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INSTABILITY OF RESONANT TOTALLY ELLIPTIC POINTS
OF SYMPLECTIC MAPS IN DIMENSION 4
by

Vadim Kaloshin, John N. Mather & Enrico Valdinoci

Abstract. — A well known Moser stability theorem states that a generic elliptic fixed
point of an area-preserving mapping is Lyapunov stable. We investigate the ques-
tion of Lyapunov stability for 4-dimensional resonant totally elliptic fixed points of
symplectic maps. We show that generically a convex, resonant, totally elliptic point
of a symplectic map is Lyapunov unstable. The proof heavily relies on a proof of
J. NMather of existence of Arnold diffusion for convex Hamiltonians in 2.5 degrees of
freedom. The latter proof is announced in [Mab], but still unpublished.

Résumé (Instabilité des points totalement elliptiques résonnants d’applications symplec-
tiques en dimension 4)

Un théoreme célebre de Moser établit la stabilité au sens de Lyapounov des points
fixes elliptiques génériques des applications qui conservent 'aire. On étudie la sta-
bilit¢ de Lyapounov des points fixes totalement elliptiques résonnants d’applications
symplectiques en dimension 4. On montre que, génériquement, un point totalement el-
liptique résonnant convexe d'une application symplectique est instable au sens de Lya-
pounov. La démonstration s'appuie de fagon essentielle sur celle donnée par J. Mather
pour lexistence d'une diffusion d’Arnold pour les hamiltoniens convexes a 2.5 degrés
de liberté. Celle-ci. annoncée dans [Mab], n'est pas encore publide.

1. Introduction

J. Moser investigated the smooth area-preserving diffeomorphisms [ of the plane
with elliptic fixed points. He showed [Mo] (see also [LM] for a simple proof) that, if
the linearization df (pg) of f at a fixed point py has eigenvalues exp(+27wiw), which is
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80 V. KALOSHIN. J.N. NTATHER & . VALDINOCI

not a small root of unity. then generically pg is Lyapunov stable! . An application of
such result is the stability of the planar restricted three body problem (see e.g. [MH]).

Let R be the Euclidean space (..., .. Yl yn) € R?" and Q be the stan-
dard bilincar skew-symmetric 2-form Q@ = > de; Ady;. A C* smooth map f
R2" — R?" is called symplectic if it preserves w. i.e. f*Q = Q. Let f(0) = 0 be a
fixed point. We say that a fixed point is fotally elliptic if all the cigenvalues of the
lincarization df (0) are pairwise complex conjugate. non-real. and of absolute value
one. i.c. exp(£2miw;), 2w; ¢ Z. j = 1..... n. A fixed point 0 is called Lyapunov
stable if for any € > 0 there is & = (=) > 0 such that if [p—0] < 4. then [["p—0] < e
for all n.

In the multidimensional case (i.e. n > 1), totally clliptic periodic points are the
only possible stable periodic points. Indeed. since df (0) preserves the skew-symmetric
form w if one of eigenvalues A of df (0) is not 1 in absolute value. then A~ ' is also an
cigenvalue. So cither A or A™1 in absolute value exceeds 1. say A. The approxima-
tion of the dynamics by linearization shows that pgy is unstable along the cigenspace
corresponding to A.

R. Douady [Dou] proved that the stability or instability property of a totally
clliptic point is a flat phenomenon for C™ mappings. Namely, if a C™ symplectic
mapping fy satisfics certain non degeneracy hypotheses. then there are two mapping
[ and g such that

Jo — [ and fy — g are flat mappings at the origin and
the origin is Lyapunov unstable for f and Lyapunov stable for g.

In the present paper we begin an investigation of totally elliptic fixed points in
dimension 4. Let f @ R' — R be a (* smooth symplectic mapping with a fixed
totally elliptic point at the origin 10 < s < ~x. Denote the eigenvalues of df(0) by

(\Xp(i?ﬂ/@*')

), j = 1.2, We assume that:
(H1. resonance) Let w" = (w.w)) have a resonance of order at least 10, i.e. for
any k= (ko ki ko) € Z3. (ki hy) # 0 such that kg + kwf + kowd = 0 we have

[k | + [k2| > 9 and there is at least one A with this property. Denote
1
koo = min{| k| + |A2] 0 ko + Frw) + kow) =0} and  dyo = 3 min{h o, s}.

In particular. (H1) does not exclude possibility of rational w’ = (p1/q. p2/q) with
q > p1, p2 and |p1] + [p2] > 9. We shall not consider low order resonances here.

Denote A, € R? the line of w's in the frequency space satisfying this equation.
Notice that such line passes throngh w”. As a matter of fact, we shall construct orbits
diffusing “along™ Ay.

('We remark that earlier a weaker result was obtained by V. Arnold [Arl]. Lyapunov stability will
be defined below.
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INSTABILITY OF TOTALLY ELLIPTIC POINTS 81

Let (xy,22.y1.y2) € R* be Euclidean coordinates. Let us introduce “canonical
polar coordinates™

€Ly = /2rjcos2ml;, y; = \/2rjsin2w0;, j=1,2,

where f; is determined modulo 1 or simply ¢; € T and r; > 0. Denote Ry =
{r € R : x > 0} the positive semi-axis. To avoid degeneracy of transformation to
polar coordinates, it is convenient to introduce cones. For any 0 < o« < 1, 0 < p
denote

1\";)Y ={(r1,r): 0<ar <rs<p, 0<ary <r <p}.

In the interior of A7, the transformation from Euclidean to polar coordinates is non-
degenerate. Denote by

]C;: = {(01.92{!‘1.”!'2) S T? x Ri : (’I’l.’l'g) € 1\";)1}

the cone part of the p-neighborhood of the origin. Its complement contains neighbor-
hood of the planes {r; = 0};=1 2, where polar coordinates are degenerate.

Suppose we have a totally elliptic point at r = 0 satisfying (H1). Birkhoff Nor-
mal Form (BNF), e.g. [Ar2], App.7A or [Dou], states that for small » the map
J(01.11,02,12) = (O, Ry, O3, Ry) can be written in the form:

SP(r

O, H,+w;)+]3j7‘+w (mod 1)

<RJ> — ( : : or;j > + Rem(0, 1),
' T

J

B ={Bj}j=12={Bij}i <2,

(1)

where B @ R? — R? is a symmetric matrix, P(r) is a polynomial in (r1,72) having
zero of order at least 3 at the origin (ry,r2) = 0. The remainder term Rem : U —
R? is naturally defined near the origin 0 € U € R? and is C* smooth away from
{r; =0};=12. Since condition (H1) rules out resonances of order up to ko — 1,
the smallest term in Taylor expansion of Rem(#,r) at the origin is of order at least
2d,0 = 10 in (1, 1,02, y2). It implies that inside K all partial derivative with
respect to (ry,r2) of Rem(é, r) of order d o —1 > 4 (resp. d,o = 5) tend to 0 (resp. stay
bounded) as r — 0.

We also make the following assumption:

(H2, positive torsion) Let B be symmetric non-degenerate positive definite and let
it map degenerate planes {r; = 0};=1 2 transversally to the resonant line Ay, i.e. for
j = 1,2 the intersection B{r; = 0} N Ay is exactly one point.

Generically B is symmetric non-degenerate and satisfies image condition. However,
B is not necessarily positive definite. M. Herman [Her| gave an example of Hamilto-
nian systems and symplectic maps arbitrarily close to integrable, which have elliptic
fixed points with B not positive definite. The positive definiteness assumption on B
is needed to recover fiber-convexity hypothesis required to apply Mather theory.
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82 V. KALOSHIN, J.N. MATHER & E. VALDINOCI

Let a > 0 be small enough so that the image cone w” + B(K{) contains an
nonempty interval of Ay around w:

(2) (Ar N {w’ + BK!)}) ~ o’ # 2.

We shall restrict consideration of the remainder terms of BNF to the cone IC;“ for
small p > 0.

1.1. Genericity of totally elliptic points and the main result. — Here we
shall formalize the notion of a generic totally elliptic point. Let R’,‘f = Ky u{0} and
I%;f = T? x IA{I‘,“. We denote C“"l(le;f)— - the space of C'* functions with the natural
C*-topology having all partial derivative of order d bounded and of order (d — 1)
tending to 0 as r tends to 0 inside K and (6. 1) € T? x R;f = IQ;} coordinates.

Fix w” satisfying (H1) and let d = %{ k. u.s}. Consider the canonical polar coordi-
nates. Denote

oP(r) dP(r)
o

or | On
R(O.1) = (©1(0.1). ©(0.7). Ry (0.7). Ry (0.7)) € T2 x R2.

) (mod 1).,7'1,7'2> + Rem(f.r) = R(0, R) € T? x R?

Denote the space of remainder terms Rem(6.7) in BNF (1) defined on K for some
small p > 0 by R? In a view of discussion after BNF (1) we have that R? = C

a,p* a,p

C”I(R’/‘,‘) With the above notations BNF (1) becomes

@ () — (777 eren

Let s be a positive integer. Let A be one of U, T? x U, T? x U x T, or Koo 1t f
is a C* real valued function on M, the C* norm || f||s of f
Iflls =" sup [[0"f(m)].
meNM,|a|<s
where the supremum is taken over the absolute values of all partial derivatives 0% of
f order < s. The Banach space of C* real valued functions on M with the C*-norm is
denoted C*(M). The topology associated to the C*~norm is called the C*topology.

S

Consider the space of remainders Ry, .

We endow it with the strong C*~topology
on the space of functions on a non-compact manifold or the C* Whitney topology. A
base for this topology consists of sets of the following type. Let ® = {p;,U; }ica be a
locally finite set of charts on T? x K, where K} is the open cone. Let K = {K;}iea
be a family of compact subsets of T? x K;)", K; C U;. Let also £ = {&;};ca be a family
of positive numbers. A strong basic neighborhood N*(f, ®, K, ¢) is given by

[(fei)(x) = (gei)()lls < e,
The strong topology has all possible sets of this form.
The set of C* (i.e. infinitely differentiable) real valued functions on M is denoted
C*(M). The C*>~topology on C*(M)(= N,C*(M)) is the topology generated by
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INSTABILITY OF TOTALLY ELLIPTIC POINTS 83

the union of C* topologies. and it may be also described as the projective (or inverse)
limit of the C* topologics.

Definition 1.1. We say that a totally elliptic point satisfying (H1-H2) is of generic
type if the remainder R(6.r) belongs to a set € Whitney open dense set in R?

a.p’
The main result. announced in this paper. is the following:

Theorem 1.2. Suppose hypotheses (H1-HZ2) hold true. o > 0 and satisfies (2). p >0
is small. 10 < s < . R is a remainder term of [ given by (3-4). Then, for
R(O.1r) € Ry, , of generic type. the elliptic fired point O is Lyapunov unstable. More-
over. there is 0 < 49 = 40 (0. {P;. Q;}j=1.2) < p such that there is a pair of points
(OF ) with | > 6 and f1(0F rt) — 0 as n — +oc. respectively. and trajectories
{f7(O0F %) e, belong to K35

Remark 1.3. — As a matter of fact. in Theorem 8.1 below we shall give further de-
tails about diffusing trajectories { f7(0%. 1)}, ez, . An important point is that these
trajectories diffuse along the resonant segment Ay (see (H1)) and. thercfore. belong

) . .
to K58 avoiding degenerate planes {1 = 0} 0.

Remark 1.4. The above result can be viewed as a counterexample to a d-dimensi-
onal counterpart to MNMoser stability theorem under hypotheses (H1-H2) of a resonance

between cigenvalues.

Remark 1.5. - As the reader will see. the proof essentially relies on Mather's proof
of existence of Arnold diffusion for a cusp residual set of nearly integrable convex
Hamiltonian systems in 2.5 degrees of freedom [Mab, Mad]. The latter proof is
highly involved, long. and extremely complicated.  Since it is still unpublished, we
do not find it possible to describe it here in full details. This is the main reason
why this paper is an announcement of Theorem 1.2, Below we just extract necessary
intermediate results from Mather's proof. The application to our result is carried out

i Section 9.

