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COUPLED HOPF-BIFURCATIONS: 
PERSISTENT EXAMPLES OF n-QUASIPERIODICITY 

DETERMINED BY FAMILIES OF 3-JETS 

by 

Henk Broer 

Abstract. — In this note examples are presented of vector fields depending on pa­
rameters and determined by the 3-jet, which display persistent occurrence of n-
quasiperiodicity. In the parameter space this occurrence has relatively large mea­
sure. A leading example consists of weakly coupled Hopf bifurcations. This example, 
however, is extended to full generality in the space of all 3-jets. 

1. Introduction 
In the theory of coupled reaction diffusion equations the following is of interest, 

see Polâcik et al [12, 19]. The problem is whether persistent examples exist of 
(parameter dependent) dynamical systems with the following properties: 

(1) Occurrence of n-quasiperiodicity in a measure theoretically significant way. 
(2) The system is local, and the property is determined by a low order jet. 
(3) Preferably parameters are only needed in the linear part. 

Below we present a solution to this problem by means of coupled Hopf families. To 
fix thoughts, we start with an example. 

Example 1 (Weakly coupled Hopf bifurcations). — Consider a C^-system of n weakly 
coupled Hopf bifurcations, near the origin of E2n given by 

(i) 
' Xi 
w 

xwq 
'a, -fij 
3i a:i 

x.i 
vr 

WU(P+xx1 xw 
x 

+ 0(r4), 

1 ^ j ^ n, where r2 = X^Li^y + v])- The lower order part (the 3-jet) consists of 
n completely decoupled Hopf bifurcations, as already considered in [15]. Presently, 
however, we include the coupling term 0(r4). Moreover, we include 2n parameters 
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224 H. BROER 

(o, L3) = (a i , . . . , an, . . . , /3n), where a G M!}: is small and where /3 varies over any 
compact disc L C M". In multi-polar coordinates x7 = rj cos (p3, y j — rj sin (pj the 
decoupled lower order part reads 

w+w1ws 

(2) 2 = X^Li^y + v])+x1x 

1 ^ j ^ Clearly for > 0, system (2) has an n-torus attractor r3 — ^/cJJ, where 
the dynamics is parallel given by (fij = (3j, 1 ̂  j ^ n. Our interest is with the fate of 
this dynamical phenomenon upon addition of the higher order perturbation 0(r4). 

Below we generalize the setting of Example 1, raising a similar problem. To solve 
this we apply both Center Manifold Theory [14] and KAM Theory in the dissipative 
setting [17, 2, 6, 3, 7]. We summarize the results of our investigation. First, for small 
|o|, the family of n-tori is (7£-persistent for such perturbations, where the bound on 
\a\ depends on L Second, the continuum of parallel dynamics persists as a Whitney 
smooth family of quasiperiodic attractors, foliated over a Cantor set. Projected to the 
(a, /^-parameter space, this Cantor foliation has positive measure, expressed in terms 
of a Lebesgue density point of quasiperiodicity corresponding to a = 0. Notably, the 
dynamics in between generically break up due to internal resonance: upon variation 
of parameters the dynamics can be asymptotically periodic (e.g., phase locked) or 
chaotic (n ^ 3), [20, 18, 21, 23]. 

Let us briefly outline the contents of this paper. We start by generalizing the setting 
of Example 1, and developing an appropriate perturbation model for the application of 
Center Manifold and KAM Theory. We end by a general discussion, pointing towards 
some interesting problems regarding quasiperiodic Hopf bifurcation that occur in a 
subordinate way. 

2. Coupled Hopf-bifurcations 

2.1. Setting of the problem. — Instead of weakly coupled case (1) wre here con­
sider the more general system 

(3) 
qq 

ww 
ww 'a, -Pi 

Pi ot ; 
\ 

wsq 
w+w1 

which will be subject to suitable (73-open conditions. As in Example 1 we include 
dependence on the parameter vector (o, j3) G x R^. We apply a standard normal 
form procedure to system (3), e.g. compare [22, 4, 24, 11]. Note that the linear part 
of (3) has a Tr;-symmetry. Strong resonances are excluded by requiring that 

