2/ﬂe—i—z’i(a+y,(I—B)"(a+y))uf(da)

where det(I — B) = |det(I — B)|e~™"d I=B) ig the Fredholm determinant of the
operator (I — B), |det(I — B)| its absolute value and Ind((I — B)) is the number of
negative eigenvalues of the operator (I — B), counted with their multiplicities.

Let us also recall, for later use, a known result on infinite dimensional oscillatory
integrals.

Let # be a Hilbert space with norm |- | and scalar product (-,-). Let also || - ||
be an equivalent norm on J with scalar product denoted by (,-). Let us denote the
new Hilbert space by . Let us assume moreover that

(wl,:Eg) = (:1)1,.'172) + (.’l)l,T.’L'g), T1,Tg € j[

lzll* = |2]* + (z,Tx), =€,
where T is a self-adjoint trace class operator on . The following holds (see [11, 12]):
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22 SERGIO ALBEVERIO & SONIA MAZZUCCHI

Theorem 2.3. — Let f :  — C be a Borel function. f is integrable on H (in the
sense of definition 2.2) if and only if f is integrable on H and in this case

— —_—

(9) /_e_élx‘zf(x)dm = det(I + T)1/2/ e_%""Zf(a:)dx
H H

Recently the class of “Fresnel integrable functions” in the sense of definition 2.2

has been further enlarged. In particular in [9] the Parseval type equality (8) has been
generalized to the case where J is finite dimensional but the phase function is an even
degree (not necessarily second order) polynomial, while in [8] a corresponding result
has been proved for infinite dimensional Hilbert spaces and phase functions which are
the sum of a quadratic and a quartic term.
Let us also remark that definition 2.2 can be seen as an extension of a line of develop-
ment relating infinite dimensional integrals of probabilistic and oscillatory type, going
back to Cameron, see, e.g., [19], [37] and corresponding references under “analytic
approach” in [1, 7].

In the following we shall extend these results to infinite dimensional Hilbert spaces
and suitable polynomial phase functions of higher degrees. The main idea is a gen-
eralization of a Parseval-type equality, obtained by modifying the definition 2.1 by
restricting the class of regularizing functions to a class f of analytic functions.

Let o € R, in the following I, will denote the open interval (0, ) if @ > 0 and («,0)
if @ < 0; D, will denote the sector of the complex z— plane

D, :={z=|zle¥ €C : |2| >0, p € L,},
and J,(R™) will denote the space of functions ¢ € J(R™) satisfying the following
assumptions:
1. for any = € R™ the function
z — ¢(zz), z€R, zeR"

can be extended to an analytic function in D, which is continuous in the closure

D, of D,.
2. for any z € D, the map

z — ¢*(z) := ¢(z2z), z€C, zeR"
is bounded.

Clearly J5(R"™) C J,(R") if @ < B. As an example the function z € R" — e~ l=l* i
an element of . /,(R™).

Given a real separable Hilbert space of J#, with inner product { , ) and norm
|l Il, let us consider the abstract Wiener space (¥, B) built on #, where (B,] |) is
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OSCILLATORY INTEGRALS 23

the Banach space completion of # with respect to the measurable norm | | and
let 4 be the standard Gaussian measure on P associate with # (see [24, 32] and
the Appendix of the present paper). J is sometimes called the reproducing kernel
Hilbert space of B. Let us denote by c the norm of the continuous inclusion of # in B.

Theorem 2.4. — Let 5,7 € C, s = |s|e’® and r = |r|e?P, with o, B € [-7/2,7/2]. Let
us assume that for any ¢ belonging to the closure I_, 2 0f I_o 2, the angle B+ 2N¢p
is included in the interval [—7/2,7/2].

Let B : # — ¥ be a trace class symmetric operator such that (I — B) is strictly
positive. Let Vo : H — R be a positive, continuous in the | |-norm and homogeneous
function of order 2N, i.e. Van(Az) = ANVon(z), for any A € R, z € H. Let
g : H — C satisfy the following assumptions:

— for any x € H the map
z > g(2x), z€R, zeH

can be extended to a function which is analytic on D_, /o and continuous in
D_q ).
— 31K, >0, 3K, € (0, 1/62), Ve e H

322 -
(10) lg(za)| < Kale T el =@B) - vze D,

— the function x — g*(z) = g(e~**/2x), x € H, is continuous in the | - |-norm.

Then the infinite dimensional oscillatory integral with parameter s and regularizing
class J_,, /5 of the function f : H — C

(11) f(z) = e2@BDVan@g(q), 2 e H,

is well defined and it is given by

s i
(12) /j{e—%(z’(I_B)w)_TV2N(z)g(.’IJ)d(II — /%e%(w,Bw)—rs_NVgN(w)ga(ISI——l/Zw)d,u(w),
Van resp. g* being the stochastic extensions of Von Tesp. g& to B.

Proof. — The right hand side of (12) is well defined, indeed under the assumption
of | |-norm continuity, the functions Vo and g* can be extended by continuity to
random variables Van and g% on B, which coincide with the stochastic extensions of
Van and §* of Van and g* p-a.e. (cfr. Appendix, which is based on [24]). Moreover
for any A € C* and for any increasing sequence of n—dimensional projectors P, in
#, the family of bounded random variables e=AV2noPn(*) = =AVin (") (P, being the
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24 SERGIO ALBEVERIO & SONIA MAZZUCCHI

stochastic extension of P, to B)converges p—a.e. to e AVan (),
As B is symmetric trace class, the quadratic form on # x #:

z € # — (z, Bx)

can be extended to a random variable on B, denoted again by ( - , B - ). Moreover the
random variable e3{* ) is in L!(u) (see appendix). The bound (10) for z = s~1/2
extends by continuity to §* : 8 — C and by Fernique’s theorem the integral on the
right hand side of (12) is convergent.

