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BOHR-SOMMERFELD QUANTIZATION CONDITION FOR
NON-SELFADJOINT OPERATORS IN DIMENSION 2

by

Anders Melin & Johannes Sjostrand

Abstract. — For a class of non-selfadjoint h-pseudodifferential operators in dimension
2, we determine all eigenvalues in an h-independent domain in the complex plane and
show that they are given by a Bohr-Sommerfeld quantization condition. No complete
integrability is assumed, and as a geometrical step in our proof, we get a KAM-type
theorem (without small divisors) in the complex domain.

Résumé (Condition de quantification de Bohr-Sommerfeld pour des opérateurs non-
autoadjoints en dimension 2)

Pour une classe d’opérateurs h-pseudodifférentiels non-autoadjoints, nous déter-
minons toutes les valeurs propres dans un domaine complexe indépendant de h et
nous montrons que ces valeurs propres sont données par une condition de quantifi-
cation de Bohr-Sommerfeld. Aucune condition d’integrabilité compléte est supposée,
et une étape géométrique de la démonstration est donnée par un théoreme du type
KAM dans le complexe (sans petits dénominateurs).

0. Introduction

In [MeSj] we developed a variational approach for estimating determinants of
pseudodifferential operators in the semiclassical setting, and we obtained many results
and estimates of some aesthetical and philosophical value. The original purpose of
the present work was to continue the study in a somewhat more special situation
(see [MeSj], section 8) and show in that case, that our methods can lead to optimal
results. This attempt turned out to be successful, but at the same time the results
below are of independent interest, so the relation to the preceding work, will only be
hinted upon here and there.

Let p(z,£) be bounded and holomorphic in a tubular neighborhood of R*in C* =
CZ x C. (The assumptions near oo will be of importance only in the quantized case,
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182 A. MELIN & J. SIOSTRAND

and can then be be varied in many ways.) Assume that
(0.1) R*Np~1(0) # @ is connected,

1

(0.2) on R* we have |p(z,£)| > Yol for |(z,€)| = C,

for some C > 0,

(0.3) dRep(z,£), dImp(z,&) are linearly independent for all (z,£) € p~1(0) NR2.
It follows that p~!(0) N R* is a compact (2-dimensional) surface. Also assume that
(0.4) |{Rep, Imp}| is sufficiently small on p~*(0) N R*.

Here
2

Oa 0Ob da 0Ob
{a, b} 21: (6§] 0.’13']' 693]' (953) Ha(b)
is the Poisson bracket, and we adopt the following convention: We assume that p
varies in some set of functions that are uniformly bounded in some fixed tube as above
and satisfy (0.2), (0.3) uniformly. Then we require [{Rep,Imp}| to be bounded on
p~1(0) N R* by some constant > 0 which only depends on the class.

If we strengthen (0.4) to requiring that {Rep,Imp} = 0 on p~1(0) N R*, then
the latter manifold becomes Lagrangian and will carry a complex elliptic vector field
H, = Hrep + tHimp. It is then a well-known topological fact (and reviewed from the
point of view of analysis in appendix B of section 1) that p~!(0)NR* is (diffeomorphic
to) a torus. If we only assume (0.1)-(0.4), then H, is close to being tangent to
p~1(0) N R* and the orthogonal projection of this vector field to p~1(0) N R4 is still
elliptic. So in this case, we have still a torus, which in general is no more Lagrangian.

In section 1 we will establish the following result:

Theorem 0.1. — There exists a smooth 2-dimensional torus ' C C*, close to p~1(0)N
R* such that o), = 0 and I;(T) € R, j = 1,2. Here I;(T) = J,, & dx are the actions
along the two fundamental cycles v1, v2 C T, and o = Zf d&; A dx; is the complex
symplectic (2,0)-form.

If we form
L = {exptHy(p); p€T, t€C, |t| <1/C},

where t/th = tH,+tH, is the real vector field associated to tH,, then, as we shall see,
L is a complex Lagrangian manifold C p~1(0) and L will be uniquely determined near
p~1(0) N R* contrary to I'. As a matter of fact, we will show that there is a smooth
family of 2-dimensional torii ', C p~!(0) with Op, = 0, depending on a complex
parameter a, such that the corresponding L, form a holomorphic foliation of p~1(0)
near p~1(0) NR*. The L, depend holomorphically on a and so do the corresponding
actions I;(I'y). We can even take one of the actions to be our complex parameter a.
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BOHR-SOMMERFELD QUANTIZATION CONDITION 183

It then turns out that Im %f # 0, and this implies the existence of a unique value of
a for which I;(T'y) € R for j = 1,2.

Theorem 0.1 can be viewed as a complex version of the KAM theorem, in a case
where no small denominators are present. As pointed out to us by D. Bambusi and S.
Grafli, the absence of small divisors for certain dynamical systems in the complex has
been exploited by Moser [Mo], Bazzani-Turchetti [BaTu] and by Marmi-Yoccoz.

The proof we give in section 1 finally became rather simple. Using special real
symplectic coordinates, we reduce the construction of the I'; to that of multivalued
functions with single-valued gradient (from now on grad-periodic functions) on a torus,
that satisfy a certain Hamilton-Jacobi equation. In suitable coordinates, this becomes
a Cauchy-Riemann equation with small non-linearity and can be solved in non-integer
C™-spaces by means of a straight-forward iteration.

The fact that I;(T') € R implies that there exists an IR-manifold A C C* (i.e. a
smooth manifold for which o), is real and non-degenerate) which is close to R* and
contains I'. The reality of the actions I;(I") is an obvious necessary condition and the
sufficiency will be established in section 1. When p(z,£) — 1 sufficiently fast at oo,
A will be a critical point of the functional

(0.5) A I(A) = /A log |p(z, €)|u(d(x, £)),

where p is the symplectic volume element on A. This was discussed in [MeSj] and
in section 8 of that paper we also discussed the linearized problem corresponding
to finding such a critical point. The reason for studying the functional (0.5) is
that I(A) enters in a general asymptotic upper bound on the determinant of an
h-pseudodifferential operator with symbol p. Our quantum result below implies that
this bound is essentially optimal.

Now let p(z, &, z) be a uniformly bounded family of functions as above, depending
holomorphically on a parameter z € neigh (0, C) (some neighborhood of 0 in C). Let
P(z) = p¥(z,hD, z) be the corresponding h-Weyl quantization of p, given by

X

(06)  p“(a,hD, 2)u(z) = @;T) / / e 922 g Y u(y)dyas.

It is well known (see for instance [DiSj]) that P(z) is bounded: L?(R?) — L%(R?),
uniformly with respect to (z,h). Moreover, the ellipticity near infinity, imposed by
(0.2), implies that it is a Fredholm operator (of index 0 as will follow from the con-
tructions below). Let us say that z is an eigen-value if p¥(z,hD, z) is not bijective.
The main result of our work is that the eigen-values are given by a Bohr-Sommerfeld
quantization condition. We here state a shortened version (of Theorem 6.3). Let
I(z) = (I1(2), I2(2)), where I;(z) = I;(I'(z)) € R and I'(z) C p~1(0, 2) is given by
Theorem 0.1. I(z) depends smoothly on z, since I'(z) can be chosen with smooth
z-dependence.
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184 A. MELIN & J. SIOSTRAND

Theorem 0.2. — Under the above assumptions, there exists 6 € (3Z)* and 6(z; h) ~
0o+01(2)h+62(2)h%+- - - in C*=(neigh (0, C); R?), such that for z in an h-independent
neighborhood of 0 and for h > 0 sufficiently small, we have
1) z is and eigen-value iff we have

I(2) ) o
(BS) ok k — 6(z;h), for some k € Z°.
2) When I is a local diffeomorphism, then the eigen-values are simple (in a natural
sense) and form a distorted lattice.

Classically, the Bohr-Sommerfeld quantization condition describes the eigen-values
of self-adjoint operators in dimension 1. See for instance [HeRo], [GrSj] exercise 12.3.
In higher dimension Bohr-Sommerfeld conditions can still be used in the (quantum)
completely integrable case for self-adjoint operators and can give all eigen-values in
some interval independent of h. See for instance [Vu] and further references given
there. This case is also intimately related to the development of Fourier integral
operator theory in the version of Maslov’s canonical operator theory, [Mas].

When dropping the integrability condition, one can still justify the BS condition
and get families of eigen-values for self-adjoint operators by using quantum and clas-
sical Birkhoff normal forms, sometimes in combination with the KAM theorem, but
to the authors’ knowledge, no result so far describes all the eigen-values in some
h-independent non-trivial interval in the self-adjoint case. See Lazutkin [La], Colin
de Verdiere [Co], [Sj4], Bambusi—Graffi-Paul [BaGrPa] Kaidi-Kerdelhué [KaKe],
Popov [Pol, Po2]. It therefore first seems that Theorem 0.2 (6.3) is remarkable in
that it describes all eigen-values in an h-independent domain and that the non-self-
adjoint case (for once!) is easier to handle than the self-adjoint one. The following
philosophical remark will perhaps make our result seem more natural: In dimension 1,
the BS-condition gives a sequence of eigen-values that are separated by a distance
~ h. In higher dimension n > 2, this cannot hold in the self-adjoint case, since an
h-independent interval will typically contain ~ h~" eigen-values by Weyl asymptotics,
so the average separation between eigen-values is ~ h™. In dimension 2 however, we
can get a separation of ~ h between neighboring eigen-values for non-self-adjoint oper-
ators, since the number of eigen-values in some bounded open h-independent complex
domain can be bounded from above by O(h~2) by general methods.

In section 7, we study resonances of a Schrédinger operator, generated by a saddle
point of the potential and apply Theorem 6.3 and its proof. In this case, the resonances
in a disc of radius Ch around the corresponding critical value of the potential were
determined in [Sj2] for every fixed C' > 0, and this result was extended by Kaidi-
Kerdelhué [KaKe] to a description of all resonances in a disc of radius h°, with § > 0
arbitrary but independent of h. We show that the description of [KaKe] extends to
give all resonances in some h-independent domain.
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BOHR-SOMMERFELD QUANTIZATION CONDITION 185

To prove Theorem 6.3, we use the machinery of FBI (here Bargman-) transfor-
mations and the corresponding calculus of pseudodifferential operators and Fourier
integral operators on weighted L2-spaces of holomorphic functions (see [Sj1, Sj3],
[HeSj], [MeSj]). This allows us to define spaces H(A) when A is an IR-manifold
close to R* in such a way that H(R*) becomes the usual L?(R?) with the usual
norm. Viewing p* as an operator: H(A) — H(A), the corresponding leading symbol
becomes py,. We apply this to the IR-manifold A(z) which contains I'(2) and get a
reduction to the case when the characteristics of p (in A(z)) is a Lagrangian torus.
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1. Construction of complex Lagrangian torii in p~1(0) in dimension 2

We shall work in R* = T*R? and its complexification C*, equipped with the stan-
dard symplectic form o = Z§=1 d¢j Ndz;. Let T' C R* be a smooth two-dimensional
manifold, and assume that there exist real-valued real-analytic functions p; and ps
defined in some tubular real neighborhood of I', which vanish on I" and have linearly
independent differentials at every point of I'. We shall assume that

(1.1) g It
in the sense that [(o,tAs)| < e for all p € I and all ¢, s € T,(T") with |¢|, |s| < 1, where
e > 0 is sufficiently small. Here we use the standard norm on R*. It is tacitly assumed
that nothing else degenerates when ¢ tends to 0; the tubular neighborhood is inde-
pendent of €, and p; and all their derivatives satisfy uniform bounds there. Moreover

is small,
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186 A. MELIN & J. SJOSTRAND

|p1| + |p2| is bounded from below by a strictly positive constant near the boundary of
the tubular neighborhood and we have a fixed positive lower bound on |A;dp; + Aadps|
uniformly in A1, A2 with [A;]2 + |A2|2 = 1. Under these additional uniformity assump-
tions, (1.1) is equivalent to saying that the Poisson bracket {p1,p2} = (o, Hp, A Hp,)
is small (O(g)) on I'. Indeed, if p € T, then the symplectic orthogonal space to T,I’
is the space spanned by Hp, , Hp, and to say that the Poisson bracket is very small
is equivalent to saying that the tangent space and its symplectic orthogonal are close
to each other. (Alternatively, we may notice that there is a new symplectic form
0e in a tubular neighborhood of I' with 0. — 0 = O(e), 0|, = 0.) In what follows
we extend p; and ps to holomorphic functions in a complex neighborhood of I' and
complexify I" (the complexification is sometimes denoted I'c). Then Org = O(e) in
a full complex neighborhood of the original real manifold and with a new ¢ that we
can take equal to the square root of the previous one. Since the complex vector field
H, = H,, + iH,, is close to be tangent to I' and H,, , H, are linearly independent,
it can be projected to an elliptic vector field on I'. It is then a well-known fact (that
we recall in Appendix B) that T is (diffeomorphic to) a torus.

We shall say that a multi-valued smooth function is grad-periodic if its differential
is single-valued. Let z;,x2 be grad-periodic, real and real-analytic on I' such that
(x1, 72) induces an identification between the original torus and R?/L for some lattice
L = Ze; ®Zes. Extend z; to a real-analytic, grad-periodic (and real-valued) function
in a tubular neighborhood of I' in R* in such a way that dz; vanishes on the orthogonal
plane of T,I' (w.r.t. the standard scalar product on R*) at every point p € T'. (We
could even get a unique extension by requiring that x; be constant on the sets L,
of points in the (small) tubular neighborhood, which are closer to p € I' than to any
other point in T'.) If o), is sufficiently small, then |Hy, 21| + [Hp,z1| # 0, so Hy,
is transversal to I'. Let H C R* be a real-analytic closed hypersurface in a tubular
neighborhood of I' which contains I' and is everywhere transversal to H;,. Extend
To real-analytically first to a grad periodic function on H, and then to a full tubular
neighborhood in R*, by requiring that

(1.2) {z1,22} =0.

We further extend z; and z3 to grad-periodic holomorphic functions in a complex
neighborhood of I'. This will allow us to identify I'c with a complex neighborhood
in C2/L of R?/L. We notice that o), = f(z)dz1 A dz2, where f(z) = O(e) and f
is holomorphic in a full complex neighborhood of R?/L in C2?/L. Since o is exact
and O(e) when restricted to I', there are real-analytic functions v; and 2 on I', with
values in R (hence single-valued) such that

(1.3) o = d(mdz1 + 12dz2), 71,72 = O(e),

in the C*-sense. Since the Hamilton fields H,, and H;, commute in view of (1.2)
and Jacobi’s identity and span a space transversal to I' at every point of I', we may
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BOHR-SOMMERFELD QUANTIZATION CONDITION 187

find real-valued and real-analytic functions £; and & in a neighborhood of T' in R*
such that

(1.4) &1 = Vi Hay€k = —dji.
Proposition 1.1. — (z,£) are symplectic coordinates for R* in a neighborhood of T'.

Proof. — I:ocally we may find (5,52) such that (~x, E) are symplectic coordinates.

