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ON ANALYTIC FAMILIES OF INVARIANT TORI FOR PDES

by

Boris Dubrovin

Dedicated to J.-P. Ramis on the occasion of his 60th birthday

Abstract. — We propose to apply a version of the classical Stokes expansion method
to the perturbative construction of invariant tori for PDEs corresponding to solutions
quasiperiodic in space and time variables. We argue that, for integrable PDEs all but
finite number of the small divisors arising in the perturbative analysis cancel. As an
illustrative example we establish such cancellations for the case of KP equation. It
is proved that, under mild assumptions about decay of the magnitude of the Fourier
modes all analytic families of finite-dimensional invariant tori for KP are given by
the Krichever construction in terms of theta-functions of Riemann surfaces. We also
present an explicit construction of infinite dimensional real theta-functions and of
the corresponding quasiperiodic solutions to KP as sums of an infinite number of
interacting plane waves.

Résumé (Tores invariants pour certaines EDP). —  Nous proposons d’appliquer la mé-
thode des développements de Stokes a la construction perturbative de tores invariants
associés a des solutions d’EDP quasi-périodiques en les variables d’espace et de temps.
Pour les EDP intégrables, nous nous intéressons a la compensation de presque tous
les petits diviseurs apparaissant dans l'analyse pertubative, i.e., la compensation de
tous sauf un nombre fini. Nous traitons de cette compensation en détail sur I'exemple
de I'équation KP et nous montrons que dans ce cas, sous des hypotheses faibles
portant sur la décroissance de I'amplitude des modes de Fourier, toutes les familles
analytiques a tores invariants de dimension finie sont données par la construction de
Krichever en termes de fonctions théta de surfaces de Riemann. Nous donnons une
construction explicite de fonctions théta réelles de dimension infinie et des solutions
de KP quasi-périodiques correspondantes comme somme d’une infinité d’ondes planes
en interaction.

1. Introduction

Quasiperiodic solutions of the equations of motion
0= flu)
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36 B. DUBROVIN

in the form
u(t) =U(¢1.....0n). oy =wit+0). j=1.....n

for a 2w-periodic in cach ¢y, ....¢, unction U has been studied in the classical me-
chanics since 19th century. The associated geometric image of linear motion on an
n-dimensional torus became widely accepted after creation of KAM theory and of the
Arnold-Liouville theory of completely integrable Hamiltonian systems [2], although
it was already familiar in the physics literature after the A. Einstein’s treatment of
the Bohr-Sommerfeld quantization rules for integrable systems with many degrees
of freedom [14]. In particular, the Arnold-Liouville theory applied to a completely
integrable Hamiltonian system on a 2n-dimensional symplectic manifold u € M?2"
establishes existence of families of n-dimensional invariant tori depending on n pa-
rameters I = (I,....1,)

(1.1) w(t[I) =U(br.....on|[T). o5 =w;(D)t+6). j=1.....n.

Changing the values of the action variables I, . ... I, one represents a 2n-dimensional
domain in the symplectic manifold as a torus fibration. Under the nondegencracy
assumption [2] the frequencies wi(I),...,w,(I) run through all possible directions in
an open sct. In particular, for generic values of the parameters I the solution (1.1) is
a quasiperiodic function in time.

Systems of evolutionary PDEs

(1.2) u = f(uug g, . ..), = (ri.209.....0q). a=1..., r

can be considered as an infinite-dimensional analogue of dynamical systems define on a
suitable space of functions of d spatial variables ay. ..., 1q. Although in certain cases it
is possible to develop an infinite-dimensional analogue of the Arnold-Liouville theory
of completely integrable Hamiltonian systems and to construct families of infinite-
dimensional invariant tori for certain nontrivial examples of nonlinear evolutionary
PDEs and, morcover, to develop an infinite-dimensional analogue of KAM theory (see
[28, 7, 24, 35]) and the related theory of Birkhoff normal forms (see [15, 21, 22]),
in the most physical applications families of low dimensional invariant tori for PDEs
play a prominent role.

For linear PDEs families of one-dimensional invariant tori can be readily found in
the form of plane waves

(1.3) w(x,t) = Acos(kyxy + -+ + kgrg — wt + ¢p).

The wave numbers ki,....kq take arbitrary values within some domain of the
d-dimensional space, the frequency

(1.4) w=why..... ka)

is determined from the so-called dispersion relation substituting the ansatz (1.3) into
the equation (1.2). Tt will be assumed that all branches of the dispersion relation (1.3)
are real-valued functions. For any such branch A is a r-component vector determined,
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INVARIANT TORI FOR PDES 37

in the generic situation, up to a scalar factor called the amplitude. The phase shift
0o can also take an arbitrary value. The solution (1.3) in general is quasiperiodic
both in space and time variables. Multidimensional invariant tori for lincar PDEs are
obtained as linear superpositions of plane waves

n
u(x, t) = Z Ajcos(kizy + -+ Khyag — W't + @)
i=1
with arbitrary amplitudes, phases and wave numbers, the frequencies determined as
above
W =wlky, kY, =1, .

Note that, in the discussion of invariant tori for PDEs, we will not specify the class
of functions™ to be considered.

In many cases families of one-dimensional invariant tori can also be obtained for
rarious nonlinear PDEs as travelling wave solutions

(1.5) u(x,t) =U(p|A), ¢=kix1+ -+ kqrqg —wt + do.
Here U(¢| A) is a 2m-periodic function in ¢ depending on some number of parameters
A = (Ay, Ag,...) that determine the shape of the wave. The wave numbers and
phases take arbitrary values. The shape of the wave does not depend on the phase
shifts but it may depend on the wave numbers. It is convenient to subdivide the
parameters A in two parts
(1.6) A= (k... kq;a)
where the paramecter a is a nonlinear analogue of the amplitude. The frequency is
to be determined from a nonlinear analogue of the dispersion relation. The latter
involves also the amplitude paramecters a,
(1.7) w=w(k,... kq;a).
For fixed t the solution (1.5) takes constant values along the hyperplanes

kyoy + -+ kgrg = const.

The points on the hyperplanes move in the orthogonal directions with the constant

w p .
o= |kl = \/k?+ -+ k2
‘l\| l 1 {

phase velocity

Example 1.1. The periodic travelling wave for the Kadomtsev-Petviashvili (KP)
equation

1., 3
(1.8) Uyt + 1(311, + Ups )aw + Z”W =0

(U The dynamic on a suitable class of almost periodic functions would probably be the appropri-
ate framework for considering the families of finite-dimensional invariant tori with arbitrary wave

numbers.
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38 B. bUBROVIN

(here d = 2, x = 21, y = x2) can easily be obtained in terms of elliptic functions

u(z,y.t) =U(0). o =kr+ly—wt+ do

282 o0 oK c
o) U(p) = ?A (h cn {—7—;@ h,] — /) +6
1. NS .
e, 3l JRK? /. FE B
w “ZA+ZA k 2<3—i€+/z, __2)
v=— —1+r%

TR
Here cn[z; k] is the Jacobi elliptic function with the modulus 0 < v < 1, K = K(k),
E = E(k) are complete elliptic integrals of the first and second kind resp., ¢ is an
arbitrary constant.

The functions (1.9) are periodic travelling waves propagating with constant speed
in the (z,t)-plane. For [ = 0 the above formulae reduce to the so-called cnoidal waves
for the Korteweg-de Vries (KdV) equation

1
(1.10) u + 5(371,2 + Uy ) = 0.

The KdV equation is known to arise in a fairly general setting of one-dimensional
weakly nonlinear waves with small dispersion (see, e.g., [33]). In particular it de-
scribes one-dimensional shallow water waves of small amplitude. The y-dependence
of solutions to the KP equation (1.8) describes®) slow transversal perturbations of
the KdV waves [23], [33].