Let { P, }nen be a sequence of finite dimensional projection operators on # converging
strongly to the identity as n — oco. Let ¢ € J_, 5(R™) be a regularizing function.
For any 6 > 0 let us consider the regularized finite dimensional approximations

(13)  (2ms™H)™"/? / ﬂe‘%<P"“”’<’—B)P"1>—Ww“’"”g(an)qs(éin)d(an)-
Pn

For any z € R* the integral (13) is equal to

2
(14) (;—s)n/z/ e 5 (P"z‘(I_B)P"“)_”ZNV”’(P"z)g(anw)qS(z&in)d(an).
w PoK

By the assumptions on the functions ¢, g, as well as on the parameters s and r, and by
Fubini and Morera theorems, the integral (14) is a function of the variable z which is
analytic in the sector D_, /7 and continuous on D_, /2> and coincides with the value
of the integral (13) on R*. By a straightforward application of the reflection principle
[33] it is a constant function on the whole closed sector D_, /s2- In particular for
z =812 :=|s|71/2¢7%*/2 we conclude that

(ars™) 2 [ e iPn I BIPa)rVan (Patlg (P, ) (6 Po)d( Pr)
H

n

— (27r)—n/2 / e—%(Pnz,(I—B)in)—r_g—NVZN(Pnz)g(s——1/2in)¢(s—1/26Pnz)d(Pnz)
nH
By letting 6 | O and using again the dominated convergence theorem the latter is
equal to

= I Pall?

e 1

/ e%(Pnz,Ban)—rs_NVZN(Pnz)g(S—1/2an)
P,
— /ﬁe%(Pna:,BPnac)—rs'Nl—/gN(an)ga(|S|—1/2in)du(x)

By letting n — oo and by the dominated convergence theorem the latter converges
to the right hand side of (12) d
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OSCILLATORY INTEGRALS 25

Remark 2.5. — Theorem 2.4 generalizes the results obtained in [8] concerning the
oscillatory integrals of the form

—_—

(15) /j[e%«”’m)e“‘v“(‘”)g(x)dw.

Indeed the Parseval type equality (12) allows one to compute explicitly infinite di-
mensional oscillatory integrals with polynomial phase of higher degree, provided that
the parameter s has a non vanishing real part. For instance one can compute infinite
dimensional oscillatory integrals of the form

/ e ) AVan () g ()
H

with A € RT and a € [-7/N,0].

Remark 2.6. — In the case s € R, theorem 2.4 relates a Gaussian integral on the
Banach space B with an integral on its reproducing kernel Hilbert space .

If the operator (I — B) : # —  is not strictly positive, formula (12) does not
hold. In the following we shall generalize the results of theorem 2.4 to the case where
(I — B) has non positive eigenvalues, by restricting the class of polynomial phase
functions Van.

Given a trace class symmetric operator B : # — %, the number of non positive
eigenvalues of (I — B) (counted with their multiplicity) is finite. We shall denote
by o the kernel of I — B, by J£_ the subspace of # where I — B is negative
definite, and by #, the subspace of # where I — B is positive definite. We have
H =H_DHo®H,. Let us introduce the notation H1 = H_ & Ho, Hs = H
and z € H = z1 + zo, with z; € #;, i = 1,2. Clearly dim(¥1) < +oo and this
fact will be used in the following. Let us denote by (# 2, B2) the abstract Wiener
space associated with #5 and by us the Gaussian measure on B, associated with 5.

Theorem 2.7. — Let s,r € C, s = [s|e’® and r = |r|e*’, with a,B € [-7/2,7/2].
Let us assume that for any ¢ € I_, /2, the angle B+ 2Ny is included in the interval
(=m/2,7/2).

Let B : 5 — H be a trace class symmetric operator. Let Von : H — R satisfy the
assumptions of theorem 2.4. Let us assume moreover that there exists a constant K
such that for any 1 € H1,z2 € H2 one has Van(z1 + x2) — Von(z1) > K3. Let
g : # — C satisfy the following assumptions:

— for any x € K the map

z — g(zz), 2€R, zeH

SOCIETE MATHEMATIQUE DE FRANCE 2009



26 SERGIO ALBEVERIO & SONIA MAZZUCCHI

can be extended to a function which is analytic in D_,/; and continuous in

D_ajo.
— dK4,Ks5,6 > 0, 3Kg € (0, 1/62), Vz, € ﬂl,iltz € ﬂz, Vz € D__a/2.'

_ 2
K|z |2V 6+s; (K6|mz|?£2—(z2,Bzz))|
b

(16) l9(2(z1 + 72))| < Kyle

—ia/25), x € H, is continuous in the | |-norm.

— the function z — g*(z) = g(e
Then the infinite dimensional oscillatory integral with parameter s and regularizing

class §_ 5 of the function (11) is well defined and it is given by

an /se_%(am(I—B)z)—rVaN(z)g(x)dx - (277)—dim(ﬂ1)/2/ e~ 3 (@1,(I-B)z1)
#H :7[1 X @2

e%(wz,ng)—rs—Nf/gN(z1+w2)ga(’s|-1/2(z1 +w2))du(wz) x dz,

Proof. — The proof is completely analogous to the proof of theorem 2.4. Let us con-
sider a sequence { P, }nen of finite dimensional projection operators on 2 converging
strongly to the identity as n — oo. Because of the conditions on the parameters
s, € C, the regularized finite dimensional approximations of the integral

