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CURVATURE OF PENCILS OF FOLIATIONS 

by 

Alcides Lins Ne to 

Dedicated to J.-P. Ramis in his 60th birthday 

Abstract. — Let T and Q be two distinct singular holomorphic foliations on a compact 
complex surface A/, in the same class, that is Njr = Ng. In this case, we can define the 
pencil V — V(T, G) of foliations generated, by T and Q. We can associate to a pencil 
V a meromorphic 2-form B = G(V), the form of curvature of the pencil, which is in 
fact the Chern curvature (cf. [Ch]). When (~)('P) = 0 we will say that the pencil is flat. 
In this paper we give some sufficient conditions for a pencil to be flat. (Theorem 2). 
We will see also how the flatness reflects in the pseudo-group of holonomy of the 
foliations of V. In particular, we will study the set {7i £ V \ TC has a first integral} 
in some cases (Theorem 1). 

Résumé (Courbure de pinceaux de feuilletages). — Nous nous intéressons au pinceau 
de feuilletages V = V(T\Ç) engendré par deux feuilletages T et Q holomorphes 
singuliers distincts sur une surface complexe compacte AI et appartenant à la même 
classe, i.e., Njr = Ng. La forme de courbure du pinceau V est une 2-forme B = S(V) 
qui coïncide avec la courbure de Chern (cf. [Ch]) ; lorsque S(V) = 0 on dit que le 
pinceau est plat. Dans cet article, nous donnons des conditions suffisantes de platitude 
d'un pinceau (Théorème 2). Nous regardons comment se traduit la platitude dans le 
pseudo-groupe dliolonomie des feuilletages de V et, en particulier, nous étudions dans 
certains cas l'ensemble {Ti G V \ 7~L admet une intégrale première} (Théorème 1). 

1. Introduction 

Let T and Q be two distinct singular holomorphic foliations on a compact complex 

surface M , with isolated singularities, in the same class, that is TVjr = Ng. This 

means that there exists a Leray covering (Ua)aeA of M by open sets, and collections 

k ) a G , i , (//o )o- A and {gap)uNF=^0, Un(3 = Ua D Ufh such that 

2000 Mathematics Subject Classification. — Primary 37F75; Secondary 32S65. 
Key words and phrases. — Holomorphic foliations, curvature, flat pencils. 

This research was partially supported by Pronex. 

© A s t é r i s q u e 296, S M F 2004 



168 A. LINS NETO 

(I) a;a and g(y are holomorphic 1-forms on Ua which represent the foliations T 

and Q, respectively. This means that T\un ^nd Q\u„ are defined by the differential 

equations ujn = 0 and ?/n = 0. respectively. Since the singularities of T and Q are 

isolated, we have codc(^Vv = 0) ^ 2 and codc(//o = 0) > 2 for every a £ A. 

(II) If U(Y3 = O then r/n ^ G 0*(t/«,d). c j a = rynj • CJ;j and // a = ga;j • rj.3 on L7ft/j. 

The class of the multiplicative cocycle (ga,i)(U-n.i=^0 hi Pic(M) defines Njr and Ng, 

so that Njr = TVg. The pencil generated by T and Q is the family V = (FT)T^C^ 

where 

(III) Ĵ oc = Q and if T G C, then TT is represented on C/a by the form a;̂  : = 

"Ja + T • 7/a. 

The singular set of TT i s defined by sing^J^V) n c7rv = {o;^ = ()}. The tangency 

divisor oiT and £ is defined by Tang(J r. £ )nf / a = {^>> A?ya = ()}. Note that s ing^^) 

and Tang(.F, C?) are analytic subsets of M and that s inge r ) C \Tc\ng(T. Q)\ for all 

T G C. Since T ^ Q, \T'diig(T.Q)\ is a proper analytic subset of pure dimension one. 

Let W = M\ |Tang(J\ G)\ and 11« = W fl £/,v. Since u;a A // a(p) 7̂  0 for all p G W a , 

there exists an unique holomorphic 1-form 0(y on Wa such that 

(*) d,uja — 0a A iü(y and c///a = 0a A 7/a 

for all a e A. It follows from (*), (II) and uja A 7/a ^ 0 that, if \Vni : \Vn n U'j / 0 

then, 0 a = 0^ -f dgnij/g(Ylj on Uabn Hence = d(),i on U and we can define a 

holomorphic 2-form B on W by 

(**) o | U a : = d0o 

It can be proved that the form B can be extended meromorphically to Tang(T, Q) 

(see §2). This extension will be called the curvature of the pencil V(T.Q). We will 
say that the pencil is flat if B = 0. Let us see some examples of flat pencils. 

Example 1. Let UJ and 77 be two meromorphic closed 1-forms on some compact 

complex surface M, such that UJ A 7/ ^ 0 and the divisors of poles and zeroes of UJ 

and 7/ coincide. Let T and Q be the foliations generated by LU and 7/, respectively. It 

is known that Njr — Ng in this case (cf. [Br]). Moreover, the pencil generated by T 

and Q. say V(T. 5) , is defined by the pencil of forms UJT = '// + T • UJ. Therefore, it is 

flat. We will call a pencil like this a pencil of closed forms. 

A particular case is given by some families of logarithmic forms in CP(2). Let 

/ 1 , . . ., fk, k ^ 3, be irreducible homogeneous polynomials of three variables such that 

dftAdJ) ± 0 if / /j Given A • (A, A/,.) G CK such that J^=i \}'<UlUj) = 0, set 

LJ\ — X]j=i Aj • (Ifj/fj. The closed form UJ\ can be considered as meromorphic form 

on CP'(2), so that the family {uo\)\ generates a family of foliations (TY\)Y\ on CP(2). 

It can be checked that any pencil contained in this family is flat. 

Another particular case, is the following: let M be the complex two torus C 2 /L , 

where L = Z • v\ © Z • i'2 ® Z •v3 0 Z • 7?4 is some lattice in C 2 , and TT : C 2 —> C 2 / r be 
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CURVATURE OF PENCILS OF FOLIATIONS 169 

the canonical projection. Consider an affme coordinate system (z, w) on C 2 and let T 
and Q be the foliations generated by the closed forms UJ and 7/ such that 7t*(cj) = dz 
and 7r*(//) = dir. respectively. 

Example 2. The pull-back of a flat pencil is a hat pencil. More precisely, let M 
and TV be complex surfaces and / : M — > N be a meromorphic map. If V := V[T. Q) 
is a pencil of foliations on TV, then we can define the pencil f*(V) = V(f*(!F), ./'*((?)) 
on M. It is not difficult to prove that, if V is flat then f*(P) is also fiat, 

Example 3. Suppose that the pencil V{T, Q) is defined by uu + T • //, where uu and // 
are meromorphic 1-forms. and there exists a closed meromorphic 1-form 9 such that 
du = 0 A uu and di] = 0 A //. Then the pencil V{T, Q) is fiat. Of course, the pencils 
of Example 1 are of this kind, because the forms uu and // are closed. However, the 
reader can find some examples in [LN] or [LN-1] which are not generated by closed 
forms. One example of this kind is the pencil V\ of foliations of degree two on CP(2) 
defined in some affine coordinate system (x, y) G C 2 C CP(2) by the the forms (see 
§2.4 of [LN]): 

(1) 
1 

uux = (4r - D.z;2 + y2)dy - 6y{l - 2x)dx 
rji = 2y{l - 2x)dy - 3(x 2 - y2)dx. 

A straightforward computation gives duj\ = 5 
6 dp 

p A LU] and drji = 5 
fi 

dP 
p A //1. where 

P(x, y) = -4y2 + 4;r,J + 12.77/ - 9x4 - 6x2y2 - if. The other examples of [LN] can be 
obtained from the above one by pulling-back V\ by a meromorphic map / : CP(2) — > 
CP{2). 

Another example is the pencil To of degree three generated by 

(2) 
! 

^2 = y(i'2 — y2)dy — 2x(ij2 — 1 )dx 
tl2 = (4./- - x3 - x2y - 3xy2 + y3)dy + 2(x + y)(y2 - l)dx. 

In this case, we have duj2 = 2 
4 

2 
2 A w2 and (ln2 = 3 

4 
dQ 
Q 

^ / / 2 . where Qf.r./y) = (y2 - 1) 
(x 2 + 7 / 2 -2x)(. i ; 2 + iy2 + 2.r). 

We would like to ol^servc1 that both pencils Vi and V2 are exceptional families of 
foliations in the sense of [LN-1]. This means the folowing: Let T3

Tl T G C, be the 
foliation defined in C 2 C CP(2) by the form ujj+T • 11 j (J7-^ defined by 7/j), where UJ] 

and 7]j are as in ( j) , j = 1.2, of example 3. Then, for j = 1, 2. we have: 

(a) The singularities of T]

T are of constant analytic type. In other words, there is 
a finite subset F) C C such that if T1.T2 G C \ Fj then every singularity of T3

T^ is 
locally analytically equivalent to some singularity of Tj> . 