The elliptic modulus & plays the role of the amplitude parameter. At the limiting
value k£ = 0 one obtains trivial solution v = 0: the frequency takes the value w =
~i((: k + k3). For small positive values of the parameter

I (~k+k3—‘5ﬁ >0
- n 4\ “k

one obtains approximately the plane wave solution
12 ~
3— —ck—k*
k

. 1
U~ é + Acos(kxr +1ly — wt + ¢g), w~-— <

4
A~ 2\/25,
3

More accurate idea about the shape of the solution (1.9) for small amplitudes can be

with the small amplitude

obtained by using Stokes expansion method [37]; see also Chapter 13 of the Whitham’s
book [39]. We will represent this classical method of the theory of water waves in a

(2)The equation (1.8) is often called KPII to distinguish it from the KPI case. The latter equation
differs from (1.8) by the sign in front of the second derivative in y. It also has physical applications
but not within the theory of water waves [23].
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INVARIANT TORI FOR PDES 39

slightly modified version. Let us look for the solution to the KP equation in the form
of Fourier series

(1.11) wu(z,y,t) = %JrAl cos @+ Ag cos2¢p+ Azcos3p+..., ¢ =kr+ly—wt+ oo

depending on a small parameter ¢ assuming that

(1.12) A =0(E"), kE=1,2,....
Also the dispersion law must be expanded in a series with respect to the small pa-
rameter
[2
(1.13) w=1<‘?—<1‘41»>+w1+w2+...ﬂ wk:()(gl").

The KP equation must hold for an arbitrary ¢g as an identity for formal series in €.
Without loss of generality one can use the small amplitude A = A; of the plane wave
as the expansion parameter. Substituting the ansatz (1.11)- (1.13) into (1.8) yields,
after simple calculation

A? A2
(L.14)  w(x,y.t) = 6 + Acos¢ + T (l YRl + ()(A4)> cos 2¢

3 4
+ <3A, +0(A”)> cos 3¢ + ( A +()(A")> cosdo + ...

16 k4 16 k6
1 /.12 3 A2 3A% ;
1.15 = — —ck—K O(A%).
(1.15) ~ 1<3L ¢ ) sk s TOW)
For small amplitudes (1.14) (1.15) gives a reasonably good uniform approximation to

the cnoidal wave (1.9).

Multidimensional invariant tori for PDEs is still a not completely understood phe-
nomenon, although there are quite a few nontrivial examples of PDEs where a fam-
ilies of finite-dimensional invariant tori have been constructed, mainly by applying
the methods of algebraic geometry (see, e.g., [12, 26, 10]). One can think of them
as of the result of nonlinear interaction of travelling waves solutions, although this
operation in general has to be defined. We suggest the following approach to the
definition of the nonlinear interaction.

Let the PDE (or a system of PDEs) possess a family of travelling wave solutions
of the form (1.5) depending on some vector parameter

= (l‘l . d )
It is assumed that the wave vector kq,. .., kg assumes arbitrary values in some domain
of R%,
(k1.... kag) €K C R,

The amplitude parameter a belongs to a m-dimensional domain

acDCR™.
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40 B. DUBROVIN

Denote
.A — ]C < D c Rd'{"”l,.

The solution (1.5) must satisfy the PDE identically in ¢”. Let us assume that, on a
certain submanifold of codimension 1.

acCcCD, dmC=m-—1

the solution (1.5) becomes constant. We will only consider the local situation where
D belongs to a small neighborhood of the manifold of constant solutions. Denote
the distance of a point on D from C. So, the amplitude parameter is subdivided into
a=(s,¢). ceC.
For small ¢ the solution (1.5) must become close to the plane wave
( ) u~ up(c) + Az, ) cos ¢,
1.16
o=k 4+ hgrg — wt + . w=wolky,... kg, c))
where wo(ki,. ... kq, c) is the dispersion law of the linearized PDE near the manifold
of constant solutions ¢ € C, A(0,¢) = 0.
Definition 1.2. We say that the family of n-dimensional invariant tori of the form
117) u="U(dr,....00]A", .. A1),
1. . v v ,
¢i = Kz + kheo + -+ kjrg —w't + (/)(,-). i=1,....n

is obtained as the result of (nonlinear) interaction of n planc waves if the following
conditions are fulfilled.

(i) The functions (1.17) are 27-periodic in ¢y, .. .. On-

(ii) As functions of (A, A" they are analytic on a complement in Ax- - -x A
(n factors) to a collection of finite number of algebraic subvarieties Iy, ..., Ry
(1.18) (AW Ay e Ax o x AN UN_ Ry € R,

(iii) Near the manifold of constant solutions the Fourier expansion of the functions
(1.17) has the form

U(py,... 7(,“‘),,|A(J) ..... A(”)) =up(Cr, ... Cri€1y. .. En)
+ A1, e1)cosdr + - -+ Alen, €,) cos dy,
+ Z Am({'i,(m|(,")|+~~+m,,(f’),,)
ez |m|>1
(1.19) o meRnimi= .
O = /a'f]’;rl 4+ 4+ ]\‘(J].’If(i —w + ;. J= 1,....n
W =wolk]. ke + ) w
k>1
’ll,()(Cl7 ey Cpilry e ,E,,) = 11,()(01) 4+ ’11()(0,,) + ()(E)
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INVARIANT TORI FOR PDES 41

The Fourier coeflicients
Bt R
Am = Ak ke e c10 .o )

must be analytic functions on (1.18). Their Taylor expansions in €. » hnear

ny

C x -+ x C must begin with the terms of the order [m/,
(1.20) A = ()(5‘"”). || = my|+ -+ [mal.

Also in the expansion of the dispersion law the k-th term

(1.21) wi =Wkl ke Ep.Cl.....C)

must be of the order A in . The coeflicients of the leading Fourier modes must
coincide with the leading coefficients of the plane wave expansions (1.16).

We believe that existence. for any n > 1. of the analytic families of n-dimensional
invariant tori satisfying the assumptions of the Definition 1.2 implies integrability
of the PDE. It would be interesting to prove precise mathematical theorems in this
direction.

In this paper we pursue a more modest goal. For the example of KP equation
we want to prove that. indeed. the analytic families of invariant tori satisfving the
conditions of the Definition 1.2 exist for any n. Actually, we will prove that the fam-
ilics of invariant tori obtained by the LML Krichever's construction [25]) satisfy the
assumptions of the Definition. Morcover, we will prove that ell such analytic families
of invariant tori must be given by the Krichever's construction. Our main motiva-
tion was the mathematical understanding of the remarkable physical experiments of
J. Hammack et al. [20, 19]. In these experiments the propagation of small amplitude
shallow water waves was studied. In a water tank of the size approximately 13 x 27
m and depth 20 cm the waves were generated by a wavemaker programmed to create
a superposition of two cnoidal waves with different directions of propagation and dif-
ferent amplitudes. The measurements of the resulting wave profile proved to be in a
remarkable agrecment with the two-dimensional invariant tori for KP given in terms
of theta-functions (sce below). Also some oceanic observation were analyzed in [19]:
again the agreement with the theta-functional invariant tori looked encouraging.

To our opinion the experimental results suggest the following main question to be
addressed: why the multidimensional invariant tori for KP created by Krichever [25]
with sophisticated algebro-geometric technique are observable in the physical exper-
iments? Putting this in a different way, the mathematical questions to be answered
are

does the Krichever's construction cover all finite-dimensional invariant tori for
KP?
arc these tori stable?

One of the difficultics in proving exact statements in this direction is quasiperi-

odicity of the solutious with respect to the spatial directions. The extension of the
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42 B. DUBROVIN

finite-dimensional Arnold-Liouville and KAM theory to the infinite-dimensional sit-
uation developed in [28, 7, 24, 35] mainly refers to the space of spatially periodic
functions.