(27rs—1)—(n+dim(ﬂ1))/2/ e—-;—(zl,(I—B)a:l)e—%(Pnzz,(I—B)Pna:g)—erN(Pnz2+zl)
ﬂl XPnﬂz
g(Pnlig + 111)¢(5(Pn.’1)2 + Illl))d.’l,‘l X d(Pn.Tz)

are equal to

(18) (27T)—dim(ﬂ1)/2 / e—%(xl,(I—-B)zl)e—;—(Pnzz,BPnzz)—Ts“NVgN(Pnzg+zl)
ﬂlxpnﬂz
o= 3 IPazall?
(2m)n/2

— (27r)—d’im(ﬂ1)/2 / e_%(zl,(I_B)ivl)e%(PnEZ:Binz)—Ts_N‘72N(Pn12+zl)
ﬂlxﬁz

9(s7V*(Paza + 21)) dzy x d(Prz2)

G(|s|" 2 (Paza + £1))dzy X dp(ws).
As by our hypothesis we have the inequality
|e—%(xl,(I—B)m1)e%(Pnzg,BPnzg)—rs_NVzN(Pnzg+1:1)ga(Isl—l/z(Pna;z +x1))|
< K4eKsI8“”221I2N‘Se—%(wl,(I—B)m)—ersl‘Ncos(ﬂ—Na)Vzn(m)
e~ Irlls| ™™ cos(B—Na)Ks , | Prsaly,

the dominated convergence theorem can be applied and by letting n — oo the integral
(18) converges to the right hand side of (17). d
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Remark 2.8. — In theorem 2.7 the convergence of the integral on the subspace ¥ is
due to the fast decreasing behavior of the function e~ "Van instead of e~3(~(U~B ),
as the latter has an exponential growth on #;. For this reason the assumptions of
theorem 2.7 include the condition that for any ¢ € I_, /2, the angle 8 + 2Ny is
included in the open interval (—m/2,7/2), instead of the closed one (as in theorem
2.4). On the other hand this restriction allows us to admit a stronger growth of
the function g on the subspace J; and to replace condition (10) of theorem 2.4 by
condition (16).

3. The asymptotic expansion

In the following we shall put s := 3;’, s’ = |s|et, r = %’, with e € R* and &', 7'
satisfying the assumptions of theorem 2.4, and we shall study the asymptotic behavior
of the integral

—~

(19) I(e) := /ﬂe_%(“"u‘mz)_%Vz”(””)g(x)dx

in the limit € | 0. Let us assume the operator B : # — J be of trace class,
symmetric and such that I — B > 0 and the functions V5, g satisfy the assumptions
of the theorem 2.4. Let us denote by gy : B — C the function given by gy (w) =
§*(|s'|~*/?w) (§* being the stochastic extension of z + g(e~**/2z), x € #). Assume
that g, satisfies the following hypothesis:

1. Vw € B, the function A — gy (A\w) is 2m—times continuously differentiable in
AeR.
2. Vk = 1,...,2m, 3 a polynomial @y in the variables |A| and |w| such that Vw € B,

VAeR
k

d -
Wgs'(/\w)p\::\ < Qi(|A], [wl)

For notational simplicity in the following we shall adopt the short writing

k
gP A\ w) = Ed/\‘,;gs'(’\w)l)‘sz
The following holds:
Theorem 3.1. — Under the assumptions above the integral I(e) admits the following
asymptotic expansion
m~1
(20) I(e) = ) €"Cpn+ O(e™)

n=0

and the leading term is Co = det(I — B)~1/2§(0).
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28 SERGIO ALBEVERIO & SONIA MAZZUCCHI

Proof. — By equation (12) the integral I(e) is equal to

(21) / e%(w,Bw)—r’s'_NeN—lVzN(w)gs, (\/Ew)d,u(w)
B

For any w € B, let us consider the function f : Rt — C, given by

f(E) = 6~r,s/_N€N—1V2N(w)gs’(\/Ew)? €€ R+

By expanding f(e) in power series of \/e we get
2m—1

fle)= Y cnVe" + Ram(Ve)

n

where

= Y 0w ) T )
k,l: k+(2N—-2)l=n

and Rom = oy Jo F@™ (tVE)(1 - t)2m1dt, with

t —N N -2y;
Fem0) = Z—kl(_—Z 18 ) Pam e+ ),

—7's' TN AN =29,y (w) —

and Py (), w) are polynomials (in A and V (w)) defined by (f%

¢ A=x¢
Pe(\,w)e~"'s " A* T Van (@) | By substituting into (21) we get
g
m-—1
I() = ) Cue™ + Romle)
n=0
(=r")ts'=N L(w,Bw) (k) ¥ l

(22) Cn= Z TR $e2 9 gt"(0,w)Van (W) du(w)

k,l: k+(2N—2)l=2n

and
gem<e)=(—2mii7), /@ / A @B £2m) (£/0)(1 — 1)t dp(w).

By the assumptions on the function g, the integrals in the formula (22) are well
defined, as well as the remainder that satisfies the following estimate

@9 12n(@)] < G [, [[ AP 0B - o

(2m—1)'// 2<WBka'2m %)! jlg® tvew)]

|P2m—k(t\/_ w)le—r /g' = NN 1V2N(w)( _ )2m ldtdu(w)

<em / / F@BIP (1 Jwl)(1 — £)2™Ldt dp(w),

ASTERISQUE 327



OSCILLATORY INTEGRALS 29

where #,,(), |w|) denotes a polynomial in the variables A, |w| and
1
lim / / e (@B P (t /e, lw|)(1 — £)2™ dt du(w) < oo.
€ 8J0

The leading term is given by
Co=3(0) [ ¥ Pdu(w) = 3(0) det( ~ B) 2,
B

with det(I — B) being the Fredholm determinant of the operator I — B (see Appendix).
O

Remark 3.2. — Theorem 3.1 allows one to handle the asymptotic behavior of infinite
dimensional integrals with a complex phase function ® of the form

/

B(z) = —%@, (I-B)z)-r'Van(z), z€P.