(b) If we set 

Ej•• = {T e C I T3

T has a meromorphic first integral}. 

then Ej is countable and dense in C. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 200 1 



170 A. LINS NETO 

(c) Given T G Ej denote by d}(T) the degree of the generic level of the first integral 

of T'J

T. Then, for any m G N the set {T G Ej | dj(T) ^ rn} is finite. In particular, in 

both families, there are foliations with first integrals of arbitrarily large degrees. 

Concerning the exceptional pencils above, we have the following result: 

Theorem 1. Let Ej, j = 1,2, be as in (b). Then 

! 

Ei =Q - (l,e 2 7 n"/ ;*) U { o c } 

E2 = Q - ( l , i ) U { o c } . 

where Q • (a. b) = {qx • a + q2 • b \ qi, q2 G Q } . 

In our last result we will give some sufficient condictions for the flatness of a pencil 

V = V(T', Q) in terms of the singularities of the foliations in V and the components of 

the divisor of tangencies. In order to state it, lot us consider the singularities of TT, 

T G C. Without lost of generality, we will suppose that T and Q have isolated singu­

larities. This implies that the set N1 := {T G C | TT lias non-isolated singularities} 

is finite. Set IS := C \ N1 and for each T G IS, set 7i(T) := #(sing(.F T))- Note 

that, if T G IS then AV T = ^jr. It is well known that the number of singularities of 

TT, counted with multiplicities, is given by (ef. [Br]): 

rn(T) = m(TT) = N^ + Nr.KM + c2(M) 

where KM is the canonical bundle of M. I lence n\T) ^ m(T) for all T G IS. Let 

n 0 - max{n(T) | T G / 5 } and CP = {T G / 5 | /i(r) = n0}. We need a fact. 

Lemma 1. C \ G P is finite. Moreover, there exist holomorphic maps p3 : CP —> M, 

y = 1, . . . , /¿0, ,w:/7 ^/ici sing(jTT) = (PJ (T), . . . . j),lit (T)} /or a// T G GP. 

The proof of Lemma 1 is left for the reader. 

Definition 1. We say that the singularity p} is fixed if the map p}\ GP —> A/ is 

constant. Otherwise, we say that pj is movable. For instance, if p is a singularity of 

the curve Tang(JP Q) then p is a singularity of all foliations of the pencil and it is a 

fixed singularity of the pencil. 

Note that, for any movable singularity p} of the pencil, the image p3{GP) is con­

tained in some irreducible component C of Tang(.F, Q). In this case we will say that 

Pj is contained in C. 

Let C C Ta,ng(T.Q) be an irreducible component. We have two possibilities: 

(A) C is invariant for both foliations T and Q. In this case. C is invariant for all 

foliations TT hi the pencil and we will say that C is invariant for the pencil. 

(B) C is not invariant for the pencil. In this case, the set IN(C) — {T G C | 

C is invariant for TT} is finite. 
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Remark 1. - Given an irreducible component C of Tang (F;G), we have two pos­

sibilities: either C contains a movable singularity, or C does not contain movable 

singularities. In the second case, we will call C a NI-component. The reason is the 

following: let (Un)neA be a covering of M by open sets and ( w a ) a G j 4 , (qa)(\eA be 

collections of holomorphic 1-forms such that the foliations in the pencil are defined 

on Ua by ul := LJ„ + T na T G C. Given p G Un n (7 \ (sing(^) U sing(£)), 

there exists an unique TQ such that wuja(p) + TG • r/a(p) = 0, because 0J(*(p) and rja(p) 

are linearly dependent. However, since C does not contain movable singularities and 

p ^ s i ng^ ) U sing(G), the unique possibility is that 0Jcy(q) -f T() • r]n(q) = 0 for all 

q G C n ( 7 Q . Hence. T() G AT/ and the component C is contained in sing(J rTo). Note 

that TG depends only on C. We will use the notation T() = T(C). This happens for 

instance in the case of the Logarithmic forms (see Example 1). 

The divided foliation associated to T(C) is defined as follows: for each a G A, 

let (fa = 0) be a reduced equation of C D Ua. Since cui^'^\cnun = 0, we can write 

^T(C) _ j.^ .where u) a has isolated singularities and ^ G N, does not depend on a. 

The divided foliation, denoted by J~T(C)I *s defined by the collection (uJa)aeA- Note 
that A/> = NjrT(c)f., 0 C~[. 

Definition 2. We say that an irreducible component C of Tang^ , Q) is nice, if one 

of the following conductions hold: 

(a) C is invariant for the pencil and contains a movable singularity p};(T) such that 

the function T G GP i-> BB(p3(T).Fr) is constant, where BB(j)j(T), TT) denotes 

the Baum-Bott index of the singularity (c/. [Br]). 

(b) C is an A/"/-component, invariant for the pencil. 
(c) C is non-invariant for the pencil and C contains a movable singularity, say 

Pj{T), such that BB(pj(T). FT) = 0 for all T G GP. 

(d) C is an AT/-component, non-invariant for the pencil. In this case, we ask that 
C is invariant for the divided foliation associated to T(C). 

The last result, characterizes when the pencil is flat, if we assume that the compo­
nents of the divisor of tangencies have multiplicity one. 

Theorem 2. Let J- and Q by two holomorphic foliations on a compact complex sur­

face, such that Njr = Ng, and let (-) be the curvature of the pencil generated by them. 

Suppose that all components of Tang(.F, Q) have multiplicity one. Then the following 

condictions are equivalent: 

(a) The pencil is flat. 

(b) All components c/Tang^J7. Q) are nice. 

(c) 0 '¿5 holomorphic. 

Let us state one consequence. 
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172 A. LINS NETO 

Corollary. Let T and Q by two holomorphic foliations on a compact complex sur­

face M. Suppose that Njr = Ng and Tang(.F, Q) — 0 . Then the pencil generated by 

them is flat. Moreover. M is a complex 2-torus and J7. Q are linear foliations. 

We observe that this corollary is a consequence of Theorem 2 and the classifica­

tion of complex compact surfaces (see [BPV]). We would like to pose the following 

problems: 

Problem 1. Given a flat pencil V = V(J~. G)> describe the set 

E{V) = {a G C I T(y has a first integral}. 

Problem 2. — Give necessary and sufficient conditions for a pencil to be flat, like in 

Theorem 2. Recall that Theorem 2 is true only in the case that all components of 

Tang(JF, Q) have multiplicity one. 

Problem 3. Give necessary and sufficient conditions for a flat pencil to be a pencil 

of closed 1-forms. We observe that the pencils defined by logarithmic forms satisfy 

the following properties, when all components of Tang(^ r, G) have multiplicity one: 

(a) All invariant components of Tang(.F, Q) are A/"/-components. 

(b) All non-invariant components of Tang(J?r. G) are nice. 

We note that the above conditions are necessary in the case that all components of 

Tang(.F, G) have multiplicity one. It seems that they are also sufficient in some cases. 

2. Proofs 

2.1. Proof of Theorem 1. — We will use the notation T3

T (resp. T^f) to denote 

the foliation defined by UJJ +T - r/j, T G C (resp. //y ). where LJJ and tjj are as in (j) of 

example 3, j = 1,2. First of all, we observe that, in both cases, it is easy to see that 

some foliations in the foliations in the pencils have first integrals. Given a G Ej we 

will call gjx the first integral of T]

a. For the pencil V\ we have: 

(3) 

I 

glc(x,y) = P(x.y)/(2x-iyi 

g\(x.y) = P(x.y)/(y-x)* 

g1_i(x,y) = P(x.y)/(y + xf 

where, P{x,y) = -Ay2 + 4 r 3 + V2xy2 - 9x 4 - 6x2y2 - t/. 

In particular, 1, — 1, oc € E\. On the other hand, for the pencil Vi we have 

(4) 

i 

g2(x,y) = C,(x,y) • C yx.y)/AL^y) • L^(y) 

9U*,y) = L - M • Cx{x,y)/LM • C - 1 C . ^ y ) 

g2

l/2(x,y) = Ldy) • CAx.yï/L^ty) • C-X(;x,y) 
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where 
( 
( 
( 
( 
( 
( 

C1(x.y) = x2 + y2-2x 

(' i (.'••//) = x1 + y2 + 2x 

Li(y) = y - l 
L.1{y) = y+l 

In particular, 0, -oc, 1/2 G £ 2 -

Note that, in all above cases, the generic level curves of gJ

a are elliptic curves. There 
is a difference between the two cases: for j — 1 the level curves, after normalization, 
are of the form C/( l , e 2 7 r ' / 3 ) , whereas for j = 2 they are of the form C/( l , / ) . In the 
case j = 1, the proof can be found in § 2.4 of [LN]. In the case j = 2. the fact that the 
level curves are elliptic can be proved by using the genus formula. For instance, in the 
case of g\^, the level curve Lc : — (g2^ = c), for generic c G C, has degree three and no 
singularities. Hence. g(Lr) = (3 — 1)(3 — 2)/2 = 1. The proof that the normalization 
Lc is C/ ( l , /) will be sketched next. 