Since Hy,§x = —0ji = Hy,; &k, it follows that & — §; = gj(z) is a function of x only.
Then

2 2 2
(1.5) dej ANdx; — dej Ndzj = Zd(g](m)) Ndzx;.

1 1 1

Since the restriction to T' of the left-hand side vanishes in view of (1.3) and (1.4) it
follows that Zf d(g;(x)) ANdx; = 0. Hence S°2d¢; Adx; = 0. Since we know already
that (z1,z2) is a coordinate system for I it follows that (z,&) is a coordinate system
in a tubular neighborhood. O

In the coordinates (z,&), I' takes the form
(1.6) ¢ =9(z), v=0(), z € R*/L,

where we view v also as an L-periodic function in R2. Considering p = p; + ip2 as a
function in the new coordinates we get *

(1.7)  p(x,8) = pi(z, &) +ip2(x,§)

2
=Y a;(@)(E — (@) + D bix(x, )& — (@))€ — ()
1 gk
2
=Y _a;(@)& + O0(IE = y(@)*) —r(z =Y a;(x)7;(z) = Oe)
1

in the sense of holomorphic functions in a fixed tubular complex neighborhood of
R2 x {¢ = 0}. With this point of view p is L-periodic in z.

We look for torii I'y in a complex neighborhood of I" of the form
(1.8) Iy:€=¢'(z), ze€R?*L,

where ¢ is complex-valued and grad-periodic with V¢ € C™ for some 0 < m € R\ N.
We want T'y, C p~1(0), so ¢ has to satisfy the Hamilton-Jacobi equation

(1.9) p(z,¢'(z)) =0.

Using (1.7) we can write this as

(1.10) 26+ F(2,8/(z) —1(2)) — r(z) = 0,

where Z = 32 aj(:v)% and F(z,£) = O(£2), r = O(g). Look for ¢ in the form
(1.11) p=¢cy, e<EX
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188 A. MELIN & J. SIOSTRAND

Then v has to solve

(1.12) Zyp+ iF(x, B — L)) - @ =0.
€ € 5
We look for solutions ¢ with ¢’ = O(1), and we rewrite (1.12) as
(1.13) ZYp+ Gz, 9" — %;s - % =0,
where
1 ~
(1.14) G(z,&€) = ?F(x’ gt)

is holomorphic and uniformly bounded with respect to € when |Im z|, |¢| = O(1).
Changing the z-coordinates and L conveniently, we may (by applying Theorem
B.6), assume that

(1.15) Z = A(:c)ﬁ T =21 + %2,

s
where A is real-analytic and non-vanishing. (We now view L as a lattice in C.) After
division by A(x), (1.13) becomes
(1.16) %—i— +2G(z, ¢ — %;5) -
with new functions G = Gpew, " = Tnew, Obtained from the earlier ones by division
by A(z) (and therefore satisfying the same estimates as before).

We look for solutions 1 of the form

r(z)

= =0
€

(1.17) Y = YPper + az + b7,

where 9per is periodic with respect to L and a,b € C. We shall apply an iteration
procedure and get a corresponding solution for each a in the unit disc D(0,1). So,
let u(x) = Yper + T belong to the space of grad-periodic functions on C/L with
antiholomorphic linear part. Then (1.16) becomes

ou - v r(z)
1. = a h— = —— =\,
(1.18) T + Gy (z,u = £) s 0
where

Go(2,§;€) = G(z,€ + adz; €),

and dx denotes the complex cotangent vector given by the differential of . Notice
that G, depends holomorphically on a.

Fix m € Ry \ N, and solve (1.18) for v’ € C™ by the natural iteration procedure
uo =0,
Oujq

= +5Ga(x,u;—%;€ -—@——:O, j=0.

(1.19) E
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BOHR-SOMMERFELD QUANTIZATION CONDITION 189

Write u;j(z) = ujper(z) + b;Z. If u; has already been determined, then considering
the Fourier series expansion of ;1 per, We see that

(1.20) bjt1 = —F(EGa(z,uj — %;E) - %)(0),

where Fv(0) denotes the 0:th Fourier coefficient of the function v with respect to L.
We see that ;41 per is uniquely determined modulo a constant through the equation

r(z)

Ou,; ~
M+5Ga(x,u; — %;E)— ?+bj+1 =0.

oz
For j = 0, we get by = O(€ + £). Applying a basic result about the boundedness
in C™(R?/L) of Calderon-Zygmund operators (see [BeJoSc|) and considering also
Fourier expansions, we get the bound

(1.21)

- €
Hu;.,per“Cm < 0(5 + ?)

For 5 > 1, we write
(122)  bjp1 — by +EF(Galz,u) — %;g) — Gz, — %;a)(()) =0
and
(1.23)

0 ~ r . / v

g Wi+ Liper ~ Ujper) + E(Ga(2,uj = 23€) — Gal, U5 — g;g)) + (bj+1 — bj) =0.
From (1.22) we get

[bjr1 — bs] < OE) (1% per — Wi—1 perllom + [b; = bj-1),
and using this in (1.23) together with (1.22), we get
(1.24)
js1per = Wperllom + 10541 = bs] < O@) (1] per — Wy pexllom + 165 = bj-1)-

So, if € (and ¢) is small enough, our procedure converges to a solution

(1.25) U = Uper + bT
of (1.18) with

~ £
(1.26) [uperllom + 18] = OE + ).

Summing up we have for a given m:

Proposition 1.2. — Let C > 1 be large enough. For 0 < &€ < € small enough and for
la| < 1, the equation (1.18) has a solution u of the form (1.25) with |b] + |[upellcm <
1/C. This solution is unique modulo constants and satisfies (1.26).

Proof of the uniqueness. — Let Uper +bT and U = Uper +bZ be two solutions of (1.18).
Then as above, we have

”u;.)er - a;;)er“Cm + Ib _’gl < O(g)(uu;:)er - ﬁ;;»er”c"" + |b _gl)’

and the uniqueness follows. O
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190 A. MELIN & J. SIOSTRAND

This means that we have solved (1.9) with
(1.27) ¢=(uper + 0T +bT), 0<e <L,

where |a| < 1, and b, uper depend on the choice of a (and of €). In (1.27) it is further
assumed that 1,25 are chosen so that (1.15) holds.

We next show that ¢’ depends holomorphically on a, and for that we again con-
sider (1.18), where we recall that G, depends holomorphically on a. This is actually
immediate because the preceding iteration argument trivially extends to the case of
functions of a: u = uper(x,a) + b(a)Z, with

(1.28) D(0,1) 3 a+— (upe, (-, a),b(a)) € C™ x C
holomorphic. Hence (after imposing the extra condition that Fuper(0) = 0) we have
Proposition 1.3. — uper, b and hence ¢ depend holomorphically on a.

Now let p = p, depend holomorphically on a spectral parameter z € D(0,1)
and assume that p, = O(1) uniformly in some fixed tubular neighborhoood of R*.
Assume that po fulfills the assumptions of p above. Choose coordinates (z, &) as above
for p = po. We now look for I'y C p;1(0) of the form (1.8), and (1.10) becomes:

(1.29) Z¢+ F(z, ¢ (z) — y(x); 2) — r(,2) = 0,

where F(z,€; z), r(z, z) depend holomorphically on z. If we restrict the attention to
|z| < O(€), then the previous considerations go through and we get a solution

(1.30) ¢ = g = Pa,z(z) = E(uper(x, 2,a) + az + b(z, a)T)
depending holomorphically on z,a with |z| < g, la] < %, and
(1'31) ”ui)er(' 7z7a)“0"‘ + ,bl = 0(1)

We shall now extend ¢ to the complex domain in z. Let ¢(z) € C**1(C2) denote
an almost holomorphic extension of ¢, where k is a positive integer and m has been
chosen larger than k. (Here we consider b asa grad-periodic function in R*%.) Then
p(x,azz;/;(x)) vanishes to the order k¥ on R?2, and the corresponding manifold Az =
{(z,8,¢(z)); = € C?} is to that order a complex Lagrangian manifold at the points
of intersection with R2 x Cg. This intersection is nothing else but I'y in (1.8).

The complex Hamilton field H,, is transversal to R2 x Cg at the points of I'y and
we form the flow out

(1.32) Ay = {exptHy(p); p €Ty, t € C, |t| < 1/O(1)}.

Here t/H\p = tH, + tH, is the real vectorfield (in the complex domain) which has the
same action as tH), as differential operators acting on holomorphic functions. Since
t/I-_Tp is tangential to Ag to the order k at 'y, we see that Ay is tangential to Ag there.
In particular T,A¢ is a complex Lagrangian space for every p € I'y. Since expt/f{\p
are complex canonical transformations, the same fact is true for the tangent spaces
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T i, e = (exp ﬁ{\p)*TpAd, at an arbitrary point exp t/H\p(p) € Ay. Hence Ay is
a complex Lagrangian manifold. Restricting the size of || in (1.32) we see also that
the projection Ay 3 (z,§) — x is a holomorphic diffeomorphism, so Ay is of the form
{€ =¢'(z); Imz| < O—%l—)} for a function ¢ which is a holomorphic extension of the
previously constructed one.

Let A C p~1(0) be a relatively closed complex Lagrangian manifold in a neigh-
borhood of p~1(0) N R* and assume that A contains a torus I' which is &-close to
p~1(0)NR*in C, for e € €< 1. Let (z,£) be the coordinates constructed above. If
p € T, we know that T,T" is £-close to R2 x {£ = 0}, so T,A is &-close to C2 x {¢ = 0}.
Using that A is locally invariant under the @-ﬂow, we see that A is of the form
{(z,¢'(z)); Imz| < £} in a neighborhood of p~!(0)NR*, where ¢ is holomorphic and
grad-periodic with ¢ = O(E), & = O(€}/?). Moreover, we have the eiconal equation
p(z,#'(x)) = 0 and restricting it to R?, we get (1.9), and Proposition 1.2 shows that
¢ = ¢, for some a. Hence in a neighborhood of p~1(0) NR*, A coincides with A4 in
(1.32).

The parameter dependence of ¢ in (1.27) behaves as expected: Clearly the holo-
morphic extension ¢(z,a, 2) depends in a C'-fashion of a (and possibly z), and we
know that it is holomorphic in a and z when z is real. Then —g%, %% are holomorphic
in z and vanish for real . Consequently they vanish for all . Summing up we have
shown:

Proposition 1.4. — The function ¢ in (1.27) depends holomorphically on (z,a, z) in a

domain
1 1 €

I < =, <=, |2l < ==
mal < gy ol < & 121 <
We shall next show (in the z-independent case) that the Ay, form a complex
fibration of p~!(0) in a region where |¢| < %, Imz| < ﬁ. Let first = be real.
From Propositions 1.2 and 1.3, we see that
o , 0 - €
%uper, %b = 0(6 + ?),

and consequently for ¢ in (1.27), we get for the z-differential ¢/, = d,¢:

(1.33)

0 / =~ ~2
(1.34) aa‘b’” =gdx + O(e +&%).

In order to treat the case of complex z, we notice that the geometric arguments
leading to Proposition 1.4 together with the form Y- a;(2)&;+& 1 F(z, 6~ 1;8)—r(x) /e
for the Hamiltonian for 9, show that u,., = O(€+ ¢/€) also in the complex domain,
and hence by the Cauchy inequality (in a) that (1.34) holds also for [Imz| < 5%3.
This shows that

(1.35) ar— ¢ € (p(z,-))1(0)
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is a local diffeomorphism and hence that the Ay, form a foliation of p=1(0) N {(z, £) :
1€] < O—fl—), Imz| < ﬁ} in the natural sense. (Recall that £ can be close to a fixed
constant so we get a foliation in {(z,€) : |§]| < ﬁ, Imz| < 5%})

We next consider the actions associated to a torus. Let v;(a) be a closed curve
in I'y, (assuming € > 0 fixed) which corresponds to e; in the natural way, where we
recall that Z = A(w)a%, z € C/L, and take L = Ze; @ Zes. If w is a (1,0)-form with
holomorphic coefficients, such that dw = ¢ near I'y_, then we define the actions

(136) Ij(F¢a,W) 2/ w.
vi(a)
These only depend on the homotopy class of v;(a) in I'y,, and we can even deform

7;(a) from this set into the complex, provided that we stay inside the complex La-
grangian manifold Ag,. Also notice that if @ is another (1,0)-form with the same

properties, then
/ /
y -

only depends on the homotopy class of v as a closed curve in the intersection of the
domains of definition of w and @. In particular,

(1.37) I; (F¢a’w) - Ij(F¢>a7&v}) =C;

is a constant which is independent of a (and of z if we let p depend holomorphically
on z). If w and w are both real in the real domain then C; in (1.37) is real.

For the special z-coordinates above, we let £ be the corresponding coordinates
constructed in the beginning of this section and we choose

2
(1.38) =Y ¢da;.
1

Then

I;(Ty,,w) = da(e;) — ¢a(0)
depends holomorphically on a, and from (1.11), (1.17) and Proposition 1.2 we get
(1.39) I;i(Ty,,0) = £(ae; + be;) = Eae; + O(e + 7).

For w we can choose the fundamental 1-form in the original coordinates on R*
(formally given by the right-hand side of (1.38) for these original coordinates (z, £)).
Thus

(1.40) Ij(I‘%,w) =Cj +§aej+(9(5+§2).

From this we see that we can use, say, I1(I'y,,w) € C; + D(0,€/0O(1)) as a new
holomorphic parameter instead of a. In the z-dependent case, we can replace the
parameters (a, z) by (I1,2) = (I1(I'¢,,w), z) and the correspondence (a, z) — (I1, 2)
is biholomorphic.
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The advantage of using I; instead of a as a parameter, is that the family Ay, is
now independent of the way we choose the coordinates (z,£) in the beginning of this
section, so we get an intrinsic parametrisation. From (1.40) it follows that

(1.41) Z—ﬁ = Z—"l’ +OFE +¢/?),
so Im %f # 0, and we have a unique value a = O(€ + ¢/€) for which I; and I, are
both real.

There are two related reasons why we want to select I'y, , with both I; and I5 real.
The first reason is geometric: 'y, is a small deformation of a real torus I' C R* and
we want to find an I-Lagrangian manifold A C C* which is a small deformation of
R* and which contains I'y,. If we have such a A, the cycles v;(T'y,), 7 = 1,2 become
boundaries of some 2-dimensional discs D; C A and we get

Ij(I‘¢a,w):/ w=/ o €R,
Vi D;

Conversely, let T be a two-dimensional torus which is a small perturbation of I'
with

(1.42) o1z =0, In;(T,w) =0, j =1,2.

since o) A is real.