In Section 2 we prove a simple uniqueness statement (sce Theorem 2.2 below): all
finite-dimensional invariant tori for KP obtained as a result of nonlinear interaction
of plane waves in the sense explained above are expressed in terms of theta-functions
of Riemann surfaces via the Krichever construction.

In the last Section we extend the technique developed in the proof of Theorem
2.2 to the explicit construction of the moduli space of the KP theta-functions of
infinite genus. They are obtained as infinite superpositions of plane waves satisfying
certain requirements to ensure convergence of the infinite sums. The KP solutions
given in terms of these theta-functions will be quasiperiodic in both space and time
variables. For the case of hyperelliptic Riemann surfaces the theory of theta-functions
of infinite genus and associated KdV periodic and quasiperiodic solutions was initiated
by H.McKean and E. Trubowitz [31]. For the KP case. where arbitrary Riemann
surfaces can appear in the finite genus case, the infinite genus theory for the doubly
periodic in (x,y) KP solutions was created by I Krichever [27] (sce also [6]). The
state-of-the-art of the theory of the associated infinite genus theta-functions can be
found in the monograph of J. Feldman, H. Knorrer and E. Trubowitz [17]. Observe
that our approach does not require any assumption about spatial periodicity.

2. Can one see the shape of a Riemann surface looking at the water
waves?

The question in the title of this Section clearly alludes the famous problem, due to
M. Kac, regarding the possibility of hearing the shape of a drum. In the situation of

the theory of water waves, however, one does not know a priori whether a “drum”.
i.c., a Riemann surface determining the shape of the wave profile. is hidden behind
the sufficiently rich class of the water waves. In this Section we suggest an analytic
approach to this problem based on a uniqueness theorem for analytic families of
invariant tori for the KP equation given by the Krichever construction.

Let us begin with some preliminaries of the theory of KP equation. Although (1.8)
is strictly speaking not an evolutionary PDE., our definition of noulinear interaction
of plane waves makes sense also for the KP case. Observe that the mean value

/ w(e oy t)dr

is a first integral. We will always consider the solutions with zero mean value. This
is not a serious constraint. Indeed, the KP equation is invariant with respect to the
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INVARIANT TORI FOR PDES 43

action of the group of scaling/Galilean transformations

|
r = cx' +ac*y — §bc3t'

. 3 .
2,/ 347
y=c — —ac’t
(2.1) YTV Ty
t=ct
1 1
—21 2
= 2w + Za ~—b]
U= ¢ [u+2(1 3

depending on three arbitrary parameters ¢ # 0, a, b. Using these transformations one
can always kill the mean value.
Technically it is more convenient to work with the so-called bilinear form of KP.

The substitution

(2.2) w=20*log7(x,y,t)
reduces (1.8) to
(2.3) 372, — AuTows + T Towan + 3(1yyT — TyQ) + AT — ToTi) + 2072 = 0.

Here b is an integration constant. Actually what will be studied is the invariant tori
for (2.3) of the form

T(x,y,t) = Ag + E At (ot tmadn)
(2.4) m#£0
I A y ) 0 - ,

¢ =kjx+liy—wit+¢;, j=1....n

Without loss of generality one can assume
Ag = 1.

Moreover, doing if necessary suitable shifts along ¢9,...,¢% one can normalize the
leading coefficients in such a way that
9K J— —
(2.5) A1.0..0) = A0...0)s -5 Ao = A, 0)-

Let us first recall the construction of the algebro-geometric invariant tori for KP.
They are parametrized by quadruples (,,, 00, (, o) where ¥, is a Riemann surface of
genus n with a marked point oo € %,,, ¢ is a 3-jet of a local parameter on Y, near
o0, ((00) = 0. Finally, o must be an anticomplex involution

o @ * -
(2.6) o2, — X, o(x)=00, "¢ =

such that the fixed-point set of the involution o consists of n + 1 components. Call
a....,a, the (homology classes of) the suitably oriented components not containing
the point oo. These will be the basic a-cycles on the Riemann surface ¥,. The
conjugated b-cycles can be choosen arbitrarily provided that

(2.7) o.(a;) =aj, o.(bj))=~-b;, j=1...,n
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44 B. DUBROVIN

The Fourier coefficients of the algebro-geometric solutions have the form
(28) Am — ({77l'<m‘/3m>

where 3 = (f3;;) is the real symmetric positive definite n x n matrix given by the
periods of holomorphic differentials

(29) //')",jj = —1 7{ Wi % w; = (S,,‘J'.
Jb Ja

] J
The wave numbers and frequencies are given in terms of the coefficients of expansions
of the basic holomorphic differentials near ~c € %,,,

1 5 N
(2.10) w;(P) = 5 (ki 4+ 1,¢ + w (P + ()(Q")) d¢, P — oc.

The phase shifts (/)‘J? can be arbitrary real numbers.

The formulac (2.8)-(2.7) is nothing but the Krichever’s construction [25] of the
algebro-geometric solutions to KP (see also [10, 13] regarding the reality conditions).
We will refer to the class of quadruples (X,,.>.(,0) described above as the KP
Riemann surfaces, and their theta-functions as to the KP theta-functions. Recall
that, besides the reality conditions no other constraints are to be imposed on the
triple (3, oc, ¢). More precisely, the following statement holds true [13].

Theorem 2.1. — For any KP Riemann surface (¥,,, >, (, o) the formulae (2.2), (2.4),
(2.8)(2.10) with arbitrary real phase shifts ¢, ..., ¢% define a real smooth solution
to the KP equation (1.8). Conversely, if the real smooth KP solution u(x,y.t) of
the form (2.2), (2.4), (2.8) (2.10) for some triple (¥,,.0oc, () remains smooth under
evolution along all flows of the KP hicrarchy then the Riemann surface 3, must admit

an involution o with the above properties. Moreover, all the phase shifts must be real.

Let us call the wave numbers k. .... k.. l1.....1, resonant if, for some i # j
(2.11) ki = xk; and ik = ljk;.
If this is not the case and k; # 0,...,k, # 0 the wave numbers will be called non-

resonant. From the definition of plane waves it follows that one can assume all wave
numbers k; to be positive.

Theorem 2.2. — Let (2.4) be a family of solutions to (2.3), for arbitrary phase shifts

&Y, ..., % depending analytically on the small parameter € and on the “amplitudes”
(2.12) ar = Aq o0 >0, a2 = Ar0...0) >0, oan = Ao, >0

and on arbitrary nonresonant wave numbers ky #0,.... k, # 0, li,.... 1, such that
(2.13) Am = ()(51”"H""*"”"‘).

Then this family is given by (2.8) (2.7) for some KP Riemann surface (£,,00,(,0)
of the above form.
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INVARIANT TORI FOR PDES 45

Proof. Let us begin with algebraic preliminaries. Denote
R=Cl[z" 2]
the ring of Laurent polynomials of n variables. The degree of a monomial in R is
defined by
deg ,i‘ "' = liy]+ -+ |in]
Denote R,, the subspace of Laurent p()lyn(nnials of the degree m. The product of

Laurent polynomials satisfies
(2.14) R/R; C . Ry

The ring of trigonometric polynomials in ¢y, ..., ¢, is naturally identificd with R
by putting
zj = e =1, n
So. the above definition and properties of the degree holds true also for trigonometric
polynomials.
We can now reformulate the assumptions of the Theorem in the following way. We
are looking for a solution to the equation (2.3) in the form

(215) T=1+ 52(1’.1(:‘] + :.;’1) + Z EIIIT[III}

J=1 mz=2

where

m

(2.16) 7_[IH] _ Z [m m] € Ry

h=2
In these formulac we use the superscript [m] for labelling the terms of the order m
with respect to 2. The coefficients of these trigonometric polynomials along with the

cocfficients of the expansions

1 2 ; m .
(2.17) N L LRARDS M =1
m=>1
(2.18) b= 3" <l
m=1

are to be determined from the KP equation (2.3). Here we introduce the notation
I
A==

P
J A..‘

Let us now describe more precisely the result of substitution of the ansatz (2.15)
to the KP equation (2.3). We need to introduce the following notations. Put

Lo 0
ZL .0,, Zu,d) =Dk ‘“-)()o

j=1 J=1 J=1
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46 B. DPUBROVIN

We also introduce operators

(1] Z m > 1.

