Asterisque

ICHIRO SHIGEKAWA
Witten Laplacian on a lattice spin system

Astérisque, tome 327 (2009), p. 115-129
<http://www.numdam.org/item?id=AST_2009__327__115_0>

© Société mathématique de France, 2009, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMbDAM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_2009__327__115_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Astérisque
327, 2009, p. 115-129

WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM

by

Ichiro Shigekawa

Dedicated to Jean-Michel Bismut on the occasion of his 60** birthday

Abstract. — We consider an unbounded lattice spin system with a Gibbs measure.
We introduce the Hodge-Kodaira operator acting on differential forms and give a
sufficient condition for the positivity of the lowest eigenvalue.

Résumé (Laplacien de Witten sur un systéme de spin sur résean). — Nous considérons un
réseau de spin muni d’une mesure de Gibbs. Nous introduisons ’opérateur de Hodge-
Kodaira agissant sur les formes différentielles, et nous donnons une condition suffi-
sante pour la positivité de la plus petite valeur propre.

1. Introduction

In this paper, we consider the spectral gap problem for a lattice spin system. Here,
in our case, the single spin space is R and so it is non-compact. This is sometimes
called an unbounded spin system.

We consider a model that each spin sits on the lattice Z¢, and so the configuration
space is RZ. We suppose that a Gibbs measure is given in RZ’, which has the

following formal expression:

(1.1) v=2"1 exp{—2/ Z (z* —27)® -2 Z U(xi)} H dz’.

i,jezd i€Z3 i€z

i
Here U is a function of R, called a self potential and i ~ j means that ||i — j||; =
Sk lik — jk| = 1. Under this measure we define the Hodge-Kodaira operator and
discuss the positivity of the lowest eigenvalue of the operator. For unbounded spin
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116 I. SHIKEGAWA

systems, the Poincaré inequality, the logarithmic Sobolev inequality and other prop-
erties are well discussed, e.g., Zegarlinski [11], Yoshida [10], etc. In particular, Helffer
[5, 6, 7, 8] dealt with this problem in connection to the Witten Laplacian. In fact, he
proved the positivity of the lowest eigenvalue of the Hodge-Kodaira operator acting
on 1-forms. From this point of view, we generalize his result to any p-forms (p > 1),
i.e., we will prove that the lowest eigenvalue of the Hodge-Kodaira operator acting on
p-forms is positive.

The organization of the paper is as follows. In Section 2, we discuss the Witten
Laplacian on a finite dimensional space and in Section 3, we summarize differential
forms, the Hodge-Kodaira operator and the Weitzenbock formula, which is crucial in
the later argument. In Section 4, we give an estimate of spectral gap for 1-dimensional
case. Last in Section 5, we prove the positivity of the lowest eigenvalue of the Hodge-
Kodaira operator. We only consider the finite region case but we give a uniform
estimate. In fact, it is independent of the choice of region and the boundary condition.
So the result is valid for the infinite volume case as well.

2. Witten Laplacian in finite dimension

We give a quick review of the Witten Laplacian, which we need later. Details
and related topics can be found in Hellfer [8], Albeverio-Daletskii-Kondratiev [1],
Elworthy-Rosenberg [4], etc. Simon et al [3] is also a good reference for the super-
symmetry.

Our interest is in the infinite dimensional case, but we start with the finite dimen-
sional case. Suppose we are given a C? function ® on RY and define a measure v
by

(2.1) v(de) = Z e 2% dz.

Here Z = [pn e 2%dz so that v is a probability measure. Define a Dirichlet form &
by

2:2) 8.9) = [ (V.90 s,

where V = (01,...,0n), Ok = d—ZZ‘ (Vf,Vyg) stands for the Euclidean inner product.
We must specify the domain of &. (2.2) is well-defined for f, g € CP(RN). So at
first, & is defined on C§°(R™Y). Let us give an explicit form of the dual operator 9}
of 8; in L?(v). To do this, note that

/ 9;fge”**dz = _/ f;(ge™**)dz = —/ f(8;g — 20;®g)e”**dx,
RN RN RN
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WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 117

which means
(2.3) 6;-‘ = —0; +20;®.