We can construct an I-Lagrangian manifold A D T as a small perturbation of R* in
the following way: After applying a complex linear canonical transformation, we may
replace R* by Ag,: &€ = %%‘—’f(m), z € C2%, where ® is a strictly plurisubharmonic
quadratic form (see [Sj1, Sj3]), so that T’ becomes a small perturbation of a torus
I' C Ag,. The canonical 1-form w is now transformed into some other globally defined
1-form @ with holomorphic coefficients satisfying dw = o, but the actions I; (f,a) do

not change if we replace w by € - dx, so

(1.43) / _¢-dreR, j=1,2
¥ (T)

We can write this as

(1.44) / (~Im(£-da)) =0,
73 (T)

where —Im ¢ - dz is a primitive of ~Im o, so —~Im¢ - dz5 is closed. (1.44) then implies
that it is exact:

(1.45) ~Im¢ - dzjz = dg,

where ¢ is a smooth real—Xalued function on I'. We now view ¢ as a function on
the z-space projection 7z(T) of T', which is also a smooth torus and represent ' by
& =¢(x), z € m5(T). Then with the obvious identifications, (1.45) becomes

(1.46) —Im (¢(x) 'dm)lwz(f) = d¢, on m5(T).
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We can find real smooth extensions ® of ¢ to C2 with an arbitrary prescription of
the conormal part of the derivative, so we can choose ® satisfying

(1.47) ~Im (£(z) - dz) = d®(z), Vz € mo(T).
This means that . .

—Z§($)dx + Q—ié(x)d:c =d®, z € (1),
or that

(1.48) £(z) = —,—i-’(z), z € my ().

Since I is close to T, 8‘1’ S (z) is close to Qﬁl on my F) and we may choose the extension
® so that a<1> ‘%I’Q is small everywhere The I-Lagrangian manifold A = Ag given by
&= 2.8—4’ then has the desired properties when R* is replaced by As,, and applying
the inverse of the above mentioned complex linear canonical transformation, we get
the desired A in terms of the original problem.

The second reason, why we want I;(I'y,,w) and I(I'y,,w) to be real comes from
the Bohr-Sommerfeld, Einstein, Keller, Maslov quantization condition. The actions
I;(T'y,,w) coincide with the corresponding actions I;(Ag,,w), and if we want Ay, to
correspond to an eigenstate of some pseudodifferential operator with leading symbol
p and eigenvalue o(h), it is natural to impose a quantization condition of the type

(1.49) Ij(A¢a,w) = 27Tkjh, kj €Z,

where we choose to ignore the Maslov indices, and where A > 0 is the small semi-
classical parameter. Since Ay, are not real Lagrangian manifolds (even after intro-
ducing A as a new real phase space), the quantization condition (1.49) will need an
entirely new justification.

Consider the case when p depends on z and choose w = I1(Ag, ,,w) so that we can
use the simplified notation A, ) for Ag, .. Also write v = (2, w). Recall that

Ll
: 0

when z is kept constant. It follows that there is a unique smooth function z — w(z) €
C such that I;(z,w(z)) are real for j = 1,2, where we write I;(2,w) = I;(A(z,w),w)-
We will be interested in the property

(1.51) z+— I(z,w(2)) = (I1(2,w(2)), I2(z,w(2))) € R? is a local diffeomorphism.
This is equivalent to the property
(1.52) v— (I1(A,), I2(A,)) € C? is locally biholomorphic.

In fact, if 6, € C belongs to the kernel of the differential of the map (1.51) at some
point, then (4,,d,,) with &, = “’5 + 6 will belong to the kernel of the differential
of (1.52) at the corresponding point. Conversely if (8,,0.) is in the kernel of the
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differential of (1. 52) at some point (z,w) with w real (so that w = w(z)), then
necessarily d,, = 6 + 6“’(5 for some ¢, in the kernel of the differential of (1.51).

Example. — Let p = p1(z1,&1) + ip2(z2,&2), where p; is real with p;l(O) being a
closed curve in R? on which dp; # 0. For E in a small complex neighborhood of 0,

we put
4;(E) = / - &dx;
p; (E)
and notice that these one dimensional actions are real for real E and that A}(E) # 0.

With z,w € C close to 0, we get the complex fibration

A = {(z,8) € CYpi(z1,&) = w, ip2(z2,&2) = 2 — w}.
Then

zZ—w
Il(Az,w) = Al(UJ), I2(Az,w) = A2< i )a
and we see that (1.51) and (1.52) hold.

Appendix A: Reduction of elliptic vector fields on a torus

Let Z be a smooth complex elliptic vector field on T? = (R/Z)?. After left multi-
plication by a non-vanishing function and possibly reversal of one of the coordinates,
we may assume that with z = x1 + ix9:

d d
Al Z=—+4g— 1 C>.
(A1) 55 955 lgllo <1, g€
Let
(A.2) H' = {u=azZ+v;acC,ve H.,, 50) =0},
where

per - {U € Hloc(Rz) (1} +’7) = ’U(.’L‘),V’Y € Z2}
and ﬁ(k) is the kth Fourier coefficient and H* is the standard Sobolev space. Let

H® = HJ,,, and let || - || denote the L? norm on the torus (i.e. the HJ, norm) if
nothing else is specified. We choose the norm in H! with

(A.3) ullf = Ial2+HazH = laf* + “ H

Jél

for u = aZ+v € H'. Since £ (aZ+v) =a+ ﬁ (orthogonal sum), we see that

(A4) |22, = e

Moreover 2 : H! — MO is surjective, so in view of (A.4) it is unitary. It is also clear
that 2 : H! — H° is of norm 1:

(A.5) H %g’ HO

< iz
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Since ||gZ |l31—#o0 < 1, we see that Z : H' — H° is bijective with inverse Z~1
satisfying

1
1Z~ lro—rr < Tl
Consider the function
(A.6) u=1z-2""(g) € z+H"
It is clear that
(A7) Zu =0,

and wu is the unique function in z + H® which is annihilated by Z. It follows that the
kernel of Z, acting on {u = linear function+v; v € H},,, 9(0) = 0}, is of dimension 1.

Lemma A.1. — Zu # 0 everywhere.

Proof. — Zu cannot be identically zero since otherwise we would have both Zu = 0
and Zu = 0, implying that u is constant; which is impossible.
We have
(A.8) Z,Z)=aZ —aZ
for some a € C3,. Then ZZu = —aZu, so
(A.9) (Z + a)(Zu) = 0.

It is well known that if v is a null solution of a 1st order elliptic equation on a
connected domain and v is not identically zero, then v cannot vanish to infinite order
at any point, and (by looking at Taylor expansions) the zeros are all isolated. We
can apply this to v = Zu. We also see that the argument variation of Zu, along a
small positively oriented circle around a zero is equal to 2wk for some finite integer
k > 0. Let I' = 89, where Q = zy + (]0,1[+i]0,1[) and zp is chosen so that Zu
has no zeros on I'. If Zu has at least one zero in T2, then it has a zero in Q and
var arg -(Zu) > 0. This is in contradiction with the fact that Zu is periodic and hence
that var arg p(Zu) = 0. It follows that

(A.10) Zu #0.
O

If we view u as a map R? — R?2, it follows from (A.7,10), that the corresponding
Jacobian is everywhere # 0. It follows that u = u; + fuz is a diffeomorphism from C
to C. Let

(A.11) u(z+1) —u(z) =:e1, u(z +1) —u(z) =: ez

Then e1, e5 are R-linearly independent, and we let L = Ze; +Ze3 be the corresponding
lattice. Using that u : C — C is a diffeomorphism, we see that the induced map
[u] : T2 — C/L is bijective. (Only the injectivity needs to be checked: Let z,y € T?
with [u](z) = [u](y) := uo. We can find corresponding points Z, ¥y, ug € C, such that
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w(Z) = Uo, u(Y) = Uo + k1e1 + koez, k; € Z. Then u(y — k1 — kai) = %o, so by the
injectivity of u, we have T = § — k; — kot and hence z = y.)
If f(w) is a C! function on C, then
of Of i _ i 0f
Z(f(u(2)) = %Zu + %Z(u) = Z(u)a_m.
In other words, if we let lower x indicate push forward of vector fields, then

0
(A.12) us(2) = 2(@) 5=, [ul(2) = Z(u) 5
Conversely, if L is some lattice and [t] : T2 - C/ L a diffeomorphism corresponding
to a grad periodic function ¢t with

(A.13) t(Z) = F%, F # 0 everywhere,

then

(A.14) Z(t)=0.

Since t € Cz + H!, we know that 30 # a € C such that ¢t = au. Consequently,
(A.15) L=alL.

Actually, we can see this more directly, by considering the biholomorphic map [u][t] .
It follows from our constructions that if Z depends smoothly (real-analytically) on
an additional parameter w, then so does u.

Appendix B: 2-dimensional manifolds with elliptic vector fields

Let M be a smooth compact connected 2-dimensional manifold with an elliptic
(complex) vector field Z. We shall see that M is diffeomorphic to a torus C/L in
such a way that Z maps to a multiple of a%' Clearly Z :H*(M) — H°(M) is a
Fredholm operator. Let ind Z = dim N'(Z) — codim R(Z) = dim N (Z) — dim N (Z*)
be the index, where Z* denotes the adjoint of Z with respect to some positive density
on M. Recall that the kernels N'(Z), N(Z*) are contained in C*°(M), since Z and
Z* are elliptic.

LemmaB.1. — ind Z = 0.

Proof — Clearly ind Z* = —indZ. On the other hand Z* = —Z + f for some
f € C*°(M) and since the index is stable under changes of the lower order part:
ind Z* =ind (-Z) = ind Z = ind Z.

Here the last equality follows from the fact that N'(Z) = N(Z), R(Z) = R(Z). Then
ind Z = —ind Z* = —ind Z, and hence ind Z = 0. O

Because of the ellipticity, there is a unique a € C°° (M), such that
(B.1) [Z2,Z)=aZ - aZ.
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LemmaB.2. — P := —(Z + a)Z is a real differential operator.
Proof — P—P=(Z+a)Z~(Z+a)Z =(2,2Z) - (@Z —aZ) = 0. O

Let us identify M with the zero section in T* M and let p = p; +1ip> be the principal
symbol of Z. Then p; are linear in £ and dp;,dps are independent at the points of
M C T*M. Let A(dz) be the Liouville measure on M induced by p;, p2, so that

(B.2) A(dz) A dp1 A dpa = dzd€ at the points of M,

where dzd€ denotes the symplectic volume. The principal symbol of Z is p(x, —€) =
—p(x, £), so if we take the principal symbols of (B.1), we get

(B.3) {p,p} = iap — iap.

We use this to compute the Lie derivative L, (A(dz)): Since L, (dzdf) = 0, we get
from (B.2), (B.3) at £ =0:

Lr,(A\) AdpAdp+AAdp A Ly,dp=0,
L, (X)) Adp ANdp+ X AdpAd{p,p} =0,
Lu,(A) Ndp Adp —iaX Adp Adp = 0.

Hence

(B.4) Lu,(A) =ialon § = 0.

But the restriction of H, to £ = 0, can be identified with ¢Z, so (B.4) gives
(B.5) Lz(A\) = a) on M.

Let A* and 'A denote the adjoint and the transpose of A in L?(M,A(dz)). From
(B.5), we get

LemmaB.3. — Z* = —(Z +a), 'Z = —(Z +a).
Proof. — We start with the general fact that

/ Lz (uA(dz)) =0,

M

for all u € C*°(M). Using (B.5), we get
(B.6) / (Z + a)ur(dz) = 0.

M
Replace u by uv:
(B.7) / (Zu)v + u(Z + a)v)A(dz) = 0.

M

It follows that 'Z = —(Z +a), Z* = Z = —(Z + a). O
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We also have Z* = —(Z + a). Lemma B.2 gave us the real operator
(B.8) P=—(Z+a)Z=—-(Z+a)Z.
Lemma B.3 shows that the operator is self-adjoint and > 0:
(B.9) P=7"7Z=27"Z.

Moreover it is an elliptic 2nd order operator. From (B.9) it is easy to see that
(B.10) N(P)=N(Z)=N(Z)=CLl.

The last equality follows from the other equalities since Zu = 0, Zu = 0 implies that
u is constant.
By a more direct argument, we have

Proposition B.4. — Let f € C°(M). Ifu#0, (Z+ f)u =0, then u(z) # 0 for every
z € M. We have dimN(Z + f) < 1.

Proof. — Applying a classical result of Aronsjajn about the strong uniqueness of
nullsolutions of second order elliptic equations, we know that u cannot vanish to oo
order at any point. Let z¢ be a zero and choose local coordinates x;,x2 centered at
Zg, such that 5 5 R
1 1
2= 55~ 790;) T 00D (55755 )

Let m be the order of vanishing of u at zg, so that u(z) = um(z) + O(Jz|™*1), where
um(x) is a homogeneous polynomial of degree m. Then we get

??g_zﬂ = 0,with z = 1 + ixo,
80 um(z) = C2™ for some C # 0. Hence zy is an isolated zero. Moreover, var arg,u =
2mm, if «y is a simple closed loop around z( (contained in the coordinate neighborhood)
which is positively oriented with respect to the directions (Re Z,Im Z). We can now
triangulate M in such a way that every zero of u is in the interior of one of the
triangles. If A is one of the triangles, then vararggau > 0 with strict inequality
precisely when D contains a zero of u. Since every boundary segment is common to

two different triangles, but with opposite orientations, we see that
Z vararggau = 0,
A

when we sum over all the triangles in the triangulation. It follows that u cannot have
any zeros.

The second statement is now clear: Let 0 # ug € N (Z+ f), so that ug is everywhere
different from 0. Let u € N(Z + f) and let o € M. Then v(z) := u(z) — %(%’Ol)uo(x)
belongs to N (Z + f) and vanishes at one point (zo). The first part of the proposition
implies that v vanishes identically, and hence that u is a constant multiple of ug. This

shows that the dimension of N'(Z + f) is at most equal to 1. O
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I:ropo_s_ition B.5. — There exists a non-vanishing function b € C>®°(M) such that
[bZ,bZ] = 0.
Proof. — We develop the commutation relation to solve and get:
0 =bb[Z, Z] + b|Z,b|Z + b[b, Z]|Z

=bb(@Z — aZ) +bZ(b)Z — bZ(b)Z

= (bba — bZ (b)) Z — (bba — bZ(b))Z

= b(ab — Z(b))Z — b(ab — Z(b))Z,
so b should solve
(B.11) (Z—-a)b=0.

Notice that if (B.11) holds for some non-vanishing b, then

1 1 1
ZE = —ﬁZ(b) = —(lg,
so
1 . . 1
(B.12) (Z+a)g =0, ie. Z*c¢=0, c= T

Conversely, (B.12) implies (B.11).

We have seen that Z has index 0 and has a 1-dimensional kernel. Then the same
holds for Z* and Proposition B.4 shows that N (Z*) is generated by a non-vanishing
function c. It suffices to take b = 1/¢. O

Theorem B.6. — There exists a diffeomorphism k : C/L — M such that bZ corre-
sponds to a%' Here L = Zey @ Zey is a lattice (so that e1,ea € C are R-linearly

independent).

Proof. — Write bZ = %(1/1 +1ivy), where vq, 1o are real commuting vector fields which
are pointwise linearly independent. Fix a point zo € M and consider the map

K :C~R2? 52+ exp(z111 + 2ov2)(w0) € M.

