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CHAOS VERSUS RENORMALIZATION AT QUADRATIC
S-UNIMODAL MISIUREWICZ BIFURCATIONS

by

Eduardo Colli & Vilton Pinheiro

Abstract. — We study C3 families of unimodal maps of the interval with nega-
tive Schwarzian derivative and quadratic critical point, transversally unfolding Misi-
urewicz bifurcations, and for these families we prove that existence of an absolutely
continuous invariant probability measure (“chaos”) and existence of a renormalization
are prevalent in measure along the parameter. Moreover, the method also shows that
existence of a renormalization is dense and chaos occurs with positive measure.

1. Introduction

The quadratic family

fa :[0,1] — [0,1) L aeo1],
x — dax(l —x)
is the simplest model that shows the complexity arising in nonlinear dynamical sys-
tems. For a fixed value of the parameter a, supposed to vary along the interval [0, 1],
one is interested to follow the behavior of iterates xy, 1 = f.(x0), v2 = fo(x1), ...,
in other words of orbits
O(xo) = {f3 (x0)}nz0

starting at a point xy. The set w(xg) of accumulation points of O(xy) gives a clue of
the asymptotic behavior of the orbit of x(, and is called the w-limit set of x(. It turns
out ([7]) that “typical” starting points xy € [0, 1] have equal w-limit sets. This could
be stated as follows: for each a € [0,1], there is a set A = A, such that w(xy) = A for
Lebesgue almost every xy € [0,1]. Moreover, there are only three types of sets which
A, could be: (i) a periodic orbit, i.e. a set {py,p1,...,pr—1} such that f,(py) = p1,
falp1) =p2s ooy falpr—1) = po; (ii) a periodic collection of pairwise disjoint intervals
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258 E. COLLI & V. PINHEIRO

{Io, 1, ..., Ix_1} where f,(Iy) = I, fo(l) = Io, ..., follx) = Iy; or (iii) a Cantor
set (i.e. a perfect and totally disconnected compact set) of zero Lebesgue measure.

The striking alternation of behavior of f, has been revealed and proved along the
last three decades. Among others, we know that: parameters for which the typical
w-limit set is a periodic orbit are dense (and contain intervals, implying also positive
Lebesgue measure) ([3], [8]); parameters for which the typical w-limit set is a collection
of intervals have positive measure (following [4]); and parameters for which the typical
w-limit set is a Cantor set have zero Lebesgue measure ([10]).

Among parameters with a cycle of intervals as its typical w-limit set, with total
Lebesgue measure ([9], [12]) we find those for which there is an absolutely continuous
(with respect to Lebesgue) f,-invariant probability measure. In this case f, is said to
be chaotic, although more intuitive and not exactly equivalent definitions of “chaos”
are available. This definition supplies at least some statistical properties for the
mean growth of derivatives along orbits and imply some dynamical structure on the
configuration space.

On the other hand, parameters where the typical w-limit set is a non-hyperbolic
periodic orbit are rare in measure. In other words, hyperbolicity is prevalent in
measure for these parameters. Putting things altogether, we conclude that for almost
all a € [0, 1], the dynamics of f, is either hyperbolic or chaotic.

A largely used concept in one-dimensional dynamics is the idea of renormalization.
We say that f, is renormalizable if there is a collection of pairwise disjoint intervals
{lo,I1.....I_1} properly contained in [0, 1] such that (i) the critical point é of f,
belongs to, say, Iy—1; (i) fo(lh-1) C Lo and f,(OIy—1) C OIy; (i) fo : I, — L4 is
a diffeomorphism for all ¢ = 0,..., k — 2. In particular, if we call I = I;_1, then the
function f¥[I resembles in many ways the general aspect of a quadratic function in
[0,1], since fX(I) C I, f¥(0I) € OI and f¥|I has a single (quadratic) critical point
(equal to %) By an affine rescaling a new function g : [0, 1] — [0. 1] could be defined,
but in general we may not expect g to be quadratic.

Renormalization is a kind of reduction tool. For example, the behavior of typical
orbits is completely determined by the restriction f¥|I, since we know (see [13] and
references therein) that for Lebesgue almost every x € [0, 1] there is n = n(x) such
that f)'(z) € I. All subsequent iterates must remain inside the cycle from this iterate
on, because of the invariance properties stated above. This suggests that no complete
knowledge of the quadratic family could be achieved without the understanding of a
larger class of functions which contains in particular the ones generated via renormal-
ization. For this class, it would be desirable some qualitative dynamical similarity with
quadratic functions, not only for technical reasons (proves with recursive arguments)
but also for the sake of some universality in the conclusions.

In [3] and [8] (denseness of hyperbolicity), [9] joint with [12] (measure prevalence
of chaos) and [10] (rareness of Cantor w-limit sets), this larger class of functions to
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CHAOS VERSUS RENORMALIZATION 259

which the quadratic functions belong (and which is invariant under renormalization)
is composed by all analytic functions f which are holomorphically extendible to a
neighborhood U of [0, 1] in the complex plane, such that f(U) contains the closure of
U and f is a double branched covering between U and f(U). Recently ([1]) there have
been considered the case of real analytic functions, but even so some main arguments
are based on constructions developed in the complex plane.

Among the results mentioned for the quadratic family, the positive measure of
chaotic parameters, proved for the first time in [4], is the only one which has been
stated for C'? families (see for example [16] or [13] and references therein). The present
work is an attempt to provide techniques restricted to the real setting, weakening
smoothness considerably, in order to state results that go in the same direction as the
ones of the previous paragraph. Unfortunately the extent of the conclusions cannot
be as complete as the ones already proved for the quadratic family. The main reason
is that our statements are of a local nature, that is, they are valid only for parameters
in small intervals around some bifurcation values. This does not allow us to go beyond
the first renormalization, where full families appear.

Here we deal with C* unimodal interval maps f, that is those with a single turning
point ¢, with the (classical) additional hypothesis that the Schwarzian derivative

iy = L@ 3 <f”(w>>2
PO= T 2\ )

defined for all  # ¢, is non-positive. These functions will be called S-unimodal. From

this hypothesis some a priori conclusions can be derived. For example, there is at
most one periodic attractor and if it does exist then it must attract the critical orbit
O(c) ([15]). Moreover, distortion of derivatives for powers of f can be uniformly con-
trolled (see statements in [13]). This comes from two facts: first, if a diffeomorphism
defined in an interval I has non-positive Schwarzian derivative, the ratio between its
derivatives evaluated at two points can be bounded by a constant which depends only
on the proportion between their mutual distance and their distance to the bound-
ary of I, but not on the diffeomorphism. Second, powers of f have also non-positive
Schwarzian derivatives, hence distortion bounds may be obtained whenever f"|I is a
diffeomorphism for some I, independently of n.

To make clear the results we want to state below, it is convenient to relate renor-
malization with the classification of functions into three types we have made above,
which are still valid for the larger class we are considering now (see [7]). First, we
observe that if f is renormalizable then there is an interval I'!) containing the critical
point and a number k; such that f¥1|7()) is a unimodal function. It may be that
this function is also renormalizable, and in this case we say that f is (at least) twice
renormalizable. We can take the maximum chain of renormalization intervals ordered
by (proper) inclusion

0,1 =1 >1W 513
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260 E. COLLI & V. PINHEIRO

If this chain has size N + 1 then we say that f is IV times renormalizable, and if its
size is not finite (N = oo) then we say that f is infinitely renormalizable. The case
where the size is equal to 1 is called non-renormalizable.

It turns out that f is infinitely renormalizable if and only if typical points have a
Cantor set as its w-limit set ([13]). If f is V times renormalizable, its typical w-limit
set is determined by the N-th renormalization g = f*¥|I(™) If ¢ has an attracting
fixed point, the w-limit set is a periodic orbit, otherwise a collection of intervals. Here
we are using the fact that if g had an attracting point of period greater or equal than
two then g would be renormalizable, characterizing a contradiction.

We say that f is Misiurewicz if the critical point ¢ is not recurrent, i.e. ¢ ¢ w(c).
It may happen that w(c) is an attracting periodic orbit. If not, then f(c) belongs
to a hyperbolic invariant compact set A = Ay. From hyperbolic theory, we know
that for ¢ sufficiently near f (in the C'' topology), there is a g-hyperbolic invariant
compact set Ay such that f|A, and g|A, are conjugated by h, : A — A,. The function
g+ Ay is in fact C Uand is called the hyperbolic continuation of A. Now we embed
fina C? family (f.)e, where fo = f, and call w the point belonging to A such that
w = f(c). As a varies, w has its continuation w, = hy, (w) and the critical point ¢
has its continuation ¢,, which is well defined by the Implicit Function Theorem, using
that ¢ is quadratic. We will say that (f,), is transversal at a = 0 if

d

d_(; (fulca) —wy) # 0.

. . d
Without loss of generality, we assume ¢, = ¢ and I—(f( (¢) —w,) > 0.
aa

Theorem 1.1. — Let [ : [0,1] — [0,1] be a C* S-unimodal non-renormalizable Misi-
urewicz function, without periodic attractors. Let (fq)a be a C* family with fo = f,
transversal at a = 0. Then there is ¢ > 0 such that

(1) for almost all a € [—<,¢], fu is chaotic or renormalizable;

(2) parameters for which f, is renormalizable constitute a countable union of closed
intervals which is dense in [—¢,¢];

(3) parameters for which f, is at the same time non-renormalizable and Misi-
urewicz have zero Lebesgue measure in [—<,£].

All items of Theorem 1.1 are new for non-analytic families (the third item is anal-
ogous to the statements in [14])

As a corollary of the method, we are also able to show that parameters for which
fa is chaotic have positive Lebesgue measure in [—¢, <], assertion which has already
been proved, even in more generality. for C? families (see [16] and [13], Chap.V,
Section 6; in fact, they prove that the relative measure goes to one at the bifurcation
value). The techniques, however, go in a totally different direction, since they work
with exclusion of “bad” parameters (which in general include everyone for which there
is a renormalization), showing then that the remaining ones have positive measure
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CHAOS VERSUS RENORMALIZATION 261

and reasonably good expansion properties (an absolutely continuous invariant proba-
bility measure, for instance). These methods however may exclude also some positive
measure set of “good” parameters, for which one could also prove the existence of
stochastic dynamics. Here, on the other hand, we show that chaos is prevalent in
non-renormalizable dynamics and non-renormalizable dynamics occurs with positive
measure in the parameter.

Our methods could also be useful to obtain precise estimates of the measure of
chaotic parameters and even an upper bound for the Hausdorff dimension of non-
renormalizable non-chaotic parameters, provided enough control was achieved in con-
figuration space (see [5], for attempts in this direction for C? families).

After suitable changes in the conclusion, we could drop the assumption that the
bifurcating map is “non-renormalizable” in Theorem 1.1 by writing, instead, that f
is finitely renormalizable. In this case, f would be N times renormalizable (N > 1),
Misiurewicz and without periodic attractors. Then for the transversal family (f.)a
we would have two possibilities: (1) f, is at least N times renormalizable for all
a € [—=,¢], for e > 0 small; (ii) f, is at least N times renormalizable for a € [—<.0]
and at least N — 1 times renormalizable for a € (0,¢]. The first statement might be
rephrased, respectively, into: (i) almost every a € [—e,¢] is chaotic or N + 1 times
renormalizable; (ii) almost all a € [—¢,0] is chaotic and N + 1 times renormalizable
and almost all @ € [0.¢] is chaotic or N times renormalizable. The proof would run
on in the same way, with minor adaptations.

The proof of Theorem 1.1 uses a result proved in [2]. Some “starting conditions”
must be satisfied for the functions f,, a € [—<.¢], allowing an inductive argument to
work. This will be better explained in the next section.

2. Mounting the proof

Let f:[0,1] — [0, 1] be an S-unimodal C** function and ¢ its critical point. Assume
that f is Misiurewicz, i.e. the critical point ¢ is not recurrent, and f does not have a
periodic attractor. The following definitions and Proposition 2.2 can be found in [11]
(in fact without the Misiurewicz hypothesis).

Let 2 € [0,1] and 7(x) # 2 be such that

Jr) = fr(r)).
and let V,. = (z,7(x)).

Definition 2.1. — A point x € [0, 1] is nice if f"(2) € V, for all n > 1. In this case V,
is a nice interval.

For example, every periodic orbit contains a nice point, for instance the one maxi-
mizing the value of f. Moreover, as f does not have a periodic attractor then there
are periodic points arbitrarily near ¢, assuring arbitrarily small nice intervals.
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262 E. COLLI & V. PINHEIRO

Let U, C [0, 1] be the set of points that visit V,. at least once (including the points
of V), and
A, =1[0,1] N U,.

The following Proposition is proved in [11].

Proposition 2.2

(1) If I is a connected component of U, then there is n such that f* : I — V, is
monotone and onto. This function is called the transfer map from I to V.
(2) In this case, the intervals of the collection

{L.f(D),....f"(1) =V,.}
are pairwise disjoint.