Remark 1.6. We hope to get rid of resonant hypothesis (H1) in future work. How-
ever. positive torsion (H2) is crucial to apply variational methods and Mather theory.

Assumptions of high differentiability s > 10 and absence of low order resonances
koo = 10 are required to extract sufficient differentiability of the remainder term
R(O.r) with respect to - at - = 0 in “canonical polar coordinates™ inside a cone K.
More presicely. R € (""’/(/C;,‘) for d = 5. Sce representation of the remainder in the
form (11).

The proof is organized as follows. In Section 2. we suspend a symplectic map [ sat-
istying hypothesis (H1-H2) in the small cone K near atotally elliptic point 0 to a time
periodic fiber-convex Hamiltonian H (6. 0. 1) . d.e. we construet a Hamiltonian whose
time 1 map equals fin K55, In Section 2.1, we recall how to switeh from Hamiltonian
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84 V. KALOSHIN., J.N. MATHER & E. VALDINOCI

equations to Euler-Lagrange equations. Section 3 is devoted to an outline of the proof
of Theorcem 1.2, 7.e. the proof of existence of “diffusing” trajectories. In Section 4. we
state Mather Diffusion Theoremn [Ma5b] in terms of Lagrangians. An important part of
this result is an explicit list of non-degeneracy hypotheses which guarantee existence
of diffusion. In Sections 5 - 7 we state these non-degeneracy hypotheses. In Section 8
we restate Mather Diffusion Theorem in terms of existence of a minima for a certain
Variational Principle due to Mather [Ma5]. Existence of such a minimum corresponds
to existence of a “diffusing” trajectory. In Section 9. we verify that for small positive
dp and {d; = 2’-"(51)},‘(,7;, in cach anmlus 0 < 3,0, < |r] < 0; < p < 1 intersected
with K55 the symplectic map (1) (resp. the suspending Hamiltonian Hy) is a small
perturbation of an integrable map (resp. an integrable Hamiltonian). Therefore, we
manage to apply the above mentioned Variational Principle in cach of these annuli.
In the final Section. we derive the main result (Theorem 1.2) by ~gluing™ the anmuli.
Namcly. show existence of a minima to the aforementioned Variational Principle and
conclude that it corresponds to one of ~diffusing”™ trajectories from Theorem 1.2, Ex-
istence of the other trajectory can be proven in the same way. This would complete
the proof. For the reader’s convenience. this paper is provided with two appendices:
in Appendix A we introduce necessary notions and objects of NMather theory, while
Appendix B contains proofs of auxiliary lemmas.

Sections 2, 3. 9. and Appendices A & B oarve written by the first and the third
authors. Scctions 4-8 arce written by the first author hased on the graduate class of
the second anthor [Ma4].

2. Suspension of a symplectic map near totally elliptic points of
a time periodic fiber-convex Hamiltonian

Moser [Mo2] showed how to suspend a twist map of a evlinder to a time 1 map of
a time periodic fiber-converity Hamiltonian. i.e. Hessian 92 H in - is positive definite
evervwhere., To the best of owr knowledge. there is no general extension of this result
to higher dimensional casce. even locally. We apply the standard method of generating
functions to construct a required suspension. Even though the fact we need seems
quite standard we could not find an appropriate reference.

The following suspension results are known to the authors. Bialy and Polterovich
(sce [Go). secet. LAY proved existence of smooth suspension theoren with fiber-con-
vexity, However. this result makes use of the restrictive assumption that a generating
function S(A.0) corresponding to f(0.r) = (©.R) has to have a syninetric matrix
J7 5S(0.0). Since such condition is not satisfied in general. we can not apply this
result. Knksin-Poschel [KP] proved existence of global analytic suspension. which
does not possess fiber-convexity.

We propose here a way to construct a local suspension keeping fiber-conoerity. Our

proof. given in Appendix B. is a modification of the one by Gold [Go] (sce sect. 1. 13).
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INSTABILITY OF TOTALLY ELLIPTIC POINTS 85

It is based on the construction of a suitable family of generating functions and on a

local analysis of it.

Lemma2.1. — Let f:R* — R?* be a C° smooth symplectic map with a totally elliptic
point f(0) =0 at the origin satisfying hypothesis (H1-H2) of positive definite torsion
and 10 < s < oo. Then for any 0 < « < 1/2 and a small positive p there is a C5+H14+1
smooth Hamiltonian, written in BNF (0.1)-polar coordinates (1) as

H(0.r.1)

1
Wiy wary + §<Br'. 1)+ P(r) +orp(0.rt)
1
= wir +warg + §<B’I‘. ry + /1‘/'((7. rot),

where P(r) is a polynomial in r having zero of order at least 3 at v =0 and r¢(0. 1.

/ r ; Linr | g zero of order at least 3 at v =0 and ry(0.7.t

belongs =+ 14 l(l&'”,f_;/, x T), periodic in t of period 1 and such that the time 1 map of

Hamiltonian flow of H equals f in the cone /Cf,".

Remark 2.2. — By definition of H . we see that 9% H  is positive definite for small - €

v and a . 2% T. Notice that one can not deduce that H is positive definite

Ky and all (0.1) € T 1

in a full p-neighborhood of zero. since polar coordinates are degenerate along the

planes {r; = 0} ;=1 2 and the origin. This hides the degeneracy of positive definiteness.
1is is the reason why we restrict our suspension to the cone K2, which does not

Tl t1 h trict to tl K2 which d t

contain those planes.

The proof of this lemma is in Appendix B.

2.1. Hamiltonian and Euler-Lagrange flows are conjugate. — In this Sec-
tion, which may be skipped by an expert. we exhibit the standard duality between
Hamiltonian and Lagrangian systems given by the Legendre transform. Nore explic-
itly. we state that if a Hamiltonian H satisfies certain conditions, then there is a
Lagrangian L such that the Hamilton flow of H corresponds to the Euler-Lagrange
flow of L after a coordinate change (sce e.g. [Ar2]). Because of this construction.
after this Section, we may consider only Euler-Lagrangian flows.

We shall denote (6.0) € TT" ~ T" x R”. The Legendre transform associates
to a Hamiltonian H(@.r.t). H : T*T" x T — R. which is assumed to be positive-
definite in r, a Lagrangian L(6.c.t). L : TT"” x T — R. which is positive-definite in o,
according to the following scheme:

L(O.voct)y = sup {(0)—H(@O.r.1)}.
(6) reTT
where () TT" x T*T" — R is pairing between dual spaces.
When L is related to H as above. we say that L is the dual of H. Let us consider the
Fuler-Lagrange low associated to L. The latter is defined as a flow on the extended
phase space TT" x T such that its trajectories (6(1). o(1). 1) = (dO(t). 1) arc solutions
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86 V. KALOSHIN, J.N. MATHER & E. VALDINOCI

of the Euler-Lagrange equation:
. 4 (1) o
dt \ 00 1l

The trajectories of the Euler-Lagrange flow can be also characterized as those which
minimize locally the action [ L(dv(t),t)dt among absolutely continuous curves with
the same boundary conditions. The standard (but crucial for our purposes) obser-
vation is that when we subtract a closed 1-form 7, defined on T" x T, from the
Lagrangian L, then both L — 5 and L have the same Euler-Lagrange equations (see
e.g. [Fal).

Let us suppose the Hamiltonian H (6. r, 1) satisfies the following properties:

(1) Positive definiteness in r: For each (6,r) €T*T" and t € T the restriction of
H to TT™ x {t} is positive definite;

(2) Super-linear Growth in r: For cach (6,r) €T*T" and t € T

H(0.rt)
I

(3) Completeness: All the solutions of the Hamiltonian equations can be extended

for all t € R.

We need these conditions to be satisfied in order to apply Mather theory (see

— +oc as |[jr]] — +oo

Appendix A and Section 9). Notice that the Hamiltonian H of the form (5) satisfies
all these properties near r = (0. The standard result says:

Lemma 2.3 (see e.g. [Ar2], § 15). If a C*T1 Hamiltonian H(0.r.t) satisfies the above

conditions (1-3) with s > 1 and L(0.v.t) is the dual of H. then the map L : (6.r,t) —
(0,v.t), given by

(8) LO.r t)=(0.0,H(0.r.t).t),

1s C*-smooth and invertible, and it conjugates the Hamiltonian flow of H to the Fuler-
Lagrange flow of L, i.c. it provides a one-to-one correspondence between trajectories
of both flows. Moreover, the Lagrangian L satisfies properties (1-3) above with r
replaced by v and H by L.

Let Hy be given by formula (5). Let Hj be the integrable part H3(r) = wiry +
wory + §<Br'. ry 4+ P(r). Namely. P(r) is the polynomial in r part of Ly(6.r). Notice
that Legendre transform of H; has the form
(9) L0 v.t) =0 — ")+ Pr(f.0 — " 1),
where (o(v — w") is the Legendre transform of H/*(/) and Py is a C smooth remain-
der defined on T? x {9, Hy(0. K3 .t) — w"} x T. The form (5) of Hy shows that
O Hp (0.0 1) =W + Br+ d.hp(6.r.t). Therefore. for small p we have that B(K})) C
{0, Hy (6. ]X'f/‘)"f) —w’} 50 we could assume that L is well-defined on B(K}). More-
over, P has a zero in (v —w") of at least G-th order. i.c. Py € C*91(T? x B(K})=xT)
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INSTABILITY OF TOTALLY ELLIPTIC POINTS 87

for d = 5. We shall apply Mather's technologyv to the Lagrangian Ly and its Euler-
Lagrange flow.

3. Scheme of construction of diffusing trajectories using
Mather action functional

In this Section. we ontline a variational approach due to Mather [Ma5, Ma4, Ma3]

to construct diffusing trajectories toward and outward from zero from Theorem 1.2.

We concentrate on the one going toward zero first. Construction of the other one is
l=)

very similar.

3.1. Rough sketch of the proof of Theorem 1.2. — Application of lemma 2
for n = 2 to the symplectic map f. given by (1) provides the suspension Hamiltonian
Hy(6.r.t) given in K95 near r = 0. We have that locally. i.c.. in KS5. Hy satisfies fiber-
convexity from hypothesis (1. Sect. 2.1) above. To meet hypotheses (2- 3. Sect. 2.1).
one may smoothly extend Hjy for large » keeping convexity in » so that it is an
integrable Hamiltonian. e.g. given by (36). Thus. Mather theory is applicable (see
Section 9).

Let Lp(f.v.t) be the dual of He(#.r.t). given by (9). The Legendre coordinate
change (8) in our case has the form £(0.r.t) = (0.w" + Br + O, h(6.r.t).t). Let us
approximate it by its linearization T g @ 1 — ¢ = @ + Br. Denote [\';,‘(w(’. B) =
T oo p(K))) the image cone. whose complement we need to avoid. By (H2). for small
a > 0 the image cone KZ*(w”. B) contains a segment in Ay of length 2p/[|B~]|
centered at . Fix a = a(k.B) > 0 with the above property. We shall ~diffuse”
inside A7) (V. B). Denote by ey the unit vector parallel to Ay and fix a small 0 < 6 <
p/1 B~ (to be determined later).

Put 26 = 6y and §; = 274, for each j € Z;. Fix the sequence of annuli

(10) AWy ={27%; <o =" < 2%6,} C RZ.