(4) 
n 

.7 = 1 

d.ikn ^ 0 whenever 0 < 
n 

3 = 1 

u < 4 
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which amounts to the first open condition. Granted (4), by near identity, polynomial 
changes of variables this Tn-symmetry can be pushed over the whole 3-jet, which then 
in appropriate multi-polar coordinates reads 

(5) 

ToJ=[3J-fJ(rl...1rl) + 0(r4) 

r3 = r3(a3 - g3(r\,..., r2)) + 0(r4), 

1 ^ J ^ n. As in Example 1, we truncate the 0(r4) term, so arriving at the present 
generalization of (2), which we explore for invariant n-tori. Therefore we expand 

fj = fjirï + ' ' • + fjnrï 

9j = 9jirl + '- + 9jnrl, 

with f j , . (} )i constants, i,j = l ,2, . . . ,n. Invariant n-tori then are determined by n 
equations 

(6) 2 = X^Li^y + v])+xùmx+ 

1 ^ j ^ n. Consider the 'action-space' = {r2,... ,r2}, where the equations (6) 
determine n hyperplanes. Considering the n x n-matrix 

2 = X^Li^y + v]) 

we impose further C3-open conditions 

(?) det G ^ 0 while G~l(a) G W^. 

By c2 := G 1(a) denote the unique (transversal) intersection point of the hyperplanes. 
Then the equations (6) have the unique solution 

(8) î'i = c2.. . . , r2 = c2, with c2 = c2(o). 

1 ^ j ^ n, which determines our invariant n-torus, carrying parallel dynamics. 

Remark. — The open conditions (7) are trivially satisfied in Example 1, where G = 
Idn. One easily detects other concrete examples that are C7'3-nearby (1). 

As announced in Example 1, the problem is to study the effect of the higher order 
perturbaton 0(r4) on this family of tori. As said before, to answer this we shall 
apply both Center Manifold Theory [14] and KAM Theory in the dissipative setting 
[6, 3, 7]. 

2.2. An appropriate perturbative setting. — We formulate a perturbation 
problem suitable for our purposes. Introducing the small parameter e and putting 
L — r.j — c,, we scale 

a, = s'2(\ ; II; • 6,: 
r, = sr. tp, = </?•, 
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also writing L = si j, 1 ̂  7 ^ n. This gives the estimates 

Tp,= l3i+eO(I) 

Ij = -2e2âjlj + e2IjO(y^I), 

1 ^ j ^ n, which are uniform for (a, (3) £ K x L, for any given compact subsets 
K, LÇR^ . A further scaling 

I = e"I, 

for a fixed q > 1, leads to the following perturbation problem: 

ip,= 01+O(el+«) 

(9) Ij = -2£%I]+O(e2+0), 

1 ^ j ^ again with uniform estimates. Since q > 1, the form (9) is suitable 
for application of the Center Manifold Theorem [14], Thm. 4.1, implying the C£-
persistence of the invariant n-torus for small values of e. 

To further investigate persistence of the quasiperiodic dynamics we apply dissipa-
tive KAM Theory as developed in [6] §§4 and 8. In the unperturbed case 

2 = X^Li^y + v]) 

I, = -26%!^ 

1 ^ J ^ n, we single out parameter vectors (3 G L such that for all k G Zn x {0} 
Diophantine conditions 

(10) \(k,0)\2- 1 
\kV 

hold. Here r > n — 1 is a constant, while we choose 7 = csq, for an appropriate (suf­
ficiently small) constant c, depending on K and L. These conditions define a Cantor 
foliation C£;C Ç K x L for the unperturbed system. The complement (K x L) \ C£,C 
has measure 0(£9) as e | 0. The main result of the present paper is: 

Theorem 2 (Perturbation Theorem). — Consider system (9), with parameter vectors 
(a, (3) <E K x L, for given compact subsets K,L Ç . zl/so Ze£ £ G N 6e sufficiently 
large. Then, for s > 0 and sufficiently small the (9) has the following properties: 

(1) TTie unperturbed n-torus family 1 = 0 persists as a unique C£-family of hyper­
bolic n-torus attractors T£, also depending Cl on e. 

(2) For parameter values (c7, (3) G C£x: as described above, with c sufficiently small 
the unperturbed tori persist as quasiperiodic tori inside T£. 