Notice that exp(xiv1 + xave) = exp(z1v1) o exp(zave) = exp(zavz) o exp(ziv) by
commutativity. Let

L ={z€R?*K(z) =m0}

L is a discrete Abelian subgroup of R? and hence of the form 0, Ze with e # 0, or
a lattice Ze; @ Zey with e, e2 R-linearly independent. K induces a diffeomorphism
k : R?/L — M, so R?/L must be compact and hence L is a lattice. Clearly the

inverse image of bZ is %(5‘% + ia%z) = a% with z = 21 + ix2. O
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2. Review of Fourier integral operators between Hg spaces

We shall not review all the aspects of Fourier integral operator calculus (see [MeSj]
for a similar discussion), and for simplicity, we restrict the attention to the Toeplitz (or
Bergman projection) point of view. Let ® be a smooth real-valued function defined
near some point g € C™. Assume that & is strictly plurisubharmonic (s.pl.s.h.).
Then

(2.1) As = {(z, 2%2(2)); = € neigh (z0o, C")}

is I-Lagrangian and R-symplectic. Assume that I' C Ag is a smooth Lagrangian
submanifold (i.e. Lagrangian for the real symplectic form o, e ). If we identify I' with
its projection m,I" in C™ then on I' the fundamental 1-form & - dz can be identified
with w = %6<I>|F and hence this is a closed one-form in I". Here

(2.2) Imw = —d®,

so Imw is exact. We notice that m,I" is totally real. In fact, if v € C™ and u,iu are
both tangential to m.I" at a point z, then

= (u, 2(®/,(z)u + ®/z(z)u)) and Uz = (iu, 2(®, (x)iu + Bz(x)iu))
are both tangential to I' at (z, 2 M)(x ). It follows that
(23) OZ-‘O'(Ul,Uz) :O'(Ul,Uz —lUl) =4<‘I>;'§(w)ﬂ,u),
which implies that u = 0. Locally in 7,I" we may then find a primitive ¢ of w and
extend ¢(x) to an almost analytic function in C™ so that d¢(z) = O(dist (z, 7, I')>).
Then at the points of 7,.I', we have d¢ = ;2.8@, so at those points, we get
dlm¢ = (200 + 20%) = —

After modifying ¢ by an imaginary constant (assuming I" connected) we have that
Im ¢ + ® vanishes to the second order on I'. Since this function is s.pl.s.h. it follows
that

(2.4) ®(z) + Im ¢(z) ~ dist (z, 7-(T))? near 7, (T).

Let <A13(y) be a second smooth s.pl.s.h function defined near yo € C™. Let & =

fgf(xo) n = faq’(y)(yo) and let x : neigh ((yo,7m0),Az) — neigh ((zo,%), As)

be a smooth canomcal transformation (with Ag, Aj considered as real symplectic
manifolds).

On Cfc’f£ x C2n u.m» We choose the complex structure for which holomorphic functions
are holomorphlc in (x,&7,7) in the usual sense. A corresponding “holomorphic”
symplectic form is then given by

(2.5) d¢ A dz — dij A dg.

We notice that the form (2.5) and the more standard form d¢ A dz — dn A dy have
the same restriction to Ag x Ag, since dn A dy, A. s real. The manifold Ag x Az is
@
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I-Lagrangian and R-symplectic for the form (2.5), and we can view it as a “Ag” for
our non-standard structure, with F' = ®(x) + ®(y), since it can be represented as

200 . _ 208
§= ;%(x), -n= ??y(y)'

The earlier discussion for Lagrangian manifolds can then be applied with I equal
to graph (), and we conclude that there is a function ¥ (z,y) such that

(2.6) Oz,y% vanishes to infinite order on 7, ,(I'),

20 200
(27) 390‘,[’(3371/) - ;%(-’L‘)a aW(xvy) = Za_y7 fOI' (xay) € '/T.t,y(F)7
(28) ®(x) + B(y) + Imy(z,y) ~ dist ((2,9), 70,y (1))*.

When & = ® and « = id is the identity, we can choose ¥(z,y) to be the unique
function (up to O(|z—y|>)), which satisfies (2.6) and ¢(x,z) = 2®(z). In the general
case, we deduce from (2.6), (2.7) that on 7, (I'):

2 0% 209
2. =" (2)dz + = —d7.
(29) i = 550 @)+ oy
If we restrict ¢ to 7, (') and identify it with a function on I, we get
(2.10) d(¥)p) = &dx —ndy, (z,&y,n) €T

Since £dx and 7jdy are primitives of o Ao and o Ag respectively, we can interpret (2.10)
as stating that v, is a generating function for . For the moment, we make a local
discussion and all our domains can be assumed to be simply connected. Later this will
no more be the case and we have to consider what happens when we follow the locally
defined function 9 around a closed loop in T, of the form 7 = {(k(p),p); p € 7},
where 7 is a closed loop in the domain of x in Az. We have

Im (§dav)|A<][> =1Im (20®) = —d®,

which is exact, since we will always require ® and ® to be single valued. Similarly
Im (7dy), , . is exact. Hence
3

(2.11) waLﬁmm—/mww

¥
So the undeterminacy in v is real (as can also be seen from (2.8)) and following ¢
around a closed loop as above, ¥ changes by a real constant, which is the difference
of two real actions.

The implementation of Fourier integral operators is now fairly routine, and we will
not go into all the details. (See [Sj1].) Formally such an operator is of the form

(2.12) Au(z) = 17" [ FHEData, g hyuly)e HEO L),
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where L(dy) is the Lebesgue measure and a is a symbol of order m in 1/h:
(2.13) Vi ,a=0(1)h™™,

(2.14) dza, Oya = O(h~™dist ((z, y), mz,y (1)) + A™).

See also section 3 of [MeSj].

3. Formulation of the problem in Hg and reduction to a neighborhood of
§=0in T*T

Let ®; be a s.pl.s.h. quadratic form on C™. Let P(z,&;h) be holomorphic and
bounded in a tubular neighborhood V' of Ag, and assume that

1
3.1) |P(z,&0)] > &, (2,6 €V, [(z,6)] > C.
Also assume (for simplicity) that
(3.2) P~ Z h*py(x, €),
0
in the space of bounded holomorphic functions on V. Then |po(z,£&)| = 1/C, (z,€) €
V, (z,6)| > C.
If we take the Weyl quantization, we know (see [Sj3], [MeSj]), that
(3.3) P¥(z,hDyz;h) = O(1) : Hp, — Ha,,
where
(3.4) Hg, := Hol(C") N L?(C™; e 2% /" [(dx)),

and Hol(C™) denotes the space of holomorphic (entire) functions on C".

Since ®¢ is a quadratic form, we can infer (3.3) solely from the fact that P is a
symbol of class S° on Ag,, i.e. from the fact that Vk(P,Aq) ) = Ok(1) for every k € N.
However the fact that P is bounded and holomorphic inoa tubular neighborhood of
Ag, allows us to consider other weights as well. Let ® € C1'1(C™;R) (the space of
C! functions with Lipschitz gradient) with ® — ®; bounded and sup ]g—f - a—c%Q} small
enough. Then,

(3.5) P¥(x,hDgz;h) = O(1) : Hp — Hag,
where Hg is defined as in (3.4). In fact, in the standard formula,

1 il T+y
w . - (z—y)¢ .
(3.6) P“(z,hDg;h)u @y //( u ,g)eA@Oeh P( 5 ,S,h)U(y)dydﬁ,

we deform to the contour

1 . T
@7 €= %/O g—i(tx+(1—t)y)dt+é<:—_%, (@) = (1 + |a]2)/2.
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In the following, we also assume for simplicity that ® € C*, that V¥® is bounded
for every k > 2, and that ® is uniformly s.pl.s.h. We also assume that n = 2 and that
there is a smooth Lagrangian torus I' C Ag, such that pg = Poj,, satisfies

(3.8) 3 (0) =T,

(3.9) dps,dpg are independent at every point of I'.

Let Iy = (R/27Z)? be the standard 2 torus and view I'y as a maximally totally
real submanifold of X := I'g+iR2. In X x C? (equipped with the standard symplectic
form) we consider

209, 1
(3.10) Ag, : E= PR () = 5(Imgc)z.
®, is s.pl.s.h. so Ag, is I-Lagrangian and R-symplectic. According to section 1 and
the beginning of section 2, there is a smooth “real” canonical transformation:

(3.11) k : neigh(T', Ag) — neigh(T'y x {0}, As, ),

mapping I' onto 'y x {0}. Let v(z,y) be a corresponding function defined as in
section 2 for (z,y) in a neighborhood of 7, ,(graph(x)). Strictly speaking, it is clear
how to define ¢ locally up to a constant and up to a function which vanishes to
infinite order on 7, ,(graph (k)). To see that we can get a corresponding grad-periodic
function, we first define 1) on the projection of the graph of k with di single-valued,
then let o denote a single-valued almost holomorphic extension of this differential.
For (z,y) € neigh (7 y(graph(x))), let vz, : [0,1] — C* be the shortest segment
from a point v;,(0) in the projection of the graph to v;,(1) = (z,y), and put
Y(z,y) = ¥(72,4(0)) + f,ym a. Then 1 is grad-periodic and Im 1) is single-valued.

Let v;, 7 = 1,2 be fundamental cycles in I, so that x o 7; are fundamental cycles
in 'y x {0}. Define 7; = {(k(p), p); p € v;}. Then (2.11) is applicable and gives:

(3.12) [ dw== [ Renay) = -5,m),

Rz Vi
where the last equality defines the action I;(I'), which does not depend on the choice
of global primitive of o A, Since Ag is diffeomorphic to R*. Here as in (2.11) we view
1 as a function on graph(k). Since di is single valued, this means that if we start
from a point (z,y) close to some point (zo,y0) € (I'o % my(I')) N 7, y(graph(k)), and
follow a closed curve [0,1] 5 t — (z(t),y(t)) which remains close to 7. ,(graph(k))
and with z(t) close to a fundamental cycle 7 ; in I'g, then we get a new value of

P(z,y): “P(z(1),y(1))" satisfying
(3.13) P((1),y(1)) = 1(x(0),y(0)) - ;(T).
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We now implement k by a Fourier integral operator of the form (2.12) with a of
class S (neigh(m 4 (graph(x)))):

(3.14) a(z,y;h) ~ Y _ a;(z,y)k? in C™(neigh(r, 4 (graph(x)))),
0

with a; of class C*°, and
(3.15) za;, Oya; = O(dist((z,y), T,y (graph(x))) ™).

We also choose a elliptic, i.e. with ap non-vanishing. (Notice that unlike v, a is single
valued.)

Let U C As, V C Ag, be small neighborhoods of I" and I'y x {0} respectively, with
k(U) = V. Then putting a suitable cutoff in (2.12) (equal to 1 near the projection of
the graph of x and replacing o by @), we get an operator

A=0(1): L(r(U);e /" L(dy)) — Lj(n(V);e**/" L(dz)),

where the subscript h indicates that we have a space of multi-valued Floquet periodic
functions v:

(3.16) v(z(1)) = e 1M/ Ry(2(0)),

if [0,1] 3 t — z(t) is a closed curve which is close to the jth fundamental cycle in Tg.
We also see that ||5AU||L,{ < O(h*)|lul|L2-

The complex adjoint A* will be a Fourier integral operator associated to £~! by
the same general procedure, and it is a routine matter to see that a can be chosen so
that A*A, AA* are formally the orthogonal projections

LA(m(U);e >/ " L(dy)) — H(n(U),®), Li(n(V);e **/"L(dz)) — Hp(n(V)), @1),
where H(m(U),®) := Hol(x(U)) N L*(n(U);e"2*/"L) and Hy is defined similarly.
(See [MeSj].) This implies that if u € H(w(U),®) and U CC 7(U), then

A" Au — “||L2(z7,e—2<r>/hL(dy)) = O(h®)||ull L2(x(v),e-22/7 L(dy))>
and similarly for AA*.

We also have Egorov’s theorem which permits us to find Q € SY(V) such that if
qo is the leading symbol, then

(3.17) qo © K = po,
(3.18) Q¥ (z,hD;)A = APY, A*QY = P A",
in the sense that
Q¥ A — AP¥)ull 12 (¢ e-20/n L (4a)) S OB ullrwsa),

when V ccC n(V), and similarly for the second relation. Here Q¥ is defined as in
(3.6) after replacing @ by (XQ)(%}!,& h), where x is suitable cut-off, and where we
identify T'o + iR? with C2/(27Z?).
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Finally we shall take a unitary transform
(3.19) B: H(Ty+iR? ®;) — L3(T),

and similarly on the corresponding spaces of Floquet-periodic functions, that will be
the inverse of a Bargman transform. Since ®; only depends on Im 2z, we may view
this function also as a function on C2. We recall that the Bargman transform

(3.20) Tu(z; h) = Coh™? / e BV y(y)dy = / k(2 — y; h)u(y)dy,

(with the last equality defining the kernel  in the obvious way) is unitary: L?(R2) —
H(C?,®,) for a suitable C, > 0. The inverse is given by T~ = T*, with

(3.21) T*v(z;h) = Czh“3/2/e_ﬁ(z_i)?'_%@l(z)v(z)L(dz)
= / k(z — z; h)e  *21(Py(2) L(dz).

If we identify L2(I'g) with the #-Floquet periodic locally square integrable functions,
for § = (I,(T")/2mh, Io(T")/2nh) on R?, and view Hj(To + iR2, ®;) similarly, we see
that T generates an operator B* from LZ(To) to #-Floquet periodic holomorphic
functions on C?, given by

(322) Bru(z) = / k(z - y; h)u(y)dy = / Sz -y + ) u(y)dy,
R2 YeE ve(2nZ)?

where E C R? is a fundamental domain for (27Z)? (so u(z + v) = e~ “%y(z),
v € (2rZ)?). Put

(323) Z(Z, y) — Z k(z —y+ V)ei<9,u)
vE(2nZ)?
so that
Uz +v,y) = e~ (2, v), U2,y +v) = €O0(z,y).

The adjoint B is given by
(3.24)

Bu(z) = / U(z,2)e 221D/ hy(2)L(dz) = /k(z — z)v(2)e 21 &/ L(dy),
z€ E+iR2
so B coincides with T*. Recall that T*T = 1 on L?(R?). It is easy to see that this
relation extends to LZ(I'g) and we get
(3.25) BB* =1.

To check that B*B is also the identity on Hp ([ + iR?, ®;), we first recall that
TT* is the identity on H(C?,®;) and when we compute TT* in a straight forward
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manner, we get the orthogonal projection: L?(C2,e~2®1/"[(dz)) — H(C?,®,):

TT*v(z) = / k(z — y; h)k(w — y; h)v(w)e~ 221 W/ [(dw)dy

= 5’h_2/e%wl(z’w)v(w)e"%q)l(w)L(dw),
where
1
(3.26) i(z,w) = —5(z - )

is the unique function which is holomorphic in z, antiholomorphic in w and satisfies
¥1(z,2) = ®1(2). Recall that —®1(2) +2Re 1 (2, w) — @1 (w) ~ —|z—w|?, s0 TT* is a
bounded operator on Hy,([g+iR? ®;). If u is a normalized element of this space, then
by solving a correcting d-bar problem for x(z/R)u(zx), we see that there is a sequence
of functions ug € H(C?,®,), R = 1,2,..., with |Jurllgc2,e,) = Or(1)RY2, such
that
lu — wrllL2(B(0,R/2),e~221/7 L(da)) < On(1)e=R/Coh,

for some Cy > 0. Using that TT*ugr = ug, we see that TT*u = u. Hence B*B = 1.
We have then checked that B*B =1, BB* =1, so B is unitary.