Denote ]\’(‘,—f,(uj“. B) = K" B) N Aj(w!). By definition for cach j € Zy we have
0o 0o V00 € [\’(‘,—‘_/»(Vu“. B) and adjacent annuli A (w") and
A (W) overlap. e Aj(w) N A (W) # @ We now point out the aim of our

constructions and the steps needed to reach it:

The goal. Construct a diffusing trajectory {(().())(z‘)},;(, such that at time 0 its
velocity §(t) is approximately w” + dyep:

Stage 1. At a time 77 > 0. its velocity ()(Tl) is approximately w” + dy¢p and. in
between 0 and 77 we have 0(1) € K (V. B):

Stage 2. At a time 7o > 7. its velocity 6(77) is approximately w 4 docp and. in
hetween 77 and 7o, we have 0(t) € K, (@ B) and so on:
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88 V. KALOSHIN. J.N. MATHER & E. VALDINOCI

Stage j. At a time 7; > 7, its velocity O(T1) is approximately w! + djep and,
in between 7, and 7;, we have 9(1‘) € [\'j,-f_j(wo. D). and so on for possibly infinite
number of stages.

If we could construct a trajectory with these properties, we would obtain a trajec-
tory for the symplectic map f which goes toward the origin. To construct a trajectory
eoing out from the origin. the arguments involved are analogous. This would indeed
prove Theorem 1.2. Formalization of this scheme requires some notions of Mather
theory.

3.2. A naive idea of Mather’s mechanism of diffusion. — We start with

A Model Fxample. — Supposc f: M — M be a smooth diffeomorphism of an 2n-
dimensional manifold possibly with a boundary. Let m be any positive integer and
D1 P be a collection of hyperbolic periodic points of the same index. i.e. the
dimensions of stable and unstable manifolds are the same. Suppose that for each
r=1..... m—1 the unstable manifold W (p;) interscets the stable manifold W»* (p; 1)
transversally and both belong to M. Then. it is casy to show that W?*(p;) intersccts
W pm).
If A/ =T x I\'/‘,‘ S (#.1) and r-coordinates of p; are close to d;¢;.. then there exists
a trajectory whose r-coordinate change from nearby dye) to nearby 4, ¢y..
As amatter of fact, in Mather's mechanisim of diffusion we use the following objects:
the hyperbolic periodic points p;’s are replaced by Mather sets M. whose pro-
jection onto r-component is localized near d;¢y.:
the stable and unstable manifolds 11 (p; ) and T (p;) are replaced by the stable
and unstable sets TH2(M;) and (M) respectively. THY (M) and W (M) are not
necessarily manifolds and not even continous:
to verify the intersection of unstable and stable sets WM, ) and WM, ).
respectively, we shall use the barrier function defined in Section 8 (sce formulas (31-
32)):
to show that the intersection of WM, ) and WM, ) for cachii = 1..... m—1
implies existence of a connecting trajectory between My and M, we define a suitable
action functional (24). As it was shown by Mather [Mad4]. under certain hiypotheses.
the minimum of such an action functional is achieved on a trajectory of the Euler-
Lagrange equation connecting My and M, (sce Section 8).
In Appendix A, we define Mather sets. harrier functions. and related objects. The
reader who is familiar the basies of Mather theory may go directly to next Section.

Others may read Appendix A first.
3.3. Detailed scheme of the proof of Theorem 1.2. We now continue our

discussion. assuming that the reader familiar with basic notions of Nather theory

(see Section 9). The diffusing trajectories we shall construct move along the resonant
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segment Ay from (H1). Consider a sequence of subsegments of Ay given by I'; =
[0j41en.0jex] C Ay, j € Zy. Denote

On each of the segments I';’s we mark a sufficiently dense finite set of points
{5.7’,)(1»};!1 C I'; (we determine later how dense this set has to be). Each stage of
diffusion described in Section 3.1 consists of m; sub-stages. First. we enumerate
marked points in s, We set A, = Y% m; and for M, < i < M,y we set
w; = wd + Op.i—n1,ck- Loosely speaking, M; as introduced in the previous Section.
is an invariant sct of trajectories with approximate rotation vector w,;. We shall
formalize this idea in Section 8. To give a precise definition of M;’s we need further
discussion.

Let Hy(0.1.t) be the suspension of the symplectic map f under consideration given
in K near - = 0 by lemma 2. We have that locally (i.e.. near rr = 0) Hy satisfies
convexity condition (1. Sect. 2.1). To meet hypotheses (2 3, Sect. 2.1). once extends H y
for large r by an integrable Hamiltonian, e.g. given by (36) keeping convexity in 7.
Thus. Mather theory is applicable to our case (sce Section 9).

Consider the Legendre transform of H . which would lead to a Lagrangian of the
form (9). The first term of Ly corresponds to an integrable Lagrangian. NMoreover.
we show in Section 9 that for small 0y > 0 the second term Py can be considered as a
small perturbation. Therefore, we shall he able to apply Mather Diffusion Theorem
(see Section 4). We shall write the remainder in the form (34) with m = 3 and r

replaced by (0 — @)

3
(11) Prf. o — o) = Z(l' — M (e = w“)f_f*”[’,,(& =W ).
=0
where (0 — "), is i-th coordinate of (v — &), i = 1.2, Let us denote Py =

0. PPyl Py) and define the unit sphere for pertwrbations Py
0. PPl P 1 def tl { ] f turbat P
1 1 I

3
5.3 . 2 o
) = {P./' . E IIPPH(“‘ X BN )xT) l}'

p=0

Since Pp € CHEYT? X B(l\';’“) x T) with d > 5. by lemma B.1 we have that €7
nornt of Py is well-defined.

We denote also by £y the Fenchel-Legendre transform associated with Ly by (29).
In the images of cach marked frequency. we choose a cohomology class ¢; € L5 p(w;)
for ecach i =1..... 0/

position to define the sets { M}, from the previous Section to be Mather sets M.

so that adjacent ¢;'s are sufficiently close. We are now in

We shall slightly modify the choice of ¢;’s in Section 8.
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Definition 3.1. - We say that Lz ¢ has channel property with respect to a resonant
segment I's if there is a smooth connected curve op C L3 #(I'5) such that for each
w’ € Ty the curve op intersects Lz p(w’).

Lemma 3.2 (|[Mad]). Let 10 < s < oc. Then, for a C° Whitney open dense set of
P e 53 there is 6 = 6(Py) > 0 such that the Fenchel-Legendre transform L ¢ has
channel property with respect to U's. In particular. for any pair of positive integers
i <i the sets Lg f(wi) and L j(wir) are connected by or.

Remark 3.3. — In Section 6.2 we introduce certain non -degeneracy hypothesis (C1)
(C3) and (C4),-(C8),, for perturbations of integrable Lagrangian systems and in
Section 9 show how to adapt these hypothesis for remainder terms in BNF (4) of
totally elliptic points. The C'* Whitney open dense set of remainders Py € §3
that satisfy adapted non-degeneracy hypotheses (C1) (C3) and (C4), (C8),, fulfills
channel property of the lemma.

We construct trajectories that diffuse along or inside the channel Lz ;(I's). To
accomplish this, roughly speaking, we vary the cohomology ¢ in order to vary the
velocity 0.

We shall apply the Mather method of changing Lagrangians [Ma5]. NMather applied
this method in [Ma3] to show the existence of unbounded trajectories for generic
time periodic mechanical systems on T2, We outline some of the key ideas of the
method.  For simplicity let L(#,v.1) = %(1 0) 4+ =P(0.v.t) be sufficiently smooth
nearly integrable Lagrangian and 5y = ¢ df be the standard closed one form on T? x T
for a vector ¢ € R? ~ TyT?. 6 € T?. Then the following scheme can be exploited:

(1) Euler-Lagrange flows of L and (L — ) are the same (see e.g. [Fa]).

(2) Minimization of c-action ‘f;:'(L — ) (A~ (). 1)dt with e-error leads to minimiza-
tion of

(12) L0 ) = (10 ()

Therefore. trajo("rori(‘x‘ minimizing c-action have approximate velocity ¢. As a matter
of fact. even if ) is a closed one form with [ ]+ = . L is close to integrable and b —a
is large enough. trajectories minimizing c-action still have approximate velocity ¢ (see
[Mad4]). From now on we consider 7” as a closed one form.

(3) Suppose we can find an action functional

(13) Z / UL = (). Dt
=1

for a sequence of closed one forms {;}/_, such that [~ = ¢; and [y ]2 = ¢ip0.
where ¢; and ¢; | are close for cach i = 1..... J — 1 and the minimum of such inte-
gral is achieved on a trajectory {(d~(t).t) : t € [t1.1,,]} of the Euler-Lagrange flow
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of L), Standard properties of action minimization give that this is indeed true for

time ¢t # ty,....t,. but it is a delicate problem to show that this does not happen
at connection times t = f..... f,n. The corresponding minimizing trajectory ~(1)

might have corners 5(t;) # 4(t}). Notice now that at time ¢ in [t 12] velocity is
approximately ¢; and at time ¢ in [t,,-1.1,,] velocity is approximately ¢,,. Thus.
the key to the method is to find an action functional with the above property and
justify absence of corners. In (13) we made only a rough attempt. This functional is
defined in Section 8. Usually. this construction is quite involved and highly nontrivial
[Mabs, Ma4, Ma3].

4. Mather diffusion theorem

In this Section. we state Mather result about existence of Arnold diffusion in a
generality we use for our application. See [Mab] for the most general version. As a
matter of fact. to prove our main result (Theorem 1.2) in Section 8) we shall refor-
mulate Nather Diffusion Theorem in terms of a certain variational principle and in
Section 9 apply this principle to prove Theorem 1.2.

In the subject of Arnold diffusion. one studies a time periodic or autonomous
Hamiltonians/Lagrangians that are perturbations of integrable Hamiltonians/Lag-
rangians (sce c.g. [AKN]).

In the time periodic case. the Lagrangian takes the form
L0.0.t) = (4(6) + =P(0.0.1).

where () is a (™ smooth function on a convex closed set with smooth boundary
U ¢ R2 =z is a small positive munber. P is a (' smooth function on T? x U x T.
and s > 3. In other words, P is periodic of period 1 in 0,.0,, and t. The function
(o is called the wunperturbed integrable Lagrangian and the function P2 is called the

perturbation term.

) ) . . . . . . .
Denote d5( - = . (y the Hessian matrix of sccond partial derivatives of (.
0t0 0.0
A
. ) D - ) . . . .
ieodily = (()(3 p (")/ —1 We shall assume that () is evervwhere positive definite
0, =12
roo. 2 ) AN e . . Y . . . D)
on U. i.c. we have ZI_’:_I g 5 ol0)22 > 0 for all 0 € U and all (2. 22) € B2 0.
‘ 0,

In the Hamiltonian case. the analogous asstnption is that the unperturbed integrable
Hamiltonian convex.

Now. we briefly discuss the problem of Arnold diffusion.  For the unperturbed
E. L. for short in the sequel)

integrable Lagrangian L = (. the Euler-Lagrange (
cquations reduce to d?0/dt* = 0. Every solution @ lies on a torus {() = w}. where
w = (w.w2) € U. The w;'s are called the frequencies of the solution.

By a trajectory of L. we mean a solution of the E. L. equations associated to L.

Along a trajectory of L. 6 is constant in the case of the wmperturbed integrable

S Actually. summation could be over infinite munber of terms. as formula (25) shows.
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system and varies slowly in the case of a small perturbation of the integrable system.
The problem of Arnold diffusion is whether 6 can vary a lot over long periods of
time. Recently a great progress has been achieved in proving Arnold diffusion in so-
called a priori unstable case by many different groups (sce papers [Be], [CY]. [DLS],
[T1, T2, T3], announcements [X1, X2]. and work in preparation [KM]). The result
below is for the a priori stable case.