(3) The set A, is invariant and hyperbolic (hence with zero measure), and if w € A,
is such that f"(w) ¢ V.. Vn > 1, then A, accumulates from both sides on w (for
short, w € A, ~ OA,, where OA, denotes the set of points of A, which belong to the
boundary of a connected component of (0,1) ~ A, ).

Proof. — See [11]. O

As f is Misiurewicz, there is a neighbourhood V' of ¢ such that f"(¢) € V,Vn > 1.
Take a hyperbolic periodic nice point y in V' (all periodic points must be hyperbolic
under the hypotheses, since Sf < 0 implies that nonhyperbolic periodic points must
be attractors). Then V, C V and, as f"(c¢) € V,, ¥n > 1, it follows from Proposition
2.2 that f(c) € Ay, ~ OA,. In other words, f(¢) is accumulated from both sides by
arbitrarily small connected components of U,,.

Now we define a new nice point as follows. Take z € V,, N[0, ¢) such that f(z) € 01,
for some connected component I ofU,. As f(c) € A,~JA,, z can be chosen arbitrarily
near ¢, so that

V=
Vsl
can be as small as desired. With a minor modification in context, the following
Proposition is also stated in [11].

Proposition 2.3. — Let I be a connected component of U, and, by Proposition 2.2, let
n be such that f" : I — V. is monotone and onto. Then there is I D I such that

f I — 'V, is monotone and onto.

Proof. — Let T be the maximal interval containing I such that f"|7T is monotone and
f(T) C V,. It is easy to see by Proposition 2.2, item 2, that I C int(T"). Supposing
by contradiction that f"(T") # V,, there is at least one connected component L of T'\\1
such that f(L) C V,. By the maximality of T, there is j < n such that ¢ € 9f/(L).
Again by Proposition 2.2, f/(I)NV. = @, hence z € f/(L) (or 7(z) € f/(L)). But
f(L) C V, implies f"J(z) € V,, contradiction, since f(z) € A,,. O
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CHAOS VERSUS RENORMALIZATION 263

Let (f4)a be a C? family of S-umimodal functions with f, = f, transversal at a = 0,
where a varies in the range [—¢, ], for some £ > 0. As y is a hyperbolic periodic point,
it has a continuation y, defined for small values of a. Also =z has a continuation z,,
since it is a preimage of y. Moreover the hyperbolic sets A, and A, have continuations
Ay and A, and the whole “hyperbolic structure” is preserved. This could be stated
as follows: for each sufficiently small a there is a homeomorphism

he 01N Ve — (0] N VL

such that
filroh,(x)=hyo fi(x).

whenever {x, fo(x),..., fi'(x)} € [0,1] ~ V2. In particular, Proposition 2.3 remains
valid (if adapted to the continuations) for a € [—=, ¢].

Lemma 2.4. — Let ) : 1 — V., be the transfer map of some preimage I of V. . and
let f 1 —V,, beits extension. If I 0 [fo(z4).1] # @ then I C [fu(z4).1].

~

Proof. — Otherwise f,(z,) € int(f) and fI'(f.(z.)) € V), . contradiction, since by the
choice of z the orbit of z, never intersects V. O

Now we fix some notation, which the reader can follow with the help of Figure 1 (de-
picted for a > 0). Let @ > w be a point of A, for @ = 0. and w, its continuation. Since

’T'u -
W+ AT e ---
| o YA w— -
@0 |wl !
s . : -
,fu(‘-u) 4 - TTTTTR T
} | '\
| o
; ; Do
| / ! ! \
| | | |
i | ; \
falya) -+ ! - 3
Vi

Fraure 1. Mounting the proof

A, accumulates from both sides in w. we may suppose that |, —w,| < [w, = fo(z4)].
By requiring ¢ > 0 small enough we also beg that f,(¢) < w,. for all a € [—z.<].
Let W =W, be the collection of preimages of V- intersecting [f,(z.). w,]. For each

w=uw, €Wlet I}":w — V., beits transfer map, and let @ = &, be its extension

'
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264 E. COLLI & V. PINHEIRO

domain relative to V,,,. Although hidden in the notation, we look at W as a function
of both parameter and space, defined in the domain

{{a.2) i v € wy.a € [—=,2]}.

We will adopt capital letters to indicate two-variable dependence in other situations.
For example, we write F(a,x) = f,(r), so that partial derivatives are denoted by
Fu. Fr, Frpy Fra, ete. In this notation, compositions are denoted with respect to
the second variable (configuration space). for example W o F' means the function
(W o F)(a,x) = W(a, F(a,r)). The powers F* are inductively defined as F*(a.r) =
F(a, F* Y(a,2)) and we write F*. F¥_etc. for their derivatives. The notation (F,)",
in turn, means the k-th power of the x-derivative of F. We sometimes treat these
functions as functions of one-variable (the wr-variable), writing expressions as F'(x),
meaning F(a,x), or F|I, meaning f,|I, where I is an interval, whenever it is clear
that the parameter is fixed.

In Section 5 we will show that the transversality of the family (f,), at @ = 0 implies
that the critical value f,(¢) transversally crosses the hyperbolic set A., not only at
w,. for a = 0, but also at nearby points for small parameter values. In particular, if
we fix some preimage wy of V.

a

whose continuation is wy .. the set of parameters
Jy={a€l—zc.2]: folc) €Ewoa}

is an interval, for £ small (see Figure 2, where J, occurs for a < 0). Moreover, we will

W~

\

T

|
It

Jo

Fraure 2. Evolution of the critical value

show that the set

I'={a€el-zz2]: fc)e A}
has zero Lebesgue measure. Hence all of our assertions will be made for a fixed
preimage wy to which the critical value belongs. for parameters in the corresponding
interval .J,.
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CHAOS VERSUS RENORMALIZATION 265

We now focus our attention on the first return map ¢ = ®, of V. . for parameters
a € Jy, for a fixed wy = wy.. (see Figure 3). The connected component of dom(P)
containing the critical point ¢ is called the central interval and will be denoted by
Yo = Y0.a (note that ®(dvy) C dV., ). The restriction

H =&y = Wyo Fly

is called the central branch, where W : wy — V., is the transfer map associated to wy.

The remaining connected components of dom(®), together with the central interval.

L

cover V., up to measure zero. They form a collection which will be denoted by P,
where for each m € P we have F/(7) = w. for some w € W. In other words.

P=dlr=WoF

Tom— V.,

is a diffeomorphism, where W : w — V. is the transfer map associated to w. Each
m € P is called a reqular interval.

Wi

V-

“a

Frc¢ure 3. Return functions

A further refinement is made. obtaining from ® a new map ®. defined in V., (up
to measure zero). This map coincides with @ in the central interval. and outside it
corresponds to the first entry map into 5. The domain of @ is composed by the
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266 E. COLLI & V. PINHEIRO

central image together with a collection B of intervals called the preimages of the
central interval. To each preimage 3 € B we define the diffeomorphism B = ®¢|j :
3 — 50, assigning 7y, w2, ..., ™, such that 3 C m. P (8) C w2, ..., (P,0---0P)(8) C
Tintls -y (Pho---0P)(B) =79, where P, : m,, — V. is the restriction of ® to m,,,
m=1,...,n. We also define

u(ﬁ) - (Pn ©---0 Pl)_l(vz(,)a
which in particular coincides with 7 in the case n = 1.

Of course all definitions above depend on the parameter a, which is allowed to vary
in the interval Jy. Capital letters again are used to denote two-variable functions.
The interval vy = 7., is continuously defined for all @ € J,. The same is true for
each m € P and € B. Figure 3 shows what should be the evolution of the connected
components of dom® with respect to the parameter, along the interval J,. Among
others, we will show that H(a,c) transversally crosses these components.

A number of requirements for the map ®. which we call starting conditions, must
be satisfied, in order to start an induction procedure, developed in [2], that proves
Theorem 1.1. We separate these requirements into three parts, listed below. We are
implicitly assuming non-positive Schwarzian derivative.

Geometry. — There is n > 0 small such that

|7().11| |/}u| |/7)/1|
— <, —_— < 1), —_—_ < 1),
Vol =" Gt(eoom) " dst(pa.ov.)
for all a € Jy and 8 € B. Moreover, for each 4 € B, the diffeomorphism B : 3 —
is extendible to a 1~ !|3]-neighborhood of 3. for all a € J,.

These conditions are uniform in the parameter and have been considered in previous
works (see [6] and [7], for example).

Central branch. H,. # 0, H, # 0 and there is §; > 0 small such that the quotients

‘H.lf.lf.l' [[(l.l' [I(L('
70! - ik 70! - H| | Jo] - H.

Hpra
5 I']U| : \“i 3

H,.

are smaller than &y, for all x € vy, and a € Jj.
In particular, these conditions imply small distortion of H,, and H, along & € 7.,
and a € Jy.

Preimages of the central branch. |B.| = 2. forall € B, x €3, a€Jy Foreach
7€ B, let

J(B)y={a€ Jy; InHNU(F)# T or |[Im H| > %}V]}
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CHAOS VERSUS RENORMALIZATION 267

Let V be the mean value of H,(a.c) along a € Jy. Then there is 9; > 0 small such
that the quotients

B(l | ) | B,I','? l | B.L'(I
B.’JtV ’ Yo (B_,;)2 B} Yo (BJ>2V B
Buu 2 B,lzx',lr 2 B,r,l:a
[vo! - W - |l (B, )*| 70 (B, )V

are smaller than dq, for all x € 3,, a € J(3) and g € B. The first quotient implies
that preimages are transversally crossed by the critical value of H, and the second
implies small distortion of derivatives of the functions B : 3 — 7.

The following Theorem is proved in [2], when @ is C"*. In Appendix A we show
that in fact C? is enough.

Theorem 2.5 (Colli). — If ®, satisfies the starting conditions Geometry, Central
Branch and Preimages of the Central Branch, for sufficiently small 1 > 0, 69 > 0
and 8; > 0 then

(1) for almost all a € Jy, f, is chaotic or renormalizable:

(2) parameters for which f, is renormalizable constitute a countable union of closed
intervals which is dense in Jy;

(3) parameters for which f, is chaotic have positive Lebesque measure in Jy:

(4) parameters for which f, is non-renormalizable and Misiurewicz have zero
Lebesgue measure in Jy.

Therefore we are left to prove that, given n > 0, §; > 0 and dy, there is a choice of
V. and £ > 0 such that for every map @, as above, constructed for a € J, Jy C [—=.¢],
the starting conditions are satisfied with the constants 7, 4y and d;.

In the proof we rely mostly on expansion estimates which comes from the Misi-
urewicz hypothesis. It is known that distortion of derivatives can be obtained using
expansion along iterates, and the same will be true for the quotients mentioned above,
related to distortion involving both the parameter and the configuration space. The
estimates are, however, more delicate, and recovering of bad derivatives must be
achieved in unusual manners, mainly when parameter is involved. We call circular
recovering the ensemble of these techniques, which are developed in Section 4, and
their first applications appear already in Section 5, where the first derivative with
respect to the parameter appears.

In addition to expansion obtained from the proximity of a Misiurewicz bifurcation,
the techniques exposed in Section 4 use also the geometry generated by the dynamics
and a priort distortion coming from the hypothesis on the Schwarzian derivative.

We believe that this result could be stated without the Misiurewicz hypothesis,
but some obstacles should be bypassed. First, a transversality condition should be
formulated for germs of families unfolding a general non-renormalizable map. Second,
some features of the geometry should be adapted. And third, some expansion would
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268 E. COLLI & V. PINHEIRO

be desirable, unless a completely different approach could control the quotients without
expansion (more or less like the Schwarzian derivative controls distortion even if little
of the dynamics is known).

The Sections are organized as follows. In Section 3 we briefly discuss constants
and their hierarchy, and state immediate consequences of non-positiveness of the
Schwarzian derivative. The main one is Corollary 3.4, proving the Starting Conditions
called “Geometry”. We are left to obtain the remaining Starting Conditions, a task
which is achieved step by step. In Section 4 we develop the techniques mentioned
above which we call “circular recovering”. There we deal with the expansion rates of
the transfer maps W :w — V., for w € W. In fact, more than simply estimating W,

wifi<kand W = FFlw.
Moreover, we are able to recover not only “bad derivatives” but also “the square of bad

we also look at derivatives of intermediate iterates, like £

derivatives”, which is essential to Section 6. In Section 5 we explore the transversality
assumption on the bifurcation and control the quotient W, /W, (and also intermediate
iterations). This quotient is related with the way pre-images w of V,, are crossed by
the critical value. We also prove that the set of parameters I where the critical value
does not belong to any of these pre-images has zero Lebesgue measure. In Section 6
the remaining quotients for the transfer maps W are controlled.

In Section 7 we obtain the Starting Conditions called “Central Branch”. Estimates

of Sections 5 and 6 are used, since the central branch H : vy — V. is the composition

Za

Wy o Flvyy (recalling that Wy is the transfer map of the pre-image wq of V. to which
the critical value belongs).