Let us give an idea of the proof that the pencil V2 is exceptional. This proof was 
done in §2.2 of [LN] for another pencil (of degree four), but the idea is the same. 
First of all. the divisor of tangency of T§ and T2^ is 

Tg := T a n g ^ . ^ ) = d + C_j + U + L_ 1 + L^. 

where L8 is the line at infinity of C z C CP(2). The singular set of Tg. which are the 
fixed singularities of the pencil, is (in homogeneous coordinates) 

(I) Fix: = { 0 := (0 : 0 : I), A := ( - 1 : 1 : \).B := (1 : 1 : 1).C := (1 : - 1 : 
1).D := ( -1 : -1 : 1 ) , £ := (1 :i : 0), F / : := (1 : - / : ()),G := ( 1 : 0 : 0)} . For 
T ^ {1.—1,/.—/', dc} the points E.F.G are radial singularities for the foliation T\ 
(of type 1 : 1). wherc^as the points A.B.C.D and O are singularities of type 2 : 1 . We 
say that a singularity is of type p : q if the foliation has a local first integral of the 
form up/vq. in some local coordinate system (//. r). 

On the other hand, each component of Tg contains exactly one movable singularity 
of J72, a G C: 

(II) The points P_i (o) := ( a . - 1 ) L - 1, E G P i ( n ) := (-r.v, 1) G I i . Q- i ( a ) : = 
(~2/( l + rv 2 ) .2o/(l + a' 2)) G C_i and Q 2 (a ) := (2/(1 + a2).-2a/{1 + a 2 ) ) G CY. 
These singularities are of the type 1 : —4 (with local first integral of the type u • v4). 

(III) The point I \ (n) := [a : 1 : 0] G L ^ . This singularity is of the type 1 : - 2 . 

The next step is to reduce the fixed singularities (which are dicritical) by blowing-
ups. This can be done for all foliations in the pencil simultaneously by doing one 
blowing-up at each radial singularity and two at each singularity of the type 2 : 1 . 
After this procedure, we find a rational surface ft I and a bimeromorphism 7r: A/ —> 
CP(2). We will use the notation T(y = 7r*(Jr2), a G C, and V for the pencil in ft! so 
obtained. The pencil V has ten invariant curves (rational): five of them are the strict 
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transforms of the components of Tg and the other five are the divisors introduced in 

the first blowing-up at the singularities of the type 2 : 1 (A. D, C, D, O). For each 

a £ E2, the foliation Ta. which corresponds to the first integral g2, has also a first 

integral ga := g2 on. We observe that ga is holomorphic, because the foliation Tcx has 

no dicritical singularities. In fact, for any o £ C.FO has ten singularities, one in each 

invariant curve, which are the folowing: four of the type 1 : —4, which come from the 

singularities Pi(rv), P_i(rv), Qi(a) and Q_ i (o ) , and six of the type 1 : —2. One of 

these six singularities come from P^c((\) and the other five are contained in the five 

invariant divisors introduced in the blowing-up procedure. We leave the details of the 

proof of these facts for the reader. 

Let us describe briefly the (singular) fibration g^. We will denote by Tc the 

level curve g^{c) C M. It has three critical levels: T{).T\ and T^. If we call 

U = M \ (7o U Ti U T ^ ) . then / := g^\v : U -> C \ {(), 1, oc} : = W is a (regular) 

elliptic fibration. The main fact is the following 

Lemma 2.1.1. If a ^ oc then Fo w t/runverse to the. fibers of f in all points of the 

set U. 

Proof. Since the divisors introduced by n are contained in Tq U T\ U T ^ . it is 

sufficient to prove that the foliations T2^ and T2

y are1 transverse outside Tg, because 

n\u : U —> TT(U) = CP(2) \ Tg is a biholomorphism. On the other hand, we have: 

(LÜ2 + n • //2) A 7/2 = 2(.r2 + y2 - 2x){x2 + y2 + 2x)(y - l)(/y + \)dx A dy 

= 2C\ • C- \ • L \ • L \ dx A dy. 

Hence J72 and T2^ are transverse outside1 Tg. which implies the lemma. • 

Now. we use Ehresmann's theory of foliations tranverse to a fibration (ef. [E-R.]). 

According to this theory, if L is a leaf of Fa | v|then f \ i J : : L —» W is a covering map. 

Moreover, if we fix a (regular) fiber T(. and a closed curve1 7 : [0. 1] —̂  IE = C \ { ( ) . 1. oc} 

with 7(0) = o( l ) = c. then we can define an automorphism Hln : T(. —> Tr, as follows: 

given p £ T r , let L a (p ) be the1 leaf of Fa through p. Since1 / | / ^ ( R ) : La(p) —> W is 

a covering map. there exists an unique curve1 0 on Ln(p) such that / o o = 7 and 

7(0) = p. The automorphism is defined by /i~. n (/;) = 7(1). It is called the global 

holono'tny transformation associated to 7. We will use1 the following facts: 

(i) For every n £ C the automorphism Hyno is holomorphic and depends only of 

the the class of o in Hi (IE. c). This follows from Ehresmamrs theory and the fact 

that the foliations are holomorphic. 

(ii) If 7i-72 £ n i ( U > ) and e\ £ C then H l v n 2 . n = HlxA, o Hyi,(,. In particular, 

for each c\ £ C. we can define an action Ha : Hi (IE. r) —̂  Aut(T r) by Hn(^) = iP r.n< 

called the holonomy representation. The1 image1 Hn(U\(W,c)) := G(a, c) is called the 

global liolonomy group of T^-

ASTÉRISQUE 2í)() 
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(iii) For each fixed 7 £ n^IL, c), the map # 7 : C x T c -> T c defined by Hy{a,p) = 

Hy,a(p) is holomorphic. This fo llows from the theorem of holomorphic dependency 

of the solutions with respect to initial conditions and parameters and the fact that 

if 7, a can be found by integrating the equation uj2 + (* • 1)2 — 0. 

(iv) For any p £ T c, the orbit of p by II a coincides with the intersection of the leaf 

La.{p) with the fiber Tc. 

(v) If c\ is another point of W and 71 is a curve in W connecting ci to c, then, for 

each a £ C it can be defined a biholomorphism Fa: TCl —» T r (by lifting 71 to leaves 

of J^) such that 

Hex (7i * 7 * 71) = F o if rv (7) o F. 

In particular, the holonomy representations are conjugated and the fibration / is 

isotrivial, that is, all regular fibers are biholomorphic. 

Now, consider the two closed curves 7 0 , 7 1 : [0,1] —» W, where 7a-(0) = 7A;(1) = c, 
A: = 0, 1. 70 goes around 0 once and 71 goes around oc once. It is known that 70,71 
generate II1 (W, c). We will call f\,a = ffrt (70) and g^(y = f f a (7i ) - Fix a holomorphic 

universal covering P: C —» Tc and let fn,gCx G Aut(C) be coverings of / i , Q and r/i,Q, 
respectively (P o fa = /\ a o P and P o gQ = gx (y o P) . 

Lemma 2.1.2. If we choose well the orientation of the curves 70 and ji, then for 

any a £ C we /mve /«(2) = ?' • z + A (a) and .^(2:) = / • z + B(a), where A, B: C C 

a re /¿0/0 m o rp h 1 c. 

Idea of the proof. The proof is analogous to the proof of Proposition 4 of §2.2 of 

[LN], and so we will give only an idea. Let us consider the case of fa. The critical fiber 

T 0 := / - 1 ( 0 ) of the fibration / contains the strict transforms, by n: M CP(2), 

of the curves C\ and L_i, which we call C and L, respectively. On the other hand, 

C\ and L-i contain the movable singularities Q\(a) and P-\(a) of F 2 . which are 

of the type 1 : —4. These singularities give origin to movable singularities of the 

pencil P, Q(a) : = tt"1 (Qi(a)) £ C and P(a) - tt~ 1 (P„i («)) £ L, which are also 

of the type 1 : —4. Since Q(a) is the unique singularity of Ta on C and C is a 

rational curve, Q(a) is linearizable for the foliation Tcx (because the holonomy of C 

is trivial, and so linearizable). The same argument applies to P(a). which is the 

unique singularity of T(Y on L. On the other hand, the foliation Ta has an unique 

local smooth separatrix, say S(a)1 which is transversal to C. Since the quotient of 

the eigenvalues is —1/4, the holonomy of S(a). in a suitable coordinate system u of a 

transversal E, is linear of the form u ^ e - ' 2 W 4 . u — —j. u . If w e choose c near 0 then 

the separatrix S(a) cuts the fiber Tc in an unique point, say p(a). It can be checked 

that f\s(A) S(a) —> D := f(S(a)) is a bijection. If we choose the curve 70 as a small 

circle sorrounding 0 contained in P), then when we go around 70 in order to evaluate 

fi,a we see that p(a) is a fixed point of , / i , a . Moreover, the section E can be choosed 

to be contained in Tr. This implies that / i < a is locally conjugated to u 1—> ±/' • u. The 
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sign ± depends on the orientation of 70. We choose this orientation in such a way 

that f1,a is locally conjugated to u 1—> i • u. This implies that f\xx has period four and 

that fa{z) = i - z + A(a). Analogously, we can choose the orientation of 71 in such 

a way that ga{z) = i • z + B(a). The maps a £ C 1—> A(a), B(a) are holomorphic by 

(iii). • 

As a consequence of Lemma 2.1.2, we obtain that Tc is biholomorphic to C/ ( l , /'). 