Recall that for a positive integer C(A) denotes the Banach space of €' real valued
functions on Al (sce Section 1.1 for notations and definitions). Now let s be >. or
an integer = 3. We let £¥ denote the topological space of €' functions ¢y : U — R,
such that ¢ is positive definite in 0. i.c. the Hessian (lﬁ('n is positive definite. Endow
L7 with the € topology. We let P* denote the topological space of €™ functions
P:T? xU x T — R endowed with the ' topology. Denote

S;=A{P P [[Pllcszpwr = 1}

5

the unit sphere in the space of pertwrbations. The topology in 8* is induced from the

S

ambient space P,

Definition 4.1. A set W <P is called d-cusp residual if

A) there is a non-negative continuous function § on §; such that the set UJ =
{Pe &) o(P) >0} is open and dense in S5:

B) thercisacuspset Vo ={zP e P¥: P e Uy, (0 <z < ()}, which is a subsct of
homogencous extension of Uy which is defined by RUY = {AP e P*: P e U, XA > 0}:

(') there is an open and dense set T in VT

Definition 4.2. If T ¢ R? is a line segment. we shall say that it is rational or
resonant if there is a resonance™ b = (ko by ko) € Z3 such that T is contained in
the line Ay

We say that a curve I R? s a resonant picecwise lincar curoe if it is a finite
union of resonant segments I' = UL T so that end points of 'y belong to end points

of 'y and Iyl for all s =200, m — 1.

The following result is a modified version of the result announced by Nather [Mab]

for the time-periodic case:

Mather Diffusion Theorem. Let U obe a resonant piccewise linear curoe in U and let
3 < s < x. There crists a non-negative continvous function 6((y. 1)+ PY — R_.
such that. for any perturbation =P in a o((y. U)-cusp residual sct Wi © P

there is a trajectory (().())(/) of L. = (y+ 2. whosc velocity moves along 1. More
precisely. there is a constant ¢ = C'((o. P.T) > 0 and T = "T((y. P.T) > 0 such that
dist (Upeyor ()(l). ) < Oz where dist s the standard Hausdorff distance between

sets in U

I Recall that saying that A is a resonance. we mean that ke 2% and (k. ko) # 0.
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Remark 4.3. — The function §({y,T") (and consequently the (¢, I')-cusp residual set
Iflr’g(mr)) depends on the choice of resonant lines 1'y,...,T,,. However, they are
independent of behavior of the diffusing trajectory (6, 9)(1‘)

In particular, this implies the following result. Consider a finite collection of non-
void open subsets 1, ...,€,,11 of U, then there is a resonant piecewise linear curve I,
consisting of m resonant segments I' = U | T'y connecting distinet €23’s in any pre-
assigned order. Then, by Mather Diffusion Theorem there is a trajectory which visits
the sets Qi.,...,Q,,41 in the pre assigned order.

We point out that existence of a “diffusing” trajectory (6, H)(f) moving along any
prescribed resonant piecewise linear curve is a strong form of Arnold diffusion. How-
ever, existence of such a trajectory is proved only for a d-cusp residual set of pertur-
bations [Mad4].

The purpose of the next four sections is to define qualitatively the function d(¢p, ")
and the sets U(';(,“.]\) and Ifi/"(';(m_r) mentioned in definition 4.1 and Mather Diffusion
Theorem. We start by defining two averaged mechanical systems L, o and L. For
sake of brevity, we shall not say precisely in what sense the trajectories of Ly, o
and L, approximate certain trajectories of L. We also give an heuristic motivation
of the notion of these averaged systems Lo, o and L. These averaged mechanical
systems are used to define a € open and dense set Usieor) of “good directions”™ of
perturbations on the unit sphere §*. In Section 7 we define 6(¢y, I')-cusp residual set
H:;(z\..r) using barrier functions. In Section 8 we restate Mather Diffusion Theorem in
terms of a certain variational principle. Finally, in Section 9 we apply this variational
principle to prove our main result (Theorem 1.2).

5. Averaged mechanical systems corresponding to single
and double resonances

5.1. A Single Resonance Averaged System or a First (w, A)-Averaged Sys-
tem. — Let L(0. 0.1) = (o(0)+cP(0.6.1) be a C* small perturbation of an integrable
Lagrangian (, on T2 x U x T. s > 3. Let us assume d?( > 0 on U. Consider a res-
onant frequency vector w = (wy.ws) € R? and its resonance k = (ko. k. ko). This
means that k € Z3. (ki ko) # 0 and ko + kjwy + hows = 0. If w € Q2. it admits
two linearly independent resonances: otherwise, it admits at most one resonance up
to multiplication by scalar.

We denote by A = Ay, the resonant line from (H1). Thus, A is the set of all w € R?
for which A is a resonance. We set

(14) TR = {(01.0o.1) € T* x T+ k0 + kol + kot = 0 (mod 1)} .

If ()(()) € A, the trajectory of the unperturbed Euler-Lagrange of (()(()) cither be-
longs to T3 or to its parallel translation. Thus. the 2-torus T3 can be viewed as a
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subgroup of T? x T'. We set T} = T? x T! /T3 (and we refer to it as the factor space).
Since the unperturbed Euler-Lagrange flow is parallel to T3. we call T{ — torus of
fast motion and T} — torus of slow motion.

Let (01.02.1) = (p%.¢4) € TL x T2 denote slow and fast coordinates on T} and
T%. respectively. The product decomposition depends on an arbitrary choice. We
shall specify our choice later (sce lemma 6.3). Denote by dH, the normalized Haar
(Lebesgue) measure on the fast torus T3. Let P(o. t.w) = P(0,w,t). Define the first
(w, A)-averaged potential

(15) Poaley) = / P(23. 24 w) dHa(2)).
el
So P,a: T} — R is a real valued function on Th.

To define the first (w, A)-averaged kinetic energy one needs some linear algebra.
Actually, the precise form of this kinetic energy is not important for us. What really
matters is that the kinetic energy is given by a constant quadratic form on T(T}).

Consider the natural projection 7 : T? x T! — T} along the fast torus T%. The
definition of both slow and fast tori T} and T% depends only on the resonance k
determining I' C A;. The projection 7a induces a linear map dmy : R? x R — Rj.
The restriction to R? x 0 has a null space. denoted by Ny € R?. Denote by NAL the
orthogonal complement of N with respect to d?(y(w). Define

(16) Kon = (lo(w)/2)|x e

K, A may be regarded as a constant quadratic form on T' ('JI‘JN) in a view of identifi-
cation of Ny and T (T}\) given by dmy.
Let
- : 1
Lu}.l\ - [\u.A + ll)u;d\ OPr,Ac T <T\) — R,

where pro o =T (TJ{) — TJ\. We call L, A the first (w. A)-averaged system associated
to w € A. which is an autonomous mechanical system whose kinetic energy is K, A
and whose potential energy is —F, A opr, 4.

A classical idea of averaging consists in the fact that the trajectories of L with
approximate frequency vector w can be approximately described in terms of fast and
slow variables. The fast variables correspond to the motion parallel to Ti and the
slow variables correspond to the motion normal (in a suitable sense) to T{. If we
average with respect to the fast variables. we obtain a new Lagrangian system L, =
K. A + P, A whose trajectories approximate the trajectories of L with approximate
rotation vector w.

5.2. A Double Resonance Averaged System or a Second w-Averaged Sys-

tem Associated to a Rational Frequency. — Following the notation introduced
here above, we let L(0.6.t) = (y(0) + =P(0.0.1) be a (" small perturbation of an
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integrable Lagrangian ¢y on T? x U x T. and we assume that d?¢y > 0 on U. Con-
sider a rational frequency vector w = (wj.ws) = (p1/q.p2/q) € Q? and assume that
(p1/q.p2/q) is the reduced form, i.e. the greatest common divisor of integer pi,pa,
and ¢ is 1. For the unperturbed integrable system £y, every trajectory with rotation
vector 0 = w is closed and parallel to the 1-torus

(17) T, = {(A\p1, Ap2, Aq) € T? x T' . X € R}.

Since T? x T! is an Abelian group, T. may be considered as a subgroup. Let T? =
T2 x T!/T. be the 2-torus obtained as a coset of T1. Similarly to the previous section,
we call TL — fast and T? — slow torus respectively. Let (9%, ¢l) € T2 x T!, denote
slow and fast coordinates in T2 and T.. respectively. Let P(6.t,w) = P(f.w.t).
Denote by dH., the normalized Haar (Lebesgue) measure on the 1-torus T!. Recall
that P(A.t,w) = P(0.w.1). Define the second w-averaged potential

(18) P = [ Plesolidi o)

ol
Note that P, : T2 — R is a real valued function. We need now some linear algebra in
order to define the second w-averaged kinetic energy. Consider the natural projection
7, T2 x T! — T2 along fast torus TL. The definition of both T! and 7, depends
only on (¢q.p1.p2) € Z3. where w = (p1/q.p2/q). The projection 7, induces a linear
map dr, : R? x R — R2. The restriction to R? x 0 becomes an isomorphism. Since
(y is a C? smooth function on R?, its Hessian d?¢y(w) can be regarded as a quadratic
form on R%. We define

(19) K, =d*y(w)/2
and we shall identify R? with 7' (T?) via dr,. Let also define
(20) L,=K,+P,opr,:T(T?) — R.

where pr, : T (T%) — T2 is the natural projection. We call L, the second w-averaged
system associated with the rational frequency w = (Wi, w2) = (p1/q.p2/q) € Q2. This
is an autonomous mechanical system whose kinetic energy is K, and whose potential
energy is — P, o pr,.

6. Definition of Usieo.1)
6.1. Part I: Building blocks. — 1In this Section. we begin the definition of the set
of admissible directions Usieo.ry on the unit sphere of perturbations 7 or. equivalently.
qualitative definition of 6((y.1"). Later. we usc this to define a d(£y. I')-cusp residual
set Wi - where Mather Diffusion Theorem holds. We need it for the application of
Mather Diffusion Theorem to our main result Theorem 1.2, The set U(‘{((,U‘I‘) implicitly
appears in Mather Diffusion Theorem and it is defined as a set where a non-negative
functional d((y.1") is positive. We shall not give here a complete definition 6(¢(.T).
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since this would need quite a long discussion. We shall only sketch some qualitative
aspects of its definition. For the discussion of the size of 6(¢y.T') we refer to [Mad4].

m

" Iy C B? consisting
of m resonant line segments 'y C Ay = {(wi.w2) € B? 1 k§ + kjwy + kiws = 0},
kS = (kg k5. k3) € Z2 as in definition 4.2,

Step 1. —— Consider a resonant piccewise linear curve I' = U

Step 2. For each resonant segment I'y we associate a non-negative function
30, Ty) : 87 — Ry, defined in the next Section. Then, 6(¢p, T') = min" | 6(4y, T's).

Now we discuss the qualitative part of the definition of §(fy, ') for one segment.
For the sake of simplicity. we omit the subindex s in the sequel. hence, in what follows,
I' will denote a single resonant segment. For one segment, we state a finite collection
of non-degeneracy hypotheses of two types. Each hypothesis turns out to be fulfilled
generically [Mad4].

Type 1. Non-degeneracy of the l-parameter family of the first (w,')-averaged
mechanical system {L, r}.er on T ('H‘ll)

Type 2. — T non-degeneracy of the second w-averaged mechanical system L, on
T (T?) associated to a rational frequency w € I' N Q2.

There are countably many rationals w’s in any resonant segment I'. However, we
need type 2 non-degeneracy only for finitely many rational w’s. At the end of Section
6.3, we define a marginal denominator go = ¢o(¢. P.T'y) with the following meaning.
Let w = (p1/q.p2/q) be in the reduced forn, then we need to impose non-degeneracy
hypotheses of type 2 on w only if ¢ < ¢o. In the next two Sections. we define the non-
degeneracy hypotheses of type 1 on the family {L, 1 }oea of the first (w, A)-averaged
system and of type 2 on the second w-averaged system L. w € AN Q? along with
qo(ly. P.1Ty) respectively.

6.2. Part II: Non-degeneracy of averaged systems associated to a single
segment I'. — By means of Step 2 of the last section. we sce that it suffices to
define (,/’(';(1”‘1,) for one segment. Since £ is fixed. we shall omit it from the notation
and denote this set U{;’“‘).