In Section 8 we work with regular branches I” : 7 — V., and their compositions,
which form the maps B : 3 — vy. Recall that P is the composition W o F|7, for some
W:w— V., weW. The goal is to control expansion of compositions, since there
are also bad derivatives for some of the P’s. But bad derivatives may be recovered as
in Section 4, with ideas resembling “circular recovering”.

In Section 9 we study the first derivative with respect to the parameter for com-
positions of regular branches and we achieve control on the first quotient B,/B, of
the Starting Conditions “Pre-images of the central branch”. The remaining quotients
are obtained in Section 10.

Everywhere we have to work with mixed derivatives of compositions, using the
formula stated in Appendix B. In Appendix A, as we said above, a key lemma in [2]
is stated for C* families, instead of C>. The same approach could be useful whenever
one has to deal with saddle-nodes and parameter distortion at the same time.

3. Conventions, distortion and geometry

We adopt the following convention on constants. We denote by Cjy a constant
greater than 0 which is bigger than any constant used from now on which depends
only on functions belonging to a C* small neighborhood of f. This includes universal
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constants which do not depend even on these functions. Next, we adopt C, as the
constant which depends also on the choice of y, and C. as the constant depending
on the choice of z. There will be some abuse of notation when we calculate things
as “3C3" and after all say that it is smaller than Cy. This means that if in some
previous Lemma we have estimated something with C~70 and now we are obtaining

another estimate C/% = 3C~704 then Cy is greater than both a) and 6\'0

The Greek letter § will be used as an auxiliary quantifier, appearing always as
“given & > 0 there is...”. We will choose ¢ sufficiently small such that the Starting
Conditions are satisfied for given 7, 6y and d;.

Remark that we have the freedom to choose V, (independently of V) in such a way
that the ratio |V.|/|V,| is small. After the choice of V. we can also choose ¢ small.

For example, we define

o |Vz
ro= =Dl
=2y
and choose ¢ small so that
Wl < r(e)
Vol =

for all a € [—¢,2]. Moreover, the constant € has to be chosen small to validate the
constants Cyp, Cy and C..
To be more precise, we will be interested not only on the ratio |V, |/|V,,], but

on the size of V., compared with both connected components of V,,, ~ V. . But the

“a

involution function 7 = 7, is Lipschitz with constant Cy, for a € [—E, ¢], so that r(z)
small also implies that V., is uniformly small compared with its adjacent components
of Vy, ~ V...
Below we introduce the small constant § > 0, which will be related to the ex-
tendibility of iterations of the map. It will directly depend on r = r(z).
Other constants, o = o(y) > 1 and A = /o will depend only on the choice of V,
(with e small, of course), and will be related to the rate of expansion outside V.
Finally, we use the symbols “x”, “ <" and “ 2 7, in the following sense. For some
fixed small constant € > 0, say € = 1073, C < D whenever D > 0 and C < (1 +&)D
Then C 2 D if and only if D < C and C ~ D if and only if C < D and D < C.
Non-positive Schwarzian derivative has its main consequence in the Koebe principle,
which is restated in the following form.

Lemma 3.1. Given 6 > 0, there is ¢ > 0 such that if f : I — fu ) is a diffeo-
morphism, Sf(x) < 0 for all x € I I C I is another interval and f(I) is smaller

z‘h(m q times the size of each connected component of f(I ) N f(I) then there is a
0~ I|-neighborhood I of I in I such that the derivative of f has small distortion in I
that is
e
f'ty)
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Proof. — See [13] for a detailed account. O

Lemma 3.1 has the following important Corollaries, which prove the Geometry of
the Starting Conditions. They will be used in many points of this work.

Corollary 3.2. — Given 6 > 0, if r = r(z) is sufficiently small then |w| is 6 times
smaller than the two connected components of © \ w.

Proof. The transfer map W : w — V. is extendible to W : & — V,,. But W
has non-positive Schwarzian derivative, since it is a power of f, and the sign of the
Schwarzian derivative is preserved by compositions. Then the Koebe principle can be
applied to W. O

Corollary 3.3. — Given 0 > 0, if r = r(2) is sufficiently small then

||

_— 0*
dist(m, 0V,,) =7

for all me P.

Proof. — By Lemma 2.4, & C [F(2,),1], Yw € W. Combining with Corollary 3.2,
w is as small as we want compared with dist(w, F'(z,)), provided r(z) is small. But
for every m1 € P, F(w) = w, for some w € W. The Lemma follows, since F is
approximately quadratic on V., . g

Corollary 3.4. Given n > 0, if r = r(2) and £ are sufficiently small then

170 15 3]
! 9 . < 1 9 . -
V.l < dist(3,v0) 1 dist(3,0V>,)

Za

<,

for all g € B. Moreover, for each 3 € B, the diffeomorphism B : [ — 7y is extendible
to a n~ Y| B|-neighborhood of 3.

Proof. — The first inequality can be obtained with & small. The intervals w = w,
accumulate (uniformly on a) in w = w,. If ¢ is small then w, must be small for
every Jy C [—¢,¢] and vy will be small as well, compared with V,,, whose size is ap-
proximately constant. Moreover 7, is small compared with each one of the connected
components of V.~ vo.

To prove the remaining assertions, observe that ¢4(/3) is into the connected compo-
nent of V., ~ vy to which 5 belongs, and B : § — = is extendible to B : U(3) — V5,
By Lemma 3.1, if ¢ is small then there is an = !|3|-neighborhood of 3 in U(3). In par-
ticular the other inequalities are valid and B is extendible to this neighborhood. [
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4. Circular recovering

In this Section we deal with expansion of derivatives along the iterates which send

an interval w € W onto V.,. We use Proposition 4.1 below, proved for example in

[13], which assures some expansion of derivatives provided some simple information
is given about the orbit. In the proof of this Proposition, a loss in expansion at a
given iterate is compensated by the iterates following it. which is a kind of forward
recovering of the derivative. Lemma 4.5 below says that the last loss of expansion
in the derivative could also be recovered by the first iterates. This could be called a
backward recovering. We call circular recovering the combined use of these techniques.
The same ideas appear in Sections 8 and 9. in a slightly different context. They are
in the core of this work and deserve a careful attention.

Proposition 4.1. There is Cy >0, 0 = o(y) > 1 and ¢ > 0 such that if a € [~=, €]
then F' = F(a,-) has the following properties.

(1) Ifw.....F*"Ya) €V, then |Ff(a.r)| = C, ok

(2) If v B Na) € Vo, and F¥(x) €V, then |[F¥(a.x)| = (7!710"

(3) Ifw,....F¥*"Y(a) g V., then |F¥(a,x)| = Cy’l(r" inf—o . x1 |[Fola, F'(a, )|

This constant 0 = o(y) > 1 will be fixed from now on. The first consequence is

bounded distortion for iterates outside V.

Lemma4.2. —— Suppose = > 0 small and a € [—¢,2]. There is Cy > 0 such that if T
is an interval satisfying F'(T) NV, =& for alli=0,....j —1 then

Fi(
o
Fl(v) '
for all w,vo eT.
Proof. — Write
J—1
llog | I} (u)| = log |/ (0)]| = |>_log [F.(F'u)| — log |F..(F'v)]
i=0
which is smaller than
J—1
c, "u—F'ul,
i=0
where 5,, = max{|2 log|F,(a.2)|| : @ ¢ V,, }., remarking that F,(F'u) and F,(F'v)
have the same sign for ¢ = 0,....j — 1. But Proposition 4.1 implies

1> |[Flu— Flo| > (",/’]aj_"[F"u — F'yl,

proving the Lemma. O
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Now we fix some w € W and x € w, and suppose a € [—e, <], for € small. We write
W:w— V., as W = FFlw. The next Lemma says that when the orbit visits the

interval V,, the square of the derivative can be recovered by the next iterates until
the next visit of the orbit to V,, .

Lemma4.3. — There is Cy, > 0 such that if u = Flz € V,,, ~ V., and j > 2 is the
first integer such that Fiu €V, then

[ (Fu)| - | Fa(u)]? = ¢t

Yy

Proof. — Let T = [Fu,w,]. As I is approximately quadratic and ¢ is small then
y
T < Col Fi(u)]*.

Hence the Lemma will be proved if we show that

EIZNFu)- T = ¢

This in turn follows from |F!(Fu)| - |T| > ("!71, where 7 is the first integer such that
F(T)NV,, # @, since i < j —1and [F)~'/(FTu)| > ¢, Yo/ Now F/(T) is
an interval intersecting V,, , but with a point, say F’(w,), outside a neighborhood V'
containing the closure of V,, (see definitions of V' and Vj,, in Section 2). This implies
that there is d > 0 such that [F'(T)| > d.
By Lemma 4.2,
4 < [F/(T)| < O\ Fi(Fu)| - |T),

proving the Lemma. O

The following Lemma is a corollary of the proof of Lemuma 4.3. It says that the
square of a bad derivative F,(u), u = F'z, may also be recovered by the first iterates
of the orbit of x.

Lemma 4.4. Let iy > 1 be the first integer such that F'*x € V,, . There is Cyy > 0

such that if u = Fla, | <k, is such that u € V,, ~ V., then
F (@) | Fa(u) > ¢,
Proof. As in the proof of Lemma 4.3, let T' = [Fu,w,]. We want to show that

|[Fi ()| - T > €t T @ s the first integer such that F/(T) NV, # @ then i < iy
(since T D w). Hence it suffices to show that |Fi(x)| - [T| > C,'. But by the

bounded distortion of the derivative of F'|T" and since x € T we have d < |F'(T)] <
Cy|Fi(z)] - |T|, for some fixed d > 0, and the Lemma follows. O

If the square of a bad derivative is recovered by the first iterates then the same
happens with the derivative itself. This is the content of the following Corollary. Let
A= Ay) = /oly), where o is given by Proposition 4.1.
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Corollary 4.5. — Let iy > 1 be the first integer such that F''x € V,, . There is C, > 0
such that if u = Flx, | <k, is such that u € V,,, \ V., then

[E3 ()] [Fa(u)] = Ot
Proof. — By Lemma 4.4,
| @) | Fa(u)] > O 12,
On the other hand, z, Fx,...,F'" "'z ¢V, hence by Proposition 4.1
|F111 (T)ll/z > 61171/2<O.1/2)i1.
The Corollary is proved if we multiply both sides of the first inequality by |F't (x)|'/2
and then use the second inequality. O

The following two Corollaries will be directly applied in the following Sections.

Corollary 4.6. — There are Cy, > 0 and A\ = Ay) > 1 such that the following holds.
For all x € w, w € W with transfer map W = F¥lw : w — V., and u = F'z, for
0<Il<k—1, we have:

(1) [FE ) > Oy Ak

(2) ' & Vi, then [FE1(Fu)l - |, () > Gy Ik,

(3) If u eV, then |FFI"Y(Fu)| - |Fo(u)]* = CJ PN, where

s=#{l+1<i<k; F'lzeV,}.

Proof. — The first inequality comes directly from Proposition 4.1. It is valid also for
A since A < 0. The second inequality follows if we use the first and observe that if
w @V, then |F.(u)] > C; |V,
assure that the square of the bad derivative is recuperated until the next visit of the

> C,,j‘. For the last inequality we use Lemma 4.3 to

orbit to V,,,. From this moment on we use the expansion given by the first inequality,
with unknown number of iterates surely greater or equal than s. |

Corollary 4.7. — There are Cy > 0 and A = A(y) > 1 such that
Fi()| > ' N

for all x € w, w € W with transfer map W = F¥ 1w — V. and 1 < j < k.
J

Za

Proof. — Let [ < j be the last iterate such that F' Ly e Vy. and 1 < @3 < [ be the
first iterate such that F'iz € V. If j = [ then Proposition 4.1 implies the Corollary.
Otherwise we write

[F) () =[R2 ()| - B (R |- [ F 1 (F )| - (R ().
As Fitly Fi*22 Fix ¢V, , by Proposition 4.1 we have

|F}’{7171<F1+]I)| > Cg;l/\j‘l~l.
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In addition, F't,...,F'"lz ¢ V. and Flz € Vi, hence again by Proposition 4.1
we have |[FLI-n(Fhx)| > O PN Finally, by Corollary 4.5, |F, (Flz)| - |Fit (z)] =
(RPN O

5. Exploring transversality

In this Section we combine the estimates of Section 4 with the transversality as-
sumption. For w € W with transfer map W = F¥lw : w — V., we may define

Ty = Tw.a = W(c) as the “center” of w = w,.
Using the Glossary (at the end of this work), we obtain

ke .
d - Wa F,oF'!
Z[T;~1/w\(l = Wr = (a,xy, a) = — Z 0

&x

(a, T a)-

i=1
We want in fact to give estimates on W, /W, for every x € w and even estimates on
FI/FJ, for every x € w and j = 1,...,k, as in the following Lemma.