It generalizes both the Laplace method (for the study of the asymptotics of integrals
with real phase functions) and the stationary phase method (for the study of the
asymptotics of integrals with purely imaginary phase functions). According to theo-
rem 3.1, the only critical point contributing to the asymptotic behavior is the origin
z = 0. Indeed one can easily verify that the only real stationary point of the phase
functional is # = 0 and formula (20) is the asymptotic expansion around this critical

point.

If the operator (I — B) : #£ — J is not strictly positive, the results of theorem 3.1
are no longer valid. For instance, in the case where (I — B) has a non trivial kernel,
the phase function ® : # — C,

/
&(z) = —%@, (I — B)z) — r'Van(z)
has a degenerate critical point in z = 0, i.e. ®'(0) = 0 and Ker®”(0) # {0}. In
the case where the negative eigenspace of the operator I — B is not empty, the phase
function ® could have critical points z, € J different from 0 and the asymptotic
behavior of the integral should be determined by these critical points. Let us consider
for instance a factorisable integral of the following form:

S ’ ’ ’ ’
(24) I(G) = / e-—;—E((El,(I—B)(El)—%(zz,(I—B)z‘z)—%VQN(.’L‘l)-—%VzN(Ig)dzldx2
f{l Xﬂz

where dim #; = 1. By theorem 2.7 I(e) = I(€)I2(€), with

Ly(e) = f% e%<‘”2’B“’2>e‘rl(sl)_NfN_l‘72N(w2)dp2(w2) satisfies the assumptions of theo-
rem 3.1, and I is of the form I;(€) = fke%yz‘%ymdy, witha >0and A € Ct. In
particular if @ = 0, = 1, then I;(¢) = 61/2Nw, while if @ = 1, A = 1/2N, then
I(e) ~ eame (where ~ means that the quotient of both sides tends to 1 as € | 0).
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In the non factorisable case the situation is more involved. Indeed in principle one
should apply an infinite dimensional version of the saddle point method and analyze
the behavior of the integral around non real stationary points. Actually a detailed
treatment of the saddle point method in the case where the dimension of the space
on which the integral is performed is greater than 1 is still lacking (see however [31]).
In the following we give an example of the study of the asymptotics of the integral in
a degenerate (non factorisable case) and apply this result to the study of the trace of
the heat semigroup with a polynomial potential.

4. A degenerate case
Let (., (, ), |ll) be the Hilbert space
Hpi = {y € H'([0,;R?) : 7(0) = ()}

with inner product
t

(s 72) = /0 S (rYin(r)dr + /0 i (T)pa(r)dr.

The present section is devoted to the study of the asymptotic behavior as € | 0 of an
infinite dimensional Fresnel integral (with parameter s/¢) of the form

———

s/e e [t 2arer [t v 2N g
(25) I(e) := /ﬂ o3 Jo 3 Pdr=% [T ivmPNa dy
p,t

with N € N, N > 2, and s, € C* satisfying the assumptions of theorem 2.7.

~1/€
Heuristically the integral (25) can be written as ” [ %, te§®(7)d7”, where the phase
function ® : #, . — R is given by

(26) 87) = 5 [ 4rrar=r [ pepar

and the asymptotic behavior of I(¢) should be determined by the stationary points
of the phase functional ®, i.e. the points such that

'(7)(¢) =0, VoeHpy,

@’ being the Fréchet derivative. One can easily verify that the null path y =0 is a
stationary point of ® and it is degenerate, namely Ker (®”(0)) is not trivial. Indeed

(27) (8"(0)(9), %) = —s /0 $)b(r)dr = —s(p, (I + L)),

where L is the unique self-adjoint operator on J,; defined by the quadratic form

(6, L) = — /0 o(r)p(r)dr.
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We easily see that L for any ¢ € #,; is given by:

(28) Lap(r) = /oTsinh(T—u)'c/)(u)du = t)(1—e—t) / sinh(r — w)(u)du+

(1 — et)(l ) / sinh(t + 7 — w)Y(u)du,

The kernel of I + L is given by the solution of the equation

1
1-et)y(1—e?

(29) () + /t(sinh(t + 7 — u) — sinh(7 — u))Y(u)du+
) Jo

+ /OT sinh(7 — u)y(u)du =0

with the periodic condition (0) = +(t). By differentiating (29) twice, it is easy to
see that if 1 satisfies (29) then

T/J(T) =0, VT e [O’ t]v

so that the only solutions of (29) satisfying the periodic condition ¥ (0) = ¥ (t) are
the constant paths. From (27) the kernel of ®”(0) is the d— dimensional subspace:

Ker[®"(0)] = {y € #p:: Y(1) =2 V7 € [0,t], z € R%}.

Let us decompose the Hilbert space #,; into the direct sum H#,; = #1 & H3,
where #, = Ker[®"(0)] and #2 = Ker[®"(0)]*, v(1) = (1) + 72(7), M(7r) =
t1 fot v(w)du, v2(1) = v(7) — 71 (7). In particular

t
Ho={veHp: : / ~(r)dT = 0}.
0

As one can easily verify that for any v, € #2,71 € #; one has

t t
Van(m +72) — Van(m) = / s () + a(r)PNdr — / I (n)PNdr > 0,
0 0

the assumptions of theorem 2.7 (with g = 1) are satisfied and
N— t
(30) I(e) = (27r)_d/2/$ B o~ 3 (waiLwa)—Xe lfo |71(T)+wz(f)l"””d7du2(w2) x dm
2 XJt1
N—1 [t
= (27r)—d/2/$ Ama o~ 3 (w2, Lwa)—Xe ‘fo I%+wz(r)|””drdu2(w2) x dy,
2 X

where A = rs™ and (#, B2) is the abstract Wiener space built on # 5.
By putting z := /ey/t and expanding the term |/ew;(7) + 2|2V we have