This implies that all regular fibers of / are biholomorphic to C/(l,? ') , because the 

fibration is isotrivial. We will fix an universal covering P: C —> Tc such that the 

associated lattice is (1,?-). The crucial result is the following: 

Lemma 2.1.3. — A(a) and B(a) are affine, that is, A(a) = a\ • a + a 0 and B(a) = 

b\ - a + bo, where ao, «1 , bo, ^1 £ C. 

Proof. We need another lemma. 

Lemma 2.1.4. — Let V{T,Q) be a flat penal on a surface AP Given p £ M \ 

Tang(.F, Q), there exists a local coordinate system (U,(x.y)), p £ U, (x,y): U —> C 2 , 

such that the foliation Ta of the pencil, a £ C. is defined on U by dy + a • dx — 0. 

Moreover, if (V, (u,v)) is another coordinate system such that UnV / 0 is connected 

and J-a\v is defined by dv + a • du = 0, rv £ C, then du = A • dx and dv = A • dy on 

U H V, where A £ C*. 

Proof. Let W C M \ Tang(F, Q) be a small simply connected open neighborhood 
of p and UJ, rj be holomorphic 1-forms such that the foliation J-a\w is defined by 
UJ + a • rj = 0. Note that T$ — T and Fx — Q are defined on W by UJ = 0 and 7/ = 0, 
respectively. Since W D Tang(.7r, (?) = 0 . we have UJ A 77 7̂  0 on W. Hence, we can 
write duj = 6 A UJ and rlr/ = 0 A /7. where 6 is holomorphic on W. Since the pencil 
is flat, 0 is closed. Therefore, there exists h £ 0{W) such that 0 = dh. If we set 
/ = exp(/i) then we get 

du = 
df 

f 
A LO and fZ// = 

dj 

f 
A 7/ d 

v 
2 2 
2 ) = d ( 

1 5 
5 ) 

= 0. 

Again, since W is simply connected, there exist x,y £ 0(W) such that dy — UJ j f 

and dx — 77//. The foliation j F a is defined on W by cZy + » • dx — J(UJ -f a • 77) =0. 

Note that ri:r A ri/y 7̂  0 on IT. It follows that (x. y): IT —» C 2 is an immersion. This 

implies that we can take a smaller neighborhood U C W of p such that (x,y)\u is a 

biholomorphism from U to an open set of C 2 . 

Let (V. (a, v)) be another coordinate system such that U D F 7̂  0 is connected and 

F a | v is defined by ri?? + a • r//z - 0. Note that iT\v and |G|v axe defined by rii> = 0 and 

(it/, = 0, respectively. Since FQ|/ynV' i s defined by dy + rv • dx and riix + a • dv = 0, we 

get 

(*) riv + a • du — h(x. y. (\){dy + a • dx) 
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where h is holomorphic. Différenciâting both members of (*) with respect to a, we 

get 

du = 
Oh 
Da 

(dìI 4 a• dx) 4 h • dx  an 
da 

= 0. 

because du is a multiple of dx on £/ fl V. Hence, h(x.y!,a) = h(x. / / ) . does not 

depend on a. Therefore, du = h • dx and dv — h • dy on £/ HV. This implies that 

<i/i A dy = ti/j A dx = 0 and // G C*, is a constant. This finishes the proof of lemma 

2.1.4. • 

Let us finish the proof of Lemma 2.1.3. Fix ao G C and p G Tc. Set q = f1, a0 (p)E 
Tc. Denote by La(p) the leaf of T(x through p. Let 7 / ; : [0.1] —> Lau(p) be the lifting 

of 70 on the leaf Ln{)(p) through the fibration / . Note that 7 P (0) = p and 7 P (1) = 9. 

Let (Un)i<^n<^rn be a covering of 7 p[0,1] by open sets as in Lemma 2.1.4. For each 

n = 1,. . . . 711 there exists a coordinate system (xni yn) on Un such ^*a. |u t t is defined by 

dyn+a'dxn = 0. We can choose the enumeration in such a way that there is a partition 

0 = to < ti < • • • < t m = 1 of [0. 1] such that jp[tn-i,tn] C Un, for all n = 1, 7/1. 
We can suppose that Un DUn + 1 is connected for every n = 1, . . . , 7/7 — 1. It follows 

from Leraa 2.1.4 that there exist constants A n G C* such that dxn . 1 = A n • dxn and 

dyn+1= A n • Gfa/n, n = 1,..../// — 1. Hence, 

(i) yn+1 A„ • yn 4 a n . where an G C, n = 1,. . . . m — 1. 

Fix transversal sections to the foliation F0 Eo,. • •, E m , such that: 

(ii) > ( / „ ) G E n , 77 = 0 ,1 , . . . ,m. 

(iii) E n C (xn = = cf), that is E ; i is contained in a leaf of T^. Note that Eq, E,„ C TC. 

Since Ĵ a is defined by dyn 4 a: • dxn = 0 on [/,,., the holonomy transformation of 

TIY, OL near cvo, from the section E n _i C (xn = ci) to the section E n C ( # n = C2), in 

terms of the parameter yn is of the form yn h-» (yn, a) = y r i — a • 6 n , bn = ('2 — ex­

it follows from (i) that, in the section E n , we have yn + i = X7} • yn 4 an. and so the 

holonomy transformation HN, can be written in terms of the parameter yn+\ (in the 

immage) as yfl+i(yn. a) = \N.Hn(yn)+ atl — \ n • yn —c\.Xn -bn +an. As the reader can 

check, this implies that the holonomy transformation from the section E 0 C U\ DT r to 

the section E m C UM DTf., which is the composition of the intermediate holonomies, 

is of the form 

ym = H(y\, a) = p • yi 4 a• b 4 c, where p G C*, b. c G C. 

Now. let us relate the parameters y\ G Ei and yrn G E m with the parametrization 

which conies from the universal covering P\ C —> Tc. Since Ĵ q is transverse1 to Tc, 

there exists a neighborhood V of T( such that 

(iv) / | \ / : V ^ D :— f(V) m a trivial fibration. In particular. V ~ D x Tc, where 

f\V= 7Ti, the first projection, and the fibers of the second projection i\2'- V —> Tc are 

the leaves of Ĵ oj 

Let r be a non-vanishing 1-form on Tc such that P*(t) = eic. 
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Claim. •— There exist constants k\. km G C* si/c/z that dyi\^1 = k\ • r|^ 1 and 
dym | Em = km . T| Em. 

Proo/. Set cj = TT^T). Note that u;(p) =^ 0, for all p G V, and that the foliation 

To\v Is defined by w = 0. We can suppose that D C C and consider x := / | v : F —> C. 

This implies that F8 |v is defined by d.i; = 0. We assert that there exists g G 0*(D) 

such that the foliation T a\V is defined by uu + a • r;(x) • d.r = 0. 

In fact, since uu and dx are linearly independent on V, the foliation J-(^\v is defined 

by a 1-form of the type uun = LU -f gn • dx, where ga G 0*(V). Since the fiber Tx — 

f~l(x) is compact, the function gn\Trr is constant. Hence, we can write ga = ga(x) 

and uua — uu-\-gn(x) - dx. Fix a point q G V and a coordinate system (Uq: (xq, yq)) such 

that Uq C V and .Pair/,, is defined by d-?/f/ H- a • dx q = 0. It follows that dyq -f a • dx^ = 

/i a(cj + ga(x) • dx) on C/f/. where h(k G G*(Uq). Differentiating twice both members 

with respect to a and by an argument similar to the proof of Lemma 2.1.4, we get 

dhn/da = 0 and d2gcy/da2 = 0. This implies that ga{x) = a-g(x), where g G 0*(V). 

Since uu and g(x)dx are closed, they are locally exact and we can apply Lemma 

2.1.4 to them and the forms dy\ and dx\. It follows that dy\ — k\ • uu\u^ k\ £ C*. 

Similarly, d?/m = krn • uu\um , A;m G C*. Hence, dyJ\j:] = k3 • r\^r, j = l ,m. • 

Now, fix a disk D\ C C such that e/>i := P|di : D\ ~> E1 is a biholomorphism. 

The claim implies that <f)\{dy\) — k\ • dz. Therefore, y\ o <fii(z) — k\ • z + di, d\ G C. 