Lemma 5.1. There is C'y > 0 such that

By
F}
for every x € w, w € W with transfer map W = F¥lw:w — V. and j=1,... k.

Za

< (7;/ 3

Proof. — By the Glossary,

ZF(,OF‘

i=1

But F, is bounded by > C, '\, by Corollary 4.7. O

Lemma 5.2. Given 0 > 0, there are an integer k = k(d,y) = 1 and p = p(d) > 0
such that if wy,ws € W have transfer maps Wy = F “-*|w‘,., s = 1,2 with ky, ks > k
and moreover xy € w, s = 1,2, satisfy |x; — x2| < p then

VVI N IVZ N

(1) —

W 1. Vl/2.,1:

(z2)] <0

Proof. — Let C, > 0 and A = A(y) be as in Corollary 4.7 and let
Cy > max{|F,|; a € [-¢=,¢], z € [0,1]}.

Let k = k(0,y) be such that

P
C,C —.
y~0 /\ < 4
Write
Ky
Ws.a < F,o !
i, () = 2 ()
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for s =1,2. If kg > k then

ko ; . c

s Fa o F/—l /\—A )
2 T (o) < GO T <G
i=k+1 v

for s = 1,2, using Corollary 4.7 and the choice of k. Then we are left to proving that

k i k i -
F,oF' ! F,oF! 4
—(a,x1) — ——(a,22)| < .
; Fi (a,21) ; Fi (a,x2) 5
But this is true if |z — x2] < p, for sufficiently small o > 0. |

Let us see what are the consequences of Lemma 5.2. Let {wy}n be a sequence
converging to w at a = 0. In particular the centers xn = x,, converge to w and
their continuations a — xy . converge in the C” topology to a — w,, for a € [—e, 2],
¢ > 0 small. This is easy to be proved since the rates of expansion outside V., are

uniform. By Lemma 5.2, {a — xn ,}n also converges in the C'! topology. This leads
d

to a formulae on —uw,:

da

d > E, Fi,—l
%uul = — Z ——;?r((t, Wy).

i=1 ks

Now let ¥ > 0 be such that

> 2v,
a=0

by the transversality condition. This implies that if V. is chosen sufficiently small, in

d
F.(0,¢) — Ta We,

order that every w € W is forced to be near w, and a € [—¢,¢], for £ > 0 small, then
&((,I,,;L') >v—F,(0,0),
W,
for every 2 € w = w,, w € W and a € [-¢,¢].
Moreover, if € > 0 is small then for every point x € A
Tq = hy(2) has velocity smaller than jf—’f(,,((:) —v. This implies two things: (i) to each

o I [fo(2), @], its continuation
x € A, corresponds (at most) a single point @ = a(z) € [~¢,¢] in the parameter space
such that f,(c) =z, and (ii) for every w € W the set {a € [—¢,¢]; fu(c) € w = w,}
is an interval.
Define
I'={a€[-¢c.c]; fulc) €A},

which is totally disconnected. We will prove below that Leb(I') = 0. Each gap of I'
corresponds to the parameters for which f,(c) belongs to some w = w, € W. The
collection of gaps in the complement of T will be called Jy, and from the next Section
on we shall restrict our attention to a particular element .J; of this collection, as
already described in Section 2.

Lemma 5.3. — Leb(I') = 0.
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Proof. -— Without loss of generality and for simplicity we will consider in this proof
only the negative range [—¢,0] and will assume the following: for a = —¢, f,(c)
belongs to the leftmost boundary point of some wy = wy, € W, with transfer map
Wy = F"w; @ wy — V., and any other w = w, € W between w;, and w, has
transfer map W = F™"w :w — V,, with n > n;.

For each interval family I = (1), let

J(I) ={a€[-¢c¢]; fulc) € 1}

Let T = (T'}), be the family of intervals with boundary points 04 T} = w, and 9_T}
the rightmost point of w; ,. It is not difficult to see that the following reasoning is
independent of a, so we omit the subindex. Let ny > 1 be the first integer such that
(T intersects V.. Then ny > ny and f"2(T') must contain V. (in fact Vy), since
fHOLTYY ¢ V,, Yi = 0, and f/(O-T') € V,, Vi = n; + 1 (by the definition of V.
and V). Therefore there is wy € W, wy C T, with transfer map Wy = F""2|ws :
wy — V.. Moreover, any other w € W between w; and ws or else between ws and w
has transfer map W = F¥|lw : w — V. with n > ny.

By Proposition 4.1, the expansion outside V. is uniform, up to a constant which
depends only on the choice of z. Therefore, analogously to Lemma 4.2, we have
bounded distortion for iterates outside V., this time with a constant C.. In this
particular case, this means that

N2 (e
EP) o,
Fi2(y)
for every @,y € T''. Hence
|wa| —1
> O VAL
It is easy to see, because of the bounds on velocities, that
|/ (w2)] —1 =1 ~—1
—= > C, C V. =C]".
|,](Tl)| = >0 z | ~| z

The interval J(w2) is in the complement of I'. Hence at this stage Leb(I") <
(1— (~'f D] J(T1)]. The argument continues by induction in the remaining connected
components of J(T') < J(wsz), and so on, in order that at every stage a definite z-
dependent fraction of parameters not belonging to I' is suppressed from the remaining

ones. This proves the Lemma. O

6. Transfer maps
Let w € Wand W = FFlw : w — V. its transfer map. We have already established
bounds on W, /W, in Section 5. In this Section we control the quotients
I1/21'.1' I41/:17(1 I1/,:1'.1'.1' ‘/1/:1(1 [/t/v.l'.l'(ly
(W)27 (W,)2T (W) (W)27 (W)
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Once more we suppose that V, is already chosen, and then take V. sufficiently small.
We always assume w € W as above and a € [~¢,¢], for £ > 0 sufficiently small, but
constants are independent of these choices. In the Lemmas we omit the argument of
functions. It is implicit that they are calculated for a € [—¢, <] and x € w. If we write
F, o F'=1 for example, it means F,(a, F'"!(a,z)). In this notation, |F" — ¢| is the
distance from the critical point to the i-th iterate of F.
We start by proving a technical Lemma which is a direct consequence of Corollary

4.6. The goal is to bound the sum

J

Sj =Y IF o FY)(Fo F7H
i=1

where j < k, which appears in all Lemmas of this Section.
Lemma 6.1. — There is Cy, > 0 such that S; < Cy. for all j < k.

Proof. — This follows from Corollary 4.6. Separate the sum S; into two sums: the
first, containing only those 2 < ¢ < j such that F'~!' € V. is bounded by a y-
dependent geometric series, following the third item of the Corollary, and the second,
containing only those 1 < i < j such that F'~' ¢ V, . is also bounded by a y-
dependent geometric series, following the second item of the Corollary. O

Lemma 6.2. — Given § > 0, if V. is sufficiently small then

b | IV“ ¢
KRISE
for all x € w, w € W. Moreover, if as above W = F*|w then
V. FJ -
F.™ o Fil | (FY)?

forallr e wandj=1...., k—1.

Proof. — Write

1 i, i Fyppo B!
Fi™lo Bl (FL)? = (FF o FY)(F, 0 FIm1)2
for 1 < j <k As
given above, hence by Cy(';, by Lemma 6.1. The Lemma is proved if we multiply by
[V, | and take V. sufficiently small. O

E,..| is bounded by (Y, the sum is bounded by C(,S;. where S; was

Lemma 6.3. Given & > 0, if V. is small enough then
‘4"’.1'.1',1'

Vo, | :
v oy

< 0,

forallx € w and w e W.
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Proof. — Write

W
(ILYI); 1 2
where
Lb )
F[:.r,;z: o F"'il
S5 frel
i=1 (FI o F") (FL, o Fli— )
and
k ) |
Fop o F'71 1 il
s=3 0 O i

— Igllwfl o Fi F,; o Fi-1)2 . Fﬁ;_.i,-kl o ij_] Fl,,l 5"
=2

We start by estimating |V, |[2S>. By Lemma 6.2,
Ve Fog!
ot (R

is smaller than 4, for every ¢ = 2,.... k, provided V. is small. Using Lemma 6.1 as in
Lemma 6.2 we have

|V.

“a

| 2

So

< |Vz“ ‘(/v()C’Yy(Ss

which is smaller than §/6 if V, is sufficiently small.
Similarly, using the first item of Corollary 4.6, we bound |V., |?S; by

Ar
CoCy| Ve, P D I(FE o F)(Fy 0 P11
i=1
which is smaller than ¢/2, if V. is sufficiently small, by Lemma 6.1. O

Let k = k(w) be the transfer time from w to V., for w € W. Let

N = min{k(w) ; w € W}.

By the definition of W, if V. is small then any w € W must be near w,, hence N
is big. In the following Lemma we use the fact that N/AN is as small as we wish,
provided V. is sufficiently small.

Lemma 6.4. -— Given § > 0, if V. is sufficiently small then

Wi .
V.| — 0
vl
for all x € w. w e W. Moreover
Vel | B |
- ; 0,
|FE7 o Fil | (F)?

for all j < k, where k = k(w).
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Proof. — Write

1 I F,, 0 FiT1 J F,, o Fi~1 Fi—1
; = + e N
k=i o Fi (FJ Z W, (F, o Fi-1) Z (F,f"" o Fi)(F, o Fi—1)2 Fi-t

x

We have [Fyu| < Co, [W,| = C,'AF and |F, o F“1| > Cy V., |, therefore

l‘aOFI 1
« W, (F, 0 Fi- W, (F, o Fi—1)

k

<CgCyX1§*

Za

which is smaller than §/2 if the chowe of V. implies N sufficiently big.
Moreover, by Lemma 5.1

it | S Cy
But Lemma 6.1 implies that
J o Fi—1 5
C’l Vz, 11 v
./| z; FA 2 (F ° FL 1) 2
if V. is sufficiently small. O

Lemma 6.5. — Given § > 0, if V., is sufficiently small then

| W(L(l < 6
o (Wl;)2 ’
for every x € w, w € W.
Proof. — Write
W
aa S 29 S. 7
AR 1+ 252 + 53
where
Z/\: aa o FI !
=1
ey e
= WLE R
and

u Fypo Fi~! Fimh?
S‘ — i xrr . (I:
’ ; (FE™" o Fi)(Fy o Fi=1)2 <F¢“>

The proof follows as in Lemma 6.4. Note that here denominators are slightly better,

and |F!| can be estimated using Corollary 4.7. O
Lemma 6.6. Given 6 > 0, if V. is sufficiently small then
2 €Tra
2|t = <,
e ‘ ()7

foralrxcew, weW.
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Proof. — Write

w”lﬁfl?a ,
(W » S1+ S2 4 Sz + 254 + 285,
where
k: .
F,.. oFil
S = ‘JJ,(L ’
1 Z=: W (FE " o Fi)(Fy 0 F'=1)2
SQ = zk: FJHI:J: ° FiVI)(Fl; O F’iil) . F‘(’igl
(FF o FO2(F, o Fimlyt R T
k . ‘
Fra F"*l 1 F1_1
Sy = Z wa O — ' = R
i=2 W'Fl, 'F-‘L ¢ o Fl—] (F, >2
S - F,,oFi—1 2 it
! :Z K=o Fi i 1\2 | ph—itl i1 Tpimivo
S (B o FO)(F 0 )2 FET T o Fiml (B
and
o (FF o Fi)(Fy o Fin1)2 Fimt FF o pict (Fi71)2

The only “new” term to pay attention is

V-, Fro'
Ff-zi+1 ’ (F,’:“I)Q’
but it can be bounded using Lemma 6.4. 4

7. Central branch

Now we fix Jy, the parameter interval such that the critical value belongs to wy €
W. Therefore the central branch H : vy — V., of the first return map to V., may be
written as H = Wy o F, where Wy : wy — V., is the transfer map associated to wy.

All the Lemmas below depend on the fact that V, and ¢ are sufficiently small, so
we omit it in the statements.

The following Lemma shows in particular that H,(a, x) is nonzero for every x € 7y,

a € Jy and its sign is determined by the sign of Wy .

Lemma 7.1
H,(a,x) v

Woe(a. Fla.z)) = 2
for every x € vy and a € Jy.
Proof. — Write

Hu(a,z) = Wy.ula, F(a,z)) + Wo..(a, F(a,z))F,(a,x).
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If V. and ¢ are small then F,(a,x) is very near F'(0,¢). But in Section 5 we have

shown that
Wo.a

Wor

and the estimate follows. O

> v~ F,(0.¢),

An analogous statement is valid for H,,.

Lemma 7.2 oo )
rald, T
— L~ F..(0,¢) <0,
Wo.o(a. F(a.x)) rr(0-€) '
for all x € vy and a € Jy.

