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THE LOCAL LANGLANDS CORRESPONDENCE:
NOTES OF (HALF) A COURSE AT THE IHP SPRING 2000

by

Michael Harris

Abstract. — The article provides a reasonably self-contained account of the main re-
sults of the author’s book with Richard Taylor, containing a description of the Galois
representations obtained in the cohomology of certain Shimura varieties attached to
unitary groups, and obtaining the local Langlands conjecture for GL(n) of p-adic
fields as a consequence. The main steps in the proof of the local Langlands conjec-
ture are presented, and in some cases simplified. The bulk of the paper concerns the
geometry of the Shimura variety at places of bad reduction, where good local models
are nevertheless available, and the description of points in the special fiber in the
manner of Langlands and Kottwitz. The article concludes with a section describing
possible extensions of these results to other Shimura varieties, and an account of some
of the work of Laurent Fargues along those lines.

Résumé (La correspondance de Langlands locale). — L’article contient une description
assez compléte des principaux résultats du livre de 'auteur avec Richard Taylor, qui
décrit les représentations galoisiennes réalisées dans la cohomologie de certaines va-
riétés de Shimura associées aux groupes unitaires, et qui obtient la conjecture locale
de Langlands pour GL(n) d’un corps p-adique comme conséquence. Les principales
étapes de la démonstration de la conjecture locale de Langlands y sont présentées,
parfois simplifiées. Le gros de ’article concerne la géométrie de la variété de Shimura
aux places de mauvaise réduction, ou ’on dispose néanmoins de bons modéles locaux,
et la description des points dans la fibre spéciale & la maniére de Langlands et Kott-
witz. La derniére section de l’article décrit les extensions éventuelles de ces résultats
aux variétés de Shimura plus générales, ainsi qu'un compte rendu des travaux de
Laurent Fargues sur ces questions.

2000 Mathematics Subject Classification. — Primary 11G18; Secondary 11F70, 11537, 14G35, 14L05,
11F72.

Key words and phrases. — Local Langlands conjecture, Shimura variety, automorphic form, p-divisible
group, trace formula.

Institut des Mathématiques de Jussieu, U.M.R. 7586 du CNRS. Membre, Institut Universitaire de
France.

© Astérisque 298, SMF 2005



18 M. HARRIS

Introduction

The present notes cover 50% of the material presented in a course given jointly
with Guy Henniart during the special semester “Formes Automorphes”, held at the
Institut Henri Poincaré in Paris between February and June 2000, as well as a little
more material I didn’t have time to present. The purpose of the course was to explain
two proofs of the local Langlands conjecture for p-adic fields, due respectively to
Richard Taylor and myself [HT], and to Henniart [He5]. My lectures were naturally
concerned with [HT], the main burden of which is to construct a candidate for a local
Langlands correspondence, and to prové that this putative correspondence is (nearly)
compatible with the global correspondence realized on the cohomology of certain
specific Shimura varieties. The techniques applied derive mainly from arithmetic
algebraic geometry: we study the bad reduction of the Shimura varieties in question by
interpreting them locally/infinitesimally as formal deformation spaces for p-divisible
groups with additional structure of a kind already studied by Drinfel’d. This yields
a stratification of the special fiber, with particularly nice properties, in terms of p-
rank of the universal p-divisible group.The cohomology of the Shimura varieties is
then calculated by means of vanishing cycles on the bad special fiber. Thanks to
Berkovich’s work on étale cohomology of (rigid) analytic spaces, the vanishing cycles
can be computed infinitesimally, which permits determination of their stalks in terms
of certain universal representation spaces. An extension, to our situation of bad
reduction, of the trace formula techniques perfected by Langlands and Kottwitz for
calculating zeta functions of Shimura varieties at places of good reduction, provides
the necessary compatibility of local and global correspondences.

My goal in the course was to present a self-contained account of the main results
of [HT]. In so doing, I chose to sacrifice the description of the global structure of the
strata in the special fiber, and of the vanishing cycles sheaves on the strata, in the
first place because this would have been impossible in the eight three-hour sessions
available, but also because no such description seemed likely to be available for other
Shimura varieties.(!). My presentation therefore diverged from that of [HT], in that
I studied the vanishing cycles by means of formal completions along points in the
special fiber, following the approach of Rapoport and Zink in [RZ], rather than along
the strata. This was nearly successful: the geometric material was covered in detail,
but I ran out of time and was unable to do justice to the detailed comparison of trace
formulas. This was just as well, because I did not find a satisfactory approach to the
latter — an approach likely to extend to other groups — until long after the semester
had ended and all the visitors had gone home.(?) This is the approach presented in
the present notes.

(DIn the meantime, Elena Mantovan’s Harvard Ph.D. thesis [Ma] has revealed this expectation to
be unduly pessimistic.

(2)To be honest, talking to the visitors was much more interesting than perfecting the final stages of
the argument.
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THE LOCAL LANGLANDS CORRESPONDENCE 19

We introduce the notation that will be used throughout these notes. Let p be a ra-
tional prime number. For any finite extension K of Q, and any positive integer n, we
let A(n, K) denote the set of equivalence classes of irreducible admissible representa-
tions of GL(n, K), Ao(n, K) the subset of supercuspidal representations. Let G(n, K)
denote the set of equivalence classes of n-dimensional complex representations of the
Weil-Deligne group W Dg on which Frobenius acts semisimply, Go(n, K) the subset
of irreducible representations. We will frequently write G,, for GL(n).

A local Langlands correspondence for p-adic fields is the following collection of data:

(0.1) For every p-adic field and integer n > 1, a bijection m — o(m) between
A(n, K) and G(n, K) that identifies Ag(n, K) with Go(n, K).

(0.2) Let x be a character of K*, which we identify with a character of W Dk via
the reciprocity isomorphism of local class field theory. Then o(r®xodet) = o(7)®x.
In particular, when n = 1, the bijection is given by local class field theory.

(0.3) If 7 € A(n, K) with central character &, € A(1, K), then &, = det(o(m)).

(0.4) o(wV) = o(m)V, where ¥ denotes contragredient.

(0.5) Let o : K — K be an isomorphism of local fields. Then « induces bijections
A(n,K) — A(n,K;) and G(n,K) — G(n,K;) for all n, and we have o(a(r)) =
a(o(m)). In particular, if K is a Galois extension of a subfield K, then the bijection o
respects the Gal(K/Kjy)-actions on both sides.

(0.6) Let K'/K denote a cyclic extension of prime degree d. Let BC : A(n,K) —
A(n,K’) and Al : A(n,K') — A(nd, K') denote the local base change and automor-
phic induction maps [AC, HH]. Let 7 € A(n, K), ' € A(n, K’). Then

(0.6.1) a(BC(m)) = o(m)|lwp,.
(0.6.2) o(AI(r")) = Indg /x o(n'),

where Indg//x denotes induction from W Dk to W Dk

Let n and m be positive integers, m € A(n, K), #’ € A(m, K). Then

(0.7) L(s,mr®7') = L(s,0(n) @ o(7')).

(0.8) For any additive character ¢ of K, e(s,m ® n’,¢) = (s, 0(7) ® o(7'), ).

Here the terms on the left of (0.7) and (0.8) are as in [JPSS, Sh] and are compatible
with the global functional equation for Rankin-Selberg L-functions. The right-hand
terms are given by Artin and Weil (for (0.7)) and Langlands and Deligne (for (0.8))
and are compatible with the functional equation of L-functions of representations of
the global Weil group.In particular both sides have Artin conductors and (0.8) implies
that a(o(m)) = a(n).

The local Langlands conjecture, established in [HT] and in [He5], is the asser-
tion that a local Langlands correspondence exists. The existence of some family of
bijections A(n, K) < G(n, K), identifying Ao(n, K) with Go(n, K), preserving con-
ductors and satisfying weakened versions of properties (0.2)-(0.5), had been proved
by Henniart a number of years before [He2]. Henniart’s main tools are a counting
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20 M. HARRIS

argument for local fields of positive characteristic, based on Laumon’s theory of the
¢-adic Fourier transform (the subsets of A (n, K) and Go(n, K) with fixed conductor
are finite) and an “approximation” of local fields of characteristic zero by local fields
of positive characteristic. The properties established in [He2] do not suffice to char-
acterize the correspondence uniquely. However, another theorem of Henniart ([He4];
cf. (A.2.5), below) guarantees that properties (0.1)-(0.8) do suffice to determine a
unique correspondence.(®) Nevertheless, the “numerical local Langlands correspon-
dence” of [He?2] is a necessary ingredient of all proofs to date of the local Langlands
correspondence in mixed characteristic. In the present notes, it is invoked in (5.3).(4

The notes are divided into eight more or less fictitious lectures, following my orig-
inal plan which proved too ambitious; even the first seven lectures did not fit in the
time allotted. The first lecture covers the arguments common to [HT] and [He5):
the construction of special families of cohomological automorphic representations of
GL(n) of CM fields, corresponding to certain cases of non-Galois automorphic induc-
tion of Hecke characters. These arguments are mostly taken from [H2|, which uses
these special automorphic representations to reduce the local Langlands conjecture —
more precisely, property (0.8), the others being established by geometric means - to
the local/global compatibility, asserted as Main Theorem 1.3.6.

The next three lectures present an attenuated version of the geometric part of
[HT]. The main object of these notes is the Shimura variety attached to the unitary
(similitude) group G of a division algebra of dimension n? over a CM field F, with
involution of the second kind fixing the real subfield F'* of F. As complex analytic
varieties, they are compact quotients of the unit ball of dimension n — 1. Lecture 2
introduces these Shimura varieties as moduli spaces of abelian varieties with PEL
type. Their regular integral models in ramified level, over a p-adic place w of F split
over F't, are defined by means of Drinfel’d bases. The main properties of the latter
are recalled in Lecture 3, which also carries out the thankless task of explaining how
Hecke operators act on Drinfel’d bases. The stratification by p-rank of the special fiber
at a split place is defined in Lecture 4: it is shown that there is one stratum, a union of
locally closed smooth subvarieties, in each dimension h = 0,1,...,n— 1. Infinitesimal
uniformization, as in [RZ], is then combined with the results of Berkovich to show
that the stalks of the vanishing cycles sheaves are constant along strata, and are
isomorphic on the h-dimensional stratum to a standard space q)n;h with canonical
action of GL(n — h, Fyy) X J,—p, where J,_j is a specific anisotropic inner form of
GL(n — h) over F,.

(3 Of course the local Langlands conjecture is originally due to Langlands! The form presented here
became standard after it was understood that conditions (0.7) and (0.8) for m = 1 do not suffice to
characterize the correspondence.

(4In his IHP lectures, Henniart replaced the counting argument in positive characteristic by a
reference to Lafforgue’s theorem which establishes the global Langlands correspondence for function
fields, with the local Langlands correspondence in positive characteristic as a corollary. The original
proof [LRS] of the local Langlands correspondence in positive characteristic used [He2].
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THE LOCAL LANGLANDS CORRESPONDENCE 21

In Lecture 4, the course begins to diverge from [HT]. In the first place, we work
directly with the strata, rather than with the Igusa varieties of the first kind of
[HT]. These are modular varieties defined (in characteristic p) independently of the
Shimura variety. The Igusa variety of the first kind is isomorphic as ringed space to
the stratum, but not as a scheme over the (finite) base field. More importantly, we
do not introduce the Igusa varieties of the second kind. These are pro-étale covers
of the Igusa varieties of the first kind — for the h-dimensional stratum, the covering
group is the maximal compact subgroup of J,,_j — and their existence is combined in
[HT] with a theorem of Berkovich to prove that the vanishing cycle sheaves are locally
constant along the strata. Igusa varieties were first defined for the special fibers of
integral models of elliptic modular curves, and were studied in detail in the book of
Katz and Mazur [KM]. Their properties have been at the heart of many of the most
important developments of arithmetic algebraic geometry of the last 30 years. It is
likely that the more general Igusa varieties described in [HT], and their generalizations
constructed by Mantovan [Ma], will also find applications to arithmetic. However,
for applications to automorphic forms (with coefficients in characteristic zero!) the
infinitesimal structure at points in the special fiber appears to suffice.

The space ®,_j is the “fundamental local representation,” which also carries an
action of the Weil group of Fy,. It is universal in the sense that ®, occurs as the stalk
of the vanishing cycles along the codimension g — 1-stratum for any of the Shimura
varieties we study. In Lecture 5, we use a comparison of trace formulas to prove a
conjecture of Carayol, showing that, for h = 0, ®,, simultaneously realizes the Jacquet-
Langlands correspondence between representations of J, and the discrete series of
GL(n, Fy,) and a bijection Ag(n, Fy) < Go(n, F,,) that satisfies properties (0.1)-(0.7).
Here again we depart, slightly, from [HT]. In [HT], comparisons of trace formulas are
established for all strata simultaneously, and in each case the comparison is between
a Lefschetz trace formula for the action of Hecke operators on the special fiber and
Arthur-Selberg trace formula, in its cohomological version [A], for the action of Hecke
operators on the cohomology of the generic fiber. This comparison is carried out in
Lectures 6 and 7, where it is called the Second Basic Identity. However, an alternative
comparison is available for the minimal (0-dimensional) stratum, one that provides
slightly stronger information for supercuspidal representations. Indeed, one can use
the infinitesimal uniformization to derive Carayol’s conjecture from a comparison of
the trace formula for G with that of an inner form attached to the (unique) isogeny
class contributing to the minimal stratum. Such an argument was already used in
[H1], in the setting of p-adic uniformization of the generic fiber, where it took the
form of a Hochschild-Serre spectral sequence for rigid étale cohomology, since vastly
generalized in the thesis of Laurent Fargues [Fa]. A more immediate precursor is
to be found in the thesis of P. Boyer [Bo|, which also contributed the fundamental
observation, used here and in [HT], that the cohomology of the strata of positive
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22 M. HARRIS

dimension is a sum of induced GL(n, F,,)-modules, hence has no intertwining with
the supercuspidal part of the cohomology. However, the simplifications obtained in
this way (arising from the degeneration of the supercuspidal part of the vanishing
cycles spectral sequence (5.1.3) and from Clozel’s purity lemma, cf. (5.1.6)) are not
strictly necessary; the trace identities and dévissage suffice. Indeed, [HT] treats the
more general case, not considered here, of discrete series representations.

As mentioned above, the Second Basic Identity is stated and proved in Lectures 6
and 7. But first it is shown that the Second Basic Identity, combined with the First
Basic Identity — a summary of the geometric information contained in Lectures 2-4 —
suffices to prove Main Theorem 1.3.6. The strategy used in [HT] to prove the Second
Basic Identity roughly follows Kottwitz’ approach in [K5] to the zeta functions of
Shimura varieties. One uses a version of Honda-Tate theory adapted to PEL types
to “count” the points in the special fiber in a rough way, then one applies techniques
from Galois cohomology to rewrite the result of this “count” in a form suited to com-
parison with the cohomological trace formula. However, our approach in [HT] differs
from that of Kottwitz in three particulars. First, and most obviously, Kottwitz only
considers the case of good reduction (hyperspecial level), which give rise to unramified
local Galois representations, whereas the point of [HT] is to study ramification. Thus
[HT] considers the cohomology of individual strata, rather than the full special fiber,
with coefficients given by the vanishing cycle sheaves. Next, Kottwitz counts fixed
points of Hecke correspondences, twisted by powers of Frobenius, over finite fields,
and obtains formulas in terms of twisted orbital integrals. These fixed point formulas
are then interpreted as traces in ¢-adic cohomology of the special fiber by means of
Grothendieck’s version of the Lefschetz trace formula. In [HT] we also use an {-adic
Lefschetz trace formula, specifically the one proved by Fujiwara [F], designed to apply
to non-proper varieties such as the strata of our Shimura varieties. However, instead
of counting points over finite fields we count fixed points of Hecke correspondences
over the algebraic closure of the residue field of F;, — on a fixed stratum, a sufficiently
regular Hecke correspondence already incorporates a twist by a power of Frobenius
— and obtain formulas in terms of orbital integrals involving an inner twist of a Levi
subgroup of GL(n, F,,). Finally, Kottwitz’ formalism leads to an expression of the
result of the point count as a sum over rational conjugacy classes in G modulo stable
conjugacy, an expression well-adapted for comparison with the stable trace formula.
The formalism in [HT] leads naturally to an expression as a sum of rational conjugacy
classes in G modulo adelic conjugacy, adequate for application to local questions, at
least for inner forms of GL(n) where the problem of local instability does not arise.

The present version of the counting argument of [HT] features several technical
simplifications, mainly in the treatment of inertial equivalence. The formulas in [HT]
are complicated by the need to take into account the reducibility of the restriction of
an irreducible representation of J,_p to its maximal compact subgroup.The present
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THE LOCAL LANGLANDS CORRESPONDENCE 23

account avoids these complications by exploiting invariance properties of the funda-
mental local representation (cf. Proposition 5.5.9). This approach also eliminates the
need for an intermediate expression of the point count in terms of orbital integrals on
Jn—h.

Lecture 8, for which there was no time at the IHP, contains some new material.
The article [H3] outlines a possible extension of some of the techniques and results of
[HT] to general Shimura varieties. Since it is not known how to generalize Drinfel’d
bases, nor even whether such a generalization is possible, it is proposed in [H3] to work
directly on the rigid analytic space associated to the Shimura variety in characteristic
zero, decomposing it into rigid analytic subspaces according to a stratification of the
special fiber in minimal (hyperspecial) level by isocrystal type. For Shimura varieties
of PEL type, L. Fargues has carried out much of this program and more in his thesis
[Fa]. As mentioned above, he has constructed a Hochschild-Serre spectral sequence, as
in [H1], to determine the cohomological contribution of an isogeny class, and proved,
as in [Bo] and [HT], that only the basic isogeny class intertwines non-trivially with
the supercuspidal representations. Lecture 8 proves the assertions stated without
proof in [H3] and provides an introduction to Fargues’ results.

Rather than provide complete proofs — one can find these in [HT] — the present
notes aim to provide some understanding of the techniques used in [HT]. Generally
speaking, when concepts give way to calculation, I have preferred to cut short the
discussion and refer to [HT) or to the literature.() Exceptions are made where the
approach followed here diverges from that of [HT]; in such instances, I have tried to
give enough details to convince the reader that the present approach is correct, or
at least has avoided obvious pitfalls! On the other hand, I have included material
not in [HT] that seemed appropriate at the the time of the course. In particular, §2
and §3 contain a brief review of the deformation theory of one-dimensional formal
O-modules, following Lubin-Tate and Drinfel’d.

It remains to thank the audience at the IHP for having put up with my many blun-
ders; Guy Henniart for planning the course with me (and making no blunders what-
soever); Ariane Mézard and especially Laurent Fargues for having read and pointed
out some of the errors in earlier drafts (all copies of which should be immediately
destroyed!); and the fellow organizers of the automorphic semester — Henri Carayol,
Jacques Tilouine, and Marie-France Vignéras — as well as the directors of the IHP,
Joseph Oesterlé and Michel Broué, and especially Annie Touchant of the Centre Emile
Borel, for having made the semester an unqualified success. Finally, I am deeply grate-
ful to the referees for their meticulous reading of the manuscript.

(5)The notes distributed during the semester, on which the present text is based, occasionally referred
to the courses Clozel and Labesse gave during the automorphic semester. Although the notes of their
courses are not being published, some of these references have been retained, as have other references
to the time and place of my own lectures, as a reminder of the original context.
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24 M. HARRIS

1. Galois representations attached to automorphic representations
of GL(n)

1.1. Cohomological, conjugate self-dual representations. — Fix a prime p.
Let E be an imaginary quadratic field in which p splits, F'* a totally real field of
degree d, F = E - F*. Complex conjugation is denoted c. Choose a distinguished
complex embedding 79 of F, and let ¥ denote the set of complex embeddings of F’
with the same restriction to E as 79. This ¥ is a CM type, and is in bijection with
the set of real embeddings of F*. We consider automorphic representations IT of
GL(n, F), or more precisely of GL(n, Ar). Any such representation can be factored
IT = Il ® Iy, where II; is an admissible irreducible representation of GL(n, AF,f)
and I, is a Harish-Chandra module for GL(n,C)¥; i.e., an admissible irreducible
(gl(n,C)4, U(n)%)-module.

We will only be concerned with IT such that Il is cohomological. We will also
restrict attention to cuspidal II, though general discrete cohomological II also play a
role in the more detailed results of [HT]. Then II is generic, by Shalika’s theorem.
Let (¢, W¢) denote a finite-dimensional irreducible representation of GL(n)r. This is
equivalent to giving a pair of finite-dimensional irreducible representations ({5, &) of
GL(n,C) for each o € X. For any representation 7, we let 7V denote its contragredient.

(1.1.1) Fact. — For every irreducible finite-dimensional representation (E,Wz) =
(E®&,We ® We,) of GL(n,C) x GL(n,C) such that
(1.1.2) =8V

there is a unique generic (gl{(n, C),U(n))-module Ilz such that the relative Lie algebra
cohomology H*(gl(n,C),U(n); Iz ® Wz) is non-trivial. Moreover, Ilz o ¢ — IIY.

The above fact is a special case of the construction in [C2, 3.5], which covers nearly
all generic cohomological (gl(n,C),U(n))-modules. It will suffice for the purposes of
the present notes. The relative Lie algebra cohomology is relevant to calculating
the cohomology of the adelic locally symmetric space attached to GL(n)r, via Mat-
sushima’s formula. Here and in what follows, we denote by Ag(G) the set of cuspidal
automorphic representations of a reductive algebraic group G.

(1.1.3) Matsushima’s formula. — Let G be a reductive algebraic group over Q (e.g.,
GL(n)F, via restriction of scalars), and (E,Wz) a finite-dimensional algebraic repre-
sentation of G. For any open compact subgroup K of G(Ay), let

Mk(G) = G(Q\G(A)/Zc(R) - Ko - K,
where K runs over open compact subgroups of G(Ay). Let Lz be the local system
G(Q)\G(A) x W=/Zg(R) - Koo - K

over Mg (G) (this is a local system provided the central character of 2 is trivial on the
Zariski closure of a sufficiently small congruence subgroup of the global units, which
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THE LOCAL LANGLANDS CORRESPONDENCE 25

we assume to be the case). Then there is a G(Ajy)-equivariant subspace Hyy,(L=) of
lim H*(Mxk(G),Lz) such that

H:usp(‘ca) = @H*(g’ ZG(R) Koo oo ® WE) ® Hf
i
as G(Ay)-modules, where I runs through Ao(G).

(1.1.4). — When G = GL(n)p, we assume £ = ®zZ,, where each =, satisfies
condition (1.1.2); recall that ¥ indexes embeddings of F*. Fact (1.1.1) shows that
the sum runs over II such that

I, ~ 1z := ®2H=’a,

and this implies that I, o ¢ — IIY.. We also make an analogous global restriction:
(1.1.5) e = 1.

This is necessary in order to attach compatible families of ¢-adic representations to
I1, following Clozel’s construction.

1.2. Fake unitary (similitude) groups, descent and base-change. — The
relation to cohomology of the symmetric spaces attached to GL(n)r plays no role
in what follows. The Galois representations are instead constructed on the ¢-adic
cohomology of Shimura varieties attached to certain unitary groups. This is the next
theme.

Let B be a central division algebra of dimension n? above F, and let tp : B — F
and np : B — F denote the reduced trace and reduced norm, respectively. Suppose
B admits an involution of the second kind, i.e., an anti-automorphism *x : B — B
restricting to ¢ on the center F. This is a purely local hypothesis; i.e., it depends
only on the completions B, of B at places of F'. Let Sp denote the set of places of
F* above which B is ramified. If v € Sp, we assume that v splits in F. Then the
existence of the involution implies that B ramifies at both places of F' dividing B.
We assume that, at every place v’ dividing a v € S, B is a division algebra. We will
later be fixing a rational prime p and a place w of F' dividing p. We assume B split
at w but make no hypothesis regarding the invariants of B at the remaining divisors
of p. We choose a maximal order Og C B such that the involution * restricts to an
involution of Op , = Op ®z Zy.

Let B°P denote the opposite algebra, and let V be the F-vector space B,
viewed as a B @ B°P-module. The involution * is assumed to be positive; i.e.,
Trp/q(te(g - g*)) > 0 for all nonzero g € B. Let B~ C B denote the (—1)-eigenspace
for the involution *. For any 3 € B~, we define an involution of the second kind
#s by xz#8 = Bz*B~! and a B — x-hermitian alternating pairing (i.e., alternating
upon restriction of scalars to Q, and hermitian in the sense that (bv,w) = (v, b*w))
VxV —Qby

(z1,22)g = Trr)q(te(z1873)).
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26 M. HARRIS

Then for b € B, bsp, € B°P, we have

(1.2.1) ((b® bop)z1,22)5 = (21, (b* @ b )2)5.

Let G be the algebraic group over Q whose group of R-points, for any Q-algebra R,
is given by the set of g € (B°P ®g R)* such that, for some A € R*, the following
equation is satisfied:

g.g#ﬁ=)\,

Then Gp is connected and reductive, and g — A defines a map v : Gg — Gp,. The
kernel Gig,1 of v is the restriction of scalars to Q of a group G+ over FT.
We identify

(1.2.2) B®oR = [ M(n, Fr) =5 M(n,C).
TED

For each 7 € 3, (s,+)g thus defines a *-hermitian form (s,)g,, on M(n,C). If n is
even, we assume 1 + dn/2 has the same parity as |Sp|. Then a calculation in Galois
cohomology (¢f. [C2, §2]; [HT, Lemma 1.1]) shows that 8 can be chosen in B~ such
that G is quasisplit at all rational primes that do not split in £/Q, and such that
the form (e, «)g,, is of signature (n,n(n — 1)) (resp. (0,n?)) for 7 = 7y (resp. T # 70).
Thus G+ o, 18 isomorphic to U (1,m — 1) but G+ is a compact unitary group for all
real places o # 0. We fix such a # and drop 1t henceforth from the notation.

We write g Sh(G) for the locally symmetric space denoted Mg (G) above. It is in
fact a hermitian locally symmetric space of (complex) dimension n — 1, hence a quasi-
projective variety by the theorem of Baily-Borel. Because B is a division algebra,
k Sh(G) is in fact projective for all K, and smooth if K is sufficiently small (which we
assume). Thus there is no distinction between Hp,s, and H* in Matsushima’s formula.
The representation (£, We) defined above gives rise to a representation of G (take the
factors in ¥, and regard G(R) as a subgroup of unitary similitudes in GL(n,C)¥).
We denote by L¢ the corresponding local system on Sh(G) = lim KK Sh(G).

If p splits in F, we can identify

(1.2.3) G(@) — [IBr*xq

vlp

where the map G(Qp) — Q; is given by v. Thus if
!/
T=Too @ Qmp € Ao(G),
P

we can further factor m, as
(124) Tp = ®fulp7rv ® djpa

where v, is a character of Q.
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(1.2.5) Remark. — 1In practice, we will arrange that v, always be an unramified char-
acter. We will moreover make a habit of suppressing the effect of ¢,, which merely
complicates the formulas while adding nothing of substance.

The following theorem was originally considered by Clozel. The first complete
proof of the base change in both directions was published in the appendix by Clozel
and Labesse to Labesse’s book in Astérisque [CL, L]. This book contains a much
more general framework for proving theorems of this kind, by comparison of stable
trace formulas.

(1.2.6) Stable Base Change Theorem (Clozel, Labesse). — Let (2, Wz) be as in (1.1.4).
LetII C Ao(GL(n)F) be a cuspidal automorphic representation with central character
¥, and let ¥ be a Hecke character of E. Suppose

(a) Mo ~IIe.

b) ¢ = IIY;

c) For every place v-€ S(B), I1, is in the discrete series.
d) Ym | ax= e/

e) (€ lEOXO)_l =y° |E;<Q-

Then there exists an automorphic representation m® of G whose base change to
GL(n)r x E* equals (IL,v). Moreover, m¢ occurs in the cohomology of Sh(G) with
coefficients in L¢.

Conversely, given m € Ag(G), cohomological for £, there exists a pair (II,v) sat-
isfying (a)-(e), with ¢ = ¢< |A}>§, such that (IL,%) is the base change of  at all
unramified places and at all places that split in E. Moreover, if m, is supercuspidal
(or corresi;onds via Jacquet-Langlands to a supercuspidal if v € S(B)) for some v
dividing some p that splits in E, then I1 is cuspidal.

(
(
(
(

(1.2.7) Remark. — Say I € CU(n,F) if it satisfies (a)-(c). Starting from II €
CU(n, E), one sees easily that there is no obstruction to finding v satisfying (d)
and (e).

I need to explain the meaning of base change. The group Rg/oGE is naturally
an inner form of the quasi-split group Rg/qGL(1)g X Rp/@GL(n)r. Then the base
change of 7 to an automorphic representation g of Rg,GL(1)E X Rp/oGL(n)F can
be regarded as a pair consisting of an automorphic representation II of GL(n)r and
a Hecke character ¢ of E*; this explains the notation above. To simplify, I assume
all ¢’s are trivial, but denote them as (?). At places p that split as yy° in E, the base
change is simple. Choose one y and write

G(Qp) ~Qy x ByP*,

where By is of course a product of central simple algebras over the completions of F
at places dividing y. Thus given 7, we can write 7, =?®m,, and define II,, = 7, ®7rjf,
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where 71':# (9) = my((¢#)~1). This doesn’t depend on the choice of y. Moreover, we
recover 7y, from II,.

If p is inert, then G(Q,) is a product of quasi-split unitary groups (up to the center).
Local base change for representations of unitary groups is not known in general. But
if 7, is unramified, and if G is split over an unramified extension of Q,, let B C G be
a Borel subgroup, T' C B the Levi factor. We can identify

T(Qp) = {(do;d1,...,dn) |do=d; -dy ;50 =1,...,n}.
If o is a character of T(Qy), let
BC(a)(do; d1,...,dn) = a(do - d§;do - di/dy, ..., do - dn/d]).

If 7, is the unramified representation m(a) corresponding to o, then (II,,¥p) =
BC(mp) = n(BC(a)). We leave it as an exercise to the reader to determine the
Satake parameter of II, (as opposed to the unramified character 1/,). We have thus
defined II,, for almost all p, and by strong multiplicity one, this suffices to determine II.

Henceforward, to simplify the exposition and minimize notation, we assume = to
be the trivial representation. No essential elements of the proof are lost under this

assumption. However, for applications to the local Langlands conjecture, we need to
be able to consider more general =.

1.3. Kottwitz’ theorem and its refinements. — We can identify complex coho-
mology with ¢-adic cohomology, for example, by choosing an isomorphism C —— Q,.
Thus if II is as above, we can choose a character ¢ and define m such that 7y C
H*(Sh(G),Q,). It is known that Sh(G) admits a canonical model over F' (recalled
next week), and thus there is a virtual representation of I'r = Gal(F/F) on the
m-isotypic subspace

Rf(ﬂ-’ G) = Z(_l)n—1+i HomG(Af)(ﬂ'f, H’L(Sh(G)a@Z))

i
(Warning: the sign (—1)"~! will disappear later in the course.) Define
Re(m) = Ro(m,G) @ Y° |rp -

Here is the relation between Ry(w) and II = BC(7):

(1.3.1) Theorem (Kottwitz, [K4]). — There is a constant a(w) such that for almost all
places p not dividing £, such that m, is unramified, and for all v dividing p, the local
representation Ry(m), is isomorphic to a(w) copies of

e9:l=1a7;(1_‘[11)_17

where the v-component I, of II is the unramified representation attached to the n-
tuple of characters (a;(I1,)).

(Note: sign conventions differ in the literature.)
Here is an argument, based on ideas of Clozel, to show that 7 occurs only in the
middle degree n — 1. Kottwitz’ theorem uses the theory of the zeta function of the
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reduction mod v of Sh(G). In particular, the a;(II,) are eigenvalues of Frobenius on
H*(Sh(G),Qy) (up to sign). In particular, they are algebraic numbers whose complex
absolute values are determined by the degree of cohomology in which they occur.
However, II is cuspidal, hence II,, is unitary for all v. It follows from the classification
of unitary representations of GL(n, F,) (Tadic) and Deligne’s purity theorem that
all o;(II,) have the same complex absolute values. Thus ¢ can only occur in one
dimension of cohomology. By the hard Lefschetz theorem, this can only be the middle
dimension.

Taylor has given an argument (c¢f. [HT, § viI 1.8]) to show that the constant a(7),
an uncontrolled multiplicity that arises in the comparison of trace formulas, can be
factored out of Re(II); i.e., we can write

(1.3.2) Re(Il)ss = Ry o(IT)%(™)

for some n-dimensional semisimple representation Ry o(II) of I'r; here the subscript ss
denotes semisimplification, which is all we can understand via traces. The argument
requires that R,(IT) be Hodge-Tate. In our case, R,(II) is realized as a subquotient
of the cohomology of a Kuga fiber variety, by the Leray spectral sequence. Since the
Kuga fiber variety is smooth and projective over some number field, its cohomology
is potentially semi-stable at all places, by Tsuji’s theorem. Then any subquotient is
also pst, hence is Hodge-Tate. So there is no problem. But even if there were, by
controlling the local ramification at inert places, one can arrange to have a(r) = 1
(joint work in progress with Labesse). We define

(1.3.3) r¢(I) = (Re,0(I)ss) "
Applying Kottwitz’ theorem, we obtain

(1.3.4) Theorem (Clozel [C2] + Taylor). — Let Il € CU(n, E). Then there is a com-
patible family (r¢(I1)) of n-dimensional A-adic representations such that, for all finite
places v outside a finite set S containing all ramified places, Kottwitz’ theorem yields

[re(I1) |r,Jss = oe(I1y.)

Remark. — We are always working with the unitary normalization of the Langlands
correspondence. So the L-function of II has to be shifted by (n —1)/2 in order to
obtain the L-function of a Galois representation:

(1.3.5) L5(s,IT) = L5 (s + 252, 0y (I1)).

where the left hand side is automorphic (in the unitary normalization) and the right
hand side is the partial Galois-theoretic L-function, with the factors at the finite set S
of bad primes removed.

Here oy is the local Langlands correspondence, so far defined for unramified rep-
resentations. A compatible family (r¢(II)) as above is called weakly associated to II.
The goal of my lectures is to present a proof of the generalization of this theorem,
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contained in my article with Taylor, to all places v; in other words, to show that
(re(IL)) is strongly associated to II (after semi-simplification locally). The remain-
der of today’s lecture explains how to reduce the local Langlands conjecture to the
statement that the representations (r4(II)) are strongly associated to II.

But first, to make sense of this, we need to have constructed a family of local
bijections m — o(m) = (04(m)) between A(n, F,,) and G(n, F,) for all places v that are
candidates for the local Langlands correspondence. We need to know that o comes
from a correspondence Ay(n, F,,) < Go(n, F,), that o(7V) = o(m)V, that o commutes
with character twists, Galois automorphisms, base change, automorphic induction: in
short, that o satisfies all hypotheses enumerated in the introduction except, perhaps,
compatibility with local e-factors. In later lectures I will explain how to construct
such a correspondence by algebraic geometry, such that

(1.3.6) Main Theorem ((HT]). — Let I1 € CU(n, E). Then for all places v not divid-
ing £,
[re(TT) |r,Jss = o¢(T1,,).®)

Now I have to explain how this theorem implies compatibility with ¢ factors.

1.4. Non-Galois automorphic induction. — The arguments in this section are
taken from the article [H2], and were extended slightly in [HT]. Here and in what
follows, we use the notation H to denote Langlands sum. Let K be a local field, = €
A(n,K), " € A(m, K), and let P C Gp+m be the standard parabolic subgroup with
Levi subgroup G, X G,; the representation 7@’ defines by inflation a representation
of P. We define the representation
B € A(n+m, K)
to be the Langlands subquotient of the normalized induction
IndIGD"J”" TR,

We now consider a triple of CM fields F3 D F; D Fj as before, all containing
E, with totally real subfields Ff, i =1,2,3. We assume F3/F; is Galois and I" =
Gal(F3/F) is solvable. The goal is to show that certain algebraic Hecke characters x
of F define by induction automorphic representations Ir,/r, (x) of GL(d, F1), where
d = [F» : F1]. The meaning is clear. If x is associated to an f-adic character 7¢(x)
of I'g,, then I'p, /p, (x) should be weakly associated to Indg,,r, me(X), where Indp, /r,
denotes induction from I', to I'g, . Concretely, let v be a place of F1, unramified in F3,
such that x,, is unramified at all w dividing v. For each w | v F» 4, is a cyclic extension

of Fy , of degree f,, and we define the representation I/, Xw of GL(fw, F1,») by cyclic
automorphic induction: it is the unramified representation associated to the f,,-tuple

(6)Note added in proof: Taylor and T. Yoshida have just proved the expected strengthening of this
theorem, in which semisimplification is replaced by Frobenius’ semisimplification.
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of characters x,, oy as <y runs through Gal(F5,/Fi,). Then the v component of
Ip, r (x) must be the (Langlands) sum of the I,,/,Xw for w | v. The problem is to
show that these local components fit together into an automorphic representation.

(1.4.1) Remark. — Regarding the archimedean constituents, recall that we are
always working with the unitary normalization of the L-function. So in fact,
X - |-|(d_1)/ 2, rather than Y, is an algebraic Hecke character.

Suppose we can do this for quite general x: just how general will become clear in
a moment. Suppose moreover that Ir, r (x) € CU(d, F1), so that we can apply the
Main Theorem. Let F; D Fj D Fj be another triple as above, with [F§ : Fi| = d’, and
suppose we have a second character x'. Write Il(x) = Ir,/r, (X), II(X') = Iry/r, (X')-
Consider the Rankin-Selberg L-function, with its functional equation [JPSS, Sh|

(14.2) L(s,TI(x) @ TI(x')) = [ [ 0 (s, I(x)w @ TL(X ), %) L(1 — 5, TI(x)¥ @ TL(x')Y).

The local € factors are those of the automorphic theory. On the other hand, we have
II(x) weakly associated to Indg, /r, 7¢(x), and likewise for II(x). The tensor product
Indp,/p, Te(x)®IndEy F, me(X') is an £-adic representation corresponding to a complex
representation of the global Weil group of Fi, hence there is a functional equation

(1.4.3) L(s,Indp,/r, re(x) ® Indpy/my re(x'))
= [Iev(s:ndp, ,/p, , Te(x0) ® Indpy /Fy, Te(X0), Yo)
¢ L(1 = s,Indp,/r, 7e(x)" ® Indpy/m, re(X)Y),
where the local € factors are those of Langlands and Deligne. By the technique

explained by Henniart in his course, and recalled in Appendix (A.2) (c¢f. [Hel]), this
implies identities of local ¢ factors for all v:

(1.4.4) €y(5,TL(x)v ®IL(X)v, %v) = Ev(s, IndFQ,u/Fl,v TZ(XU)®Insz',v/F1,v rl(X;), y).

Fix v of residue characteristic p split in E, as before, K = F;, and assume v
is inert in F3 and Fj. Let o and ¢’ be two representations of I',, factoring through
Gal(F3,,/K) and Gal(F3,/K), respectively, and let 7 and 7’ be the corresponding
elements of Ag(n, K) (resp. Ao(n, K)). Note that for any o € Go(n, K) we can choose
a local extension F3 , /K which is solvable and such that o comes from Gal(F5,/K) up
to an unramified twist, which we ignore. By Brauer’s theorem, there are intermediate
fields K C F3 j, C F3 4, characters ., of Gal(F3,/F3 ), and integers e; such that

0= ejIndp,,,/x Xjw;
J
likewise for o’. Applying the above identity of ¢ factors, and ignoring ,,, one obtains
ev(s,0®0") = H&;(S, T(x;)0 ® TI(Xj1)w )"

53’
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Now we apply the Main Theorem. Say

(x;)o = Bimi 5 (xG ) =B

with the notation B defined as above. The Main Theorem states that

o= Ze]a(ww), o = Zeya(ﬂz, "

z’!j
Write 0;; = o(m;;), etc. On the other hand, by the additive properties of the
automorphic € factors (cf. (A.2.2), (A.2.4)),

Hsv(s, II(x;)v ® TI(XG)w)® %" = H €v(8, i @ s 1)
53’ 4,5,¢ .5’
= [I evls:07 (035) @7 (o} ;1))
4,5,%',5"
=ey(5,07H0)) ® a7 (0")) = (s, 7@ T')

This yields the identity (0.8) of e factors, which, assuming the Main Theorem (1.3.6),
completes the proof of the local Langlands conjecture. Since o commutes with twists
by characters, one sees that it doesn’t matter if we only get o and ¢’ up to unramified
twists.