Similarly, ym o </>m(z) = A;m • 2 + d r n , d m G C ( 0 m = P|d,„)- If follows that the 

holonomy transformation fa can be written, in terms of the parameter z G C, as 

fn(z) = k-m.HdYi o 0! (z) , a) - km

l • d r n = ¿ • 2 + ai • a + a 0, 

where a\ = k-1m • b and ao = fcm (c — d m ) + /1 • di. Hence, A (a) = ai • a + a(), where 
ai, ao ^ C Similarly, P ( « ) = ò] • ci + 60. • 

Now, the point ZQ = A(a)/(1 — i) is a fixed point of fa. Let Qa(z) = z — z0. The 

global holonomy group G(q, c) (viewed in the universal covering) is conjugated to the 

group generated by Fa{z) = Qa o fa o Q " 1 ^ ) = 2-2: and G r v(2;) = Qaoga o Q" 1 ^) = 
2 • 2 + C(a) , where C(o:) = -B(a) — A(o:) = a • a + b, a = b\ — ci\ and b = bo — ao-

Let us finish the proof of Theorem 1. We need two more results. We will give only 

an idea of the proof of these results (see Proposition 5 and its corollary in [LNÌÌ. 

.emma 2.1.5. — The following assertions are equivalent: 

'a) The group G(a, c) is finite. 

b) G(a,c) has a finite orbit in Tc. 

c) There exists rn G N such that rn • C(a) G (hi). 

d) Fa has a first integral. In particular, a G p2-
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Idea of the proof The proof of the equivalences (a) (b) (c) is based in 

the fact that the group generated by Fn and Ga is 

G = {z ^ c- z + d-C{(\) I c £ {1, - 1 , / , - / } and d £ (1 , / ) } . 

This is done in Proposition 5 of [LN] in another case, but the proof is similar for the 

above case. On the other hand, if Ta has a first integral, then all leaves of Ta are 

algebraic and cut Tr in a finite number of points. Hence, (d) = > (b). Finally, if 

the group G{a. c) is finite, say # G(rv, e) = m, then each leaf of Ta cut each fiber 

Tx — f~1(x) in /// points. This implies that all leaves Tiy are algebraic. There is a 

delicate point here, which involves the fact that the leaves of JFa cut transversely the 

components of the critical fibers of / which are not invariant for Fa We have not 

proved this fact here, but the proof can be done by studing carefully the blowing-up 

process TT. We leave the details for the reader. Now, we can use Darboux's theorem 

which asserts that if all leaves of a foliation are algebraic then the foliation has a first 

integral. Therefore, (a) ==> (d). • 

Lemma2.1.6. The meip rv i—• G(n) is noti-constant. In particular, a / 0. 

Idea of the proof. If n i—> G(rv) were constant then all holonomy groups G(rv.c) 

would be isomorphic. Therefore, it is sufficient to prove that there are oo .o i £ E? 

such that #(G(a ( ) , r ) ) ^ #(G(r>i.r)). In the case of this pencil, we have 0, 1/2 £ E2 

and the first integrals ry(

2 and ry2y9 given in (4). It can be cheeked by using Bézout's 

theorem and the explicit expressions for ry2 ,̂ CJ'Q and g2^? that the generic leaf of ^ 

cuts Tr in eight points, whereas the generic leaf of ^ 1 / 2 cuts Tr in four points. This 

implies that #(G(().r)) = 8 and # ( G ( l / 2 . c ) ) = 4. TluTefore. n i-> G(rv) is not 

constant. • 

End, of the proof of Theorem 1. We have seen that G(rv) = a. • rv + b where a = 0 

On the other hand, 0.1/2 £ E2. which implies that there exist m.n £ N and 

//Jo. //.(). /// 1.7/1 £ N such that 

7/a • b = VÌI) + 7/0 • / and // 
2 a. 

2 + b ) = 7//1 + 7/1 • / =^> a. beQ - (1. /'). 

Since Q • (1. /) is a ficTd. we get 

t\(\ • a + b) £ Q • (1. / ) . in £ N <^=» rv £ Q • (1. /'). 

This finishes the proof in the case of the pencil Vi­

lli the case of the1 pencil V\ the proof is similar. In this case, the non-singular 

fibers of / are biholomor phic to C/(l.k) {k = r 7 ^ ) and the holonomy group of  

Fo is isomorphic to the group generated by the transformations Fn(z) = k • z and 

G(V(z) — k2 • z + C(rv) (in the universal covering), where and G(r>) = a. • rv + I), a / 0. 

This group is 

G = { z h-> c- z + d- Go)| c £ { 1, k. k\ k\ k . k5} and d £ 1. k }. 
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By the analogous of Lemma 2.1.5 we have that a G E\ if, and only if, there exists 
mi G N such that rn • C(n) G (l.k). On the other hand, we know that 1. — 1 G E\. 
because we have the explicit first integrals g\ and gl__l (see (3)). Therefore, there exist 
77, n G N and ///(). //o. /// [. //1 G Z such that 

m(a + b) = mo + no • A' and n(—a + /;) = m.\ + n.\ • k = > a, b e Q • (1. A;). 

Since Q • (1. A') is a field, we ge 

m(a • a + b) G (1. A'), m G N <^> a: G Q • (1. A'). 

This finishes the proof of the theorem. • 

2.2. Proof of Theorem 2. — Let V{T. Q) be a pencil of foliations on the compact 
complex surface M. 

Definition 3. Suppose that T and Q are defined on an open set U C M by u; = 0 
and J] = 0, where UJ and 7/ are holomorphic 1-forms on U. We will say that (U.u.y) 
are compatible with the penal if the foliation T(x is defined on U by w + a • 7/ = 0, 
OL G C. 

We need a Lemma. 

Lemma 2.2.1. — Let C be an irreducible component of Tang^ , Q) of multiplicity 
A:^l . There exists a finite set F C \C\ sucli that if p G \C\ \F then there is a holo­
morphic coordinate system (U. (x. y)) with p G U, x(p) = y(p) = 0, \C\ H U — (y — 0), 
and holomorphic I-forms uj and //. representing T^; and G\u respectively, such that 
(U.LJ.7)) is compatible with the pencil and 

(a) If C is invariant for the pencil then 

( 
( 
( 

jj = dy 

// = P(x. y) dy — yk dx 

where P G O(U). If 0 is such that (U = 0 A UJ and cbj = 0 A //. then 

0 = 
( 

Pr 
3 H-

2e 
e 

) 
) dy 

In particular. B | u — y- K P r.c(.r, y) dx A dy in these coordinates. 
(b) If C is non-invariant for T (and so for the penal) tlien 

( 
( 

UJ = dx 
// = yk dy - Q(x.y)dx 

where Q G 0(U). If 0 is such that duj = 0 A UJ and dn = 0 A then 

0 = 
2 
2 dx 

In particular Bl/v = — k 1 
1 (v k Qu) dx A du in these coordinates. 
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Proof. — Consider a covering U = (U(y)(Y^eA of M by open sets and collections i} = 
(ujn)aeA- H = (vn)aeA and A = (ga b) uas = o £ /„^0 , such that ( F n . ^ ' 0 . / / M ) is compatible 
with the pencil for every a G A and, if [/^3 7̂  0 then uj(y = rya/̂  • ^ and rja = / 7 ^ • pp 
on L7 a d = L7Q n Uf3. Let F x = \C\ D sing(P). Given p G |C| \ F x, let (K (u, r)) be a 
holomorphic coordinate system around p such that u(p) = u(P)° = 0 and V fl |C| = 
(•{.> = 0). We can suppose that V C Ua, for some a G A. Suppose first that C is 
invariant for the pencil. Since p 0 sing(P) and (7 is invariant for P. by taking a 
smaller V if necessary, we can suppose that the leaves of F\c arc* the level curves of v. 
so that uua\y = f -di\ where / G o* (V)Set uu = / _ 1 -u;A = dv and // = / _ 1 - / / a . Note 
that (V. a;, /;) is compatible* with the pencil. Let n = A(u.v)du — B(u.v)du. Since 
uu A p = B(u,v)dudiL A aY> and the multiplicity of C in Tang(P, Q) is A:, then B(u,v) = 
vk • b(u. v). where b G (9(F) and b{u, 0) ^ 0. Let Fv = {(u, 0) G |C| H F :b(u 0) = 0} 
and F = Uv FVUF1. We leave for the reader the proof that F is finite. Up G |C| \ F 
then, in the above coordinate system we have 6(0, 0) 7̂  0. Therefore, there exists a 
neighborhood U of p. with U C C V, and a function x G (9(F) such that x(p) -• 0. 
Ox/Da = b and (I) r) = (./'(//. r). v) is biholomorphism onto (I) ( U) C C 2 . In the 
coordinate system (./'. y) := (./'. r). we have w = diy and 

7/ = A dv - vk b du = A da - uk 

( dx -
dr 
2 

dy ) 2 ( 
A + yk Ox 

Ov ) 
dy - yk dx := Pdy-if dx 

Let us compute B|f/. If 0 is such that duu — 0 A uu and dp — 0 A 7/ then 0 — <p • dy, 
because uu — dy and du; = 0. Since 

dn = (P.,- + kyk'~])dx A e//y = 
2 Pr 

A- 4 
A-

2 ) 
dy A // 

we get that 

0 = ( 
P, 
2 

2 
A 

/7 ) 
1 = <c)\u = d0 = P., 

yk 
'x A dy 

Now. suppose that C is non-invariant for P. Let 

Fi = {/7 G |C| ; F is tangent to |C| at / ; } . 