Let A = Ay be the line that contains a bounded segment . For w € T', we write
P, r for the averaged function P2, 4 defined in section, and ']I‘{~ for T (i = 1.2). Thus.
{P,r:w e} is a (¥ smooth l-parameter family of functions defined on the circle
TL. For =P to be in (f’(';([,)‘, we require that the global minima of { P, : w € '} are of
generic type. More precisely. we require the following three hypotheses to be fulfilled:

(C1) For cach value w € T', cach global mininmumn of my, of P, is non degenerate,
ice. P (my) > 0.

(C2) For each w € I'. there are at most two global minima of 2, .

Let wy € I and suppose that P, 1 has two global minima m,, and m/, . We
may continue these to local minima m . and ', of P.p. for w € T near wy. in view
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of (C1). Thus, m, and m/, depend continuously on w and they are the given global
minima for w = wy. In addition to (C1) and (C2), we require that the following first
transversality condition be fulfilled:
AP, r(my) y dP,r (m.)

dw w=wi dw w=wy
Next, we require ¢y and P to fulfill some conditions on the second w-averaged

(C3)

systems L, associated to w € I'NQ?, defined in Section 5.2. Such an w has the form
w =p/q= (p1/q.p2/q), where p = (p1.p2) € Z*, and ¢ € Z, ¢ > 0. If p/q is in the
reduced form, i.c. 1 is the greatest common denominator of py, p2 and ¢, then we say
that ¢ is the denominator of w. We shall require the remaining hypotheses only in
the case w has small denominator. i.c. g < qo, where gy = qo({o. P, 1T') is a positive
integer depending on . P, and I'. The definition of ¢y is the quantitative aspect of
the definition of l/(';(l,) that we shall postpone to Section 6.3.
The first condition we require L, to fulfill is a condition on P,, alone:

. . . B . e .
C4), The function P, on T= has only one global minimum m,, and it is non
w [ w . w
degenerate in the sense of Morse, i.e. the quadratic form d= P, (m,) is non singular.
To state the remaining hypotheses, we need to define a special homology element
o 2
her of Hi(TZ:R):
y. 9 ) 2 . . . 2
Since w € TN Q2. we have T ¢ T?, so TA/T! is a circle in T2, and
w I /A w

Zo~ H(T}/T:Z) ¢ H(T?:Z) ¢ H{(T%:R).

We let hy, r be a generator of I ('Jl‘f/']l"w 7). In view of the inclusions above, this is an
element of Hi(T2:R). Geometrically. the above situation has the following meaning.
Consider a circle [, C Ti, in the homology class hy,  and take 7T;1(lw._1‘) CT? x T,
where the projection 7, : T? x T — ’H‘i, is defined in Section 5.2, Therefore. hy,  is
such that 7 (/1) is parallel to 'H‘;')\ C T2 xT.

The Lagrangian L, describes a conservative mechanical systenn, 7.e. it has the form
kinctic enerqy — potential energy. Here, the kinetic energy I, is associated to the
constant Ricmannian metric g, = d*fy(w) on Ti The potential energy is =P, o pr,,.
By a slight abuse of terminology. we shall shorten this to —1,,.

Next conditions that we require on L, are casily described in terms of the NMau-
pertuis principle:

We let E, = =P (in,). where my, € Ti, is the unique minimum of P, as above.
For any F > E,. we let

(21) g =2(P. + EYI .

oy 2
s everywhere positive on T,

w

For £ > [IJ,. the function I?, + F
Ricmannian metric on T2. For £ = E_. the function I, + E is positive except at

Henee, gpis a C°
m,. where it vanishes and has a non degenerate minimun.

The Maupertuis principle states that trajectories of L, having energy I are the
sanme as geodesics of g, except for a time reparametrization. Carneiro [DCJ has
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extended the Maupertuis principle and shown that absolute minimizers of L, having
energy I correspond to class A geodesics of g (in the sense of Morse [Mor| and
Hedlund [Hed]).

Pick a large energy constant E* = E*({,, P,T') > 0. The next condition that we
impose on L, concerns the shortest closed geodesics of g in the homology class hg, 1,
for £, + FE* > F > E,. Briefly, we require that these are of generic type. More
explicitly, we ask that the following four hypotheses are fulfilled:

(C5), For E,+ E* > E > E_, cach shortest closed geodesic of g in the homology
class h, r is non degenerate in the sense of NMorse.

(C6), For B, + E* > E > E_. there are at most two shortest closed geodesics of
gp in the homology class h, .

Let £y > E, and supposc that there are two shortest geodesics v and v of gp,
in the homology class h,, . We may continue these to locally shortest geodesics vy
and v}, of gp for E near Ey. in view of (C5),. If g is a closed curve on T2, we
let {r(p) denote its length with respect to grp. We require that the following second
transversality condition be fulfilled:
d(lp(ve)) d(lp(vE))

dr Jomyo dr E=E
These are the hypotheses that we require ¢gp to fulfill when £, + E* > F > E,

(CT)

Note that the case E = E, is somchow special. because gp, is not a Riemannian
metric. since it vanishes at m ™. Nevertheless. we may define the length of a curve
with respect to gp, just as one normally defines the length of a curve with respect
to a Riemannian metric. We define a geodesic to be a carve that is the shortest
distance between any two sufficiently nearby points. It is casy to see that there exists
a shortest geodesic of g in the homology class I, 1. We require L, to fulfill the
following condition:

('8),, There is only one shortest geodesic 5 of ¢ in the homology class hy, . and
w W S . w O

/

~ is non degenerate in the sense of Morse.

/

[n saying that a gz shortest geodesic ~ is non degenerate in the sense of Morse,
we mean the following:

Let st be a transversal to ~. intersecting ~ in one point, not mg.. in the case that
E = FE_. For cach point P € pi. let vp be the g shortest curve through P in the
homology class hy, p and let (p(yp) denote its g length. The function P — (g(~p)
is € near ppN~ and the condition that ~ he non degenerate means that its second
derivative is positive.

In the case that £ > E. this is the usual notion of non degeneracy in the sense
of Morsc.

D This corresponds to a periodic trajectory for the Euler-Lagrangian flow of L = ¢y + =I.
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Definition 6.1. — U(‘,?'(F)( = g(/’u,l“)) ={eP:2>0,P € P*, and P satisfies hypothe-
ses (C1)-(C3) as well as hypotheses (C4),-(C8),, for w € I' N Q? with small denomi-
nator, i.e. such that ¢ < qo(€o.p,T'), where ¢ denotes the denominator of w.}

Remark 6.2. — This definition can be considered as an implicit definition of 6(¢y, I').

6.3. What denominators are small?— In this Section, we define the marginal
denominator gy = qo(lo. P,I") from the previous definition. This would answer the
question for which rational w’s we need to verify the non-degeneracy hypotheses
(C4),-(C8),. Recalling (14) and (17), we associate to a rational frequency w and
a resonant segment I' 3 w two decompositions of T? x T! into (the standard) direct
product, and we denote the result of this operation by T3 x Tt and T!, x T?. These
decompositions can be defined by changing the basis on T? x T'. Based on the lemma
below we can define the following decomposition T. x '[['L’r x TL = T? x T! into a
direct sum.

Lemma 6.3. — There is a choice of these decompositions so that T C T?, T. < T3.

Proof. It seems easiest to discuss this in terms of a short sequence of topological
abelian groups.

0—A—B-—C—0.
Thus, A is a topological subgroup of B, and C' is a quotient group of B. Denote the
inclusion of A into B by i bad the projection of B onto C' by j. To say that the
sequence is short exact means that the kernel of j is i(A).

A splitting of such a sequence is given by a continuous homomorphism k of C'
into B such that j o k is the identity. Equally well, it can be given by a continuous
homomorphism [ of B into A. such that [ o ¢ is the identity. The relation between k
and [ is that the kernel of [ is k(C).

Given k (resp. ) there is a unique [ (resp. k) such that this relation holds. Given
such a splitting, B3 is the direct sum of i(A) and k(C).

There is a splitting, in fact many, for both of the short exact sequences in the case
we consider (it suffices A to be a torus). Indeed, notice that when we consider ']TII,
(resp. T?)) as a subgroup T? x T we choose a splitting of the appropriate one of the
two exact sequences in question®). This proves the lemma. O

Below we present a test to determine ¢g. The idea of the test is to check how dense
the unperturbed closed trajectory 0 = w in the 2-torus T%. A precise definition is in
terms of averaged systems L, r = K, r+ P, and L, = K, + P,, on slow tori T’ (TIL)
and T (T2) =T (T!, | x T}.), respectively. In the notation of the previous section, let
me, and m/, be global (or local continuation of global) minima of P, on T} and let

(5)Note that the inclusion of 'Jl'll\ in T2 depends on the choice of splitting. One has inclusion for some
splittings not for others.
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7o TL . x Tl — T} be the natural projection. For each energy E,+E* > F > E,,
we need that the shortest geodesics yp and ~7, (if it exists) of gp are contained in a

small neighborhood of 77511

(moUml,) (or 7 L (my) if m!, does not exist). The precise
definition is as follows.

On the slow torus T}, we define the l-parameter family of first (w, I')-averaged
potentials {P, 1 : Th — R},er. Suppose hypotheses (C1)-(C3) are fulfilled. By
the first transversality condition (C3), there are finitely many wy € I'" with P,
and m/, . Mark these wy's. By (C1) and (C2), for w’s
!/
wo?

having two global minima m,,
nearby the marked wq's, there is a simooth continuation my, and m/, of my,, and m
respectively, to local minima nearby. Pick a small 17 > 0, so that 7-neighborhoods
of the marked wy’s, denoted by Y7 . are disjoint. Morcover, in cach neighborhood
7, there is a well defined continuation g, and m/,. Such 5 will be called (¢, P.T')-
adrmissible.

Consider now a small 7 > 0 with the following properties. For each w € T,
consider two cases. In the first case w is in one of T/, . Then, we define a 2-tuple
of T-neighborhoods D:, and [); in T}. are centered at my, and m, respectively and
disjoint. Denote D] = DL U [A)L In the other case, w is outside of neighborhoods
of marked frequencies T! °s put D], to be a 7-neighborhood centered at the global
minimum m,,.

Definition 6.4. A rational frequency w € TN Q2% is (¢g, P,T.7, 7)-admissible with a
small 7 > 0 if the family of first (w, I')-averaged systems {Lyr = Ko + Portwer
satisfy hypotheses (C1)-(C3) and for an (¢y, P.T")-admissible n > 0 and any E_,+ FE* >
E > E, each shortest geodesic (resp. local continuation of a shortest geodesic) vp
(resp. vy if it exists) of the Maupertuis metric gz in the homotopy class h, r belongs
to 7 (DL).%)

Recall that, for each double resonance of a rational frequency w = (p1/q,p2/q) €
' NQ?% in (20), we may define the double resonant mechanical system Ly, on the slow
2-dimensional torus T? and the natural projection m, p : T2 — T'A onto the slow
I-dimensional torus TL € T?. Then, we have the following result:

Lemma 6.5 (|[Ma4]). Suppose the perturbation term P(().(),I‘) satisfies hypotheses
(C1)-(C3). Then, for any T > 0. there is an integer qo = qo(€o. P,I',7), such that,
for any rational frequency w with denominator q > qq, we have that w is (Lo, P,I',n, T)-
admissible. Namely, a corresponding shortest geodesic (resp. local continuation of a
shortest geodesic) v (resp. vy if exists) of the Maupertuis metric gp. defined in (21),
belongs to the strip = (D7) C T2.

w,I

(6) As a matter of fact the proof in [Ma4] requires a stronger form of admissibility which still fits
into the proof of our main result (Theorem 1.2).
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For further reference, we need to give a definition of n and 7-neighborhoods for
double resonances. Let L, and T? be the mechanical Lagrangian on the 2-torus
corresponding to a rational frequency w = (pi1/q,p2/q) € T'N Q% as above. Let
{9e}Beip g+ p,) e the I-parameter family of Maupertuis metries defined by (21).
Suppose hypotheses (C4),—(C8),, are fulfilled. Mark parameters Ey where gp has two
shortest geodesics in the homology class h,, 1. By the second transversality condition
(C7),, there are finitely many Ey € [E, + E*, E,] with metrics gg, having two
shortest geodesics v, and vy, . By (C8)y, there is a smooth continuation vp, and
%51 to locally shortest geodesics. Pick a small 7, > 0 so that n,-neighborhoods of
marked Ey’s (denoted by T;"f}) are disjoint. Moreover, in cach neighborhood T;{f} there
is a well defined continuation vz and ~},. Such n,, is called (¢y, P,T",w)-admissible.