Here 8; is the dual operator of 9; in L?(v).
From this, we can see that the dual operator of V has dense domain and so V is
closable. Moreover the generator 2 is given by

(2.4) Af =Y 870, =Y (07 f — 20;88;f) = Af —2(V®, V).
J

J

This is valid for f € C$°(RN). We can show that 2 is essentially self-adjoint and so,
by taking closure, we may regard 2 as self-adjoint operator. The domain of & is a set
of all functions f € L?(v) with Vf € L2(v;RY).

We now define a Witten Laplacian. Let I: L?(dx) — L?(v) be a unitary operator
defined by

(2.5) If(z) =e®f.
Let us obtain a operator X; which satisfies the following commutative diagram:
L%(dz) —— L%(v)
(2.6) &l 1@
[(de) —— L*(v)
It is not hard to see that
X; = e %8;e® = 9; + 9,9.

We denote the dual operator of X; in L?(dz) by X;. Here we use the following
convention. * stands for the dual operator in L?(v) and ~ stands for the dual operator
in L?(dz), dr being the Lebesgue measure in RY. X ; has the following form:

X; = -98; +8;.

This is also equal to e~®d7e®. The operator A associated with the generator 2 =
—2_; 070, is computed by

A=eAe® = —e_q’(z 879;)e® = — ZXij
J J
==Y (-0;+0;8)(8; + ;%) = > _(8? +07® — (9;®)?)
J J

=A+ A0 - |V

Definition 2.1. — A= A+ A® — |V®|? in L?(dz) is called a Witten Laplacian.
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118 I. SHIKEGAWA

2A and A are unitarily equivalent to each other but we distinguish them and call A
as the Witten Laplacian, which is an operator in L%(dz).
The following commutation relation is easily checked.

Proposition 2.1. — In L?(v), we have

2.7 [0:,0;] =0,

(2.8) (0;, 0] = 20,0;9,
(2.9) [6:,8%] =o.
Further, in L?(dz), we have

(2.10) (X5, X5] =0,
(2.11) (X, X;] = 20,0,9,
(2.12) [X;,X;] = 0.

3. Witten Laplacian acting on differential forms

In Section 2, we have introduced the Witten Laplacian. We now proceed to the
Witten Laplacian acting on differential forms.

Let us quickly review the exterior algebra. In the sequel, we will deal with multi-
linear functionals on RY. Let ¢ be a p-linear functional and s be a g-linear functional,
e.g., t is a functional from RY x ... x RY into R which is linear in each coordinate.

P
We define p + ¢-linear functional ¢ ® s by

(3.1) t® 8(V1y.- -3 Vp, Upgly- - Uptq) = t(V1,...,Up)8(Vps1,- -+, Upsq)-

t ® s is called a tensor product. We also define the alternation mapping A, by

(3.2) Apt(vy,...,vp) = l' Z (sgn o) t(vo(1)s - - - Vo (p))

" 0€eG,
for p-linear functional ¢. Here &, is the symmetric group of degree p and sgn o stands
for the signature. If p-linear functional 6 satisfies A,0 = 0, § is called alternating. We
denote the set of all alternating functionals of degree p by A?(RM)*. For 6 € AP(RY)*
and n € /\q(RN )}*, we define their exterior product 6 A n by

(p+9)!
Taking an orthonormal basis 61, ...,0y in (RY)*, any element of AP(RN)* is repre-
sented as a unique linear combination of the following elements
(3.4) 0;, N "'/\02'?.
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WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 119

We define an inner product in AP(R™)* so that all elements of the form (3.4) become
an orthonormal basis in A?(RV)*.