We recall that B is associated to a canonical transformation from Ag, to T(T).
This allows us to view the previously defined « also from a neighborhood of T" in A to
a neighborhood of 'y x {0} in T*T'y. We therefore have a Egorov’s theorem and using
U := BA, we get an equivalence between classical h-pseudodifferential operators
acting in H(w(U),®) and h-pseudodifferential operators microlocally defined near
& =0 in T*Ty, acting on Floquet periodic functions u(z), satisfying:

(3.27) u(z + ej) = e LM/ ry(g),
where e; = (2m,0), ez = (0, 27).

Let L3(To) be the subspace of L2 (R?) of 6-Floquet periodic functions: u(z —k) =
e¥ku(z), k € (27Z)%, 0 € (R/Z)%.

Proposition 3.1. — Let P¥ = P“(z,hD,;h) : Hy — Hg be defined as in the beginning
of this section and assume that I' C Ag is a Lagrangian torus satisfying (3.8), (3.9).
Then there exists a smooth canonical diffeomorphism

k : neigh (T, Ag) — neigh (T'g x {0}, T*T)
with k(L) =Ty, where Ty = (R/21Z)? is the standard torus.
Moreover, there exists an operator U : Hg — L§/2ﬂh(f‘0),1 = (I1(T), I(T)), with
the following properties:
1) ||U||C(H@,L3/2M(FO)) = O(1), uniformly, when h — 0.

2) U is concentrated to graph (k) in the sense that if N € N and x; € S(T*To,1),
x2 € C°(C?) are independent of h and

supp x1 X supp x2 N {«(y,n),¥); (y,n) € neigh (', As)} = @,
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then
(hDYNx¥(z,hD) o U 0 Tlp 0 x2 = O(h™) : L2 (e ?*/" L(dx)) — L? Jarn(To)-

Here g is the orthogonal projection L?(e2®/"L(dx)) — Hgp (see [MeSj]).

3) U 1is microlocally unitary: For every x2 € C§°(neigh (7, (T), C2)), independent of h,
we have (U*U — 1)gx2 = O(h™) : L2(e~22/"L(dy)) — L?(e~2®/"L(dy)). For every
x1 € C§°(neigh (T'g x {0},T*T)), independent of h, we have (UU* — 1)x¥(z,hD) =
O(hoo) : L%/%h(I‘O) — L?/}”h(r‘o).

4) We have a Egorov’s theorem: 3Q(x,&; h) ~ go(z,€) + hq1(z,&) + - -+ € S(T*Tp, 1),
with go o k = po in neigh (I', Ag), such that QU = UP™ microlocally, i.e. (Q*U —
UPY)Igx2 = O(h®), x¥(QWU — UP™) = O(h™), for x1,Xx2 as in 3).

5) If P, ® depend smoothly on z € neigh(0,C), then we can find U,« depending
smoothly on z in a possibly smaller neighborhood of 0.

4. Spectrum of elliptic first order differential operators on I'y

Let P = Z + q be a first order elliptic differential operator on I'g with smooth
coefficients, Z denoting the vector field part. After applying a diffeomorphism, we
may assume that

0

4.1 P = Alr)— ,
(4.1) ()= +a(a)
on C/L, L = Ze; & Ze,, where e, ez are R linearly independent and A € C(C/L)
is non-vanishing. Further, ¢ € C*°(C/L), and this function will later depend on a
spectral parameter. It will be convenient to introduce B(z) = 1/A(x). The equation
Py = v becomes

0
(4.2) (5% + Bq)u = Bu.
Let ¢ € C*(C/L) and conjugate by e?:

e"”(% + Bq)e%‘"’u = Be %v,

ie.
9 ,(9¢ ~by) — Be—?
(4.3) (5% + (% + Bq))(e u) = Be™ %wv.
Let ¢ be the periodic solution (unique up to a constant) of
0¢ =
(4.4) 5z T Ba = Ba0),

where E\q is the Fourier transform, defined on the dual lattice

(4.5) L* =Ze] @ Ze3, (e;,ek)Rz = 27T(5j7k.
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Then (4.3) becomes

(4.6) (% + f?\q(O)) (e~%u) = Be %v.

We want to solve (4.2) (< (4.6)) in the space of 6-Floquet periodic functions, where
0 € C/L*, that is in the space of functions satisfying the condition

4.7 u(z —£) = e4Or2y(z), VL € L.
Writing 6 = 0] + 625 mod L*, we get
(4.8) u(z — ej) = e*"iy(z),
so the relation between 6 in (4.7) and the I;(T) in (3.27) is given by
5;(T)
. 0, =2 .
(4.9) i = o mod Z

Let HF(C/L) denote the space of 6-Floquet periodic functions on C, which are of
class Hf (standard Sobolev spaces). The Fourier series representation of such a
function (with convergence at least in the sense of distributions) becomes

(4.10) f(a;): Z f(y)ei(u’x)nz___ Z f(y)e%(ﬁz+uf),
veL*—6 veL*—6

where we used that (v,z)r2 = Re7z in the last step. The corresponding expression
for 0f /0T becomes:

8f _ (. L (vz+vT)
(4.11) 5 = > svfw)e .
veL*—-0
We now consider (4.2), (4.6) for v € H}, v € HY, and identify Fourier coefficients,
(4.12) (v + Bq(0))(e—%u)(v) = F(Be~*v)(v), v € L* — 0,

where we write Fu = u. We get,

Proposition 4.1
(a) If 2Bq(0) — 6 & L*, then P in (4.1) is bijective Hj — Hy.

2. * . . . .
(b) If £Bq(0) — 0 € L*, then P in (4.1) is a Fredholm operator. of index 0 with
one-dimensional kernel given by

Ker (P) = Cexp|(Bq(0)z — Bg(0)3) + 9(x)],
where ¢ solves (4.4).

Before continuing, let us compute e}, e5. We have
€ e ey es
€9 €2 €1 €9
el es) o 21 1 (e —er) _ 2 1 ( ey —eq
€] e €1eg —e1€2 1 \—€3 €1 Im (g1e2) i \—€2 € ’
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Hence
2 2

4.13 ro M et
( ) €1 iIm (5162) €2 €2 iIm (@162) “

Next we introduce a complex spectral parameter z and let ¢ be of the form

(4.14) q(z, z) = go(z) + 2r(x).

The 2z dependence is chosen to be linear, since the situation we examine in this section
is the linearized case. Let us call the spectrum of P, the set of values z for which P
is not invertible (case (b) in the proposition). Then the spectrum of P is the set of
values z that satisfy

(4.15) %EE)(O) + z%é\r(ﬂ) —f0el
or equivalently

(4.15) %E;(o, z)e 0+ L,

and we get a non-degenerate (affine) lattice precisely when

(4.16) Br(0) # 0.

5. Grushin problem near £ =0 in T*T

In the original problem, we shall restrict the spectral parameter z to some small
disc. Performing the reduction of section 3, we are led to the operator

Q=Q.=Q7(z,hD) = Q"(z,hD, 2)
on 'y = T? with semiclassical Weyl symbol:
(5.1)  Qz,&2h) ~ qo(2,,2) + hai(z, €, 2) + hPga(2,€,2) + -+, €] < O(1),
with
(5.2) qo(z,0,2) =0,
and qo, q1, g2, . .- depend smoothly on z. Further, we have the ellipticity property:

(5.3) lgo(, €, 2)| ~ €]

In the region |¢| €]h%, O(1)], for § > 0 close to 0, we shall invert Q¥ by ellipticity.
In the region |¢| < h®, we shall use 2nd microlocalization, which here only amounts to
considering our operators in the “h = 1” quantization, after a cosmetic multiplication
by h~!. The corresponding symbol (for the h = 1 quantization) is then

(54) %Q(xa h’ﬁ?z; h) ~ QO(wagvz) + th(l‘,f,Z) + h2Q2(.T,§,Z) +oee,
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where the RHS is obtained by Taylor expanding at £ = 0 and regrouping terms
according to powers of h. We get

2
(55) QO(xag) Z) = Z g_g-o(xa 03 Z)fj + Q1(CU, Oa Z),
j=1

while the higher @Q; will involve higher order Taylor expansions. Q; is a polynomial
of degree at most j + 1 in &, and in particular,

(5.6) Q; € 8761 (T"To).

The expression (5.4) shall be considered only in the region |h¢| < A%, ie. for |¢] <
h®=1, so (5.4) is a well-defined asymptotic sum for h — 0 of symbols in 511,0~ The
operator Qo(z, Dy, 2) is precisely of the type studied in the preceding section, the
ellipticity follows from (5.3).

From section 4 and Appendix A of section 1 we recall that Qo(z, D,,z) can be
reduced by a change of variable to A(x,z)% + q(z,2) on C/L(z), where A,q,L
depend smoothly on z, and that this operator: Hy — HJ is invertible when 6 ¢
2F(B(:,2)q(:,2))(0) + L*(z) (with B = 1/A) and otherwise it has one dimensional
kernel and cokernel. It will also be useful to recall that Qo can be further simplified
by conjugation to

(57) Qo(z, Dar2) = Qo = o=+ 00(2),
where
(5.8) B0(z) = %B?;(o,z).

A simplified version of the discussion below shows that 71ZQ2 :Hj — H, g is invertible
(microlocally in |¢] < O(1)), when dist (6, 60(z) + L*(z)) = 1/O(1). We concentrate
on the more interesting case when this distance is small. Since 6 is really defined only
modulo L*(z), we decide to think of § as a complex number close to fo(z).

Let ep(z) = ce™® with - indicating that we take the R? scalar product, and
¢ = c(z) is chosen to normalize eg(x) in HJ(C/L(z)). Then

(5.9) (0, 2) = (%{f? R(_)’o) :Hy xC— Hy xC
is bijective, where
(5.10) R, ou = (uleg), R— pu_ = u_eqp.

We denote the inverse by

o1 0.9~ (g2(s.) a1 6.9,

This depends smoothly on z and analytically on §. By Beals’ lemma, we know that

(5.12) E° € Op,(Sip)-
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Moreover,

(5.13) EY(0,2)vy =vi€5(8,2), E2(0,2)v = (v]e’ (6, 2)),

where €. € Cg°, and E° | € C with

(5.14) B, (6, 2)] ~ 16 — 6o(2)],

and with g (z) defined in (5.8). More explictily, using (5.7), we have €% = €% = e,
E°  (0,2) = Bq( )- Recall or notice that Qo(z) : H} — HJ is invertible precisely

for 6 # 6, and that the inverse is given by E°(6,2) — E%(0,2)E° . (0,2) " E_(6, 2).

Now put
1 .
(5.15) (6, 2) = (th(x,hD,,h) R_,9>
Rip 0

formally as an operator H} x C — HJ x C, so that (in view of (5.4))

oo

(5.16) Q(6,2) ~ Y K Q;(6,2),

0
with

izl

(517) Qj(e, Z) _ (Qj(-T;ODzy Z) g) ,

For simplicity, we assume that the same conjugation that simplified Q¢ to the form
(5.7) has been applied to h~1Q,. We invert Q formally by the asymptotic Neumann
series

(5.18) E=8E —&(Q— Qo)éo + E(Q — Q0)Eo(Q — Qo)éop —
=Y (-)*&((Q - Qo)&)* Z( 1)¥(£0(Q — Qo))*&.

0
Write Qi = +Qz(x, hDg; h). Then
_ _ 0
(5.19) (Q— Q0)é = ((Qh OQO)EO (Qn OQO)E+) ’
and for k > 1
(5.20)  ((Q- Qo)o)* = ((<Qh ~ QB (@~ Q@ - Qo)ﬂ) ,
The general term in the series (5.18) becomes
(5.21) (—1)*&((Q - Qo)&)* =
((—1)kE°((Qh ~ Qo)E%)* (=D*(E°(Qn — Q) Y )
(=1)*E2((Qn — Qo)E®)* (~1)FE° (Qr — Qo)E®)*1(Qr — Qo)EY )
Here (Qrn — Qo)E®, E°(Qr — Qo) are (h = 1) pseudodifferential operators with sym-

bols in hS}o + h2S3o + -+ . ((Qn — Qo)E®)*, (E°(Qn — Q0))* then have their
symbols in h*S¥ + RFHISFE! 4+ ... | Tt follows that E°((Qn — Qo)E°)* has its
symbol in hkaEl + hFT1SE, 4+ --- . Moreover, (E%(Qn — Qo))*EQvy = vyek,
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with eX in h*Cg° + R*F1Cg° + -+ and similarly for E°((Qn — Qo)E°)*. Finally
E° ((Qn — Qo)E®)*1(Qr — Qo) EY belongs to hFC + h**1C + ---. Using all this in
the asymptotic series (5.18), we get

_(E(6,2) E4(6,2)
(5.22) €= (E_ (6, 2) E_++(0, z)) ’

where

— E(8,2) is a 1-pseudodifferential operator with symbol in Sy o+ hS?,o + e
~Eivy =viey, E_u= (ule_), with ey € C® + hC>® + h2C>® + ---.

- E_,(0,2) € C+hC + h%2C + - - -, more explicitly,

(5.23) E_1(8,2) ~ E°,(8,2) + hEL (8,2) +--- .

Formally, the spectrum of P} (acting on #-Floquet functions) will be the set of values z
for which E_,(6,2) =0.

We will now sum up the discussion of this section, and for that it will be convenient
to return to the case of the standard torus I'g. Then the dual lattice “L*(z)” is simply
Z? and Qo(z) in (5.5) will be invertible H} (I'g) — HJ(I¢) precisely when

(5.24) 0 & 0o(2) + 22,
where 6y(z) € R? depends smoothly on z.

Proposition 5.1. — Let C > 0 be a sufficiently large constant.

1. Fordist (0,60(2)+Z2) > 1/C, z € neigh (0, C), there exists an operator F(0, z; h) =
O(1) : H) — HY such that:

1a) F is pseudolocal in the sense that (hD)N x1(x, hD)Fxa(z, hD)(hD)N = O(RN) :
HY — HY for every N € N and all x; € C{°(T*Ty), j = 1,2, independent of h with
(supp x1 % supp xz) N (diag (T*To)? U (To x {0})?) = 2.

1b) There is a neighborhood V C T*T'g of Ty x {0} such that

(%QF - 1);(“, x“’(%QF - 1) = O(h™) : Hy — H,

for every x € Cg°(V'), independent of h. The same holds with F}Q instead of +QF .
(Notice that these compositions are welldefined mod O(h™) : H) — HJ.)