By simple approximation arguments, we see that any local extension K'/K can be
realized as an Fj , /F} , as above. In this way, we find that it suffices to prove that, for
any intermediate F» in a solvable extension and any character x, of F3 ., then (up to
unramified twists) x, can be realized as the local component of a Hecke character x
for which Ir,,r, (x) exists as an automorphic representation of GL(d, F1).

If F,/F; is cyclic the existence of a global I, r, (x) is guaranteed by the base
change theory of Arthur-Clozel. By induction, Ir,/r, (x) exists when Fj is solvable
over F, without any additional hypothesis on the fields or characters. On the other
hand, if F5/F; is cyclic and I, is an automorphic representation of GL(d, F) invariant
under Gal(F,/F;), then Arthur and Clozel prove the existence of II; on GL(d, F1)
whose base change to Fy is Ils: this is the descent of II; to Fj.

So one might argue as follows: let I'y = Gal(F3/F»), and, motivated by the usual
restriction/induction formula on the Galois side, replace x by

M3(x) := Br/r,x © Ny /p, -

The result is invariant under I", by construction, so one should be able to descend to
fixed fields of successive cyclic Galois groups of prime order.

The problem is that descent is ambiguous. To simplify, assume there is an in-
termediate field field F; C Ec F; with F3/ E and E/ F; cyclic of prime order; let
C = Gal(F3/E). Let J(x, E) = Resr,, Indp, /r, 7(x). Then

RESFSJ(X,E) Resr, (J (X, ) B)
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for any character 8 of C. There is a similar ambiguity in descent. Consider the first
step: let II be an automorphic representation of GL(d, F3) invariant under C, II¢ a
descent to GL(d, E). For any character 3 of C, the twist IIc ® 8 (8 viewed as a Hecke
character of GL(1, E)) is another descent of II. So the total number of descents is on
the order of |C| (some twists may be isomorphic). (Actually, there is more ambiguity:
if II¢ is not cuspidal, say IIc = B;II;, then each II; can be twisted separately by a
character §; of C.) On the other hand, locally everywhere Il , can be identified only
up to twist(s) by character(s) ap ; of the decomposition group C,, C C at p. The
general theory thus gives that for each p there is a character a;, of C, such that, for
almost all p,

oe(llcp) = J(x, E)p ® 0.

A priori, there is no way to prove that the local characters o, fit together to a global
character G of C.

On the other hand, if it is known that IIo has a weakly associated Z-adic repre-
sentation r¢(Ilc) of I'g, then ry(Ilc) is a descent to E of Resr,, Indp,/r, re(x). If
moreover r¢(Il¢) is irreducible, then the only ambiguity in descents comes from twists
by characters of C:

TZ(HC) = J(X’E) a

for a global character . So one can replace Il¢ by II¢ ® a~! and continue with the
descent. More generally, the analogous argument works if Il = H;II; with a weakly
associated 7,(IL;) for each j.

So it suffices by induction to show that there is a sequence of intermediate fields
F, =Ey C Ey C--- C E, = F3 with each E;/E;_; Galois and cyclic of prime degree,
and a sequence of descents II(x, F;) of II3(x) such that each II(x, E;) = BII; ; with
each Hi,]‘ € CU(dJ, Ez)

Recall (1.2.7) that CU(d;, E;) involves 3 conditions: conjugate self-duality, regu-
larity at oo, and a local condition at some prime. We assume v is inert in F3/F; and
we assume there is a second prime w of Fj, also inert in F3 and dividing a rational
prime p(w) split in E. In practice, we have to allow p(w) = p, which is not a prob-
lem. We want ., to be general, xo such that II; ;  is cohomological for all ¢ and j,
and x., such that every I, ; ., is supercuspidal. Since p splits in E, v # v, so the
condition x~! = x° imposes no restriction on x,. The condition at w is a bit more
subtle. By Mackey’s theorem, the restriction Resg, Indg,,r, 7¢(x) breaks up as a sum
of constituents that may not necessarily be irreducible:

Resg, Indp,/p, 7e(x) = @ Indg, , /5, a(x)

where a runs through the double cosets I'g,\I'/T2, E; , is the fixed field of a(I'2)a=1N
T'g,, and a(x) is the restriction to a(I'2)a~! NT'g, of x (conjugated by a). We need
to choose x,, so that each of these Mackey constituents is locally irreducible at w.
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This is true generically (exercise, cf. [H2, Lemma 4.7]). Then the base change theory
implies that II(x, E;) = BII; 4, with II; , supercuspidal at w.

Supposing we have x.,, we choose a global Hecke character o, trivial at oo, such
that x0,0 = Xv, X0,w = Xw> X0 = 1 = Xo,we- Let X1 = xo/x§- This has the right
properties at v and w and satisfies x§ = X1—1.

To obtain X, we work backwards. For any complex place 7 of Fy, let 7(k),
k=1,...,d be the primes of Fy dividing 7. Then

(X)oo = BrXr(k)-

The regularity hypothesis requires that all x,(x) be distinct for fixed 7, and conjugate
self-duality requires that
{X:(lk)} = {Xcr(k)}-

The coefficient system = determines the set {X;(lk)} for each 7. This is again not
a restriction. Let x2 be any algebraic Hecke character with x§ = x5 1 with X2,7(k)
as just described for all 7, and such that x2, and X2, are unramified. By allowing
sufficient ramification elsewhere, we can easily construct such x2. Then we let x =
X1 - X2 This has the right behavior at w and oo, is conjugate self-dual, and is the
desired x, up to unramified twist. It suffices to show that I, x is automorphic for
such x.

Here is the induction step. Suppose we have II(x, E;) = BII; 4, with II; , super-
cuspidal at w, and with each II; , € CU(d;,a); d; is the dimension of the correspond-
ing Mackey constituent. We further assume that the set {II; .} is invariant under
Gal(E;/Fy). Finally, we assume that the sum of the corresponding Galois representa-
tions is Resg, Ind(re(x)). Let C; = Gal(E;/E;_1), of prime order q. We let C; act on
the set {II; . }. The orbits are either fixed points or of order g. If II; , is a fixed point,
it descends to a II;_1 4/ 0, with local component supercuspidal at w (since this is true
after base change). The cohomological condition is automatic, though the relevant
coefficient system depends on the orbit of C; on the 7(k). We need to know that

Hz/—l,a',o = H‘i:—l,a’,O'
This is true after base change, so
sz—l,a’,O = Hf—1,a’,0 *n
for some character n of C;. But E;/E;_; comes from a cyclic extension of totally real
fields B /B, s0n=n*oNp,_, g+ for some Hecke character n* of E} |, trivial

at the archimedean places. This implies that 7 extends to a finite Hecke character

o of the ideles of E;_1. Replacing II;_1 o 0 by II;_1,o/ :=II;i_1 o/ ,0 ® o, we find that
Hiv—l,a’ = Hf—1,a'~

Next, if {II{ , | t € C;} is a non-trivial orbit, the Langlands sum B,IT} , descends

to a IT;_1 /. Such a descent is unique, hence the conjugate-self duality is automatic,
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as is the cohomological condition. The supercuspidality at w follows from the choice
of generic X .

Finally, we need to know that the set {II;_1 4 } gives the right set of Galois rep-
resentations. But each corresponding o (i — 1,a’) is locally irreducible at w, hence is
globally irreducible, hence is determined up to a twist by a character of C;. Looking
at the Mackey decomposition, we see that by choosing the right twist, we get a con-
stituent of Resg, _, Ind(r¢(x)). In particular, the set of constituents is invariant under
Gal(E;—1/F1), and this completes the induction step.

(1.4.5). — Lectures 2-7 are devoted to the proof of Main Theorem (1.3.6) in the
special case where II, is the full induced representation from a supercuspidal rep-
resentation of the Levi subgroup of a parabolic subgroup of GL(n, F,). This case
suffices to establish the compatibility of local € factors, as one verifies immediately
by inspecting the arguments presented above. Strangely, the more general version
of the Main Theorem appears to be required to prove the modular local Langlands
conjecture, due to Vignéras [V].

2. Shimura varieties as moduli varieties

2.1. Shimura varieties attached to fake unitary groups: canonical models

A Shimura datum is a pair (G, X), where G is a connected reductive group over Q
and X is a G(R)-conjugacy class of homomorphisms & : Rc/r(Gm,c) — GR, satisfying
a familiar list of axioms [Del]. We will always assume the weight morphism wy,
the restriction of h to G, R, is rational over Q. The centralizer of h contains the
real points of the center Zg of G, as well as a maximal compact subgroup Ko,
and the axioms imply that the connected components of X are hermitian symmetric
spaces homogenous under the identity component of the group of real points of the
derived subgroup G9¢* of G. Upon extension of scalars to C, an h € X defines a
homomorphism G, ,c X Gm,c — G¢ whose first coordinate is a cocharacter denoted
W= fi.

The G-conjugacy class of u is independent of h and its field of definition is a number
field denoted E(G, X); we will write ux for any point in this conjugacy class. This
is a cocharacter of some maximal torus of G, hence a character of a maximal torus
T c G. The Shimura variety Sh(G, X), whose set of complex points is given by

(2.1.1) Sh(G, X)(C) = lim Shy (G, X)(C),
UCG(Ay)

where

(2.1.2) Shy (G, X)(C) = GQ\(X x G(Ay)/U) ~ My(G)

(notation as in (1.1.3)), has a canonical model over the field E(G, X). This is a
general fact that will be derived for our specific Shimura varieties by interpreting
them as solutions to a moduli problem.
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Notation is as before: F = F*E, B, 19, 09, p = uu®, w | u, X, etc.

Choose an R-algebra homomorphism kg : C — B°P ®qR such that ho(2)# = ho(Z)
for all z € C. The image is contained in G and is centralized by a maximal compact
subgroup of G(R) if and only if the map x — ho(i) " z#ho(4) is a positive involution.
Since # is conjugate to

g +— diag(—1,1,...,1)' g  diag(-1,1,...,1)

this means that hg(z) must be conjugate to diag(z,%,%,...,Z) (in the 7o coordinate)
and Z - I, (in the remaining coordinates). Let (G, X) be the Shimura datum for
which X is the G(R)-conjugacy class containing ho. Then the reflex field E(G, X) is
isomorphic to F, identified with its image in C under 7.

Recall the Hodge-theoretic interpretation of h € X. Any irreducible representation
of Re/r(Gm) is of the form z +— hy, 4(2) = 27PZ 2 forp,q € Z. If h € X and (p, V) is
a representation of G, then poh decomposes V¢ as a sum of eigenspaces VP4 for hy 4.
(Scholium: VP4 = HI(Y,QP) if V is the complex cohomology of a smooth complex
variety Y.)

Let V = B itself. Then

Bc=B (2900 ((C) = @resBr ® Beor;

moreover, B, is the v-eigenspace for the action of F' for v € Hom(F,C). On the
other hand, via hg, we have B(C) = B(C)~1% @ B(C)%~!. Now Bg has a positive
involution *, defining (via the trace) a bilinear form that takes rational values on
B(Q). Hence, choosing a lattice A € B(Q), we find that

A\B(R) = A\B(C)/B(C)*~"
is a polarized abelian variety Ao, with Lie algebra B(C)~1°. Decomposing Lie(A4q) =
B(C)™10 as a sum of v-eigenspaces, we find
(2.1.3) dim Lie(Ap)r, =n, dimLie(Ao)r =0,7 € L,7 # 79;
and for all 7,
(2.1.4) dim Lie(Ag), + dim Lie(Ag)cor = n? = dimp B.

This justifies the relation to moduli explained in the next section.

2.2. The moduli problem. — If A is an abelian scheme over a base scheme S over
Q, let T¢(A) denote the direct product of the Tate modules T;(A) over all primes ¢,
Vi(A) = Q@ Tf(A). Let U C G(Ay) be a compact open subgroup. Consider the
functor Ay (B, *) on schemes over F, which to S associates the set of equivalence
classes of quadruples (A, \,i,7), where A is an abelian scheme of dimension dn?,
A Ao Als a polarization, i : B — End(A4)®Q is an embedding, and n : V®qA ;s —
V¢(A) an isomorphism of skew-hermitian (see below) B ®q A s-modules, modulo U;
here V is the B ® B°P-module B, as in (1.2).
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Here is the precise meaning of “modulo U” following Kottwitz [K5, p. 390]). We
may assume S connected. The Tate module T (A) is a smooth A¢-sheaf on S. Fixing
a geometric point s € S, it is thus the Ay-sheaf associated to the representation of
m1(S,s) on T¢(As). Then a level structure modulo U is a U-orbit of isomorphisms
n:V ®yAs — V;(As) that is stable under the action of m;(S, s) on the right. It
can be checked that this condition is independent of the choice of geometric point.

We assume the Rosati involution on End(A) ® Q restricts to the involution * on
i(B) and 7 takes the standard pairing on V' to an Aj-multiple of the Weil pairing
for A on V¢(A). Most importantly, ¢ induces an action ir of the center F' of B on the
Os-module Lie(A). For each embedding 7 : F — C, we let Og, = Og QF, C, and
let Lie(A), = Lie(A) ®,r C. We then assume that

(2.2.1) Lie(A); = 0,7 € &, 7 # 705

(2.2.2) Lie(A)or is a projective Og, cor module of rank n?, T # 7o;
(2.2.3) Lie(A)r, is a projective Og, r, module of rank n;

(2.2.4) Lie(A)cor, is a projective Og cor, module of rank n(n — 1).

Note — this is important — that the action of F' on Lie(A), is via the embedding 7.
Two quadruples (A, A, i,7n) and (A’, ',i’,n’) are equivalent if there is an isogeny A —
A’ taking A to a Q*-multiple of A’ and preserving the other structures. In particular,
we may always assume |Ker(\)| prime to p.

We assume U is sufficiently small; then Ay (B, *) is represented by a smooth pro-
jective scheme over F, also denoted Ay (B, *). For B = Q this was proved over any
base prime to the level of U by Mumford, using geometric invariant theory. The
problem with B is relatively representable over the one without B “by the theory of
the Hilbert scheme,” as one says at this point. In fact, the complete proof is written
down nowhere, except in Shimura’s papers of the early 60s, which use the language
of Weil’s algebraic geometry. (However see [Hida].)

2.3. Points over C. Hasse principle and connected components. — Using
Riemann matrices, we show that Ay (B, *) is isomorphic to |ker' (Q,G)| copies of
the canonical model of y Sh(G, X). I begin by explaining the source of the invariant
ker' (Q, G) = ker[H'(Q,G) — [I, H'(Qy, G)]- Recall that G is the group of automor-
phisms of the Rp/gB-module V' that preserve the *-skew-hermitian pairing (z1,z2)3
up to a scalar. Here and below, a *-skew-hermitian form on a B-module is only con-
sidered fixed up to a (Q-rational) scalar. If V' is a second skew-hermitian B-module of

the same dimension, then Vg — Vé as skew-hermitian B-modules, and this gives rise

to a class in H'(Q, G). Now suppose we have a point = = (A, \,4,1) € Ay (B, *)(C),
and let V' = Hy(A,Q). This defines a class c(z) € H(Q,G). Now 7 defines iso-
morphisms Vg, = Vép for all finite primes p, so c¢(x) becomes trivial in H}(Q,, G)
for all finite p. Moreover, the conditions (2.2.1-4) imply that c¢(x) becomes trivial
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in H(R,G) as well. Thus c(z) € ker' (Q,G). Note that in any case, V and V' are
isomorphic as B-modules, so only the polarization makes a difference.

There is no reason to assume the class c(z) € ker' (Q, G) vanishes. One can deter-
mine ker! (Q, G) explicitly: it is a finite group, trivial when n is even, and isomorphic
to

ker[F "X /Q* Np/p+ (F*) — Afy /A" Npjp+ (AR))-
when n is odd. This is an elementary calculation (found on p. 394 of [K5]). We index
the elements of ker' (Q, G) by ¢;,i = 1,...,&, with ¢; = 0, and let
Sy(B,*)(C) = {z € Au(B,*)(C) | c(z) = ci}.
I will show that each S};(B,*)(C) is the set of complex points of a canonical model
of Shy (G, X).

Indeed, suppose x € S, (B, *)(C). First set i = 1. One thus has H1(4) — V as
skew-hermitian B-modules, and we choose an isomorphism ¢ : Hy(A) — V. Via ¢,
the datum 7 defines a point in G(Af)/U. On the other hand, the complex structure
on Hi(A,R) = Lie(A) defines a map h' : Rc/Gm — GL(V). Since the complex
structure commutes with B, h' takes values in B°P*. Again, the conditions on the
B-action on Lie(A) and the positivity of the Rosati involution imply that A’ € X
(= the set of polarized Hodge structures of a certain type). Thus we obtain a point
Z(1) € X xG(Ay)/U. The choice of ¢ is well-defined up to an element of G(Q), thus =
gives a well-defined point in G(Q)\(X x G(Ay)/U) = Shy (G, X)(C). We thus have
a map

SL (B, *)(C) — Sh(G, X)(C).

By the theory of Riemann matrices, this map is a bijection. Indeed, one can recover
the abelian variety A from the vector space V and the complex structure h’, at least up
to isogeny; then the point in G(Ay)/U gives A in terms of a correct choice of lattice.
On the other hand, every point in X X G(A)/U corresponds to a polarization on V(R)
and a lattice (with level structure) with respect to which the polarization is integral,
hence to a complex abelian variety, and the additional structures are automatic, by
the discussion above.

For general i, we have to start with an isomorphism ¢ : H;(4) — V¢; then the
same argument goes through with G replaced by G = Autg(V*,(,);). Note that
nothing changes except the set of :*. The procedure for relating abelian varieties
over C to pairs consisting of an archimedean datum (in X') and a finite-adelic datum
(in G*(A;)/U = G(Ays)/U), modulo a global datum (in G*(Q)) is worth recalling
here, since it is the model for what will be used to study the points over finite fields.

We note that in fact G* = G for all 4. This is a consequence of the following lemma:

(2.3.1) Lemma. — The natural map ker' (Q, Zg) — ker' (Q,G) is surjective.

Indeed, this implies that the twist of the hermitian space V is induced by a twist
coming from Zg, hence one that has trivial image in G*! = Aut(G)°, hence defines a

ASTERISQUE 298



THE LOCAL LANGLANDS CORRESPONDENCE 39

trivial twist of G. To prove that G* = G, we could also appeal to the Hasse principle
for adjoint groups. However, lemma, (2.3.1) will be used repeatedly in the second half
of the course, so I sketch a proof here, due to Kottwitz. First, let D = G/G9". Since
G9" is an inner form of SL(n), it satisfies the Hasse principle, and it follows from a
simple diagram chase that ker' (Q, G) — ker'(Q, D) is injective. Surjectivity is a bit
trickier. Let T' C G be a maximal torus, elliptic: at some finite place, Ty = T' N G9eT,
Then the short exact sequence

1— T —T —D—1
yields a commutative diagram of long exact sequences

— HY(Q,Ts.) — HY(Q,T) — HY(Q,D) — H?*(Q, Tx) - - -

wo ] ]

— HY(A,Ty.) — HY(A,T) — H'(A,D) — H*(A,Ty) . ..
Now we have the following

(2.3.3) Lemma ([KS5, pp. 421-422]). — Let T be a torus over Q. The group
ker’(Q,T) = ker[H?(Q,T) — H?(A,T)]
vanishes if T is anisotropic locally at one place.

In our situation, Ty is elliptic at some finite place, hence the Lemma applies.
It follows that any y € ker'(Q, D) comes from an z € H'(Q,T) whose image in
H'(A,T) comes from H'(A,T,.). Since H'(Q,Ts.) maps onto H*(R,Ty.) (another
well-known general fact, c¢f. [Ha, Thm. A.12]), we can replace z by =’ with trivial
image in H!(R, T). Let z denote the image of 2’ in H*(Q, G). Clearly it maps onto y,
and it remains to show z € ker!(Q, G). By construction, it has trivial component at R,
and since H'(Q,,G9") =1 (by Kneser’s theorem, since G is simply connected) it
is in fact in ker'(Q, G).

On the other hand, forgetting the B action yields a map of Shimura data (G?, X) —
(GSp(V?), &%), hence realizes Sh(G?, X) as a canonical model defined over its reflex
field F' by the general theory of Shimura varieties. In particular, the subvarieties
Si (B, *) of Ay (B, ) are defined over F.

2.4. Discussion of the moduli problem in étale level. — Now choose a prime
u of E above p, and let w = wj, ws, ..., w, be the primes of F' above u. Write K = F,
Since p splits in E, we can identify
(2.4.1) G(@Q) - GL(n,K)x[]BE> x Q)

i>1

(cf. (1.2.3)) where the map G(Q,) — Q) is given by v.
Henceforward, we write O = O,. We assume U factors as U, x UP, with U?
sufficiently small, and we further assume Uy, = [[; Uy, X Z,, with respect to (2.4.1).
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Assume U,, = Uy, = GL(n,O). Then Ay (B, *) is representable, hence has a model
over Spec(O), also denoted Ay (B, x), that represents a slightly modified version of
the functor considered above. First, we always take A to be a prime-to-p polarization,
and the equivalence is up to prime-to-p-isogenies. More importantly, Lie(A) becomes
a module over Og ®z, OB p, hence over Os ®z, OF. Then conditions (2.2.1-4) are
replaced by

(2.4.2) Lie(A) ®0y,, Ow; = 0,i > 1;

(2.4.3) Lie(A) oy, O is a projective Og module of rank n, on which O acts via the
structural morphism O — Og.

The remaining ranks are automatically determined by the polarization condition.
One verifies easily that on the generic fiber we recover the moduli problem defined in
(2.2).

As above, Ay (B, ) is the union of | ker!(F,G)| copies of a O-model Sy (G, X) of
k Sh(G, X).

(2.4.4) Theorem. — The scheme Ay (B, *) is smooth and projective over O.

Proof. — We follow Carayol [Cal]. First, Ay(B,*) is projective: since there is an
embedding in the moduli space of polarized abelian varieties, it suffices to show it
is proper. We prove this by the valuative criterion. Let R be a discrete valuation
ring over O, S = Spec(R), and suppose we have a quadruple (A, \,i,1) over the
generic point Spec(K). We need to extend it to a quadruple over S. Let Ar denote
the Néron model of A over R. It makes no difference if we replace S by a finite
cover, so by the semi-stable reduction theorem of Grothendieck the special fiber Ay
is an extension of an abelian variety by a torus 7. Now there is an isomorphism
End(Agr) — End(Ak) (functoriality of Néron models). Thus Op acts on Ay, hence
necessarily on T, hence on the character group X.(T'). This group has Z-rank at
most equal to the dim A = dn?, whereas Op is of Z-rank 2dn?. Since B is a division
algebra, any Opg-module must have rank a multiple of 2dn?, which implies 7T is trivial.
Thus Ag is an abelian scheme, and we have already extended . The extension of A
follows similarly by functoriality.

Finally, there is the question of extending 7. The components of n away from p
extend, because the ¢-division points are étale over S. So we need only worry about
extending 7,. This is the right time to introduce the theme of p-divisible groups,
which will occupy the next two lectures and will recur in those that follow. Let Ag[p™]
denote the p-divisible group associated to Ag; it is the direct limit of the finite flat
group schemes Ag[p"]. The maximal order Op acts on Ag[p*], and this extends to
an action of Op ®z Zp ~ [[, OB ®0r Ou,. Let Op, denote the corresponding factor.
This is a direct product, hence we have a decomposition

AR[p™] ~ ®i(Ar[wi®] ® Ar[w;"*]),
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where Ag[w$®] is a p-divisible group with Op,; action. The condition that the Rosati
involution restricts to the involution * of the second kind on Op implies that the
polarization identifies

Ap[w)™] > Ag[w],
where ~ denotes Cartier dual.

In general the data “polarization + 7, (mod U,)” is equivalent to “level structure
on Ar[w$®] (mod U,,) for all ¢ + trivialization of the Tate module of G,,” (mod a
subgroup of Q). The fact that 7 is invariant under the factor ZX C U, implies
that we only have to consider level structures on Ar[w$®]. The condition on the Lie
algebras implies Ag[w$®] is étale for ¢ > 1, so the factor 7,,, extends over S for ¢ > 1.
Finally, we have chosen U,, maximal, so there is no level structure at w, hence nothing
to extend.

Now to prove smoothness, we use Grothendieck’s infinitesimal criterion. We let
S = Sy(G, X) denote the special fiber of our model, and let z = (Az, Ay, %z,7z) €
S(F) be a geometric point. Let S be an Artinian local O-algebra with residue field F.
We need to show

(2.4.5) Deformation property. — Let I C S be an ideal, and let ' be a lifting of the
geometric point € S(F) to an S/I-valued point of Ay(B,*). Then z' lifts to an
S-valued point of Ay (B, *).

The deformation property (2.4.5) is in fact a property of the formal completion
Au (B, %)z of Ay(B,*) at z, a formal scheme over Spf(©). It therefore suffices to
prove that Ay (B, *)z is formally smooth. In fact, we will prove that Ay (B, *)7 is
isomorphic to the formal spectrum of a power series ring. The construction of this
isomorphism will occupy the rest of the section.

We reformulate the problem as follows. We consider the functor F; on Art(O,F):

Sr— (A, A 4,m) +7: (AN 4,0)F — (Az, Az, iz, M)

This is represented by the formal completion Ay (B, *);. Consider the second func-
tor Fo

S L (g,)\,iﬂlw) +.7 : (g,)‘aianw)F l’ (Ax{poo],)\z[poo]’lz[pnm]’ 71;”)

The terms need to be explained. Here G is a p-divisible group scheme over.S, A an
isomorphism G — é, i an inclusion Op ®z Z, — End(G), and n* a U-level structure
on the prime-to-w Tate medule of A away from w (this makes sense because T%(A)
extends uniquely to any S € Art(O,F) as an étale sheaf).

(2.4.6) Serre-Tate Theorem. — The morphism F; — F3 is an isomorphism of functors.

Thus to determine the infinitesimal structure of Ay (B, %), it suffices to study the
functor F2. Obviously, the structure n is étale, as is the deformation of the data
Ag[we] for i > 1. So it suffices to study the deformation of A,[w*]. Now Op, —
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M(n,©), by our original hypothesis. Thus there are n orthogonal idempotents in
Op,, which decompose A;[w®™] into n mutually isomorphic p-divisible groups with
O action; this argument is called “Morita equivalence”. Let G, denote any of these
divisible O-modules, t;, : @ — End(G,) the action and let F5 be the functor

(2.4.7) S—(G,0)+7:(G,1)r — (Gasta)-

Since the remaining data are étale, the natural map F, — F3 is again an isomorphism.

Now the projective Og-module Lie(A;) ®o, Op,, is isomorphic to the sum of n
copies of Lie(G,) (by Morita equivalence). It follows from the definition of the moduli
problem that Lie(G;) is a projective (i.e. free) rank 1 Og-module. On the other hand,
the height of the p-divisible group G, is n[K : Q] (because A.[p] is a finite flat p-group
scheme of rank 2dimA;. (Indeed, the polarization breaks up A;[p] as A;{p] x Aa[p]
each of height dim[A], with A;[p] = Az[p] N]]; Az[ws®]. Since all but one of these is
étale, the height of A;[w] is determined, and one computes directly that the height is
precisely n[K : Q,], as stated.)

(2.4.8) Definition. — Let S be a scheme over O, and choose a uniformizer w of O.
A p-divisible O-module of height h is a p-divisible group scheme G over S with an
action i : O — End(G) such that

(i) for every pair of integers my > mq, the natural sequence

0 — g[wmg] — g[wm,] w2 g[wml—mz] —0

is an ezact sequence of finite flat group schemes;

(%) the action of O on Lie(G) is given by the structural morphism O — Og.

The height of the p-divisible O-module G is defined to be the h such that G[w] is a
finite flat k(w)-vector group scheme of rank h.

Thus the height of A, [w] as O-module is just n, and (2.4.7) is the functor classifying
deformations of (G, t;) as a 1-dimensional height n divisible O-module.
We consider the canonical exact sequence

(2.4.9) 0—G—G, — G —0

and let h denote the height of G¢*, so G0 is a formal O-module of height n — h.

For O = Z,, and when h = 0, the deformation problem was solved by Lubin-Tate
in 1966 [LT]. The general problem was solved by Drinfel’d [Dr]. I will follow his
account and that of Hopkins-Gross [HG] (Equivariant vector bundles on the Lubin-
Tate moduli space, Contemporary Math., 158 (1994), p. 23-88), skipping increasingly
many details as the argument progresses. We begin with the case h = 0, and consider a
1-dimensional formal O-module F over F of height n. Consider the category Art(O,F)
of Artinian local O-algebras R with maximal ideal m = mpg (containing ) and residue
field F, and consider the functor of deformations of F' on Art(QO, F); i.e., p-divisible O-
modules G over Spec(R) given with isomorphisms j : Gg — F. Because Spec(R) is
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infinitesimal, G is in fact a formal group, hence is given by power series: the addition
law G(X,Y) and multiplication ag(X) for a € O. To say that G is a deformation
of F is to say that G = F (mod m) and ag = ar (mod m) for all a € O.

The difference is given by a 2-cocycle (A(X,Y),8,(X)). First, a cochain is just a
collection of power series as above without constant terms. They form a (symmetric)
2-cocycle for F if

A(X,Y) =AY, X)
AY,Z2)+ AX,2Y+r Z)=AX +rY,Z2)+ A(X,Y).
(Here the symbol Y +r Z means F(Y, Z), etc.)
0a(X) +0.(Y) + Alar(X),ar(Y)) = aA(X,Y) + 6,(X +r Y)
6a(X) + 65(X) + Aar(X), br(X)) = dats(X)
aéb(X) + 6a(bF(X)) = ab(X)
Given a ¥ € R[[X]] with ¢(0) = 0, we define the coboundary

AW)(X,Y) =4(Y) = p(F(X,Y)) +9(X)
ba((X)) = ap(X) — ¢(ar(X))

Then H?(F,R), the symmetric 2-cocycles with values in R, modulo coboundaries,
classify isomorphism classes of deformations of F' to R, by

(A,00) — G(X,Y) = (F(F(X,Y), A(X,Y)), ac(X) = F(ar(X),0a(X)))-

The verification is by direct calculation, just as in Lubin-Tate.
The problem is then to find an explicit basis for H?(F, R).

(2.4.10) Theorem (Drinfel’d). — There is a functorial bijection between m’[{l and the
set of deformations of F' to R.

Note that m’}{l is naturally equal to the set of continuous O-algebra homomor-
phisms from the power series ring R, 0 = O|[t1,...,tn-1]] to R. Thus the functor of
deformations of F' is prorepresented (on the category of complete (noetherian) local
O-algebras — by passage to the limit) by Spf(O[[t1,...,tn-1]]); i-e., F3 is prorepre-
sented by a power series ring. In particular, taking F' to be the formal group G,
above, we see that F; is formally smooth for i = 1, 2, 3, which implies that Ay (B, )
is smooth at any point x where G¢* = 0.

The proof of Drinfel’d’s theorem, like that of Lubin-Tate, is also a direct calculation.
One shows by hand that any deformation can be written in such a way that A and

0. have the form
n—1

(8,80) = (A 0a,) + (deggq™' +1)
i=1
where A; and 4, ; are homogeneous of degree ¢; then one shows that each (A;, 8a,i) is
unique up to an (arbitrary) scalar in mpg, for i = 1,...,n—1, and that they determine
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the remainder of the deformation. Explicitly, if (A,d,) is a cocycle, congruent to
(mod degn + 1), then

(A8)=(e(X+Y)"—X"—Y" c(a" —a)X"™) (mod degn+1)
if n is not a power of ¢ (and hence is cohomologous to 0 (mod degn + 1)), whereas
a”—a

(A,8,) = (%[(X FY) - X" Y c X") (mod degn + 1)

w
if n is a power of q. This is exactly as in Lubin-Tate except for the presence of the d,.
By writing down the power series, we obtain a universal deformation over
Spf(Rnp,0). Taking successive subgroups of w™-division points, we obtain a p-
divisible O-module £ K,n over Spf(R, o). It is not hard to see, because it is a direct
limit of finite flat group schemes over Spf(R,,0), that in fact by K,n is actually a
p-divisible O-module over Spec(R, 0), and not merely over the formal completion.
However, ) K,n is no longer formal (consider the pullback of the universal elliptic
curve to the formal completion at a supersingular point). This is an elementary, but
striking illustration of the difference between formal and algebraic geometry that
creates most of the difficulty in the study of the bad reduction of the moduli space.

It is known that up to isomorphism, there is a unique 1-dimensional p-divisible
O-module Yk, of height n over F, with endomorphism ring isomorphic to Op, ,,,
the maximal order in the central division algebra D, ,, over K with invariant 1/n.
This can be proved by explicit power series calculations, using the techniques of the
Lubin-Tate theory; see Drinfel’d’s paper for such a proof. One construction is by
taking the reduction mod w of (any) Lubin-Tate formal group for O, the unramified
extension of O of degree n. Another construction will be discussed next week.

So much for the case h = 0. Now suppose h arbitrary. We have the universal
deformation iK,n_h over Spf(Rn—r,0). Let R € Art(O,F). Over F, we have an
isomorphism

F = FOx (K/O)
where FO 5 Sk ,,_p.

(2.4.11) Theorem (Drinfel’d). — The functor of deformations of Lk n—p x (K/O)* is
prorepresented by a power series ring in n — 1 = (n — h — 1) + h variables, and
canonically by the h-fold fiber product of Lk n—pn over Spf(Rp—_p,0).

Theorem 2.4.11, combined with the Serre-Tate Theorem 2.4.6, completes the proof
of the deformation property 2.4.5, hence of the smoothness assertion of Theorem 2.4.4.
As for Theorem 2.4.11, its proof is based on an argument due to Messing, that goes
as follows. Evidently, any deformation G of Yk n—pn x (K/ O)* to R has an exact
sequence as in (2.4.9):

0— G —G— G —0.

Here G° is a deformation of Y ,—5 and G is a deformation of (K/ O)*, hence
is isomorphic to (K/O)" since the latter admits no deformations. So we have to
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classify extensions of deformations G° of Tk ,—p by (K/O)". Formally, the short
exact sequence

(2.4.12) 0— O — KM =limO" — (K/O)* — 0
—
pn

of sheaves yields a long exact sequence (of sheaves) with terms

lim Homo (O*, G°) — Home (0", G°) N Ext!((K/0)",G®) — Ext(lim O*, G°).
pn

Now Home(O", G°) is represented by Home (0", mg). Since multiplication by p is
contracting on mg and mpg is nilpotent, the inverse limit is zero.
To conclude, it suffices to show that the map

Ext'(K/0,G°) — Ext'(lim O, G°)

is zero, in other words, that any extension G of G° by an étale O-module that is split
at the closed point of R splits over R upon multiplication by a sufficiently high power
of p. (Here and above, the arguments, apparently merely heuristic, can be made
rigorous, as in the proof of Proposition 2.5 of the Appendix of [Me].) It suffices to
show that the map

Homo (G, K/O x G°) ® K — Homo (Gr, K/O X Sgpn-n) ® K

(restriction to the closed point) is an isomorphism.
More generally, we have

(2.4.13) Theorem (Drinfel’d’s theorem on rigidity of quasi-isogenies)

Let S be a scheme on which p is locally nilpotent, and let Sy be the subscheme
defined by a nilpotent sheaf of ideals. Let G1 and G2 be two p-divisible groups over S.
Then restriction to Sy defines an isomorphism (of sheaves):

Hom(G1,G2) ® Qp — Hom(G1,s,,G2,5,) ® Qp.

In other words, any map from G to Gy over Sy lifts uniquely to S after multipli-
cation by a sufficiently high power of p.

This theorem, which we will use repeatedly, is also the basis of Drinfel’d’s simple
proof of the Serre-Tate theorem. There is a very readable proof by Katz in LNM 868,
Surfaces Algébriques, pp. 141-143.

The above discussion is based on the uniqueness of X 4 up to isomorphism over F,
and the isomorphisms of formal completions are so far only rational over F. Next week
I will explain how to descend to Fj.
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2.5. Hecke correspondences away from p. — We continue to work over
Spec(0). Suppose U D U’ are two open compact subgroups of G(Ay) with
Uy = U, = GL(n,0) as before and U¥ = UP x [[;Uw, x Z; D U"" (again
U"P > Z)y. Then there is a finite morphism Ay (B,*) — Ay(B,*). Since the
prime-to-p torsion subgroups are étale and since level structures at w; are also étale,
this projection is étale.

Define
(2.5.1) G(AY)=GAY) o [] BXR™,
i>1
so that
(2.5.2) G(Af) = Gy x Q) x G(AY) = GL(n,K) x Q7 x G(AY).
Thus any admissible irreducible representation m of G(Ay) can be factored
(2.5.3) =Ty @Y T,

where 7, € A(n,K), 9 is a character of Q,, and 7 is an admissible irreducible
representation of G(AY). In what follows, we will try to ignore .

Now suppose g € G(AY). For U’ we take U N gU g~ !. Then there are two maps,
p1,p2 ¢ Av(B,*) — Ay (B, *), with p; given by the inclusion U’ C K and ps the
composition

Apr(B, %) — Agug-1(B,*) = Ay (B, )
There is then a map (Hecke correspondence)
T(g) = p2,«p1 : H (Au(B,*),Qe) — H"(Au(B, *), Q)

The goal of next week’s lecture will be to explain how to extend this to allow level
structures at w and Hecke operators with non-trivial components at w.

3. p-divisible O-modules and Drinfel’d bases

Today I will deal with the most tiresome part of the construction (le point le
plus fastidieux du manuscrit, as Carayol wrote in his Bourbaki report), namely the
explanation of the models of Shimura varieties with bad reduction and the definition
of the group actions. Rather than give all the details, I will try to explain why it
works. For these varieties, the construction is relatively explicit and uses strongly
that we are dealing with 1-dimensional formal O-modules.

3.1. Dieudonné modules and formal O-modules. — Let K be a finite exten-
sion of Qp, @ = Ok its ring of integers with maximal ideal px and residue field
k = Fq4, with algebraic closure F. Let W be the ring of Witt vectors of F, K the frac-
tion field of W; i.e. K is what is denoted K™ in [HT], and let o denote the Frobenius
(relative to Q) acting on K. We let Kx = K - K and Wk be the integral closure of
W in Kg. For any positive integer g, we choose a one-dimensional formal O-module
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Yk g over F of height g. We write K/O for the étale height one p-divisible O-module,
and for any non-negative integer h we let g g5 = Sk g X (K/O)h.

The uniqueness of Xk 4 up to isogeny, at least, follows from the classification of
Dieudonné modules up to isogeny (isocrystals) over F. For future reference (cf. (8.1)),
we define an isocrystal to be a pair (N, ¢) where N is a finite-dimensional K-vector
space and ¢ is a o-linear bijection N — N, in the sense that

¢(av) = o(a)p(v), a€ K, ve N.

The category of isocrystals is semisimple; i.e., every isocrystal is isomorphic to a sum
of simple objects. Moreover, the simple objects are classified by rational numbers r/s
where s = dim N, /s and ¢°(M) = p"M for some W-lattice M C N,/s. If N =
®N,, /s, then the r;/s; are the slopes of N.

To any p-divisible group G over F one can associate its (contravariant) Dieudonné
module D(G), and its isocrystal N(G) = D(G) ®w K. D(G) is a W-free module of
finite type over the non-commutative ring W[F, V] with relations

Fa=0(a)F; aV =Vo(a); FV=VF =p.

An isocrystal N is attached to a p-divisible group if and only if all its slopes are in the
interval [0, 1]. More precisely, the main theorem of Dieudonné theory (over perfect
fields of characteristic p) is that the functor

G+— D(G)

is an anti-equivalence of categories with the category of W|F, V]-modules as above,
and N(G) —> N(G') as isocrystals if and only if G and G’ are isogenous.

There is a similar classification of divisible O-modules. Let o4 denote the lift of
the Frobenius Frob, € Gal(F/k) to Gal(Kk/K), and fix a uniformizer @ € O. Then
a O-Dieudonné module (resp. a K-isocrystal) is a Wi [F, V]-module where now the
relations are

Fa=o04(a)F; aV =Vog4(a); FV=VF =w.