Proof. — As the critical point is quadratic, (F,(a.x))” < Cylwp| for every = € 7.
Moreover, the function Wy @ wy — V., has small distortion, by Lemma 3.1 and

Proposition 2.3, implying that

V. |

Za

Wil =~ .
[(Wo.rl 0]
Also, by continuity, F,,(a.x) ~ F,.,.(0,¢). We have
H,. : WowoF
= (F )Wy (a F) s + F
Wo (. F) (F )" Wo(a. F) (o, o F)? + £,

hence the Lemma is proved if we show that

Wo

ColVe., | ——=

(VL(LI‘)‘2
is small for points in wy. But this is true by Lemma 6.2, choosing V. small with
respect to V. O

At this point we are ready to prove the four starting conditions relative to the
central branch. For simplicity. we write from now on W = Wy to designate the

transfer map of w.

Lemma 7.3. Given 6 > 0. V. is sufficiently small then
[ He| s
T

for all v € vy and a € Jy.
Proof. As H =11 o I we have
Hive = (Woo F)Ey 4 (W o F)(F) 4 3(W,p 0 F)FLF .

We analyze these three terms, each one divided by H,, and multiplied by |vo|. By
Lemma 7.2,
]1,1:1* >~ -S‘()(V[i,' (@] P‘)
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where sg = F,,(0,c). Hence

(‘/VIT o F)FI‘.I:JT 200
e Ty,
HJT.I,' |$Ol I’YO|
which is smaller than /3 if V, is small (since |yy] <
written as

1ol - ‘

| Za

). The second term can be

3 (W/Y, ¢} F)FS VVI,';I'.L' ok

F, —.
h/()|( ) H,r,r (H;l ° F);

But |F,|* < Cylyol?,
V-]

W, oF
|wol

~

and |v9|? < Clwo|, hence the second term is bounded by
2(1()} W il,‘.lkl' oF
|5(J, ([I/’l o 1;‘):S

which, according to Lemma 6.3, can be smaller than 6/3 if V. is sufficiently small.

| 2

| Za

Similarly, the last term is bounded by
6C . WepoF
|8()| - (‘Vl o F)Z

which can be made smaller than §/3 by the choice of V., according to Lemma 6.2. O

N

Lemma 7.4. — Given § > 0, if V. is sufficiently small then
H(l,l'
}I(l,

170! - 1 1 <9
for all x € o and a € Jy.
Proof. — Writing H = W o F' we obtain
Hyo=Wo0oF)FE, g+ (Woo F)F, + (W, 0 F)ELF,

and then analyze each term when multiplied by |yo| - [H,|™!. By Lemma 7.1 we have

\Ho(a,2)| > g|w,. o F|,

so that WooF oc:
x © -0
(I NEra s
ol | = — | IF | < ==l
which is smaller than /3 if V. (and hence ) is sufficiently small. Also.
WeaoF 2 WywoF
, . -yv €ra A . 1\ . X7 ) . xra .
ol 1l [ 222 < 2 o ) [

As in the proof of the previous Lemma, |F,.| < Cy|vl|, |Ws o F| ~ |V, |/|wo| and

[Yol?/|wo| < Cy, so that |yo| - |Fe|-|W, o F| < 2C2|V.,|. Then Lemma 6.4 implies that
4C2 WeqoF 0
V. |- e < =,
s Vel o | < 3

provided V, is small enough.
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The same argument combined with Lemma 6.2 is applied to the last term, proving
the Lemma. O

Lemma 7.5. — Given § > 0, if V. is sufficiently small then
H,

Jo| | == < 6
- |
for all x € vo and a € Jy.
Proof. — First observe that |Jp| < Colwo| and
v v V.|
H)|>=-|WyoF|~— 2%,
' GI 2 ' x © 2 |w0|

Then write
Ha,a, = (Wl: o F)-FleJ + I/V(L(L o F + (WU(L o F)EL + (I/I/ll‘ o F)(El)z
and proceed as in the previous Lemmas, using also Lemma 6.5. O

Lemma 7.6. — Given § > 0, if V. is sufficiently small, then

H’ITIU,
Jol - | = <4,
| Ol ! HJ::I,'
for all x € vp and a € Jy.
Proof. — The proof is similar to the previous Lemmas, after writing

sza = (Wr o F)Er;.::a + (Wl:a;a o F)(FJ)Z
+ (Van:.n o F)Ez(F1)2 + (WIJ.IJ S F)(QEI:HFJ: + ELFIJ)) + (Wl:a o F)F‘LL O

8. Expansion of regular branch compositions

We aim at proving the starting conditions for preimages of the central branch. To
any preimage 3 € B is assigned a sequence of regular branches

{-P'm LT T ‘/z“}m:l,...,n

such that B : 3 — v is written as B = P,, 0o---0 P;|3. Each P, in turn is written as
P, =W,, o F|m,,, where W,, : w,, — V., is the transfer map of w,, € W, w,, # wo,
m=1,...,n.

This Section is devoted to estimate the expansion of regular branches and their
compositions. The ideas involved here are very similar to the concept of forward
recovering, mentioned in Section 4. A kind of backward recovering appears in Section
9, when dealing with the first parameter derivative.

The first estimates give absolute lower bounds for derivatives of regular branches.
We will see that expansion may be not sure in some cases. Next we show that every
time there is a loss of derivative for some P,, there is an immediate recuperation for
P,”/_i_l.
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From now on we choose a constant 8 > 0, and take V, small so that Corollaries 3.2
and 3.3 are satisfied. This constant will be chosen sufficiently small, according to the
needing of various Lemmas until the end of the work. It is implicitly assumed that
assertions are valid for every 5 € B and constants do not depend on g.

Accordingly to Section 2, the intervals wg,ws,...,w, have extension domains &y,
@1, .., @y, which are mapped onto V,, . Take w,,, for some m =1,...,n. We will say
that w,, is subordinated to wq if w,, C g, that wy is subordinated to w,, if wg C &y,
and that wy and w,, are independent otherwise. By construction it turns out that
one and only one of these situations occurs. In particular, this implies by Corollary
3.2 that in the first and third cases

dist(wm, w{]) 2 eAl |wm|7

and in the second case

dist(wyn, wo) = 07wyl
Lemma 8.1. — If w,, is subordinated to wy, or else w,, and wy are independent, then
|P ()] = Clo7 1,

for all x € my,.

PTOO - T Wl'it(} Pm = /'mOFlW'm,y hence |Pm,a:l = IWVII,«JJOF|'|EE|' AS Wm, LW Vzu
is extendible to W,,, : &, — Vy., and V; is chosen small, then by Lemma 3.1

[Winw o F| =

But the hypotheses imply that
|| = 5/ dist(wn, wo) = Cp 107 2w, V2.

Therefore

—1p-172 |Vaa
|Pm.:1:| 2 C() 9 ]w,,,,|1/2’

On the other hand, if ¢ is small then |&,,| < 2|Im F|V.,|, hence
w2 < V2012 T FIV., |2 < Co0' 2|V, |,

and the Lemma follows. O

Lemma 8.2. — If wy is subordinated to w,, then

Jwo| /2

V-,

N

!P"I 1( )| C() 97;/2

for all x € m,,.
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Proof. — As in the proof of the previous Lemma,
V G
|Bn,z| = Cgl%e“l/ﬂwoll/z‘

|wm

On the other hand, also as in the previous Lemma,
lwm| < C()@[VZ“IQ,

and the Lemma follows. O

These two Lemmas suggest that a bad derivative may occur if wy is subordinated
to wyy,, as depicted in Figure 4. The problem is overcome with forward recuperation,

FIGURE 4. Possible bad derivative in the m-th iterate

which we describe now. Let
Bm, = Pm O"'OP1|57

hence B = B,,. Let B,, denote the point B,,(x), as we did before in other situations,
when it is clear that there is no possibility of confusion. In this notation, B,,—1 € m,
and F(B,,-1) € wy, see Figure 4. We call 27" and 2§, respectively, the innermost
and the outermost boundary points of 7,,, with respect to the critical point c.

D \Flap) ~ F(Byo)
F(z7) — F(By,—

Pm = Pm(l') - L ! .

|Wm,|

By the small distortion property of Wy, : w,, — V2, if p;, < 1/3 then
dist(By, V%)
V-l

We state two technical Lemmas to be used in the sequel.

= Pm-

Lemma 8.3. — |P,, . (x| Z | Pna(y)l, Vy € T

Proof. — As W, has small distortion, the distortion of P, is mostly due to F|m,,.
But |F,| increases as the distance from the critical point increases, since F,x # 0. O
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Bm— - —
Lemma 8.4. — |—7nl—c| > () 1p},{2.
[z —
Proof. — Since V,, is small and next to ¢ the function F is nearly quadratic. O
As v
1 / .
. P (y)|dy = =2
1T . T ' .2 ()| |7

and V;,_ is at least 6~! times greater than m,,, according to Corollary 3.3, it is expected

that | P, .| is big for some points in m,. In particular, by Lemma 8.3, | P, . (z'F)| >
%6‘1. The following Lemma gives a lower bound for |P,, ,.(B;,—1)| as a function of
p"l .

Lemma 8.5. — |Pm,.J:(Bm—l)| > C(;lf)wlf)}:{z-

Proof. — By the remark above | P, .(z)] > %9‘1, hence
. |P171,,;1;(Bm—1)| > §9_1 |WIIL,17(F(B1II,—1))| . |EE(B'm—l)|
|P1711(TE)| 4 le:(F(rEYE")N IFI (E,}?)l
But W), , is almost constant in w,, and
|F1;(Bm—1)l ~ IBm—l - Cl
|Fo ()] 2 =

and the Lemma follows using Lemma 8.4. O

|Rn,a:(B'm—1)| = IP:n,,:I: Tg)|

Corollary 8.6. — |P,, ,(Bn_1)| > C; 1071
Proof. — As F(B,—1) € W, () then p, ~ 1/2. O
Corollary 8.7. — If py, > % then |Py, o (Bn—1)| > Cy 107!
Proof. — Directly from Lemma 8.5. O
The following Lemma is the central assertion for forward recovering.
Lemma 8.8. — If p,, < & then
|(Prt1 © Prn)a(Br-1)| 2 C()_le_g~

Proof. — First notice that By, = P, (Bm-1) € Tm+1, and |7p,41] < 0dist(mmy1,0Vz,)
by Corollary 3.3. Moreover dist(B,,,0V,,) =~ pm|Vz, |, hence
dist(y, 0Vs,)
— 1 = Pm,
Vel
for all y € mpe1. This also implies |mT41] < 0pm|Ve, |- On the other hand, since

pm < 1/3, || < dist(mm,41,70), therefore the distortion of P, 1 must be small.
Then

V.. 1 -
|Pm,+1<:1:| =~ ‘— 2 9 lpml'

7T7n+l| ~
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Combining with Lemma 8.5 we get
I(Pnt+1 o Pm);l:(Bm—l)l > C[)_lp,;Ll/QOVQ,
proving the Lemma. O

We obtain some useful Corollaries, but first we introduce the following notation.
For mg < my, let

mi

H P’m,,,;(B,,,_l)

m=mq

Amo,ml = A‘m,o.‘ml («L) =

N

which is equal to |(P,,, © -0 Py )e(Bm,—1)|, by the Chain Rule. For example, with

this notation,
|B.IT\ = Alulw
Let also Ay, 0, = 1if mo > my.

Corollary 8.9. — |B,| > (C; 107" > 1. In fact, Ay > (Cy 0710 for all
mo=1,...,n.

Proof. — We prove by (decreasing) induction on my, starting from mo = n. For
mg = n we use Corollary 8.6. Suppose now that A,,, > (CJIG’I)""_"”'H, for all
m = mo+ 1,...,n. We want to prove that A,,, , > (CO_L&‘I)”'_"”"’“. But if
Pmg = l} then

—1y—1\n—mo+1
A'm().n - 'Pmn.;r(BnmAl)' : Am()+l;n > (CV() 0 )n mo s
by induction and Corollary 8.7. Otherwise p,,, < l; then
—1p—1yn—mo+1
Amo,'n = |(-Pmo+l o Pm”).r(B'nm—l)' : ANL(H—Q.j > (C(] 9 )" ™o+ 5

by induction and Lemma 8.8. O

Corollary 8.10. — If |Pyy, o(Bp 1) > Cy 1071 then Ay, > (Cylo—tymi—motl
for allmog=1,...,my.

Proof. — As in the proof of Corollary 8.9, but now induction starts at m;. O

Corollary 8.11. — In general,
1/2
Am > C—le—l my—mo+1 |0)()] i
L0, 1T} ( 0 ) lvz,,\ )

for every 1 < mg < my < n.

Proof. — First we notice that
|w0|1 /2
V-,

by Corollary 3.2 and Lemma 2.4, supposing also 8 sufficiently small.