AP(RN) = RN x AP(RM)* has a structure of vector bundle and a section of AP(R")
is called a differential form of degree p. The set of all sections is denoted by I'( AP(R™)).
Since the vector bundle A?(R”) is trivial, any section can be identified with a mapping
from RY into AP(RV)*. In the sequel, we use this convention. I'*°(AP(R")) denotes
the set of all smooth differential forms and I'$°(AP(RY)) denotes the set of all smooth
differential forms with compact support.

We introduce some operators in AP(RV)* as follows. For 6 € (RM)*, we define
ext(9): AP(RN)* — APH(RN)* by

(3.5) ext(Nw =0 Aw
and for v € RN, we define int(8): AP(RN)* — AP"'(RM)* by
(3.6) (int(v)w)(v1, ..., Vp—1) = w(v,v1,...,Vp-1).

Taking a standard basis {es,...,ex} of RV and its dual basis {#,...,0"}, we define
operators a’, (a‘)* by

(3.7 a* = int(e;),

(3.8) (a)* = ext(6").

Here we regard a', (a®)* as operators on an exterior algebra R® (RV)* @ A*(RYN)* @
.- @ AV (RN)*. They satisfy the following commutation relation:

(3.9) [a*,a7]4 =0,
(3.10) [a*, (a?)*]+ = &uj,
(3.11) [(a")*, (@?)*]+ = 0.

Here [, ]+ stands for an anti-commutator, i.e., [a%,a’]; = a’a? + a’a’.
For differential forms, the covariant differentiation V can be defined. More gener-
ally, the covariant differentiation V is defined for tensor fields as follows:

V=) 6'®ot.

Here we remark that the operator is considered in L?(v), i.e., the reference measure
is v. The dual operator of V in L?(v) is given by

VO o et) =)
i i
and so we have

V*Vt=Y 870t =~ (87 - 20,00;)t.
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120 I. SHIKEGAWA

For differential forms, we can define the exterior differentiation as follows. Let w
be a differential form of degree p. Then its exterior derivative is defined by dw =
(p+1)Ap41Vw and it is written as

(3.12) d=> ext(6)d; =Y (a’)*d;.
i i
Hence, its dual operator is expressed as

(3.13) d* =Y a'd}.

Using these operators, the Hodge-Kodaira Laplacian is defined as —(dd* + d*d).
The following formula is called the Weitzenbock formula:

Theorem 3.1. — We have the following identity.

(3.14) dd* +d*d=V*V+2)_ 8,0;® (a")"a’.
%]

Proof. — By (3.12) and (3.13), we have

dd* +d*d =Y {(a')*8; 0?8} + a’ 0} (a*)*8;}
,J
= {(a")*a’ 8;0; — (a')*a? 3;0; + (a')*a’ B} 0; + a’ (a')* 8} 8;}
.!j
= {(a")*d?[8;,8;] + [(a*)*,a7] 1 8;8;}
.7]-

= {2(a")*a?8,0,® + 6;;0;0;}

2%

= 20:0;® (a')*a’ + ) _ 8},

i,J i
=V*'V+ ) 280;9(a')"a’.
1,3

This is what we wanted. d

So far, the reference measure has been v. The isomorphism I: L%(dz) — L?(v)
can be extended to differential forms. Under the Lebesgue measure, the corresponding
exterior differentiation and its dual operator are given by

(3.15) D = e %de?,
(3.16) D =e"%d%e®.

So the operator DD+ DD can be defined similarly and it has the following expression:
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WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 121

Theorem 3.2. — We have the following identities:
(3.17) DD+DD =Y X;X;+2)  8;9;®(a*)*a’.
i .3
We call the operator DD + DD in L?(dz) as the Witten Laplacian and distinguish
from dd* +d*d, which is defined in L?(dv) and is called the Hodge-Kodaira Laplacian.

We remark that the operators a’, (a*)* are independent of the underlying measure
and so we used the same notation.

Proof. — We easily have
DD + DD = e~ ®(dd* + d*d)e®
= e_‘l’{v*v +2 Z 8i6j<1> (a,i)*aj }e‘b
1,j
= Z X,X, +2 Z aian (ai)*aj.
i i,j
This is the desired result. O

Due to this unitary equivalence, the following theorem is well-known (see, e.g., [2]).