Finally. the fourth order lincar differential operator L will be defined by
(2.19) L =0} +30; + 10,0,

Using these notations one can rewrite the result of substitution of the ansatz (2.15)
to the KP equation at the order m > 2 approximation as the following equation:

(220) Ll 4pimle 30 [ 1o, 710 4 opikl L1
ht-l=m
+ Z/ [3(‘):’3.7[1'](‘).'12'7—[.1] _ 4(‘})"_7-['1](‘)5":7—[./] + T[i](");{T[.i] + 47119,9,7U) — 4011[/']0”.[1']} ,
i+j=m
+ Z/ {4(‘),“'](‘),1‘7” Ul 40,7 ()[ Ul 4 pi¥] []7—[-7]} = 0.
i+j+hk=m

. g . . . / . . .
In this formula it is understood that. in the sums > all the summation indices are
distinct from zero.
The left hand side of this equation is a trigonometric polynomial in ¢, ... . ¢ . Be-

cause of the property (2.14), the degree of this differential polynomial is loss or equal

0

to m. Since @...., ) are arbitrary variables. we can determine the unknown coef-

ficients just equating the coefficients of the trigonometric polynomials. More specifi-
(1]

cally. in order to determine the coefficient «;"/ ;

Fml 3 G i i)
1] ...ty

2< iy |+ |<m

of the trigonometric polynomial

one is to collect the coefficients of 2/t ... 2% in (2.20). Clearly the resulting expression

[m]

will depend linearly on «; *, . It will also depend on the lower order coefficients

’
! m
(1,[1-'[' ]j b with ! < o, au(l on wE ]
P ceeJn P

with m’ < m—1. Here we use the assumption
. . . . v . m—1 .

[ir] + -+ |in] = 2. Similarly, in order to compute the coefficient W'E ] of the
expansion (2.17) one is to collect the terms containing the monomial z;. Again, it is

[m—1]

easy to see that all the coefficients of this monomial depend at most linearly on w;
and also on aB /]} bl with m’ < m. and on Vu[l”'/] with m’ < m — 1. Finally, to
determine bl it suffices to collect the constant term of the trigonometric polynomial
(2.20).

We obtain a recursive procedure for computing the coefficients of the expansions
(2.15)-(2.18). This procedure is an analogue of the classical Stokes expansion method
explained in the introduction: it also resembles the Lindstedt series method of the
classical mechanics (see Chapter XIIT of the Poincaré hook [34]). Let us prove that
this procedure works to produce a unique solution for any mn.
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[m—1]

Ml and w;

It is easy that the equations for plml have unique solutions. Indeed,

from the first line of (2.20) it follows that the coefficients of these unknowns are equal

to 1. Let us prove that the coefficient of a["q‘i” is not identically cqual to zero.
Let us introduce the polynomial in 2n variables ky, ..., k,, A, ..., A, depending
on n integer indices iy....,1,,
4 n 2 n n
(2.21) D(iy.....i (ZA u) - 3<st)\sis> = heie Y (K = Bk
s=1 s=1 s=1 s=1
Clearly, the following identity holds true
(2.22) Lol tmiortdnon) D(my, ..., 771”)(6“("”"‘5‘+'”+””"""")

if
1, . . .
O = kv +kiANjy + Z(/s:'j — 3/1'(,-/\‘]2')1‘, + (/)f;, j=1,...,n.

For example,
D(+1,0,...,0)=---=D(0,...,0,+1) =0

D(1.1.0.....0) = 3hyky [(ky + k2)* + (A1 — X2)?]
D(1.=1.0.....0) = =3kiks [(k1 = k2)* + (A1 — A2)?]
etc. Let us prove that. for arbitrary integers ¢;. ..., i, satisfying
(2.23) li] 4+ -+ ]in] =2

the polynomial D(iy,...,i,) is not an identical zero. Indeed, collecting the terms of
the polynomial that contain the third and fourth powers of the variables kq,.... k,,

yields

D(iy..... P = T = RS i (il = Dk +

s=1 st
where the periods stand for the terms of lower degree in A;. If at least one of the
indices iy, ..., is not equal to zero or to £1, then the sum of the fourth powers of k;
does not identically vanish. If this is not the case, at least two indices, say is and i;,
s # t do not vanish, due to the assumption (2.23). In this case the coefficient of A3k,
is not equal to zcro.

. , —1
From the above arguments it follows that, all the coefficients (1[ m] ,”' ] . blml

for m > 2 are uniquely determined from the equation (2.20) in the f(nm of polynomials

inap,.... a, with the coefficients being rational functions in ky,....k,.

We are now to prove existence of the analytic families of invariant tori of the
described form. This will imply. last but not least, the proof of cancellation of all the
divisors D(iy.. ... i) with iy + - =+ |in] > 2.

To prove existence of the families of invariant tori with needed analytic properties
we will use the Krichever construction [25] of algebro-geometric solutions of KP.
According to this construction an arbitrary Riemann surface %, of genus n with an
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arbitrary marked point ~c € ¥, and a 3-jet of a local parameter ¢ near oc, {(~x) = 0,
gives rise to a family of solutions of KP of the form

wle, y.t) = 9% log O + (6

0 — E ()A7r<'rn/..‘fm>(}i(m1()1+~~~+m,,rj)“)

mel"

(2.24) O =hkjor+ Ly —wit+ (,‘)_(;. Jj=1.....n.

In this formulac 3 = (/3;;) is the period matrix (2.9) of holomorphic differentials on
>, with respect to a basis of cycles ay. .. .. a,.by..... b, € H{(%,.7Z) normalized by
the standard form of the intersection pairing matrix

(225) a;,oca; — b,‘ o b.l = (0. a; © b‘j = (5,‘,‘.

the wave numbers k. 1 and frequencies w; are given by the expansions (2.10) of the
normalized holomorphic differentials w; near . of.. ... @Y are arbitrary phase shifts,
¢ is a certain constant. The constant ¢ can be killed by the Galilean transformation
. .
Ur——u—=. re—ur+ -
5

corresponding to a suitable change of the 3-jet of the local parameter ¢

Cr—10—

¢ .3
12C '

We will always assume ¢ = 0.
The solution (2.24) in gencral is a complex valued meromorphic function of the
0

variables .y, £, o)., ... 10)

oo . I the triple (3,,. x. () admits an antiholomorphic in-

volution o satisfying (2.6) such that the fixed-point set of the involution consists of
n 4+ 1 ovals. then the period matrix /3;; and the wave numbers and frequencies are
all real provided the basis of cycles is chosen in the way described in the Theorem.
Morcover [16]. the theta-function in (2.24) takes positive values for all real phase
shifts ¢, ..., ¢!, and the solution u(r. y.t) is real-valued and smooth. Therefore, in
this case, the Krichever formulae (2.24) define a n-dimensional invariant torus for KP.
It will also be invariant for all the flows of the KP hicrarchy. Conversely, from reality
and smoothness of the solution (2.24) on the torus generated by the flows of the KP
hicrarchy it follows that (3,.>c. ) must admit the antiholomorphic involution with
the above properties (sce the Theorem 2.1 above).

We will now produce the needed analytic family of n-dimensional invariant tori for
KP considering the families of solutions (2.24) with “small™ a-cycles.