< Cpb'? <« 1,
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Suppose mg < mq. If p,,,—1 < 1/3, then
I(P"H o 7"'1_1)4’5(3"711_2)1 > (00—19—1)27
by Lemma 8.8, and by induction, as in the preceding Corollaries,
Am(;,m ] > (C’()—] 9-1)ml —mo+1 .
Otherwise p,,, -1 > 1/3, implying, by Corollaries 8.7 and 8.10 that
A'm(),'m - > ((w()— 10—1 )'m 1=mo
Then we write
Amn.'ml - |[)7111 A.’l:(Bml —1 )| : A’m().'mq —1

and use Lemmas 8.1 and 8.2. These Lemmas are directly applied in the case mgy =
my. O

9. Parameter dependence of regular branches

As remarked in Section 2, for each 3 € B the function B : § —  is extendible to
B:U(B) — V.,. By Corollary 3.4, as [vo|/|Vz,| < n, provided V, and e are sufficiently
small, we choose 1 > 0 so that, by Lemma 3.1, U(/3) contains a #~!|3|-neighborhood
of 3, for some small 8 > 0, where the derivative of B has small distortion. Moreover,
U(3) is completely inside one of the connected components of V., ~ .

We have also defined the parameter interval

J(B)={a€ Jo; ImHNUJ) # D or | ImH| > %]VZH

Observe that, according to the notation of the previous Section, § C U(3) C mq, so
that Im H NU(3) # @ implies Im H N7y # &. On the other hand, |Im H| > |V, |
implies | Im F' Nwy| > %|w0|, by the small distortion of Wy : wy — V..

We now define Y = Y'(a, 3), for a € Jy, as the distance between F(3) and F(c)
(see Figure 5). As € m then F(3) € wy. We also define Z = Z(a) = |Im F|V.,
X=X(apB)=Z-Y and 1= X/Z.

The underlining idea in this Section is to better control the derivative of Py : my —

1

5

V..

. As Py, = (W, 0oF)F,, expansion depends on the relative position of F'(/5) with
respect to the critical value, controlled by 7.

Roughly speaking, we deal with the following situations. Fixing 3 and taking
a € J(B) we may have |ImH N V. | > 1|V. |. In this case, since |Im F N wol is
relatively large with respect to |wy| the derivative of F' outside 7 is always bounded
by something of the order of |wy|'/2, which will be enough to our purposes. Otherwise
a € J(3) implies Im H NU(3) # @. In this case we may have 7 small or not. If 7 is
small it means that 3 is near 9V, , and the derivative of F' is not so small. But if 7
is near 1 this means that 5 (and also m), is near the critical point. The consequence

is that Im H occupies approximately one half of V. | which in turn implies that Im F

“a?
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] Wo
- | I I“'"“"'"""r’;—,"‘ _“::_“7'"__"““'1 T
}J F(3) S
/ ‘
o T .
S oM \
T ’// ! 7 1 ' \
L A S ' N
3 Y0 Vi,
[
be—Tm H

Ficure 5. Placement of F'(3) with respect to the critical value

occupies approximately one half of wy. Once again derivatives outside vy must be at
least of the order of |wo|'/2.

The next two Lemmas quantify these arguments.
Lemma 9.1. — If a € J(3) then |y > Cy /2wl

Proof. — If [Im H| = 1|V. | then | Im F Nwy| > Llwo. hence |yo| > Cy Hwol' /2. Now
it is enough to verify the inequality when Im H NU(f3) # @ but |Im H| < 1|V._|. By
Lemma 2.4 and Corollary 3.2 |wi| < 60X, and also dist(wy, F(z,)) ~ 7|Im F|V,,|. As
|F.| < CylV.,| in V., then

(1) dist(my, OV,,) = C()‘l V., 'r[Im F|V., |.

The assumption Im HNU(3) # @ implies | Im H| 2 dist(71, V%, ), hence by the small
distortion of Wy : wy — V2,

ol 1/2
Yol = Ot | dist(my . OVL,) -
V.l
Using Equation (1) we obtain the Lemma, taking into account that
| Tm F|V.,|'/? .
M|V:.,| = Cy . O

Lemma 9.2. — If dist(my,v0) = %]VZI then | Py .| > (,7(,_17“'0_1.

Proof. — We write |Py | = |Wj ., o F|-
IV.,1/|wi]. Moreover

]41,(7

. By small distortion properties, |W7 .| ~
|UJ1| < C/‘()TH!V;U 2,

since |wy| € 0X = 70Z and Z = |ImF|V.,| < (y|V.,[?. On the other hand,
dist(my,70) > 3|V., | implies [F.| = C; V., |, and the Lemma follows. 0

Za Za
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The goal of this Section is to show that

B'UIJ[
BHI..I'H(I

is as small as desired, for all a € J() and @ € 3, provided V. and ¢ are sufficiently
small. Here B, = P, 0P, _10---0 P and H, is the mean value of H(a,xz), for
x € 7y and a € Jy, based on the statements of Section 7. For m = n this gives the
first quotient of the starting conditions Preimages of the central branch. The cases
m < n will be used for the other quotients. We write

m

Bm.u, Pf.a o Bf-l
}3771,:lf B Z B(..l: '

t=1

therefore

(2)

m

Bm a PL(L 1 Pf a © Bf*l
, — + . . )
BIN..I'H(I PL;I'H(I ; Bf,-l..l' (Pt“r o Bf~l)1{u,

This last equation motivates the following Lemmas.

Lemma 9.3. — Form=1,...,n,

Rn.u o Bmvl ‘

|(U()| 1
<C
(])771,41: o Bm,—~l)Hu

/y'vz,‘, . |Bmfl - C"

Proof. — Write
Py oo By _ Fyo By, 1 ) WinaoFoBy,_y
Pm.,r o Bm—l Fr o BmAl Fr o Bmfl VVH:.:I' oFo Blnfl

We know that lEll < 7()7 ‘FJ © Bm—l| = («7(71|Bm-1 - C\ and |Wrn.al/|wtm.ml < (‘7;1/ (bY

Lemma 5.1). The Lemma follows using Lemma 7.1. |
Lemma 9.4. — If dist(7y,v9) > %|V,:,, then
Pl a
—| < Cy0.
—[)l o H(l Y

Proof. -—— The quotient is evaluated at By, = By(x) = z. By the hypothesis,
|Bo — ¢| 2 1|V, |. By Lemma 9.3,

1'1 a IW/ '()'
: < C'
‘ 1)1.‘1'1-1(1,

Za

< Q0. O

| and a € J(/3) then

“a

pm,.(l, o Bm‘l
(Pm.:x o B'mA 1 )Hu

Lemma 9.5. — If dist(m1,70) < 3|V-

l%|
<Givp

forallm=1,... n.
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Proof. — 1If a € J($) then |[Im H| > 1|V | or Im H NU(3) # @. In the latter case,
Im HNm # @ and, by the hypotheses, | Im H| > 2|V |. In any case, |Im H| > $|V.,|,
therefore |Im F N wy| > Llwo|. This implies |B,, 1 —¢| > Cytwo|/2, for all m =
1,...,n. By Lemma 9.3 the quotient of the statement is bounded by C,|wo|*/?/|V.,|.
By Lemma 9.1 and the hypothesis, implying 7 bounded away from zero by Cy Lt
follows

|wo|1/2 < Co ol

and the Lemma. O

The next Lemma is somehow analogous to the idea of backward recovering of
Section 4.

Lemma 9.6. — If a € J(3) and dist(my,v0) > $|V-,| then

Pm.a o Bm—l

Pt
[Pr . (Pw o Bim—1)H,

forallm=1,....n.

Proof. — By Lemma 9.1, |B,, 1 —¢| > C5'71/2|wg|'/2. Putting into Lemma 9.3 and
using Lemma 9.2 the Lemma follows. Observe also that 7 < 1. O

Lemma 9.7 . Given § > 0, if V. and ¢ are sufficiently small then

BV" a
— < 5’
Bm,;l:H(L
forallpe B, xep,ac J(B) andm=1,...,n, where B=PFP,o0---0P|f:0 — v
and B,, = P,, o---0 P|3. The value H, indicates the mean value of H(a,x) for

r €y and a € Jy.

Proof. — We evaluate term by term the R.H.S of Equation (2) supposing always that
a € J(B). We have to consider two separate cases: A) dist(m,70) > §|Vz,| and B)
dist(my,70) < 1|V.,|. The first term,

Pl.(l,
Pl..l}H(L’

is bounded by C,0 if dist(mi,v) = i|Vz" , by Lemma 9.4, and bounded by
Cylyol/IVz, | if dist(mi,70) < %|Vz,|, by Lemma 9.5. In both cases the first term is
bounded by 4/2, provided 6 is small, and this is guaranteed if V, is small enough.

We are left with the remaining terms, from ¢t = 2 to t = m.
In Case B, where dist(m.70) < $|V-,

, Lemma 9.5 implies

lw()|l/2
VL

“a

PI,.(L
Pf,,‘I;H(L
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On the other hand,

_ _ Vel
IBt 115' _'Alt 1 (C 9)t 1| ]1/27

by Corollary 8.11. Hence we are left with

Cy Y (Cot)' ™,
t=2

which is smaller than §/2 if € is sufficiently small.
In Case A, where dist(m,v9) > %|Vz” |, we bound the t-th term by
Pt,a o Bt—l

(Pt,J; o Bt—])Ha ’

which is smaller than C,6(Cy6)!=2, by Corollary 8.11 and Lemma 9.6. Therefore the
sum is smaller than 6/2 if 6 is small enough. O

2f 1|P11|

10. Other derivatives

We keep the same notation introduced in the preceding Sections. The goal is to
bound derivatives of P : m — V., , for all 7 € P, and take their compositions to bound
derivatives of B : 3 — 79, for all § € B. This will complete the proof of the starting
conditions Preimages of the central branch.

Lemma 10.1. — If V. is small then
ol - | 7o
Yo (P.I;)Q

Proof. — Write P =W o F' and
PLL'.’I/' FJ,’JIT W‘I?Al,'

(P,)2  P.F, + (W,)2

|’)’0|
[VN

Za

+C()|P | L

Ve ]la ve
’ I : ‘
0 ( )

|70|
Val’

for V. sufficiently small, by Lemma 6.2. This controls the second term. For the first,

we have |F,,| < Cy and

|70|
|F | < Cp. O

Lemma 10.2. — IfV, is small then

Bm xrr
(Bm 1

m

ho|
|V7 + CU Z At m>

Za

|’Y()| ’

forallm=1,....n
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Proof. — Write

Bm,;t.r - f: 1 Pt,zx 0B
(Bm,a:)Q =1 (Pm O--+0 Pt+1)LL‘ o Bt (Pt‘x o Bt-l)2 ‘
Then
B v

N

< ZAt_-}vll:m <|I‘;YOI| +COIR‘ 0 B ll 1)

t=1

[’Y()I : l (Bm,;r,)z
1. O

by Lemma 10.1. In the statement we separate the term A;}Hm

Lemma 10.3. — Given 6 > 0, if V. is sufficiently small then

<4,

B.II.I‘,
|’Y()l : (B:17)2
forallz e B, B € B and a € Jy.
Proof. — Put m =n in Lemma 10.2. Then
Al (GO AL < (Col)" Y

by Corollary 8.9. As V. small implies 6 small and |vy|/|V.,| small, then the Lemma
follows. O

Lemma 10.4. — If V, is sufficiently small then

< Pl €T ‘70’2 —1
IPY()|2 : < + IPI| 3
(Pe)?] V2, 2
forallzenw, m€P and a € Jy.
Proof. — Write P =W o F and
Plf.T.l,' Elfll,‘.lf W xrrr FI,'.I,'
= + +3

(Po)? — (Fu)?W, Py (W,)? (W P
where W,, W, etc, mean W, o F, W,, o F| etc. The second term, multiplied by
[0/, is smaller than |y9|?/|V.,|?, by Lemma 6.3, if V, is small. For the first term,

[v0|?/(F.)? < Co and |W,| > Cy (by the choice of V) implies that it is bounded by
$P:|!. For the third term, we have |y|/|F,| < Cy and

VI/I T I7()|
vl || <€ < Cy,
(W2) V.l
by Lemma 6.2, hence it is bounded by 35 11P,|7!, and the Lemma follows. O

Lemma 10.5. — Given § > 0, if V. s sufficiently small then
B.If.lfil,’

. _——(B,I»)"‘ < 0,

|%|2

forallx € B, € B and a € Jy.
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Proof. — We write

BIIiL'
(B 1A
where
- Pt rrr
S = -
! ; (Pn,;r, e Pt+1‘:1;)2(Pt,.z:)3
and

Pt T 1 Bt—l xr
Sy = = = - T
2 tz:; Pn.:r, e Pt+1.;1;(Pt,:c)2 Pn,,:l; c.e Pt,zr (Bt—l,u:)z

For simplicity, we are omitting arguments, writing P; , instead of P; . o By;_y, etc.
Using Lemma 10.4 and A, 1., = 1 we obtain

n—1 n—1

!
|’YU' |Sll 'ijl +IP::1| ]+ZAH'J"+ZAH'1 n f,n

Za

which is smaller than /2 if € is sufficiently small, by Corollary 8.9. On the other
hand |y0|?|S2]| is bounded by

ZAH—ln fn 1+C0|Pf£l 1 <1+COZA‘t 1).

using Lemmas 10.1 and 10.2 and |yo| < |V;,|. Tt is straightforward to see that this
sum is smaller than §/6, if 8 is small, using Corollary 8.9. O

Lemma 10.6. If V.. is sufficiently small then

lwol
Va2

xra

(P.)?H,
forallz enm, m€P and a € Jy.