Theorem 3.3. — The Hodge-Kodaira operator DD+ DD with a domain I'g° (AP(RN))
is essentially self-adjoint in L%(dz; AP(RY)*). Furthermore, d*d + d*d with a domain
g (AP(RYN)) is essentially self-adjoint in L2(v; AP(RN)*).

4. Witten Laplacian in one-dimension

In this section, we give an estimate of the bottom of the spectrum in 1-dimensional
case. In the sequel, the state space is R and the underlying measure is Lebesgue
measure. We denote the Hamiltonian by ¢ instead of ® to distinguish. We define an
operator X4 = 0; + ¢/, 9, = %. Using this operator, the Witten Laplacian can be
written as

(4.1) — 0o = X4 Xy,
which acts on scalar functions, and
(4.2) — 01 = XXy + 2" (t)

which acts on 1-forms. Here we identify 1-forms with scalar functions. This is possible
since the dimension of fiber space is 1-dimension. Our aim is to give an estimate of
the lowest eigenvalue of —(1;, which we denote by A;(¢). From (4.2), we can see that
A1(¢) > 2cif ¢ is convex and ¢”(t) > c. Noting that X4 = —8; + 8,4, we have

XpXy— XoXg=(—0+¢')(0 + ¢') — (8 + ¢')(—0; + ¢')
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122 I. SHIKEGAWA

=0 —¢" ~¢'0, +¢' (0 +¢)+0] — 9"~ 9’0, — ¢ (-0, + ¢)
— _2 ¢//
which means
(4.3) — 01 = Xy Xy
As in Definition 2.1, we have
2

(49) ~Oo = RoXy= -3

S+ H O - ¢

and further
v d2 /(4\2 "
(45) ~O1 = XXy = =25 + 907 + 9 ().

We note that the pair of [0y and [J; has a supersymmetric structure. In fact, in
the space L2(R) @ L%(R), we define

[0 X
wo o- (2 %)

Then @ is symmetric and satisfies

Q? = XXy 0 [ Bo O
0 XyX, 0o -0y

By using the following well-known fact (see, e.g., [3, Theorem 6.3]), we can see that
—0o and —[J; have the same spectrum except for 0.

Proposition 4.1. — Let T be a closed operator in a Hilbert space H. Then T*T and
TT* has the same spectrum except for 0.

By this special structure, we have that eigenvalues of —Jy coincide with those of
—0; excluding 0.

The next Lemma shows that a bounded perturbation preserves the positivity of
the lowest eigenvalue.

Lemma 4.2. — Let x be a bounded function. We denote by Xsup, Xinf the infimum
and the supremum of yx, respectively. Then we have

(47) Mi(g) 2 e 2w Xint) xy (4 X).
Proof. — Note that
e X(=0y + ¢ + X' )eX = —e XX + ¢’ + X’
= —e X(XX' + X)) + ¢ + X = -0, + ¢/ = X,

ASTERISQUE 327



WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 123

Hence we have
(-Ohu, u) = (Xpu, Xpu)
= ((=8; + ¢")u, (—8; + ¢')u)
= (e7X(=8, + ¢ + X)eXu, e X(=8; + ¢ + X )e*u)
> e Xoue (=8 + ¢’ + x')eXu, (—0; + ¢’ + x')eXu)
> e” X )\ (¢ + x) |l eXull3
> e 2Xswp Ny (¢ + x)e2Xint||ul|3
= e~ 2(Xewr Xm0 X (¢ + x) |[ul3.
This means (4.7). -

The equation (4.7) can be written as
M+ x) 2 e 2xeXind) ), (9).