(resp. a K-vector space N with og4-linear bijective morphism ®). If G is a divisible
O-module, then D(G) has a natural O-structure, and in this way it becomes a O-
Dieudonné module. The simple objects are again classified by slopes r/s; here N, ,
has F*(M) = w"M for an appropriate lattice.

We have the relations

(3.1.1) height(G) = rankp D(G); dim G = dimy VD(G)/wD(G).

In particular, if G is simple of slope r/s, then s = height(G) and r = dim G.
We can thus construct the 1-dimensional height g formal @-module as follows. Its
slope is 1/g. We take N = K%. For any linear map b € GL(N), one can define a
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og-linear map ¢, = b- o,. We take

01 0...0
0 1...0
(3.1.2) b=1...... ... ...
0 0 0...1
w 0 0 ... 0

Then (bo,)? = w- o which implies that the slope is 1/g. This already shows unique-
ness of ¥k 4 up to isogeny, and it is not hard to show that any two ¢-invariant lattices
are actually isomorphic. Or this can be done directly with power series, as in Drinfel’d,
and we can arrange that

fo(X) = qu’ fC(X) =¢-X
for ¢ € pg-1.
Drinfel’d proved the following results, generalizing the results of Lubin for one-
dimensional formal groups:

(3.1.3) Proposition ([Dr, Prop. 1.7])

(i) The algebra End(N, ¢)°P = End(Xk,4)®Q, is isomorphic to the central division
algebra Dy = Dk 4 over K with invariant 1/g.
(i) This isomorphism identifies End(X g, g) with the mazimal order Op, , C Dk,g-

Let N : D;’,g — K> be the reduced norm, and let Il € Ok 4 := Opg, =
End(¥k,4) be an element such that v(N(II)) = 1; we may even assume IIY = w.
Then there is an isogeny Il : ¥ g g — Y o with kernel a one-dimensional O/w vector
space scheme. (The existence of such an isogeny, equivalent to (ii) of the Proposi-
tion, shows that any formal O-module isogenous to X k,g is isomorphic to Xk 4.) On
the other hand, because the action of O on the Lie algebra is just the natural map
O — O/w = F; — F, we see that the morphism Frob, : ¥g 4 — E%?g is a map of
O-modules. Thus ker Frob, = kerII, which means that

(3.1.4) 5@ 5 Skg/(kerIl) — Bk g

We have already defined quasi-isogenies: If A € Art(O,F) and H;, Hy are two p-
divisible O-modules over A, a quasi-isogeny between H; and Hj is a global section f
of the sheaf Hom4(H1, H2) ® Q such that p®f is an isogeny for some f. If kerp®f is
a group of order p®, the height of f is then the integer b — a. For any non-negative
integer h, the group of self-quasi-isogenies of ¥k 4 is isomorphic to Dy x GL(h, K),
where Dy is the central division algebra over K with invariant 1/g. A self-quasi-
isogeny of height 0 of ¥k , is an invertible element of O, g, hence an automorphism
of ¥k 4. Alternatively, every isogeny factors as a product of II* and an isomorphism
(isomorphism on Lie algebras, hence isomorphism), for some a. Here again, we are
strongly using the one-dimensionality of Xk g.

ASTERISQUE 298



THE LOCAL LANGLANDS CORRESPONDENCE 49

We consider the functor QDef(Xk ¢4) from Art(O,F) to {Sets}:
(3.1.5) Avr— (H/A,j: g g — Hy)

where j is a quasi-isogeny. This functor is representable, as in [RZ], by a formal
scheme M, ; with infinitely many connected components. When A = 0 the compo-
nents are indexed by the height of the quasi-isogeny in Z, and indeed

(3.1.6) M, =5 M,(0) x Z

where ]\ng(O) = Spf(Ry, k) represents pairs (H,j) where j is of height 0, hence an
isomorphism.

This is the functor we studied in Lecture 2, represented by O[[uy,...,ug—1]]. The
additional étale part adds first A more variables to the power series ring; the connected
components are indexed by Z x GL(h, K)/GL(h, O) (quasi-isogenies of (K/ (9) are
indexed by lattices in K”). We let (£ K.g.h,J) denote the universal pair over M, j.

We need something slightly more general: Let ~ denote Cartier dual, and consider
E+ oh = YK,gh X m This p-divisible group has a canonical polarization 1 :
E}L{ oh X E}; .g,h T Hpoo, Where p1 0. denotes the p-divisible group of Gy,. The functor
QDef(Z} K. h) classifies pairs (H*/A,j : £} ok H%' ) where j is required to respect
the polarlzatlons on the two sides up to a multiple in Z. It is represented by a formal
scheme M;h, which can be split canonically as ]\ng,h x Qy /Z,, with the second factor
for the polarization. The universal pair over M, o p is denoted (g‘} . 4 J 7). By analogy
with (3.1.6), there is a non-canonical isomorphism

(3.1.7) M}, = M}, (0) x Z x GL(h, K)/GL(h, 0) x Q) /Z,

where M ;: 1 (0) represents pairs (H*, j) such that j is an isomorphism and such that
the polarization is exact.

We have seen that, the formal completion of Ay (B, *) at a point z of the special
fiber is isomorphic to M, ,» for some g + h = n. This was proved over F. Today we
will carry out three additional steps:

(1) First, we show how this descends to F,. This can be done first on the special
fiber; the Galois action lifts uniquely.

(2) Next, we add (Drinfel’d) level structures at w and obtain a local uniformization
with these level structures.

(3) Finally, we show how the Hecke correspondences at w extend to these integral
models.

3.2. Uniformization of isogeny classes. — We denote by Sy the special fiber
of Ay(B,*). Let ES’), or just 5™ , be the set of points * € Sy (F) such that GE*
is of height h. It is easy to see that this is a (reduced) subscheme; next time we’ll
see it is smooth of dimension h. Fix z € S( ), and consider the set S(z) = Sy(x)

of points in the isogeny class of x. It is obviously contained in g(h). Thus S(z)
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consists of quadruples z' = (A’, X', 4/, 7) such that there exists an isogeny ¢ : A — A’
respecting the other structures. The kernel of ¢ breaks up into the w-component
and the prime-to-w component. The latter is a lattice in V]}” (A), isomorphic via n*
to V(A}”). Since ¢ respects the other structures, this gives a well-defined point in
G(AY)/U*. The w-component is the same as an isogeny of O-modules G, — G
Taking G, as our model for g 4 5, with ¢ = n — h, we thus obtain a point of M, ().
Thus «’ corresponds to a pair (m, g*) € My (F) x G(AY)/U™. But this pair is only
well-defined up to an element of I (Q) = I(4,x,:)(Q), where I, = I x is the group of
self-(quasi)isogenies of the triple (A, A, %), acting diagonally on the two data. In this
way, we obtain a bijection (uniformization of an isogeny class):

(3.2.1) © : L(Q\M},(F) x G(AY)/U" — ().

Injectivity is almost obvious: if two pairs (m,g") give the same point z’, then the
composition of one isogeny with the inverse of the other gives a self-isogeny of A
respecting all the data, hence an element of I,,(Q), by definition.

The Serre-Tate theorem (2.4.6) then shows that this extends to an isomorphism of
formal completions:

(3.2.2) 0 : L(Q\M,, x G(AY)/U" — Au(B,*)35,)-

The meaning of this formal completion along an isogeny class in the special fiber is
explained in Rapoport-Zink [RZ, 6.22]; it is something like the formal disjoint union
of the formal completions at the individual points.

Let me explain how this works on functors. Let R € Art(O,F), and (m,g%) a
point in My »(R) x G(AY)/U". Thus m corresponds to a pair (H/R,j : £k,gn —
Hp). Recall that X g4 5 is identified with G, for the fixed basepoint. Lift (4, A7) to
(A1, A\1,41) € Ay (B, *)(W) (any lifting). This is possible; indeed, we can even arrange
that (A1, A1,41) comes from a certain CM type. Let G, 1 be the corresponding lifting
of G;.

By rigidity of quasi-isogenies (2.4.13), the map j lifts to a quasi-isogeny
J1: Go,1 — H. The kernel of this quasi-isogeny defines a (virtual) subgroup scheme
Sm C Aj[w™], whereas g* defines a lattice Tgw C V}’(A1). Suppose for simplicity
that Sy, is a genuine subgroup scheme and Tgw D T}'(A1). Then the quotient by
Sm x (Tyw/T§(A1)) is a new abelian scheme over R, and this is the image of the
point (m, g*). In general, one has to modify the construction to account for virtual
subgroup schemes, but this is not difficult. At the end I will explain how this works
on level w™ structures in characteristic 0.

We want © to be rational over F, in a certain sense. Rapoport and Zink construct
a “Weil descent datum” on M, 4, as follows. Let o, denote the (arithmetic) Frobenius
automorphism in Gal(F/F,), and let Frob, : iK,g,h — (aq)*(ik g,n) denote the
Frobenius morphism of the (polarized) p-divisible O-module as above. (We will need
the polarization in what follows.) Let R € Art(O,F), with structure map ¢ : R — F;
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let Rj,,] be the same algebra R with structure map o4 0. Let (H,j) be an R-valued
point of M, ,h- Define H® = H, and let ¢ be the morphism

jo " (Froby ") : (00)*(Ek g n)F — (Ekgn)F — Zkigh-

(Note that Flvob;1 is a quasi-isogeny, not a genuine morphism.) This gives rise to an
isomorphism of functors a : My — o%(Mg,) via

(323) Mg,h(A) — M ,h(A[aq]); (Ha]) — (Ha’ja)‘

This morphism breaks up as a product of two factors: one on ) K,g,n and one on the
polarization; the second factor is just multiplication by ¢ (the action of o4 on roots
of unity).

If ]\ng,h had a Fy-rational structure, then a would correspond to the action of o,
on points (say over F). The fact that © commutes with the action of o, comes down,
after verification, to the fact that Frobenius on (A4, A) corresponds to Frobenius on
Ge X Q\z together with the polarization.

To any such deformation problem, Rapoport and Zink associate a pair of groups
(G, J) over Qp, with J an inner form of a Levi factor of a rational parabolic subgroup
of G. For M:_h,h, the group G is GL(n,K) x Q;, and J = Jp_ph 4+ = Df/n_h X
GL(h,K) x Q5. In any case, J is the group of self-quasi-isogenies of the relevant
divisible O-module Xk 4 preserving all additional structure (in the case of E};, a.h
J is the group that preserves the polarization). Thus it acts on the moduli problem
by sending j to j o 6. These actions commute with the Weil descent datum because
Frobenius commutes with everything.

3.3. Drinfel’d level structures: properties. — As before, n = g+h. Let m > 0,
w € O a uniformizing parameter, and consider Drinfel’d ww™-level structures.

(3.3.1) Definition. — Let R € Art(O,F), and (H,j) € M, 1(R). A map of groups

p: (w "0/O)" — H[w™|(R)
is a Drinfel’d level structure if and only if there is a free rank g O/w™O-direct sum-
mand M C (w=™0/0)9*" such that

(8.3.2) [[,em(T = T(p(x))) divides fom(T), the power series representing multiplica-
tion by w™ on H;

(3.3.3) The induced map (w="0/0)*/M — H[w™|(R)/H°[w™](R) is an isomor-
phism.

Drinfel’d level structures were introduced in [Dr]. Another approach, developed
by Katz and Mazur in [KM], is described in the following section. The present notes
can only sketch the their basic properties. A complete discussion, with proofs of all
properties used implicitly below, can be found in Chapter II1.2 of [HT].
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The functor on Art(O,F) that takes A to the set of (H,j,p), with H and j as
before and p a Drinfel’d level structure, is relatively representable over M b by a
formal scheme Mg,h;m. We can do the same with +; however, we always consider
polarizations only up to Z;-multiples. One of the main results of [Dr] is that
the formal scheme My p.m is flat over Mg,h and is regular; however, it has bad
singularities in characteristic p. Its rigid generic fiber is precisely U(m)Mg’f,gl, with
U(m) C GL(g + h, O) the principal congruence subgroup of level ™. Note that the
free rank g summand M in the previous paragraph is a discrete invariant of the triple
(H, j,p); thus

Mg pm = HM M
M

(the index m is implicit in M). When necessary, we say p is of “type M”.

The Weil descent datum on M, lifts trivially to each Mg p.m, and stabilizes each
component My 4.ps. Indeed, since H* = H, we can define o : My p,m — Fr} (M, hm)
(on A-valued points, as above) by sending (H,j,p) to (H,j%,p). Again, all these
constructions go through in the variants with +. Similarly, the action of J on ]\ng,h
lifts to each M, .m and each M, »., inducing the action already defined on the rigid
generic fiber.

The action of G, previously defined on o, M, ; & also extends to the family of integral
models M, p.m. Here is the construction. Let (H,j,p) € My hm(A) for some test
scheme A. Suppose moreover that p is of type M, and lift M to a rank g direct
summand My of O9%"; let Py, C G be the stabilizer of the K-subspace spanned
by My. First suppose that y~! € M,(O) and that v - 09" C w™ ~mOth
w~™O9t". Suppose in addition that v € Pay,, and let (v4,7vs) denote its projection
on GL(g) x GL(h). Then ~ takes the triple (H, j,p) over a test scheme A, where p
is a Drinfel’d level m structure, to a triple (H7,j7,p"), with p” a Drinfel’d level
m/-structure. Here

HY = H/p(y - O%*")

where p(v-O9+h) is viewed as a finite flat subgroup scheme of H[w™] with “full set of
sections” p(7y - 09tP) C H[w™](A). (This notion will be defined more generally in the
global setting.) Now let () = Tk g,/ ker(Frobg"* (det(%))y " Then j~1 identifies
H% with

£ o = Skgin/ ker(Frob o)y s (kh /y, - O
where vy is the valuation on K. Indeed, this follows upon comparing orders from the

fact that every finite flat subgroup of X 4 is of the form ker(Frob:) for some d. We
obtain j7 by composing

—vi (det(7g))

zmumwﬁm” 2 Vh)

J
S gn % (K" /- O") = HZ.
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Finally, p” is just p o v where + is viewed as an embedding
w ™ OIth |09th G OIth 1y OItR,

Letting m and m' vary, we obtain an action of « satisfying the above properties
on the tower {Mg,h;p_m Mo/M,} This action obviously commutes with the action of
J X Wk, and it is easy to see that it coincides with the usual action on the relevant
subset of the rigid generic fiber. We note that if x € O and = # 0 then the element
(x71,271) € Py, x J acts trivially. Thus we may extend the partially defined action
to obtain an action of Py, x J x Wi on the tower { M, 9, hip—m Mo /Mo }» factoring through
(Pry xJ)/K* x Wk, where K* is embedded diagonally. Finally, we have the Iwasawa
decomposition G = Py - GL(g + h,0). There is no problem defining an action of
GL(g+h, O) on Drinfel'd level structures (by the standard action on (w™™0/0)9+h)
for all m; thus we can extend the action to (G x J)/K* x W on the tower { Mg p.m},
which we denote M, h,o and view as the projective limit of the M, j.,. Note that
covering the isomorphism (3.1.7) (and ignoring the +) we have an isomorphism of
(ind-profinite) schemes over k:

(3.3.4) My hcored — Z x GL(h, K)

Again, all these constructions go through with additional structures +. In the
next construction we will include these structures, just for a change. For any m and
any type M, there are natural morphisms 7 : M;h; M M;m. Here if (H,j,p) €
M;:h;M(A) for some test scheme A, we let 7(H, j,p) = (H?,j° p°), where H? is the
connected part of H, j° the restriction of j to Lk 4, whose image is H%, and p° the
restriction of p to M. We can factor m = m3omgom;. Here, letting M, ,h;m,0 denote the
moduli space over ]\ng,h of Drinfel’d level w™-structures on the connected subgroup
of the variable height g + h-divisible O-module, we have

T =T1,M - M;:h;M - vg’h;myo X Mg,_h
takes (H, j,p) to (H,j,p° p®), with p® the induced level structure
(@ ™OJO) IM — H/H[w ™).
Moreover, To(H, j,p°, p®*) = (H, j,p°) (forget p**), and =3 is the base change to M A

of an analogous map 7% : ]\Zf;:h — M ; o- (i.e., forget the étale part altogether).

(3.3.5) Proposition. — The map mp (resp. 5, resp.m) is étale, (resp. smooth,
resp. radicial over the special fiber).

Proof. — The statement concerning 7y is easy. The smoothness of 74 follows di-
rectly from Theorem 2.4.11 (Drinfel’d’s theorem has no + and K’, but these just
add profinite limits of discrete parameters). The assertion regarding m; is left as an
exercise. a
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3.4. Drinfel’d level structures: global construction. — We will need a more
general definition of Drinfel’d level structures on a 1-dimensional divisible O-module
H of height n over a general base scheme S. In particular, we do not know that
the connected part is of constant height. The Katz-Mazur definition is as follows.
Consider the finite flat group scheme H[w™] over S, and consider homomorphisms
of abelian groups p : (w™™0/0O)* — H[w™|(S). Every point p(z) is then an S-
subscheme of H[w™](S). The set {p(z),z € (w™™O/O)"} is a “full set of sec-
tions” of H[w™] if, for any affine S-scheme Spec(R) and every function ¢ € B =
H°(H[w™|Rr, Of[wmm),), there is the equality of characteristic polynomials in R[T:

det(T — ¢)(= Npiry/rim)(T — ¢)) = II @-¢0@).
z€(w—m0O/O)"
(Equivalently: if N(¢) = [], ¢#(p(z)) € R — these are equivalent by replacing R by
R[T].)

(3.4.1) Definition. — p is a Drinfel’d basis if and only if the set {p(z)} is a full set of
sections.

We need three properties of this definition:

(3.4.2) The functor S — p, where H is a fixed 1-dimensional divisible O-module of
height n over S, is representable.

(3.4.3) When H is étale, it is just the usual level m structure.

(3.4.4) It coincides with Drinfel’d’s definition when H is a formal group.

The first property implies that it applies to S = Ay (B, *), defining a moduli scheme
Au(m) (B, *) over O. The second property implies that the generic fiber of Ay (m) (B, *)
(over Spec(K)) is isomorphic to the moduli space for level U(m) structure, where
U(m) = UY x Uy(m), with U,,(m) the principal congruence subgroup of GL(n, Q) of
level w™. Thus the notation is consistent. The third property implies that, in order
to determine local properties of Ay (m) (B, *), it suffices to study Drinfel’d bases over
Mg,h for general g and h. In particular, the results of Drinfel’d quoted above imply
that Ay (m) (B, *) is a regular scheme, flat over Ay (B, *) for all m.

We prove properties (3.4.2-3.4.4) in turn.

(3.4.5) Lemma. — The functor is representable.

Proof (as in Katz-Mazur). — The functor
T+— {p: (@ "0O/O)" — H[="|(T)}

is represented by & = H[w™]?"". So we need to show that the condition of being
a full set of sections is represented by a closed subscheme. We may localize on S to
assume that S = Spec(R), H[w™] = Spec(B) with B free of rank M over R. Let
b1,...,bym be an R basis of B. Let Py, ..., Py be the tautological sections of H[w™]
over S. The condition that they form a full set of sections depends on the choice of
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a variable R-algebra R, but in fact any function over any algebra R’ is of the form
>, tibs, with ¢; € R'. So it suffices to look at the universal case R = R[T1, ..., Twt],
and the universal function ® = )" T;b;. The condition that Pi,..., Py is a full set
of sections is the condition

Normpz,,... 1)/ 5/ (®) = H f(P)

ie.
Norm (ani) =TI (X meam).
i
Both sides are homogeneous forms of degree M in T1, ..., Ty, with coefficients in R.
The equality comes down to equality of coefficients, and this is given by a set of
equations in R, i.e. a closed condition on S. O

(3.4.6) Lemma. — If C = H[w™] is étale over a scheme Z, then a Drinfel’d basis is
Just a level structure.

Proof. — This is easy. We can trivialize C (by base change to C). Then P,..., Py
is a level structure if and only if there is a basis b; of B with b;(P;) = &;;. Then
b;-b; = d;;b;, and for this basis, the equality of norms in Lemma 1 is obvious. (Taking
as basis b; for B[T1,...,Tm|/ R/, the matrix of > T;b; is diagonal with entries 73.) O

(3.4.7) Lemma. — The above definition coincides with Drinfel’d’s when H is formal.
Proof. — We admit the following elementary lemma ([KM], p. 42, Lemma 1.10.2):

(3.4.8) Lemma. — Let R be a ring, F(X) € R[X] a monic polynomial of degree M > 1,
ai,...,an elements of R. Let B = R[X]/(F). Then the following two conditions are
equivalent:

(a) We have the factorization F(X) = [[.(X — a;).

(b) For every ¢ € B, we have the factorization

det(T — ¢) = [ [(T - ¢(as))-

7

Sketch of proof. — The determinant is relative to the free extension B/R. Then
(b) = (a) because in B the characteristic polynomial of X is F, i.e. det(T—X) = F(T).
Applying (b) to ¢ = X, we thus get F(T) = [[,(T — a;) which is (a). In the other
direction, we can regard the coefficients of ¢ and the a; as independent variables in a
big field K, and

KX]/TI(X = a:) = [T K[X]/(X - a;)

so the relation of characteristic polynomials is clear. O
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Now condition (3.3.2) of Drinfel’d’s definition is the one that applies to a formal
group:

faom(T) = o(T) [[(T - T(p(=))),

for some power series g. Over F, we may assume fqm(T) = T9"" (the height = g).
Comparing degrees and leading coefficients, this implies that g(T') is a unit in R[[T]]*
with constant term 1. Now in the lemma we may take

B = R[[X]|/(fam) — RIX]/(F)
for some monic polynomial, by Weierstrass preparation. Drinfel’d’s condition is (a)

of the lemma; the Katz-Mazur condition is (b). O

Now by putting together the uniformization morphism © with Lemma 3.4.7, we
obtain morphisms of all levels. Let x € Eg‘), and let S(x, m) denote the inverse image
of the isogeny class S(z) in Ay (m) (B, *). Then because the Drinfel’d basis depends
only on the p-divisible group, we can lift © to

This uniformization depends on U™ and on m, but they fit together in the limit to
yield

(3.4.9) Oco : Lo (Q\M,}_}, .00 X G(AY) == lm Ay(m) (B, *) 5z,
Uv,m

This commutes with the Weil group action, as before. Note that the action of
I.(Q) on My_p h;oo is given by associating to a self-quasi-isogeny of A, a self-quasi-
isogeny of G,. In other words, it factors through a homomorphism I,(Q) — J =
Jn—h,n = Dlx/(n_h) x GL(h,K). Write GM(A;) = G(AY) X Jn—h,n (an abuse of
notation, because G(») (A £) is not the group of A¢-points of something called GW).
Then (3.4.9) can be rewritten
(3.4.10)  [M}_, .o X Tz(@\GM(Af)))/Innp = Hm Ay(m)(B;*) F(a,)-

Uv,m
where the J,_p, p-action on the left hand side is diagonal (on the left on Mn_h,h;oo
and on the right on the adelic group).

3.5. Action of adelic group with Drinfel’d level structures. — It is not
difficult to define an action of G(AY) on the right-hand side of (3.4.9) so that it
coincides with the obvious action on the left-hand side; this is standard in the theory
of Shimura varieties. On the other hand, we have defined an action of G, = GL(n, K)
on the left-hand side. It remains to define an action of GL(n, K') on the right hand
side such that (a) O is GL(n, K) equivariant and (b) the action extends the usual
action on the (smooth) generic fiber.
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The action is defined by analogy with the previous action. Let (go,9) € Q, X
GL(n, K). We let G denote the one-dimensional height h divisible O-module attached
to one of our abelian schemes A. First suppose that we have the following integrality
conditions:

(i) 971 € M(n,0),

(ii) 959 € M(n,0),

(i) @™ ™'g € M(n, O).

(It is understood that m > m’. Note that if (go, g) is any pair in Q' x GL(n, K),

there exists a € Z such that (p~2go, p~%g) satisfies the above inequalities for m—m' >
0. Under these assumptions we will define a morphism

(90,9) : AU(m)(37 *) — AU(m)(37 *)
It will send (A, \,4,7%,p) over T to (A/(C & CL),p*?!»(90) X, i, n* po g), where
(3.5.1) C1 C G[w™] is the unique closed subgroup scheme for which the set of p(z)
with z € g - (O™)/O™ is a full set of sections;
(35.2) C = (OB, ®or,, C1) C Al (@]
(3.5.3) C* is the annihilator of C C Afw™ v2'»(90)] inside A[(u®)~ v2»(90)] under the
A-Weil pairing;

(3.5.4) p"@l»(90) ) is the polarisation A/(C & C+) — (A/(C & C1))V which makes the
following diagram commute

—valy(0) )
A P y AV

J pvala(90) \ l

A/(CoCH) — — (A/(Ca ChH))Y;

(3.5.5) pog : w™ ™ (0O")/O" — (G[w™]/C1)(T) is the homomorphism making the
following diagram commute

@ (O™)/On N Glw™)/C1(T)

~+ 2
’

&= g(0™)/g(O") — (Glw™]/Cy) ™ |(T)

N

= (07)/9(0") ——— (Gl="/C)(T)

F

&= (Om)/On —— L Gl@™|(T);
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This definition makes use of a number of properties of Drinfel’d bases that we have
not made explicit here. For instance, the existence of a subgroup scheme C; as in
(3.5.1) is Lemma II1.2.2 of [HT).

Over the generic fiber (i.e., over K) one checks that this coincides with the usual
action. Thus (p~2,p~!) acts in the same way as p € G(AY) - over the generic fiber,
which is Zariski dense in the integral model, hence over the whole scheme. Indeed,
the diagonal element p € Z5(Q) acts trivially on the Shimura variety, but it is the
product of p € G(AY) and (p?,p) € QX x GL(n, K). Thus (p~2,p~') acts invertibly
on the inverse system. In this way we see that this defines an action of the whole of
G . We state this formally as follows

(3.5.6) Proposition. — The formulas (3.5.1)-(3.5.5) extend to an action of G(Ay) on
the tower of moduli schemes Ay (m)(B,*) over O, in such a way that the uniformiza-
tion map (3.4.9) is Wk x G(Ajy)-equivariant.

Remark. — One can also avoid worrying about go; the action of Q, can be defined
easily for general go, just by changing the polarization. Moreover, one can define an
action of g that fixes the polarization, but then the polarization becomes a quasi-
isogeny rather than an actual homomorphism. This strategy was followed in [HT2].

4. Stratification and vanishing cycles

The present lecture continues the study of the stratification of the special fiber §8‘)

of our Shimura variety by isomorphism type of isocrystal, which in the present simple
situation corresponds to stratification by p-rank of the universal family of abelian
varieties with PEL structure. The cohomology of the generic fiber can be written, in
the Grothendieck group, as the sum of cohomologies of strata of the special fiber with
coefficients in the vanishing cycle sheaves. This is the First Basic Identity (4.4.4),
which summarizes the contribution of vanishing cycles to the determination of the
cohomology of the generic fiber.

4.1. Strata in level prime to p: Proof of smoothness. — Let U = U,, x U",
with Uy, = GL(n, 0), and U" sufficiently small, so that Ay (B, ) has a smooth model
over O. We return to the stratum ?gl) defined last time; this is the subset where G&*
is of height h. We prove that each 331) is smooth of dimension h.

In fact, we can replace Ay (B,*)r by any smooth locally noetherian scheme S
over F, and consider a one-dimensional divisible O-module H/S of height n. We
know that, when S = Ay (B, *)F, then, for every s € S(F), the formal completion S
is isomorphic to the universal formal deformation space (over F) of Hs (we apply the
Serre-Tate isomorphism in reverse). We assume S has this universal property as well;
it is used only in (c) of Theorem 4.1.1. Let SI"/(F) c S(F) be the subset where the
height of H is < h, S®)(F) = SP(F) — Sh—1)(F).
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(4.1.1) Theorem

(a) Under the above hypotheses, S"(F) is the set of F-valued points of a reduced
closed subscheme S!M,
(b) Over S™M), there is a short ezact sequence

0—H —H—H* —0

where H is a one-dimensional formal O-module of height n — h and H¢ is étale of
height h.

(c) Forh=0,...,n—1, S® = gl _ k=11 j5 either empty or smooth of dimen-
sion h.

Proof of (a) and (b)

Step 1. — The proof is in several steps. We first note that (a) implies (b). Indeed,
Messing observed in his thesis ([Me], Ch. II, Prop. 4.9) that if S is a connected noethe-
rian scheme of characteristic p (or even with p locally nilpotent) and H is a p-divisible
group over S with |H[p](k(s))| constant, then H is globally an extension of a formal
group by an étale group.(More generally, if X/S is a finite flat scheme with constant
separable rank, then it factors uniquely

xLox 9,5
with f radicial and g étale. This is first proved for fields, where it is obvious, then for
complete local rings by Hensel’s lemma, then for general local rings by faithfully flat
descent, using the uniqueness over the completion, and then the uniqueness implies
that these local morphisms patch together globally.) So if we have (a), then over S
we have a short exact sequence with H®* étale, and since both H® and H® are still
O-modules, the height follows by counting the order of H[p] at any point.

Step 2. — Now we prove (a). The argument is due to Oort [Oo]. The problem is
local, so we may assume S = Spec(R) where R is a noetherian ring and Lie(H) is
free over R. By induction, we drop the assumption that S be smooth (but it remains
reduced) and we also drop the assumption that the complete local ring is isomorphic
to the deformation ring at each point. We assume that generically, H;[p](k(s)) is
of order p? for some g; at this point the O-action is irrelevant. First, we establish
notation for Frobenius and Verschiebung maps. Let Frg : S — S denote the absolute
Frobenius morphism. The superscript (?), for schemes over S, denotes pullback with
respect to Frg. Let
V.HY®  HY

denote the V-operator on H; i.e., the Cartier dual of the Frobenius homomorphism
Fy:H — H®. Let H = Lie H[p]¥ = Lie HY (they are equal because p = 0 on S),
and let V, denote the differential of V:

VvV, :H® — H.
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In this version, V, is an O-linear map. We may also identify H(®) with Frg(H); then
composing V, with the Frobenius map

Fy : H — Frg(H)
we obtain
(4.1.2) Vi=V,oFy :H—MH,
a Frob-linear version V, of V :
Vi(ay) = a?Vi(y), a € R, y € I'(x,H).
(4.1.3) Lemma. — For any geometric point s € S there is a canonical perfect pairing
HY-=1 & H,p](k(s)) —> B

Proof. — This is apparently well-known, but we were unable to find a reference. Here
is the proof. It is standard (cf. [Mu, p. 138]) that there is a canonical isomorphism

(4.1.4) Hs — Hom(H;[p], G,).
With respect to (4.1.4), V. is identified with the map ¢ — ¢o F{H,| = Fg, o¢. Applied
to k(s)-valued points, (4.1.4) yields a pairing
Hi[p](k(s)) x Hs — Ga(k(s)) = k(s),
which restricts to a pairing
(4.1.5) H,[pl(k(s)) x HY*=! — k(s)F=! = F,,.
If ¢ € HY*=! and ¢(z) = 0 for all x € H,[p](k(s)) then ¢ factors through the formal
group of G,, hence by (4.1.5) ¢ = 0. Thus we have an injection
(4.1.6) HY+*=1 — Hom(H,[p](k(s)),Fp).

To complete the proof of the lemma, it suffices to show the order of the left-hand
side of (4.1.6) is at bounded below by that of the right-hand side. Suppose H,[p](k(s))
has order p”; equivalently, that there is an embedding pg — Hg[p]V. Then there is
an embedding

Lie(tp)* < H,,

compatible with V.. But the p-linear map V, has slope 0 on pu,, hence
dimy, HY*=! > dimg, Lie(up)™"*=! = h,
which yields the desired bound. O

Let S, = {s € S(F) | |Hs[p)(k(s))| < p*}. It suffices to show that each S, is the set
of points of a reduced closed subscheme. By the Lemma, S, ={s € S(F) | |HY~=!| < p*}.
Let e1,...,e, be a basis for H over R, and write V, as a matrix:

V*(ei) = Z Vij€j.
J
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Then HY*=! is identified with the subscheme of AT} defined by the equations
zj =) vija}
i’j
via (z;) — 3_, zje;; indeed
V; (Z xiei) = Z vaijej.
J %)

These equations define a quasi-finite étale covering of S, since the Jacobian is the
identity. Generically, the degree is p9; i.e., S = S;. Then S,_; is closed. O

Proof of (c)

Step 3. — Next, we prove that the codimension of S;_; is at most 1. Let T be the
normalization of S = Spec(R) in a finite separable extension of Frac(R) where the
étale covering is trivialized, so Hy(r) has p? points, say x1,...,Tpe. Since T/S is
finite, it suffices to prove the result with S replaced by T'. Then T;_; is the union of

the loci Z; where the x; are not regular. Since T is normal, each Z; is of codimension
< 1.

Step 4. — It remains to prove smoothness. This is more subtle, and requires Drin-
fel'd’s theory. First, it follows from Step 3 that S[* is of dimension at least h for
all A. On the other hand, the separable rank of H is constant over S, so over S(®
the connected part H° is a (smooth) formal group of height n — h. If S is empty
there is nothing to prove. So let s € S be a closed point, and consider the maps

SpE(Rimnn) <2 53 L 50 S, qoe(Ryc ).

The map f is the natural immersion and ¢l is the classifying map attached to the
deformation of H? over S(")7 given by pullback of H° to S()73.

Let P be a minimal prime of Og, and let clp denote the restriction of cl to the
corresponding irreducible component. Then the map clp corresponds to a homomor-
phism of rings Rk n—r — Og 5/ P.

Denote by ti,...,tn—r—1 the parameters of Rg ,—p (parametrizing deformations
of H?) and wuy,...,us the remaining parameters in Ry n—n,n (parametrizing exten-
sions by (K/O)"). We will show that the parameters t1,...,t,_x_1 of Drinfel’d map
to zero in Og;/P. Assuming this, we conclude as follows. It follows that the canon-
ical classifying map clp, : S5 o, Spf(Rk,n—h,n), corresponding to the deformation
of H, over S("7, corresponds to a homomorphism

Rin-nn/(t1s- - ytn—n-1) = O[lt1,. . tn—h—1,%1, - -, un]l/(t1, - - -, tn—n-1)

—
— Os(h)’s
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In the above diagram, clp, = ¢ o f; in particular it is a closed immersion. It follows
that S(®) is of dimension < h at s. But we know that it is of dimension at least h,
hence the map above is an isomorphism, and S is smooth at s.

It remains to show that the deformation of H? along S(")7 is trivial. Let k be the
field of fractions of the image of gp; since S is reduced, it suffices to show that the
t; map to zero in k. Suppose one of the t; does not map to zero, with ¢ minimal.
Then the g'-coefficient of f,, (= multiplication by @ on HJ) is non-zero, and this is
the first non-zero coefficient. Thus HY is of height ¢ < n — h. This contradicts the
hypothesis that H? is of height n — h on S*), O

We will see later, when counting points (Lecture 6), that the strata are non-empty.

4.2. Generalities on vanishing cycles. — Let T" = Spec(R), R a Henselian
discrete valuation ring, with generic point n and special point ¢ of characteristic p,
and assume for simplicity k(t) algebraically closed. Let f : S — T be a proper
morphism of finite type, with fibers S, and S;, and geometric generic fiber Sz. Let F
be a constructible sheaf on S, in Q¢-vector spaces, with £ # p. The point of vanishing
cycles is to calculate H*(S7, F) as the hypercohomology of a complex R¥(F) on S;.
There is an action of Gal(k(7)/k(n)) on H*(Sz, F), hence one wants R¥(F) to be
endowed with an action of Gal(k(7)/k(n)) (= inertia). The recipe is formal. One

considers the canonical morphisms j : S5 — S and i : S — S; then
RY(F) = 1*Rj.(F)
(nearby cycles). Since f is proper, one knows by proper base change that
HP(S, R%j,(F)) =5 HP(S},i*R%,(F)) = HP(S;, RIU(F)).
Then the Leray spectral sequence becomes
E}? = HP(S;, R1U(F)) = HP"(Sy, F).

More generally, one starts with k(s) perfect (e.g. finite) and takes base change over T’
by the Witt vectors W (k(3)); then the spectral sequence becomes equivariant for
Gal(k(m)/k(n)) covering the action of Gal(k(3)/k(t)). It is known that

(4.2.1) Fact. — If F is constructible and f : S — T is a proper morphism of finite
type then the nearby cycle sheaf RU(F) is constructible.

The standard reference for vanishing cycles is [SGAT]; however, Illusie’s article
[I1] provides an efficient introduction.

This definition has the disadvantage that one is no wiser than before unless one
can compute RI¥(F). In our setting, T = Spec(0), S = Ay(m)(B, *), and we restrict
attention for simplicity to F = Q,. Write _S-U(m) = Ay (m)(B, *), the special fiber of 3,
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and write R7¥ for RI¥(Qy), and occasionally R7¥(m) when the level is indicated.
Then there is a spectral sequence

ER? = HP(Sy(m), R7¥) = HP**(Ay(m) (B, ¥, Q).

Passing to the limit over UY, and m, we find

(4.2.2) 11_11)1 HP(EU(m),Rq\I’) = m Hp+q(.AU(m)(B,*)f, Qg)
Uw m Uw,m

Now the right-hand side is an admissible G(Af) module (admissible means just that
at every finite level the cohomology is finite-dimensional). We consider a mod-
ified Grothendieck group of G(Af) x Wik-modules: the objects are formal sums
> nnell ® o with IT an irreducible Qy-valued representation of G(Ay) and o an
irreducible continuous @e-valued representation of Wg; the np, € Z. An admissi-
ble G(Af) x Wk-module is a G(Ay) x Wk-module that is admissible over G(Ay)
and continuous over Wx. To an admissible G(Af) x Wk-module m we associate
Y- nn.ll® o as follows. If IV # 0, then np () is the multiplicity of IV ® ¢ in the
semisimplification of 7V as module over the Hecke algebra H(G(Ay)//U) tensored
with Wk. One checks that this is independent of U. Note that ¢-adic monodromy
in o has been eliminated.
Write [7] = Y nm,o(7)II ® o, and define

(4.2:3) [H(AB, )] = (<17 [ lim H (Au(my(B, ¥)7 Q)|
j Uw,m

Recall (from §2.4) that
Assumption (4.2.4). — The level subgroup is always assumed to contain Zy C Q.

Then the above spectral sequence yields

(4.2.5) [H(AB, )] =3 (- )M[ lim H”(SU(m), RY \1:)]
pq

Here we are making use of the fact [F] that the action of G(Ay) extends canoni-
cally to an action on R¥ by cohomological correspondences, covering the action on
Lii—nU,m SU(m) )

Now recall the stratification of _S—U(m) by the ES?M). These have been defined when
m = 0, and for general m one takes inverse images. For any constructible sheaf ® (on
any base) there is always a long exact sequence:

—(h) —lh] h—1
(42.6) s — HP(S(ny, @) — HP(S{pn), ®) — HP(Shyion), 5,1 @) —

where i,_1 is the obvious closed immersion. By induction, we obtain a further de-
composition in Groth(G(Ay) x Wk):

(4.2.7) [HAB, )] = Y (1) lim HE(Sy50,, i RI0))]

p.g;h Uvm
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We drop the U and m and just write the right-hand side
> (-1rtamz Y, Row))).
p,q;h

The stability of each 5™ under G(Ay) follows from the fact that G(Ay) preserves
isogeny classes, and the height of the connected formal group is an isogeny invariant.

(4.2.8) Remark. — The above decomposition presupposes that each term is an admis-
sible G(Af)-module. The condition away from w is clear, so we may as well fix U"
and let m vary. Then admissibility comes down to the assertion that

: ah) . Lm ah)
[t B2 (B y 67 R99))] ™ = HE(SG oy, 5 RID))

for any h, where I';, C GL(n,O) is the principal congruence subgroup.For this we
can replace the limit on the left by Hg’(ggb()m,),i;Rq\Il))Fm for all m’ > m. More
generally, if f : Z/ — Z is a quotient by a finite group I, and if L’ is a constructible
sheaf on Z' with compatible I'-action, we have HP(Z, (f.L')') — HP(Z',L')'. So it
suffices to prove the

(4.2.9) Continuity lemma. —  RIU(m) — fms m «RIY(m')Tm.

Here the notation is obvious. This follows formally from the definition of vanishing
cycles, because fp, m is the special fiber of a proper flat morphism whose generic fiber
is an étale covering with Galois group I'y, /Tpy.