Let us consider the family of Riemann surfaces of the above form depending on n
sufficiently small paramecters s;.....s, such that. in the limit s; — 0 the j-th cycle
a; is squeezed to zero such that

(2.26) (sl

5;=0
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is a genus n — 1 curve with an ordinary double point. Construction of such a deforma-
tion can be found in the Chapter IIT of the Fay's book [16]. The following statements
proved in [16] will be essential for us.

First. denote i,’L the normalization of (2.26) and Pf the two points of the nor-
malization to be identified on the nodal curve. The basic normalized holomorphic
differential w;(s) on X, (s) in the limit s; — 0 goes to the normalized third kind
differential on f){, with simple points with the residues +1/27/ in the points Pf
resp. Other normalized holomorphic differentials wy on 3,,(s) go to the normalized
holomorphic differentials on 2,’, The same claim holds true for limits of normalized
2nd and 3d kind differentials on ¥,,(s) with pole away from the pinched cyele. The
diagonal entry 3;; has logarythmic behaviour as s; — 0,

3 = —logs; 4+ O(1).
other matrix entries have regular expansions in s;.
Iterating this procedure. in the limit s; — 0,....: s, — 0 the Riemann surface ¥,

goes to the rational nodal curve with n pairs of identified points z7.....2F. The
basic holomorphic differentials take the limiting values

1 1 1 .
(2.27) w; = 27”,(:M — - :_:%>d:. Jjg=1..... n.
J
We will assume that the marked point oo € ¥, (s) corresponds to the point z = oo of

the limiting Riemann sphere and that the local parameter ¢ on 3, (s) goces to

O] o=

=

on the Riemann sphere near infinity. Comparing the expansions

. = 1 [(,v* ,v+) F((=7 2 )2 o ~*)3 B} .,+)f¥)»2 +0 "-‘%)} Ic

“J - i ~) ~J ("’/ ) (“’j ) )Q ((“‘/ (MJ Q ((ﬁ (Q
with the formulac (2.10) expressing the wave nunbers and frequencies in terms of
expansion near oc of the basic normalized holomorphic differentials we conclude that
the identified points must have the form

: 1
(2.28) ,:f ;(/\.,- Liky), j=1....n

Observe that the nonresonance condition (2.11) means that all 2n points (2.28) are
pairwise distinct.

The crucial point in proving cancellation of all small divisors but those correspond-
ing to the resonances (2.11) is in proving that arbitrary configuration of the pairwise
distinct double points (2.28) on the Riemann sphere can be obtained by the above
n-parametric degeneration procedure within the family of KP Riemann surfaces.

Let 3(s) be the period matrix (2.9) of the family of Riemaun surfaces with re-
spect to the basis of cycles that will be assumed to be continuosly depending on the
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parameter s. Denote
(2.29) aj(s)=e ™ =1 n
At s = 0 one has

a1 (0)=---=a,(0) =0.

The off-diagonal entries of the matrix 3;;(s) admit finite limits at s — 0 and

(2.30) o 2m15(0) (ki — 1‘7«/')(2 + (i — /\J)‘Q
(ki + k’j)z + (N — /\]‘)z7
The wave numbers £;(s).;(s) and the frequencies w;(s) defined from the expansions
(2.10) also admit the limits as s — 0 of the form

i %

. L. 2 3 .
(231) AJ(()) = :ICJ‘, ]/<()) - ATJ'/\J', WJ‘(()) = 1('“‘//\] — ,11?‘14), J = 1....,77,.

We are now to prove that, for arbitrary nonresonant real numbers ky,....k, and
arbitrary real numbers [y, ..., [, and for arbitrary sufficiently small positive numbers

ai,...,a, there exists a family of triples (3,.0c.() of the above form depending
analytically on the parameters ay,....a,. k... .. S T l,,. To this end we are to
introduce theta-functions of the second order.

Let v = (v1,..., v, ) be a vector with all components v; = 0 or 1. Such a vector
will be called characteristic. Define sccond order theta-function 5[1/](¢)|/3) with the
characteristic v by

(2.32)  0[v)(¢]3)

n
2 . o 1
_ 2 : I | af(m,er/l/r) I I Zﬁm,nz_,+m,1/‘/+m,l/,(),1((2171,1 by )dy ot (2,”,”111/”)(/)”).

J
mezn i=1 i<j

Here
(2.33) ay = " Zy = e i

Our definition of the second order theta-functions differs from the standard one (see,
e.g.. [16]) by the factor
1 —u2/2 v, )2
—Q—Hai vl HZU‘ e
i=1 i<j
The advantage of our normalization is that. the functions (2.32) are real analytic in
the variables Z;; > 0. a; > 0. ¢ € R provided that the lowest ecigenvalue p of the
symmetric off-diagonal matrix
1(_)9,' Z,‘J'

satisfies

(2.34) p < 2mloga, 2 j=1...., n.
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Actually, (2.32) are even functions in ay. ..., a,. In particular,
. n
(2.35) 0] =1+2 Z a?cos ¢ + O(a’)

(2.36)  On;] = cos o + Z [Zij cos(20; + &;) + Z;; cos(20; — )] + Ola”)

J#i
(2.37) 5[7’1,,,] = cos(¢; + qu) + Zi,;1 cos(¢; — (]51)
+ Z a; [ZM,ZJ'A; cos(2¢k + ¢ + ¢;) + ZI-I,lZ.;,‘,} cos(2¢k — @i — ¢j)
ki j
+ Zgl(ZiL:Zﬁ.l cos(ds — ¢ + 201) + Zi Zjp cos(di — &5 — 2¢%)) ]
+ O(at)

In these formulac n; stands for the characteristic with the i-th component 1 and all
others 0.

n;; =n; +nj, 1]
The following statement was proven in [8] (¢f. also [32], [10]).
Lemma 2.3. — The function

Py t) = 0(03) = 3 e Timam) pimont o)

mez"
O = kjr+Ly—wit+ (/)9. j=1,....n
satisfies (2.3) for arbitrary phase shifts ¢,...,¢" iff the vectors k = (ky,... k),
L= (l1..... ) w = (Wi..... wy) and the matric (3 = (/) salisfy the following
system of equations
(2.38) fI)(kdow. 3) i= (9} + 307 — 40,0, + 1) g[u]((/‘)id)]q/)m() =0

for some constant b = b(k.l.w.3) and for arbitrary characteristic v € (Z/27)". Here
J
Oy = ke — li—o1. J,:= Wi—.
’ Z '/()) Z ()() Z / Do
In particular. the equations (2.38) remain valid for the values

E=k(s). 1=1(s), w=w(s), [=7p0(s)

of our family of Riemann surfaces for a suitable constant b = b(s). Indeed, it can be
readily checked that, at the limit s = 0 the equations (2.38) hold true by substituting
ai =+ =a = 0 and the values Z,;, kj, l;, w; from (2.30), (2.31) and b = 0.

n
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We will now prove that the system (2.38) has unique solution of the form

Zi; = Zijlai. .. .. @ik o lye. . L)

wj =wj(ad. ... al ik Fplyo.... 1)

b:b(a? ..... (l(,‘,.l.l [ S S 1)
(2.39) (ki — /ﬂ’,,’)‘) + (A — /\/)2

Zii (0, ..., 0. ky. L T l,) =

it | N Y LR RCYWE
1 X

w0, Ok Ry D l) = 7 (3] k)

b(O... .. 0. hpooe. ko 1) =10
analytic for sufficiently small a?. .. .. a? and for arbitrary nonresonant vectors k and [.

Let us first construct such analytic solution for the subsystem
(2.40) fl0)=0. fln]]=0.i=1..... ne flngl=0.1<i<j<n.
To this end let us fix the nonresonant vectors A% and AY and choose a real positive
nuwmber A such that the symmetric matrix .'};’/ with

| (k) — l“.(j,)z (A0 — /\1})2

1
0 _ _ 20 ‘
;= = loga;. 13, = —-—log

s (A + 1;_‘,.')2 + (AY — /\f,’)‘—"

]

is positive definite for
0<a; <A j=1..... n.