Pick a small 7, > 0 with the following properties. For each Fe[E,, E, + E*]
consider two cases. Either w is in one of T',’”(“' Then, we define a 2-tuple of 7-
neighborhoods E; and lA)[ in T2 of the locally shortest geodesics v, and 'y;,/.“ re-
spectively so that these neighborhoods and disjoint. Denote D7, = D,TJ UDL. In
the other case E is outside of these neighborhoods of marked energies, then D7, is a
T-neighborhood of the shortest geodesic yg.

7. Definition of I’V(;((,”.r) using type 2 non-degeneracy
(of Barrier functions)

In this Section, we define the non-degeneracy hypotheses of the second type. They
are formulated in terms of minima of certain barrier functions, restricted to what we
call Poincaré screens. First, we explain the meaning of Poincaré screens and we define
them. Later on, we define required barrier functions and state the non degeneracy
hypotheses that we need to define 6(¢y, I')-cusp residual set IVV;((,,M‘).

As mentioned in Section 3.2 diffusing trajectories stay most of the time close to the
corresponding Mather sets M; and from time to time make almost heteroclinic ex-
cursions along stable and unstable sets W*(M;) and W*(M, ) from one set M, to
the next one M, . In order to keep track of those excursions, we pose a smooth hy-
persurface (Poincaré screen) “in between” M; and M, ;. To give a precise definition
we need further discussion.

Recall that M; = aM; C T? x T is the projected Mather sets. Suppose hypotheses
(C1)-(C3) and (C4), (C8), for rational w’s with small denominator are fulfilled.
Consider two different cases:

(1) wis C'y/e-close to a rational (p;/q, p2/q) with small denominator ¢ < qo, where
C is some positive constant depending only on £y, P,I', 7 and is closely related to the
energy constant E*.

(2) the opposite case.
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Recall that, for any frequency w € I', we associate homology class in Hy (T2, R) ~
R? equal to w. Bach Lagrangian satisfying conditions (1-3) of section 2.1 has Fenchel-
Legendre transform Lz associated to it by (29). Using Lj, we associate to each
homology class w any cohomology class ¢, inside £;(w).

It turns out that, in the first case, for a sufficiently small € # 0 and a cohomology
¢ € Lz(w). there is rescaling which relates ¢ and E € [E,, E,, + E*|, such that the
projected Mather set Me belongs to 7' (D}7). In the second case, the projected
Mather set M belongs to WFI(DL). In both cases, the projected Mather sets are
localized in a 7-neighborhood of one or two hypersurfaces on the base T? x T. We
shall distinguish these cases.

Definition 7.1. Let w € I' and ¢ € L3(w) be a cohomology class. Distinguish two
cases: Dy (resp. D7) has one or two components.

In the one component case. let us define S¢ C T? x T to be a smooth hypersurface
(i.e., a codimension one closed smooth submanifold) topologically parallel 7 ! (vz),
which is transversal to class A geodesics with respect to v, and disjoint from its
r-neighborhood 7;'(D}¢) in the first case and topologically parallel to ﬂfl(mw).
transversal to class A geodesics with respect to vg and 4%, and disjoint from its
T-neighborhood Y(D7) in the second case.

In the two component case: let us define 5S¢, 5S¢ C T? x T to be a pair of smooth
hypersurfaces parallel and separating 7' (vz) and 7' (7};) in the double resonance
case. “Separating” means that S¢ and S¢ cut T? x T into two disjoint parts each

containing either 7' (yx) or 7 (7). In the single resonance case define S¢, S¢ C
T2 x T to be of smooth hypersurfaces parallel and separating 7T1?l(mw) and 7r1T1 (m’,).
Call 8¢ (resp. S¢ and S9) Poincaré screen (resp. screens) associated with cohomology

class ¢ € Lg(w).

Hypotheses (C1-C8) we impose do not imply that the geodesic v5 and the mini-
mum m,, vary continuously with £ and w € I'. Points of discontinuity are usually
call bifurcations. However, (C1) and (C4,) imply that vg and m, vary piecewise
continuously. Therefore, we can choose Poincaré screens so that they are piecewise
constant with respect to c¢. In other words, one could divide I" into a finite number of
subintervals, so that for all w in a subinterval the Poincaré screen is the same.

By construction, all §¢ are topologically parallel. This property essentially relies
on the fact that we have only one resonant segment I' under consideration. Since S°¢
is piecewise constant in ¢, we shall treat the case of one Poincaré screen S¢ for each c.
The other case is analogous.

Denote by S; = S Poincaré screens corresponding to the frequencies w;, i =
1,2,... related to ¢;, i = 1.2,... by Fenchel-Legendre transform respectively. We

. . N N . o ¢ . . 2 y
marked these frequencies w;’s in Section 3.3. Consider a cyclic cover TE x R over T# x
T obtained by cutting along a Poincaré screen S and unrolling. Fix one representative
I . tel la)
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of T2 x Tk in T% x R and denote it by T3 x TL(0). For each integer k, we denote by
1 : T2 xR — T? xR the deck transformation along Th-direction, and by T x T (k) =
1, (T3 x TL(0)) its k-th shift. Denote by S? an image of S; in T? x R under the natural
embedding so that S9N (T% x TL(0)) # @. By construction, for each i = 1,2,... we
have that the corresponding S; is topologically parallel to T3 and that ¢4 (S;) Mg (S;)
are disjoint for any k # k’. Denote S¥ = 1,.(S;) for k, i € Z and §, = S!. Now we
define the 0(¢o, I')-cusp residual set Wy, .

Consider a closed one form n, with []r2 = ¢ and ¢ € L5(T'). Define the barrier
function on S;
b

(22) H,yr((0.4).(0.1)) = mf{/ (L —ﬁ)((h(t),t)(lt},

where the infimum is taken over all absolutely continuous curves v : [a,b] — T% x R
such that y(a) =60, 4(b) = 0. a =t (mod 1), b=t (mod 1), b—a > T. (0.t) € S?.
(0.t e Sk

For next definition, we need to introduce suitable curves ¢ (6,¢) = (0',t'), which

|

correspond to closed curves on T% x T} connecting a point on S; with itself and
making only one turn in Th-direction. Notice that, in this case, H, r is independent
of the choice of n in 5]z = ¢ and [5]r, because such curves are closed. For a Mané
critical or subcritical form, the barrier function H, o is finite and continuous [Mab].

Let us consider
(23) H.(0,t) = Bllililg H,r((0.1),(0.1)).

This definition is a particular case of the definition of barrier function (32). In [Ma2],
Mather proved that the limit exists.

Lemma 7.2 ((Mad)). Let P € U(‘;U,U‘F), ¢ be sufficiently small and positive, and " be
a resonant line segment in U. Then, the Fenchel-Legendre transform Lgs associated
with L = €y + P by (29) has the channel property with respect to 1.

By lemma 7.2, there is a closed connected curve op C L3(I") with the channel
property. We could parameterize this curve by a smooth parameter, say 7. i.e. op :
[0,1] — or C L£3(T'). Thus, we can define a family of barrier functions

{}{T 0 Sr— R}TE[O.[]

by ¢, = ar(r), S; = S and H,(0,t) = H., : S; — R. It turns out that, under our
hypotheses, H; is continuous in 7 and even satisfies certain modulus of continuity
(see [Mad]). As we pointed out above, hypersurfaces S; can be chosen to be smooth
in 7. Recall that a closed subset D of a torus T? is called acyclic in T? if there is a
neighborhood V' of D in T¢ such that the inclusion map Hy(V.R) ¢ H;(T? R) is the
zero map. Since the ambient manifold T¢ is a torus, the above inclusion map is the

SOCIETE MATHEMATIQUE DE FRANCE 2004



104 V. KALOSHIN, J.N. MATHER & E. VALDINOCI

zero map if and only if any closed curve in V' is contractible. Let

D, = {(9.1‘) €S5,: H.(.t) = min HT(HI,f/)}
(0741)eS,

the set where minimum of the barrier H, on S, is achieved. Recall that S, is diffeo-
morphic to the 2-dimensional torus. The last non-degeneracy hypothesis we require
is the following:

(C9) For each 7 € [0, 1] the set D, C S; is acyclic.

Suppose that there is a curve op € L3(I') with channel property such that the
family of barrier functions {H;}-¢(o 1) satisfies hypothesis (C9); then, we denote the
set of perturbation terms £ P with this property by I/T";(/U‘[\) C RU;( (o.1)" The following
result is not trivial to prove:

Lemma 7.3 ([Mad]). The set W5 (o1 0 C* open and dense in V{;’( o.T)"

The application of Mather theory to the instability of elliptic points requires the
following lemmas about the localization of the velocity of the minimizers. Recall that
L(0,v,1) = ly(v) + eP(0,v,t) is C* smooth nearly integrable Lagrangian, defined on
T? x U x T. Let L3 be Fenchel-Legendre transform associated with L. Denote by
7o 1 T2 x U x T — U the natural projection.

Localization Lemma I. There is C' = C({y, P) > 0 such that for any frequency
w € U and any cohomology class ¢ € Lz(w) the Mané set N(D M) is contained in

7 (B2 (w).

In other words, velocity of minimizers with approximate velocity w may differ
from w at most by C'\/z.

Let the perturbation direction P € Ug({,“.r). then, for any frequency w € T and any
cohomology class ¢ € L3(w), the Poincaré screen S¢, the barrier function H.., and its
minimum set D¢ C S are well defined.

Localization Lemma I1. The property D¢ being acyclic depends only on the values
of L inside Wll,(B?, \/E(w)) with the same C' as in the Localization Lemma I.

These lemmas are a restatement of Lemma 3 in [Mab] and they follow from it.
Their proof is based on a careful perturbation analysis. First, one proves that, with
the standard identification of F,(T?, R) ~ R?. H'(T? R) ~ R?, Fenchel-Legendre
transform L3 is C'y/z-close to the map V, fy : U — R?. Then, using a generalization
of (12) to the case of arbitrary C'* smooth convex unperturbed integrable Lagrangian
(o(0) and the remark that (6 + ¢, + ¢) is non-negative, one shows that, if C'is too
large, c-minimality would be contradicted. See also [BK] for similar results.
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8. Variational principle and restatement of Mather diffusion theorem

In this Section, we introduce a variational principle of Mather [Mad]. We shall use
the notation of the previous section. By lemma 7.2, we have that £3(I') has a smooth
connected curve op C L3(T") having channel property. Fix an orientation on op toward
L5(w") and a sufficiently dense ordered set of cohomology classes € = {¢; };ez, C or
so that they are monotonically oriented along op and in between any two ¢;; and
¢;+1 on o there is only ¢; from €. How dense this set needs to be will depend on how
close the family of barriers {H;},¢p,1] defined above to fail hypothesis (C9). This
collection of ¢;’s plays the role of the collection of w;’s from Section 3.3. For each
positive integer i, denote Poincaré screens by S; = S¢ on T? x T} and by g,' = S
on T% x R, Mather sets by M; = M C T? x R? x T. Fix a sequence of closed one
forms 7); such that [n]p: = ¢; and positive numbers T;. For (6,t) € §I-, (SRS §,-+1
and T > 0 define

Ja

b
(24) Hip ((0.t),(0".1)) = inf{ / (L — 1) (d~(t), f)(lz‘},

where the infimum is taken over all absolutely continuous curves v : [a.b] — T3 x R
such that y(a) =60, v(b) =0, a =t (mod 1), b=t (mod 1), b — a > T;. This leads
to a variational principle

(25) Z Hir ((0i,6). (Big1.tigr)) -

ieJ’

Here above, we understood the following notation: if .J is a set of consecutive integers,
we denote by J' the index set J without its largest element (provided it exists).