Clearly Fi is finite and if p G \C\ \ F\ then there exists a holomorphic coordinate 
system (V, (77, v)) around p such that V C Un for some cv G A, ?/,(/;) = •*.'(/;) = 0, 
|C| D V = (r = 0) and the knaves of F\y are the k^vel curv(\s of //. In this case. 
uua\y = / • dm where* / G 0*{V). Set uu := da — f~xuu(X\y and // = f~[ • pa\y. Note 
that (K uu, //) is compatible* with the* pencil. Let // = A dv — B da. where A. B G 0(U). 
Since UJAJ] — A da Adr and C is a component of multiplicity A. we can write A = vk - a. 
where a(u. 0) 0. Let Fy = {{a. 0) G |C| D V ; a{u< 0) = 0} and set F = U v F r U Fx. 
We* leave for the* reader the proof that F is finite*. If /; G \C\ \ F then in the alcove 
coordinate system we* have a (OA)) / 0. We assert that there exists a coordinate 
system (U. (x. //)) around p such that U C V, a = x, y — v • o{ a. r) and 

(*) 
dy kk+1 

63 
= ( k + 1 ) cA'ka rt(u.V') 
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In fact, in a neighborhood of v — (0. 0) G V. we can write (k + 1 ) vk aiti, c) = 

E oo 
e-2 

(ij(u) vj, where «/,(()) = (k + 1) «((). 0) ^ 0. Let 

ú( //. '/;) = 
8 
E 

= k + 1 

1 

.7 
k -1 (u) vj : = v k+1 . b (u, v)/ 

Note that 0(0,0) = a(0,0) / 0 and dc/o/Ov = (k + i)vka(;ivv). Let (Vj C V be a 

simply connected open neighborhood of (0.0) such that b G ö*(Ui). Let c. G (9*((7i) 

be such that ck ' 1 = /; and /y G 0((7i) be defined by //(//. r) = v • r(//. r). Note that 

Â + i _ 0 an(]_ ̂ iie ma,p $(//,7;) = (//. y/(//, /')) = (.7;, ;y) is a biholomorj)hism from some 

open neighborhood U C U\ onto an open subset of C 2 . Clearly, the coordinate system 

(U. (x.y)) satisfies (*). In these* coordinates, we have uJ = dx and 

N= vk aia.v) dv-Diu. v) da = 
1 

k +1 
dyk+{ 

dv 
dv - B(u.v)du 

= yk/ du-
( 

1 
k + 

ddy k+1 

du 
+ B lu.v) ) 

du := /'dyy - Q(x,y)dx 

If (9 is such that d,uj = 0 A u) and d// = 0 A i) then 0 = -0 • dx, because UJ — dx and 

diu = 0. Since 

dì) = Q,j dx A dy = 
Qy_ 
Vk 

dx A i) 

we get that 

0 = Qu 
yk 

dx => e = do = -
0 

Oy 
(-
2 

2 ) dx A dy 

This finishes the proof of Lemma 2.2.1. • 

From now on. in this section, we will suppose that all irreducible* components of 

Tang(P. (?) have* multiplicity one. 

2.2.2. (b) = > (c). Denote by I) ̂  the* divisor of poles of B. Let C be a component 

of Tang (P. Q). Suppose first that C is invariant for the* pencil. Since the multiplicity of 

C in Tang(P. Q) is one, by Lemma 2.2.1. we can choose* a coordinate* systeuii (U. (;/:, y)) 

such that [ / n C = (y = 0). p = (0. 0) G (7 and 

(5) 
{ 

uJ = r//y 

// = P(x. y) dy — y dx 

Let P(./v/y) = /W;*:) + yp(x.y). where /; G 0( f / ) and po(.r) = 1 5 
52 

e/ y xj. Since 

6 = // • d.i: A d;</, where // = y 1 P,„. = /y~1 p"0 (x) +//Pr r,,.(./'.//). then C c¿ P ^ if. and 

only if, po(x) = e/o + e/] x. Ne)te* that the* foliation Tt assediateci to //r = // + T • jj = 

(P + P(./'. y))dy — ydx. is definc*d on U by the* vector fielet 

Xr(.r.y) = (T + pit(.r) + yp(.r.y)) 
0 
0 4 V 

0 

0y 

Hence, the singularities e)f Tt on U are* given by /y = T -\-po(x) — 0. 
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We have two possibilities: either po is a constant (po(•'**) — tto), or po is not a 

constant. In the first case, we get that 7/_a„ = y(pdjj — dx). In this case, — a() G N1 

and there is no movable singularity on C. Moreover G = pxx dx A dy, which implies 

that C (£. DOQ. In the second case, there is a movable singularity on C: if x(T) is 

such that T + po(x(T)) = 0 and —T is a regular value of po then x(T) is a movable 

singularity of V and T G GP = {T G IS \ n(T) = n0}. Without lost of generality, 

we can suppose that this singularity satisfies (a) of Definition 2. This singularity 

is non-degenerate, in the sense that zero is not an eigenvalue of DXr((i{T)), where 

q{T) = (x(T),0). In this case, the Baum-Bott index of TT at p(T) is given by 

(cf. [Br]): 

B(T) := BB(q(T), J-~T) = 
tv2(DXT(g(T)) 

det(DXT(q(T)) 
= 

(j^x(T)) + l ) 2 

PÓWT)) 

(6) = P(AX(T)) + 
l 

p o (x(T)) + 2 

Since C is nice, we have B'(T) = 0. As the reader can check, this condiction is 

equivalent to 

pZ(x(T))(l- 1 

WMT)))2 

= x'(T) = 0 

Since q(T) is a movable singularity, we have x'(T) ^ 0. Therefore, PQ(X(T)) = 0, 

which implies that p0' = 0 and po(x) — CIQ + a\ x (note that p'{){x(T)) = ±1 implies 

also that p0' = 0). Therefore, C (jL D^. 

Suppose now that C is non-invariant for V. Consider a coordinate system ([/, (x, y)) 

such that UnC = (y = 0), p = (0, 0) G U and 

(7) 
{ 

UJ = dx 

7 = ydy - Q(.t, ?/) rij; 

where Q(x,y) = go(^) + Qi(x)y + y2Q(x,y), where ço, q\ and ry are holomorphic. 
Since G = -{y~l Qy)y dx A dy, then C (/L D8 if, and only if, q\ (:/;) = 0. Note that 
the foliation TT associated to 7]T = rj + T • UJ = ydy + (T —Q'x /y)rix, is defined on 
c7 by the vector field 

XT(x.y) = y 
0 

dx 
+ (qo(x) + (:r) // + y1 q(.r. y) - T) 

d 

dy 

Hence, the singularities of TT on U are given by y — qo(x) — T = 0. 

We have two possilities: either qo is a constant, or qo is not a constant. In the 

first case, we get r}qu — y[dy — (qi(x) + y q(x, y))dx], and so qo G N1 and there is no 

movable singularity on C. Since C is nice, the curve C is invariant for the divided 

foliation associated to qo, which is defined by UJ — dy-{q1 (x) + y q(x, y))dx on U. But, 

CnU = (y = 0) and this curve is invariant for UJ — 0 if, and only if, qi = 0. Therefore, 

C (jL D^. In the second case, there is a movable singularity: p(T) — (x(T), 0) G UflC, 

where x(T) is such that qo(x(T)) — T = 0. Set qo(0) = T 0 . If T is a regular value 
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of qo near To, then T G GP. Without lost of generality, we can suppose that this 

singularity satisfies (c) of Definition 2. This singularity is non-degenerate, and so: 

(8) B(T) :=BB(p(T).FT) = 
t^(DXr(p(T)) 
det(DXT(p(T)) = 

qì(x(T)) 

q¿(*{T)) 

Since C is nice, we get B = 0, and so q\ = 0. which implies that G (jL D^. 

2.2.S. (a) ==> (b). Suppose first that C is invariant for V(T.G). Let (U.(x,y)) 

be a coordinate system like in (5). around a point p = (0.0) E U FLC. Since 0 = 0, 

by Lemma 2.2.1, we have Pxx — 0. This implies that P(x,y) — po(y) -\-pi(y)x, where 

Po,Pi are holomorphic. Hence, the singularities of TT on C H U are the solutions of 

y = T + p 0 (0) + PI(0).t = 0. We have two possibilities: either pi(0) ^ 0. or p 2 (0) = 0. 