Then the functions f[0], fn]. fln,;] will be real analytic in a. Z. b, A\, w, b for
0<a; < A =1 n

for some A" < A and for Z. k. 1. w. b sufficientlv close to

0 7.0y2 0 032 0
70 (7 — /‘./) + (N = /\./) 00 0 1‘_/ (‘%()\”)2 o (L,l))Z) B =0
“ij T (1.0 02 0 032" : T A J YT
PR R (A =AY / 4 / /
respectively. For ap = -+ = a,, = 0 the system (2.40) has unique solution given by

(2.39). We derive existence of such solution to (2.40) for positive small @ by applying
the implicit function theorem (¢f. [9]). Indeed. from the formulac (2.35) (2.37) it
readily follows that. at a? =0..... a? =0

o1 |
o
Of[0] ofm]
)— = (. ) ; - Iw',‘(),‘_l'.
9 11) oW oWy
(2. ony o ofinl
DZ 07, ‘
Ofmi; _ . 2 o . . .
o) _ BZ 2 kiky (ke — b)) 4+ (N = A2 didyg. i< j p<aq.
0Z,y,
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We obtain a triangular Jacobi matrix with the nonvanishing diagonal. This proves
existence of the needed analytic solution.
Explicitly. the expansion of the needed solution reads

]\T,‘Iy',‘ G - o«
(242) Z;; = /" 1+ 32— [aikipi; + a3k pi]
/,, PiiPi; '

27.4
kik; (IAAAq,',A
}_
/)1//11 k#i.j :L/)IL/)JA/)/Is

1256 +O(a")

where
(243) ol = (£ k)P + (= A i
(2»1»1) Pij = (1\[“) — A > + 2 (3]]72 — Af) (/\: o /\j);_’ B 3(/\[ - /\‘j)l
(245)  qie = (A — A (K7 = 3X7) + (A — A (K = 3A7) + (A — M) (k7 = 3X7)]
X A=A = M) (A = A)
FXRT = R+ A = K7) + Ak = 0]
> KO — A2
(3kiN? — &) + Gk, [(121. + 82 (ll_l(__’)
J#

Il

—

(2.6)  w | + 0t

/)1//)1/

(2.47) b= ~(SZ a?k} + O(at).

Let us now prove that the solution (2.42) (2.47) to the subsystem (2.40) also sat-
isfies the whole system (2.38).
Lemma 2.4. Let Z“ be the value of the functions (2.42) at a point ¥, k.19 (non-
resonance of K10 is assum((l) Then the system of equations
(2.18) Zilat....oai ki by di oo ) =20 1<i<j<n
for sufficiently small

Z ((l,f — (l ) +Z ” +Z )\“

has three-dimensional variety of solutions.

Proof. Let us first establish validity of the claim of the Lemma for af = -+ = aY
Let us rewrite the formula (2.30) in the form of the cross-ratio

\2 2 -+ -t s
(2.49) U = k) (A 2 ) =(z.z .z .z )= 2 B R M
(ki + k)2 + (N —A))? o ‘f -z 2= z

where the complex munbers ,:,’f arc defined in (2.28). Because of invariance of the
cross-ratio with respect to the Mobius group
az+b

o pr— ad — be #£ 0.
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the space of complex solutions to the system

(ki — k) + (A = Ap)? (K= B2+ (A7 = AD)? 1<i<j<
it k24— A2 RO R+ (0 —amzs L STS/Sn

is at least three-dimensional. The subgroup PSL,(R) of the Mobius group preserves
reality of the numbers k. A;. So the dimension of the space of real solutions is also
greater or equal to three. It is easy to see that this dimension cannot be greater
than 3. This proves the Lemma in the limiting case «” = 0.

Let us now extend the PSLo(R)-symmetry onto the whole space of solutions to
the equations (2.40). We first rewrite the symmetry in the infinitesimal form with the

generator
o 1oy d 1 )
(2.50) Xo = Z [Zl)()\‘j — k7)) +qA; + r} W + Z [51)/\jkj + q,l\"j:I m_J

Here p, q. r are arbitrary real parameters. The one-parameter subgroups correspond-
ing to g and r have a clear meaning: these are the groups of scaling transformations
of k and A and diagonal shifts of A respectively.

kjr——ckj. A\j——cXj, j=1.....n, ¢c#0

They are clearly also symmetries of the full system inducing the transformation
3 3 5 .
lLi—lj+ak;, wjr— wj;+ ;(1/_, + Z("_kj‘ jg=1...., n.

The generator of the one-parameter subgroup corresponding to p can be recast into
the form

1.0 J 1 A A
2.52 XP =3l Wt W= 23k - kD).
( ) 0 Z D) J ()111 J ()[J 7 4( J7 ,I)
Remarkably, in this form the transformations (2.52) yield symmetries of the full sys-
tem (2.38) when w(j) is replaced by the exact solution w; of the system. This deep
result is one of the important steps in the proof of the Shiota theorem [36]. Tt follows
from the following claim [36]: compatibility of the system (2.38) implies compatibility
of the system

2.53 2000 + 40,0, — 40,05 + b) 0[] (0]3)g—0 = 0
k

for some vector w and some constant b. From unigueness of such a vector it follows
that w coincides with the derivative of w along the vector field

10 0
5 xmoy b o9
(2:54) g 21 a1, T,

The lemma is proved. O
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We are now ready to complete the proof of the Theorem. According to Lemma
2.4 combined with Torelli theorem [18], the dimension of the space of solutions to
the system (2.38) is equal to the dimension of the moduli space of (real) Riemann
surfaces of genus n plus 3. i.e.. it is equal to 3n for n > 2. We have described the
3n-dimensional manifold of solutions (2.42). (2.46) to the subsystem (2.40) that by
construction contains the solutions of the form (2.9) (2.7) for Riemann surfaces with
sufficiently small real ovals a;..... a,,. The dimension counting proves coincidence
of these two families. In particular this implies that all the remaining equations
of the system (2.38) hold true on the space of solutions (2.42)-(2.47). Therefore the
unique solution to KP defined in (2.15)(2.17) starting from a given nonresonant wave
numbers Ay, ... k. L. ..., and arbitrary sufficiently small amplitudes ay. .. .. an
must have the form (2.8)-(2.7). Uniform convergence of the series (2.24) for theta-
functions together with cancellation of all the divisors but D(n; £ n;). i # j implies
analyticity of the family of invariant tori. The Theorem is proved. O

Remark 2.5. Explicitly, the extension of the symmetry (2.52) onto the full space of
solutions to (2.38) reads

G 2 '2 ()
(2.55) Z =y A,OA (AJ -Aj)mf
a A - A 2 i)
+GZ[(L2A + 8 Z’ 2 + O(a™) W
/ UAj
JF£i ’1 ]

Together with the fields

X = A—— N—
2k o, oy,

and

it generates the action of PSLo(R) on the space of solutions of the system (2.38):
[‘Xf(fl). lx:(l’)] — xW) [IXT("). ‘Xf(lr)] — —xla) [;Xj("). QXT(")] — x ()

The vector field X ) generates infinitesimal changes of the marked point ~ € %,,. In
other words, integrating the vector ficld (2.55) one obtains, for n > 1, the Ricimann
surface with the parameters af. .. .. @’ k. e Ay A, This construction gives
an answer to the question put in the title of the Section. It would be important
however to elaborate more practical tools in the analysis of the experimental water
wave data in order to measure the moduli of the Riemann surface ~hidden™ behind
the water wave profile. For the case of two interacting plane waves such tools has
been developed in [20, 19].
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3. Infinite genus theta-functions of Riemann surfaces without Riemann
surfaces

The invariant tori for KP identified in the previous Section as the result of nonlinear
interaction of n plane waves with small amplitudes 2ay., ..., 2a, can be represented
as infinite sums of homogeneous polynomials in a;..... a, of various degrees with
coeflicients depending on the phases ¢y, ..., ¢, and on the wave numbers ky, ..., k.,
TN TP L, = ky Ay Let us recast this sum in the following way. For any subset

I={ir....0igb c{l.2..... nt. g>0

denote
(3.1) O =a; ...a;,A0;
the sum of all monomials that contain only a; for i € I. We put
H@ - 1

Denote also

O =Abi, ... bt ar={a; ..., i, }.