[70! - <|P '+

Proof. — Write P =W o I’ and
PIT(L . Fz:a 1 VV.I:(L ”/.1:.1: E:,

(P2 FoP, L (W,2  (WoE B

We analyze each term multiplied by |vo|/|Hq|, which is smaller than Cq|yol/|Wo..|.
As |vl/|F:| < Co, the first term can be bounded by

T P < 1B
if V. is small. For the second term we still use that
Waa
V- I(W
is much smaller than Cy, by Lemma 6.4, and |Wy .| =~ |V.,|/|wo|]. The same in the
third term, but now using Lemma 6.2. O
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Lemma 10.7. - If V. is sufficiently small then

Bmura — |W()|1/2 - -1
ol | ————— AT! C AL ,
forallm=1,... n,zep, 3e€Bandac J(F).
Proof. — Write
B?YL.IT(I . S + S
(B’III,JT)Q N : >
where ,
> Pf xra
g =
! ; Pi,;er“r
and
=~ 1 I)t..l';x' Bf—-La

S, =

t=2

va,.z: cee Pf+].‘r . (R,.m)Q . 13171,.1: )
Then, by Lemma 10.6,

170l | S P 1, Jwol
) | g : |Pf“rt + 5
|H,| “~ By

which is smaller than

m

|W0| —1 -1
’”Al m 2 ZAHl;m,Al.r—r
TIVLP &

Using Corollary 8.11, we simplify

|u’)()| m l lw(]l /2 m
2ZA1‘+17NA1f 1 < ZAt m*

g,, t=2

On the other hand, as in Lemma, 10.2,

m

10l ho!
C g A
|.[ | ' 2| + -0 tom

using Lemmas 10.1 and 9.7.

Lemma 10.8. — Given 6 > 0. if V. is sufficiently small then

|7()| ' l (B‘I-)‘ZH(,,
forallz e g, 3 € B andac J(F).

<9,

Proof. — 1t is enough to apply Corollary 8.9 in Lemma 10.7, with 6 small.

Lemma 10.9. — If V. is sufficiently small then
Pm:a |W() |
; <
(Pr)*H, Ve, 2
forallzen, me P anda € Jy.

|’)’0|2 + |P1'|7[,~

295
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Proof. — We have

(1;%1)&3 = Q1+ Q2+ Qs + Qa4 +4Q5 + 2Qs,
where I W Wywr F
O LW B L Wo Fu 1 War  Frow Fo

(w SEXVZRE) W, (W2 () ARVAE

We multiply each of these terms by |vo|?/|H,|, which is smaller than Colvol|lwol/IVz, |,

by Lemma 7.1, using then the following estimates, which are valid for V~ sufficiently

small: |Fyopal, [Frols [Ful, [Fral < Co. Jy0] < ColEw], ColW, |~ s
Coly| < |V-.,| and Lemmas 6.2, 6.4, 6.6, 6.3, with § = C()‘l or g = 1. O

Za

Lemma 10.10. — Given § > 0, if V. is sufficiently small then
B.l'.l'(l

—| <4,
(B.r)'SHu <

|’71)'2 :
forallz e 3, 3 € B and a € J(53).

Proof. —— Write

7()‘2 BI €Ta
H(I (Bl)

S5

< |S1] + [ Sa| + |Ss] + 4] 54| + 2

where

ZAHlnAlil 1 |’70|2( ){[{ ’

P B _
o Prirre t—1.a
Sy = ZAHI n !’YU‘ (Pr.)? ‘ Bir.Ha

, _ _ Pf ra
‘Sf{ZZAI.‘IlIAF:l-” l/()[< )2[{ .'70|(BI~1 .)2’

tora Bt—l..l'(l
Sy = § :A Pror 1y, Q
1= t+1.n i n "70‘ B )3 ")()\ (Bf¥]“r)2},{“

ZA I ' P{.J',l.‘ | ; s .
t+1.n i n (i} <Pf“")2 0 (Br 1“,~)2 1},_1“,.H(, .

By Lemma 10.9,

— w -
‘Sll ZA:‘+J nAL},—l <l{Vy~U|,2 + |I—)fl] l) 5

which is smaller than /5 if 6 is small, by Corollaries 8.9 and 8.11. With the other
sums we proceed in the same way, using the same Corollaries and also Lemmas 9.7,
10.2, 10.7, 10.4, 10.6 and 10.1. O
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Lemma 10.11. — If V. is sufficiently small then

Ruz |w()|2 —1 |CU()|2 —1
. C —|P, =|r —c] -,
"y()l ‘ (Pl;)2(H“>2 < ()|‘/2“|2| . | + “/21 |';|I (I
forallzen, meP and a € Jy.
Proof. — Write
Rl,(l _ El,{l + ‘/1/711 a + 2 El, I/‘/v;l,‘ «a & 2 I/I/v,lf,l’
(P11)2 B P,lf}‘-jlf (1:141')2(‘/‘/,1')2 (Fl)2(11/71)2 Fl' (Iyl)z ’
Then we use |yo| < Co|F AT < Cole =T | Hy T < Colwol /| V=, | and Lemmas
6.5, 6.4 and 6.2, with 6 = (70’1. |

Lemma 10.12. — Given ¢ > 0, if V. is sufficiently small then

aa

|7('| ' ‘ (Igllr)z(H”)‘z
forallz e 3, 3 € B and a € J(f3).

< 0,

Proof. — Write
|"}’(J|:2 Buu, v
< |8
H? (B2 =

+ 2|Sa| + | S3].

where
}_)’ aa
S ‘ZAH 1 f+1.,,'171>fﬁm~
P, B
1 t.ra t—1.a
) B Z Af"rl “Al -t |’)(J|( )ZH(l Bf‘l“l'[{{l '
PI ar Bffl.a 2
Sy = A, : .
’ ,Z:‘ o ol <Bf,1,..»H,.>
Using Lemma 10.6, Lemma 9.7 (with 0 = 1) and Corollaries 8.9 and 8.11 we get
, w2 -
S2l < (n = 1(C0)" + B Dicasy .

which is smaller than §/6 if 6 is small. It is also easy to see that |S3| is smaller than
8/3 if 0 is small, using Lemma 10.1 and Corollary 8.9. The difficult part is contained
in S7. By Lemma 10.11 we have

|wol? — |wol? _
151] < ZAlf AL <(’0|v |2|P,‘| + v |;‘|B,_1—('[ L.

t=1

If we separate into two sums. the first one is bounded by

M)l

ln lfl
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where it is implicit that A, = 1. By Corollary 8.11, 31" A7/, < 2|V.,|/|wo|'/?,
so that the first sum is bounded by
o - 20
wol -
A

which is smaller than ¢/6 if 6 is small. For the second sum,

(Co)",

|wol? B )
S ‘Vy) |S ZAl t—=1 AH}I.H ’ |Bt-] - (.II 1q

t=1

we use the ideas of Section 9.

We have two cases: A) dist(m1,70) = $|Vz, | and B) dist(my, ) < . In Case
, [0l > Cytwol/? (see Lemma 9.5, for example), which implies, by Corollaries 8.9

and 8.11,

l Za

|wol
V. [?
if V. is sufficiently small. In Case A we have

|Bi_1 — |7t < 21v0|7! < Com™ V2 |wo 712,

1)
<Cp——s < 6.

forall t = 1,...,n, by Lemma 9.1, | By — ¢|~! < 5|V, |~! by hypothesis and |P; |}

“a

by Lemma 9.2, hence

S < |wol? {Q,T 20|wo|~ 1/2ZA A AL AL BV }

[E 2
which is smaller than

5”{;)”! zn+C0|wO| QZ Cyo)"

~rl

by Corollaries 8.9 and 8.11. If V. is small the Lemma, is proved. O

A. Appendix

As remarked at the end of Section 2, Theorem 2.5 is proved in [2] assuming C'>
differentiability. This hypothesis is used only for estimates of derivatives near saddle-
node bifurcations, where a map is considered as a time-one map of a flow. Here we are
able to reduce the needed differentiability to 3, obtaining the same bounds (Lemmas
S.7 and S.8 of [2]) without any embedding into a flow. In addition, as the arguments
are direct, they allow much more control on constants.

The proof of Theorem 2 is made in [2] by induction, starting from the map @
defined in Section 2. The central interval 7, together with the preimages of the
central branch 5 belonging to the collection By form the set of connected components
of the domain of ®¢, contained in y_; =V, .

The central branch Hy = ®¢|vy is unimodal and Hy(0vy) C 9v—1. We also have the
diffeomorphic branches B = ®¢|3 : 5 — 9. The map ®,,41, for n > 0, is defined by
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induction with domain in «,,, with a central branch H, 11 = ®,11|Yn+1 : Ynt1 — Yo,
H, +1(0vn41) C 97, and with diffeomorphic branches B = ®,,41|8: 3 — 7,41, for 8
in the collection B,,+1. The map H, ;1 is the critical component of the ®,,-first entry
map into v, after escaping from this same v, (and not the ®,,-first return map to v,
as usual). The maps B : 3 — 7,41 are the branches of the @, -first entry map into
Tn41-

At all stages of the induction, the maps ®,, are shown to satisfy the same three
sets of conditions Geometry, Central Branch and Preimages of the Central Branch of
Section 2, with small and uniform constants n > 0, 49 > 0 and d; > 0. One of the
main steps in the proofis the analysis of H,, -iterates near the creation of a saddle-node
fixed point for H,,. In [2], this analysis is resumed in Lemmas S.7 and S.8.

The function H,, is a two-variable function H,, = H, (a.x), defined for x € 5, =
Yoo and a € J, where J is some interval. As a varies along J, H,(a,c) crosses
Yn—1 = Yn—1.a. For simplicity we assume ¢ = 0 and H,(0,0) = 0. The starting
conditions named Central Branch imply that there are non-zero constants S,, and V,
such that
H,,,Z,b(’(lzx) 14260, 1- 26 < H,,,‘“V(:L.J,)

for all x € 7, , and a € J, if dq is sufficiently small.

1 —2(5() < < 1+2(50

The sign of S,, -V}, is always the same as the sign of S - Vj), which we suppose to be
negative, without loss of generality. If we do a linear coordinate change x — —S,,x,
a+— —S,V, a we normalize H,, so that

‘Hn..r.r(awil‘) + 2‘ g 460» IHnAa(awT) - 1| < 260
The starting conditions Central Branch are kept unaffected by linear changes of co-
ordinates. Integrating these two last inequalities we have

[H,, . (a,x) + 2x| < 4dp|2,

|H, (a,x) — (H,(a,0) — 2%)| < 2602
and
|H, (a,0) —a] < 2dpal.

In fact, we are only concerned here with negative values of the parameter, where the
saddle-node appears. Let ay be the least (and unique) value for which there is a
(unique) solution for the equation

H,(a,z)=1x

and let x4 be such that H, (as, xy).
By solving the equation H,, ,.(z,) = 1 we get
1 1 1 1
—— <y < —m—.
21— 209 214 20

SOCIETE MATHEMATIQUE DE FRANCE 2003



300 E. COLLI & V. PINHEIRO

On the other hand, a, € [al, a?], where a! and a? are, respectively, the first parameter
values for which (1 — 28p)(a — 2%) = x and (1 + 280)(a — 2%) = x have a solution.

Hence
1 1 1

1
I 22 SE S TIU T 2002

These values are very near a = —% and x = —%, which are the bifurcation values for
(a,z) — a — 2%. Now we normalize H,, again by linear changes of coordinates both
in @ and z so that a, = —i and =, = —%. The values of H, , and H,, ,, do change,
but are still very near 1 and —2, if ¢ is sufficiently small.

For the sake of simplicity, we write H = H,,, in these coordinates. For every such
H the starting conditions Central Branch are satisfied, H,, is near —2, H, is near 1,

and the values of the saddle-node bifurcation are given by (ay,z,) = (—%.—3). The

constant &y regulates the proximity to the function (a,r) +— a — x%. We call H = H,,
the set of functions satisfying these conditions. Since here we are only interested in a
bounded region of the plane and the parameter space near the saddle-node bifurcation,
we can fix the domain of each H € 'H as

{(a,2); (a,x) € [-10,10] x [-10,10]}.

Every constant appearing in the estimates will be uniform among the functions H €
H, provided 9§ is sufficiently small.

Let ap < ay be such that |H(a,0)] > 2 for every a < ag. This is the lowest
parameter value we are interested in, since all iterates outside the critical region
H~Y[H?(0), H(0)]) have some expansion (approximately greater or equal than 4)
and can be treated by other methods. For H(a.x) = a — 2%, we have ap = —2 and in
the remaining cases there is an error of the order of §; about —2.