If pi(0) - 0, then T = —Po(0) G AT"7 and we are in the situation of (b) of Definition 2. 

Therefore, C is nice. If pi (0) 7̂  0. then C contains an unique movable singularity: 

q(T) = (x(T).O). where x(T) = -{T + pQ(0))/P1l(0) (clearly g(T) G £/ for |T + p 0 (0) | 

small enough). This singularity is non-degenerate, and so by (6) we get: 

BB(p(T),fT) = 
tx2(DXT{p{T)) 

dv.t( DXT(p(T)) 
= 

(Pi(0) + 1) 2 

Pi(0) 

Hence, C is nice in this case. 

Suppose now that C is non-invariant for the pencil. Consider a coordinate system 

(U, {x,y)) around p = (0.0) G U as in (7). Since (-) = 0. Lemma 2.2.1 implies that 

d 

dy 
(y'1 Qy) = 0 = > Q(x. y) = qQ(x) + q2 (x)y2 

This implies that C is nice, as the reader can check by using (8). 

2.2.4- (c) = > (a). Suppose that 0 is holomorphic. The idea is to use the well-

known fact that 

e = o <i=> 
= 
( 

M 
9 A 6 = 0 [0] = 0 in H2

DR(M) 

The proof will be based in the following: 

Claim 1.— j A I 0 A 0 = — 2ri JA[ ci(Nr) AO, where ci(Nr) is any representative of 

the first Chem class of NT in H2

DR{M). 

Proof. Let U — {Un)aEA be a covering of M by open sets, c l = ( w a ) a E ^ ; E = 

(Vc*)aeA and A = (g a fj) U N S = O^0 be as in (I), (II) and (III) of §1. Let {0(V)aeA be a 

collection of 1-forms, where 0Q is meromorphic on Ua, dcun =0nAu;a and dna =0nArjn. 

Recall that, if ( j ^ 0 then 6A —63 — d<jn.i/fjn.-i- On the other hand, by taking a C 0 0 

resolution of the additive cocycle (dg(yfj/' g(yfj)un ,^0< we can write dgQ(j/gaBfj = //a — µB 

where the closed 2-form A defined by A|r/fv = ^dfin, represents C\(NT) on H2

)DR(M) 

(cfi [G-H], p. 141). If I 'n.i ^ 0. then dgn 1/ g(X,->, = 0a — 6$ — fta — //.-*. Hence, we can 
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define a C8 1-form <p on W := M \ Tariff(T.Q) by l̂̂ v mu = 2 
271 (0 a - / /„ ) . Note 

that d(p = 2tt 0 — A. This implies that dp extends to a C°° form in M. Moreover. 

(9) 
( 
( 

M 

( f e - A ) A e = 
J M 

dp A 0 . 

The idea is to prove that JAJ dp A 0 = 0. Let us study the behavior of cp near an 

irreducible component of Tang^ , Q). Set Tang(J7, £/) = X! j=i Cj + Xw=i Di. where 

Cj is invariant for the pencil, j — 1,..., k, and Dh is non-invariant, / = 1,..., £. 

Consider first the non-invariant case. Let p G \DZ \ D £/ a be a point such that we have 

a normal form like in (b) of Lemma 2.2.1. in a coordinate system (U. (x.y)). where 

U C Un. As we have seen, u}(*\u = f w an(l ^/a|[/ — f V< where / G 0*(L7). cu = dx 

and r/ = ydy — Q(x.y)dx. Q(x.y) = qo(x) + qi(x)y + y2 q{x,y). This implies that 

0 a = 6> + d/ / / , where 0 = Qf-d,x. Note that 0 is holomorphic in /7 if. and only if, 

Qy/y is holomorphic, which implies that 6a is holomorphic in U and p is C°° in U. 

This implies that is C°° on M \ |C|, where C = E , <<? and |C| = Uf \Cj\. 

Consider now a point p G \C\. Let (/i • •fk• = 0) be a (reduced) equation of C in 

a small Stein neighborhood U of p. We assert that there exist Ai,. . . , A a- G C and a 

(7°° 1-form v such that 

10) -PÌu -
2 

E 
.7 = 1 

s 
r 

df 
df22f 

In fact, suppose first that p belongs to an invariant component Cj and we have a 

normal form like in (a) of Lemma 2.2.1 on a coordinate system (U.(x.y)). where 

U C Un. for some a G A. As before, we have UJQ\U — f ' w — / ' dy and 7ja\u = /•//, 

where / G 0*(U) and // = P(x, y) dy — y dx. From the first part of the proof and the 

fact that 0 is holomorphic. we get 

(*) 0„ = 9 + 
df 

f 
= 

1 + P, 

y 
dy + 

df 

f 
= 

1 
2m 

= dy 

21 
+ Vf7. 

where \u G C and c f 7 is a holomorphic 1-form. This implies that p\u = A^ 
dy 

ÌJ 
|| vU, 

where VJJ is a C°° 1-form. 

Let us prove that \n depends only of Cj. It follows from (*) that 

1 

2ni 
XU = Res (.a. Cj)= 

1 

2m\ I 
2 

0o 

where 7 is a small cicle surrounding Cj. If (j G A is such that Ua H [/̂  fl C ; 7̂  0 then 

0a ~ O.i = d(J<>>/<Jn.i. Hence. 

1 
27T/' 

( 
( 

7 
0„ = 

1 

2th J 7 
0b 

if 7 C C/(V H U,j. This proves that A^ depends only of C,. Set YU = A7. 

Note that A7 satisfies the following property 
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(A) Let {fjot = 0) be a reduced equation of C3 D Ua. Then 0CY — 4 
2-ni Xplf^/fjam has 

no poles along C3 Pi (7 a . 

We leave the proof of (A) for the reader. Let p G \C\ H C/a and (fin = 0) be a 

reduced equation of C7- on t/ a. It follows from (A) that 0 a — E ,A 
7 = 1 

1 
Z7T2 

.̂7 dfja/fja ÍS 

holomorphic on (Va. Hence, v = ^|/y(V — E .A: 
'.'7=1 

XjdfJQ/fja is C°°. This proves (10). 

Let us prove that | M dtp A 0 = 0. We will consider two cases: 

First case. All the singularities of C are nodes. In this case, we can find a finite 

open covering V = (Va)aeA of M with the following properties: 

(i) For every a G A, V(Y is a domain of a coordinate system -ip(Y — (xa, ya): Un —> C 2 

such that i/)„(Un) = D2 x D2, where Dr = {z G C| \z\ < r}. 

(ii) if un = 4> '>~l(DY x Di) then U a U(, = M. 

(in) Il I G I n 0 is smooth then ('¿/a = 0) is an equation of G P\Va. In particular, 
4 Va ^=y 24 

?7<> 
+ z/, where À G C and z/ is C°°. 

(iv) If ICI n l ( y has a singularity in Vn then (xa • 7/tt = 0) is an equation of C D Vn. 
In particular, cp|yf> = A a 

s 
dsd 

+ A6 
s 
ds 

+ z/, where A a , Xb G C and v is C°°. 

In general, let (fa = 0) be an equation of C D Vn- Let ( ( ^ a ) a G i 4 be a C°° partition 

of the unity such that supp ((/?<-*) C V(x for all a G A and set / = exp(J^ r t ipa • In | / f V | ) . 

If / ] G Í is fixed, then 

f\VB= exp 
( £ 
q Va/s =q 

< ¿ > a • In I / a I 
) • exp ( £ 

s a, s = O 

cpaIn | / a I ) 
) 

= exp ( £ 
Va , s = Q 

• In | </«/*/# | ( ( • exp ( £ 
V a / s= Q 

^« • In I fn I ) = | fb| . gb 

where gb : Vb ̂  ; —» (0, +oo) is C 0 0 . 

( v ) / l v v = |/rv| where gcy G C o c ( l /

a ) . In particular, / can be extended contin­

ually to M as f\\c\ = 0-
(vi) / > 0 on M \ |C| and / _ 1 ( 0 ) = |C|. 

Set M£ = {p G M\ f(p) ^ e] and C£ = {p G M f(p) ^ e). For all e>0 we have 

( 
( 
( A/ 

dw A 6 = 
) 
) 

= 
duo A (-) + 

J 
ev 

d cpa e = 
j 2 

d((f A 6 ) 4 
=)J 2 

dcp A e 

= 
i 9 AT 

cp a e + 
i = 

dip A 6. 

Since lim^^o ( j c d(p AG), we get 

(vh) fM dip A e = ihm__o ( j ; . , A / A e ) . 