:l.‘] :{l\',] ..... A‘,"/}. )\1 :{/\,’I ..... /\,‘(,}.
Lemma 3.1. The genus n KP theta-function described in the Theorem 2.2 can be
represented in the form
(3.2) 01 0l B) =D Op(drlar ki M)

1

where the summation takes place over all subsets I C {1,2.....n}. The functions

Oi(orlar by Ap) are real analytic for all real nonresonant vectors kp. Ap and for
sufficiently small nonnegative amplitudes ay.  The terms of this caxpansion can be
uniquely determined from the system of the form (2.38) with n — |1| by requiring that
the sum
(3.3) > O0(oslas k)
Jci

with

O = ki +A\y) — w,[f + (,‘1(,’. el

with some vector w! satisfies KP.

Here

1] is the cardinality of the set I. It should be emphasized that the radii of
CONVETZCICe
A < ri. dj, < i,

of the series depend on k. Aj.

Proof. This statement is almost obvious since. supressing all the amplitudes a; =0
for j e {1.2..... n} ~ I one reduces a theta-function of the genus 1 to another one of
the genus |7]. a
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We will also redenote the functions Af; by Af, with ¢ = |[I|. Explicitly. from
(2.42)-(2.45) it follows that

(3.4) Afy(¢la) = )Za Yeosno

n>0

- +
. )
(vgrj) A92(651, C)g‘(l,l NECNININIR ]2) =2 {[)—1—3 (‘()S((/)] + (pg) + /+2 (‘,()S((Dl - ([)2)]

/)E P2
hey b 5o N o )
+ 64—7 (uf/{,‘)plz + uﬁl.n_;pgl) l:[ - s(01 + o) — /%2 cos(o) — o’)g):‘
[/)U/)lz] P2 P12

4 O(a")
(J()) A(‘);;((/)l s (/)2. (/);;l(l 1,2, A3, 1{1 . ]\72. A?;;. l| . 12. l )
) ).
Fa— ('()S((,’)] + Oy (,‘);;) =+ /:)/A
Pi2P33034) 1202 ;/’;1

+ o+ -
Pi2PasP: , PiaPasls)
+ D2 o8 — o + 03) + E +; A
P12P23031 P12P23031

)15 o f)
= )[/—”M cos(d1 + oy — 03)

cos(—o) + o2 + (,’);;)}

hikohsqyo: ) o)
+ 512 EUERAES: {(111. [/—J(()S((h + ¢3) — /;j;('os(q)g — q);;)}

F - ¥ - ¥ - +
P12P12P23P23031:3) 23 P23

- -
).
+ ashi [— cos(o3 + o) — /i cos(0y — o) )}
Pii P31

P12 /’T» , : 5
+ azhy {T(()s(u] + 0y) — —=cos(o) — (,')3)} + O(a”)
P12 12
In these formulac. we use the same notations as in the previous Section. i.e.. the

polynomials /),.i/. Pij- @i in the variables Ay e Apenn . A, with
A =1k,
arc defined in (2.43) (2.45). Recall that, in order to obtain a solution 7(x, ¢, t) to the
KP cquation (2.3) one has to substitute in (3.2)
Oj=hkjo+ Ly —wit + (,f’)(,.’

with arbitrary phase shifts (,’)‘l.’ and the frequencies represented by a decomposition

similar to (3.2)

(37) wy =@y )+ Awflay b)) + Y A aan bk A ) +

i)
In this expansion,
| . .
077, _ L\2 3
Wik Aj) = _I(A'//\J = k7)
is the dispersion law of the lincarized KP,
W) (ay..... T T ST, ST An)

SOCIETE MATHEMATIQUE DS FRANCE 2004



58 B. DUBROVIN

is the “pure genus n” contribution into the nonlinear dispersion law (3.7) to be found
from the system (2.40) of the genus n and then subtracting the lower genera contri-
butions. Explicitly.

(3.8) w} =6k} (a7 + 3al + O(a 1))
A-l —\. 2
(3.9) w? = 48k, Z"’ i /) +O(a™)
eIy

ete. The genus ¢ term
Ajy e (l,;'/A()y<([’),] e (]’),,j” |(l,,1 ..... (I,,‘”. A‘,’l ..... I\‘,‘ . /\,‘l ..... )\i_,,)

Oj = kjv+kiNjy—w;t+ (/)(IJ
—+ Aw\;((lj. k)4 4+ Awf(ag,..... ai, .k

(3.10)

wj

is created as the result of interaction of ¢ plane waves

(3.11)  2a;, coslh;, (r+ X\ y) — w‘?} (i iy )t + O?J] +
+ 2a;, cos[k;, (x4 N y) — W (K

ty Nty

A, f+(p“]

and their harmonics. If the amplitudes of the plane waves are of order ¢ then their g-
tuple interaction is of the order 9. In other words. to compute the solution (2. y.t)
of (2.3) of genus N >> 1 with the accuracy =" for n < N it suffices to sum the
expansions of the form (3.10) with ¢ < n truncating them at the order n. The result
of the truncation will give uniform in the whole plane (r.y) € R? approximation of
the genus N solution for the times [t] < O(=7"). Observe that the representation
(3.2) rescmbles the virial expansion wellknown in the statistical mechanics (sce. e.q..
[29]. §72).

We want to generalize the expansion (3.2) to the case of interaction of infinite
number of plane waves. Given infinite sequences of real numbers

(312) a = ((ll.(l;)....). aj; > 0. k= (l\]/wg) l\/ >0, A= (/\]/\2)

we can construct a formal Fourier series of infinite number of variables ¢ = (¢, ¢2,...)
representing it as the following power series in a

X
(3.13) O(dla k. N) =D arAy(orlar ki Ap).

9=01l=g
The summation takes place over all finite subsets [ € N. This formal expression
makes sense for finite sequences of amplitudes a. i.e.. assuming that a; = 0 for j > N
for some big N. In that casc it reduces. for sufficiently small a;.. . .. ay. to the KP
theta function of genus N.
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If all the amplitudes a1, as do not vanish, then, at each order in a one is to summate
infinite series. E.g., at the order one (3.13) gives

2 Z a; COS @;,
i=1
at the order two
+
2 Za a,{ Lcos(g; + ¢j) + —L cos(¢; — ¢>‘7)}
1<j 1, /iJ

etc. We will now give simple sufficient conditions for convergence of the series (3.13)
for infinite sequencies of the data (3.12). To this end we are to recall some important
points of the theory of infinite dimensional theta-functions, following the book [17].

Let $ = 3;; be an infinite symmetric matric with real values, 4, j = 1, 2,.... We
say that the matrix /3 satisfies the FKT condition if there exists a sequence of positive
numbers o = (01,09, ...) and a number & satisfying

O<r<m

such that

(i) the following series converges

o0

(3.14) Z(’f"’”" < 003
j=1
(ii) for all finite sequencies of integers m = (my,ma, ... ), |m| = |my|+|ma|+--- <
oo the following inequality holds true

(3.15) (m, m) = Z/i,-j'rmmj > Zajmf.
ij J

For a given sequence o introduce the Banach space B, given by

(3.16) B, = {Z = (z1.20... ., ) € C>® | lim Lzl 0,}

J—oo 05

with the norm

(3.17)

According to the Theorem 4.6 of [17] for a symmetric matrix 3 satisfying the FKT
condition for some o the theta-series

(3.18) 0ol3) = Y e mimamliime)

mez™,
Im|<oc

converges absolutely and uniformely on a sufficiently small ball around any point
¢ € B, to a holomorphic function.