I(e) = (%)_d/2 /Rd e 1o f(z, €)dz,
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where

f(z,€) = / e~ (hlenlont 2 []IVaun(mrel™ar=¢1el™) g

2

(1[4 2 At 2N At 2N
=/ e~y n(ared [TIVentra ™ ar= 1™
Ha

The asymptotic behavior of f(z,¢) as € | 0 can be simply determined by expanding
the integrand in powers of €. Indeed

f(.’l;, 6) :/ e_%((’727(1+L1)72)e—%PzN(I,\/E'yz)d’y2,
Ha

where L, : #2 — H5 is the unique bounded self adjoint operator determined by the
quadratic form

(31) (6 (I + Lo)y) = /0 B(r)(r)dr + 2N A[z[2V 2 /0 ()P (r)dr

t
FANW = DNPY [ zpmian, b e,
0
and one can easily see that L, is given by

(32)

T B t
Lyy(r) = B/O sinh(u — 7)¢(u)du + T e)a—e9 /0 sinh(7 — w)v(u)du+

B ¢
T A= /0 sinh(t + 7 — u)Y(u)du.

B is the d x d matrix defined by B := A?(z) — 14x4 and
A%(z)i; = 2NMNz|?N 7267 + AN(N — DA[z|?NV 425z, 4,5 =1,...,d.

Moreover
t t

33) Pan(e,vem) = [ Wen(r) +aNar - ta™¥ — 2NJa¥ 2 [ Verna(r)ar
0 0

¢ t
- eN|:1:|2N—2 / |")’(T)I2d7' —2N(N - 1)e|:c|2N‘4 / (a:’y('r))zd'r =: 63/29(:13, €,72)
0 0

(where we have used the fact that fot Y2(T)dT = 0 as v2 € H2), and for any x,v2 we
have

, N! o [t
(34) lelg)lg(xae,’h) = m8|$|2N 6/(; (m’72(3))3d8+

t
+2N(N - 1)|w|2N‘4/ x72(3)|72(3)|2ds.
0
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By expanding e=*¢"?9(2:¢72) ground e = 0:

——

(35) f(z,€) = / e—%(('yz,(I+Lac)'m)e—«\el”sJ(av,e,“/z)d,),2 = fi(z,e) — /\el/2f2(:c,e),

2

where
fi(z,e€) =/ e—%((‘Yz,(I+Lz)‘72)d72 — det(I+Lx)_1/2
H2
and
(36) f2(:l:’ €) = / g(w, €, 72)6"%(<'721(I+Lz)72)e'—uAel/Zg(ﬁ,e,'yz)d,YZ,
Ha

with u € (0,1).

For the calculation of the spectrum o(L,) of L,, it is convenient to replace the stan-
dard basis of R? with an orthonormal basis which diagonalizes the symmetric matrix
A?%(z). By denoting its eigenvalues by aZ, i = 1,...,d, it is easy to verify that the
spectrum of L, is given by 0(L;) = {Ain,t=1,...,d, n=1,2,...}, where

2
a; —1

= anZn2 ?
1+ 5

)\in

)

i=1,....,d, n=12,...

are eigenvalues of multiplicity 2. By applying Lidskij’s theorem [45] and the
Hadamard factorization theorem (see [47], theorem 8.24) one gets

dot (SEBACO=LY oz 0

det(I + L) =
(2cosht —2)~4, forz=0

The next result follows easily by the integral representation (36) of the function f,.
Lemma 4.1. — fa(z,€) is a C* function of both x € R? and € := /e € R*. Moreover
for any x € R¢, fo(x,0) = 0 and lim¢o Qﬂe%ﬁ—dﬂ = C(z), where C is a positive

function of x € RY.

Proof. — First of all we have

37) fal,e) = / e (a6 qp)e o BB [ Vo)l ds

2

e—“T“(thzP”-? IS ()Pds+aN(N-1)|z2N = f;<zv<s))2ds) i
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By expressing the infinite dimensional integral on the Hilbert space 45 as an integral
on the abstract Wiener space (i, %2, B2) associated with #, one gets:

(38) fz(ﬂv,f):eumym/ g(w,e,wz)e%(“’”L°“’2)e_uTAfot"/E“”(’)”'wds

B2

e—l-T" (2N|m|2N-2 fo‘ |w2(8)|2ds+4N (N —1)|z |2V —4 f‘:(mwg(s))zds) du(ws),

where the functions

Wz — g(x’ €, U.)Z)

wa — (w2, Lows)

t
wy / [Vews(s) + z|*Nds
0

t t
wy 2N|a:|2N—2/ |wa(s)|%ds + 4N (N — 1)|$|2N—4/ (w2 (s))%ds
0 0

represent the stochastic extensions to B, of the corresponding functions on #,. The
stochastic extensions are well defined because of the regularity of the functions in-
volved. Analogously

1/2~

(39) fz(w,e)z/ﬂ g(x,g’wz)e‘%((Wz,mez)e—-u)\e y(w,e,wz)du(wz)‘
2

Representation (38) shows the absolute convergence of the integrals involved, while
representation (39) shows the regularity of f, as a function of \/e.
By a direct computation we obtain

f2($a0)=\/$ g(x,0,wg)e_%((“”'L""’)dy(wg),
2

where

Wom 812|278 [ (awa(s))?ds+
@0)  5(z,0w) = +2N(N = 1)[z[2V~4 [{ zwa(s)lwa(s)|?ds, 2N >6

4 [T zwa(s)|wa(s)|?ds, 2N =4

and

. f &) — f ,O)
(41) I:IIOI 2(:1,‘ 6)61/2 2(1: —

[ guten,a)een b () < o,

B2
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where

[ [7 lwa(s)|ds, N =4
3[a[? [y lwa(s)]4ds + 12 [ (zwa(s))?lwa(s)[?ds, 2N =6

(42)  ga(wa,z) = § )]V~ [ |wa(s)|*ds

+4(3) (V72 122N 3 (zwa(s))?|wa(s)|Pds

L +16(5) |22V -8 [ (zwa(s))*ds, 2N >8. O

By equation (35), the integral I(e) can be represented as the sum I(e) = I(e) +
I5(€), where
omen —d/2
o =) [ e o
Ré

2me —d/2 tA | |2N
_)\el/2 — x|
I(e) = —Xe ( = ) /R K fo(z, €)da
Lemma 4.2. — I(c) = O(e‘lg_d”iﬁvi), ase 0.