4.3. Vanishing cycles and the fundamental local representation

Now we return to the formal situation. If X is a “special” formal scheme over
Spf(O), Berkovich has constructed a vanishing cycles functor R¥®™ from étale
sheaves over the generic fiber to constructible complexes on the special fiber, which is
a scheme over F,. The hypothesis “special” is best expressed in terms of rigid geome-
try, but a finite flat covering of the formal spectrum of a formal power series ring over
O is of that type. Again, the formal completion of a proper scheme of finite type over
O along a subscheme of the special fiber is special. Thus the formal schemes Mn_ h,hsm
of Drinfel’d level structures are special in Berkovich’s sense; we have seen that their
connected components are isomorphic to the formal completion of Ay (m) (B, *) along

points in g(h). When h = 0, the special fiber is just a point, or rather a union of
points, indexed by Z (a connected component is of the form Spf(R,—x;m)). More gen-
erally, the special fiber is a union of connected components of the form Spf(R,_p,h;m)
indexed by Z x U(h;m)\GL(h, K), where U(h,m) C GL(h,O) is the principal con-
gruence subgroup of level m. In any case the vanishing cycles sheaves are just unions
over the connected components of vector spaces with Wy action.
We define
\Pg{,z,n_h,h,m = HO(Mn—h,h;m,reda Ri\I’foerE)
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for the formal scheme Mn_h,h;m; here Mn_h,h;m,md is an ind-profinite scheme over k
with GL(n,O) x J,_p p-action. (The “ind” comes from the fact that G, C Jp—pn
is non-compact; in fact, Mn_h,h;m,,ed is just a countable disjoint union of profinite
schemes.) We let

(4.3.1)

‘I’}(,z,n—h,h = \II:'L—h,h = H_H,I\IIZK,K,n—h,h,m = li_n_,lﬂo(Mn—h,h;m,red» Rz‘I’foerE)
Then each ¥},_,, ; has an action of G x J x Wx. When h = 0, we have G = GL(n, K),
J = Df/n, and then Wi = \Iffw is called the fundamental local representation of

G x J x Wi . More precisely, the virtual representation
(@] =) (-1)'¥;,
i

will be treated as the fundamental local representation. All information regarding
supercuspidal representations of GL(n, K) is contained in the representation on ¥7~1,

Let h = 0, and identify M,_p 0,00,rea With Z as in (3.3.4); let £o € Mp—_p,0;00,red
correspond to 0 € Z (quasi-isogenies of height 0). The stalk ¥, , ; . of R*¥r™Q,
at x¢ inherits a representation of the isotropy subgroup at zg

(4.3.2) AK,n—h C GL(TL — h, K) X Jp_p X Wk.

Writing g instead of n — h, the group Ag 4 can be characterized as the kernel of the
map
0:GL(g,K) x Jg x Wg — Z
defined by
(4.3.3) 6(7,J,0) = wk(det(7)) — wi (N(j5)) — w(o)
where wg is the valuation on K, N : J — K* is the reduced norm, and w(o) is the

valuation on Wg induced by wk via the reciprocity isomorphism W& — K*. It is
then clear that

i _ GL(9,K)xJgxWgk 14
(4.3.4) ‘I’n—h,o = C'IndAg,K n—h,0,z0?

where c-Ind denotes induction with compact support.

For the sake of honesty, we will also need the version including polarization; this is
e h,h,+ Starting from M h,h;m- Lhe action is now complicated by an extra factor
of Q; in each of G and J, and we define

Jn—h,h,+ = Df/(n—h) X GL(h, K) X Q;;

The vanishing cycles of Berkovich satisfy the same spectral sequence as in the

algebraic setting;:

(4.3.5) ES? = HP(Zs, R79(Qq)) => HP9(Z7,Qy)),

where now Zz is the generic fiber of Z in the sense of Raynaud-Berthelot — i.e. a rigid
analytic space — and the cohomology on the right is Berkovich’s étale cohomology of

SOCIETE MATHEMATIQUE DE FRANCE 2005



66 M. HARRIS

analytic spaces. But we don’t need this. What we do need is Berkovich’s comparison
theorem, which we state in the case when the special fiber of X’ is a single point
T € Zs.

Thus let f : Z — Spec O as before, x € Zs a geometric point, and let X = Z.
Then

(4.3.6) Theorem (Berkovich, [BII, Theorem 3.1]). — There is a canonical isomorphism
RY*™Q, = (RUQy),.

In other words, the vanishing cycles in the algebraic category depend only on the
formal completion.

The canonicity of the isomorphism implies that it commutes with all correspon-
dences on Z in a natural sense. Thus, fix an isogeny class

_S—(:L‘) = leiglgyym(w) C !g_n Au(m) (B, *)
Um U,m

This is a profinite set, and its cohomology is defined as the direct limit of cohomology
of finite quotients. Via the local uniformization maps (3.4.10), as U and m vary,
Berkovich’s comparison theorem defines an isomorphism of G(A ) x Wi-equivariant
sheaves on S(z):

(4.3.7) (Wi hps X T (@QN\GP (A I p+ — BEQe 5, -

(4.3.8) Remarks

(i) When h = 0, the set S(x) maps bijectively to lim | Suvo(z). This is because
the group G, is connected and because, over a reduced base, G,[w™] has a unique
Drinfel’d basis, namely the trivial one (exercise). Hence we may view R'¥Q, |§(z)
as a sheaf on the h = 0 stratum in lim Ay ) (B, *), though the vanishing cycles
themselves require m — oo.

(i) For h > 0, this is no longer true. On the one hand, the set Mn_h,h;M maps to a
product, as we will see, of J\;In_h,o and Mo,h- The second factor is just GL(h, K), with
G = J = GL(h, K) acting on right and left. This is the GL(h)-factor of Ju_p n,+. In
the quotient, we have therefore an extra GL(h, K)-term in the limit.

(4.3.9) Proposition. — Suppose h = 0. Then the fundamental local representation of

G xJx Wk on \I!:l is admissible as a G x J-module (or rather Z-admissible: see

Remark (4.3.9.1), below) and satisfies the analogue of the continuity lemma:
\I/iK,e,n,O,m = (\Ilit)rm

where 'y, C G is the principal congruence subgroup.

Proof. — The admissibility is a consequence of

(1) Each \Iﬂk,l,n,o,m is constructible (i.e., the stalks are finite-dimensional).
(2) The continuity lemma.
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Consider (1) first. This follows from uniformization and the constructibility of

. . —(0
vanishing cycles in the algebraic setting, provided we know the supersingular locus S ©
is non-empty. This we have already promised to prove later (by explicitly exhibiting
points). As for (2), it follows again from the continuity lemma in the algebraic setting.

O

(4.3.9.1) Remark. — In fact, the above proposition is not quite true as stated, for
elementary reasons: the center of G x J translates the connected components of M,
and hence has no finite-dimensional invariant subspaces. The correct statement would
be that, for any character ¢ of the center Zg of G, the maximal quotient of W% on
which Zg acts as £ is an admissible G x J-module. Perhaps this should be called
Z-admissible. In any case, this is all we need for the applications. An analogous (but
more serious) correction needs to be effected for general h below.

Let g be a non-negative integer. Before continuing, we need to introduce a “com-
pactly supported” version of \Il.f]yo. Let

(4.3.10) \Iliyg = C_Indijf,K)ngxWK (‘IIZ,O,zo)V'

Thus
‘Pi,g = l_l_I__)I‘l HO(Mg,O;m,reda (Ri‘I,foere)v)
m
is just the cohomology of the dual of R*WfrmQ,. The subscript ¢ is included to
reflect the fact that, for more general Shimura varieties, one obtains the analogous
construction as the compactly supported cohomology, in Berkovich’s sense, of the tube
over a connected component of an isogeny class; cf. [H3] and [Fa]. In general, this
dual construction behaves better in general with respect to the action of the center;
here the difference is slight.
I can now state one of the main theorems of [HT:

(4.3.11) Theorem ((HT]). — Let g be a non-negative integer. Let m € Ao(g, K), and
let JL(m) denote the corresponding representation of J = Df/g under the Jacquet-
Langlands correspondence (A.1.13).

(i) We have

(¥4 (JL(m))] &

> (=1 [Homy (¥ 4, JL(m))] = (—1)° r ® re(m)"]

in Groth(G x Wk ), where r¢(m) is a g-dimensional irreducible representation of W .
(if) (Cf. Proposition 5.2.18 below.) Let n' # m € A(g, K) be a discrete series repre-

sentation. Then for all i, Hom (¥, ,, JL(n')) contains no G-subquotients isomorphic

to .

(iii) Finally, o¢(7), defined by
oe(m) = ro(mr @ |,|(g—1)/2),
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satisfies all the conditions of the local Langlands correspondence (except possibly com-
patibility with € factors).

This was conjectured by Carayol [Ca3], following earlier conjectures of Deligne.
The proof of Theorem 4.3.11 is given in § 5, assuming some consequences of the point-
counting argument that will be completed in the subsequent sections.

Now recall from Lecture 3 the notion of Drinfel’d basis of type M. Here M C
w~™O"/O" is a direct summand isomorphic to w~™O"* /O™~ and p is a Drinfel'd
level structure of type M on G, if p | is a Drinfel’d structure on G2 and p (mod M)
induces a Drinfel’d level structure on the étale quotient. We have the decomposition

Mg him = HM M
M

We write
q’fr{,e,n—h,h,m = @M‘I’fr{,t,n-h,h,M
Fix one M = My(m) (in standard position) and let P,o C GL(n) the standard
maximal parabolic of type (n — h, h). Let O,, = O/w™QO. There is an isomorphism
GL(n,0pm, i ~ ;
(4.3.12) In dph (E(O )) \I’lK,l,n—h,h,Mo(m) - \I’zK,Z,n—h,h,m
that sends a function f : GL(n,Om) = Wi 4 . p h ao(m) S2tistying f(pg) = pf(g) for
pE Ph,O(Om) to
[GL(n,0m) : Pro(Om)] ™ > 97 f(9).
gePh,O(Om)\GL(nyom)

It is easy to check that this is an isomorphism of GL(n, O,,)-modules (on the induced
representation, the action of h takes f to f*(g) = f(hg), and

Zg 'f*(9) Zg flgh) =) _hg™'f(g).)

i GL(n,0m
Let Vin = W 4 hh,Mo(m)» Hm = \I’Kgn hhms Im = Indp ((O )) The denomina-
tor (which doesn’t work integrally!!) makes the following dlagram commute:

I, Voyu—— H,,

L

Iy Vi —— Hpye

for m’ > m, where the right-hand side is just pullback and the left-hand side identifies
I,,V,, with functions on O,/ that pullback from functions on O,, and take values in
the image of V,,, in V,,,» under the natural pullback. Thus in the limit this defines an
isomorphism

(4.3.13) lim I Vin = lim Hyp = W -
m
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Let

1 I i
Uk tn—hh Mo = B Wk 4o b b Mo(m)
m

(4.3.14) Proposition. — There is a canonical isomorphism of G x J X Wk -modules
GL(n,K ~
In dp,, (?K)) ‘I’Kz n—hh,Mo = Yn—h,h:
Proof. — Given the above constructions, it remains to identify the left-hand side via

lim I Vin, > Ind 3 -3 lim lg Vo

But this follows from the Iwasawa decomposition
GL(n,K) = Ppo(K) - GL(n,0)
which identifies the right-hand side with the locally constant functions in

GL(n,0)
Indg . 0(0) hme,

and the fact that locally constant functions come from the left-hand side. O

For convenience we have ignored the polarization datum (the *); now we put it
back. We consider an individual \Iﬂk,e,n— hoh, Mo(m),+ 88 P, 0(Om)-module. First note
that it is finite-dimensional. This follows from Berkovich’s theorem, once we can

<(h c oy
exhibit it as the stalk (at a point of the stratum S( )) of the global vanishing cycles
on the Shimura variety. On the other hand it follows as before, from the continuity

lemma, that
. . P
K, tn—hh,Mo(m),+ = (YK 6,n—h,h,Mo) p(m),

Thus ¥ 4 ,,_p.n.p, 1S an admissible Py o(K)-module. But by a standard lemma this

implies that
(4.3.15) Lemma. — The unipotent radical of Pno(K) acts trivially on W% ;. 4 vpo.

For the reader’s convenience, I include the proof, taken from Lemma 13.2.3 of
Boyer’s thesis [Bo], where it is attributed to Henniart.

Proof. — We write P = Py o(K), N = R, P, L a Levi subgroup of P. We will show
that, if V is any admissible representation of P, then N acts trivially on V. The
proof has nothing to do with GL(n). Let v € V, and let U C P be an open compact
subgroup such that v € VU, By shrinking U if necessary, we may assume U = Uy, -Un
where Uy, = UNL, Uy = U N N. Choose an element z in the center of L such that
ad(z) is expanding on N i.e., such that

(4.3.15.1) c2T"UZC--C2UzCcUC Uz e 2" U2z
and such that
(4.3.15.2) U 2"Unz"" = N.

n20
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For n € Z, let V,, denote the subspace of V fixed by z~"Uz". Thus
(4.3.15.3) Vi C Vo

for all n, and v € V. On the other hand, the action of z on V defines an isomorphism
Vi — Va—1. In particular, all the V,, have the same (finite) dimension. Thus the
inclusions (4.3.15.3) are isomorphisms. Hence

Vo=NVaucV¥

n<0

by (4.3.15.2). Since v was arbitrary, we find that V = V¥ as claimed. O

(4.3.16) Remark. — In [HT] we used the weaker fact that, if V' is a smooth P-module
which is admissible as an L-module, then the action of N on V is trivial. Proving that
W t.n—h by 35 defined above, is an admissible Py o(K)-module is straightforward,
as we have seen; whereas proving admissibility as GL(n — h, K') x GL(h, K')-module is
rather more complicated. The strategy followed in [HT) involves replacing the strata
59(),“) of the Shimura variety by the “Igusa varieties of the first kind,” moduli spaces
defined abstractly in such a way as to eliminate the action of the unipotent radical

of P, o(K). As ringed spaces, the Igusa varieties of the first kind are isomorphic to

the reduced strata (§§J'?m,),ed; however, the structural maps to the strata of level
zero differ by a power of Frobenius (precisely the power needed to annihilate the
connected part of the Drinfel’d level structure of level m). The advantage of the
present approach is that, once the adelic group action has been defined on the full
integral model pﬂlm Aum)(B, *), as in §3.5, it is not necessary to define a separate

adelic group action on the inverse limit of the strata ?8’(’,,,). By contrast, in the
approach followed in [HT], the action on the Igusa varieties of the first kind had first
to be defined separately, then shown to be consistent with the action on the strata.

Now recall the Py 0(Or,) x J X Wgk-equivariant morphism
1= T1,Mo(m) M:——h,h;Mo(m) - urf—h;m,o X Mopim.
This is the quotient by the unipotent radical of P, (O, ) (recall that the subscript
m,0 designates a Drinfel’d structure on the connected part only). By Proposition
3.3.5 this morphism induces an isomorphism on reduced k-subschemes. We write
Rk 0.n—h,h,Mo(m),+ (T€sp. R'WK s n_h o;m) for Berkovich’s vanishing cycles sheaf
R¥frmQ, over M:—h,h;Mo(m),red (resp. over M:_h;m). We drop m from the notation
for the limit over m. The above lemma implies, as in the proof of the Continuity
Lemma 4.2.19, that Ri\I’K,Z,n—h,h,Mo(m),+ is the pullback via m; of the formal van-
ishing cycles of M:—h;m X MO,h;m' But M(),h;m is étale (even discrete) and it follows
from Proposition 3.3.5 that J\Zf:_ him,0 is smooth over M:_ p- But smooth morphisms
preserve vanishing cycles. Let (Q¢)o,n;m denote the constant sheaf Q, over the discrete
scheme MO,h;m- We write P = Pp, o(K), N = R, P, L a Levi subgroup of P, which we
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identify with GL(n — h, K) X GL(h, K). Recall that J = J,_p X GL(h, K). It follows
immediately that

(4.3.17) Proposition

(i) For any m and any 1, there is a canonical isomorphism of Py o(Om) X J X Wi -
equivariant sheaves over My _p h Mo(m)

Rk o nhhMo(m)+ — (71,010 (m)) RV K 0,0~ hy05m B (Qe)o,him ] +-

Here the action of the unipotent radical is trivial on the right-hand side, and X is the
external tensor product over the product M:—h;m X Mo him.-
(ii) In the limit, the isomorphisms above patch together to an isomorphism

Ry ppy — [(71,M0) R Wp_po B (Qe)o,nl+

of P x J x Wk -equivarant sheaves.
(iii) Define

AK,n——h C GL(n — h,K) X Jn_pn X Wk C Ph,O(K) x J x Wk

as in (4.8.2). Regard (Ax.n—n X GL(h,K)) - N as a subgroup of P x J x Wk by
extending the natural inclusion of N in P by the natural inclusion of Ak n—pn in
GL(n—h, K)x Jo—p x Wk and the diagonal map GL(h, K) — GL(h, K)xGL(h,K) C
LxJ.

Then there is a canonical isomorphism of P X J x Wi -modules

i ~ GxJxWg 7
Yk en—hoh+ — C'Ind(AK,n_thL(h,K))~N ¥ h,0,00 ® 1.

Here c-Ind denotes compact induction, \I/fl_ h,0,zo S GS N (4-8.4), and 1 is the trivial
representation of GL(h,K); N acts trivially on the tensor product.

Here the first two assertions follow from the previous discussion, and (iii) follows
from (ii) and (4.3.4) by taking cohomology. Note that compact induction of 1 from the
diagonal in GL(h, K) x GL(h, K) just gives rise to the two-sided regular representation
on CP(GL(h, K)).

(4.3.18) Corollary. — The G x J x Wi module U%,_, , . is admissible and continuous
and parabolically induced from an admissible (continuous) GL(n—h, K)x GL(h, K) x
J x Wk x Qy -module (add the extra factor of Q) for the +).

(4.3.19) Remark. — As in Remark 4.3.9.1, this is not quite literally true, and in this
case the problem is more serious because of the presence of the GL(h, K) x GL(h, K)-
action on C°(GL(h, K)); one has to replace the assertion by one about the maximal
quotient on which Zg x GL(h, K) acts via any fixed finite sum of irreducible repre-
sentations. But this is again all we need for the applications. In the future, we will
incorporate GL(h, K) with the adeles away from w in order to avoid this issue.
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We pause to note what this implies for an isogeny class (lying above) §(h):

(4.320) [Ind5E G (R n0 B (Qe)o)+) X (L(@\G™ (A))]/Jnnn,+
5 RUQ |5, -

4.4. The first basic identity in the Grothendieck group. — We now want to
apply this to the global cohomology. Just as in the formal setting, the stratum ?51"()m)

is the disjoint union:
5™
U(m) = I I SUM

(the h and m are determined by M). Then the above decomposition becomes

<(h) 3
(4.4.1) SUim) = I V(S po(m))-
YEGL(1,0m)/ Ph,o(Om)

(4.4.2) Lemma. — For each fized UY, the Py o(K)-module
H = limy H? (S, a1y (my» R7Y)

m

is admissible.
Proof. — Let V,, = HP(Sy Mo(m)> R1Y), I'" the principal congruence subgroup
(14+@™M(n,0)) N Pro(O). It suffices to prove :
Vi = Hm.
As in the previous discussion, this follows from the appropriate continuity lemma:
RIW(m) =5 frnsm, s ¥ ().

This is a stalkwise calculation, hence we are reduced by uniformization to the corre-
sponding continuity lemma for W7 Boht Proposition 4.3.17 reduces this to the case
h = 0, which we have already proved. O

(4.4.3) Proposition (cf. [Bol). — There is a natural isomorphism
H2 (™, R1Y) = mdGE TS lim HP (Syag(my> RTP).

U,'m

(Note: this is non-normalized induction.) In particular, HF (g(h), RIV) is an admis-

sible G(Ay)-module.

Proof. — We first observe that the action of P,o(K) on lim §g?m) stabilizes
!iinm EU‘ Mo(m)- Indeed, recall that the action of GL(n,K) on M,_ r,n Was defined

by inducing from that of P, o(K) (which was denoted Pg;) on {M -y 77} The
same argument works globally. On the other hand, for each level m, the stabilizer
in GL(n,0) of Sy my(m) i8 Ph,o(Om) modulo 1+ @w™M(n,0). In the limit, the
stabilizer in GL(n, O) of lim Sy, mo(m) is Pr0(Op,). By the Iwasawa decomposition,
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it follows that Pjo(K) is the stabilizer in GL(n, K) of lim Su, Mo(m)- From this it
follows formally that H}:’(_S_(h),Rq\Il) is the representation compactly induced from
the action of P o(K) on lim HP(Sy, Mo(m), RI¥). Since the quotient is compact,
this is the full induced representation.

In more detail, the argument is just the same as in the proof of Corollary 4.3.18. O

Write
HP(S4), RO¥) = Lim HE(Su,po(m), RIT)

Uv,m

We thus obtain the following formula for the cohomology as G(Ay) x Wk-module:
(4.4.4) First Basic Identity. — The following identity holds in Groth(G(Ay) x Wk):

[H(AB,»)] = 3 (-1) ,,+q[1 gm0 Hp<s§¢;g,m)].

P,q,h

We may consider an isogeny class in ?ﬁ(} (with base point z, say); this means that
the level structure is arbitrary away from w, but of type Mo at w. Let S(z), denote
this isogeny class. Then (4.3.20) yields
(4.4.5)

(R0 8 (Qe)o,him)+) X (Le(@Q\G™(Af))]/Tnhp+ — R'TQ, [5(2)aso -

Here G" contains a factor GL(h, K), and My, — GL(h, K), so S(x)u, can also
be written (cf. (3.3.4)

(4.4.6) L(Q\(Z x GL(h, K) x (Q}/Z}) x G(AY))

where the action of I;(Q) on Z x (Q)/Z,) x GL(h,K) is given by composing the
inclusion of I;(Q) in Jn—pn+ = Jn—n X GL(h, K) x Q, with the projection of the
latter on Z x GL(h, K) x (Q /Z,') whose first factor is j — w(N(j)).

Remark. — To obtain admissibility, one has to work with U" x Uy-fixed vectors, for
Uy, open compact in GL(h, K); then the finiteness condition holds for the action of
Z@aL(n—h,K) as discussed above.

For applications to point counting, it will be necessary to consider the stalks of
RWQ, |—S-(QE)M0 at a point, say z, in S(z)r,. Let Gnonny+ = GL(n — h,K) x
GL(h,K) x Q. It follows from (4.4.5) that

(4.4.7) ROQy | Ui

n—h,0,zo

in the notation of (4.3.4). This is a module for the group Ak, introduced in (4.3.4).
Let

J?_, =kerwoN: Df/(n_h) — Z.
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Then J?_, is naturally a subgroup of Ak n—n; moreover, J°_, X {1} C Jp_pp + is
the isotropy group of a point & € Mp_pn +.red X I(Q)\G™(Af) above z for the
uniformization (3.4.10). It follows easily that

(4.4.8) Lemma. — R*VQy is the sheaf on S(z)n, associated to the representation of
the isotropy group J2_, on W’

n—h,0,x0"

5. Construction of a local correspondence

The present lecture contains most of a proof of Theorem 4.3.11, stated in the
previous lecture: the fundamental local representation realizes the Jacquet-Langlands
and local Langlands correspondence for supercuspidal representations, except (for
the time being) for the compatibility with local epsilon factors of pairs. The proof
roughly follows the lines of Boyer’s thesis [Bo], but at some points, notably in the
treatment of harmonic analysis, the point of view is closer to that of [H1]. An idea
discovered by P. Boyer and exploited in his thesis shows that the local supercuspidal
representations are concentrated in the zero-dimensional stratum. The construction
of a local correspondence then follows by a comparison of trace formulas, as in [Bo]
or [H1] (the latter in the case of p-adic uniformization). This construction is also the
basis of the induction that permits us to determine the (virtual) contributions of all
strata to the cohomology of the generic fiber.

The proof of Theorem 4.3.11 depends on a weak qualitative consequence (Lemma
(5.2.13.1)) of the point-counting argument that will be completed in §§ 6-7 (the Second
Basic Identity, §6.1). Theorem 4.3.11 in turn is used to provide the strong version of
the point-counting argument required to prove the Main Theorem (1.3.6).

5.1. Applications to supercuspidal representations. — The following argu-
ment was first developed by Boyer, in the setting of Drinfel’d modular varieties, and
is the starting point for our induction.

We let [H(A(B,*))]o denote the formal sum of all G(Ay) x Wk modules in
[H(A(B,*))] that are supercuspidal as GL(n, K)-modules. By definition, there is
no intertwining with induced representations. Hence the First Basic Identity (4.4.4)
has a supercuspidal version:

(5.1.1) [HAB, o = S_(~1)P+[HEEY, (RIT)o)],
p,q

where the subscript 0 on the right also means supercuspidal, in this case under the
action of GL(n,K)°? = kerw o det C Ak,. Here we are using the fact that any
supercuspidal representation of GL(n, K) restricts to a finite sum of irreducible rep-
resentations of GL(n, K)° that intertwine with no non-supercuspidal representation
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of GL(n, K). Since 59 is of dimension zero, we just find

irpri =(0)
(5.1.2) Y (-LIH(AB,#))]o = Y _(-1)UHS, (R*T)o)]-
i q
Indeed, there is a stronger assertion. The spectral sequence for vanishing cycles,
applied to the supercuspidal part, has the form

(Ef")o = lim HP(Sy(m), R7¥)o.

Uv m

But the same dévissage shows that
(5.1.3) HP(Syy(my» RIT)o = HP((S, (R1%¥)g) = 0 unless p = 0.
Thus the spectral sequence degenerates at Fo and we have
(5.1.4) Hi(A(B, %), Qe)o —> H(BY, (R1T)), i=1,...,2n—2.

Now Matsushima’s formula (1.1.3), plus the complex-analytic uniformization
(2.1.2) of A(B, %), writes the left-hand side as

(5.1.5) |ker'(Q, G)| - B H'(9, Z&(R) - Koo; Too) ® 7.

Here 7 runs through automorphic representations of G that are supercuspidal at w.
Recall the base change map from the first lecture. From =, one can find a pair (II, ¢),
with IT C Ao(GL(n)Fr), which is a base change at all unramified places (for 7) and
all places that split in E. In particular, II,, is supercuspidal, hence II is cuspidal.

Clozel’s purity lemma then implies that 7 is in the discrete series, hence only has
cohomology in the middle degree n — 1. Indeed, suppose this were not the case. Then
by Lefschetz theory, there would be an integer 0 < ¢ < n — 1 such that

H%g,Zg(R) - Koo;Too) #0 <= ac{n—1—-4,n—-1—-i+2,...,n—1+14}.

Thus H*(A(B, *),Q¢) contains 7y for at least two distinct @ of the same parity. By
Deligne’s purity theorem (recall that .A(B, %) is smooth and projective), the Frobenius
eigenvalues on H*(A(B, %), Q) at unramified places v have complex absolute values
qg/ 2; thus at unramified places v that split in F, say, the Satake parameters of II,
have several distinct complex absolute values of the form qﬁ/ 2 But I is cuspidal,
hence every II, is generic by Shalika’s theorem. Moreover, II, is unitary, up to twist
by a character of the determinant. The classification of generic unitary representa-
tions of GL(n, F,) (in fact, the Jacquet-Shalika estimates) shows that all the Satake
parameters have the same complex absolute value (the ratio is always < q,l,/ 2). This
completes the argument.

Thus we have

(5.1.6) HY(A(B, +),Qe)o — H((B, (R*11),);

(5.1.7) (RW)y =0, i#n—1.
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Looking more closely at §(0) and using a comparison of trace formulas, we can
use this identity to construct a candidate for the local Langlands correspondence, for
supercuspidal representations, on R"~!W¥,, 5. This is how Boyer proved Carayol’s con-
jecture in the equal characteristic case. The present lecture carries out the analogous
constructions in the mixed characteristic situation.

5.2. The basic locus and construction of a local correspondence. — We
return to the basic, or supersingular, locus 5(0), for two reasons. First, this will allow
us to prove Theorem (4.3.11)(i) and (ii): we construct the local correspondence, as
conjectured by Carayol, on the vanishing cycles in the basic case (h = 0). We have seen
that this determines the stalks of the vanishing cycles at for all h, and we use this to
study the remaining strata. The other reason is that it provides a gentle introduction
to the problem of counting points. The arguments generalize those of Carayol’s thesis
(in the case n = 2) and of Boyer’s thesis (in equal characteristic). However, we have to
contend with problems related to the failure of the Hasse principle, which complicates
the argument slightly.

Let z € 5. Recall the uniformization (3.4.10) of the isogeny class, in the case
h =0 (in the limit over U%):

(5.2.1) O : [Io(Q)\Mn,0,+(F) x GO(Af))/Jn+ — 5(2).

Here Jp,+ = Jn x Q; and Mn,07+(F) is just Z x Q;f/Z,;, the first factor for the height
of the quasi-isogeny, the second for the degree of the polarization. For h = 0, I, turns
out to be an inner form of G. This is clearly explained in [RZ], from which we take
the following Lemma:

(5.2.2) Lemma. — Let (A,\) be a polarized abelian variety over Fy, with F' C
End®(A), such that the Rosati involution induces complex conjugation on F. Let
(N, F) be the rational Dieudonné module of A (over F). Consider the decomposition
F Q@ Qp =[] Fu,;, [note change in notation: no more wi!!] and suppose that in the
corresponding decomposition of N = @;N;, each N; is isoclinic. Then some power of
the Frobenius endomorphism Frobs over F, belongs to F'.

Remark. — The hypotheses of the lemma are verified for A, precisely when z € §(0).

Proof. — For each i there is a W (FF)-latice M; C N;, stable under F' and V, such
that F* M; = p" M;. We may assume that M; is fixed by Op,, (this is obvious in
our case, since we are starting from an O-module at w and elsewhere it is étale, up to
Cartier duality). Up to isogeny, we may also assume @©M; is the Dieudonné module
of A and Og C End(A). Without loss of generality we may assume all s; = s and
g = p°. So then FyM; = p™M;. Let ord; be the valuation on K; with ord;(p) = 1.
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Consider the following problem in algebraic number theory: Find an element u € K
that is a unit away from p and such that

ord;(u) =1;; wu=gq.

We are allowed to replace q by g™, which replaces r; by mr;. For m sufficiently large,
the first equation can be solved. Now the existence of the polarization fixed by F,
implies r; + r;c = s for all ¢ (and this is again obvious in our situation, by duality).
Let v’ = qu/u®. Then

ord;u' =s+71; — e =2r;; (W) =g°.
So up to replacing q by ¢, we have solved the equation. Now ¢ = u~!Froby is
an automorphism of A (because it fixes ®;M;, by the first equation) that fixes the

polarization (by the second equation). Hence by Serre’s lemma we conclude that some
power of € equals 1. O

(5.2.3) Corollary. — Let (A, \) and (A’,X') be two abelian varieties over F satisfying
the same assumptions. Then

Hom§ (A, A') ®q Q¢ — Homg (Ve(A), Ve(A')).
Proof. — This follows from the proposition and Tate’s theorem
Hom" (A, A') ®¢ Q¢ — Homg, rrob] (Ve(A), Ve(4')). |
Now return to (Ag, Az, 15) € 5. Recall the data (B, *,V) of our original moduli
problem. Let C = End}(V) = B°, C, = End%(A;). Recall that we have the

involution # on C, induced by the symplectic embedding of G; let #, be the involution
on C, induced by the polarization A\;. By the Corollary, we have that

Cr ® Q¢ — Endp(Vz(Az)).

Since ¢ # p, there is a level structure, i.e. a B-invariant symplectic similitude
Ve(Az) = V ® Qq, well defined (mod Uy). Thus

(Co ® Qe #s) — (C® Qe #)
as F' ® Qq-algebras with involution. Therefore there is an isomorphism
(C2®Q #:) — (COQ,#)
which induces a Q isomorphism between G and
(5.2.4) L ={yeC} |y 7* €Q"}.

Since I is compact at infinity (mod center), this can only be an inner twist. (An
outer twist would be of the form GL(a, D) for some division algebra D of dimension
b2 with ab = n.)
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Note that I, = IL Lzw: % Q;,‘, as usual. Each I, is an inner form of
GL(n,Ky,), and I, C Gy, for i > 1, I, C J,. It follows (by dimension con-
siderations) that these inclusions are isomorphisms. The group G(®)(Ay) is then just
I,(Ay), and (5.2.1) becomes

(5.2.5) O : [L(Q\Mun,0,+(F) x I(Af)]/Jn,+ — S(2).

How many basic isogeny classes are there? By the above corollary, we see that,
if r,2' € _S-(O), then A, ~ A, as abelian varieties with B-action. We may assume
A, = Ay = A. But not necessarily as polarized abelian varieties with B-action! In
any case, I; and I/ are inner forms, isomorphic at all places (at p this is because the
p-divisible groups are isomorphic as polarized B,-modules). Hence

(5.2.6) Lemma. — Up to isomorphism, the group I, is independent of the point x €
=(0)

S
Proof. — The proof of Lemma (2.3.1) applies to the group I,. (See also Lemma
(6.6.8), below.) O

Two polarizations A and X from A to AV are equivalent (as B-morphisms induc-
ing *) if and only if there exists d € C; = Cpr = B°P and a € Q* such that X' = ad¥\d
(dV being the endomorphism of AV induced by d). But any two polarizations differ
by an element 6 € C via X = Ao, and the symmetry of X and X implies that § = §*
(* = Rosati involution); since X is a polarization, § must be totally positive. Then
Ao 6 = adV \d if and only if

6 =a(A\"'dY\)d = ad*d
has a solution (a, d). The set of solutions of this equation is a torsor for the group I,
(acting on d on the left), and it has a solution if and only if the torsor is trivial.
The set of torsors is parametrized by H'(Q, I;). But there are solutions locally for
all primes £ # p, by the existence of the level structure; at oo because ¢ is totally
positive; and at p because I, is a product of inner twists of general linear groups,
hence has no H' by Hilbert’s theorem 90.

So the set ®;, of basic isogeny classes is mapped by this construction to a subset
of ker'(Q, I;). We will see in Lecture 6, using Honda-Tate theory, that this map is

surjective. (We still haven’t shown that 59 s non-empty!) Assume this for now.
(5.2.7) Fact. — The cardinality of ker? (Q, G) is unchanged under inner twist.

This is proved by Kottwitz [K1, §4].
Now recall the isomorphism (4.3.7) of vanishing cycles sheaves. In the present
setting, this can be rewritten

(5.2.8) (W} 4 X (e(Q\Iz(Af)))/In+ — RUQ; |5, -
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It follows formally that
(5.2.9) R'UQq |5(,)~ Homy, , (V¢ 4, AL/ Iz(R), Qe)).

Here A denotes automorphic forms on the group I, that are trivial on I;(R); again
this has to be modified if we use twisted coefficients. Moreover, W%, | is the compact
version of W% . (one adds a + to the definition (4.3.10)).

In what follows, we let S(B,*) = S*(B,*) be the Shimura variety itself. For any
admissible virtual G(Ay)-module M, we let M[r*] = Homg ay) (7, M ); this is a
virtual module over Gy,. Similarly, we let M[r] = Homg4 (7, M).

(5.2.10) Proposition. — Let I = I, for any x € ®y. Let (p,7) be a representation of
Jn,+ (with p € j;, ¥ an unramified character of Q). Assume JL(p) is a supercusp-
idal representation of Gr. Consider representations ™ of G(AY) — I(AY). Then
there is an isomorphism

H"1(S(B, *),Q¢)[* ® JL(p) ® 9] — A(I/I(R),Q¢)[7* ® p ® ¢]™.
Moreover, fori#n—1,
H'(S(B, %), Q)" @ JL(p) ® ] = 0.

This will be proved a bit later, by comparison of trace formulas. I remark that 7%
always determines m,, by base change (to GL(n, F')) and strong multiplicity one.
Now it follows from the remarks preceding the proposition that

H(S” RwQy) = Y Homy, , (Ui, ,, A(L/I,(R), Q)
(5.2.11) @y

> Homy, , (i, ., AI/I(R),Qq)) " @,

Here I is any I, for x € &y,
Recalling that H"~1(A(B, x),Q¢) = H™1(S(B, %), Q) ¥ @) it follows from
the First Basic Identity (4.4.4) and (5.1.6) that, up to semi-simplification,

(5.2.12) H" ' (S(B, *),Q¢)o — Homy, , (L2710, A(I/I(R),Qe)).

Here, as above, the subscript ¢ on the left-hand side denotes the GL(n,K)-
supercuspidal subspace. On the right-hand side it’s essentially the same thing, but
one has to be a bit careful because the center does not act semi-simply. However,
any J, +-homomorphism from (‘I’?,Z,l.,.)o to the space of automorphic forms factors
through a quotient on which the center does act semi-simply, so (5.2.12) makes sense
as written. Alternatively, one can define the supercuspidal subspace of any smooth
GL(n, K)-module using the Bernstein center; in this way one sees it is always a direct
summand.
By Matsushima’s formula (1.1.3), the left-hand side of (5.2.12) is

D H" (9 Z6(R)Koo; Too) ® 75
T€AGo
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Fix p as above and 7y with component JL(p) (supercuspidal) at w. For given p,
this is always possible (see (5.2.15), below). Let Rg(ms) denote the semisimplified
representation of Gal(Q/F) on Homga,) (s, H"1(S(B,*),Q¢)0). As we saw in
Lecture 1, Ry(7f) is the sum of some copies of an n-dimensional semisimple represen-
tation Ry o(mys). Let ro(7s) be the contragredient of Ryo(7y), twisted by 9 o Nk/q,
as in § (1.3) to remove the contribution of 1. Combining the above identities, we find

(5.2.13) Theorem. — Let p be a representation of J, such that JL(p) is supercuspidal.
Then as G, x Wi -modules, we have

JL(p)®[re(ms) |Ga1(7/K)] ~= [Homy, , (¥ern)o, p®Y) @ re(P o N_/Q )]
— Z(—l)n"m [Homy, , (¥in4),p® %) ®Te(¥ 0 Nicjg )]

=5 3 (1) Homy, (), 2))

Proof. — The first isomorphism is a summary of the preceding discussion; we simply
apply [7™] to both sides of (5.2.12). Similarly, the isomorphism

[HomJn,+((\I’Zn1+)0» p® "/}) by 'I‘g(’l/) © NK}Q )]
— Z(—l)"_l“[HomJ,.,Jr((‘I’c n4)0, P ®Y) @ Te(h 0 Niclo )],

follows from the vanishing of (¥}, ,, | )o for i # n — 1. The final isomorphism, showing
that we can ignore the +, is a consequence of a simple calculation of the local Galois
action on the polarization, already mentioned after (3.2.3).

To complete the proof, we thus have to show that, for any v, the virtual G-module

[%n(p)] = D _(=1)'[Homy, , (¥in+),p ® V)],
defined as in the statement of Theorem 4.3.11, is purely supercuspidal as a represen-
tation of G,,. Write

MY =3 (~1)rremd S5 BE(SY, RID)).
qu

To prove that [¥,(p)] is purely supercuspidal, we will make use of the following weak
version of the Second Basic Identity (Theorem 6.1.2):

(5.2.13.1) Lemma. — Let 7 be an admissible irreducible representation of G(AY).
Let h > 0, and suppose [M"?][r*] # 0. Then there ezxists a unique irreducible repre-
sentation m, of Gn such that [H(A(B,x))][ry ® 7] # 0, and such that the Jacquet
module (Tw)r, P, Of Ty relative to the unipotent radical of Py, is non-trivial.

In other words, only “automorphic” 7% can contribute to the virtual module [M™"].
However, neither this lemma nor the Second Basic Identity determines the individual
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spaces [Indg:((;’)K) H? (_55\’,;()), RIV)]. Note that the uniqueness of 7, in the statement

of the Lemma follows from the fact that, if [H(A(B, *))][mw @ 7] # 0, then m, @ %
admits a base change to the finite part of a cohomological automorphic representation
of GL(n, F); then as remarked above, strong multiplicity one for GL(n, K') implies
that m,, is determined uniquely.