This implies the following. If the function ¢ is a sum of a convex function and a
bounded function, then the lowest eigenvalue of —[J; is positive, and further the
operator —[Jy has a spectral gap. To be precise, writing ¢ = V + W with V" > ¢ and
W being bounded, we have the following estimate:

(o) > 2ce—2(Weup—=Wins)
Lastly we give another type of estimate of the lowest eigenvalue for a double well
potential of the form at* — bt2. To do this, we recall the harmonic oscillator —2 =

—Ed-; + at? on L?(R,dz). It is well-known that the lowest eigenvalue of this operator
is /a with an eigenfunction e~Vat*/2_ Using this, we have the following:

Proposition 4.3. — If ¢(t) = at* — bt?, then we have

(4.8) A1(e) > 2v3a — 2.
Proof. — From (4.5),
2
(~Or,w) = (= 55 + 90 + 6/, )
2
> ((~ 5+ 8O w)
d2
= (('E + 12at? — 2b)u, u).

Here the operator — di:g +12at? is a harmonic oscillator and hence the lowest eigenvalue
is 24/3a. This yields that

(-01u,u) > ((2\/3_ — 2b)u, u),
which is the desired result. O
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124 I. SHIKEGAWA

5. Positivity of the lowest eigenvalue for the Witten Laplacian

Lattice spin systems are characterized by Gibbs measures on X = RZ", To define
a Gibbs measure, we have to introduce a Hamiltonian. Suppose we are given an
potential U: R — R. Then the Hamiltonian is defined by

(5.1) o)=Y L -2)+ ) U).

i,j€29 i€Z4
i~j

Here ¢ = (2%);cz¢ and i ~ j means that ||i — jll1 = |is — 1] + -+ + |ia — ja| = 1.
(x* — 279)? stands for an interaction between particles. We only deal with this type
of nearest neighbor interaction. We can generalize it to finite range interaction but
we restrict ourselves to nearest neighbor interaction for the sake of simplicity. The
expression of (5.1) involves an infinite sum and it is no more than a formal expression.
The Gibbs measure is sometimes expressed as

(5.2) v=2721e 2@z,

But it does not make sense since ®(z) diverges and the Lebesgue measure dz is nothing
but a fictitious measure.

Precise characterization of Gibbs measures is given by the Dobrushin-Lanford-
Ruelle equation. For a given finite region A C Z? (we denote this fact by A € Z%)
and a boundary condition n € X, we define a Hamiltonian on R* by

(53)  Ban@ =Y L@ -2P+D UEY+2 Y L@ —n)

i,jEA i€EA i€EA,JEAC
ing i~g
and introduce a measure on R* by
(5.4) UAn = Z te 22an@) g,

Here dzs denotes the Lebesgue measure on R*. Let #c = o{z%; i € A°}. We also
denote x5 = (z%; i € A) and zpc = (z%; i € A°). Then v is called a Gibbs measure if
the conditional probability with respect to #,. is given as

(55) Eu[ . ICL‘AC = 'I’]Ac] = VA,n(d-'EA) ® 67“\,: (d.’L‘Ac)

for any A € Z?. Here Onpe
the restriction of 1 to A°. The existence and the uniqueness of such measures is a

is the Dirac measure at a point np. € RA®, Nae being

subtle problem. In this paper, we only consider finite region measure and will give
uniform estimates. Then our result holds for the infinite system if it exists. In fact,
suppose that estimates are uniform. Take any differential form 6 which depends on
finite variables. We can find a finite region A which contains these variables. Then,
by the identity (5.5), we have

E”[(df,d0) + (d*0,d*6) |xae = nac] > kE*[(0,0) |zac = mac]-
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WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 125

Then, by integrating with respect to 7, we have
E”|[(d,dd) + (d*6,d*6)] > kE”[(9,0)].

Now we fix A € Z? and n € X and the Hamiltonian is given by (5.3). As was
discussed in the previous section, the Hodge-Kodaira operator dd* + d*d is well-
defined on RA. Our aim is to show that the bottom of the spectrum o(dd* + d*d) is
positive for p-forms (p > 1). Under the unitary operator I: L?(dzs) — L2(va ), we
consider the Witten Laplacian DD + DD in L?(dza).