Proof. — By scaling

(43) Iy(e) = _)\el/ztd(zw)—d/2€d/2N—d/2/ e—t)\|m|2Nf2(61/2Nx, €)dz
Re

=_/\td(2,n_)—d/2€d/2N—d/2+1/2/ e—tA(l—u)|a:|2N/ g(el/“’m,e,wg)
Rd Bz

—I_T“ (2N}el/2N:c|2N_2 fot |wz(8)|?ds+4N (N —1)|e!/2N z|2N -4 f;(el/2Nzwz(s))2ds)
— 2 [ Vewz(s)+€/ 2V 22N ds 1 (0w Lows)
e ¢ Jo e2'\W2:20%2) gy (wy)dx

By the dominated convergence theorem, the definition (33) of the function g, lemma
4.1 and equation 41 we get:

(44) 1im_3__1:f_(€3__d = _)\td(g,r)—d/Z/ e—tA(1-u)lz|*V
elO € 2 2N R

/ §(w, 07w2)e%(w2YLow2)du(w2)dx =0,
B2
where §(z,0,w;) is given by (40), and

(45) lim ———4— (6) —At?(2m)~ /2 / e—tA1-w)z*Y

€ e 7 "_2N R4

/ g4(w2,z)e%(“’z’L"“”)du(wz)dx < 00,

2

9a(w2, x) being given by (42). O

SOCIETE MATHEMATIQUE DE FRANCE 2009



36 SERGIO ALBEVERIO & SONIA MAZZUCCHI

Lemma 4.3. — I,(€) = e~ 45" (cosh t—l)d/22d/2t‘d/2N)\‘d/2N%%+O(e(2‘d)%)
as € | 0.
Proof. —

—d/2 t)..12N
o) 1= (%) [ ¥ der(r + 1) 2
2me\ —4/2 _At|g2N cosh(A(z)t) —1 \~1/2
=|{— |z
( ) /Rd © det (Az(w)(cosht - 1)) dz

_ ,afcosht—1 d/2/ _ N cosh(A(z)t) —1\~1/2
t (——27r6 ) Rde det (——7142 @) ) dx

By scaling
g - h(A(e/?Nz)t) — 1\-1/2
I () = 4 a/ Mol gop (€08
1(e) = Cre?n 2 Rde € ( A2(el/2N ) ) dz

(N=1)/2N A(£)t) — 1\ -1/2
_ d _d —At|z|2N COSh(G (.’E) )
CiezN ™~ 2 /Rde det( N1V 42 (7) ) dx

/2
with C; = td(%l) . Let a%(z), i = 1,...,d be the eigenvalues of the matrix
AZ%(z). Then

d(N—1)

Il(€)=Cte%_%/ e—z\t|:c|ZN € 2N Hiai(x)
Rd [1; V/cosh(e®V=-D/2Ng;(z)t) — 1
=Cte%—%/ e~ Atle?N 2d/24~d .
h(6;) (N-1)/N .2 2
e (- Ll BT
R 1+ gi%;(me(N—l)/Na?(x)p)wz

%

with 6; € (0,e(N-1/2Ng,(z)t) and &; € (0,1). We have
11(6) = Ilyl(f) + Ilyz(e),
where the first term is equal to
_ _gn-1(cosht —1\d/2 d/z/ —At|z|2N
ILi(e) =€ 2N (—27r ) 2 Rde dz

_ mdlie (COSht - 1)d/22d/2t—d/2N/\—d/2N/ e 1o g
27 R4

_ %7 (cosh £ — 1)%/204/24=d/2N y~d/2N I'(d/2N)

= NT(d/2)’
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and the second term is equal to

cosht — 1\4/2 _ 2N
Iiz(e) = (—27re ) /2N 9d/2 /R e Atla|

h(9;e(N-1/2N o _
cosh(0:e ™D/ N as(@)t) (N-1)/N g2(7) 2

- - )-1)
(H ( (1 + &i COSh(GiG(N121)/2Nai(2)t) e(N—l)/Na?(m)tz)z"/?

1

and it satisfies the following relation

. I,5(e) t> (COSht — 1)d/2 d/2/ —xt|z|*N E : 2
) ; . D
161?01 . PR e 2 2 . e i a;(z)dz < oo

By combining lemma 4.2 and 4.3 we get:

Theorem 4.4. — As € | 0 the infinite dimensional oscillatory integral I(e) (25) has
the following asymptotic behavior:
= - —a/2nT'(d/2N) _gyN=1
I(e) = =457 ht — 1)9/294/24=d/2N y~d/2N_\2/ 22V ) | ~( (2-d) 55
(47) (€) = € *2F (cosht —1) NT(d)2) +O(e )
The latter result can be applied to the study of the asymptotic behavior of the
trace Tr[e~#H], t > 0 of the heat semigroup, where H : D(H) c L*(R%) — L2(R%) is
the quantum mechanical Hamiltonian given on the dense set of vectors 1 € S(R%) by

2
(48) H(z) = ~ = A, (a) + V (2)(a),

with V(z) = Az|?N, Ne NN >2,A>0,z€R¢ NeN.
It is well known that H is an essentially self adjoint operator on C$°(R%) (see [42],
theorem X.28). H is a positive operator and is the generator of an analytic semigroup,
denoted by e~ *H ¢ > 0 (the “heat semigroup” with potential V). Its trace Tr[e~ % H]
is well defined as V' (z) is smooth and increases at least quadratically at infinity, hence
the spectrum of H consists of (real positive) eigenvalues Az, 7 € N¢. By a standard
WKB argument one can deduce that there exists a positive constant a (depending on
N) with

lim inf 47_’— > 0.