2. For dist (6,00(2) + Z%) < 1/C, we may assume (by Z*-periodicity in 6) that
6 € R%, |0 — 6o(2)] < 1/C. Then we have rank one operators Ry ou = (uleq,.),
R_pu_ =u_fo,, Rip: Hg — C,R_p:C — Hg, with ee,z,fe,z € Hg N Cge
depending smoothly on 0, z, independent of h, and a bounded operator

£ = < E(07z§h) E+(9,Z;h)

— . go 0
E__(O,z;h) E_+(9,z,h)) —0(1) He XC"“‘"H@ XC,

with the following properties:
2a) E is pseudolocal as in 1a.
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2b) If x € Cg°(T*Ty) is independent of h and I'g x {0} Nsupp x = &, then for every
N eN:
(hDYNXYE, = O(h®): C — HY, E_x"“(hD)N = O(h*®): H} — C.
2c) E_ has the asymptotic expansion (5.23) with |E° (6, 2)| ~ |6 — 6o(2)|.
2d) € is an inverse of Q in (5.15) in the sense that

(Q€ —1) (xO“’ 2) (X: ?) (Q€ —1) = O(h™®): H) x C — HY x C,

for all x € C§°(V), independent of h. Here V is as in 1b and we can replace QE by
EQ in the preceding estimates.

6. The main result

Let @y be a strictly plurisubharmonic quadratic form on C? and let P(z,£) =
P(z,&, z;h) be a bounded holomorphic function in a tubular neighborhood of Ag,,
which depends holomorphically on z € neigh (0, C), with the asymptotic expansion

o0
(61) P(xaé-wZ;h) szk(w7€7z)hka

k=0
in the space of such functions. Later, it will be convenient to assume that the sub-
principal symbol vanishes:

(6.2) p1(z,&,2) =0.
Also assume ellipticity near infinity:
(6.3) Ip(z,&,2)| > 1/C, (z,€) € As,, |(z,8)| > C,

where p = pg. (The boundedness assumption above could easily be replaced by
some other symbol type condition, provided of course that we modify the ellipticity
assumption accordingly.)

Assume for z = 0, that ¥ = p~1(0) N Ag, is smooth, connected and that

(6.4) dPAsy>dPA,, are linearly independent on .
Further assume that
(6.5) {pAq,o,]_oA%} is small on X,

where we adopt the convention of section 1, that we have uniformity in the other
assumptions. Recall also from section 1, that this implies that ¥ is a smooth torus.
Notice that the assumptions above will also be fulfilled for p = p(-, z) when z is close
enough to 0.

In section 1, we showed that p(:,z)~!(0) contains a smooth torus I'(z), which is
close to ¥ and such that

(6.6) Olra = 0
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(6.7) I;(T(2),w) €R, j=1,2,

where w = &1dzy + &adzs and I;(I'(2),w) is the corresponding action along the jth
fundamental cycle in I'(z). (Any other global primitive of o gives the same actions.)
['(z) is not unique, but thanks to (6.7) its image in the quotient space M(z) of
p(-,2)71(0) by the action of Hy. ), is unique. The full preimage of this image is a
complex Lagrangian manifold K(z) which is also uniquely determined and which can
be viewed as a complexification of the totally real manifold I'(z). This is A4 in (1.32).

It is easy to see that I'(2) can be chosen to depend smoothly on z. Also thanks to
(6.7), we have I'(2) C A,, where A, = Ag, is an IR-manifold close to A, and we can
view I'(z) as a Lagrangian submanifold of this real symplectic manifold. A, can also
be chosen to depend smoothly on z, and we may assume that ®, — ®o = O(1)

Let I;(2) = Lj(T(2),w), I(z) = (Ii(2),I2(z)) € R% Let P(z) = P¥(2) =
P¥(x,hD,, z; h) be the corresponding Weyl quantization which acts on He,. Let U =
U(z), Q@ = Q¥(z) be as in Proposition 3.1, and depend smoothly on z € neigh (0, C).
Then Qo = Qo(x, Dy, 2) : H}(To) — HE(To) (c.f. (5.4)) is invertible precisely when
6 & 0o(2) + Z2, where 6y € R? depends smoothly on 2 (cf. (5.14)). We also recall
from section 3, that we will naturally have § = I(z)/(2mh). We first consider the case
when

I(z) 1

Let x2 € C§°(neigh (7,(T(0)), C?)) be equal to 1 in a neighborhood of 7,I'(0). As an
approximate right inverse to h~! P¥(2), we take

(69) J = hnq;.GHq)(l - X2) + H(DU*FUH(I)XQ,

where F' = F(z) is given by Proposition 5.1, with 8 = I(z)/(27h), and G = G(z)
is an asymptotic inverse to P away from 7,(I") in the sense of Toplitz operators in
section 3 of [MeSj], and Il is the orthogonal projection L?(e~2%/*L(dz)) — Hs.
Then
P“’l‘[chl'[q)(l - X2) = Hcp(l - Xz) + O(hoo) :Hy — Hp.
On the other hand, if we use local unitarity of U, the pseudolocality of F' and 4)
of Proposition 3.1, we get

%Pwnq,U*FUHM2 = Hq,U*%QWFUHM2
=eU*Ullgx2 = llgxe mod O(h™) : Hp — Hsp.
It follows that
(6.10) %Pw(z)J =1l =1 mod O(h*) : Hp — Hs.

(Most of our operators as well as ® depend on z, and this dependence is always
smooth.)
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In the same way we can show that

(6.11) K =Ts(1 — x2)ahG + Mg xleU* FU
satisfies

1
(6.12) KEP“’ =1modO(h™): Hp — Hs.

We conclude that under the assumption (6.8), the operator %P“’ : Hp — Hgp has an
inverse which is uniformly bounded, when h — 0.
We now consider the case when

. I 2 ].
. _— < —,
(6.13) dist (27rh,00(z) +7Z ) =
for some large fixed C > 0. Let k be the point in Z? such that
I 1
— - < =.
bt 5o~ 802 <

We apply the second part of Proposition 5.1 with § = k+ I/(2wh). Let £, R+, R_ be
as there. Comsider

Lp(2) s R_(2)

6.14 =& :Hy, x C — Hgp, x C
with

(6.15) R, =R.U, R_ =U*R_.

As an approximate right inverse to P, we take (with F, Ey, E_, asin (5.22))

6.16) & = (th>GHq>(1 - Xlza) J;JH@U*EUI‘prz nq,éf*b;) _ (EE §+ ) '
_ _ _E_,
We need to check that
I (v
Ri{E=0, Ry EL =1,

modulo terms that are O(h*) in operator norm:
1~ ~ - 1
EPE +IleR_E_ = Hq>(1 - Xz) + EPH@U*EUHQXz +IIeU*R_E_U
1
= (1 — x2) + Hq,U*;l-QEUH@xz +TgU*R_E_U

1
= H@(l - Xg) + HQU*EQEUHQXQ +MeU*R_E_Ullg X2

= H(p(]. - X2) + H@U*UHQ)XQ =Ils
=1,
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—

%PE +HeR_E_, = —PlaU*E, +NIeU*R_E_,

>

1

=IsU*(; QB+ + R-E_) =T U'0 =0,
R.E = R, Ullgx2(hlIsGllg (1 — x2) + MaU* EUTlpx2)
=0+ Ry UU*EUIlgx2 = Ry EUllgx; =0,
R.E,=R,UlleU*E, =R,E, =1.

So,

(6.18) PE, =1+ O(h™).

Similarly, we check that

(6.19) EP =1+ 0(h>),

where

(6.20)

SN _ H@(l — Xz)Hq)hG—l-Hq)Xqu)U*EU s U*E,
¢= E_U E_y

We sum up the discussion so far:

Proposition 6.1. — Under the preceding assumption, there exists a smooth map
neigh (0, C) — 6(z) € R?, such that if we fir C > 0 large enough:

1) For dist (I(2)/(27h),00(2) + Z%) > (2C)~!, h~1P¥(2) : Hy, — Hg, has a uni-
formly bounded inverse.

2) For

(6.21) dist(I(z)/(2mh), 00(2) + Z%) < 1/C,

the operator P(z) in (6.14) has a uniformly bounded inverse

(6.22) F(z) = ( If: ((ZZ)) FP: 1(2)) . Hp, x C — Hg, x C.
Modulo terms that are O(h™) in operator norm, we have
(6.23) Fy(2) = U*(2) B+ (k + Iz }3 )
F.(2)=E (k+——-,z R)U(z
F_y(z) = (k + g(ziz, ,h)

where k € Z? is the point with |k — 0o(2) + I(2)/(27h)| < 1/C, and E4, E_, E_, are
given in Proposition 5.1.
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From (6.23) and (5.23) we get the following asymptotic expansion in case 2) of the
proposition:

1(z) I(z)
. ~y 0 D ——— 1 — ..
(6.24) F_y(2h) E_+(k + 2ﬂ_h,z) +hEL (k+ 27Th,z) T
valid in the sense that
(6.25) |RN(2;h)] < CyRN T,
where
z 1(2)

B — By i i 12

(6.26) Rn(z;h) = F_i(2;h) ZO:h E_+(k n 27rh,z).

We shall next see that (6.24) can be differentiated with respect to z in the natural
sense. Indeed, it is clear that VIP(z) = O(h~7) in operator norm for j = 0,1,2,...,
so if we use that

(6.27) V. F(z) = —=F(2)V.P(2)F(z)

and similar more elaborate expressions for VIF(z), we see that

(6.28) VIF(2) = O(h™)

in operator norm for 5 =0,1,2,.... In particular,

(6.29) VIF_i(z;h) = O(h™),

and the same estimate holds for each of the terms in (6.24). It follows that
(6.30) (hV,) RN (z;h) = O(1).

Now combine (6.25,30) with elementary convexity estimates for the derivatives to
conclude that
(hV:) Rn(z; k) = O(RNT17€),

for every € > 0 (after an arbitrarily small increase of the constant C in (6.21)). Since

1(2)

by _ pN+1 N+, 1(2) .

Rn(z;h) = h" T EZY (k' 27rh’z) + Rnt1(z;h),

we get

(6.31) (hV.)Rn(2;h) = O(RNTY),

for every j = 0,1,2,.... So we have proved that (6.24) can be differentiated with

respect to z as many times as we want, in the natural way.

In this context, it may be of some interest to notice that F__. is holomorphic in 2z
after multiplication by a non-vanishing factor. Indeed, from (6.27) and the fact that
0zP¥(z) = 0, we get

B:F_4 + F_(8:llo R_(2))F_4 + F_(0zR{)Fy = 0.
Since F_. is scalar, this simplifies to
(6.32) (8= +v(2))F_1.(2) = 0, v(2) = F_(8:1lsR_(2)) + (9zR+(2))Fs.
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If 8;V (2) = v(2) (and this equation can always be solved after increasing C in (6.21)),
we get

(6.33) dz(eVPF_) =0.

Since Viv = O(h™177), j > 0, we can restrict the attention to some disc of radius ch
(after fixing k after (6.23)) and get

(6.34) ViV =0(h77), j > 0.

(Make the change of variable: z = zo + hw.)

We recall a general fact about Grushin problems, namely that P*(z) is invertible
precisely when F_,(z) is. We will say that z = 2o is an eigen-value of z — P"(2)
if P¥(2p) is non-invertible. For such an eigen-value, we define the corresponding
multiplicity m(zp) to be the order of zy as a zero of the holomorphic function eVF_,.
In the appendix A to this section we show that this multiplicity does not depend on
the way we construct the Grushin problem and also that it is the order of zp as a zero
of det P*(z) in case P(z) — 1 is of trace class.

We shall next use the assumption (6.2) and show that we have 6y(z) = Const. €
(%—Z)Q. We shall do this by studying Floquet periodic WKB solutions in a neighbor-
hood of 7, (%), and we start by reviewing some facts for such solutions when working
with the Weyl quantization for the corresponding pseudodifferential operators. (Cf.
Appendix a in [HeSj2].)

Recall that the Weyl quantization of a symbol p on R?" is given by:

(6.35) p¥ (2, kD2 )u(z) = (—2-73’? / / e%(z-w"’p(%ﬂ’,a)u(y)dyda

Let ¢(x) be a smooth and real function. (The adaptation to the complex environment
will be quite immediate.) Then
(6.36) e~ #9@)p¥ (g, hD,)er?@y(x)

1 i((p—1)-6— — Tty
_ ((z—y)-6—(d(x)—&(y))) w(y)dud
= (2 h)" ﬂeh p( 2 70) (y) Y 0.

Employ the Kuranishi trick: ¢(z) — ¢(y) = (z — y) - ®(z,y), with

b(os) = [ Gttt (- Ou

and notice that

2(@,y) = 22 (232) + 0((z - 4.
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Then,
(6.37) e #¢@)p¥ (g hD,)ek @)y

1 i) (0—B(z T
= k) //eh( y)-(6—-2( ,y))p( y,B)u(y)dde

= (.’l) y)-0
(2wh)™ //6h p( 2 .0+ &(z, y))u(y)dyd@.

Here
©38)  p(*3L.0+ 2@ y) =p(25L0+ 2(TEY)) 1o - v,
and it follows easily (by double integration by parts with respect to # for the con-
tribution from the remainder) that the h-Weyl symbol of e~ %¢@)p¥ (z, hD,)e# ¢ is
equal to p(z,8 + 32 (z)) + O(h?).

Suppose that ¢ solves the eikonal equation

9¢
(6.39) p(x, 5;(3:)) =0.
We look for a smooth function a(z), independent of h, such that
(6.40) e~ R@pw (g, hD,)er?@a(z) = O(h?),
and get
(6.41) pY(z, hDz)a(z) = O(h?),
where

_ 9% Y’

(6.42) Po(e,€) = p(,6 + 3£ (@)
Write

0
(6.43) (2,6) = Z o (@008 +0(€).

The remainder will give an O(h?) contribution to (6.41) and the Weyl quantization
of the sum is

(6.44) 1i (?92"”( ,0) 0 hD,, + hD,, o %( 2,0)) = %(V(m E%) + -;—div (u)),

where v(z, Z2) =3 é)—’i‘ﬁ(a; 0)-2- 5z; can be identified with the restriction of Hy, to Ag:
& =¢'(z). The equatlon (6.41) therefore boils down to the transport equation

0 1.,
(6.45) (V(ac, %) + §d1V (V))a =0
As in [DuHo] the last equation can also be written in terms of the Lie derivative of
v acting on a half density:

(6.46) L, (a(z)(dz - - - dzy)/?) = 0.
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Recall that A(z) C p(-,2z)"2(0) is a complex Lagrangian manifold which can be
viewed as a complexification of I'(z). We can represent A(z) by

(6.47) = %(w,z), z € neigh (715(X)),

where ¢ is grad periodic, smooth in both variables, holomorphic in z and (cf. (2.4))
satisfies

(6.48) ®(z,2) +Im §(z, 2) ~ dist (z, 7,T'(2))?,
where ®(-,2) = ®,, A, = Ag,. If 71,72 C m;(I'(2)) are two fundamental cycles, we
also have
o¢
(649) Va.l")'qu('v Z) = Ij(z)7 p(za ;9;(1:7 2,’), Z) =0,

with I;(2) = I;j(I'(z),w). We look for a multivalued holomorphic symbol a(z) =
a(z, z) (being the leading term in an asymptotic expansion) such that

1 ) .
(6.50) P"(x, hDa, z;h)(-a(z, 2)ei?@2/hy = O(h)ei#@2)/h,
As reviewed above, (6.50) is equivalent to the transport equation
(6.51) L, (a(x)(dzy A dzg)/?) =0,

where v ~ le/”\( . We only want to solve (6.51) to infinite order on 7;(I'(2)) which is
z

)
maximally totally real, so we can restrict (6.51) to this torus by interpreting v ~ H,
as a complex vector field here. Once (6.51) is solved on the submanifold, we get it to
infinite order there, by taking almost holomorphic extensions.