We admit Lemma 5.2.13.1 for the moment. For our given 7%, we thus have m,, =
JL(p). Now the First Basic Identity yields

(5.2.13.2) [H(A(B,»)|[x*] = Y _[M"][x"]
h

in Groth(G,,). Since m,, = JL(p) is supercuspidal, all the Jacquet modules (7y)r, P,
vanish for A > 0, thus (5.2.13.2) simplifies to yield

(5.2.13.3) [H(A(B, *))][r*] = [M°][=].

Strong multiplicity one again implies that [M?][7¥] is isotypic for G}, of type JL(p).
Next, (5.2.11) implies that

(5.2.13.4)
MO][r*] = 3 (=)™ [Homy, , (T ) AU/I(R), Q) [r]) er @]

= > ()" [Homy, , (T4, 0 ® %) ® AU/IR), Q)" ® p@ gl @]

=5 [Wa(p)] ® AUI/I(R), Qo) [7* ® p ® 9] K @,

where the second isomorphism is a consequence of strong multiplicity one for base
change, this time from I to GL(n). Combining (5.2.13.3) with (5.2.13.4), we see that
[¥,(p)] is purely supercuspidal, as required. O

Theorem 5.2.13 implies that [rg(7y) |Ga1(? / K)] is purely local at w; i.e., it depends
only on 7, = JL(p). It also calculates the supercuspidal part of ¥7~! (ignore the +)
and proves statement (i) of the local theorem (4.3.11). It remains to justify Lemma
5.2.13.1. This will be obtained (see §6.1 and Remark 6.1.3) as a consequence of the
Second Basic Identity (6.1.2)(i), whose proof occupies sections 6 and 7.

For any m € Ag(n, K), we write o¢(m) € G(n, K) for the representation r;(7) ®
| det |*=1)/2 of Wi defined in this way. Not every m can be realized as a local
component of a cohomological automorphic representation of G. Our hypotheses
imply that the central character of 7 is of finite order. Conversely, assume the central
character of 7 to be of finite order. Then

(5.2.14) An approximation argument shows there is no restriction on K; one can
always realize K as some F, for a CM field F' of the appropriate type, and GL(n, K)
as the local component of the right kind of G;

SOCIETE MATHEMATIQUE DE FRANCE 2005



82 M. HARRIS

(5.2.15) Given such G and 7 € Ag(n, K), it follows from a theorem of Clozel [C1]
that one can always find a cohomological representation II of G with local component
7 at w, unramified outside some fixed (non-empty) set.

(5.2.16) To extend the correspondence to general m, one notes that any = is of
the form my ® 1 o det, where my has central character of finite order and 1 is some
character of K*. So one defines o4(7) = 0¢(m) ® 9 viewing ¢ as a character of Wk
via local class field theory.

To show that the latter construction is well-defined, one ought to verify that
(5.2.17) op(m @9 odet) = ay(m) Y

when 1) is a character of finite order. This follows by applying Kottwitz’ theorem to
the representation r¢(ms) of Gal(Q/F). Indeed, Kottwitz shows that r¢(mf ® x) =
re(ms) ® x whenever x is a global Hecke character of finite order. More precisely,
Kottwitz shows this is true at almost all unramified places. By Chebotarev density,
it is true at w. This argument then shows that (5.2.17) is valid for any %, not
necessarily of finite order. We have thus verified that the correspondence o, satisfies
property (0.2) expected of the local Langlands correspondence. More such properties
are verified, in a similar way, in the following section.

Meanwhile, we have already reduced part (ii) of Theorem 4.3.11, which we restate
here for convenience of reference:

(5.2.18) Proposition. — Let ' € A(g, K) be a discrete series representation which is
not supercuspidal. Then for all i, Hom, (¥} ,,JL(7")) contains no G-subguotients
isomorphic to a supercuspidal representation m.

Proof. — Notation is as in Theorem 4.3.11. In view of (5.1.7), it suffices to prove
the assertion for ¢ = n — 1. The argument used in (5.2.15) applies to show that one
can find 7%, as in the statement of Lemma 5.2.13.1, such that 7 ® 7’ occurs with
non-zero multiplicity in A(I/I(R),Q). Suppose m does occur as a G-subquotient
of Hom, (¥} ,,JL(n")). It then follows from (5.2.12) that 7 ® m occurs with non-
zero multiplicity in H"~!(S(B, *),Q¢)o. Then as in the paragraph following Lemma
5.2.13.1, 7% ® m, resp. 7 ® 7', admits a base change to the finite part of a cohomo-
logical automorphic representation II, resp. Il', of GL(n, F). By strong multiplicity

one II = IT’, hence © = 7/, contradiction. a

(5.2.19) Remark. — Since it may not be evident from the order of the arguments
above, I stress that this proof does not depend on the truth of Lemma 5.2.13.1.
Although it is not strictly necessary, we will be using Theorem 4.3.11 (ii) in §7 as a
step in the proof of Lemma 5.2.13.1.
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5.3. Compatibility with cyclic base change and automorphic induction

We have shown in (5.2.17) that oy : Ag(n, K) — G(n, K) is compatible with char-
acter twists. One shows similarly it is compatible with contragredients. Moreover,
because the construction is purely local, o, commutes with automorphisms of K.
These are three properties required of a local Langlands correspondence (¢f. (0.6)).

We also need to know that o, commutes with cyclic base change and local automor-
phic induction. Having established these properties, it follows by an argument due
to Henniart [BHK]() that oy is a bijection Ag(n, K) — Go(n, K) for all K, and that
it preserves conductors. In other words, it satisfies all the requirements of the local
Langlands correspondence except preservation of € factors of pairs. Thus, as explained
in Lecture 1, in order to obtain the local Langlands conjecture, it suffices to establish
a form of compatibility of the local correspondence with the global correspondence.

To prove compatibility with cyclic base change and local automorphic induction,
we need to use a global argument again. The following discussion is based on my
article [H1], in which I treated the analogous situation for Drinfel’d uniformization.

Now global base change and automorphic induction are defined for automorphic
representations of GL(n, F), not of G. So we need to use quadratic base change
(from Q to E, as in Lecture 1) and descent. This works as follows: starting from a
(global) m C A(G), with fixed 7y, let II denote its base change to GL(n, F') (ignoring
the extra Hecke character of E). Let F'/F be a global cyclic extension of CM fields
with only one prime dividing w, K’ = F. The representation Il € CU(n, F'), and
BCp: p(IT) € CU(n, F'), hence descends to a cohomological representation (or rather
L-packet) in A(G’). Here we have to be careful: G’ is attached to a division algebra
with involution (B’,#’) and in general B’ # B @ p F'. We have to choose F’ so that
BCp:,p(IT) still has a local discrete series component at a place other than w (so that
it descends to a twisted unitary group). We have to verify that the parity condition is
satisfied, so that we can construct G’ with the right signatures at co. These are easy
to verify [H1, §4]. Applying Kottwitz’ theorem and Chebotarev density, we see that

(5.3.1) 0¢(BCk /K (Tw)) = 0¢(Tw) Wy,
provided BCk /i () is supercuspidal (so that the left-hand side is defined). This is
sufficient for Henniart’s axioms.

Automorphic induction is a bit more complicated. If we start with IT € CU(n, F”),
it is not true that Alp, p(II) € CU(n[F' : F],F); in fact, Alp//p(II) is no longer
cohomological at co. This can be remedied by twisting II by an appropriate Hecke

character x of F’. If the infinity types of x are chosen appropriately, and if yoc = x 7!,

() This is where Henniart’s numerical version of the local Langlands conjecture [He2] is invoked,
in the form of the following “splitting property” [He3]: given any supercuspidal representation 7 of
GL(n, K), there is a finite sequence of extensions K = Ko C Kj C --- C Kp, each step cyclic of
prime degree, such that the image mg,, of m under successive cyclic base change is a principal series
representation. The analogous property for Go(n, K) is obvious.
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then Alp/p(II® x) € CU(n[F’ : F],F). This has the inevitable effect of replacing
the initial 7, by an unramified twist, which is not a problem. Again, the details can
be found in [H1] (proof of Lemma 5).

5.4. Comparison of trace formulas. — The proof of Proposition 5.2.10 is much
easier than the comparison used to study the other strata, but it provides an excuse
to introduce the trace formula that will provide one side of the comparison in the
general case. We only need to work with anisotropic groups.

For simplicity, we assume henceforward we are not in the case F* = Q, n = 2,
where the above comparison is a special case of Carayol’s thesis. This special case
complicates the formulas because the maximal compact subgroup is not connected.

The trace in question is that of [H(S(B, *)] = >_,(—1)*[H*(S(B, *)], the represen-
tations [H*(S(B, )] being admissible G(Af)-modules. One could also work with a
fixed central character.

If y € G(Q) and ¢ € C°(G(Ay)), we define the orbital integral

(5.4.1) 0,(9) = / S(ava™")dg.
G(Af)/Za(v)(Af)

This integral depends on a choice of Haar measures (on G and on Zg(y)) that will
be specified.

The global trace formula for the action of Hecke correspondences on cohomology
was worked out by Arthur even in the non-compact case; he studied L?-cohomology
and had to allow for boundary terms. The compact case is of course much easier to
explain. Needless to say, it is equivalent to the topological Lefschetz trace formula.
However, we prefer to use Arthur’s formulation, which allows a uniform treatment of
isolated and non-isolated fixed points. Here is a version of Arthur’s formula adapted
to our groups G:

(5.4.2) Cohomological trace formula ([A]). — Let ¢ € C°(G(Ay)). Then
Te(¢ | [H(A(B,%))]) = nkp Y_ e()[F(7) : FI 7' vol(Za(7)(R)g) ™ O4(9)-
Y

Note that we have written the formula for A(B, *), the union of | ker' (Q, G)| copies
of S(B, %), to simplify the formulas. Here the notation needs to be explained:

(5.4.2.1) The measure on G(Ay) is arbitrary (it appears on both sides).

(5.4.2.2) e(y) = (—=1)MFM:FI-1 ig the Kottwitz sign; v is regular if and only if
[F(v) : F] =n, and then e(y) = 1.

(5.4.2.3) kg =1 if 4| [B : Q] and equals 2 otherwise.

(5.4.2.4) v runs over a set of representatives of G(A)-conjugacy classes in G(Q) which
are elliptic in G(R). In particular (N.B.!!!), even though we are working with the
union of |ker’(Q, G)| copies of a Shimura variety, the factor |ker'(Q, G)| has been
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incorporated into the expression as a sum over adelic (rather than rational) conjugacy
classes. See Lemma 7.1.3 for an explanation.

(5.4.2.5) F(v) is the subfield of B generated over F' by 7.

N.B. The fact that F(v) is always a field, because B is a division algebra, is extremely
important! From the standpoint of the trace formula, this is one of the special features
of the twisted unitary groups we are using; it guarantees that the stabilized trace
formula contains no endoscopic terms.

(5.4.2.6) Zg(7)(R)o denotes the compact mod center inner form of Zg(v)(R) and
Za(7)(R)g = ker|v] : Za(7)(R)o — RZ,.

(5.4.2.7) Let dz(7y) s be the measure used to define the orbital integral, (dz(7)s ) the
measure used to define vol(Zg(7)(R)§), and (d2(7)eo)o the measure on Zg(7)(R)o
defined by (dz(7)oo)$ and dt/t on RZ,. Let dz(7y)oo be the measure on Zg(7y)(R)
compatible with (dz(7)co)o (this is well defined). Then dz(7y)f X dz(7)co is Tamagawa
measure.

Of course I won’t prove this. The usual trace formula in the anisotropic case is a
sum

> v(Ze(1)(Q)\Zc(7)(A))04(4).

Y

Here v runs G(Q)-conjugacy classes. For the volume term one can take Tamagawa
measure. To get cohomology, one takes ¢, to be a sum of discrete series pseudocoef-
ficients (over the set of discrete series with cohomology in the trivial representation);
this restricts attention to =y elliptic at co, and the orbital integral of ¢, is constant
on elliptic conjugacy classes. Arthur’s formulation of the cohomological trace formula
in [A] takes roughly this form. The present version, adapted from [HT], involves a
partial stabilization of Arthur’s expression: we rewrite the sum over G(Q)-conjugacy
classes as a sum over G(A)-conjugacy classes in G(Q) by counting the number of
the former in the latter.(®) This number turns out to be related to kp/ ker!(Zg(v)),
and Kottwitz’ theorem on Tamagawa numbers gives the measure term in the stated
formula. The remaining terms — n(—1)*/[FOM:FI[F(~) : F]~1 — all arise by rewrit-
ing the expressions in [A] coming from the archimedean place. They would be more
complicated if F'(y) were not a field (e.g., for untwisted unitary groups). In the next
two lectures I'll use similar arguments in counting points.

(8)Full stabilization goes one step further, replacing G(A)-conjugacy by G(Q)-conjugacy. Apparently
this is not really necessary for the point-counting argument. However it is necessary in the general
situation for comparison with trace formulas for endoscopic groups, or the twisted trace formula in
the setting of base change, as in (1.2.6).
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One gets a completely analogous formula when G is replaced by I:
(5.4.3)
| ker' (Q, @)| Tx(¢' | A(I/I(R))) = k5 Z[F ) : F]7 vol(Zg(7)(R)) "1 O (¢).

Indeed, this is the formula for cohomology of the 0-dimensional Shimura variety
attached to I, where the sum is again over adelic conjugacy classes in I(Q), and we
have used the fact (5.2.7) that | ker'(Q, G)| = | ker'(Q, I)|. The only differences with
(5.4.2) are that the n in front has disappeared (because the discrete series L-packet
has only one element) and the signs have disappeared (because all centralizers are
compact at 0o). There is no restriction on v (all elements are elliptic in I(R)).

(5.4.4) Lemma. — The set of I(A)-conjugacy classes in I(Q) is in bijection with the
set of G(A)-conjugacy classes in G(Q) elliptic at oo and at w. This bijection preserves
orbital integrals away from w, and takes v € J, to the conjugacy class in G, with
the same characteristic polynomial.

Proof. — Let v € I(Q). It is elliptic at co and at w, hence transfers to a conjugacy
class in G(A), and the question is whether it has a representative in G(Q). This is
a consequence of a general principle: if G and G’ are inner forms and T' C G is a
torus that transfers locally to G’ everywhere, then T transfers globally to G provided
a certain cohomological invariant, defined by Langlands and Kottwitz (¢f. [K1, §9]),
vanishes (in H?). But this invariant vanishes if 7' is elliptic (¢f. Lemma (2.3.3)). O

To make effective use of pseudocoefficients, we fix a compact open subgroup U C
G(AY) and consider the representations on [H(Syw (B, )| and on A(I/I(R)-U").
This means we have to restrict attention to U%-biinvariant functions. This is not
a problem, since we can take U™ arbitrarily small, but it has the advantage that
I'y =U"NZg(Q)=U"nNZ(Q) is a cocompact subgroup of Zg(K) = Zg,,. Hence
we can take ¢, to be a pseudocoefficient of a chosen supercuspidal 7, relative to the
set Ag fin (A.1.3) of representations with central character trivial on I'yy. This has the
effect on the trace side of isolating representations 7y with component m,, at w. As
we have seen in (5.1.6), these occur only in H"~!, hence for such ¢, we have

(5.4.5) Tr(¢ | [H"_I(A(B *))]) =
1" rmBZ DIO[F(y) : F]7' vol(Za(7)(R)g) ™' O4(9).

We take ¢! = ¢* ® ¢L, where ¢!, is a pseudocoefficient for JL(m,). The Jacquet-
Langlands correspondence (A.1.13) has the following property (cf. [Ro], §3):

(5.4.6) Fact. — 0,(#L,) = (~1)"e(4)050(¢u)-
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When 7 is regular, e(y) = 1, and in that case this relation is the defining property
of the Jacquet-Langlands correspondence. (One defines matching functions to have
matching orbital integrals; then the sign appears in the trace).

The other terms are the same. Dividing by | ker!(Q, G)| = | ker* (Q, I)|, this implies
the trace on [H™~!(Syw (B, *))]r, equals n times the trace on A(I/I(R) - U*)jr(r,)-
It then follows from linear independence of characters (A.1.2) that the representations
are as indicated in the proposition.

5.5. Properties of the fundamental local representation. — In the appli-
cations to strata of positive dimension, the fundamental local representation ap-
pears as the stalk of the vanishing cycles at a point 2 in an isogeny class S(x)az,
(cf. Lemma 4.4.8). We replace n by g and work with the version g7 1. We write
G =Gy =GL(g,K), J = J, as before. Recall from (4.3.10) that

g 1_ G><J><WK g—1
v c-Ind; Ve gz

Let A’g’ , be the subgroup of G x J x WK generated by Ay x and the center Z of
G. It is the kernel of the composite of the map 6 : G x J x W — Z with the map
Z — Z/gZ, and also contains the center Z; of Jy. In particular, A] , is of index n
in GxJxWg. We let

(5.5.1) T(;:A;,KQ(GXJ); T():AgyKﬂ(GXJ)
Recall from §3.3 that the subgroup
Zo={(z,x) e K* x K* ~Z x Z;} CTp

acts trivially on the moduli space, hence on the stalks ¥¢ .9,z Of the vanishing cycle
sheaves for any i. The only representations 7 of Ty such that Homr, (¥}, . ,7) # 0
are thus those on which Zy acts trivially. Let Gg 0, (resp. Jg,0), denote the kernel of
dcg : Gy — Z (resp. kerdy) and let Tog = Ggo X Jg0 C Tp. We define an inertial
equivalence class of representations of T to be a set of the form {r ® ¥} where 7
is an irreducible representation of Tp, trivial on Zy, and v runs through the set of
characters of Ty/Too - Zo ~ Z/nZ. The set of inertial equivalence classes of Ty is
denoted Z,. If 7 is a representation of Ty/Zg, we let [7] denote its inertial equivalence
class. Then we have a discrete decomposition for each ¢

(552) c 29, xo - @ \IJC NS a:o[T]
[T]eZ,
where W%  _ [7] is the sum of the 7;-isotypic components for 7; € [r].

We also define inertial equivalence for representations of J and G. Let p € A(J),
with central character ¢,. The inertial equivalence class of p, denoted [p], is the
set of representations p ® ¥ o det, where 9 runs over unramified characters. The
strong inertial equivalence class of p is the set of p ® 1 o det where 1 runs over
unramified characters of finite order dividing g; this is the set of representations of J,
inertially equivalent to p and with central character ¢,. The same terminology is
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used for discrete series representations of G,4. The cardinality of the strong inertial
equivalence class of p is an important invariant of p: it equals g/c(p), where ¢(p) is the
number of distinct unramified characters 1) of order dividing g such that p ® ¥ ~ p.
The strong inertial equivalence class of JL(p) € A(G) has the same cardinality as that
of p. The set of inertial equivalence classes of representations of J, (resp. of discrete
series representations of Gg) is denoted [A](Jy) (resp. [A]a(g, K)).

We write p ~; p’ if p and p’ are inertially equivalent. Two inertially equivalent rep-
resentations of J, (resp. of G, resp. of Tp), have the same restriction to Jg 0, (resp. of
Gg,0, resp. of Too). These restrictions are not generally irreducible. It is known, and
follows easily from Clifford’s theorem, that the restriction of p to Jg o is the sum of
¢(p) irreducible components, each with multiplicity one; the same holds for JL(p),
when J is replaced by G. For want of better terminology, the irreducible components
of the restriction to Jg o (resp. Gg,0) of a fixed p will be called nearly equivalent, and
we say they belong to the near equivalence class N(p) of p.

(5.5.3) Lemma. — Let T be an irreducible representation of To/Zy, and suppose its
restriction to Too/Too N Zo decomposes as the (necessarily finite) direct sum

T |T00 = €B(O‘i)v ® B
where each a; (resp. B;) is an irreducible representation of Gg (resp. Jg0). Then
(i) The various o; (resp. B;) are nearly equivalent.

(ii) Suppose WL [1] #0, and m € Ao(g, K) is such that the B; belong to the near

€,9,%0
equivalence class of JL(). Then the a; belong to the near equivalence class of .

Proof. — Part (i) is obvious, and part (ii) follows from (4.3.4) and Theorem 4.3.11.
O

Let [r] and 7 be as in Lemma 5.5.3 (ii). Such a [r] will be called supercuspidal.
It follows from 5.5.3 that W9, [7] can be described alternatively as the sum of the

679720
Bi-isotypic components of \Ilg,;,lzo, for B; € N(JL(7)), or as the sum of its a;-isotypic
components, for o; € N (7). This justifies writing
(5.5.4) UE oo [r] = W0, [IL(m)] = W5 [m]

(note the dualization implicit in the notation relevant to G). One could just as well
decompose with respect to general discrete series representations, or equivalently of
general representations of Jg, but in that case it is better to work with the alternat-
ing sum of W31 [r]. Recall however (5.1) that the supercuspidal part of ¢, . [7]

¢,9,%o
vanishes for i # g — 1. We thus put
(5.5.5) [(¥le,g,20 = Z(_l)k \I’i,g,zo] = @D [Yegamlel
i [ol€[A](Jg)
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where p runs alternatively over [A](Jy), as indicated, or over [A]a(g, K). Strictly
speaking, we have only proved this here for supercuspidal inertial equivalence classes;
the complete result can be found in [HT].

Now fix a character £ of K*, with restriction & to O*. The maximal compact
subgroup O* x O* C Z x Z; is contained in Tpo. Let W9L (&) C ¥I L denote
the subspace on which (u,u’) € 0% x O* acts as &(u) " & (). This is an invariant
subspace for the action of Ay x, and the action of Ay x on WI% (&) extends uniquely
to a representation, denoted \Ilg e arzoer Of Aj i such that (z,2') € Z x Z; acts as
E(x)"€(x"). Let L5 g,1§ denote the maximal quotient of ¥9_!, on which (z,2’) €
Z x Zj acts as &(x)"'£(z’). Then there is a canonical isomorphism

~ GL(g,K)XJgxW. ~1
(5.5.6) Wo e o endg OE W ge L
Combined with (5.5.2) and (5.5.4), we thus obtain a canonical decomposition
1 1
(5.5.7) \119,9 §,scusp @ \I’g,g,E[p]’
(5.5.8) e ] = andeJxWK v elol.

where the subscript “scusp” designates the G-supercuspidal part, and p runs over
Ao(g, K). By Proposition 5.2.18, the sum can also be taken over p € A(J) with
JL(p) supercuspidal. The component ¥9" o, g[p} is non-trivial if and only if the central
character £, of p equals £. There is a similar decomposition for the alternating sum

[‘I’c,g»€]~

(5.5.9) Lemma. — Write G = GL(g,K), J = Jg. Let Ty = A} ;¢ N (G x J). Let
Te,o (resp. T¢) denote the restriction to T of the representation of Ay x on (i

¢,9,%0,§
(resp. of the representation of G x J on W9 glg ). Then

(i) The representations 1¢ and T¢ o are admissible.

(ii) For any a € G x J, the representation 7¢, of Ty, defined by 7¢,(z) =
Te,0(aza™?t), has the same character as 7¢ .

(iii) In the Grothendieck group of T, we have

T¢e =9 T¢0

Moreover, the character of W9 ., restricted to G x J, equals zero off Tp.

€9, € ’
Remark. — The relation (iii) requires an explanation. The characters in the formula

are the actual characters of the group T, defined as the traces of the operators defined
by (A.1.1). This yields a relation of the form

(5.5.9.1) trace(7¢)(¢) = g - tracez ¢-1(7¢,0)(de)-

Here ¢ is a compactly supported function on Tp, transforming with respect to o ®&; !
under O* x O* C Z x Z;, ¢¢ the extension of ¢ to a function on T transforming
under £ ® &;* under Z x O% C Z x Z;. The left-hand side is as in (A.1.1), whereas
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tracez¢ on the right is as in the discussion preceding (A.1.9). Note that the function
¢¢ is non-compactly supported only on G, not J, and the modified trace only takes
account of the center of GG; but one can just as well replace the index Z by Z; in
(5.5.9.1).

Proof. — Since the central character has been fixed, (i) follows from Proposition
4.3.9 (¢f. Remark 4.3.9.1). Assertion (iii) is a simple consequence of (ii) and Clifford’s
theorem on induced representations; the factor g is the index of T in G x J. So it
remains to prove (ii). The group T} is generated by its subgroup To = Ag x N (G x J)
and the central subgroup Z (or Z;) of G x J; hence it suffices to prove (ii) for
the restriction of the character 7;o to Ty. Choose an element ¢ € Wg such that
4(p) =1 € Z; i.e., p is an extension of Frobenius to the algebraic closure of K. There
is a homomorphism h, : G x J — Ay x given by

ho(1,9) = (7,3, ¢7) where d = wi (det(7)) — wk (N (4))-

The restriction of hy, to Tp is the natural inclusion. It follows that the restriction to
Tp of 7¢,0 extends to a representation of G x J, hence that its character is invariant
under conjugation by G x J. O

(5.5.10) Remarks. — Fix a representation p € Ap(g, K) as in (5.5.8), with £, = p.
Using (iii) and the description of the near equivalence class N(p) given above, one
verifies easily that

i =9 Py
0,9,10,5[10] lToo C(p) %a, ®,3]

where a; (resp. §;) runs through N(pV) (resp. N(JL(p))). In other words, each irre-
ducible component of the restriction of JL(p) to Jg,0 occurs with each component of
the restriction of p¥ to Ggo with the same multiplicity. The same holds when Jy o
and Gg o are replaced, respectively, by the subgroups Z; - Jg0 C J and Z -Gy C G,
each of index g. However, each a; @ §;-isotypic component carries a representation
r¢(p, 4, ) of the subgroup Wk, C Wk, the Weil group of the unramified extension
K of degree g of K. One can also verify that the g-dimensional representation r¢(p),
defined as in Theorem 4.3.11, decomposes as the sum of ¢() distinct irreducible com-
ponents, each of dimension g/c(p), and that each one occurs as an 7¢(p, i, j) with the
same multiplicity. Thus the representation of Z;-Jg 0 X Z -Gy x Wk, on \Ilg,_g’lzo,s[p]
refines the correspondence of Theorem 4.3.11, though it is not sufficiently fine to char-
acterize the local Langlands correspondence, including a description of L-packets, for

SL(g).

The full compactly induced (virtual) representation [¥, ¢ also has a decomposition
according to inertial equivalence:

(5.5.11) [Pe, ] — ?[\I'c,g]{p],
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where

[Wegllo] = C'Indgzixwx [Ye,g.z0ll),

with the components on the right-hand side as in (5.5.5); note that induction is now
from Ag k.

(5.5.12). — Finally, the same analysis can be applied to the subgroup
o = (Gg X WK) ﬂAg,K C Gg x Wgk.

Let Ix = Wik N Ag k (the inertia group), and define a near equivalence class of
(continuous ¢-adic) representations of Ix to be the set of irreducible components of the
restriction to Ik of a finite-dimensional continuous irreducible ¢-adic representation of
Wk. The decomposition (5.5.2) represents the G o-supercuspidal part (¥ , . Jo C
(%, z,) as a direct sum of components (W%, . Jo[o] where [o] can stand for a near
equivalence class of representations of Ix. More precisely, if (¥% , . Jolo] = W% , _ [n]
for m € Ao(g, K) (so i = g — 1), then it follows from Theorem 4.3.11 that the action
of Ik is given by the near equivalence class of representations of Ix contained in a
fixed irreducible g-dimensional irreducible representation of Wi, namely r¢(m)V. Note
that o need not be of dimension g as a representation of Ik, but it will necessarily
occur in the restriction to Ix of an irreducible g-dimensional representation of Wi;
thus the notation [o] can designate an irreducible g-dimensional representation of W
up to inertial equivalence.

For general discrete series 7, it is shown in [HT] that the corresponding repre-
sentations of Ix are contained rather in an indecomposable representation of W D
whose irreducible constituents are of degree strictly less than g. It then follows that,
for 7 supercuspidal, W¢ ! [n] is the sum of the isotypic subspaces of W97L ~for the
representations in the corresponding near equivalence class [o] of representations of
I — and the same holds for W; , _ [7] when i # g—1, in which case the corresponding
[o]-isotypic part is trivial.

The identification of W% [n] with a specific W, , , [o], even for m supercuspi-
dal, is only possible after determination of the Galois representations occurring in
S (=1t o [p] for all p € A(J,). However, as in (5.5.8), we have

¢,9,%0

W oo lm] = WL IL(m)] = D (1970, [IL(m)]

¢,9,%o ¢,9,T0 c,9,T0
K3
for supercuspidal .
Note that if U € GL(g,K) is a compact open subgroup such that 7V # {0},
and if I(mr) C Ik is an open subgroup that acts trivially on 7,(m)Y, then
Vol (7)Y = w9t [7]V*I(") is a finite-dimensional semisimple module for the

¢,9,%0 ¢,9,T0

Hecke algebra H(Zo//U x I(m)).
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6. The second basic identity and Isogeny classes in the special fiber

This is where we begin to “count points,” as in the Kottwitz’ article [K5], following
earlier work of Langlands and Thara. More precisely, we use a refined version of
Honda-Tate theory to describe them in purely group-theoretic terms, as point sets
with adelic group (and Frobenius) actions, as disjoint unions of certain double coset
spaces. The stage is thus set for the calculation, in Lecture 7, of the Lefschetz traces
of sufficiently regular Hecke operators, acting on the cohomology of each ?5{2 The
principal application of this calculation is the Second Basic Identity (Theorem (6.1.2)),
which compares these traces to the traces of the same Hecke operators acting on the
cohomology of the generic fiber. The Second Basic Identity, proved in Lecture 7, is
applied in section (6.2) to derive the main compatibility theorem (1.3.6).

6.1. General strata: statement of second basic identity

(6.1.1) Notation. — For any g, let G, = GL(g, K); thus G, = G,. The center of
Gy, (resp. Jg), is denoted Z, (resp. Z;,); both are canonically isomorphic to K>, for
any g. Henceforward, we write Ny = Ry Ph, N, the unipotent radical of the opposite
parabolic. The modulus character for P}, is denoted 65, = dp,; it is the absolute value
of the determinant of the adjoint action on Ny. We also let J,,_p be the twisted inner
form Df/(n_h) of Gn_h.

Let L, = Gn—p X Gp be the standard Levi subgroup of P,. We let r¢, 1, :
Groth(G,,) — Groth(L) denote the standard (normalized) Jacquet functor

—-1/2
TG, L™ = TN, @6, '~

The Jacquet functor for the opposite parabolic is denoted ¢y, ; . We define a renor-
malized Jacquet functor

op  _ 0P 1/2,
TG Ly = TG,y ® O,
. 1/2 _ ¢=1/2 . . . .
since § P{z =0 Po;{ , this means it has been normalized twice.
h

In what follows, we fix h and let p € A(J,—p). First assume JL(p) is supercuspidal.
We define a map
redf,h) : Groth(G,,) — Groth(Gp)
as the composition of

re-rg‘:“Lh : Groth(G,,) — Groth(G,_p x G)

and the map ¢, that sends [a ® 8], with a € A(n — h, K) and 3 € A(h, K), to 0 if
a # JL(p), and to 3] otherwise. In other words, redf,h) is the renormalized Jacquet
functor followed by projection on the JL(p)-component in the first variable.

For general p € A(Jn—1), We replace c, in the preceding definition by the map c|,
that sends [a ® 8] to

TI‘(OL) (d’JL(p) ,w) ’ [ﬂ] .
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Here ¢;1,(,),w is a normalized truncated pseudocoefficient for JL(p) given by formula
(A.1.11), relative to a sufficiently large interval w.

In what follows, we fix a level subgroup U" away from w, and write H? (Eg’}z, RY)
for HP(Syp, RID)V”, [H(SSp,RY)] = ¥, (~1)P*9[HE(SYy, RIW)]. For p €
A(Jn—p) we define [¥,_p(p)] by the alternating sum in Theorem 4.3.11, with
g = n — h. The following identity is proved by an elaborate comparison of trace
formulas:

(6.1.2) Theorem
(i) (Second Basic Identity, first version): There is a countable subset A(Jpn—r)sin C
A(Jn—r) such that

(6121)  n[HGwu, RV = @  red[H(AB,*))] © [¥n-n(p)]
PEA(Jn—h)fin

in Groth(G(AY)) x Lp x Wk).

Remark. — Here and below, the action of G,_n X Wk on the right-hand side is
concentrated on the factor [¥,,_x(p)]; the action of Wk on [H(A(B, x))] is ignored.

(ii) The set A(Jn—n)sin can be chosen so that, for any p € A(Jn—n)sn, the inter-
section

A(Jn—n)sin[p] = [p] N A(Jn—n)fin

of A(Jn—n)an with the inertial equivalence class [p] of p, defined as in § 5.5, is a finite
set.

Write A(Jp—n)ain = A2_, [[A,,_,, where A% _, is the subset of p such that JL(p)
is supercuspidal, and A],_, are the others. Write

R = @ redV[H(A(B,*))] ® [Tn_n(p)];

(6.1.2.2) . pELnn -
RM = @ 1ed®[H(AB, )] @ [¥n_n(p)]
PEA,

(iil) (Second Basic Identity, second version): For any p € A(Jn—n)fin, with JL(p)
supercuspidal, we have the following identity in Groth(G(AY) x Ly x Wk):

(6.1.2.3) RO = @ redP[H(A(B,*))] ® [JL(p) ®re(p)""].

PEAS

Here r¢(p)"V' is 7¢(p)¥ twisted by the contribution 1o Nk q, of Q), which we will
simply ignore.
Since we have fixed the level subgroup U" away from w, the countability assertion

in part (i) is just a reformulation of the admissibility of H? (—S-S(,;()), RY) for all p, which
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in turn follows from Lemma 4.4.2. The assertion (ii) is also a consequence of admis-
sibility, since any unramified twist of JL(p) has fixed vectors for the same compact
open subgroups as JL(p).

Given the definitions, (6.1.2.3) is a direct consequence of (6.1.2.1) and Theorem
4.3.11. Now (6.1.2.1) is a more precise version of Lemma 5.2.13.1. But in (5.2) we
have seen a proof of Theorem 4.3.11, assuming Lemma 5.2.13.1. Thus it only remains
to prove (6.1.2.1).

(6.1.3) Remark. — Actually, to prove Lemma 5.2.13.1 it suffices to prove the identity
(6.1.2.1) in Groth(G(AY)) x Ls), i.e. ignoring the Galois action. In §6.3 it will be
shown that (6.1.2.1) in Groth(G(AY¥)) x L4), in conjunction with Theorem 4.3.11 (i)
for g < n, actually suffices to prove (6.1.2.3).

Combining the first and second basic identities, we find:

(6.1.4)
n[H(AB, )] =Y [ 99 Ind§r 1, (red " H(A(B, %)) @ JL(p) ® 14(p)""")]
h PEA]_,
@ o Indg? . (redS [H(A(B, )] ® [Zn—n(p)])-
h PEAL_L
Write

[H(AB, )} = ) _lns] @ [Re(my)]

where [Ry(7)] € Groth(Gal(F/F)). Now recall that two cohomological automorphic
representations of G that agree away from w agree also at w, by strong multiplicity
one for the base change to GL(n). Thus we can factor out the G(AY) representations
and we are left with the following assertion.

(6.1.5) Theorem. — Suppose m = ™ ® my, is an irreducible admissible representation
of G(Ay). Then in Groth(GL(n, K) x Wk) we have

n[mw] @ [Re(ms) |wi]
= (dim Re(7y)) Z n—IndghL((;’)K) n—redf,h)[ww] ® JL(p) @ me(p)V't (=h/2)
h,pe A0 _,

® D ndfr, [red) Homgray) (1, [H(A(B, ))]) ® [¥n_n(p)]]-
h,pe AL _,

Here we define n—redE,h) by replacing re-r°P by the normalized Jaquet functor r°P,
which is just a twist by 5;1/ 2

h
re-r°P by 6;:/ 2 cancels the opposite twist in n-Ind but introduces a new twist in the
second step of the definition of red,, which accounts for the twist by the unramified

character | ® |~#/2, which is the meaning of the final symbol (an easy calculation).

. Similarly, n-Ind is normalized induction. The twist of
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We apply Theorem 6.1.2 here, and in the subsequent applications, with a level
subgroup U™ such that 7U“ # 0. The proof of Theorem 6.1.5 is then very simple.
The point is that

red( [H(A(B, )] = Y ¥ @ red [m,,] ® [Re(ms)],

Tf

where here the term [R;(7y)] is just a vector space without structure: all the Galois
action is on the ry(p)V"*(—h/2)! This explains the dimension factor.

(6.1.6). — As stated in [HT, Theorem V.5.4] the Second Basic Identity is an explicit
expression for the p-contribution to n - [H, (55\2, RW)] for any p, including p € A],_,
The simple form asserted in (6.1.2.3) is only valid for supercuspidal JL(p). The second
summand on the right-hand side of (6.1.5), as in (6.1.4), is made more explicit in [HT,
VII.1.5]. For the cases treated in the present account the crude form presented above
is sufficient.

6.2. Proof of the main theorem, assuming second basic identity. — We
expect that Ry(mf) equals the sum of |ker'(Q,G)| copies (for the different Shimura
varieties in A(B, *) of a fixed representation Ro(7¢) of dimension n; this is equiv-
alent to the conjecture that the representations have multiplicity a(w) = 1. Then
(dim Re(7s)) = n|ker' (Q, G)| and the formula in Theorem 6.1.5 becomes

(6.2.1) 1] ® [Ro(7s) lwi] = ZnIndP () 1-redS? (1) ® IL(p) @ 7e(p) V¥ (—h/2).

To simplify notation, we make the assumption that a(r) = 1. The reader can verify
that, in general, the same a(m) appears on both sides of the formula. The proof of
the main theorem is now just a calculation of n—Indgh"( K) n—redgh)[ww], as h varies.

We know m,, is generic and unitary. Thus there is a parabolic subgroup P = P,

with v = (n1,...,n,), and an r-tuple of discrete series representations 71, ..., 7 such
that
(Split case) Tw =0-Ind$" 71 @ - - @ 7.

As explained in (1.4.5), we restrict our attention to the case where each T; is super-
cuspidal. The general discrete series is treated in § VII.1 of [HT)], and requires an
explicit version of the Second Basic Identity in general, as mentioned in (6.1.6). The
proof in the general case makes use of non-tempered cohomology classes as well as
more precise information, due to Zelevinsky, on the decomposition of induced repre-
sentations.

Warning. — The notation n-Ind and n-red designate normalized induction and re-
striction, respectively, whereas re-r°? denotes RE-normalized restriction!!!

We first recall the following theorem due to Bernstein and Zelevinski:
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(6.2.2) Geometric Lemma (Bernstein-Zelevinski)
[r?}i,Lh (n—Indg" (Tl ®--® Tr))] = Z [n—Inng - Ricv s @ n'Ind}GDIhI Bjevir Tj]'
v=vy ]_[ vrr
Zie"ll 2 =h’
Here P = P,,(K), likewise for P;;. Note that this sum is in the Grothendieck
group; a priori the Jacquet module is not semisimple. This is not a problem for us.

Next, observe that the second summand on the right-hand side of (6.1.5) con-
tributes trivially to (6.2.1). Indeed, by the strong multiplicity one argument already
used, every irreducible constituent in that summand is of the form

Indg:(K) [redf,h)ﬂw ® [Tn—r(p)]]-

where JL(p) is not supercuspidal. By (A.1.4), (A.1.5.iii), the definition of redf,h), and
Lemma 6.2.2, such terms necessarily vanish (more details of the calculation can be
found in the next two paragraphs).

It remains to consider the first (explicit) summand. We have to compute

[n—Indgh"( ) n—redl(,h) nInd$" 1 ® - @ 7).

First, apply the Jacquet functor relative to N°P to n—Ind}G;:" 71 ® -+ ® 7. The result
is described by the Geometric Lemma.

The next step is to project this result on the JL(p)-isotypic component for G,_p.
Our hypothesis that the induced representation ., is irreducible (and unitary) implies,
by the Bernstein-Zelevinski classification of the discrete series [BZ,Z], that the JL(p)-
isotypic component of the term corresponding to v = vy [[ vyy is trivial unless

(i) JL(p) is supercuspidal, and

(ii) vy is a single element <.