For a > ay we are concerned with iterates x, Hzx,..., H/x, where |z] < 2, x ¢
H~Y([H?(0), H(0)]) and |H’(z)| > 2. For each a we associate the number [ = [(a)
which gives the maximal j. In other words,

I =1(a) =min{j > 1; [H/(H(0))| = 2}.
Now for x € (=2,2) ~ H-([H?(0), H(0)]) and j as above we denote
Fs(a.z) = H(a, ).
We aim at proving the following Lemma (corresponding to Lemma S.8 in [2]).

Lemma A.1
There is C' > 0 such that for all H € H. v € (=2,2) ~ H Y([H*(0). H(0)]) and
ap < a < ag = —%, we have

B FS’ - ng &
Bl ™\ | (e | €€

|Fs.c| \(FS.::-)Z ‘(Es‘..r)"

Fs pr :

Fo | |[=200 < o2,
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Fspa| | Fsuwa
Fs. (FS.:17)2
|Fs.aa] < C1°,
where | = 1(a) as above. Moreover, if v € [H*(0), H(0)] then

|FS(L| Alli

|FS,(II~ < ClSv

and
|ES,I|a |P1$..zr.l;l g C.

This Lemma will be proved in the following way. We will fix a; < as and define

lp = max max [(a).
HeH ap<a<ka,

Also we let 1 < —% < x, be such that z; > -2, z, < H(0) and some conditions

stated below are satisfied. The order of choice is this one: first x; and x,, then a;
and finally dy. If &y is sufficiently small then the constant C' will be uniform for all
HeH.

[terates done for ag < a < a; and outside [z, 2, for a > a; are in (uniformly)
finite number, so that they contribute only with constants to the Lemma. The main
problem lies on the “unbounded” part [a;,a,] x [z, 2], which is solved if we prove
the following Lemma (Lemma S.7 in [2]).

Lemma A.2. — There is C' > 0 such that for a > a;
(1) C~Y < |HI| < CI?, for all x € [ay, x,];

(2) C 1<|H’|<C for all v € [Hx,, x,];
(3) |H | < CB, for all x € [x).x,];

(4) |H) | >C P, forall x € [Ha,, x,);
(5) |H. dal < CI5, for all x € [w). x,):

(6) |H |<C|H’|2 for all x € [z, 2,];
(7) |H - < CIHIP, for all x € [x),x,);
(8) |HZ, C|H_-,’.|13. for all x € (v, 2,];
(9) |HY,,| < CIHI?B, for all x € |2, 2,)].

Establishing the relation between a and [ is one of the main steps in the proof of
Lemma A.2. We change coordinates again by = — = + % and a — a + l‘ so that
now the saddle-node occurs for (a,z) = (0,0). We also regard ag, ay, 2, x, in the new
coordinates. Then we suppose that x; and x, are chosen so that

2 3

for all x € [H?x;,x,]. Moreover we take aj such that if @ > a1 and H'(a,r,) < 2
then j > 10 (actually these choices are somewhat arbitrary).
The following Lemma compares H with purely quadratic functions. It is a direct

consequence of the assumed proximity to (a,x) — a — 22,
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Lemma A.3. — If H € H, 6, is sufficiently small, a1 < a <0 and x € [H*z),x,] then
5 3
Z(a —2?) < H(a.x) —x < Z(a —z?).

A fundamental domain for H is any interval of the form [Hz,z]. The smaller
fundamental domain in [z, x,] has size equal to min |H (a,r) — z|, which is greater or
equal than §a by Lemma A.3.

Consider now a fundamental domain [H'*'x, H'x,], i > 0. Let m be the first
integer such that H"z, < x; (m differs from l by a finite amount). The power
H™~"maps [H' "2, H'z,] diffeomorphically onto [H™*'2,. H"™x,]. Note that H" ™"
is extendible to the adjacent fundamental domains, so thdt the image extends to
[H™*22,, H" 'z,]. As the Schwarzian derivative of H is non-positive, the distortion
of the power map derivative is bounded. In other words, there is C7 > 0 such that

H ”'“1(1 1)

for every x1,a9 € [H"‘“m,,',H"'m.,.] and 0 < i < m — 1. In particular, by the Mean
Value Theorem and the estimate on the least size of a fundamental domain, there is
C' > 0 such that
C'<|HI| < Ca™t,
for all x € [x,2,], where j here is the first integer such that H/z < x;.
Another consequence is that if x € [Hx,.x,] then |HZ| < C'. This proves the first

two items of Lemma A.2, provided we have Lemma A.7 below, relating a and [. To
prove this Lemma, however, we need three others.

Lemma A.4. — If iy is such that |Hx — x| is not monotone in [H’0+1 JHiog, | then

|Hio e, — Hop,| < ga.

Proof. Let . be the unique point where min |Hx — 2| is attained. Then z. belongs
to [H 'z, H'x,] and, by Lemma A.3, |[Hz, — x| < 2a. But [H 'z, Hz,] C
[Hz.,H 2], hence

|H g, — Hoz,| < |Hre — 2o + |H 'z — a0l
By the choice of z; and z,.,
. 3
-1, . . .
|H 'z, — x| < §|H.L(, -z,
and the Lemma is proved. O

Lemma A.5. — If |Hx — x| is monotone in [H'*'a,, H'z,] then

9 H'x, 1
- < dr <
3 /,H Hz— 2™

o e
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Proof. — By the Mean Value Theorem, there is x; in [H'T'x,, H'z,] such that
/H £y 1 . |H'i+1x”‘ _ H'i.T,»|
——dr = .
ity [Hr — x| |Hx; — x4
As the maximum and the minimum values of |Hx — x| are attained at the boundary
of [H[+1T H 76,] we compare them with |[H'*'x, — H'xz,| using the supposition
2 < |H,| € 3, and the Lemma is proved. |
Lemma A.6. — If iy is such that |Hx — x| is not monotone in [H"“Jr‘l x.. Hx,] then
HOx,
1
/ v <5
o+l lHL — L|
Proof. — This is a consequence of Lemma A.4, since
H'"y ¢
' 1 _ 25 4 _
/ ———dr < |H" Mo, — Hz.|max|Hr — 2|7 < =a--a”'. O
Hiotlp, |H;IT - 1’ 8 3

Lemma A.7. — There is C > 0 such that
C a1 < l{a) < Ca~'/2,

for all ag < a <0.

Proof. — 1t is enough to prove the same statement for m instead of [ and for a > a;.
By Lemmas A.5 and A.6, we have

9 &y 1 3 €y 1
= ——dx -5 <m-1< < ———dx.
3 </1 v [ Ha — 1| ) " 2 /H, |Hr — x| “

Applying Lemma A.3 to the left inequality, we get

2 4 [ 1
m>= -4+ - = T
3 5/ |+ 22 ™

“la|™Y? [ arctan — arctan
2 |ai| a1

> O a|7V2,

where C' is fixed after the choice of x;, x,, and a;. On the other hand,
/*.’l'[ 1 &y 1
——dx < / ———da < 1,
Jum,, [Hr — x| b |[Hr — x|
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since the maximum of |[Hz — 2|~! in [Hux;, 1] is attained in ;. Then

m<5+3/“ ! d
m< 242 R
2 2/, |Hr—ux

— arctan

-
< % + 27|a| V2 < Cla| 7V,

3 4
<z 5 3|(L| 1/2 (dr(tdn

Now we are able to prove the remaining assertions of Lemma A.2.
Lemma A.8. — |HJ| < CI?, for all x € [1;,2,].
Proof. — For x € [x;,x,], write

S o

i=1

But this last sum is bounded by C'ji? < C13.
LemmaA.9. — Ifx € [Hx,, x,] then |HJ| = C~13.
Proof. As in the previous Lemma,

ZH -

=1

»BIC»D

since H, ~ 1. By bounded distortion,
H/ 1>Cv 1|H1+] HTr|7l~

hence, similarly to the proof of Lemma A.7,

e

|H' 2, — H'z,|
-1 r
|H | = ¢ E :|[],+1 Hi1‘1-|2

> C—l 1 dr > (771|a’7.‘§/2 > (vfll.‘i
S A T e e

Lemma A.10. — |H/ | < C|HIJ?, for all x € [x), x,].

Proof. -~ Writing

H:/.z Z H,,oH™!

(H})? (H) ™" o HI=V)(H, o Hi=1)
we get

J 1

H|<CH)?Y ——7—
l ,l,l,| ( ) ; |H._l}v~l+] OH1A1|
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Using bounded distortion,
[HI =L < CH v — H ™ 'l
for i = 1,....j. As the sum of the sizes of the fundamental domains is bounded. the
Lemma follows. |
LemmaA.11. — |HJ,| < CI°, for all x € [x;,2,].
Proof. — Write v
H) :
—t = 51 + 25 + S,
(H1)?
where
J i—
Hyooll™!
S1=0 —r—
—  H.H;
' HuoH™'  H
S‘ZZZ ' T
i—2 []:{»(Hl,-OHlil) H,lr
! H,yoHi™! Hi=1\*
b’;{ P Z I A vl‘ ‘ - . ( (;#1 ) .
— (H oH'-YW(H,oH-Y) \H,
Then, as in Lemma A.8,
J
(H]P|S) < CY | H]T' [ < P
i=1
In addition,
g1
(HI? S < CY N T |H o HY| < CIY,
=2 t=1
as in the proof of Lemma A.8. Finally,
J i-1 2
(H])P|Ss) < Oy HI7 o HIZH! (Z \Hi™" o 11’|>
i=2 =1
J )
< (‘v[(iz |Hf,/;_l+l o ]]I ]~7l < (v[(i’
=2
where the last inequality is similar to the proof of Lemma A.10. O
LemmaA.12. — [H) .| < C|H/|?. for all x € [, x,].
Proof. — Similar to Lemma A.10. It is enough to bound H,.../(H,)" by
J 2
('<Z \H'r, — 11/"1J-,,|> : O

i=1

Lemma A.13. — |H/ | < C|HI|*. for all v € [x).2,].
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Proof. — Write HJ /H) = S + S,. where

j -
“~ H,,oHi~!
S| = —_—
1 ; (HJ ° Hz—l)
and _
J H Hi-—l H'i—l
) L il
Y (HET T o HISY(H, 0 HiTY) HLT!
The techniques employed in the previous Lemmas lead to |S;| < Cl and [Sy| <
cls. O
Lemma A.14. — |H!, | < C|HI|?I}, for all x € 2, x,).
Proof. — Write
HI, . , ,
(ffﬁé = H}(S1 + Sy + 53+ 45, + 255),
where v
Q — l 4 HAI,"I'(I o Hl_l
T HL &= (T o H Y (H o HIY)
Sy — i H.l:.r.r © H[Al H,[;“l
L (HT o HI Y (Hy o H-Y) HED
G _ zj: H,yo H'™! 1 Hi!
3 s H,]II; }If,jv_i+1 o Hi-1 (}[;71 )Qa
5 i H,,oH! H! !
4= s (Hi™ " o Hi=V)2(H, o Hi=V) (H )2
J H,,oH™! H™Y HI
S = Z J—it1 i—1)2 i—1y -l i—1y2°
i—2 (HV,-, oH ) (H, oH ) H.): (HJ: )
then proceed as in the previous Lemmas. O

B. Glossary

The formula below appear in many places of this work. They give mixed deriva-
tives of compositions of parameter dependent diffeomorphisms. Let {F;},=;
F, = Fi(a,x), be a sequence of difftomorphisms and G = G, its composition
Gj=F;o---0oF,. Consider also the partial compositions G; = Fjo---0F; and
Qi = Fjo---oF;. Tosimplify the notation, we omit the points where the functions
are evaluated.

J
3 G(L _ Fi.a
( ) y Y
T i=1 Tix
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(4) Z QH—I Izl )

Gl‘(l ! 1 ra 1 xT Gi—l a
5 = + S
( ) (G-17)2 i=1 i, lGj & Z Q1+1 ) G'i,—l..lr
(6) Ga,a, _ ! I(L(l +22 1 ra 1~1(1 +Z I xr <G17-1.a>2
(G:17)2 GL IGJ T F C; € 1—1 x Q1+l ) G'ifl.klr

J
7 LLII +3§ : ll‘I _. i ,J,JTA
( ) ., 1 Q1+1 : P Ql-l—l T IJ )2 Q'i.a: (Gi——l,,l:)z

G]"I'(l ! Pji, rra
( ) (G‘lt)d g (;j.:th'i+].1 (E €T )2

=1
J J

Fi xTrx P1i €T z~1 a FL xa 1 G'i——l €T
+ L + S
; ((QH—L_I')2(1:‘1',.1'>4 1~1 T 12 Fz IG] x Qi,,‘zr (G'iAl,.z')z

J

E xw 2 Gi*l ra Gi—lAa 1 Gl»l;l:.z'

+2 S Ll : .
Z Qiv1.(Fi)? {Qm (Gic1.)?  Gicie Qi (Gic1a)?
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