From now on, we fix p > 1. Indices I, J, ... denote p distinct elements i1,1g,...,17p
of A. We denote |I| = p. When I = {iy,...,4,}, we set dz’ = dz'* A---Adz'. So any
p-form 6 can be written uniquely as 6 = 3, 0rdz’. From the Weitzenbéck formula,
we have

(DD + DD)f = Z XiX; ZG;dz + 228 0, (a*)*a’ Z Ordz’

_ZZXXOIdw +2Z€1262<I>(a )*a‘da’
+229126i3j<1>(a’) a’dz!

I i#j

= ZZXXOIdw +220,Za2<1>dx

i€l
+2 Z 01y 0:0;® (a')"a’dz’.
I i#j
Therefore

(DD + DD)#,6)

= (ZZXXOIdx +2201282<I>dm

i€l

+2Zo,§:aaq> a*)*d’da’ ZeszJ)

I i#j

- Z(Z X.X01,0r) + 2 2(01 Z 0;®, 1)

i€l

+2Z 01 8,0;® (a')*a’ da’ Zom

I,J i#]

=3O XiXi1,01) + > ( ZXX01,01)+2Z 01y 87@,0y)

I i€l I gl i€l

+2) (01 8:9;%(a) a’dz’, Zesz

1,J 1#]

>3O Xixi01,61) +2Z 0,23 ,0;)

I el i€l
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126 I. SHIKEGAWA

+2) (01 8:0,® (a')"alda’ Z 0,dz”)

I1,J i#£]
=D ((XiXi +2079)01,6) +2Z(0,Zaa @ (a')*ada’, ZOde‘])
I iel I,J i#£]

To get positivity of the left hand side, we estimate the right hand side term by term.
We state our result as a theorem.

Theorem 5.1. — Suppose U is decomposed as U = V + W so that V" > ¢ > 0and W
is bounded. Wy,p and Wiy denote the supremum and the infimum of W, respectively.
If 2(c + 8d_# )e~2(Weur=Wint) > 16d_¢, then the lowest eigenvalue of DD + DD for
p-forms is greater than {2(c + 8d_#)e~2(Wewr=Wint) — 16d_¢ }p. Therefore there is no
harmonic p-forms for p > 1.

Proof. — We first estimate the second term. To do this, we first compute 9;0;®. For
1 # j, we have

a,-aj@(x):aiaj{z F@F -2+ > U +2 Y A= n’)z}

k,leA kEA kEA,lEAC
k~l k~l

f-ag, i~
0, otherwise.
For i = j, we have
028(z) = U"(z*) + 8 _#d.
Hence
Z 0r ZB 9;®(a*)*a’ dz’, ZOJda:J)
I,J 1#£j
=-8 ¢ 2(01 Z(a’)*ajdw ,05dx”)
IJ  i~j
=-8 ¢ Z(Z(ai)*ajdzI,da:J)(GI,GJ)
1,0 i~j
=-87 ZC(I, J)(01,6).
1,J
Here we set c(I,J) = (3,;.;(a*)*a’dz’,dz”). ¢(I,J) =1 or —1 only when I and J
differs by only one element and they are adjacent to each other. Otherwise ¢(Z, J) = 0.
For each fixed I, there are utmost 2dp J’s with ¢(I, J) # 0. Therefore we have

—8.7 Y (I, J)(0r,05) = —4,2 > le(I, J)|{Il61113 + 16113}
I1,J 1,J
> —4,¢ Y 2dp|0:]13 — 4,2 > 2dp||6,]13
I J
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WITTEN LAPLACIAN ON A LATTICE SPIN SYSTEM 127

= —16dp 7 ) _ 1|6 |l3.
I
Eventually the second term is estimated as follows:
2) (0:) 8:9;9(a")*a’dz’, Z 8;dz”) > —16dp_# 2 |61].
1,J 1#7
We will show that the first term is greater than the second term if _# is sufficiently
small. To estimate the first term, we need to compute (()~{,~X,- + 202®)0;,6;) and we

regards it as a function of x* for a moment. So other variables are fixed. We denote
other variables by ¢, i.e

v = {o'}jem sy € RV
The variables {z7};ca are decomposed into z* and y*. Then
®(x) = d(z*,y") = U(z*) + 4d_# (z*)® - xi{z 42/ + ) 4171'} + &4(y").
jeA je
i~ J~
It is enough to consider the 1-dimensional Hamiltonian of the form

o(t) = U(t) +4d_#t* — at.