If all one forms 1, are critical or subcritical, then each H; is finite and continuous.
Thercfore, we can define a minimizer of the variational principle to be a sequence
{(0;,t;) : i € J} such that if a < b and {(0,,t;) : i € J} is any sequence satisfying
(0;,t)) = (0i.t;) for i < aand i > b, then

Z Hip, ((0it;). (0iv1,tiv1)) < Z Hip, ((07.6). (07,1, t7,1))

icJ’ i)

Since each H; is finite and continuous, an elementary compactness argument shows
the existence of a minimizer.

Theorem 8.1. LeteP ¢ W 3(6o.T)" Then, for any index set J, there are sequences of
positive numbers {e;};c; and suberitical closed one forms {n;}ics, such that [n;]r —
ar([nilr<) < e, and large positive numbers {T;}ic; satisfying the following property:
there exists a minimizer {dy(t) : t € R} of the variational principle (25), which
provides a smooth solution of the FEuler-Lagrange equation (7). In other words, the
minimizer {d(t) : t € R} has no corners.
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9. Application

In this Section, we describe how to apply Theorem 8.1 in order to prove Theorem
1.2. Tt does not seem possible to simplify arguments, because of degeneracy of polar
coordinates at the planes r; = 0. j = 1.2.

Consider the rough sketch of the proof from Section 3.1 and Lagrangian L ; defined
in (9). We shall modify it by restricting Ly to the annuli {A;(w°)};cz, and applying
Theorem 8.1 to each of these restrictions. This will allow us to construct a modification
of the variational principle (25) appropriate for our problem.

Write the remainder Py of Ly in the form (11). If I' C Ay, is contained in one of the
axes, some terms might vanish, but not all of them. For a unit vector ex = (e}, e7)
parallel to I'; denote

3
Prr(0.0—w® 1) = (ep) () PP, (0.0 — " 1),
p=0

To apply Theorem 8.1 to Ly in cach of the annuli, we need to verify the following
hypotheses

(C1)—(C3) for all w's in T,
- (C4),-(C8),, for w’s with small denominators in I, and
(C9) for all ¢’s in Ls(or).

First we shall verify all hypotheses except (C9). For this purpose, we define the

following Lagrangian

1
(26) Lir(0,v,t) = E(B*I (0 —w"), (0 =) +ePrr(0,0 — W 1),

where ¢ is nonzero and small. For this perturbation term Py pr using (15) (resp. (18))
define the first (w,I)-averaged potential, denoted by Py, pr @ Tf — R (resp. the
second w-averaged one, denoted by Py, : T? — R).

v — AMu = wo) + WP
rescaling centered at w”. We have that T2'/%(A;(w%)) = A(W°) = {1/4 < |r| < 4}.
Notice that Ay is invariant under rescaling Tj“ for any A > 0.

Rescale the annulus A;(w”) to the unit size. Denote 77\

. . ‘ . 2 [
Restrict the Lagrangian Ly to T? x A;(w”) x T. Consider the rescaling fw[,/ Y in
(v—w") of T? x A;(w"”) x T to T? x A(w") x T. it gives the new “rescaled” Lagrangian

(27) L.J%(H, v, t) = %{B’l(v —wh, (v =)

3
S o—j 0\P/(, 0\3=p pj ; 0
+ 027/ Z(u —w)i(v—=w)y "PI0, v —w ),
p=0
; 20 /5 3 . redes L
where {PJ(0, v — W’ 1) = P, (0, lw,,/ Yo — w0 )} is €47 smooth and defined in
T? x K{'w", B) x T. Denote the remainder
3 0\P/, C0\3—P pj 27/80 0
Y po(v =) (0 =) PPI0. T, v — ¥ t)

by P;(F), v—w,t).
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The definitions of all hypotheses except (C9) involves averaged kinetic and potential
energies. Fix any positive integer j. Notice that the unperturbed integrable parts are
the same for both L, and Li‘,r‘ These parts define the averaged kinetic energies (see
(16) and (19)). Thus, the averaged kinetic energies of Ly and L?F coincide. Now
consider the perturbation terms. A direct calculation based on (15) and (18) shows
that up to a constant the first w-averaged (resp. the second (w, I')-averaged) potentials
of Ly and Ly are coincide respectively. Therefore, for each j € Z, we have that up
to a constant

[-averaged mechanical systems associated to Ly and L]f r coincide.

Denote the first w-averaged and the second (w,I')-averaged mechanical systems by
Ly and L yr respectively. The definition of a small denominator gy involves only
averaged mechanical systems. After qq is determined, notice that choosing dy small
enough we need to verify (C4),(C8), only for at most one w” in the case w” is a
rational with small denominator. Suppose Ly r in (26) satisfies hypotheses (C1)-(C3)
and (C4),,-(C8),, (if the latter is necessary). Then, there exists § = 6(¢p, 1", Pyr) >0
such that the variational principle (25) is well-defined for the Lagrangian Ly and
each 0 < |e| < 6. In notations of Section 3.1, let § be given by 2§ = dy. Consider also
the rescaling of the original Lagrangian Ly in (v —w"), in order to see that the above
arguments is applicable to Ly too.

The definition of all hypotheses except (C9) involves averaged kinetic and potential
energies. The above verification shows that if Llj satisfies hypotheses (C1)-(C3) and
(C4),-(C8),, (if the latter is necessary) on I's, then LJf satisfies these hypotheses on
I's too. The only difference is that the constant in front of Pf’ decreases as j increases.
This implies that if P} € U5, ). then P/J € Usy -

In notations of Section 3.1 we now verify that, for a C'* Whitney open and dense
set of remainders (11), the restriction of Ly to any of T? x K§, (W', B) x T satisfies
hypotheses (C1) (C3) on I's and (C4),, (C8),, (if the latter is necessary). This implies
that the variational principle (25) is well-defined. What is left to verify is hypothesis
(C9), and the fact that velocity of minimizers of the variational principle (25) belong
to the corresponding cones I(;}“‘j(wo. B).

Suppose the first potential satisfies hypotheses (C1)-(C3) on ') = [w?,w” + pey],
where p is the radius of the ball such that (9) is defined on T? x KW’ B) xT.

Consider now the rescaling L’f of the restriction of Ly on the annulus A;(w). By
lemma 3.2, there is a smooth curve op with channel property. Denote by 04 a part of
this curve which connects £3(w”+d;ex) and L5(w” +0j41ex). We can apply Theorem
8.1 with the curve 04 as the curve with channel property. According to the variational
principle (25) its minimizers velocity moves along I with a certain error.

The Localization Lemma I shows that minimizers of the variational principle (25)
for L = Lfr have velocity C277/2-close to T' for some constant C. Therefore, after
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the backward rescaling, the velocity has to be C27%/2_close to I';. It implies that
minimizing trajectory of (25) does not leave the cone T* x K (w”, B) x T.

The Localization Lemma II shows that non-degeneracy hypothesis (C9) holds for
L'jc taking into account that the velocity value is C2-7/2%-close to I'. By lemma 7.3,
the set of restrictions of LJf onto T? x K(‘;'_'J»(w(’. B) x T, where hypothesis (C9) holds,
is C'* Whitney open and dense. Therefore, there is a C* Whitney open and dense
set of remainders Py in (9) such that for all positive integers j the corresponding P/’
fulfills hypothesis (C9). This completes the proof of Theorem 1.2. O

Appendix A. Mather minimal sets

In this Appendix, we discuss basic objects of Mather’s theory of minimal or action-
minimizing measures [Ma]. This theory can be considered as an extension of KAM
theory. Namely, it provides a large class of invariant sets for a Hamiltonian (or dual
Euler-Lagrange) flow. KAM invariant tori and Aubry-Mather sets are examples of
these sets. We need to define these notions to give the detailed scheme of the proof
of Theorem 1.2 (see Section 3.1).

We start with a positive integer n, a smooth n-dimensional torus T", and a C*-
smooth time periodic Lagrangian L : TT" x T — R, (f,v) € TT", s > 2 which
satisfies hypotheses (1-3) of section 2.1. Note that all definitions and results of this
section can be given for any smooth compact manifold instead of T". Later we apply
it for n = 2 and the Lagrangian L given by (9) near the zero section and extended
outside to keep fiber-convexity.

We say that p is a probability measure, if it is a Borel measure of total mass one.
Let P;, be the space of probability measures on TT" x T invariant with respect to
Euler-Lagrange flow (7). We shall consider probability measures only from Pr. If n
is a closed one-form on T" x T, we may associate to it a real valued function 7 on
TT” x T as follows: express n in the form

1 = nradf + npdr,
where nrn is the restriction of n to T" and 7, : T — R and set
n=nmnr +n;o0m,

where 7 : TT" x T — T" x T denotes the natural projection. This function has the
property
b

./ﬁ((iv(f)i)(“: / '

a (v.7)
for every absolutely continuous curve v : [a,b] — T™ with the right hand being usual
integral over the curve (v,7) : [a,b] — T" x T defined by (v, 7)(t) = (v(t).t mod 1).
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If 14 is an invariant probability measure on TT" xT, its average action is defined as

Ap) = /L((-),’U,t) dp(0,v,t).

Since L is bounded below, this integral is well defined, although it may be equal
to +00. Next step is to define an appropriate notion which generalizes the rotation
vector of a periodic trajectory. If A(u) < oo, one can define a rotation vector p(u) €
Hi(T™ R) of a probability measure i by

(28) (p(p0), (W] ) + )T = / N0, v,t) du(f,v,t)
for every C'! closed one form 7 on T" x T, where

(1] = ([l [n]r) € HY(T" x T,R) = H'(T", R) x R
denotes the de Rham cohomology class and (, ) denotes the dual pairing H; (T",R)
x HY(T",R) — R. The idea of a rotation vector is classical and goes back to Schwartz-
man’s asymptotic cycles (see [Ma] in the time independent case), but in the time

dependent case definitions and arguments are the same. In [Ma], by using a Krylov-
Bogoliuboff type argument, Mather proved the following result:

Lemma A.1. For every homology class h € Hi(T™, R) there exists a probability
measure p € Pp such that A(p) < oo and p(p) = h.

Such a probability measure p € Py, is called minimal or action-minimizing if

Alp) = minf AW) = p(v) = plu)},
where v ranges in Py, and A(v) < oco. If p(p) = h, we also say that p is h-minimal.
Denote by My, closure of the union of supports of all A-minimal measures from Py,.
This set M, < TT" x T is called Mather set. By the above lemma M, is always
nonempty.

A probability measure p € Py, is c-minimal for ¢ € H'(T" R), if it minimizes
Ac(p) = A(p) = (p(p), )
over all invariant probability measures. A.(j) as above is called c-action of a measure.
Mather [Mal] also proved the following result:

Lemma A.2. For every cohomology class ¢ € HY(T™,R) there exists a c-minimal
probability measure i € P, such that A(p) < oc.

Denote by M¢ closure of supports of the union of all c-minimal measures from
Pr. M C TT" x T is also called Mather set. By the above lemma M€ is always
nonempty. Mather [Ma] proved that

Uner, (tn . iyMn = Uee g (tn, ry M.

It turns out that M¢ can be “nicely” projected onto the base T™ x T.
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Graph Theorem. — Let m: TT" xT — T" xT be the natural projection onto the base.
Then. for any ¢ € H'(T",R), the corresponding Mather set MC is a Lipschitz graph
over the base T" x T, i.e. 77_1|,TM'~ T ME — ME.