[al—co ||
Theorem 4.5. — The trace of the heat semigroup ’I‘r[e‘%H ], t >0, for H as in equation
(48), is given by the infinite dimensional Fresnel integral (with parameter s = 1/h, in
the sense of definition 2.2)

———

(49) ’I‘r[e_%H] — (2 cosht — 2)—d/2/ e—ﬁ fo "Y(s)?ds—-% fo 'y(s)szsd,y
ﬂp,t

For h | 0 the following asymptotics holds:

-tHy _ p—dOFt,—d/2Ny~d/2N I'(d/2N) (2—-d) S+
(50) Trfe "] =h"%2F ¢ A 2d/2NF(d/2) +O(h N )
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Proof. — The proof of (49) is divided into 3 steps.
1,¢ Step: By Feynman-Kac formula (see e.g.[45, 46]) Tr[e™ %] is given, for ¢t > 0 by:

. dx —1 [*v(VRa(s)+VEz)d
(51) Trle ”H1=44WL ek o VIR o)
[0,¢]

dz “ARN-1 [P a(s)+2|2N ds
_ /R T /C x A dp@)
0,t]

where Cjo 4 is the space of continuous paths o : [0,¢] — R? such that a(0) = a(t) and
u is the Brownian bridge probability measure on it (see, e.g. [46] for this concept).
Let us introduce the Hilbert spaces Yy ; and Y, ; of paths,

{y € H'(0,t;R?%) : 7(0) = (t) = 0}
with norms

E— = t's2s.
2., = hl / 5(s)%d

t t
Iz, = Il = /0 5(s)2ds + / 7(s)2ds.

It is well known that (i,Yp,¢,Clo,¢) is an abstract Wiener space.

First of all (see remark 2.6) the integral in (51) on Cjq 4 with respect to the Brownian
bridge measure can also be written in terms on an infinite dimensional integral (with
parameter s = 1) on the Hilbert space Yy ; (in the sense of definition 2.2):

)

/ o h IN V(\/ﬁa(s)+\/ﬁz)dsdu(a) _ / o3l % N V(\/E'y(s)+\/f_’uc)dsd7
Clo,1) Yo,t

so that

(52) "I\r[e—%H] =/ (—2%/ e 2 2 _ﬁf V(‘/_'Y(s)‘l’\/ﬁl‘)dsd
R4 o

2,4 Step: By the transformation formula relating infinite dimensional integrals on
Hilbert spaces with varying norms (theorem 2.3), we get a relation between the inte-
gral on Yp; and the integral on Y, ;. Indeed

V1% = IyI* + (7, T)

where T is the unique self-adjoint trace class operator on Yy ; defined by the quadratic
form

(71,T72)=/0 ~v1(8)y2(s)ds.
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Indeed (see [12] for details) n = Ty, v € Yy, if and only if

ii(s) +v(s) =0, s €0,
(53) 7(0) =0
(t) =0

, d
and det(I +T') = (S“‘tﬂ) . By inserting this into equation (9) we obtain:

/ -3 —ﬁf V(\/_'y(s)+\/ﬁm)dsd

Yo,:

_ (Sirfht>d/2/ T V(\/_'y(s)+\/ﬁa:)d3d
Y,

p,t

and by equation (52)

-F dz 12 -1 [fV(VR VFz)d
60 et [ ot [ etite vty
R Yp,¢

3,4 Step: The final step is a transformation of variable formula for integrals on the
Hilbert space ¥ +. Yp+ can be regarded as a subspace of ¥, ; and any vector y € H,
can be written as a sum of a vector n € Y, ; and a constant in the following way:

v(s) = n(s) + =, s€[0,t], vy € Hps, n € Yy, z=7(0).

We have to compute a constant C; such that for integrable functions f

‘/J[,,,t

By Fubini theorem

(55) /ﬂ e ¥ f(y)dy = ]: (]:e—%""*ﬁ"zf(n +€)dn) de,

where Ylt is the space orthogonal to Yp; in H,:. One can easily verify
that Y + is d—dimensional and it is generated by the vectors {v;}i=1,..4, with

- e’(1—e )+e ? (et —1)) ) .
v;(8) e’(z Voy/omh i iT )’ s € [0,t], & being the i, vector of the canonical

basis in R?. The right hand side of (55) is equal to

1 1 2
S —‘||77+Z,. yivil .
foam(], < o+ S w)in)dy

where E (s) S ivivi(s), i =1,...,d. By writing the finite dimensional approximation
of f Y. =z ln+3 2, vavill? fn+ }:ly,vl)dn, by the formula for the change of variables

=3I f(y)dy = Ct/ da:/ e 3ln+al® (4 z)dn.
rRe  Jy,

p,t

p,t
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in finite dimensional integrals and by noting that

jV2cosht —2
(uﬁvi)ﬂp,: = 61’ Y
vsinht

where u; € £, + is the vector given by u;(s) = ¢é;, s € [0, 1], we get

— 1 T -1 TE
/Rd (27T)d/2 (L e 2""“'24 yivill f(n+zy,’vz)dn)dy

v2cosht — 2\4d 1 T _1 zows |2
— (__.__) / ﬁ( e '.l’l|77+zi il f(n + Z xlul)dn) dx’
Vsinht Re (2m)%/ Yp,t i

m) d
V27 sinht :
By combining these results we get equation (49).