(3) The union of tori inside T£ with non-quasiperiodic dynamics has Lebesgue mea­
sure 0(eq), as e I 0, 1 ̂  j ^ n, uniformly in (â, (3) G K x L. 
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Proof (sketch). — For simplicity we perform the KAM Theory inside the center man­
ifold, see [6], the Appendix. This means that for some £' < £, there exists a C£ -
reparametrization &£ : K x L —> R" x R" , extending to a Ce -diffeomorphism 

ty£ : Tn x {0} x K x L —> R2n x R^ x Rn 

such that for (57, ,6) G Ce, the map ^£ is a conjugacy from the unperturbed system to 
the full (perturbed) system (9).^ The dependence of the map ty£ on e is smooth. 

This implies that (9) has a subsystem consisting of a Whitney smooth foliation of 
quasiperiodic n-tori. Morover, in the Ce -topology \ty£ — Ici| = o{e) as e I 0, which 
implies that the the image &(C£) has positive (almost full) measure as e j 0. • 

Returning to the context of system (3) we conclude 

Corollary 3. — Consider system (3), with parameter vectors o7 G K, and f3 G L, for 
any given compact sets K,L C R™ with L not containing any strong resonances (4)-
Also let £ G N be sufficiently large. Then, up to condition (7), for e > 0, sufficiently 
small the system, (3) has the properties 1., 2. and 3. of Theorem 2. Moreover, the 
behaviour described above is persistent under sufficiently C3-small perturbations. 

The 7^-dynamics in between the Cantor foliation generically break up due to in­
ternal resonance. Finally notice that the weakly coupled case of Example 1 also is 
fully covered by the Corollary. 

2.3. Conclusive remarks, towards quasiperiodic Hopf bifurcation. — Con­
cerning the asymptotics of the measure estimate, we note that the KAM Theorem 
[6, 7] may well be applied in the C00-setting, keeping track of the normal linear part. 
This does not lead to contradictions, since the quasiperiodic tori by parallellity are 
of class (7°% since they are £ normally hyperbolic for any £. A further (quasiperi­
odic) normalizing and reparametrizing (see, e.g., [3]) leads to sharper estimates on 
the complement of quasiperiodicity, which become of arbitrary large order in £, as 
£ j 0, compare [7], §5.2. Assuming real analyticity, even exponentially small esti­
mates can be obtained for the complement of quasiperiodicity. Compare [7, 16] and 
further references given there. 

Next we point out a relationship with quasiperiodic bifurcation theory. Until now 
we restricted a to compact subsets K of the open cone R" , thereby only covering 
interior points. Consider the ô-regime near the boundary of this cone. In the un­
perturbed system (2) of Example 1, this gives normally elliptic subtori, and clearly 
the perturbâtive cases involve subordinate quasiperiodic Hopf bifurcations, compare 
[3, 7, 8, 5, 25, 9, 10, 23]. In the present, general case the theory will be even 
more interesting, compare [13, 26], for general reference also see [1]. Investigation of 

(̂ To be precise, K x L has to be shrunk at its boundary by a layer of thickness 0(eq). 
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228 H. BROER 

this will require further research, as is also indicated by the following example, kindly 
provided by Florian Wagener. 

Example 4 (Two weakly coupled Hopf families). — Consider the 'integrable' system 

0 i = Pi 

0 2 = 02 
h = - r\) - r\ 

r2 = r2(a2 - rh. 

A brief calculation reveals that the non-hyperbolic tori occur for 

27'a\ = 4a'i n = -jry/âï r2 = y/âl, 

a'2 = 0 ri = .VôTT r2 = 0. 
The problem is to study the effects of integrable and non-integrable higher order terms. 
Notice that the hyperplanes in parameter space where subordinate quasiperiodic Hopf 
bifurcations take place, have shifted somewhat. However, by the scaling all interior 
points of the cone are drawn within the regime with invariant n-tori. 

Observe that this program is reminiscent to the Hamiltonian case of elliptic subtori, 
[6, 3, 7, 16]. 

Acknowledgements. — Helpful discussions are acknowledged with Peter Polâcik, Flo­
rian Wagener, Carles Simo, Floris Takens and Bernold Fiedler. Also thanks is due 
to the Universitat de Barcelona for hospitality during part of the preparation of this 
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