In other words, projection on JL(p) picks out those n; = n — h and those 7; =
JL(p)V. Thus, letting v* = (n1,...,7,...,n,). we have

(6.2.3) [nred n-lndfr m @ - @7 = Y [nIndE" ®jeuiTy]
ni——-n—h
Ti=JL(p)

Now comparing this with our original formula, and using transitivity of induction
(first from Gp_p, X P,i to Ly, then from P, to G,) we have
(6.24) [mu]®[Ro(ms) wicl =Y. 3 [n—Indg" IL(p)® @ rj] ®re(p)"" (=h/2).

h,p n;=n—h jev

Ti=JL(p)

But each term on the right hand side of (6.2.4) is of the form [my,] ® re(p)¥"'(—h/2)
where [m,] is fixed, p runs through the 7; and each 7; occurs once (for n — h = n;).
Thus we can cancel the [m,] from both sides and obtain

(6.2.5) [Ro(7s) |wic] = Z”(Ti)v'l(m 2_ n)
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If we define

ni—n
(6.2.6) re(mw) = @ re(ri)V (T)
then we conclude

(6.2.7) [Ro(m5) lwic) = [re(m)] ® (%0 Nl )

where for a change I put back the contribution of Q. This is the main theorem I
announced in my first lecture, under the hypotheses of (1.4.5).

The remainder of the course will therefore be devoted to proving the Second
Basic Identity. The proof is a comparison of the Lefschetz trace formula, in Fuji-
wara’s version, for the action of Hecke operators on the vanishing cycle cohomology
[HC(.S’EZ()J, RY)), with Arthur’s version (5.4.2) of the cohomological trace formula.

To make these notes more readable, we will often proceed as if we already knew
the local Theorem 4.3.11. The reader will check that this hypothesis is only used in
the counting argument in determining the local terms in the trace formula in (7.5).
At that point, as well as at other crucial points along the way, the calculation will be
presented in two forms, labeled “pre (4.3.11)” and “post (4.3.11)”.

6.3. Overview of the point counting argument. — Point counting, which in
our situation is really representation counting, has two components. The first is the
partition of points among isogeny classes. This can be done to various degrees of
refinement. We have already seen that an isogeny class, as point set with group
action, looks like
LYy % (L (Q\G(A) ™))/ T

For general Shimura varieties, the term M;{_ h, 18 replaced by something much more
complicated coming from Dieudonné theory, and we are fortunate that in our special
case the Dieudonné theory gives something of dimension zero, which is in fact a
homogeneous space for J,_p r. We will factor off the G}, term for simplicity. The first
problem is to determine how many times the same set comes up. As we have seen for
supersingular isogeny classes, this turns out to be a problem in Galois cohomology,
and the answer, obtained by Kottwitz for general PEL type Shimura varieties at
unramified places, is completely analogous to the problem of counting the number of
Shimura varieties in the overall moduli problem: it is | ker'(Q, I,;)|. This takes rather
a long time to establish, and the proof is expressed in terms of hermitian forms on V
regarded as a module over B ®fr M, where M is morally the extension of F' generated
by Frobenius acting on A,. Obviously such arguments cannot be extended to general
Shimura varieties, and the solution was found by Langlands and Rapoport: instead
of isogeny classes, they work with isomorphism classes of motives with additional
structure. Since the theory of motives is mostly conjectural, their conjectures require
further conjectures (Tate conjecture, standard conjectures for ¢-adic cohomology) to
make sense; however, for PEL types, they seem to be largely established (Milne).
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Milne’s article [Mi2] is a clear introduction to the Langlands-Rapoport conjectures,
and formulates their extension to the case where the derived group is non-simply
connected. His article includes statements of the main results of Langlands-Rapoport
but not complete proofs in all cases.

Once the isogeny classes have been determined, the Lefschetz formula, insofar as
it is valid, calculates the trace of a Hecke operator on cohomology (with compact
support) as a sum of local terms; this is the meaning of “counting points”. It was
first observed by Ihara, in the case of GL(2), that the local term corresponding to an
isogeny class can be expressed in terms of orbital integrals. In Kottwitz’ formulation,
the goal is to compute the zeta function, and for this he needs to count points over
individual finite fields Fyr, where ¢ = |k(w)|. The p-adic contribution is then a twisted
orbital integral of a certain explicit function on G(K, ), where K, /K is the unramified
extension of degree r. In our approach, the Galois representation is entirely contained
in the vanishing cycles, and the number of times a specific Galois representation occurs
is determined as a sum of local multiplicities over all fixed points of the Hecke operator
over F. The result is a sum of orbital integrals, indexed by elements of I,(Q) as
varies. It remains to solve new problems in Galois cohomology to relate these orbital
integrals to orbital integrals of elements of G(Q). Since the orbital integrals are purely
local, it is reasonable to classify these elements up to I(A)-conjugacy, resp. G(A)-
conjugacy; this is one sort of Galois cohomology problem. The next problem is to
relate the two sets, especially to determine how many I;(Q) can give rise to a given
v € G(Q) up to G(A)-conjugacy.

Kottwitz” Ann Arbor article is predicated upon taking the calculation one step
further, classifying the contributions up to stable conjugacy (which is G(Q)-conjugacy
in our setting). His articles on the subject are designed to fit into the development of
the stable trace formula, and show how the stabilization of the trace formula, combined
with his point counting, would completely determine the zeta functions of Shimura
varieties (at least when there is no boundary). However, this turns out not to be
necessary in our situation. We make only one explicit reference to the vanishing of the
cohomological groups measuring obstruction to stability (the “endoscopic character
groups”) for our specific G; this is what leads Kottwitz to call these “simple Shimura
varieties,” and what allowed Clozel to attach Galois representations to automorphic
representations of GL(n). We also make two indirect references to the same fact. It is
not clear to me whether one can still obtain a theory of bad reduction when endoscopy
is present.

(6.3.1) Lemma. — Let m € Ao(n— h, K), and define R*¥[r] to be the subsheaf of R*¥
on which the action of Gn_p belongs to the inertial equivalence class of w¥. Then

(i) For all i R*VU[r] is a pro-constructible sheaf on ?5\2, indeed is isomorphic to
7 ® R'U, where R*WV, is constructible. Moreover,

(ii) RU[n] =0 fori#n—h—1;

(iii) The stalks of R"~P=1W[r] are isotypic for the inertial equivalence class of
p = JL(w) € A(J).
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Proof — Fix an open compact subgroup U C G,_p such that 7V # {0}, Now the
subsheaves of U-invariant vanishing cycles R*WYU C R*U are constructible, hence
for any near equivalence class [r] of representations of G,_p, the subsheaf R*WY|r]
defined stalkwise as in (5.5.12) by the corresponding action of the Hecke algebra
H(G'//U), where G! is the kernel of the character |det |, is a constructible sheaf.
But then (ii) and (iii) follow from (5.1.7) and Proposition 5.2.18 (i.e., Theorem 4.3.11
(i)). O

One of the main results of [HT] is that the stalkwise decomposition (5.5.2) extends,
via the identification (5.5.4), to to a decomposition

R'Y = ®p)ela)(sn_n RY[0]

—(h .
of lisse sheaves on SE\,I()) One of the purposes of the present notes was to prove the main
results without reference to this global decomposition, which depends on a difficult
theorem of Berkovich proved in the appendix to [HT]. Lemma 6.3.1 allows us to

assert that, for any geometric point z € §MO,
(6.3.2) R"U[r], C R',[JL(7))

where the left-hand side is defined above and the right hand side is as in (5.5.4).
Once we know (6.1.2.1) we will be able to apply Theorem 5.2.13, which implies that
the inclusion in (6.3.2) becomes a (virtual) equality upon taking the alternating sum
over i. In the absence of a complete determination of the individual W%, h,zolP) for
any p, this is the best we can do.

However, Lemma 6.3.1 does provide an important reduction:

(6.3.3) Proposition. — Assume Theorem 4.3.11 (i) for g <mn. Let m € Ag(n — h, K),
for h 21, p=JL(w). Then as a virtual module for Wk, [Hc(§§\'}3, RY)|[n] is isotypic
for re(p)Vot.

Remark. — As in §5.2, the hypothesis concerning Theorem 4.3.11 (i) follows from
(6.1.2.1) applied to smaller Shimura varieties of the same type; i.e., to A(B, ) with
dim B < n2?. The case g = 1 follows without further ado from the compatibility
between local and global class field theory for CM fields.

Proof. — By Lemma 6.3.1 we can rewrite

[H.(S\), RY)|[x] = [Ho(SSy), RU[x])] = [H.(Syr, R W[x])].

It then follows from (6.3.1)(iii) and (5.5.4) (which depends on Theorem 4.3.11 (i))
that [Hc(gg\},;c)',R"_h_l\Il)][w] is at least isotypic for the inertial equivalence class of
re(p)"t.

Since R"~"~1W¥[r] is constructible for any open, _55\2 can be written as a dis-
joint union of locally closed subvarieties X;, on each of which R*~"~1W[n] is lisse.

g(h)

By dévissage — we are working in the Grothendieck group — we may replace Sy,
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in the statement by any of the X;, say X. Over a pro-étale Galois cover Y of X,
R"~h=1¥[n] is isomorphic to a constant sheaf with fiber at any point z isotypic for
the inertial equivalence class of 7, and the covering group of Y over X commutes
with the action of G,,—r X Wk. On the other hand, by (6.3.2) this fiber is contained
in the supercuspidal part of R"~"~1W,[p] which, by (5.5.12), is Eo-equivariantly iso-
morphic to (U731 o[p]. Let I(p) C Ix denote a subgroup of finite index acting

trivially on (‘I’Z,_,}_Lﬁ‘lzo)o[P]- It then follows tautologically that the fiber of the pull-
back to Y is isotypic for subquotients of the action of the Hecke algebra (double
coset algebra) H(Zo//U x I(p)) on (\IJZ’;’_",;IIO)O[p] Applying the Hochschild-Serre
spectral sequence for the covering Y of X, it follows that [H (X, R*~?~1¥)|[x], and
hence [Hc(§§f}i, R "=10)][r], is again H(Zo//U x I(p))-isotypic for subquotients of
(¥ mo)olP]

Since this action is semisimple (¢f. (5.5.12)), we can replace the word “subquotients”

by “quotients”. Then by Frobenius reciprocity, applied to c-Indgox Wk (), the action

of the Hecke algebra H(G//U x Wk /I()) on [HC(§§(}3,, R P=1W)(r]] is isotypic for

quotients of the fundamental local representation. The proposition then follows from
Theorem 4.3.11 forg=n—-—h—-1<n. ]

Thus the Second Basic Identity (6.1.2.3) is equivalent to the identity
=(h)
(6.3.4) (post 4.3.11) n - [Ho(Spp,, RY)], = (n — k) - redM H(A(B, %))

in Groth(G(A¥) x Gy), for all p € A(Jn—p)fin- Here the n — h on the right-hand
side comes from forgetting the n — h-dimensional representation r¢(p)V'* of Wk.
Corresponding to the version (6.1.2.1), we just have

(6.3.4) (pre 4.3.11) n-[Hy(S4y, RY)]

= @ redM[H(A(B,*)]® [¥n-n(p)] € Groth(G(AY)) x Gn);
PEA(Jn—h)fin
this is identical to (6.1.2.1), except that we are ignoring the Galois action. The latter
form is (more or less) the form in which it is proved in [HT], and in which it will be
proved in §7, below.

6.4. Honda-Tate theory. — I begin by recalling the Honda-Tate classification of
isogeny classes of abelian varieties with B-action over F. Proofs can be found in [Ta].
In what follows, a CM field will be either a totally real field or a totally imaginary
quadratic extension of a totally real field. As usual, ¢ denotes complex conjugation.
By Tate’s theorem on isogenies of abelian varieties over finite fields, we know that,
up to isogeny, an abelian variety A over F is determined by its Frobenius endomor-
phism m4 : A — A, where A is defined over some F, and 74 is the g-th power of
Frob : A — A®) . Since A is also defined over any extension of F,, m4 is only well-
defined up to powers; i.e., in the group @x /oo, Where o, denotes roots of 1. But we
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also know that 74 is a g-number: it generates a CM field (or a totally real field), it
is a unit away from p, all its complex absolute values equal ¢'/2. So 7% /q is a p-unit
all of whose complex absolute values = 1. It is thus completely determined, up to
roots of unity, by its p-adic valuations. Moreover, by Honda, every 74 is obtained (by
reducing abelian varieties with CM). This justifies the following definition:

(6.4.1) Definition. — Let M be a CM field, and let Q[Pars] be the Q-vector space with
basis the places of M above p. For any fractional ideal I C M, we let [I] =3_,, v(I)-
v € Q[PBum]- A p-adic type for M is ann € Q[Pa] such that n+c«(n) = [p]. Two pairs
(M,n) and (M',n) are isomorphic if there is an isomorphism of fields M — M’
taking n ton'.

A finite extension of CM fields i : M — N induces maps in both directions

iv s Q[Pum] — QPn); *QPN] — Q[Pu].

via ix(v) = 32,0, €vjuV's (V) = foov if v = v’ |m. Let ~ denote the equiva-
lence relation on pairs (M,n) generated by (M,n) ~ (N,i.n). A p-adic type is an
equivalence class of (M, n).

(6.4.2) Exercise. — FEvery p-adic type has a unique minimal representative, up to iso-
morphism.

If ¢ = p" and = is a g-number, let b(7) be the p-adic type equivalent to (Q(w), %[71'])
Because 7 is determined (mod roots of unity) by [x], it is easy to see that any suffi-
ciently divisible power of = generates the minimal representative of b(w). In partic-
ular, b(7) is independent of r, provided r is sufficiently divisible (i.e., provided F, is
sufficiently big). The preceding discussion shows that

(6.4.3) Theorem (Honda-Tate, [Ta]). — There is an equivalence between p-adic types
and isogeny classes of simple abelian varieties over F.

Moreover, we can determine the invariants of Ay as follows. Let b be a p-adic type
with minimal representative (M, n). Then:

(6.4.3.1) End®(Ap) is the division algebra with center M and invariants 3 at real
primes, 0 at finite primes away from p, and 7, f,/, for v dividing p;
(6.4.3.2) dim Ap = [M : Q][End’(As) : M]*/?
(6.4.3.3) For any v | p, Ap[v™] is a p-divisible group of height [M, : Q,][End®(4s) :
M]*/? and its Dieudonné module is isoclinic with slope 7, /e, /p-

The fact that the minimal M = Q[r4] is the center of End’(4) — note that these
are endomorphisms over F — follows from Tate’s theorem that 74 generates the center

of End®(A) [Ta] and our choice of 7 4 over the field with p” elements, with r sufficiently
divisible.
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There is a similar theory for isogeny classes of simple abelian varieties with F'-
action, for some CM field F. In this case, M runs through CM fields containing F,
and equivalence is defined via equivalence of embeddings over F'. A p-adic type over F
is an F-equivalence class of p-adic types (M, n) for CM fields M containing F'. Again
each p-adic type over F' has a unique minimal representative.

(6.4.4). — Now let B be a central division algebra over F'. We now consider the
category of pairs (A4,7) up to isogeny, with A an abelian variety over F and ¢ : B —
Endo(A). This category has simple objects, and Kottwitz has shown a version of
Morita equivalence: the simple objects (not necessarily simple abelian varieties!) are
in bijection with p-adic types over F. Let b be a p-adic type over F' with minimal
representative (M, n), and let (Ap, %) denote the corresponding simple object in the
category of abelian varieties up to isogeny with B-action. Then:
(6.4.4.1) End®(Ap) is the division algebra with center M and invariants 1 —inv,(B®F
M) if v is real, — inv, (B ®p M) at finite primes away from p, and n, f,,/p — inv, (B®F
M) for v dividing p;
(6.4.4.2) dim Ay = in - [M : Q] - [End}(As) : M]'/?
(6.4.4.3) For any v | p, Ap[v™] is a p-divisible group of height [M,, : Q] [B : F]*/?
[End®(Ap) : M]'/2 and its Dieudonné module is isoclinic with slope 7 /€, p-

Henceforward we fix an h € 0,...,n — 1. The goal is to classify isogeny classes
[z] C g(h)(]F). The first step is to classify isogeny classes of pairs (A4, ) as above with
the right divisible O,-modules for all v dividing p; say (A,%) is of type h. We may
assume (A,7) = (Ap,ip) with minimal representative (M,n) as above. Let (A4',7)
be a simple factor, ¢’ = End}(A’); it is a central M-algebra by minimality. Recall
that B is chosen to be a division algebra at some finite place v other than w. Up to
replacing v by v¢ (if v divides p), we may assume A[v™°] is an étale p-divisible group,
by our standing Lie algebra hypothesis. Hence for any place v’ of M above v, 1,y =0,
hence

inv, (C') = —invy (By) = —[My : F,)inv, B.
Since C’ is a division algebra, [C’ M]Y/? is at least the denominator of
—[My : Fy]inv, B, and since B, is a division algebra, the denominator of inv, B
equals n. So
[C": M] > (n/[My : F])* > n?/[M : FI*;
2

1
dim A’ = gn M Q[C": QY% > [F* : QJn? = dim 4,
where the first equality is (6.4.4.2). Hence

(6.4.5) Lemma. — (A,1) is a simple object in the category of abelian varieties with
B-action. Moreover, if C = End%(A), then n = [M : F][C : M]'/2.

The last assertion just follows from equality in the above calculation, since C = C’.
The simplicity is very important: it implies that we only have to consider fields, not
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products of fields, in classifying isogeny classes.. It is a reflection of the fact that G
has no endoscopy.

More generally, the p-adic type n is completely determined by h and the Lie algebra
condition. We have 1, = 0 if v is a place of M dividing » but not w; and this
determines n,c. Moreover, A[w™]° is a simple object in the category of p-divisible
groups with B,, = M (n, K) action. Its endomorphism algebra is just D,,_;. Hence the
action of M,, on A[w™]° comes from a unique divisor @ of w in M. Thus A[w>]° =
A[w®]? is an isoclinic formal group equal to n copies of a formal group of height
(n — h)[K : Qp], hence has height n[K : Qp](n — k), which by Honda-Tate (6.4.4.3)
equals

[Mg : Qpl[B : FI'*[C: M]'/? = n[K : Q))[Mg : K][C : M]'/?;
ie.
(6.4.6) n—h=[Mg: K][C: M]'/2.
Combining this with the lemma, we find
(6.4.7) (n—h)[M : F] = n[Mg : K].

Moreover, for v # w dividing w, A[v®°] is again étale. Next
(6.4.8) Lemma. — M embeds over F in B (or in B°P).

Proof. — We consider the invariants of C' at places v of M. For finite v not dividing
w or w¢, A[v*°] is either étale or multiplicative, hence we have inv,(C) = —inv,(Byy).
Since M embeds in C, M embeds in B at such a v. But B splits at w and w®, so
there is no condition. Since M is a CM field, it also embeds at R. O

Finally, we obtain the following result:

(6.4.9) Lemma. — There is a bijection betwen isogeny classes of pairs (A,i) of type h
and pairs (M, w) where M/F is a CM extension that embeds over F in B, W is a
place of M above w such that (n— h)[M : F] = n[Mg : K], and (M, w) is minimal in
the sense that there is no intermediate field M D N D F' such that W is inert over N.

Two comments are necessary. First, the minimality of the pair (M,n) translates
into minimality of w, since 7 is nonzero only for w and w°. Next, the construction of
(A,i) from (M, w) follows the obvious recipe. We define the p-adic type (M,n) over
F with

(6.4.10) Nw = eﬁ/w/((n - h)fw/p)§ m=0ifv|u, v#w.

This determines 7 uniquely, and one checks that the corresponding (4, 7) is of type h.
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6.5. Polarized Honda-Tate theory, following Kottwitz. — That was the easy
part. The hard part is counting polarizations.

(6.5.1) Proposition. — Suppose (A, i) corresponds to (M,w). Then there exists a po-
larisation Ao : A — AV whose Rosati involution stabilizes B ® M and induces * ® c,
and a finitely generated B @ M module Wy with x X c-hermitian alternating pairing
(, Yo : Wo @ Wy — Q, such that there are

(1) An isomorphism of B® M ®F AY-modules

Wo® A} — V¥(A)
taking (, )o to an A% -multiple of the Weil pairing induced by Ao, and
(2) An isomorphism Wor — Vi of Br-modules taking (, )o to an R* multiple of
the standard pairing (,) on WR.

Recall that this means in particular that the signatures of (, )o are (1,n—1) at 7o
and so on.

The existence of such an embedding (a #-embedding of M in B°P) is proved
following Kottwitz [K5, Lemma 14.1] (originally Zink [Zi, §4.4]). The main step
is to show that (A, ) lifts to a CM point of A(B, *). This follows from compatibility
of the polarization with the F' action, and the condition on dimension of eigenspaces
for different p-adic embeddings of F'.

Let #o be the involution on B°? = Endg(W)s) induced by the pairing (, )o, Go =
GU (Wy, #0). Here and elsewhere, GU denotes the Q-similitude group. Then we have
seen Gy is isomorphic locally to G at all places except possibly p; but since p splits
in E, one sees Gy is locally isomorphic to G everywhere. So we may as well replace
Gy by G (or vice versa), since our starting point is A(B, *) rather than S(G, X). Let
¢o € H'(Q, G) denote the class of the difference between the polarized modules Wy
and V.

We only consider pairs (A4,¢) admitting prime-to-w level structures, i.e. isomor-
phisms

Ve AY = V*(A)
as B ®p A¥-modules, compatible with the polarizations as before. In particular, the
x-hermitian B-modules W, and V are isomorphic at all primes except possibly w; but
since w is split they are isomorphic as well. We have seen that our points lift to CM
points on one of the Shimura varieties S*(B, *), hence, after changing the polarization
(in characteristic zero) we can assume (W, #0) = (V,#). This hypothesis simplifies
the following discussion. In particular, ¢o = 0.

Let D = Endpgm(V), so D = Centpor(M), and let Gi;; C D be the unitary
similitude group of (D,#). Thus G[;; C G. Let *[;; be the Rosati involution on
C = Aut(Ag,iz), and let Iy = Aut((Ag,iz, Az)) = GU(C,*[z)). Then I}, and
G[z) are inner forms of each other; indeed they are locally isomorphic everywhere
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except p and 0o, because WA:} and VP(A,) are isomorphic as x®c-hermitian B M(A’})—
modules, by the proposition. However, they are not isomorphic; in particular, Ij;) r
is anisotropic.

What are the equivalence classes of pairs (V' (,)’) where V' is a Bp-module and
(,)' is a * ® c-hermitian Q-alternating form such that

(6.5.2) (V',(,)") is equivalent to (V,(,))

as #-hermitian B-modules? On the one hand, the equivalence classes of pairs (V, (,)’)
without condition corresponds to ¢, € H'(Q,G,); the condition (6.5.2) means
¢, maps to 0 € H}(Q,G). So the set is in bijection with the kernel of the map
H'(Q,Gly)) — HY(Q,G). We call this set H'(Q, G[;)(0). On the other hand, this
set is also in bijection with the set of F-embeddings j : M — B°P such that #0j = joc,
up to G(Q)-conjugation, where j goes to the B ® B°P-module (V, (,)) considered as
Bjps-module via j. This is where Galois cohomology enters the picture. We call j a
#-embedding.

6.6. Adelic partial stabilization. — Ideally one would like to consider #-
embeddings j : M — B°P up to G(Q)-conjugacy; this would lead to a stable formula,
in the point count. This is even possible in the present situation, but it is not
necessary; it’s enough to consider #-embeddings up to G(A)-conjugacy.

(6.6.1) Lemma. — The bijection above induces a bijection between
(1) G(A%)-conjugacy classes of #-embeddings j : M — B°P;
(2) The kernel HY(Q, G(5)(A%))(0) of the map

H'(Q, Gz)(4})) — H'(Q,G(AY)).

Proof. — 1t is clear from the preceding that elements of (1) correspond one-to-one to
the images z € H'(Q, G|y (Xf«)) of elements y € H*(Q, G[4})(0). So we must show
that the restriction to kernels of the localization map

H'(Q,Gj5))(0) — HY(Q, G5 (A%))(0)

is surjective.
Now it follows from [K2, Prop. 2.6] that there is a commutative diagram with exact
rOws:

0 — ker'(Q, Gr)) — HY(Q, Gly) Lm HQ, G (A)) — A(Ga)

(6.6.2) | | | l

0 — ker' (Q, @) —— HY(Q, G) —— H(Q, G(A)) —— A(G)

The group A(G) is what Labesse, in [L], calls H},(A/Q, G), this at least makes the
sequence plausible. We need to show that ker(f) maps onto ker(g). This follows by
simple diagram chase, once we show that (a) ker!(Q, G [2]) — ker! (Q, G) is surjective,
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which follows from surjectivity of ker'(Q, Zg) — ker'(Q, G) since the center Zg C
Glq), and (b) A(Gl,)) — A(G) is injective, which follows from a computation. In
fact both equal 0 if n[F* : Q] is odd and both are Z/2Z if n[F'* : Q] is even and
the natural map is the identity. (To compute A(G): it is the Pontryagin dual of
m0(Z(G)%@/).) O

That is the calculation on the G|, side. There is an analogous computation on the
Iy side. First,

(6.6.3) Lemma. — The following five sets are equivalent:

(1) Equivalence classes of polarizations A of A, whose Rosati involution stabilizes
By and acts as x ® ¢, where A ~ X if there are § € C* and p € QF, such that
N = udvVd.

(2) Equivalence classes of non-zero #(q)-fived totally positive elements v € C (thus
v = §#18 over Cr), where equivalence is given by the equation v/ = pé#t=1v§. (We
have already seen this equivalence in the supersingular case, via ¥ — Ag ©7.)

(3) Same as (2), but where « is either totally positive or totally negative, and where
peQx.

(4) ker[H (B/Q, Iy (E)) — H'(C/R, Iy (©))].

(5) ker[H (Q, I;yp) — H'(R, I 1))

Sketch of proof. — The last two are equivalent because, over E, I is a product of
inner twists of GL(r)’s, hence has no cohomology. The map from (3) to (4) takes v
to the value of a cocycle on ¢, bearing in mind that I;;)(E) = C* x Q* and that ¢
acts on Ij,)(E) by sending (v, u) to (u(y)#==1, ). d

Thus there is a bijection between

(1) Equivalence classes of polarizations A on A; whose Rosati involution stabilizes
By and acts as * ® ¢, and for which there is a prime-to-p-level structure compatible
with the polarizations, and

(2) ker[H(Q, L)) = H'(R, Iy )INH(Q, I (A7) (0) where H (@, Iy (A7) (0) =
H'(Q, Gy (XI;))(O) via the isomorphism Ij;) 47 - Gloyaz:

Say X\ and )\ are nearly equivalent if they are equivalent over A’;.

(6.6.4) Lemma. — There are bijections between the following sets

(1) Near equivalence classes of polarizations A on Ay whose Rosati involution sta-
bilizes Bpyr and acts as x ® ¢, and for which there is a prime-to-p-level structure
compatible with the polarizations

(2) B\ (Q, Iy (A2))(0)

3) G(A?)-conjugacy classes of #-embeddings j : M — B°P

Proof. — We have already seen bijections between (2) and (3), and (1) is in bijection
with the intersection of (2) with ker[H'(Q, Ij}) — H'(R, Ijy}). So we have to show
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that (2) is contained in ker[H(Q,Ij;)) — H'(R,Ij5). This is another calculation
with the exact sequence

Hl(Qa I[z]) - Hl(Qa I[z](z)) = HI(Q’ I[z](zz})) S Hl(Rv I[a:]) S A(I[z])v

indeed, the local term at p is trivial, because p splits in E, hence I} is locally at p
isomorphic to a product of GL(r)’s, as in the proof of Lemma 6.6.3. 0O

(6.6.5) Definition. — A polarized Hodge type of type h (for B,x) is a triple (M, w, [j])
where (M, W) is a Hodge type of type h and [j] is a G(A?)-conjugacy class of #-
embeddings j : M — B°P.

The above lemmas show that there is a surjective map from the set of isogeny
classes [2] = [(Az, iz, Az)] to the set PHT®) of polarized Hodge types of type h.

(6.6.6) Lemma. — Let [x] be an isogeny class. The fiber of this map over the image
of [x] consists of ker' (Q, Iy)) isogeny classes.

Proof. — The fiber is the set of equivalence classes in the near equivalence class. Re-
call that equivalence classes are identified with the set of elements of ker[H!(Q, I, [z]) =
H'(R, Ij;))] whose localization in A lies in

HY(Q, Ii)(A%))(0) = ker[H*(Q, Gz (A})) — H'(Q, G(AF))].

Two equivalence classes are nearly equivalent if they map to the same element of
HY(Q, I} (:41;))(0) But since they are already map to zero in H*(R, Ij,})], and since
(as in the proof of Lemma 6.6.4) there is no cohomology at p, we can say they differ
by an element of ker!(Q, Ii;)). On the other hand, ker! (Q, Ig)) is a finite group (it
can be identified with the image of ker' (Q, Z I.))> @s before, for instance) that acts
faithfully on H'(Q, I,}), so the cardinality is as indicated. O

Recall the fixed complex embedding 7 of F. If z = (M,w,[j]) € PHT™ and
j € [4], there is a unique distinguished 7p of 79 to M — except in the case of GU(2)
over an imaginary quadratic field, which we have deliberately excluded — defined as
follows: the embedding j endows V with a structure of *®c-hermitian Bjs(R)-module,
denoted V;. This gives a set of signatures (a,, by) for every real embedding o of M*.
For only one such &y is this signature indefinite, it restricts to our chosen og on F't,
and we let Tp = 7o(j) be its extension to M lifting 75. (Think of breaking up V;,
under the action of M ® ., C. It has [M : F] constituents and only one of them can
be indefinite.)

Now if 4,5 € [j] with To(j) = To(j’), then the * ® c-hermitian Bjs(R)-modules
V;(R), Vj(R) are isomorphic. Since these are the same real vector space, the isomor-
phism can be realized by conjugation in G(R). On the other hand, the fact that j
and j’ are in the same G(A%)-conjugacy class means that V;(A%) — V;:(A%) (with
their hermitian forms); and at p there is no possible difference. In the end, we have
isomorphisms Gj 4 — G/ 4o where G, is the unitary similitude group of V;, and
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this isomorphism is canonical up to G 4-conjugation. Note that G is realized as a
subgroup of G (the commutant of j(M*) N G).

(6.6.7) Lemma

(1) The map j — To(j) is surjective.

(2) If 7o(§) = To(j') then the isomorphism Gj o — Gj 4 comes from an isomor-
phism over Q.

Proof. — Part (1) comes from the same diagram chase as before; we find that the
possible spaces V; ® R are in bijection with the set ker[H(R, G;) — H!(R,G)] which
correspond precisely to the extensions of 79 to M. As for (2), the point is that the
map ker! (Q, Zg,;) — kerl(Q, G;) is an isomorphism. This proves in a standard way
that the cocycle measuring difference between the hermitian vector spaces V; and
Vj» defines a trivial inner twist of the groups, and a similar cohomology calculation
shows that the given isomorphism over A can be modified to give an isomorphism
over Q. O

It remains to carry out a similar analysis for the groups I[;). The result is

(6.6.8) Lemma. — Suppose [x] and [z'] are two isogeny classes with the same image
z € PHT™ . Then the groups Ijz) and Ijz) are Q-isomorphic, and the isomorphism
can be chosen compatible with the isomorphisms Iiz)(A}) — G;(A}) — Ij)(A%).

The proof is completely analogous to that of Lemma 6.6.7, but simpler in that
there is no possible difference at the real places: both I|;) and I}/ are R-anisotropic
(modulo the center).

Let I, = Ij for any isogeny class [z] lying over z € PH T, Fix a level subgroup
Uk c G(AY) x Gn x Q) (as always, the factor in Q, is Z;. We thus have a
complete description of the F-points of —S_(h):

—(h v » | ker! (Q.1:)|
669) Sypyun® =TT (Faons x L@NGD/UM)/T-nq) .
z€PHT ()

This decomposition is compatible with the action of Frobenius (on the pro-discrete
set J\;In_h,Jr, and it factors through a finite Galois group), and of the Hecke algebra
of G(A}”) X Lyp—pn X Q. Here Ln_pn = Gn-p X G acts as follows: G, acts on
Mn_h,_,. on the first factor, whereas G, acts on the G _factor. This action of Ly _wpn
commutes with J,_p 4.

We are now almost ready to count points.

7. Comparison of trace formulas

7.1. Counting transfers from I,(Q) to G(Q), following Kottwitz. — We want
to determine the trace of the representation of G (A}”) X Lp—p h,+ on the cohomology
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[Hc(gg,;g, RY)]. Recall the description from the last time:
ker! (Q,I,
S® = 1 (s x @\ dnns) 7
2€PHT(M)
We will treat the étale (G,) part of the level structure on the p-divisible group together
with the prime-to-w-level structures.

As in Clozel’s course, one uses a version of the Grothendieck-Lefschetz trace for-
mula to calculate the trace as a sum over contributions of fixed points. Because we
are dealing with cohomology with compact support, we need the formula proved by
Fujiwara; in particular, we can only use Hecke operators that incorporate Frobenius.
Because we have already determined the stalks of R¥, the Galois representation will
come along for free.

First, we work out the cohomological formalism for transferring conjugacy classes
from I,(Q) to G(Q), up to adelic conjugation. Recall that we are always excluding
the case F* = Q, n = 2. We begin with some definitions.

(7.1.1) Definition. — An element j = (jn—h,Jjn) € Jn—n,n is h-regular if the p-adic
valuation of every eigenvalue of jn—p is strictly less than the p-adic valuation of every
eigenvalue of jn (i.e. |jn—n| > |jn|). An element v € I,(Q) is h-regular if its image
in Jp—n,n 15 h-regular.

Note that h-regularity is a property of conjugacy classes. The same definition can
be made for g = (gn—h,gn) € Ln—n,r C Gr. In that case, the parabolic associated to
g (the expanding parabolic) is contained in P,”. We return to this later. An element
is very h-regular if the difference in p-adic valuations is > N for some large integer
N determined by the problem.

(7.1.2) Lemma. — Let «y € I,(Q) be h-regular, with z = (M, w, [§]). Then F(y) D M.

This is a simple argument with ramification groups of primes of F'(vy) above w, and
uses the minimality of M, and is related to (7.3.4) below. See Lemma V.2.2 of [HT]
for details.

Since I,(R) is anisotropic modulo center, every element of I,(Q) is elliptic; in
particular, is semisimple. However, they are not necessarily regular. One could restrict
attention to regular elements by using a trick due to Labesse, but this trick only works
for forms of GL(n). Thus we work out the general case. The following analysis is
based on Kottwitz’ article [K2]

(7.1.3) Lemma. — Let v € I,(Q). The number of I,(Q)-conjugacy classes in the
I,(A)-conjugacy class of v equals | ker' (Q, Zr,(7))|/| ker* (Q, L.)|.

Proof. — If v and +' € I,(Q) are conjugate over A, their centralizers in I, are inner
forms of one another that become isomorphic over A. In this way one sees that the

SOCIETE MATHEMATIQUE DE FRANCE 2005



110 M. HARRIS

number is the cardinality of
ker[ker' (Q, Z1, (7)) — ker (Q, I.)].

The Lemma follows from the surjectivity of this map, which follows from the fact
(already used in §6.6) that

kerl (Qa ZIz) — kerl(Q, Iz)

is an isomorphism, and likewise for Zy, (). O

Recall that the group I, depends only on z (up to isomorphism and G("(A)-
conjugacy), whereas the inner forms G|,) C G depend also on the choice of an exten-
sion Ty of 79 to M (up to isomorphism and G(A)-conjugacy). We let G, 7, denote
this Q-group.

(7.1.4). — Now we discuss transfer from I, to G, 7, to G. Note that we can discuss
h-regular elements in G, 7 (Q), since it comes with an embedding in Ly n,_p at w.
Consider the following three sets:

(7.1.4.1) The set Z() of pairs (z,[a]) where 2 € PHT® and [a] is an h-regular
I,(A)-conjugacy class in I,(Q).

(7.1.4.2) The set G of triples (2,70, [y]) where z = (M, w, [j]) € PHT®, 7, is as
above, and [v] is an h-regular G, 7 (A)-conjugacy class in G, 7, (Q) that is R-elliptic
and has elliptic image in G,—p C Lp—p.

(7.1.4.3) The set FP" of equivalence classes of pairs (7, w) where v € G(Q) is an
h-regular R-elliptic element and where w is a place of F(y) above w such that

(7.1.4.4) (n—h)[F(y): F] =n[F(v)a : Fu].

The pairs (v, w) and (7', w’) are equivalent if v and ' are conjugate by an element
of G(A) inducing an isomorphism F(7), — F(v'), identifying w with @'.

Note that M has disappeared from (7.1.4.3). The decomposition into isogeny
classes gives us elements as in (7.1.4.1), and we want to get to (7.1.4.3). Note also
that elements of (7.4.1.3) can embed in G(*)(A), as follows: The embedding of G(Q)
in G(A’}) is obvious. To get embeddings at primes other than w dividing p, embed
G(Q) in G(Qp), then project as in (2.4.1) on the factors other than w. Finally, to
obtain an embedding in J,,_x X G}, it suffices to show that the field F(y)g embeds
in D, _p, and this follows from the equality of degrees (7.1.4.4).

Recall that the group G, 7 comes with an embedding in G.

(7.1.5) Lemma. — The map G — FP®) | sending (2,70, [7]) with z = (M, @, [j]) to
(v,w"), where @' is the unique place of M(y) = F(v) above the place w of M, is a
bijection.

Proof. — First note that v being h-regular, M (vy) = F(v). The G,_p-ellipticity im-
plies that F(v) ®y Mg is a field, hence that @' exists. Let (v,@) € FP™), and let
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M C F(v) be the minimal subfield containing F' for which @ is inert from M to F(v).
(The existence of such an M is left as an exercise). Then (M, w) is a Honda-Tate pa-
rameter. To obtain the polarization, let j : M — B°P be the tautological embedding.
This endows Vg with the structure of Bjs ®g R-module, and since j comes from an
element ~y already in G, this module has an *® c-hermitian R-alternating pairing. The
invariants (a, b;) of this pairing, for 7 : M+ — R, pick out a unique complex place 7
except in the excluded case n = 2. This defines an element ((M, @, [4]), 70, [7]) € 6™
above (v, ®), and it is clearly unique. O

The other comparison is deeper. There is a map ¢ : G(*) — T(*) sending (z, 7, [7])
to (2, [a]) where a € I,(Q) is conjugate to v in I.(A¥) — G 7 (A¥). The existence
of such an a is the most difficult step in the counting argument. The following lemma
asserts that a exists and is unique up to I,(A)-conjugacy.

(7.1.6) Lemma. — The map ¢ is well-defined; i.e., the A -conjugacy class of v has a
representative in 1,(Q). Moreover, the map ¢ is surjective, and the fiber above (z,[a])
has cardinality [F(a) : F] = [F(7) : F].

Proof. — We first associate a well-defined adelic conjugacy class aa C I,(A) to
(2,70, [7]). Away from oo and w there is nothing to say. Since v is R-elliptic, it
transfers to any inner form over R. More precisely, its transfer is well-defined as a
stable conjugacy class (up to conjugacy over C). But I,(R) is compact modulo center,
so C-conjugacy and R-conjugacy coincide. Finally, at w, we need to show that the
image of v in L,_j transfers to a well-defined conjugacy class in D_, x Gj. But
this follows from the hypothesis that the image of v in G, is elliptic.

We view a4 as an I,(A) conjugacy class that contains a representative in I, (Q) =
G, 7 (@), namely . The problem is now to determine whether or not it has a represen-
tative in I,(Q). In [K2], for any connected reductive group H with simply-connected
derived group, Kottwitz constructed an obstruction obs([v], [aa]) where the first term
is an H(Q)-conjugacy class and the second an H(A)-conjugacy class, whose vanishing
is equivalent to the existence of a representative in H(Q). (The hypothesis that it be
simply connected is removed by Labesse, and the connectedness is likewise replaced
by the hypothesis that the group of components is cyclic.) This obstruction class
belongs to the group Kottwitz denotes &(1°/Q), the group of endoscopic characters;
here I° is the centralizer of the transfer to the quasi-split inner form of I, (or of G, 7,)
of 4. (By a theorem of Kottwitz, v always transfers to the quasi-split inner form.)
But this is precisely the group that vanishes for every possible 12, as Clozel showed
in his course. (In [HT] the argument is given on p. 180.) If this were not the case, we
would have to restrict G(*) to the set of (2,79, [y]) for which the Kottwitz obstruction
vanishes. This would lead to a different formula in the end, but still presumably in
the direction of the stable trace formula.
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Remark. — More generally, the Kottwitz invariant for a triple coming from a polarized
abelian variety should be related in a simple way to this obstruction invariant.