Recall from section 1 that there is a diffeomorphism

(6.52) Q:T'(z) — C/L(z),

depending smoothly on z such that

(6.53) v~ H,= Ai,
oQ

where A = A(Q, z) is smooth and non-vanishing.
Write a(z)(dz1 A dze)'/? = b(Q)(dQ1 A dQ2)Y?, Q = Q1 + iQ2. We notice that

(dzy A dx2)1/2

(dQ1 A dQ2)1/2
is not necessarily single valued, but 6;-Floquet periodic for some 6, € %L*. Then
(6.51) becomes

L4 2 (b(dQ1 A dQ2)'?) =0,
and more explicitly
0 10

(6.54) Agh+ 355 =0,
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since div A:?% = %A. (6.54) can also be written
0

6.55 —(AY?) =0,

(6.55) g

where we notice that A'/2 is a-Floquet periodic for some a € JL*.
We restrict the attention to solutions u = h~'/2ae*¥/* of (6.50) which are multi-
valued but w-Floquet periodic in the sense that

u(F]_l(x),z) = 621riwju(m7 Z), i=L2 w= (wl,w2) (S R2/Z2,

where I'; is the natural action of the fundamental cycle v; on the covering space of
neigh (7, (T'(2)), C?). Then,

oI5 (z), 2) = eCrhest b/ ha (g, ),

so the restriction of a(-, z) to 7, (I'(z)) is w+I(2)/(2mh) Floquet periodic if we identify
7z(I'(z)) with the standard torus I'g. Then b(Q, 2) is w + % + 6, Floquet periodic
(as a function on I'¢) and hence A'/2b is w + %5,% — 62 Floquet periodic for some
02 € (3Z)2. We now require that a be non-vanishing. Then from (6.55), we see that

A'/2p is periodic and hence w + é—%} —~ 62 =0, mod Z2:

_ I(2) . 2 /2
(6.56) w_—27rh+92 in R*/Z°.

Since U (z) is pseudolocal, we can define U(z)u mod O(h™) as a 02-Floquet periodic
function on I'g which is microlocally concentrated to a small neighborhood of the zero-
section of T*T'g with the property that ||U(2)ul|x,, ~ 1. From (6.50), we get

Q" (z,hDy, 2; h)(U(2)u) = O(h?) in Hy,.
This implies that we are not in the case 1) of Proposition 5.1 for any C > 0 and

consequently (since 2, 6(z) are independent of h), that 6, = 6(2) mod Z?. We have
proved under the assumptions above, in particular (6.2):

Proposition 6.2. — 0y in Proposition 6.1 is independent of z and belongs to (%Z)z.

We have proved most of our main theorem below. The result will be most complete,
under the additional assumption (1.51):

(6.57) 2+ (I1(2), I2(2)) € R? is a local diffeomorphism.

Theorem 6.3. — Let P¥(z) : He, — Hg, satisfy (6.1-5), where ®¢ is a strictly

plurisubharmonic quadratic form on C?, and define I(2) = (I1(z),12(2)) as after

(6.7). Let 6y € 3Z2 be defined as above. There ezists 6(z; k) ~ 6o+ 01 (z)h+02(2)h? +
- in C*(neigh (0, C); R?), such that for z in an h-independent neighborhood of 0

and for h > 0 sufficiently small, we have:

1) z is an eigen-value (i.e. P¥ is non-bijective) iff we have

I(z)

0(z;h) — k, for some k € Z*.
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2) If I is a local diffeomorphism then the eigenvalues form a distorted lattice and they
are of the form z(k;h) = zo(k; h) + O(h?), k € Z2, where zo(k;h) is the solution of
the approxzimate BS-condition:

I(zo(k; R
These eigen-values have multiplicity 1 as defined after (6.34).
Let

Zy = {z € neigh (0, C); |% +k—6| <1/3}, k€ Z2,

so that the Zy are mutually disjoint and all eigen-values have to belong to the union
of the Zy, and so that every eigen-value in Zy has to be a solution of (6.58) with the
same value of k. Let Zy, be a connected component of Zj,.

3) Assume (for a given sufficiently small h) that not every point of Zy is an eigen-
value. Then the set of eigen-values in Zk is discrete and the multiplicity of such an
eigen-value z (solving (6.58)) is equal to va,raurg,y(%:“—h2 +k —0(w; h)) € {1,2,...},
where v is the oriented boundary of a sufficiently small disc centered at z. Here the
orientation in the I is obtained from identifying the 6-plane with C so that we have
the expression for E°  (0,2) after (5.14).

Proof. — For k € Z2, let
Qi (h) = {2 € neigh (0, C); |£& + &k — 69| < 1/C},

for some fixed and sufficiently large C > 0. Then according to Proposition 6.1, all
eigen-values of P¥(z) are contained in the union of the Qk(h). Moreover the Q(h)
are mutually disjoint, and for k # ¢, we have that dist (Qx(h), Qe(h)) = c|k — £|h, for
some constant ¢ > 0.

From (6.24) and the fact that this also holds in the C'°°-sense, we see that there
exists a smooth function

E_1(0,2;h) ~ E° (6,2) + hEL  (0,2) + -+, h — 0,
defined for 6 € neigh (6p, C), such that
(6.60) F_y(z;h) = E_y(k+ 22 2:h), 2 € Qu(h).

As remarked after (5.14), we may assume, with a suitable identification of the
I-plane and C, that

(6.61) EY,(0,2) = %(e — ),

where 6y = 6y(z) now denotes the complex number which is identified with the pre-
vious 6y. We equip the I-plane with the corresponding orientation.

Let 6(z; h) be the unique zero close to 6, of the function § — E_, (6, z; h). Then 6
is smooth in z and has an asymptotic expansion as in the theorem. Clearly z € Q(h)
is an eigen-value iff k + —é—%% = 6(z; h), i.e. iff (6.58) holds. This proves 1).
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The implicit function theorem gives everything in the statement 2) except perhaps
that the eigen-values are simple. From (6.60) it is clear however that the eigen-values
z(k; h) must be simple zeros of the holomorphic function eV (3" F__ (z; h) in (6.33),
so 2) holds.

We now make the assumptions of 3) and identify the I-plane with C as in (6.61).
In view of (6.60), and Taylor’s formula for 8 — E__ (6, z; h), we get for w € Zj, N Q:

(6.62)  F_y(w;h) = E_y(k+ 532, w;h) — E_(8(w; h), w; )

= A(w; h)(k + 22— g(w; h)) + B(w; h)(k + 22 — 6(w; ),

where A, B are smooth in w with bounded derivatives to all orders. Moreover |A| ~ 1,
|B| < |A|. Let z € Z be an eigen-value (necessarily in €, and let + be as in 3). From
(6.62) and the fact that A dominates over B, it follows that F_, and k+ %% —6(w; h)
have the same argument variation along -y, and 3) follows. O

We next compute the differential and the Jacobian of the map 2z — (I1(2), I2(2))
and show that (6.57) ((1.51)) is equivalent to the property (4.16). We fix some value
of z, say z = 0. Choose grad-periodic coordinates @1, Q2 on I'(0), so that

(6.63) H, = A(Q)-a% onI'(0) ~ C/L, L = Ze; & Zes,

where A(Q) # 0 VQ. Extend Q1,Q2 to grad-periodic functions in a neighborhood of
I'(0) in Ag,_,, and let P;, P» be corresponding “dual” coordinates, vanishing on I'(0),

so that (Q1,Q2; P1, P2) are symplectic coordinates near T'(0).
Then

1
p= §A(Q)(P1 +iP3) + 2r(Q) + O(P?) + O(2?),
where r = gg(-, 0). I'(z) can be represented by

P =Vgq9(Q, 2),
where g = O(z) is grad-periodic and

p(Qa ng’ Z) = 07
so that
dg 2
(6.64) A(Q)% + 2r(Q) = O(2%).
Let J;(z) be the actions in I'(2) with respect to P1d@; + P2dQ2. By Stokes’ formula,

I; — J; is independent of z and since the difference is real for 2 = 0, we know that
J;j(2) are real. From this and (6.64) we see that

(6.65) 9=0b(=)Q +b(x)Q + gper + O(%),
where gper is periodic and
(6.66) b(z) = —2r/A(0),
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where the hat denotes Fourier transform on C/L(0): 7"//71 = F(r/A). It follows that
(6.67) J;i(2) = b(2)e; + b(2)&; + O(2?).
The map in (6.57) has the same differential as that of the map z — (J1(2), J2(2)),
and we get for z = 0:

dI A dI; = (e1db + &,db) A (e2db + €2db) = (e182 — €1e2)db A db,

so for z = 0:

(6.68) det 21 12)

m = 2i(e182 — E1€2)|F(0,p/A)(0) 2.

The equivalence of (6.57) and (4.16) follows.
For z =0, let Apo be the Liouville measure on I'(0) defined by

Apo ANdRep Adlmp = p,

where p = %02 is the symplectic volume element on Ag,_,. In our special coordinates,
we have

1 .
p=5AQ)(Pr +iPy) + O(P?),
for z = 0, and the Liouville measure becomes )\, = 4|A|72L(dQ). The Hamilton
field of H, on T'(0) is Hp = A(Q)a—%—, which has the adjoints

H; =~ 550 AQ), H} =l 5507,
with respect to the measures L(dQ) and A, 0(dQ) respectively. Using that the volume
of C/L = I'(0) with respect to L(dQ) is equal to |(e1€2 — €1e2)|, we see that the
1-dimensional kernel of H} in L*(I'(0), Ap,0(dp)) is spanned by the normalized element

f:=|2i(e182 — E1e2)|"1/24,

and a straight forward calculation from (6.68) gives for z=0

a(I1, I
S| =| [owPratan]| = [10-m0.02 A o(de),

0(z1, 22)
where in the last expression we used the notation of (8.38) in [MeSj], so that 1 — II
is the orthogonal projection onto the kernel of H;; in LZ(X\p0)-
Assuming (6.57), the density of eigenvalues, given in 2) of the theorem, is

(6.69) ,d et

1 6(]1, Iz ‘
—_— h 0.
(271'h)2 (’ (9 Zl, Zz) to ) —
Assume that P(-,z) — 1 sufficiently fast at co, so that det P is well defined. Since
the eigenvalue z(k;h) is a simple zero of this determinant and 0,0;log|z| = %9,

z(k; h) will give the contribution Zé(z — z(k; h)) to 0,0z log|det P*(z)| and hence in
the sense of distributions (or even the weak measure sense), we have

670 o.ortoglaet P = oo (5] [ oTEotdn] o),
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where we now let f vary with z in the obvious sense. This is in perfect agreement
with (8.38) of [MeSj], where we computed 8,8;I(z) for an (infinitesimal) majorant
(2mh)2(1(2) + o(1)) of log | det P*(z)|.

Appendix A: Remark on multiplicities

Let Q2 C C be open and simply connected. Let H be a complex Hilbert space and
let

P(z) = (II;((ZZ?) R_O(z)> cHXxCVN — HxCN

depend smoothly on z € Q and be bijective for all z. Assume that
P P
dP(z) = —8—dRez + a—dlmz

ORez Olm 2
is of trace class locally uniformly in z. Write

P&Y1=a@:<E@)EAd>'

E_(z) E_4(z)
Recall that P(z) is invertible precisely when F_, (2) is and that we have
(A1) P(2)7 = B(2) - B4 (2)E—4(2) B (2).

Proposition. — Let v C Q be a closed C*-curve along which P(z) (or equivalently
E_.(2)) is invertible. Then

(A.2) tr(Q—jT—i /7 P(z)dP(2)) :tr(% / () dE_(2)).

7
Proof. — From d€ = —EdPE, we get
(A.3) ~dE = EdPE + E,dR,E + EdR_E_,
—~dEy = EdPE, + E,dR E, + EdR_E__,
—dE_ =E_dPE+E_,dR,E+E_dR_E_,
~dE_, =E_dPE, +E_,dRyE, + E_dR_E_,.
We get,
tt P~'dP = tr (EdP) — tr (E; EZLE_dP).
Here by the cyclicity of the trace and the last equation in (A.3):
—tr (E4E-}E_dP) = —tr (EZL E_dPE,)
=tr (EZLdE_y) +tr (EZ{ E_4dR E,) +tr(EZLE_dR_E_,)
= tr (EZLdE_) + tr (dRy Ey) + tr (E_dR_).
It follows that
(A.4) tr (P~'dP) = tr (EZ1dE_) + w,
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with

(A.5) w=tr (EdP) +tr (dRyE;) +tr(E_dR_).

If we assume that P is holomorphic, then £ will be holomorphic and w will be a
(1,0)-form with holomorphic coefficients, hence closed, and the Proposition follows,
since Q is simply connected.

In the general case it suffices to verify that w is still closed, as we shall now do.
Using the obvious calculus of differential forms with operator coefficients, we get:

dw = tr (dE AN dP) — tr (dRy NdEy) +tr (dE_- NdR_).
Use (A.3):
(A.6) —dw =tr (EdPE A dP) + tr (E;dRE NdP)+tr (EdR_E_ A dP)
—tr (dR+ AN EdPE,) — tr (dRy N E4dR.E,) —tr(dRy NEdR_E_)
+tr (E_dPEANdR_) +tr (E_4+dRyENdR_)+tr (E_dR_E_ NdR_).

The cyclicity of the trace implies that if 4 is an operator 1-form, with trace class
coefficients, then tr u A u = 0. It follows that the 1st, 5th and 9th terms of the right
hand side of (A.6) vanish:

tr (EdPE N dP) = tr (EdP A EdP) =0,
tr (dR+ A E+dR+E+) =tr (dR+E+ A dR+E+) = 0,
tr (E_LdR_E_ AdR_) = tr (E_dR_ A E_dR_) = 0.