It is enough to prove that lirn^o ( f0M (f A Q) — 0. In order to prove this 

fact, consider a covering {V\ :— Vai,.. . ,Vn :— V(Yn} of |C| by sets of V, such 

that {Uj := C/a. | 1 ^ j ^ / / } is still a covering of |C|. If U = U^ = 1 U:) then there 
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exists c ( ) such that, if e < £Q then 0M£ C V. Hence, if Sj(e) = 0M£ D U£ and 
Ij(e) = J's.(£) | cp A 6| , we got that 

|| ( 
( 
OAL-

P a e | | = 
2 

E 
2 

Ij (E), if E< Eo 

It follows that, it is sufficient to prove that lhm^o Ij(e) — 0 for all j = 1 n. We 
will prove this fact in the case where V} is like in (iv) and leave the other case for the 
reader. 

Consider a coordinate system (x, y) on V} as in (iv), that is \C\ fl V-} = (x • y = 0). 
As we have seen before, 6 1 \vj. = (j(x.y)dx A dy and ip\v = Xa~ + Xf/-y- + v. where 
y G (D(Vj), A a,A/ ; G C and /y is C ° ° . Therefore, there exists a constant c > 0 such 
that on [7 ; we have 

\if A B| ^ c ( i 
2 
2 

A r/.i; A dy 
' 
' 4 

" 
( 
5 

/7 
A dx A ri/y + v A d:/; A r/yy 

) 

If we set 

A,(s) = 
J s (e) 

( 
( 

dx 
X 

^ dx A dy ) ) . 

Aj( e) = 
I S (e) 

' 
' 

dy 

y 
A dx A r/// 

C / (5) = 
J s (e) 

' 
' // A d.T A r/iy 

) 
) . 

thenTj (e) < C'{Aj(e) + /?•;(£) + (£•))• Hence, it is sufficient to prove that 
lhm^o Aj(c) = linig—o Bj {s) = lim s_ ( , C} {s) = 0. We will prove that l im,_ 0 A} (c) = 0 
and leave the proof that lim £_o Bj(s) — lim£-_,o Cy(^) = 0 for the reader (note that 
linu^o CAs) — 0 because // is C y o c ) . Given 0 < a < 1, define 

J(a,c) = 
( 
( 

r5,(5)n(|.r|>/) 

) 
) 

r/,r 

X 
A r/.r A r//y and AT a, c) = 

' 
' 
' .S/-(£)D(|.r|̂ «) 

) 
) 
dx 

x 
A r/.r A dy 

so that ,4,(£) = ./(a.-) + K(a.s). Since | ^ Adir Ad7/| is C8 on (|.r| > a), we get that 
linu__o J(r/. c) = 0 for all a > 0. Therefore, it is sufficient to prove that there exists 
0 < a < 1 such that linu^o A(r/.c) = 0. 

Set x = r c m and y = sc'*. so that | ^ A dx A dlj\ = 2\dr A da A dy| In the 
coordinate system (r. n. y) we have /( / ' . o. /y) = r-s-y(r. n. /y) (by (iv)). where ry G 
and ry > 0. Since Or • y/0r({). rv. /y) = (j(().(\,y) > 0, there exists 0 < ri < 1 such 
that the map ir(r.(\.y) — (r • ry(r. rv. /y). rv. /y) = (R.o.y) is diffeomorphism from a 
neighborhood IT of (r = 0) n (|/y| ^ 1) onto \V\ = (7? < r5) fl (|/y| < 1 + r)). where 
irsup(r ^ a) n(\y\ ^ 1). Note that | / " 1 (/?. rv. /y) = (7? • //(/?. ru/y). o./y). where // is 
C r 3 C . In the coordinate system (7?,rv./y) we have 

5 ; ( £ )n i r , = (/?-|//| = R-s = s)n(s r 1) := Tie) = > A ( ^ - : ) = 
) 
) 

T(c) 
2|r/(/?-//)Ar/oAri/y| 
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if £ > 0 is small. We assert that there exists a constant c > 0 such that 

2\d(R • h) A da A dy\ ^ c • R\ds A da A dfi\ on T(e), if £ is small (the restriction 

to T(e)). In fact, 

2|d(i? • ft) A da A dy\ ^ 2R\dh A da A dy\ + 2\h\ \dR A da A dy\ 

^ 2R\hR \ \dR A da A dy\ + 2R \hy \ \da A dy A dy\ 

+ 2\h\ \dRAdaAdy\ 

Since K := ie((r ̂  a) n (\y\ ^ 1)) is compact, 2|/z|. 2\hR\, 2\hy |. R are bounded in A , 

so that there exists a constants c\ > 0 such that 

2|d(i?. • ft) A da A dy\ ^ cx (R \da A dy A dy \ + |dR A da A dy\) 

^ ci (2 A |ds A da A d[i\ + A da A d/y\) 

on A', because \da A dy A dy\ — 2\ds A da A d i\. On the other hand, y — s • e lfj and 

R • s = e on Tie). Hence, if e > 0 is small, we get 

\<IR Ad<\ A djj = \d(Rdy)Ada`|(\\ = \d( — R. s i e~ujd¡d) A da + d(R e~'li3 ds) A da\ 

= \d( e i ( -e ie - ibdb) A da + d(Re->IJds) A da\ 

= \d(R<e-ib ds) A da] ^ R\ds A da A dft\ + \dR A ds A da\ 

= R\ds Ada• Ad3\ 

because dR A ds = 0 on T(e). Therefore, on T(e) we have 2\d{R. • h) A da A dy\ ^ 

c - R\ds A da A d/i\. where c = 3 c\. From this, we get that 

K(a.e) ^ c 
J T(E) 

Rids A da A dil\ = ce 
J 'T(E) 

) 
) 

)(Is 

s 
A da A di 

• 

On the other hand, the region T(e) in the real hypersurface 7?. • s = e. is contained in 

a region of the form 

Tx(e) : = {(A.,s,a. / j) \ R-s = e, a,/i G ¡0.2~ . 1 s :> e/R0}, 

where RQ = sup{A(/\ a. y)\ (r.a.y) G Sj(e)}. This implies that 

A(a . c ) ^ ce 
i 231 

34 ds 

2 
A da A dft = 4irzce • I \09-(e/R())\ lim A(a. e) = 0 

m 0 

This finishes the proof of Claim 1 in the first case. 

Second case: general case. Consider a resolution of the curve C by blowing-ups 

TT: M M and let C* = TT"1(C^), (I)* B* = TT*(B) and <p* = TT*(uj). Then JM dip AO = 0 

if, and only if, {M dip* A 0 = 0. Note that the singularities of C* are of nodal 

type. It is sufficient to prove that |C*| admits an open covering satisfying (i), (ii), 

(iii) and (iv). Let /; G sing(C) (which is not a node) and q G 7T~[(p). Since the 

singularities of C* are nodes, we have two possibilities: either q is a smooth point of 

C*. or q is in the normal crossing of two local components, say D\ and D2 of C*. 

Let us consider, for instance, the second case. Let (IF. (;j,\ y)) be a coordinate system 
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around p. where C fl U has a reduced equation (f\ • • • } \ . — 0). As we have seen, we 

can write ip\\y = Ylj=i Xj -j1 + v, where Ai,. . ., A/,. G C and v is C 0 0 . Consider a 

coordinate system (V. (f) = (w,r)) around q = (0,0) such that TT(V) C IF, 0 ( F ) = 

{(w, 't') G C 2 | |u|, H ^ 2}, DiHV = {u = 0) and D 2 n V r = (?; = 0). We have still two 

possibilities: either TT(DI) = TT(D2) = { p } , or TT(DJ) = {p} for just one j G { 1 , 2 } . Let 

us consider, for instance, the first case. In this case, if f3 is the strict transform of fj, 

then F:) := fj\v G <D*(V). On the other hand, f3 o TT(?I, I>) = //'"' • ^ • F r Hence, in 

the coordinates (u. r) we have. TT*((p) = A„ ^ + A/, ~ + z/*. where Aa = Ej m7- • A7, 

Xb = Ej nj E ; • Ay- and z/* = 7r*(^) + J2j XjdFj/Fj. Since iv, G (9*(Vr) for all j , we get 

that v* is C°°. We leave the proof of the other cases for the reader. This finishes the 

proof of Claim 1. • 

Let us finish the proof of (c) = > (a). Suppose by contradiction that O is holomor­

phic and G ^ 0. Let Z := (G)o be the divisor of zeroes of G. Given a divisor D on 71/ 

we will denote by [D] its class in Pic(M). Since G is a non-vanishing section of Q2(M). 

we have KM — \Z\. On the other hand, it is known that Tang(F\ Q) — KM + Nj? + Ng 

(cf. [Br]). Since Njr = Ng we get that 2Nr = Tang(.F. Q)-[Z] = ^ J l i nj[ Dj°. where 

7ij G Z and Dj is an irreducible component of Tang^F. Q) U Z , 1 ^ j ^ m. It follows 

from Claim 1 that 

d 

M 
G A G = 

•ni 
T. 
.7 = 1 

+ i r mj 
) 
) 

A / 

ci(D.j)A (I)e 

On the other hand, it is known that (cf. [G-H]) 

j M 

ci (DÒ) A G = 
J Dj 

e = o 

because G is a (0. 2)-form. This finishes the proof of Theorem 2. • 
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