In any case, we have shown the existence of (z,[a]) € Z®). Now we have to
determine the cardinality of its inverse image under ¢. In the first place, its inverse
image is non-empty. Indeed, the argument above applies just as well in the opposite
direction. showing that [a] transfers to a rational conjugacy class in G, 7. This
already decomposes the inverse image into [M : F] subsets, one for each choice of
To. It remains to show that each subset has [F(a) : M] = [M(a) : M] distinct
elements (except in the excluded case). Remember that we are counting G, 7, (A)-
conjugacy classes, not G, 7, (Q)-conjugacy classes! But the I,(A)-conjugacy class of
[a] determines the G, 7 (Ay)-conjugacy class uniquely. Indeed, the groups only differ
at w, but there the transfer from D)_, to Gn_4 is injective. So the only ambiguity is
at 0o, and indeed at 7o, since elsewhere G, 7, is compact mod center. The question is
then to count conjugacy classes in G, 7, (R) stably conjugate to a, and as before these
are in bijection with extensions of 7y to M (a). Indeed, they are parametrized by

ker[Hl (Rv ZG;,;O (a)) — H' (Rv Gz,?'o (a))]7
(kernel as map of pointed sets), and this set also parametrizes equivalence classes of

*®c-hermitian B® M (a)(R)-modules that are equivalent to the given Bjs(R)-module.
So the calculation is as before. O

7.2. Acceptable functions and Fujiwara’s trace formula. — For the next step
we need to work at finite level. Let UyY = U™ x Uy, for some compact open subgroup
Uy, C Gy = Lo . We introduce a class of acceptable functions

¢ € CZ°(G(AF) X Ln—n,n//Uy)

where the symbol // designates bi-invariance. These functions act as correspondences
on ?S}} and on the complex R¥, hence define operators on [Hc(ﬁxz, RY)|UR). We
assume ¢ factors as ¢¥ ® ¢y, With ¢y = G n—h @ Pu,n. Say ¢ is h-regular (resp. very
h-regular) if ¢,, is supported in the set of h-regular (resp. very h-regular) elements of
L,_ h,h-

The goal is to determine the trace of ¢ on [HC(§$Z,RW)}(U# ) for all ¢. This
would suffice to prove the Second Basic Identity in the form (6.3.2), but this is both

impossible and unnecessary. Here is one way of stating Fujiwara’s trace formula [F)
in our present situation:

(7.2.1) Theorem. — Let ¢ € C°(G(AY) X Ln—nn//U}), and suppose ¢ is very h-
reqular (depending on U™ and Up). Then

Tr(¢ | [He(Shny, RE)VH))
= 3 Jker' @ L) Tx (6 1HO((Wn-n,t % (LQ\G® /U] T, [REL) ).

2€PHT(h)
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The above formula requires a few comments. The left-hand side being a trace
on cohomology, the right-hand side must be a sum over fixed points. But the fixed
points can be regrouped among (G(AY) X Ln—n,n//U}’) x Wik-invariant subsets, and
we choose to regroup them according to isogeny classes, which are zero-dimensional.
Then it is purely formal that the sum over fixed points in an isogeny class can be
rewritten as a trace on cohomology: the Lefschetz formula is also valid for zero-
dimensional varieties. The groups

H([Mnh+ x (L@Q\G® /U] Jn-n,+, [RY]:)

are smooth, but not generally admissible, representations of G(*). However, under
the hypothesis that ¢ is very h-regular, the set of fixed points of ¢ on []\;In_h,+ X
(L(Q\GW /UP)|/ Jyu—h,+ is finite, so we formally define the trace to be the sum over
the fixed points of local terms, whose definition is recalled below. This is a bit ad hoc
but has the right formal properties for our present purposes; moreover, it is the form
in which the trace formula will be used.

Next, because the strata are not proper, Fujiwara’s theorem requires that a corre-
spondence be twisted by a high power of Frobenius in order to eliminate wild local
terms at the boundary. This is the reason for the condition that ¢ be very h-regular.
Fujiwara’s theorem is proved for varieties, i.e. noetherian schemes, hence we need to
work at finite level; in principle, the degree of h-regularity depends on the choice of
level subgroup. One could have worked with a general ¢, twisted by a suficiently high
power of Frobenius, but in fact the twist by Frobenius is built into the h-regularity
condition. This is a consequence of what Carayol calls the congruence formula for
strata, which basically comes down to the formula (3.1.4). For details, see [HT,
Lemma V.1.3].

Recall from (4.3.4) that the stalk of R*W at a point in the h-stratum is isomorphic
to the representation of Ax ,—n on \Di,n— h,0.z0- Recall also the decomposition (5.5.2),
(5.5.4), (5.5.5) of the alternating sum [¥. ,_p 0,z,] as a sum over inertial equivalence
classes [p] € [A](Jn—r), and the corresponding decomposition (5.5.11) for the coho-
mology. There is also a version [p, +] incorporating the action of the extra factor
Qy / Z;,‘, whose definition is left to the reader. This gives a decomposition of the vir-
tual sheaf of vanishing cycles [R¥], over the zero-dimensional pro-variety S(z), and
hence an expression for the cohomology space on the right-hand side of (7.2.1):

(7.2.2) H(S(2),[R¥]:)= @  H°(S(2),[¥][p]).
[pl€[A](Jn—n)

We rewrite Fujiwara’s trace formula accordingly:
(7.2.3) Corollary. — Under the hypotheses of Theorem 7.2.1,
(k) w
Tr(¢ | [He(Shre, RY)VH)) = ) > Iker'(Q L)ty ) (9)

26 PHT ) [pl€[A](Jn—1r)
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where
o) (9) = Tr (& [HO((Mn-n s X (L@NG® /UR)]/ Tn-nr, [RE]:[6]) ).

The meaning of the trace on the right-hand side is as above.

(7.2.4) Remark. — As remarked following (6.3.1), [HT] obtains the corresponding de-
composition globally over the h-stratum, as a sum of lisse sheaves indexed by inertial
equivalence classes of representations of J,_p.

7.3. Expression for trace of acceptable functions, and transfer to G

Our ultimate goal is to prove the formula (6.3.4), in its “pre (4.3.11) version, namely

(7.3.1) n[H,(S4,RY)] =
red ) [H(A(B, ¥))| ® [Tn—n(p')] € Groth(G(AY)) x Gn);
[PIE[A](Jn—h) p'€A(Jn—n)sin(p]

Formula (7.3.1) is understood as an equality in Groth(G(AY) X Ln—h,x). Notation
is as in Theorem 6.1.2(ii); in particular, the sums on both sides are finite.

To prove (7.3.1), we prove the traces on the two sides are equal for a sufficiently
large family of test functions ¢ = ¢* ® ¢y, With ¢y = Pw.n—h ® Pw,r as above. The
functions ¢* and ¢, are chosen arbitrarily, whereas ¢, »—» has to be chosen so
that the resulting ¢ is very h-regular. One verifies without difficulty that such a set
of functions suffices to separate characters, the point being admissibility of the two
sides; here the finiteness of the sets A(Jn—#r)san[p] is crucial. For example, by Theorem
A.1.5 of the appendix, one can choose ¢, ,—p to be a pseudocoeflicient for any fixed
JL(p'), with p’ € A(Jn-r)an[p], relative to the set JL(A(Jn—r)gn) C Aa(n — h, K)
(cf. (A.1.3)). Moreover, the condition (A.1.11) guarantees that, for any pair (¢™, ¢w 1)
the choice of ¢, n—r can be made consistently with the condition that ¢ be very h-
regular.

Fix p' € A(Jn-n)snlp] and let 7' = JL(p'). To fix ideas, and to simplify the
formulas the first time around, we assume

(7.3.2) Hypothesis. — 7' is supercuspidal and ¢y n—pn 18 a pseudocoefficient for n',
denoted ¢rr., in the notation of (A.1).

Here w is an interval [a, b] C Z chosen to guarantee the h-regularity condition, and
long enough (i.e. m = b—;—“_—"'Tl € Z is sufficiently large) to guarantee that ¢/, picks
out 7’ among its unramified twists occurring in JL(A(Jn—r)fin). Set ¢ = ¢¥ ® ¢p,.
A test function of the form ¢ = ¢}’ ® ¢r/,, as above — in particular, satisfying the
h-regularity condition — will be called acceptable for p’. We verify (7.3.1) by proving
equality of traces for all test functions acceptable for p/, for all p’ € A(Jn—p)an[p]- In

the final paragraphs of § 7.6 we explain what needs to be modified when Hypothesis

ASTERISQUE 298



THE LOCAL LANGLANDS CORRESPONDENCE 115

(7.3.2) is relaxed; i.e., when ¢y n—p is taken to be an arbitrary test function and p is
an arbitrary representation of J,_j.
For a € I,(Q), define the orbital integral

(733) oy = [ ¢¥(909™")di.

Z(a)\G(AY)xGh
Here Z(a) is the centralizer of a in G (Ay). In the applications, only h-regular a
contribute non-vanishing orbital integrals. We may thus assume a to be h-regular. It
is not too difficult(® to see that this implies

(7.3.4) Zg(a) = Zr,(a)

[HT, Lemma V.2.2], so Z(a) is the adelization of the Q-group Zj,(a) (though
G (Ay) is not adelic). Via the embedding of I,(Q) in J,_p, a defines a local
conjugacy class [a] C Jn—p, necessarily elliptic. We let [y(a)] denote the transfer of
[a] to a conjugacy class in Gy_p; i.e., an element v € [y(a)] becomes conjugate to
an element a € [a] under an isomorphism J,_p — G,_, over K. (All conjugacy
classes in J,_p transfer to the quasi-split inner form G,,_p).

To save space, volumes are denoted v rather than vol. Here is an expression for
the contribution of z € PHT®) to the trace formula:

(7.3.5) Theorem. — Fiz p’' € A(Jpn—n)sn[p), and let ¢ = @Y ® ¢y be a test function
acceptable for p’. Then

Te(¢ |H((Mn—h+ X SG (2)]/In-h,+, [RY]:[0]))

=(n—h) Y e(v(a)Of () - Ot (brrsw)v(Z1, (@) @)\ Z1, (a) (Ap)).
[a]
Here [a] runs through h-regular I,(Q)-conjugacy classes in I,(Q), and the volume
v(Zr1,(a)(Q)\Zr1, (a)(Ayf)) is normalized as for h = 0. Moreover, [y(a)] C Gn—p is the
transfer of the conjugacy class [a] € J,—p, as above. Finally e(y(a)) is the Kottwitz
sign (A.1.12 bis).

The proof of this formula is based on a standard argument for translating point
counting problems on double coset spaces into sums of orbital integrals, and will be
our last order of business. We note here that this calculation presupposes Theorem
4.3.11, as well as Hypothesis 7.3.2, and hence suffices to prove the strong version of
the Second Basic Identity. In (7.6) we will first obtain the weaker version.

(®)The point is subtle, however, and deserves to be stressed, as it lies at the heart of the difference
between the approach to point counting in [HT)] and that in [K5]. The proof in [HT, Lemma
V.2.2], which simultaneously establishes Lemma 7.1.2, is elementary, but we have not yet seen how
it generalizes to other Shimura varieties.
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The first subtlety involves rewriting the volume factor, using Kottwitz’ results on
Tamagawa numbers [K3]. The formula is

v(Z1,(a)(@\Z1, (a)(Ay)) = kgl ker (Q, Zr, ()| "' v(Z1, (a)(R)") ™"
where kp and the measures are as in our discussion of Arthur’s formula; in particular,
kg = |A(Z1,(a))| = 2 if [B : Q] is divisible by 4 and 1 otherwise. This is an explicit
computation (cf. p. 167 of [HT]).

In particular, we can rewrite the expression in Theorem 7.3.5 as
(7.3.6)

= (0~ hrp Y e(r(@)Of (6F) - Ot (Brrao) er' @, Z1, ()] ™o(Z1, (@)(R))
[a]

Next, to rewrite Theorem 7.3.5 as a sum over I,(A)-conjugacy classes, we note that
if a,a’ € I,(Q) are I,(A)-conjugate, then their centralizers are inner forms of each
other that become isomorphic over A, and their Tamagawa measures agree under this
isomorphism. Thus

(7.3.7) O (83) vol(Zr, (a)(R)') ™" = Of(#k) vol(Zr, (a)(R)") ™.
So it suffices to count the number of I, (Q)-conjugacy classes in an I,(A)-conjugacy
class, and this is

(738)  |kerfler'(Q, 71, (@) — ker'(Q, 1,)]| = | ker"(Q, Zz, ())I/| ker' (@, L)|
because the map on ker!’s is surjective, a fact we have already used several times.
Write [a]/Q for I,(Q)-conjugacy classes, [a]/ A for I,(A)-conjugacy classes, and write
v(a) = vol(Zr, (a)(R)!). Then
(7.3.9)
h w

Tr(¢ | [He(Shn, [REV) =

Z Z 'kerl(QaIz)ltz,[a] (¢)

2z€PHT ) [a]€[A](Jn-n)

Z | kerl (Qv Iz)ltz,[p] (¢)

2€PHT)
= (n—h)rp y_ |ker' (Q L.)|/ | ker' (Q Z1, (a))le(7(@))Ofyy (#F) - OF e ($n-)
za]
=(n-hrs Y, v(@) e(v(2)0fy (@) - Ofiai (n-n).
(2,[a])eT™

The first equality is (7.2.3), and the third is (7.3.5). The second follows from our
choice of ¢y n—r to be a pseudocoefficient for 7/, which by (5.2.18) eliminates all
[a] # [p]. This is the step that will have to be treated in greater generality at the
end of §7.6. The final line summarizes the discussion following (7.3.5). Note that the
passage from [a]/Q to [a]/A is just what it takes to eliminate the ker'’s, thanks to
Kottwitz’ theorem on Tamagawa numbers [K3]. This is a central step in the point
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counting argument, and more generally of the theory of the stable trace formula (this
point was also made in Clozel’s course).
We now use the comparison with G, and then with FP®| to rewrite this as

(7310)  (n—hkp Y [F():F]7e(1)0}(#*) - Op; " (¢n-n)v(@)™*
(v,B)eFP®)

This expression is a bit schizophrenic, because it involves a sum over v € G(Q),
but two of the terms are still expressed in terms of the a € I,(Q) which transfers
to . To remove all trace of a, we consider these terms in turn. First, v(a) = v(y) =
vol(Zg(7)(R)§) where Zg(y) is of course the centralizer of v in G, Zg(v)(R)o is the
compact mod center inner form of Zg(v)(R),

Zc(7)(R)g = ker || : Zg(7)o — RZ,.
Moreover, Zg(7) is given Tamagawa measure as before. Next, we can obviously
replace the orbital integral over [a] in G(A¥) X G by the orbital integral over [v],
since the two give rise to the same conjugacy class. Thus the product simplifies, and
the final formula is

(7.3.11) Te(¢| [Ho(Syy, RD)))

= (n—h)kp Z [F(y): F]_lv('y)'le('y)Og?A‘;)((bw) . 0[1;']'—'1"; (bw)
(v,@)EFP(h)

We have removed the superscript (Us) because it is built into our choice of functions
¢. By definition of FP(®) the 4’s that enter into the above sum have the property
that their G, components transfer to J,_p, hence are elliptic.

7.4. Descent, comparison with global trace formula, and second basic iden-

tity. — Recall the cohomological version of the trace formula we used to obtain the
comparison for the supersingular locus.
(7.4.1) Tr(® | [H(A(B, %))]) =nkp Y _e)[F(Y) : F]'v(7) " 0(®)

¥

Here & = &, ® ¢* € C°(Gn x G(AY)) and we have written v(y) for vol(Zg(7)(R)g),
as in (7.3.11). To compare this with our final version (7.3.11) of the trace formula

—(h . . .
for the stratum ng)), we need a way to compare orbital integrals on G, with orbital
integrals on L,,_p . This is provided by the following proposition.

(7.4.2) Proposition (Descent of orbital integrals). — Let ¢, = ¢p_nQ¢n € C°(Lp—p 1)
be an h-regular test function, and suppose the orbital integrals of ¢n_p are supported
on the elliptic set. Then there exists a test function ®,, € CX(G,) that satisfies the
following three properties:

(7.4.2.1) If v € Gy, is a semi-simple element not conjugate to an element of Ln_pp,
then Og" (®w) =0;
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(7.4.2.2) For any y € Lp_p p,

OG" w) = Z Os(:,)h h¢n—h ® ¢h

s(7)

where s(7y) runs through the set of Ln_p n-conjugacy classes in the Gp-conjugacy class
of v (i.e., s € Gy, takes y to Ly_p n) such that the Gn_p-factor of s(y) s elliptic;
(7.4.2.3) Let 7 be an irreducible admissible representation of G, with

&, (M) =D mapla®p]
forae A(n—h,K) and B € A(h,K). Then

™)(@w) = Y Ma,s Tr(@)($n-n) Tr(8)(¢n)-

The ellipticity hypothesis in the above proposition is superfluous, but is satisfied
in our present situation. The existence of ®,, satisfying simultaneously the orbital
integral conditions (7.4.2.1-2) and the trace condition (7.4.2.3) is a special case of
descent of orbital integrals. Actually, the map in the other direction is called descent;
the h-regularity condition is required in order to prove existence of a map in the
indicated direction. The proof of Proposition 7.4.2 is sketched in [DKV, Appendice
1, 4.d] and (in more detail) in [HT, Lemma VI1.3.2].

Applying (7.4.1) with this choice of ®,,, for ¢,_n = ¢, a test function acceptable
for p’, we find

(7.43) (n—h)Tx(® | [H(.A(B )
= n(n — h)ks Z ) F]tu(y) ™! Z Oy (60557 (dnn ® é1)

Now note that there is a one-to-one correspondence between w as in (7.3.11) and s
as in (7.4.2.2): each s defines the subfield Fy,(y) C Mp—n(K) — a subfield because of
the ellipticity condition — hen¢e a completion F'(7y)z above w that satisfies the degree
condition.

Formula (7.4.3) does not require n’ to be supercuspidal. If we now return to
Hypothesis 7.3.2 — in particular, 7’ is supercuspidal — we can combine (7.4.3) with
(7.3.11), and obtain

(7.4.4) (n— h) Te(® | [H(A(B, »)]) = n- Te(8] [He(Shr,, RY)V[p]).

The absence of [p] on the left-hand side should cause no alarm; ¢,_p ., has been
chosen in (7.3.2) to cut out only the part of [H(A(B, *))] coming from [p]. Indeed, if

[H(A(B,*))] = Z a(17)T ® Tw € Groth(G(Ay))

T
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where 7 runs through a set of cohomological automorphic representations, then the
trace relation (7.4.2.3) implies that

’

Te(® | [H(AB, %)) = Y Te(¢” | 7§) Tr(®w | 7u)-

Here the symbol Z:/ indicates that the sum is taken over those 7 such that
[r&, 1, (Tw)] = - ma,pla ® B] such that, for some a that occurs,

(7'4'5) Tf(a)(‘pﬂ";w) ?é 05

in other words, such that « is inertially equivalent to n’. But since we are working
at finite level, the set of all o’s that arise in this way is finite. Hence, by expanding
A(Jn—n)san if necessary, we can arrange that (7.4.5) only holds for & = #’, and in that
case, as we know, Tr(7')(¢r.,) = 1. It then easily follows that

(7.46) Tr(®|[HAB,»))) = >, Tr(¢" ® ¢w | JL(p) @ red H(A(B, *))
p'€A(Jn—n)iinlp]

Indeed, only JL(p’) = n’, for our chosen 7', gives a non-zero contribution to the right-
hand side of (7.4.6). By varying p’, we see that the identity (7.4.6) is valid for every
p' € A%_,. Now the Second Basic Identity, or rather the identity of traces (7.3.1) for
test functions satisfying (7.3.2), follows by combining (7.4.6) and (7.4.4).

To obtain the pre-(4.3.11) version, we let ¢,_; be arbitrary subject to the h-
regularity condition. As noted, Proposition 7.4.2 holds without the ellipticity hy-
pothesis, and we let ®,, be the function constructed there. On the other hand, let
@, (7', w) be the function of Proposition 7.4.2 associated to ¢+, ® ¢p. Then

Tr(¢" ® o | redS [H(A(B, )] ® [Tn—n(p)])
=Tr(¢nn | [Tn-n(p)]) - Tr(6" ® ¢n | red [H(A(B, +))))
= Tt(bn-n | [Tnn(p)]) - Te(8" ® brrw ® P | 2 1 [H(A(B, *))])
= Tr(bn—n | [Tnn(p)]) - Te(@u(7,w) ® 6* | [H(A(B, *))])
Returning to (7.4.3), we thus have

(7.4.3 (pre 43.11)) Y Tr(¢" ® du | red ) [H(A(B, )] ® [Tn—n(p')]
p'€A(JIn—n)tin[p]

=nrp y_e(7)[F(y):F]  v(y)™
v OG(Af) Lp_h,n U ’
Z ) 3(7) (Yrr 1w ® 1) - Tr(dn-n | [Yn-n(p)])
To prove the Second Basic Identity under Hypothesis 7.3.2, once Theorem 4.3.11

has been established, it thus remains to justify Theorem 7.3.5. For the general case,
we need to show that the analogue of Theorem 7.3.5 holds, for any test function ¢
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with the term (n — h)Og’(‘g)’]‘ (¢n';w) replaced by

(747) Z Og'(la_)’]l (¢7r’;w) : TI'(¢n—h I [\I’n—h(pl)])°
p'€A(Jn_n)sinlo]

For a general function ¢,_p one also has to sum over all [p], as in Corollary 7.2.3.
Calculation of the fixed point contribution is the subject of the two remaining
sections.

7.5. Fixed point formalism in double coset spaces. — We consider the follow-
ing abstract situation. We have three totally disconnected groups Y, G, and J, and
a discrete group I that embeds (discretely) in Y x J. There is also a discrete abelian
group A, and surjective maps dg : G — A, §5 : J — A; the composite I — J — A is
surjective.

The group J is assumed to act continuously on a locally noetherian scheme M over
the field FP, compatibly with a surjective map 657 : M — A. We assume M is given
with a J-equivariant (open or closed) locally finite covering, and let M;,i =1,..., N,
denote the disjoint union of the i + 1-fold intersections of this covering; the restriction
of dpr to each M; is also surjective. We assume the set of connected components of
M;/J is finite for all ¢ (equivalently, for ¢ = 0), that the stabilizer J, of any connected
component M, of any M; is an open compact subgroup of J, and that the action
of J, on M, factors through a finite quotient. We also assume there is an action of G
on M that factors through g, compatible with d5s. It follows that the stabilizer in G
of any M, is exactly G(0) = kerdg.

Finally, we assume the action of G x J on M lifts to a G x J-equivariant
constructible-admissible ¢-adic complex ¥* on M. This means that, for any open
compact subgroup U C G(0), the sheaf H’(¥*)¥ is a constructible J-equivariant
sheaf on M. Then the action of J, on H*(M,, ¥*) factors through a finite quotient.

To simplify notation, and because this is the only case we need, we assume M = M;,
a principal homogeneous space for A, with fixed component M, denoted Mj; we write
J(0) for J,. In our applications, J is the compact mod center group D{‘/(n_ ny J (0)

its unique maximal compact subgroup, M is zero-dimensional, and J/J(0) — Z
acts transitively on M. However, the arguments presented below can be applied
simplicially to the Cech complex of the more general M discussed above. Similarly,
we replace the complex ¥* by one of the cohomology sheaves H7(¥*), which we denote
simply W, or by the alternating sum [¥] = 37 (—1)’[H’(¥")], a virtual representation
of G x J. Additional properties of ¥, satisified in the applications, will be specified
below.

For any open compact subgroup U C Y, let Sy = [M x (I\Y x J/U)]/J, with the
profinite topology. The group G acts on Sy via the action on M. For simplicity, we
write § instead of dg, §5. Let y € Y, f the characteristic function of the double coset
UyU. Let ¢ € C(G).
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First, assume ¢ supported on G(d) = §~!(d) for some fixed d € A. The pair (f, ¢)
defines a Hecke correspondence on Sy X Sy: it is the set of pairs of classes of points

(7.5.1) ([6,z,4),[d- 6, zy,j]) € Su xSy, 6€M, z€Y, jeJ

modulo the groups acting on the right and left. Note that z is determined modulo
U(y) := U NyUy™!, so the correspondence is in bijection with the set of points
s € Sy(y)- We may as well take j = 1. A fixed point of the correspondence is a class
[0, z,1] such that [d - 6,2y, 1] = [§,z,1]; i.e., such that there are u € U, a € I, and
j € J such that

(d . 67 Ty, 1) = (6(])67 azu, aJ)
Thus
(7.5.2) a=jt=z(yu )z, d(a)d=1.

Assume U is sufficiently small, in a sense to be determined momentarily; then the
first condition in (7.5.2) determines a uniquely. Indeed, if 8 is another element of I
satisfying the same condition, then z~!8z and z~'az are both in y - U, so

B laezlyUy lanI = {1},

where the last equality is what we mean by “sufficiently small”; a standard argument
shows that any open compact U contains a subgroup of finite index that is sufficiently
small in this sense. On the other hand, we can replace [4, z, 1] by [6(5)4, Bzv, B4] for
some v € UNyUy~ !, Be€l, j=p""'eJ Then ais replaced by SaB~!. So the
conjugacy class [a] of a in I is a well-defined invariant of the fixed point s, and we
denote this invariant [a(s)].

Now given a € I, let Fix(f ® ¢, a) denote the set of fixed points s with [a(s)] = [a].
If §(a)d # 1, the second condition of (7.5.2) shows that Fix(f ® ¢,a) is empty. If
d(a)d = 1, one checks easily that

(7.5.3) |Fix(f ® ¢,a)| = |M/(Z1(a) NU(y)) x Z1(a)\X1(g,a)]/U(y)I,
where Xi(g,a) ={z €Y |z 7 az € yU} and U(y) = U NyUy~ 1.
Remark. — Suppose we are in the setting of §§6, (7.3); ie., Y = G(AY) x Gp,

U=UY,G=Gnophy J =Jnn, A =7Z=J/J(0) acts simply transitively on the set
M = M,,_p +. The set on the right-hand side of (7.5.3) is then the same as

(7.5.4) Zi(a)\{z €Y x J |z az € yU x J(d)}/(U(y) x J(0)),

where J(d) = §=1(d) for d = §(g) as above, and J(0) acts on J(d) by right translation.
Note that the condition that = 'az € J(d) is equivalent to the condition d(a) = d,
and imposes no restriction on z.

Henceforward, we assume that we are in the situation (7.5.4), i.e., in the situation
of the Second Basic Identity. In particular, notation is as in (7.5.4).
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Now, since U is small, we find that any double coset Zr(a)-z- (U(y) x J(0)) is the
disjoint union over b € Zr(a) of b-z - (U(y) x J(0)). It follows that the cardinality in
(7.5.4) equals

(7.5.5) vol(U(y)J(0))™* - vol({x € Z;(a)\(Y x J) | 2™ azx € yU x J(0)}).

The Haar measures are arbitrary but have to be used consistently, and of course the
discrete groups are given the counting measure. This is where the orbital integrals
arise: the cardinality in (7.5.5) equals

(7.5.6) vol(U (y)J(0))~* - vol(Z1(a)\ Zy x s (a)) - O[};]XJ(Xy,U “ Xd)

where X4 is the characteristic function of J(0) and x,,v is the characteristic function of
y-U. This is obviously non-canonical, since it depends on the choice of y. One makes
it canonical by summing over representatives of UyU/U and dividing by [(UyU)/U]|,
and we obtain finally that

(7.5.7) Proposition. — Under the hypothesis that ¢ is supported on G(d) and f is the
characteristic function of UyU, the number of fized points s € Sy with [a(s)] = [a]
equals

[vol(U) vol(J (0))] ™" - vol(Z1(a)\ Zy x.1(a)) - O%(f - xa).

More generally, let w = [a,b] C Z be an interval as in (A.1.10), and assume ¢ has
support in G(w) = 6~ (w), and f € C°(Y). Then the number of fized points s with
[a(s)] = [a] equals

[vol(U) vol(J(0))] ™ - vol(Zr(a)\ Zy x1(a)) - Ofy ()0 (xw)-
Here x,, is the characteristic function of J(w) = 67 (w).

The formula in the final paragraph follows by linearity.
For fixed a and w, the orbital integral O[Ja](xw) is given as follows:

(7.5.8) O[L](Xw) =vol(J/Z;(a)),d(a) € w; Oi{l](xw) =0, d(a) ¢ w.

The measure on Z; = K* is normalized by (A.1.8), and one sees readily that
(7.5.9)
vol(J(0)) " vol(J/Zs(a)) = [J : Zy - J(0)] - vol(Zs(a)/Zs) ™" = g - vol(Zs(a)/Zs) "

Thus the cardinality in (7.5.7) can be rewritten:
(7.5.10) |Fix(f®¢,a)| = g-vol(U) ™" vol(Z1(a)\Zy xs(a))-Ofy (f)-vol(Zs(a)/Z5) "

Now the G x J-equivariant constructible ¢-adic sheaf ¥ on M descends to a con-
structible f-adic sheaf, still denoted ®, on Sy. The function f ® ¢ acts as a Hecke
operator on ¥ over Sy. The normalization of f ® ¢ as Hecke operator is given by
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integrating over Y x G one verifies easily that this amounts to multiplying the Hecke
correspondence defined above by vol(U). Let

[H(Sy, [¥)] = Y (-1 H Sy, H (¥°)).
%]
In the application to (7.3.5), and indeed under our assumption that A acts transitively
on M, only i = 0 contributes to the above sum. Assuming both sides are finite, the
Lefschetz fixed point formula yields the following formula for the trace of f® ¢, acting
on the cohomology of W:

(7511)  Te(f@¢ | [H(Su,[¥)]) =volU) Y D Locs(f®¢[¥)).

[al€I(Q) seFix(fQ¢,a)

Here as above, the sum is over conjugacy classes [a] in I(Q).

This is the framework in which we have stated Fujiwara’s trace formula (Theorem
7.2.1). Here Locs(f ® ¢, [¥]) is a local term that is in general quite complicated. In
the situation discussed in the lectures, however, a non-trivial local term is just the
alternating sum of local traces at an isolated fixed point of a (transversal) correspon-
dence on a smooth variety, hence is just given by the trace of f ® ¢ acting on the
(virtual) stalk of [¥] at s. One checks that this is independent of s € Fix(f ® ¢,a),
and indeed is independent of f (since Y acts trivially on [¥]). For fixed a, the local
term is given by

(7.5.12) Locs(f ® ¢, [¥]) = trace(¢ ® a|[¥]o)

where [¥]o, the stalk of [¥] at My, is a virtual representation space for Tp =
(6c x 65)71{0} C G x J. Note however that ¢ is acting via an integral, hence the
trace depends on a measure on G, whereas a is acting as an element of a translate
of the compact open subgroup J(0). In this sense, the expression (7.5.12) is not
symmetric in the two variables.

Combining (7.5.12) with (7.5.9) and (7.5.10), we obtain (when both sides are finite)

(75.13) Tr(f®¢ | [H(Su, [¥])])

=g+ > vollZi(a)\Zyxu(a)) - Ofy(f) - vol(Zs(a)/Zs) ™" - trace(p @ a | [T)o).
[a]eI(Q)

Remark. — Nowhere in the present section have we made use of Hypothesis 7.3.2 or
Theorem 4.3.11. In particular, the formula (7.5.13) holds unconditionally.

7.6. Completion of the calculation. — Now we specialize to the situation of
(7.3), with g = n—h, taking ¢ = ¢/, f = ¢}, asin (A.1), and taking the alternating
sum [RW¥][p] for [¥]. We continue to write I for I, and drop the subscript z elsewhere.
Here [p] is an inertial equivalence class in A(J,—p) such that JL(p) is supercuspidal,
and 7’ is inertially equivalent to JL(p). Once we have established (6.1.2.1) — hence
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Theorem 4.3.11 — (5.1.6) implies we can replace [¥][p] by (—1)"~*~1¥n~h-1[p] in
the notation of (5.5). Thus it follows from (A.1.12) and (5.5.9) that
(7.6.1) (post 4.3.11))

(n—h) - trace(¢ ® a | ¥~ plo) = (~1)" """ tracez, ¢ (¢ ® a | TV [pl¢)

for any appropriate central character £. Here the extension of the compactly supported
function ¢®a to the function ¢¢®a, compactly supported modulo Zg, is as in (5.5.9.1).
Indeed, if £ # ,/, then

trace(¢ ® a | ¥[ple) = 0

because ¢ is a pseudocoefficient relative to A(n — h, K)an. On the other hand, if
& = v, then the formula above holds (cf. (5.5.9.1)) and the right hand side can be
simplified:

n—nh

(7.6.2 (post 4.3.11)) tracez, ¢ ((dr/w)e ® a|‘I’"_h—1[p]g) = XJL("I,V)(a)

m
Here the coefficient (n — h)/m arises as follows. The denominator comes from the
normalization (A.1.11), and arises from the distinction between the modified trace
of (A.1.9) and the unmodified trace; replacing ¢/, by (¢ ;w)e amounts to undoing
the truncation without compensating for the denominator. On the other hand, the
numerator (n — h) is the coefficient on the right-hand side of the formula
(7.6.3 (post 4.3.11)) hlple=(n—h) @ p"V ®IL(),
p'Elple

as representation of J,,_p X G,,_p; this is just Theorem 4.3.11 with the action of Wi
forgotten.

Comparing (7.6.1) and (7.6.2), the specialization of (7.5.13) to the situation of
Theorem 7.3.5 becomes
(7.6.4 (post 4.3.11))

Te(f ®¢ | HO([Mn-h,+ X Spp(2)]/In-h,+, [R¥:[0]) = Tr(f @ | [H(Su,[))]) =

(=1)"*=(n—h) Z vol(Z1(a)\ Zy x s(a))-O, (f)'VOl(ZJ(a)/ZJ)—l'%XJL(W"V)(G‘)
[a]leI(Q)
= (n—h) Z e(v(a)) vol(Z1(a)\ Zy x s (a)) - O (f) - Oy ()
[a]€I(Q)

where [y] € G, transfers to [a] € J and e(7) is the Kottwitz sign. The last equality
follows from Proposition (A.1.12 bis); as indicated above, the truncation is no longer
pertinent.

Recalling our notation, we rewrite the last expression in (7.6.4):

(n=h) 3 e(r(@)0y(8%) - OFtt ($rru)(Z1, () @\ 21, ()(A))):
[a)eI.(Q)

By the choice of ¢, the sum runs over h-regular conjugacy classes [a].
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This completes the proof of Theorem 7.3.5, assuming Theorem 4.3.11, i.e. (6.1.2.1).
To complete the proof of the Second Basic Identity, we need to eliminate this as-
sumption and relax hypothesis (7.3.2). The calculation in §7.5 is valid without
these assumptions, the only change coming in the determination of the local term
trace(¢ ® a | [¥]o).

In (7.5.13) we take [R¥],[p] for [¥]o. It suffices to show that, for general ¢ = ¢n_p,
assumed to have zero trace on any m € A(n — h, K)g, with ¢, # &, we have
(7.6.5)

(n — h) trace(p ® a | [¥]o) = Z Z O[?yy(lc:)']l (¢nw) - Te(Bnn | [Tn-n(p)]),

[p] p'E.A(Jn—h)fin [P]

where the right-hand side is the expression appearing in (7.4.7). But the special
hypotheses have only been used in (7.6.3). In the general case we have

(7.6.3 (pre 4.3.11)) [Tllele = @ 2" ®[Tn-n(o)-
p'€lple

Using Proposition (A.1.12 bis), we now find that

(7.6.2 (pre 4.3.11))

trace(¢n—h ®a|[‘D]U[p]€) = % Z XJL(w"V)(a) Tr((d’n—h | [\Iln—h(p,)])‘
o' €lple

We conclude as above. This completes the proof of the Second Basic Identity.

8. Strata in Shimura varieties of PEL type

This final section, which does not correspond to any of the lectures given during
the special semester at the IHP, describes possible extensions to general Shimura
varieties of the geometric techniques presented in the previous lectures. The first two
subsections elaborate on material contained in [H3|, and prove some of the claims
made there. The final subsection explains recent results of L. Fargues, who has proved
a number of the results predicted in [H3| for Shimura varieties of PEL type.

The reader is expected to be familiar with the basic properties of Shimura varieties
over number fields (existence of canonical models and the like). A good general
reference for Shimura varieties is the article [Mil].

8.1. Presentation of the problem. — As in (3.1), we denote by K the fraction
field of the Witt vectors of the algebraic closure of F;, and let o denote the Frobenius
acting on K. If G is a reductive group over Q,, let B(G) denote the set of o-conjugacy
classes in G(K), i.e., equivalence classes for the relation

b~h-b-a(h)™!, heG(K)
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For any Q,-rational representation (7, V) of G, an element b € B(G) defines a struc-
ture of isocrystal on N, =V ®q, K by defining

(8.1.1) p=70b)®0c:V®q, K—V®q,K.

If G = GL(V), then any isocrystal with underlying vector space V ®q, K arises this
way; b is the matrix of ¢ with respect to some basis of V' ®q, K, and the o-linearity
of ¢ implies that changing the basis replaces b by a o-conjugate matrix. For gen-
eral G and 7, the isocrystal NV, has “additional structure” in the sense that invariants
of G in tensor powers of V give rise to ¢-fixed vectors (“crystalline Tate classes”) in
the corresponding tensor powers of N;. When G is the similitude group of a non-
degenerate bilinear form on V, then (N, ¢) has a polarization of the corresponding
type in the category of isocrystals; when V' is a C-module for some Q,-algebra C, and
G C GL¢(V), then one obtains a map C — End(N,, ¢). Combining these two kinds
of structure, one obtains the sort of isocrystals arising from the Dieudonné modules
of abelian varieeties of PEL type. The moduli spaces of such abelian varieties are
Shimura varieties. The present lecture describes the stratification of the special fibers
of such Shimura varieties at primes of F(G, X) dividing p, and the conjectural strat-
ification of the (conjectural) special fibers of general Shimura varieties, in terms of
isocrystals.

We briefly recall the formalism of Shimura varieties. Suppose G is a reductive group
over Q. Let X be a G(R)-conjugacy class of homomorphisms % : R¢/rGrm — Gr s0
that the pair (G, X) satisfies the axioms defining a Shimura variety. Thus X is
naturally a finite union of isomorphic hermitian symmetric spaces, and for every open
compact subgroup K € G(Ay), where Ay defines the ring of finite adeles,

& Sh(G, X)(C) = G@\X x G(Ay)/K.

is the set of complex points of a quasi-projective algebraic variety, with canonical
model over a certain number field £ = E(G, X) (the reflex field). The reflex field
does not depend on K, and the natural continuous action of G(Ay) on
Sh(G, X)(C) = lim  Sh(G, X)(C)
K

is rational over E. In particular, for any irreducible admissible representation 7
of G(Ay), the 7-isotypic component of the Homg(a,)(m, H*(Sh(G, X),Qr)) (étale
cohomology) is naturally a representation space H'[r] for Gal(E/E), easily seen to
be finite-dimensional.

For any point h € X, we let up : Gy c — Gc denote the (complex) cocharacter
associated to h: identifying the complexification of Rc/rGy) with C* x C*, we have

pn(z) = he(z,1).

The conjugacy class of up depends only on X, and its field of definition is precisely
E(G,X). We may regard pp, or simply u, as a character of a maximal torus of the
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complex dual group G of G, hence as an extreme weight, necessarily minuscule, of
a certain irreducible representation of G. Let r, denote the representation of the
L-group LG (relative to E(G, X)) constructed by Langlands [La]; its restriction to
G is just the minuscule representations with extreme weight p. In [La] Langlands
expressed the expectation that most of the middle-dimensional ¢-adic cohomology of
Sh(G, X) would break up as a sum in Groth(G(Ay) x Gal(E/E)):

(8.1.2) HY™X(Sh(G, X),Q,) = ®7f ® re(ns) ® endoscopic contributions

where the sum on the right is taken over those admissible irreducible representations
of G(Ay) occurring in stable cohomological L-packets (the meaning of “most” above)
and r¢(m) is a Q,-valued representation of Gal(E/E)) of dimension dim r,,. Moreover,
at a place v where 7 is unramified, the local component , of 7y is classified, via
the Satake isomorphism, by a semi-simple conjugacy class s(m,) € YG(Q,), and up to
conjugacy, geometric Frobenius is given by the formula

(8.1.3) re(mf)(Froby) = r,(s(my)).