In this case, let us estimate the lowest eigenvalue of a operator X4Xy + 24" (t).
Here Xy = 0, + ¢, 0; = %. But we have already considered the 1-dimensional
case in the previous section and so we are ready to estimate ((XiXi +2028)0;,6;).
In fact, by Lemma 4.2, the lowest eigenvalue of X;X; + 2829 is greater than (c +
8d/)e_2(Wsup— inf)

(DD + DD)8,6)
> (XX +202@)01,61) +2) (61) 8:0;® (a*)*a’da’ ZadeJ)

I el 1,J i#]
> Z Z 2(c+ 8d g )e 2 Weuo=Wind) |10/ — 16dp ¥ Z 61113
I el

=Y 2p(c+8d g)e 2 Wew=Wind||g; |15 — 16dp £ > _ 1613
I I
= p{2(c +8d £ )e*Wee=Win) _ 164 _£}|]|3.
This is what we wanted. O

When U is a double well potential, we can give another kind of estimate. This
time, we use Proposition 4.3.

Theorem 5.2. — Assume that U is of the form U(t) = at*—bt?. If vV3a—b—4d_# >0,
then the lowest eigenvalue of DD + DD for p-forms is not smaller than 2(v3a—b—
4d _¢# )p. Therefore there is no harmonic p-forms (p > 1).
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Proof. — A proof is almost same as the previous one. This time, one dimensional
Hamiltonian is of the form

¢(t) = at* — bt? + 4d_gt* — at.

By Proposition 4.3, the lowest eigenvalue of X; X; +2¢" (t) + ¢’ (t)? is not smaller than
2v/3a — 2b+ 8d_¢ . Hence we have

((DD + DD)#, 8)
> D (XX +2079)01,61) +2) (01 0,0, (a')*alda’ ZonxJ)

I el I1,J 1#£]
> > (2V3a—2b—8d 2)||6:]|3 - 16dp 7 Z 16113
I el
= 2(v3a — b~ 4d £ )p|6]3
This completes the proof. O

Lastly we will show that any differential form can be decomposed into three parts;
exact, coexact and harmonic, which is usually called the Hodge-Kodaira decomposi-
tion. We have seen the positivity of the lowest eigenvalue, the decomposition follows
easily. We state it as a theorem.

Theorem 5.3. — Under the assumption of Theorem 5.1 or Theorem 5.2, the following
Hodge-Kodaira decomposition holds: For p = 0,

(5.6) L?(v) = { constant functions } @ Ran(d*)
and for p > 1,
(5.7) L*(v; A*(R*)*) = Ran(d) ® Ran(d*).

Proof. — We only give a proof for p > 1. Set

= (d,d*): L*(v; AP(R™)*) — L2(; AP H(RY)") @ L2(v; AP (RM)*).
Here, by taking a closure, T is defined as a closed operator. Then we can have
—0, = T*T. In fact, both operator coincides for smooth p-forms with compact

support. So the identity follows from the essential self-adjointness of [1,. Thus we
have

-0, =dd* +d*d
on the domain of (J,,. Since the lowest eigenvalue of —[], is positive, it has an inverse
operator, which we denote by —G. Then for w € L?(v; A\*(R*)*) we have

w = (dd* + d*d)Gw = d(d*Gw) + d*(dGw).

The orthogonality between d(d*Gw) and d*(dGw) follows easily from the property
d? = 0. This completes the proof. a
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