Call m M€ projected Mather set and denote M = 7 M°.

Definition A.3. The function
B Hi(T".R) — R, SL(h) = A(p),

where g is an h—minimal probability measure, is called Mather’s [3-function. The
function
ap - HY(T".R) — R, ar(c)= sup {(h,¢c)—BL(h)}
heH,(T".R)

is called Mather’s a-function.

Lemma A.4 ([Ma)). Both a-function and [3-function are convex and conjugate by
the Legendre transform.

By definition,
Br(h) +ap(c) = (h.e), he H(T"R), cc H(T" R).
To distinguish from the standard Legendre transform (6) the map
(29) Lj: Hy(T",R) — {compact, convex, non-empty subsets of H'(T",R)},
defined by letting L£3(h) be the set of ¢ € H'(T™.R) for which the inequality in (9)

becomes cquality, is called Fenchel-Legendre transform. In what follows, we shall
identify each h—minimal invariant probability measure with a ¢c—minimal invariant
probability measure, provided that ¢ € L3(h).

For an absolutely continuous curve v : [a,b] — T", let us denote dy(t) =
(v(t),4(t)). The above is well defined for a.e. t. For such v and a closed one form 7
with [n]re = ¢, we call c-action

b
(30) A) = [ (L= 0.0
where 7j(6,0,t) = npa(0,4)0 4+ np(60.t) if ) = 1p"df + nrdt. Notice that c-action does
not depend on a choice of 7 in the cohomology class ¢. A closed one form 7 on T" x T
is called Mané critical if and only if

i L—)duy =0.
Eﬁ{/( mw}

Since each closed one form can be written as [n] = ([n]r, [7]1), by the definition of
a-function for Mané critical one form we have [t = —a([n]r»). We also say that n
is Mané supercritical if () > —a,([n)7e) and Mané subcritical if [n]r < —ap([n)rn).
We shall explain geometric meaning of sub and super criticality in the next section.
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We say that an absolutely continuous curve v : R — T" is an absolute c-minimizer
if, for any interval [a.b] and any absolutely continuous curve v : [d,¢] — T" such
that d = a (mod 1) and e = b (mod 1), we have

b e
/ (L — A (1), )it < / (L — 7)(dv (1), 1)dr.

Ja d
where 7 is a Mané critical closed one form on T" x T such that [n]r» = ¢. Notice
that the time intervals b — a and e — d are not necessarily the same. Completeness of
the Euler-Lagrange flow (see property 3 of Lagrangian) implies that every c-minimal
curve is C''-smooth and, therefore, as smooth as L is. So it is C*~!-smooth. Denote
the union of all sets of c-minimizers {(dy(t),t): t € R} € TT" x T by N and call it
Mané set. This set is certainly a closed set.

We now introduce the notion of barrier function and we deal with another set of
trajectories associated to a cohomology class ¢ € HY(T",R). The barrier function
is introduced in [Ma2] and is a generalization of Peierl’s barrier. Let 1.6, € T",
71,72 € T > 0, and 7 is a Mané critical one closed one form on T" x T such that

[n)r» = ¢. Define
(31) hoyr((01,71). (02.72)) = inf /(L — ) (d~(t), t)dt,

where the infinum is taken over all absolutely continuous curves 6 : [a,b] — T" such
that « =71 (mod 1), b =7 (mod 1). 0(a) = 0y, (b) = O2. and b —a = T'. Define the
barrier function

(‘32) /l,]((()[. T1>. ((‘)2 7'2)) = lilllilg }I,].’[((Hl. 7'1). (02 Tg)).

—+
In [Maz2]. Mather has proved that the limit exists. He also introduced a pseudo-metric
(35) /)(-((Hl T ) (92 7'2)) = /7,,(((’1 , T ) (92. Tz)) + h,]((()z. T-_)). (01 T1 ))

[t turns out that this construction is independent of 7, provided »n is Mané critical
and [n]tn = ¢. One can show that p. > 0, satisfies the triangle inequality, and is
independent of the choice of a Mané critical closed one form 7. The set

A= {(0.7): p((0,7),(6.7)) =0}
is called Aubry set. One can show [Ma2] that
MOCA CN CTT" xT

for all c € HY(T".R) and A also satisfies the Graph Theorem stated above.

Appendix B. Proofs of auxiliary lemmas

Lemma B.1. — For positive p and 0 < o < 1 consider the space of C*% smooth
function on Ki7 > (0.r) with the natural C* Whitney topology in Ky, where m < d <
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s < oo, dym € Zy. Then for any C° Whitney open dense set D5 of (m 4+ 1)-tuples
(Go.- - gm) of C*=™ smooth functions on K5 . the set of functions of the form

m

(34) Zrlfﬂ' Pgn(0,1)
p=0
with (m + 1)-tuples (go. ... gm) € Dy, intersected with C*(K2") is C'* Whitney

open dense.

Proof of Lemma B. 1. Pick r = (r.12) € K, de. 0 < arp < ry < pand 0 <
ary <711 < p. We find two functions f1,(f.7) and fo(6.r) defined on K, satisfying
(35) rfu0.r) —rofor(8.0) = f(0.r).

Consider two functions cqualities:

, ! o
J0.0) = f(0.r0 Gr) = rag(@r). (0.1 Sra) = ragr (0.7)
To define fi and f, by explicit formulas inside K7} consider the coordinate change:

o= (ri,ary), 1o = (00ry — ary), and f(ﬁ.'rl.rg) = f(0,r1,r2). By Hadamard-

Torricelli’s lemma
= Lo F(0,7,.0
f1(6.71.0) = / — (0,171, 0)dt = M
Jo O 2
rign(0.71.0) = [(0.71.0) — [(0.0) = f(0.1,

m@ﬂfwzﬁ‘”<qum~ﬂ&“%“f“ﬂ“.

gy . Y.
Ty o 2/1

This implics that for fi; = g1 + g2 and fo; = g2 (35) holds true.

Notice that fi; and fo; have zero of order (m — 1) in 7 in the sense that they
are C*9=1 smooth. Application of Hadamard-Torricelli’s lemma to f1; and fo; gives
explicit formulas for functions fyo, fi2, and fa2, which have zero of order (m —2) in r,
namely, functions belong to C'%¢ 2(/C;)). After m steps we get explicit formulas for

functions fo,. ..., foum. Denote fo,, = f, for p = 0....,m. These functions satisfy
(34) which completes the proof. |
Proof of Lemma 2.1. We start with an integrable truncation of f. Let fbo defined

by (1) with P;.Q; = 0. Then. the time 1 map of the Hamiltonian

(36) 1’1()(().1‘) =wiry +wore + = <BI I>

coincides with fj, as an casy calculation shows. C(mstmct a time periodic deformation
{H(-.t) }1eT of Hy so that the time 1 map of H (-, t) coincides with f and so that H (-, )
is C*T1 close to Hy(-) near r = 0 for all t € T. Since Hy is convex in 7, s > 2, and we
are interested in small 7, it implies the desired convexity of H (-, 1) in r for each t € T.

The construction of {H(-.t)};er is done using generating functions. We recall
a standard fact from Hamiltonian system (see e.g. Arnold [Ar2] sect. 48) for a C*
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smooth symplectic map g(6,r) = (0. R), 6,0 € T", r. R € R": one can define a C**!
smooth generating function S, (¢, ©) so that

{rz—&ﬁﬂ&@%

(37)
R = 005,(0.0).

The function S,(0,©) above is defined up to a constant. Direct calculation for )?
and f in a small r-neighborhood of zero show that
1
5:0.6) = §(B HO -0 —w). (0 -0 —w)) and
S¢(0,0) = S’:((;)q 0) +0(](0 — 0 —w)?).

(38)

Consider a smooth family of generating functions {St}c(0.1 given by

ht) - S ) O —0—w/h o 5
gf(()’(;)) _ —Z—EB MO —0—-w/h(t),(©—0 //(f))> for t € ((),ﬁ]
h(t)S)2(0,0) + (1 — h(t))Sy (0, 0) for t € [%, 1],

where h is a smooth positive function away from zero, h(1) = h'(1/2) =0, h(1/2) = 1,
and 1/h(t) = t near t = 0+. The choice of h is designed so that §, is sufficiently
smooth with respect to t for t € (0,1]. By construction, 5, generates a siooth family
{ﬁ},e(o,l] of exact symplectic twist maps (see [Go] sect 26 or [McS] sect 9.3). More
precisely, E(()I) = (0+ (h(t))"Yw+ Br),r) for 0 <t < 1/2 and lim,_o4 fi = 1d.

Define s,(6,1) = S¢(6.0 + (h(t))"'(w + Br)) for 0 <t < 1/2. It becomes

se(0,r) = (20(t)) "(Br,r).
By assumption, 1/h(t) = t near zero s; can be smoothly continued for all ¢ € [0, 1]
with sp = 0 and $1(0.7) = S,(0,0(6,7)), where ©(6,r) is given by f(6,r) = (0, R)
for some R. Now we can write:
(39) fr(rdo) —rdf = ds,, t e [0,1].

It shows that {.ft}le{m] is a Hamiltonian isotopy. By standard results from
symplectic geometry, obtained by combining homotopy formula and (39) (see
e.g. Prop.9.18 in [McS] or Thm. 58.9 in [Go]) this family generates Hamiltonian
functions {H (-, t)}ic(0,1) as follows. Denote by X; vector fields generated by iso-
topy fi, i.e. given by X,(0.r) = (dfy/dt)((fi)~" (0. r)) by i g « the interior derivative
of a 1-form « by )2,, and by s,(0,7) a form of generating function, given by (39).

Then ;
g' . :N( — Foly L.’ .
sCt) =igrdd—(f) <dt,st>

One can check that (Zﬁ[f(-, t) = —ig,drNdb.

By the construction, the time map of I:j,(f) from time t =0 to t =1 equals f.
However, {H(-,t)};e[0.1] is not necessarily periodic in . To attain periodicity we
slightly modify the above construction. For small ¢, say ¢ € [0, d], we have f;(0,r) =
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(6 + tBr,r) and, therefore, ﬁf(-,t) = Hy(0,r). Let us define f;_, = f-'o f for
7 € [0,0]. Let S;_-(6,0) be the generating function of f;_, with S;_, (0,6 + w) = 0.
Consider the following family of generating functions

S,(6,0) for t € (0,1 — 4

(1= g(£))Si(0.©) + g(t)S1-4(6.©))  for t € [1 - 4.1],

where ¢(t) is a C*T! smooth function on [1 — 6,1], with g(1 —§) = 0, g(1) = 1,
and ¢ (1) = ¢gW(1 —6) = 0 for p = 0,1.....5 + 1. By construction, S; defines
a Hamiltonian isotopy {fi}ie(o.1) with fi = fi = f. By the same token as above

{ft}ie(0.1) defines a Hamiltonian function Hy(-,t) which is C**! smooth and periodic
in time ¢.

Sl‘(ev @) = {

In order to verify positive definiteness, we consider two cases: t € [0,1/2] and
t € [1/2,1]. In the first case, near ¢ = 0+, we have f;(6,7) = (0 + tBr,r) and,
therefore, H;(0,r,t) = Ho(f,r). Similarly, for 0 < ¢ < 1/2, but not near zero,
we have that Hy(0,r,t) = m(t)Ho(0,r), where m(t) is a smooth strictly positive
function (explicitly computable from h(t)). Definition (36) of Hy and hypothesis (H2)
of positive definiteness of B implies positive definiteness of 92 Hy for 0 <t <1 — 6.

In the case t € [1 —d,1]. by definition, Si(#,0) = S0.0) + 0(|(© — 6 — w)?).

Explicit calculation gives that the underlying Hamiltonian has the form

1 .
(40) HO,r.t) =wir +wars + §(B7', )+ 0(|r[*).
It implies the Hessian 02 H(-,t) is close to B and, therefore, positive definite. This
proves the lemma. |
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