For the Shimura varieties considered in the present article, and for those attached to
twisted unitary groups with general signatures, this identity is established for almost
all unramified places, up to multiplicities, by Kottwitz in [K4]. The article [K5]
also contains results on general PEL-type Shimura varieties that strongly support the
predictions of [La)].

Assuming one has a 7y that contributes to the non-endoscopic part of the right-
hand side of (8.1.2), how can (8.1.3) be extended to ramified places? Naturally, one
assumes the Satake parameter will be replaced more generally by a parameter given
by the (in general still conjectural) local Langlands correspondence for G, but this
begs the question of how ramified local representations arise in the cohomology of
Sh(G, X). If v is a place of F dividing a rational prime p at which the group G is
unramified (briefly: v is an unramified place for Sh(G, X)), and if K, is a hyperspe-
cial maximal compact subgroup of G(Q,), then for sufficiently small compact open
subgroups K? C G(A%), one expects k,.x» Sh(G, X) to have good reduction at v
(cf. [K5] for the PEL case). Let g,S denote the special fiber. Guided by our ex-
perience with the Shimura varieties treated in [HT], one would then expect x,S to
have a stratification in terms of isocrystals. Moreover, assuming the K}-KP Sh(G, X)
have reasonable integral models for open subgroups Kz,) C Kp, one would expect the
stratification to lift to the corresponding special fibers K;‘_S'_ in such a way that the
vanishing cycles are well-behaved along the strata. This latter hope is certainly too
optimistic — no one knows how to generalize the theory of Drinfel’d level structures —
but it is reasonable to assume that different kinds of ramified contributions to re(7y)
correspond to the different strata, just as one saw in (6.1) that the n — h-dimensional

. . . . . —(h
irreducible representations of the local Galois group arise from the stratum S( ).
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What can we mean by “different kinds” of ramification? We need a concept playing
the role for a general G that n — h-dimensional irreducible representations play for
GL(n), as h varies from 0 to n — 1. In the preceding lectures, the n — h-dimensional
irreducible representation was attached to a supercuspidal representation of the factor
GL(n—h) of a Levi subgroup of the maximal standard parabolic of GL(n) of partition
type (n—h, h). Closer examination reveals that the same n— h-dimensional irreducible
Galois representation occurs for irreducible admissible representations of GL(n) in-
duced from standard parabolics of partition type (ni,...,n,), where at least one of
the n; equals n — h. The following section describes a relation between stratifications
— in most cases conjectural — of general Shimura varieties, and irreducible compo-
nents of restrictions of the Langlands representation 7, to Levi factors of parabolic
subgroups of L'G. This relation serves in [H3] to motivate conjectures on the coho-
mology of Rapoport-Zink p-adic period domains, and their relation to the cohomology
of Shimura varieties. Partial results in this direction, due to L. Fargues, are described
in the final section.

8.2. Classification of strata. — For the moment, we set aside the global arith-
metic motivation and concentrate on the formal properties of isocrystals with addi-
tional structure, as analyzed by Kottwitz in [K6, K7]. Let F be a finite extension
of Qp, and let ' = Gal(F/F). Let G be a quasi-split reductive group over F, and fix
an F-rational Borel subgroup P, of G, with Levi factor Ty and unipotent radical No;
This determines an order on the root lattice of G and, dually, on that of the complex
dual group G. Let A C Ty be a maximal F-split torus, with cocharacter group X «(4),
and let &y C Hom(X.(A),Z) denote the set of roots of A in Ny. Define 2, Cg C 2,
as in [K7, pp. 267-268]:

Ao = Xu(4) ®2Q; A= X.(A)®zR;

Co={z €| {az)>0Vac &}
Let

Uv:B (G) — UQ

be the Newton map, defined as in [RR] and [K6, loc. cit.]. When G = GL(n), 7 is
the map that associates to an isocrystal its set of slopes with multiplicities, ordered
in accordance with the choice of Py; for general G, one can obtain 7 by embedding G
faithfully in an appropriate GL(n) and using Tannakian arguments.

If P is a standard parabolic subgroup, let Ap C A be a split component, and define
Ap = X.(Ap)®zR and Ap g as above. Then Ap is naturally a subset of A, and indeed
the chamber 5@ is a disjoint union over standard parabolics of the corresponding
walls A} (see [K7, 5.1] for this notation; we omit the subscript Q for the walls). Let
ﬂ; D Q(}t denote the corresponding closed chamber.

Following Kottwitz [K7, §6], we let B(G, u) = B(GF, i) be the set of § € B(G)
satisfying the following condition:
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(8.2.1) Under the natural map
B(G) — X*(Z(G)") = Ho(T,m(G))

(see [K6, §3] for the first version of the maps, [Mi2,Prop. B.27] for the second) the
image of § is the negative of the class of —pu, (see [Mi2, 6.1.4] for an explanation),

and such that
(8.2.2) 7(d) < pst.

Here pg € a@ is what Kottwitz denotes u2, and the order < is the usual lexicographic
order. The § € B(G, p) are precisely those such that, up to replacing p in its conjugacy
class, the pair (4, u) is weakly admissible in the sense of [RZ]. Equivalently, the filtered
isocrystal induced by (4, u) on any p-adic representation of G is weakly admissible in
Fontaine’s sense.

Recall that § € B(G) is basic if M(§) = G. Let B(G), denote the set of basic
classes. Condition (8.2.1) determines a unique element 6(u) € B(G)s (cf. [K7, 6.4]).
For § € B(G), let Ps C G be the unique standard parabolic subgroup such that
7(d) € 2(};;0. If P = LU is a standard parabolic, let B(G).,» = {0 € B(G) | Ps = P}.
Then B(G) = ]I, B(G)L,r, where L runs through standard Levi subgroups of G
(i.e., containing the chosen Ty). Here we are referring to [K7, (5.1.1)], but we have
replaced his notation B(G)p by B(G)rr. If L is a standard Levi subgroup, then
there is a natural map iLc : B(L) — B(G) [K6, §6]. Note that 2} is a chamber in
Ap, the A associated to M. Thus there is a Newton map ¥ : B(L) — UAp; let B(L)}
(resp. B(L)}) C B(L)s denote the subset whose image under this Newton map is
contained in A% (resp. in 2Ar). Then iLg is injective on B(L){, and B(G)r,r =
iza(B(L)}).

We now assume F' = Qp, and let E be the field of definition of the conjugacy class
of p. Let Ty = Gal(E/E). Consider the Langlands representation 7, of LG, taken
relative to E. Let P = LU C G be a standard Qp-rational parabolic. The repre-
sentation r,, decomposes, upon restriction to L[, as a sum of irreducible components
Co(L, p1), each intervening with multiplicity one. Indeed, u is a minuscule weight, with
stabilizer W, = W, for a certain parabolic subalgebra q C g defined over Q. The
irreducible components of r, are indexed by the set of I'g-orbits in (Wp\Wg/Wy)
where Wp is the absolute Weyl group of L, or equivalently of its Langlands dual L.
The highest weight of the component corresponding to w, relative to the standard
ordering induced by Py, is the one in the orbit containing wu. Let Wg (L) C W(G)
denote the subgroup of elements normalizing L. Since L is Qp-rational, the action
of I' on Wi stabilizes Wg(L). We identify two elements A\, X' € Co(L, p) if they are
associate; i.e., if there is an element of Wg (L) that takes A to \'. Let C(L, ) be the
set of equivalence classes for this relation.
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Remark 8.2.3. — By definition,
Ip={cel|o(k) € Wa(u}

It follows that there is a bijection between the set of T'g orbits in Wg(u) and the set
of T-orbits in the Wg x T-orbit of u in X*(T°). Thus C(L,u) can be identified with
the set of Wp X (Wg(L) xT') orbits in the Wg x T'-orbit of p in X*(Tp). In particular,
we can replace I'g-orbits by I'-orbits in the following discussion.

We index the elements of C(L, u) by their highest weights; if [A\] € C(L, 1) consists
of several elements of Co(L, ), we take the one with the highest weight relative to the
standard ordering on X *(’Z/‘\o) defined by P, (for which u is a highest weight). Each
component in Co(L, u) is obviously minuscule: its weights form an orbit under Wp.
Now restriction to the center Z (Z) defines a one-to-one correspondence

(8.2.4) {minuscule highest weights of L} « X*(Z(L)).

Indeed, for semisimple groups, this follows from Proposition 8 of [Bu, Ch. VIII, §7],
and the generalization to arbitrary reductive groups is immediate. The bijection
of (8.2.4) is Wg(L) x I'-equivariant (Wp acts trivially on both sides) and induces a
bijection, which we denote (1, between the set M(E) of I'-orbits in the set of minuscule
weights of L and X*(Z (E)F) We may identify C(L, u) with a subset of M(E)

Lemma 8.2.5. — Let S(L, 1) be the set of Wg(L)-orbits of elements x € X*(Z(L)F)
such that

(1) x |x*(z(6)1“) = Ba(p);

(2) p |X*(Z(E)I‘) 2 X5

(3) x(Hq) € {0,—1,1} for all roots a of (G, Ty); here Hy is the standard vector in
Lie(Tp).

Then the map B restricts to a bijection
Br: C(L,p) « S(L, ).
Here the order in the inequality is that defined by Py on X *(ﬁ)r.

Proof. — 1t is clear that G, takes values in S(L, u). Thus we need to show that every
element of S(L, ) comes from the Wg orbit of u. In other words, we need to show
that, if A is a minuscule weight of L satisfying (1), (2), and (3), then A = wy for some
w € Wg. But it follows from (3) and Proposition 6 of [Bu, loc. cit.] that A = wy’
for some dominant minuscule weight u' of (G,Tp). Then (1) and (8.2.4) imply that
w = p’. Condition (2) is in fact redundant. O

On the other hand, let
B(G, p)r = B(G, p) Nira(B(L)s) = B(G, p) Nirc(B(L)y).
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Note that B(G, p)r, is not generally contained in B(G)r . Let
ar: BL), = X*(2(L))
denote the bijection of [K6, Proposition 5.6]. To any element § € B(L), we can

associate its Kottwitz invariant a(8) = ag(irg(6)) € X*(Z(G)F). Then a(f) is the
restriction of ar,(d) to X*(Z(G)V).

Lemma 8.2.6. — There is a natural bijection Straty : C(L,p) — B(G, p)r uniquely
determined by the property that, if Straty(wp) = irg(dr), then the pair (6r,wu) is
weakly admissible for L.

Proof. — The condition of weak admissibility is precisely the analogue of (8.2.1),
namely that
ar(0r) = Br(ww).

Since ay, is a bijection on basic classes, this condition certainly determines Straty,
uniquely. It thus remains to be shown that oy defines a bijection between F(L)Z’,
which we identify with B(G, u)r, via irg, and S(L, u). It follows from (2) of Lemma
8.2.5 that S(L, u) C ar(B(G, u)L). Moreover, every element of B(G, ) satisfies (1)
of Lemma 8.2.5. On the other hand, the order on B(L); defined by the Newton map
is compatible with that on X*(Z(L)F), i.e., by pairings with the vectors H,, for simple
roots . Since Bg(p) > ar(ér) > 0, for 6; € B(L){, with u minuscule, it follows
that oy (0) satisfies (3) as well. This completes the proof. O

We now let C(u) =[], C(L, ), where L runs through the classes of standard Levi
subgroups of G.

Corollary 8.2.7. — There is a natural surjective map
Strat : C(u) — B(G, u)
given on C(L, u) by Straty,.

Indeed, the map is surjective because
(8.2.8) B(G) = Urira(B(L)})

as L runs over the set of standard Levi subgroups of G. Note, however, that the map is
not generally injective. Indeed, the union in (8.2.8) is not disjoint in general. However,
this is the only source of ambiguity. To b € B(G, ), we let Rep(b) = Strat™'(b); it is a
set of pairs (L, A), with A € C(L, i), partially ordered by inclusion in the obvious sense.
It contains a maximal element (M = M (b), \y) with the property that b € B(G)as(sv);
here M(b) is defined as above.

Lemma 8.2.9. — With the above notation, there is a bijection between Rep(b) and the
set of P(b) of standard parabolics P C M = M (b) that transfer to the inner form J(b)
of M defined by the basic o-conjugacy class b.
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Proof. — We have seen that Rep(b) is in bijection with the set of pairs (P = LU, by)
where by, € B(L) is such that igp(br) = b. Thus the lemma comes down to the
assertion that b is o-conjugate to an element of B(L), if and only if P transfers to
J(b). We let M,q be the adjoint group of M and b,q the image of b in B(Maq)s-
There is a bijection

(8.2.9.1) j: HY(T, Maa) = B(Maa)s

(cf [KT7, 3.2]) and j~!(baq) is the cohomology class defining the inner form J(b).

One direction is simple. Suppose b = iyg(br) as above. It follows that the inner
form J(br) of L defined by by, transfers to J(b), hence is necessarily a Levi subgroup
of a rational parabolic P, C J(b).

To construct a map in the other direction, we may as well assume M = M,q4, since
both sides of the purported bijection are unchanged when M is replaced by Magq.
Thus b = b,q. Let Q(b)o be a standard minimal parabolic subgroup of J(b), with Levi
subgroup L(b) and anisotropic kernel I(b)o. Let Qo be a standard parabolic subgroup
of M that transfers to Q(b)g, and let Iy C Qo be the reductive subgroup corresponding
to I(b)o. It is standard that the cohomology class in H*(I', M,q) defining the inner
form J(b) is represented by a class in H(T, Ip); i.e., b is o-conjugate to by € B(Ip) N
j1,(HY(T, Iy)), where for any reductive group H, there is a natural bijection

(8.2.9.2) ju : HY (T, H) — B(H),

as in (8.2.9.1). Let P = LU be a standard parabolic subgroup of M,q that transfers
to P, C J(b), and let Ly C P, be a Levi subgroup, necessarily an inner form of L.
Then Iy C L. The obvious commutative diagram then shows that b = iy a(br) €
Im[HY(T, L) — B(L), — B(M)], hence a fortiori belongs to the image under iy of
the image of by in B(L)y. O

(8.2.10) Example. — We work out the stratification in the case of a Shimura variety
Sh(G, X)) uniformized by the symmetric space associated to a unitary similitude group
of signature (k,n — k), for some integer 0 < k < n. For simplicity, we assume G to be
the unitary similitude group, as in (1.2), relative to a central simple algebra over an
imaginary quadratic field E; however, we now assume G(R) — GU(k,n — k). For
an appropriate choice of Shimura datum (G, X), the corresponding representation
r, of the dual group G= GL(n,C) x C* of G is of the form AF St ®v, where St is
the standard representation of GL(n) and v is a character which we simply ignore.
We consider a prime p that splits in E, so that G(Qp) = GL(n,Qp) x Q. Let
K = K, x KP C G(Ay) be a level subgroup, with K, hyperspecial. The special fiber
of x Sh(G, X) then naturally carries a family H of p-divisible groups of height n and
dimension k, generalizing the family considered in [HT]. (There is an “additional
structure” coming from the character of Q), but this plays no role in the following
discussion.)
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The strata correspond to the Dieudonné-Manin classification of isogeny classes of
p-divisible groups in terms of the slope decomposition. The set B(G,u) can then
easily be identified with the set of partitions

(8.2.10.1) (k,m) = 3 (ris :)

where 1;,s; are non-negative integers satisfying r; < s; for all ¢, and the rational
numbers r;/s; are all distinct. The order in the sum is immaterial. The geometric
point z € S belongs to the stratum S({(rs, s;)}) if and only if the p-divisible group H,,
is isogenous to a p-divisible group of the form [],(H,, /s,)%, where H,, /s, is a simple
p-divisible group of slope r;/s; and d; is the greatest common divisor of 7; and s;.
The centralizer in G(K) of the corresponding slope morphism is then M ({(r;, s:)}) =
[T%; GL(s:,K) x K*, and the associated twisted form is

m
J({(Ti’ S,)}) = HGL(di7 Dm/.ﬁ) X Q;;a
1=
where D, /,, is the division algebra of dimension (s;/d;)? with invariant r;/s;. The
set of standard parabolics of M ({r;, s;}) that transfer to J({(r:, s:)}) is in one-to-one
correspondence with the set of m-tuples (4;), where each §; is a divisor of d;.

On the other hand, to each partition n = Z;'=1 n; corresponds a standard Levi
factor L = L({n;}) = [[ GL(n;,Qp) x Q) of G(Q;), and the Langlands dual of L has
the same form. If we write G = GL(V) x C*, for some n-dimensional complex vector
space V, then L is the stabilizer of a decomposition V = > V;, with dimV; = n;.
The restriction of A¥V breaks up as the sum of the irreducible L-invariant subspaces

Dr=ky+-+k: NF Vi -® /\kt‘/t,

where k = k1 + - - - + k¢ runs through partitions of k. Thus C(u) is the set of partitions
(k,n) = Yt_,(ki,n;), and the map Strat : C(u) — B(G,u) consists in replacing
the partition (k,n) = Zle(ki, n;) by the one obtained by adding together all pairs
(kiym;) with fixed k;/n;. It is easy to check that the above description of parabolics
transferring to J({(rs,s;)}) is compatible with Proposition 8.2.9.

The book [HT] and the previous lectures are concerned with the specific case k = 1,
and the classification is valid whether or not the base field E is imaginary quadratic.
The partition (8.2.10.1) then has at most two terms:

(8.2.10.2) (1,n) = (1,n — h) + (0, h)

where the second term is present if and only if A # 0. The first term corresponds
to the connected part of the p-divisible group, the second to the étale part. Then
Strat™'(1,n — h) consists of a single element, whereas Strat™!(0, k) consists of all
partitions of h. In other words, Strat_l(l, n—h) corresponds to of standard parabolic
subgroups of GL(n) contained in P, and containing the GL(n — h)-component of its
Levi factor.
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8.3. Results of Fargues. — As at the end of (8.1), we consider the special fiber
KPS- at a place v of the reflex field E of the Shimura variety g,.x» Sh(G,X) with
good reduction at v. Let G, = Gq,, and let u be the cocharacter of G associated to
the Shimura datum (G, X), viewed as a @p—cocharacter. Then one expects g,S to
decompose as a disjoint union of locally closed reduced subvarieties

(8.3.1) 5= ] xSO®).
beB(Gp,u)

When (G, X) is a PEL type, g,S is a moduli space for abelian varieties with ad-
ditional structure (at least in the unramified cases considered in [K5]). Then the
stratification (8.3.1) is known to exist: k,S(b) is the reduced subscheme whose geo-
metric points classify abelian varieties of the given PEL type and with isocrystal (with
additional structure) of type b. That (8.3.1) defines a stratification is a consequence
of Grothendieck’s theorem on specialization of isocrystals, as generalized by Rapoport
and Richartz [RR)]. Let x,S(> b) denote the closure of k,S(b) in the special fiber. It
then follows from the results of [RR] that x,S(> b) is a finite union of strata x,S(V'),
for b’ € B(Gp, i) such that U(b’') < 7(b) for a natural partial ordering (the Newton
polygon associated to b’ lies above that associated to b).

For the rest of this discussion KP will be fixed. We assume for simplicity that G
is anisotropic (modulo center). For any open subgroup Kzl) C Kp, we consider the
rigid-analytic space Sh;ié , associated to the Shimura variety K} KP Sh(G, X) (Fargues
considers various versions of rigid-analytic spaces, including Huber’s adic spaces and
Berkovich’s analytic spaces; here we will not be precise). Let Sh}ifp’> bc Sh;i,g; denote
the (open) tube over the closed subvariety x,S(> b) of the special fiber: Sh?(gp’zb
is the set of points of Sh?{i whose specialization lies in Kp3(2 b). For any open
subgroup K, C K, we define Sh;}i’zb to be the fiber product of Sh}}i)b with Sh;i(g;
over Shj,i{gp ; note that this can be defined without reference to an integral model of
k:.k» Sh(G, X). We let ShE® denote the complement of Sh}i{i’>"', for 7(b') < (b),
in Sh;i,gp’zb.

Let 7 be a representation of G(Ay) contributing to non-endoscopic cohomology
in (8.1.2). We will soon assume 7, to be supercuspidal, but for the moment we let
P C Gp be the parabolic subgroup, with Levi subgroup L, and assume that m, is
isomorphic to the representation induced from a discrete series representation 7, of L.
Then the Langlands parameter attached to 7, is (conjecturally) given by a homomor-
phism o(m,) : WDEg, — YL(Q,). Compatibility of local and global correspondences,
generalizing Theorem 1.3.6, amounts to the hypothesis that the restriction to WDg,
of r¢(mf) to WDg, is equivalent to 7, o o(mp). In particular, by the discussion pre-
ceding Remark 8.2.3,

(8.3.2) re(mg)lwoe, = @  re(mp)n,
AEC(L,p)

where we have grouped together irreducible summands that are associate.
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Let [H*(Sh(G, X),Q,)] denote the direct limit, over K »KP, of the alternating sum
of the £-adic cohomology groups of k;.x» Sh(G, X). We define [H¢ (Shr&® Q,)] anal-
ogously, using this time the ¢-adic cohomology of the indicated rigid space. Roughly
speaking, the stratification gives rise to an identity in the Grothendieck group of
G(Ay) x WDg,, analogous to the First Basic Identity (4.4.4):

(8.3.3) [H*(Sh(G, X), Q)] = ) [H(Sh™", Q).
beB(G,u)

The heuristic expectation is that, if b = Strat;(\), then the representation r¢(m¢)x
is realized on the compactly supported cohomology lim K Hc'(Sh?é’b,@[). In [HT]
the partition (1,n) = (1,n — h) + (0, h) of (8.2.10.2) correspponds to the stratum here
denoted g(h). The Second Basic Identity, and more precisely the calculations (6.2.3)-
(6.2.7), show that the 7, that contribute to the cohomology of g(h) are precisely those
for which m,, is induced from a parabolic subgroup of P, corresponding to a partition
of h. As indicated at the end of the previous section, this is just the fiber of Strat
lying above the partition (1,n) = (1,n — h) + (0, h).

In particular, if 7, is supercuspidal, there is only one A in the sum (8.3.2)(10),
namely (L = G,wp = u), and Strat(A) is the basic stratum. The heuristic expectation
is then the

(8.3.4) Conjecture. — Let by € B(G, 1) denote the basic class. If 7, is supercuspidal,
then r¢(ms) comes exclusively from the contribution of [Hs(Sh™&% Q,)] to the right-
hand side of (8.5.8). In other words, for b # by,

> (=1)*Homg(a,) (s, H; (Sh"®*,Q,)) = 0
in Groth(G(Ay)). °

This conjecture was verified in [HT] for the Shimura varieties considered there,
and is asserted as (5.1.4) above. As we have seen, the proof of this conjecture is
based on Boyer’s trick, which proves that the cohomology of the non-basic strata is
induced from parabolic subgroups, because the strata themselves are induced. For
more general Shimura varieties this trick fails; it is easy to see that the strata are
generally not induced. However, Fargues proves:

(8.3.5) Theorem (Fargues). — Suppose G is the unitary similitude group of a division
algebra B of degree n? over a CM field of the form F = F+E, as in (1.1). Suppose
B is locally everywhere either split or a division algebra. Let p be a prime unramified
in F. Suppose either

(1) p splits in E; or

(2) pisinert in E andn =3

Then Congecture (8.3.4) is true.

(10) This does not mean the representation r¢(7¢)|wp By is necessarily irreducible, or even indecom-
posable.
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In case (1) Fargues actually makes the slightly stronger assumption that p is inert
in F, but this is merely to simplify the exposition.

In the absence of Boyer’s trick, Fargues proves Theorem 8.3.5 by proving
vanishing of the trace of a supercuspidal matrix coefficient ¢ against the sum
S (-1)H; (Sh™&® Q,) appearing on the right hand side of the formula in (8.3.4).
By (8.3.2), this is equivalent to showing that the trace of ¢ on [H*(Sh(G, X),Q,)]
equals the trace of ¢ on [H:(Sh"&% Q,)]].

The trace of ¢ on [H*(Sh(G, X),Q,)] is given by the cohomological trace formula
(5.4.2). To compute the trace of ¢ on [H?(Sh"&% @Q,)]], Fargues carries out a prelim-
inary analysis of fixed-point contributions of isogeny classes, as in Lectures 6 and 7.
However, for a variety of reasons, this analysis, unlike the analysis in Lecture 5, does
not calculate the trace of a Hecke operator on cohomology, even of the basic stratum,
unless the Hecke operator has first been twisted by a high power of Frobenius, as
required by Fujiwara’s trace formula. Since the cohomological trace formula (5.4.2)
has no room for twisting by Frobenius, there seems to be an insurmountable obstacle.
Fargues overcomes this obstacle by making use of the Galois representation r(my),
whose restriction to WDp, can be determined by combining the results of [K4] (at
unramified primes away from p), the Main Theorem 1.3.6 (for a Shimura variety of
signature (1,n — 1) attached to an inner form of G), and Chebotarev’s density theo-
rem. In particular, he finds that r¢(7;)|wpg, depends only on p, which allows him
to “twist by Frobenius” for fixed 7, at the level of the cohomological trace formula.

For general PEL types of type A and C, Rapoport and Zink have shown in [RZ)]
that the basic stratum Sh™®% admits a rigid-analytic uniformization by a tower of
moduli spaces M (Gp, 1) ky; a special case of this uniformization is (3.4.10). Using this
uniformization, Fargues determines the trace of [H?(Sh"®" @Q,)]] by constructing a
Hochschild-Serre spectral sequence, simultaneously generalizing that of [H1] and the
(much simpler formula) (5.2.11), in terms of the cohomology [H: (M (Gp, 1), Q,)], as
defined by Berkovich or Huber. These cohomology groups are smooth modules for
Gp X Jy, X WDF,, where Jp, is the inner form of G, given as the group of self-
quasiisogenies of the p-divisible group attached to any point in the basic stratum.
In Theorem 8.3.5(1), Jy, is the multiplicative group of a division algebra with invari-
ant r/n for some r prime to n. Using Theorem (8.3.5) and the existence of the local
Langlands correspondence for GL(n), Fargues then proves

(8.3.6) Theorem (Fargues). — Under the hypotheses of Theorem 8.3.5 (1), let m be an
irreducible admissible representation of Jp, corresponding to a supercuspidal represen-
tation JL(m) of G, via the Jacquet-Langlands correspondence. Then

> (=1)*Homy,  (H:(M(Gp, 1), Qy), ™) = [JL(r)] @ s © Ge(JL(m)).
Here ¢ is a certain normalized twist of the local Langlands correspondence. Far-

gues obtains similar results for U(3), but the presence of L-packets complicates the
statement.
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Appendices

A.1. Traces, pseudocoefficients, and the Jacquet-Langlands correspon-
dence. — In the present section, K is a finite extension of Q,. Let g denote a
positive integer, and let A(g, K) denote the set of equivalence classes of irreducible
admissible reprsentations of G, = GL(g, K), A4(g, K) (resp. A:(g, K)) the subset of
discrete series (resp. tempered) representations. For any representation = € A(g, K),
the trace Tr(7) is a distribution, defined on C2°(G,) as the trace of the finite rank
operator

(A.L1) 7(¢) = /G 6(g)(9)dg.

Note that the trace depends linearly on the choice of Haar measure. It is known thanks
to Harish-Chandra that Tr(n) is represented by a locally L!-function X, defined on
the regular semi-simple elements G7°. (Of course Harish-Chandra’s theorem is valid
for any reductive algebraic group over Q,.) It is also known that

(A.1.2) Linear independence of characters. — Any relation ) . 4 ar Tr(m) = 0, where
A C A(g, K) is a finite subset and a, € C, is trivial.

Let A4 6n C Ad(g, K) be any countable subset with the following property:

(A.1.3). — For any 7 € Aq4(g, K), the set of unramified characters ¢ of K* such that
T ® 1 odet € Agnn is finite.

In other words, for any m € Aq(g, K), the intersection Ag gn(m) of Aqg sin with the
inertial equivalence class of 7 is finite. Let If 7 € Aggn, a pseudocoefficient for ,
relative to Aqg gn, is a function ¢, € C°(Gy) such that

(A.14)  Tr(m)(¢r) =15
Tr(n')(¢x) = 0 if either ' € Agin, 7" # mor ' € A(g,K), 7’ ¢ Ad fin

(A.1.5) Theorem (IDKV], [HT, 1.3])

(i) For any set A4 fn satisfying (A.1.3) and any ™ € Ag fin, a pseudocoefficient ¢
for m (relative to A4 an) exists.

(i) If ™ is supercuspidal, then Tr(7')(¢r) = O for any ' # 7 (not necessarily
tempered).

(iii) For general m € Ag gin, let 7' € A(g, K) be a non-tempered representation such
that Tr(7')(¢r) # 0. Then n' belongs to the block of «; i.e., there is an unramified
character ¢ of K>, a proper standard parabolic subgroup P C G4, and an irreducible
admissible representation T of P such that ' ® 1) o det and m are Jordan-Holder
constituents of n—Indgg T.

The pseudocoefficients, and the block of 7, can also be defined cohomologically, as
Euler-Poincaré functions; cf. [SS], Proposition III.4.1 and Corollary III.4.8.

SOCIETE MATHEMATIQUE DE FRANCE 2005



138 M. HARRIS

Without the restriction to .Ag sn, the theorem is false, because a given 7 can be
twisted by an arbitrary unramified character, and the family of such twists is contin-
uous. For g = 1 the existence of pseudocoefficients without restriction would imply
that the Fourier transform is defined on a discrete space, which is false.

Pseudocoefficients are not unique. For the purposes of the present notes, we pri-
marily need them for supercuspidal m, in which case the construction is relatively
simple. Let Z, denote the center of G4. Let ¢,/ , be any matrix coefficient of the
contragredient 7V of m:

o K (g) = <7rv (g)vly ’l))

for some v’ € 7V, v € 7 such that (v',v) # 0. Let ¥, denote the central character of
m; then

(A.1.6) bv w(29) = "»b;l(z)(bv’,v(g)’z € Zg.

Let C°(Gy, ;') denote the space of functions compactly supported modulo Z, and
satisfying (A.1.6). Since 7 is supercuspidal, the matrix coefficient ¢, , belongs to
C (G 7).

If 7’ is any admissible representation of G4 with central character ¢ = v, then any
function f € C°(Gy,v ') defines a trace class operator 7'(f) on 7’ by the formula

(A.L7) ﬂﬁ=LMf@ﬂwm

Here dg is an invariant measure on Gg4/Z,. We write Trz, 4 (7) = Trz, g, (7) to
distinguish the trace of the operator defined by (A.1.7) from that defined via (A.1.1).
Once and for all, we choose our Haar measure dz on K* so that

(A.1.8) / dz =1,

Ox
and define dg to be the quotient measure dg/dz. Then (cf. [DKV], A.3.g)
(A.1.9) Trz, . (T) (G0 ,0) = d(T) ™ o (1)

where d(r) is the formal degree (which depends on the choice of Haar measure on Gg).
Thus by choosing v' and v appropriately, we may assume Trz, . (7)(¢vv) = 1; we
then write ¢z = ¢y .

As above, we let § = wk odet : Gy — Z, with wg the valuation on K. Let a < b
be a pair of integers, with b — a + 1 an integral multiple of g, say

b—a+1=mg.

Let w denote the interval [a,b]. For any locally constant function f on G4, we define
the w-truncation t,(f) € C°(Gg) by

(A.1.10) tw(f)(9) = f(9),0(9) € w; tw(f)(g) = 0 otherwise.
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Then it is easy to see that, for any interval [a,b] as above with m sufficiently large,
relative to the set A4 fin, the function

(A.l.ll) ¢ = ¢7r;w = %tw(qﬁz)

is a pseudocoefficient for 7 relative to Aq fn. (In any case, ¢r,, has trace zero on any
tempered representation not inertially equivalent to 7, and for large enough m, ¢,
separate elements of A4 fn(7).) In particular, we can assume all ¢, have support in
elements of arbitrarily small (or arbitrarily large) determinant. This is important in
the applications of Fujiwara’s theorem.

Henceforward we drop the assumption that 7 be supercuspidal. The truncation
can be defined for any pseudocoefficient and has the properties indicated above. If
v € Gy is a semisimple element and f € C°(Gy), the orbital integral O, (f) = O$ (f)
is defined as in (5.4.1). The orbital integral O, (f) depends on the choice of Haar
measure dg on Gy, which has already been fixed (and is reflected in the choice of ¢ ),
and on the Haar measure on the centralizer Z(y) C G4. Let d2, denote the quotient
measure on the quotient Z(y)/Z, (recall (A.1.9)). Then

(A.1.12) Proposition. — The orbital integrals O,(¢) of the pseudocoefficient ¢ = ¢r.,
vanish on all non-elliptic semisimple regqular v € G4. For v € Gg regular elliptic,

04(8) = vol(Z(1)/Zg) ™ e ) (),
where

vol(Z(v)/Z4) =/ 1dz,.

Z("N\Gy

The vanishing of the non-elliptic orbital integrals is the Selberg principle. The
expression of the elliptic orbital integrals in terms of the character is well-known;
cf. [IDKV], A.3, and the normalization (A.1.11) introduces the factor 1/m as well as
the truncation.

The Jacquet-Langlands correspondence is a bijection

(A.1.13) Aa(Gy) <% A(T,).

The notation JL designates the bijection in either direction. It is characterized by the
following character identity

(A.1.14) X(JL(m))(a) = (1) x(m) (7).

if v is an elliptic regular element and a € J; transfers to y. Thus the expression in
Proposition (A.1.12) can be rewritten

04(8) = (=177~ vol(Z(x)/ ;) tu (1)) (@)
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for v elliptic regular; the truncation for J, is defined by analogy with that for G|.
Both sides of this formula are defined for general elliptic elements, and the formula
extends with the addition of signs:

(A.1.12 bis) Proposition. — For v € Gy elliptic, a € J4 an element whose conjugacy
class transfers to the conjugacy class of 7, the following identity holds

04(#) = (~1)7e(7) ol Z(7)/Z5) " =t (xo1.e) (@):
Here e(7) is the Kottwitz sign (cf. [L, 1.7.1]).

We let A(Jy)sn denote the image under JL of Ag sn. Then the analogue of Theorem
A.1.5 holds for A(Jy)sn; indeed, the pseudocoefficients can be constructed starting
from matrix coefficients just as for GL(g, K).

If 7 is an admissible representation of G(A), or of G(Ay), then Tr(r), defined just
as in the local case, exists as a distribution on C*(G(A)). If 7 = ®,m, is irreducible
and ¢ = ®,¢, is decomposed with ¢, € C*(G(Qy)), almost everywhere equal to the
characteristic function of a maximal compact subgroup, then

(A.1.14) ™)(¢) = H’n LICHE

A.2. L and ¢ factors, and some results of Henniart. — In this section F is
a number field, v designates a (variable) place of F', and K denotes a local field of
characteristic zero, generally arising as the completion F,, of F' at v. The notation
of (A.1) for K remains in force, except that K can now be an archimedean field, in
which case the notion of “irreducible admissible representation” needs to be modified
accordingly. By Ag(n, F') we denote the set of cuspidal automorphic representations
of GL(n, F): i.e., the irreducible constituents of the space Ao(GL(n, F)\GL(n, Ar))
of global cusp forms.

Let Agen(n, K) denote the set of generic irreducible admissible representations of
GL(n,K). Let n and m denote two positive integers, n > m, and let 7 € A(n, K),
7' € A(m,K). Let Il € Ag(n, F), II' € Ao(m, F). We fix an global additive character
¥ :adp/F — C*, and a local additive character ¥x : K — C*; if K = F,, we assume
1k to be the restriction of ¢ to K.

We momentarily let N be a positive integer, and let o9 € G(N, K). Let L(s,09)
denote the local Artin L-factor of g, which is a product of I'-functions if K
is archimedean. Langlands and Deligne (cf. [De2]) have defined local constants
e(s,00,%K) which are entire nowhere-vanishing functions of s € C, and which are
compatible with the global functional equations of Artin-Hecke L-functions in the
following sense. Let Xy be an N-dimensional representation of the global Weil
group of F, and let L(s,¥p) denote its global L-function. For any place v of F, let
Yo,0 € G(N, F,) denote the restriction of X, and let v, denote the restriction of the
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additive character 1. Then there is a functional equation

(A.2.1) L(s,%o) = e(s, Zo)L(1 — 5,50); (s, %0) = [ [ e(5,To,0, %)

Note that the product of the local e-factors is independent of the choice of additive
character.

The local factors are characterized by a number of appealing properties, described
in detail in [De2]. We simply recall that, for N = 1, they are defined by Gauss sums
as in Tate’s thesis; they are multiplicative in the sense that

(A.2.2) (s, 00 ® 01,YK) = €(8,00,¥kK) - €(8,01, YK ),

hence define functions on the Grothendieck group of virtual representations of W D ;
finally, they are inductive in degree zero: if K'/K is a finite extension, and ¢’ is a
virtual representation of dimension zero of W Dk, then

(A.2.3) e(s,0', K o Trgr /i) = €(s,Ind g/ (07), YK ).

These properties are used in (1.4).

Now suppose o € G(n,K), ¢’ € G(m,K), and let N = nm. Then we can define
e(s,0 ® o’,1), which arises as the local factor in a functional equation of the form
(A.2.1) for the tensor product of two representations of the Weil group of F'. Motivated
by the expectation of a local Langlands correspondence, one would then expect to be
able to attach analogous local factors to pairs of representations m, 7’ as above. This
can be done, and with the notation introduced above, there is a global functional
equation

(A.2.4) L(s, IR IT') = [[ eu(s, Ly @ T}, b, ) L(1 — s, 11V @ II")

already encountered in (1.4.2). Moreover, the local epsilon factors of pairs satisfy the
following analogue of (A.2.2):

(A.2.4) e(s,mB 7', YK) = e(s,m,¢K) - (s, 7', Yk),

with notation as in (1.4).

The two constructions of these local factors, respectively in [JPSS] and [Sh], char-
acterize them in terms of local harmonic analysis on general linear groups over K,
or more precisely in terms of local functional equations generalizing those found in
Tate’s thesis for n = m = 1. However, the two characterizations look quite different,
and in both cases apply only when II, and II/, are generic, as is automatically the
case when they arise as local components of cuspidal automorphic representations.
In the general case, local factors can be defined ad hoc using the classification of all
representations via induction from generic representations.

With these preliminaries out of the way, we can now explain some results proved
by Henniart long before [HT] and [He5], which are used in a crucial way in both
proofs.
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Henniart’s numerical local Langlands correspondence [He2], and the splitting prin-
ciple it implies [He3], have already been invoked (cf. the Introduction and the footnote
to (5.3)). The following theorem was mentioned in the introduction:

Theorem A.2.5 ([Hed, Théoréme 1.11). — Let K be a non-archimedean local field and
n > 2. Let m,m € Ao(n, K). Suppose for all integers m < n and all 7' € Ag(m, K)
we have the equality

E(S, m ® 77/1 wK) = 8(3, 2 ® 7['/, ¢K)
Then m and wo are equivalent.

As noted in the introduction, this theorem implies in rather straightforward fashion
that there is at most one family of local correspondences satisfying properties (0.1)-
(0.8). The key property (0.8) is obtained in (1.4), for representations induced from
characters, from a global identity of L-functions with functional equation. In the
setting of (1.4), this yields the equality

(A26) ] (s 00w ® T(X ), tou)

weS
= H Yo(s,Indp, /7y, Te(Xw) @ Indpy /5y, Te(X0), Yu)-
weS

Here S is the finite set of primes where the data are ramified (including all places w
at which either of the local e-factors is non-trivial and all places where one doesn’t
know a priori that L (s, II(x) ® II(x")) = Lw(s,Indp,/r, me(x) ® Indgy/r, Te(X')))s
and R
_ €w(8,7,%w)Lw(l —s,7)
Tw(?) = T(s.7) :
In particular, the place of interest v, at which F,, = K, belongs to S. Using an
argument originating in [De2], and applied in the automorphic setting in [Hel], one
shows that one can twist by characters highly ramified at all w € S — {v} to simplify
all the ¢ factors on both sides except for the one at the place v of interest, at which
F, = K. It then becomes obvious that the ¢ factors in (A.2.6) away from v match on
the two sides. A weight argument serves to eliminate the local L-factors in (A.2.6),
and all that remains is the equality (1.4.4) of ¢ factors at v.
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