The asymptotic behavior of the trace Tr[e~##] as ki | 0 follows by equation (49) and
theorem 4.4. O

so that the constant C; is equal to (

Remark 4.6. — In [6, 12] the representation (49) is proved for the case where V is a
quadratic function plus a bounded perturbation (of the type of a Fourier transform of
a complex measure) by means of a different technique (a Fubini theorem for infinite
dimensional oscillatory integrals with respect to non-degenerate quadratic forms),
that cannot be applied in our present case. Indeed the quadratic part of the phase
function appearing in the integral on the right hand side of (49) can be written as

/O 4%(s)ds = —(v, L),

with L : #, — Hp, is the operator (28). As we have seen, L is not invertible and
det L = 0. This fact forbids the application of the Fubini theorem as stated in [6, 12]
and a direct application of the methods of [6, 12].

Remark 4.7. — A representation equivalent to (51) is discussed in [46] for other con-
tinuous potential V with e~V € L!. However the limit & | 0 discussed in [46] is not
the semiclassical limit we discuss here. To the best of our knowledge our limit for our
type of polynomially growing potentials has not been rigorously discussed before. In
addition our result on this problem, besides coming as a direct application of a study
concerning oscillatory integrals, also provides a method to derive an explicit expan-
sion formula in fractional powers of % in terms of classical orbits (we shall however
not provide here details on this, our main point was to indicate the method which
permits us to obtain them).
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Appendix
Abstract Wiener spaces

Let (#,(, ), | ||) be a real real separable Hilbert space. Let v be the finitely addi-
tive cylinder measure on #, defined by its characteristic functional P(z) = e~ 3llel?,
Let | | be a “measurable” norm on J#, that is | | is such that for every € > 0 there
exist a finite-dimensional projection P, : # — J, such that for all P L P, one has

v({z € #| |P(z)| > €}) <,

where P and P, are called orthogonal (P L P.) if their ranges are orthogonal in
(#,(,)). One can easily verify that | | is weaker than || ||. Denoting by B the
completion of # in the | |-norm and by i the continuous inclusion of # in B, one can
prove that u = voi~! is a countably additive Gaussian measure on the Borel subsets
of B. The triple (i, ¥, B) is called an abstract Wiener space (see, e.g., (24, 32]).
Given y € B* one can easily verify that the restriction of y to J is continuous on
H, so that one can identify B* as a subset of #. Moreover B* is dense in # and
we have the dense continuous inclusions B* C # C B. Each element y € " can be
regarded as a random variable n(y) on (B, 1). A direct computation shows that n(y)
is normally distributed, with covariance ||y||?. More generally, given y1,y2 € B, one
has

/g"(yl)n(yz)dli = (y1,¥2)-

The latter result allows the extension to the map n : # — L?(B, i), because B is
dense in #. Given an orthogonal projection P in %, with

n

P(z) =) (ei,z)e;

i=1

for some orthonormal ey, ..., e, € #, the stochastic extension P of P on B is well
defined by

n
P(-) =Y n(e)(-)ei
i=1
Given a function f : # — %B;, where (B, ||4,) is another real separable Banach
space, the stochastic extension f of f to B exists if the functions fo P : B — B,
converge to f in probability with respect to u as P converges strongly to the identity
in #. If g : B — B is continuous and f := gy, then one can prove [24] that the
stochastic extension of f is well defined and it is equal to g u—a.e. Moreover for any
h € H the sequence of random variables

Z hm(e,-), hi = (ei, h>
=1

SOCIETE MATHEMATIQUE DE FRANCE 2009



42 SERGIO ALBEVERIO & SONIA MAZZUCCHI

converges in L?(%B, i), and by subsequences y a.e., to the random variable n(k).
Given a self-adjoint trace class operator B : # — J#, the quadratic form on J x #:

z € # — (z, Bx)

can be extended to a random variable on 9B, denoted again by ( - ,B - ). Indeed
for each increasing sequence of finite dimensional projectors P, converging strongly
to the identity, Pn(z) = Y i, ei(es, z) ({e;} being a CONS in %), the sequence of

random variables
n

we B Y (ei, Bej)n(e:) (w)n(e;)(w)
i,j=1

is a Cauchy sequence in L!(%, u). By passing if necessary to a subsequence, it con-
verges to (- ,B - ) u—a.e..

Let us assume that the largest eigenvalue of B is strictly less than 1 (or, in other
words, that (I — B) is strictly positive). Then one can prove that the random vari-
able g( - ) := e2{"»B) is y-summable. Indeed by considering a CONS {e;} made of
eigenvectors of the operator B, b; being the corresponding eigenvalues, the sequence
of random variables

gn: B—C, w i gp(w) = e i bi(["(ei)(‘”)]z,

converges to g(w) p-a.e., as n — oo.
On the other hand one has

3(-by)a?

wydu(w) = TT [ 20 e — (T — b)) 2
Jont@yinte) =1 [ < = des= ([Tt -0

so that [ g,du converges, as n — 0o, to (det(I —B))~!/2, where det(I— B) denotes the
Fredholm determinant of (I — B), which is well defined as B is trace class. Moreover
0 < gn < gny1 for each n . It follows that, as n — oo, [ gndu — [ gdu = (det(I —
B))~1/2, By an analogous reasoning one can prove that, for any y € #, the sequence
of random variables f,:

W folw) = P BHIELICHICOPE B Dl bi(["(ei)(w)]z,

where y; = (y, e;), converges u—a.e. as n goes to oo to the random variable f( - ) =
enW()e3( B ) and that

(56) / fndp — / fdp = (det(I — B))~ /23 (=B

(see [29, 32)).
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