It is clear that, for a given symmetric matrix 3;; satisfying the FKT condition,
another symmetric matrix Ufj with the same off-diagonal terms 37, = 3;; for i # j
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and with arbitrary diagonal terms satisfying ,/)’3 5z forall j = 1.2, will also
satisfy the FKT condition with the same o.

Let us first give a simple sufficient condition for an off-diagonal symmetric matrix
3i; to ensure a possibility to choose positive munbers /311, 22, .. .in such a way that
the whole symmetric matrix /3;; satisfies the FKT condition for some sequence o.

Lemma 3.2. — Let the real symmetric off-diagonal matriz (3;; satisfies the condition
(3.19) pre= B <. i=1.200
J>

Let o be any sequence of positive numbers satisfying the convergence condition (3.14)
with some positive k < w. Let /3‘/-) | be another sequence of positive numbers defined by

J
By =0 2> e j=1
k=1

(it is assumed that all numbers pi; are nonnegative). Then, for any choice of the
diagonal entries salisfying

(3.20) Bij > 0. =1

the matriz 3 satisfies the FKT condition.

Proof. Because of the obvious inequality
E Bijmim; = E /f_,jnlj -2 E ‘mi g Biym;
ij j i J>i

it suffices to obtain upper estimate for the second term. Let us consider the Hilbert

space of square summable scquencies
() N 2
LZ, :{(.’l,‘..l,,‘,+,1....) ‘ Z.j2i'1;<x}'
Applying the standard inequality
(o Ax)| < AL, (ex). e LY

valid for an arbitrary Hilbert-Schmidt operator A to the rank one operator

(i iggs. .. ) — (Z Fijaj. 0. )

)=

T Z Bijaj| < i Z 17)

J>i )=zt

we obtain

Finite sequencies of integers give vectors in Lg ), Applying to these vectors the last
inequality yields

>
/- . ) o] f/ Py 2 — c . 1 2
E Bijmgm; = E Bjjm ZE I E my..
i J

J=1 kzj

This proves the Lemma. O
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Using the Lemma. we will give a simple sufficient condition for an infinite sequence
of plane waves to generate, via the formula (3.13), an infinite genus KP theta-function
for arbitrary sufficiently small amplitudes a; and given wave numbers &;, ;.

Lemma 3.3. — Let .
zj = 5(/\J + IA/) ky >0 j=>1
be a sequence of complex numbers satisfying the following conditions.

(i) There exists a small positive number r > 0 such that

(3.21) =zl > i# g Jn—E > i =120
(ii) The series
(3.22) Sl <
=1

converges.
Then there cxists a sequence of positive numbers f’f(j)j such that the matriz (3 with
the off-diagonal entries

' Lo (b k)P (= A)?
3.23 30— — oo J i
o T R YD WE

satisfies the FKT condition for arbitrary diagonal entries such that

7y

B> =120

Proof. The formula for U}’[ can be rewritten in the form
1
B = - 1();{
Y 2m

Using the elementary inequality

w2 ) 1
log ‘ 1 < —|Imw| for 4 < =
z - |z] z 2
we derive that
“m <=

for a fixed i and any sufficiently large j >> i. Applying Lemma 3.2 we complete the
proof of the Lenmma. U

We arc now ready to prove convergence of the series (3.13) for a suitable class of
parameters a. k. A. Let the vectors &, A satisfy the conditions of the Lemma 3.3.
Choose positive numbers ¢ in such a way that the series (3.14) converges for some
positive v < 7. Choose numbers ‘))(/"/ in such a way that

J
(3.24) B2y e =2
k=1
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where
o 1/2
(3.25) = (D))
J>i

and the off-diagonal matrix #); = 37, (k. A) is defined in (3.23).

Theorem 3.4. — Let the numbers kj. Nj. j = L. satisfy the assumptions of the Lemma
3.3 and the numbers 7’(}’1 satisfy the conditions (3.23)-(3.25). Then for arbitrary
positive numbers a = (ay.as....) satisfying

(3.26) aj<e T j=1.2..

the series (3.13) converges absolutely and uniformely on a sufficiently small ball
around any point ¢ € By to a holomorphic function. The series expansion (3.7)
also converges to a sequence of frequencies (wy.wo....). The theta-function (3.13).
after the substitution

O; = kil + Njy) —wjt + (“)D" Jj=12....

for arbitrary real phase shifts. yields a quasiperiodic solution to the KP equation (2.3)
for some constant b = b(a. k., \).

Proof. - Let us consider the space of off-diagonal matrices /3;; satisfying the following
inequalitics
a ¢ : SR ‘
(3.27) S ) s - k=2
J=1 =i -

For any « satisfying (3.26) and any off-diagonal 3;; satisfying (3.27) the theta-series
(3.18) converges to an analytic function on B,. It will also depend analytically on
the period matrix. moreover, it satisfies the heat equations

00 020 06 920
Ap 7 = — T I = - - - .
Y Ouy 99;. T0Z; onesy

One can also prove analyticity of the theta-functions of the second order (2.32). Like
in the proof of the Theorem 2.2. we consider the system of equations (2.40). The
functions f[v] vanish at a = 0 for

1 .
Bij =0 i< W'./:](““/AJ*".?)‘ b=0.

The inverse to the Jacobi matrix (2.41) is a bounded operator due to our assump-
tions about the wave munbers. Applying the implicit function theorem we obtain

convergence of the series (3.13). (3.7). The Theorem is proved. O
Example 3.5. Let A; = 0 for all j = 1 and & be arbitrary positive mumbers satis-
fying

|hi = kil >0 i)
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for some positive r. Then the assumptions of the Theorem 3.4 are fulfilled. In this
way one obtains the theta-functions of the hyperelliptic Riemann surfaces of infinite
genus (cf. [31]. [17]). In particular, if k; grows linearly with j, then the series (3.13)
will converge for all a with exponential decay

) —cJ
a; <e

for some positive constant ¢. The formulae (3.13), (3.7) define quasiperiodic solutions
to the KdV equations.

More generally, our approach describes some neighborhood of the manifold of
hyperelliptic Riemann surfaces of infinite genus. In particular, assuming that the
points z; satisfying (3.21) belong to a strip of a finite width along the imaginary axis,
one obtain slow transversal perturbations of the KdV quasiperiodic solutions. The
condition (3.22) in this case holds automatically true. It would be interesting to prove
that the intersection with this neighborhood of the so-called heat curves of [27], [6],
[17] associated with doubly periodic in z, y solutions u(x,u,t) of KP form a dense
subset. For the case of finite genus density was proved in [5].

Some of our assumptions about behaviour of the sequence of wave numbers can in
fact be relaxed. We will consider more general situation in a subsequent publication.
The assumption (3.21) that prevents the interacting waves to be close to resonant
seems however to be essential. For example, as it was shown by S. Venakides [38],
the limits of hyperelliptic theta-functions with the parameters k; accumulating in
the interval [0,1] arc weird functions described by a minimization principle of the
Lax-Levermore type [30]. It would be also interesting to prove that our infinite genus
theta-functions (3.13) come from a parabolic Riemann surfaces in the sense of Ahlfors
and Sario [1].

We also plan to study in subsequent publications the relationship of our approach
to the approach of V. Zakharov and E. Schulman to the problem of classification of
integrable PDEs.
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