The terms no 2 and 4, no 3 and 7 as well as no 6 and 8 cancel each other mutually,
becauce the cyclicity of the trace implies that tr (u; A p2) = —tr (u2 A p1) for operator
1-forms with one factor of trace class, and hence

tr (E+dR+E ANdP) = tr (E+dRy N EdP) = tr (dRy N EdPE,)
tr (EdR- N E_dP) = —tr (E_dP A EdR_),
tr (dR+ NEdR_E_) =tr(E_dRy AN EdR_).
Thus dw = 0 and we get the proposition in the general case. O
Now drop the assumption that dP(z) be of trace class, but assume that there exists

an invertible operator (z) which depends smoothly on z such that d(Q(z)P(z)) is
locally uniformly of trace class. Then we have the invertible Grushin operator:

(AP QAR i ierse (2, B+

The equation (A.2) then holds, if we replace P by QP in the left hand side. Notice
that if we add the assumption that Q(z)P(z) — 1 be of trace class, then (A.2) (with
QP replacing P) gives

(A7) var arg,, det(Q(2)P(2)) = var arg, (det(E_(2)).
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Assume that P(z) is invertible for zy # z € neigh (20, C), but that P(2¢) is not
invertible. Then it is easy to see that there exists an operator K of finite rank such
that P(z9) + K is invertible, and hence also that P(z) + K is invertible for z in a
small neighborhood of z9. Put Q(z) = (P(z)+ K)~. Then Q(2)P(z) — 1= -Q(2)K
is of finte rank and hence of trace class, so (A.7) applies. Let

(A.8) m(zg) = §%var arg, (det Q(2) P(2)),

where 7 is the oriented boundary of a small disc centered at z9. (A.7) shows that this
integer is independent both of the choice of @ and of the Grushin problem, and by
the definition this will be the multiplicity of 2y as an “eigen-value” of z — P(z). In
the main text, P(z) depends holomorphically on z and then have m(zg) > 1.

Appendix B: Modified d-equation for (I1(z), I>(2))

We recall from section 1, that we have a holomorphic map

(Bl) neigh ((07 0)702) > (sz) L I(sz) = (Il(z,w),Iz(z,w)) € 027
with I(0,0) € R? and with
(B.2) Im (8,110, 12) # 0.

Let (f1(z,w), f2(z,w)) be holomorphic, non-vanishing such that
(B.3) J1(z,w)0u 1 (2, w) + f2(2, w)0uI2(2,w) = 0.
This implies that

(B.4) fi(z,w)dl; + fo(z,w)dl2 = g(z,w)dz,

where g(z,w) is holomorphic.
From (B.2) it follows (as we saw in section 1) that there is a unique smooth function:
neigh (0, C) 3 z — z(w) € neigh (0, C), such that

(B.5) I(z,w(z)) € R%

Indeed, this follows from the implicit function theorem, for if we formally make in-
finitesimal increments to z, w, we get

0.1; 6. + 8,1, 6,, = D.1; 6, + O

I bu,

g

(B.6)

awII (Sw - 8wIlE = _6211 62 + 8211 Ea
8wI2 6w - awI2 E = '_azIZ 52 + 8212 8:,
and notice that

det (Bwll —0wh

s —ﬂ) = —2Im (0,110, 12) # 0.
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Treating 8y,0, as independent variables, we see that (B.6) has a unique solution
(6w, 0y) € C? for a given d, € C, and it is easy to see that d,, has to be the complex
conjugate of §,,. The existence of the smooth function w(z) in (B.5) therefore follows
from the implicit function theorem.

Let J;(z) = Ij(z,w(z)). (In the main text, we simply write I;(z) = I;(z,w(z)).)
Restricting (B.4) to the submanifold, given by w = w(z), we get

(B.7) frdJy + f2dJ2 = gdz,

with f; = fj(z,w(2)), g = 9(2, w(z)). Taking the antilinear part of this relation, we
get

(B.8) f10J1 + f20J, =0, 0 = 8.

This can also we written

(B.9)  (fi(J1 = ID) + fo(J2 = J)) = ((Bf1)(J1 — J?) + (Bf2)(J2 — J3)) =0,
where JJ(-’ are arbitrary real constants. Put

(B.10) w=fi(J1 = J7) + fa(Ja — J3).

Using (B.2) and (B.3), we see that the two real functions Ji, J can be recovered from
u by means of the formula,

0 1 o —
(B.12) Si-Jr= 2iIm (f1f2) (fou — fou),
Jo = B = gy (CFru+ fi7).

(Notice that (f1, f2) = a(8wl2, —0yI1) for some non-vanishing a, so that Im (f; f2) #
0.) Then (B.9) gives

(B.13) Ou + au + bu = 0,

for some smooth (and even real-analytic) functions a, b.

It follows from a classical result by Carleman [Ca] that if u solves (B.13) in a com-
plex domain and vanishes to infinite order at some point then u vanishes identically.
Since a and b are real-analytic we can show this differently: Treating v and u* =%
as independent functions, we get

(B.14) {5u + a(z)u + b(z)u* =0,

ou* + b(z)u + a(z)u* =0,

which is an elliptic system with real-analytic coefficients. Hence u is real-analytic and
cannot vanish to infinite order at any point without vanishing identically.
If u is not identically 0, let 2o be a zero of u and write the Taylor expansion as

w(z) = pm(z — 20) + O(|z — 20|™ ),
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where p,, # 0 is a homogeneous polynomial of degree m. Substitution into (B.13)
shows that p,, is holomorphic, so

(B.15) u(z) = C(z — 20)™ + O(|z — 2zo|™ "), C #0.
This means that the map
(B.16) neigh (0, C) — J(z) = (J1(2), J2(2)) € R?

is either constant or takes any given value J° only at isolated points, and if zg is such
a point, then

(B.17) |J(2) = JO| ~ |2 — 2zo|™.
Write (B.12) as
(B.18) J(z) = J° = F(2) (f:j Z) ,

where F' is a smooth invertible 2 x 2-matrix. Then from (B.15), we get
aJ(z) (@ )B(Reu,lmu)
O(Rez,Imz) 0 O(Re z,Im z)
where the first term to the right is O(|z — 2|™~!) and has an inverse which is
O(|z — z0/'*™™). From this, we see that the critical points of J are isolated if J is
not identically constant, and that
oJ
et _._gi_
O(Re z,Im z)
This means that we can introduce a natural orientation on the (J, J2)-plane such
that the differential of J becomes orientation preserving. We can then define the
multiplicity of a solution zg of J(2) = J° by

(B.19) + O(|z — 20[™),

(B.20) d is either >0, Vz, or <0, Vz.

(B.21) m(z0) = %var arg, (J(2) - J°),

where 7 is the positively oriented boundary of a small disc centered at zg.

In the main text of section 6, we write I;(z) instead of J;(z). It is also clear from
our discussion, that the orientation of the J-plane is the same as the one we got in
the proof of Theorem 6.3 from (6.61).

7. Saddle point resonances
Consider the operator
h2
(7.1) P=-2A+V(), z € R?

where V is a real-valued analytic potential, which extends holomorphically to a set
{z € C? |Imz| < L (Rez)}, with V(z) — 0, when z — oo in that set. The resonances
of P can be defined in an angle {z € C; —26y < argz < 0} for some fixed 6y > 0
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as the eigen-values of P ;5 g.- In [HeSj], they were also defined as the eigen-values
of P : H(Ag,1) — H(Ag,1) with domain H(Ag, (€)?), and below we shall have
the occasion to recall some more about that approach. (Such a space consists of
the functions u such that a suitable FBI-transformation T'u belongs to a certain
exponentially weighted L? space.)

Let Ey > 0. Let p(z,&) = €2 + V(z). We assume that the union of trapped
H,-trajectories in p~1(Eo) N R* (see [GeSj]) is reduced to a single point (zo,&o)-
Necessarily, £ = 0 and after a translation, we may also assume that zo = 0. (Recall
for instance from [GeSj] that a trapped trajectory is a maximally extended trajectory
which is contained in a bounded set.) It follows that 0 is a critical point for V and
that V(0) = Ey. Assume,

(7.2) 0 is a non-degenerate critical point of V, of signature (1, —1).

After a linear change of coordinates in  and a corresponding dual one in £, we may
assume that

(13) D@8 - Bo= (& +aD) + LG - ) +0(®,°), (@6 —0.

Under the assumptions above, but without any restriction on the dimension and
without the assumption on the signature in (7.3), the second author ([Sj2]) deter-
mined all resonances in a disc D(Eg, Ch) for any fixed C > 0, when h > 0 is small
enough. (See also [BrCoDu] for the barrier top case.) Under the same assumptions
plus a diophantine one on the eigen-values of V"(0), Kaidi and Kerdelhué [KaKe]
determined all resonances in a disc D(Ep, h’%) for any fixed § > 0 and for A > 0 small
enough. In the two dimensional case, their diophantine condition follows from (7.2),
and we recall their result in that case.

Theorem 7.1 ((KaKe]). — Under the assumptions from (7.1) to (7.2), let A; > 0 be
defined in (7.8). Fiz § > 0. Then for h > 0 small enough, the resonances in D(Ey, h®)
are all simple and coincide with the values in that disc, given by:

(7.4) z = Eo+ f(2mh(k — 6o); h), k € N2,

where 0 = (—3, 3) € (3Z)? is fized, and f(6;h) is a smooth function of 6 €
neigh (0, R?), with

(7.5) F(O;h) ~ fo(6) + hfi(8) + R f2(0) +---, h — 0,
in the space of such functions. Further,

Fo0) = 5-(abh — iXafy) + O(6%).

The purpose of this section is to show that the description (7.4) extends to all
resonances in a fixed disc D(Fy,79) with ¢ > 0 small but independent of h, provided
that we avoid arbitrarily small angular neighborhoods of |0; +oo[ and —i]0, +oo[. The
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main ingredient of the proof will be Theorem 6.3, that we will be able to apply after
some reductions, using [HeSj], [KaKe].

As in [KaKe], we choose an escape function (in the sense of [HeSj]) G which
is equal to z2& in a neighborhood of (z,£) = (0,0) and such that H,G > 0 on
p~1(Eo) ~ {(0,0)}. Then for a small fixed ¢t > 0, we take an FBI-transformation as
in [HeSj] which is isometric:

(7.6) | H(Msg, 1) — L*(C?;e72¢/R L (dx)),
‘ | H(Mg, (€)%) — L2(C?,m2e~2¢/h [ (dz)).

Here m > 1 — O(h) is a weight which is independent of h to leading order and m ~ 1
in any fixed compact set. Moreover, ¢ is a smooth real-valued function. For possibly
only technical reasons, T has to take its values in L?(- - - ) ® C3 rather than in L2(- - -),
but as noticed in [KaKe], we may modify the definition of T' in such a way that the
last two components of T'u vanish identically in a neighborhood Q2 of 0 € C?, the point
corresponding to (z,£) = (0,0), and so that the first component of Tu(z) is given
by a standard Bargman transformation in that neighborhood and is consequently a
holomorphic function of z. We can also arrange so that ¢ is a strictly plurisubharmonic
quadratic form in Q. Hence Tu € Hy(R2) := Li(ﬂ) N Hol (©2), where Hol (Q?) is the
space of holomorphic functions on Q and L3() = L*(; e~2¢(®)/" [ (dz)).
Kaidi and Kerdelhué showed that there exists a uniformly bounded operator

V: Hy(Q) — Hy(9),
which is a metaplectic operator, i.e. a Fourier integral operator as in [Sj1] with
quadratic phase and constant amplitude, with an almost inverse (the lack of exactness
being due to the fact that we do not work on all of C? and consequently get cutoff
errors) U = O(1) : Hy(Q) — H,4(9) with the following properties:
(1) Qisa neighborhood of 0 and ¥ is a strictly plurisubharmonic quadratic form.
(2) If ¢ < ¢ < ¢4 are smooth, and ¢+ are sufficiently close to ¢ in C? and equal
to ¢ outside some neighborhood of 0, then there exist ¥_ < ¢ < ¥4+ with analogous
properties, such that

.7) 1-UV =0(1): Hy, (Q) = Hy_(),
' 1-VU =0(1) : Hy, (Q) — Hy_(Q).

(3) If we choose ¢+ with ¢_(0) < ¢(0) < ¢+(0), then ¥_(0) < ¥(0) < 14(0).
(4) There exists an analytic h-pseudodifferential operator

Q¥ (z,hDg; h) = Hyp, jy_ — Hyjy, 1y

with symbol Q(z,&; h) ~ qo(z, &) +ha (z,€)+ - -, holomorphic in a neighborhood of
the closure of {(z, %%‘f(m)); x € Q} such that

(7.8) QUVT - VTP =0(1): H(Ag,, (£)?) — Hy_(Q).
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Here we extend ¢+ to be equal to ¢ outside 2 and define
H(Agy, (€)?) = {u € H(Ag, (6)2); Tu € L*(C%;m?e~2*+/"(dx)).

The spaces H(Ag,,1) are defined similarly. For simplicity, we have also introduced a
new G; Gpew = tGolq, 50 that t = 1 from now on. Q" is realized by means of choices
of “good” integration contours as in [Sj1].

(5) We have
(7.9) 90(@,€) = iMa1&r + X2z + O((2,€)°).
Later on we shall also use that we have a local quasi-inverse S to T with
(7.10) S=0(1): Hysg,76_(Q) — H(Aga,/a_,(€)°),
(7.11) 1-TS=0(1): Hy, () — Hy_(Q).

(6) A last feature of the reduction in [KaKe] is that there exists a strictly plurisub-
harmonic smooth function ¢ on €2, equal to ¥ outside any previously given fixed
neighborhood of 0, with

~ 1
(7.12) o(z) = §|:c|2 in some neighborhood of 0,

(7.13) @ (x %-g—ﬁ) £0, z € 0~ {0).

Moreover, QZ can be chosen with ¢ — $ arbitrarily small in C'-norm.
Notice that for z in a region, where (7.12) holds, we have

2 8¢ .
(7.14) a0 (2, 252 ) = Mlerl? = dalasf + O(lal’).

We shall next discuss the invertibility of Q* — z for |z| small, by applying Theorem
6.3. For that, it will be convenient to globalize the problem. We recall that q~5 =9 =
Y4 = _ = a quadratic form in Q \ neigh (0), and we extend these functions to all
of C?, so that they keep the same properties. Extend @Q to a symbol in SO(A(;) =
Cy°(Az) with the asymptotic expansion

(7.15) Q(z,&h) ~ qo(z,€) + har(x, ) + -+
in that space, and so that
1
. > A
(7.16) la0(z,€)l > 5

outside a small neighborhood of (0, 0).
Let x € C°(C? x C?) with Lg—ylcst = X < Lliz—y)<4, Where we write f < g for
two functions f, g, if supp f Nsupp (1 — g) = @. Put

1 ;
(7.17) QY (z,hDz;h)u = Gk //en(w—w-oQ(f” ; Y o, h)x(w,y)u(y)dyd@,
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where we integrate over a contour of the form

_ %gg(‘” “2“ ) +iC@)@—y),

where C(x) > 0 is a smooth function which is > 0 near x = 0 and with compact
support in Q. Then,

’LU 2 2
BQ'; = 0O(h™): H¢,+ — L«b_‘
Let I, = (1 — 5*(A$/)13)‘15) : Ly (C?) — Hy_(C?) be the orthogonal projection
(see [MeSj], [Sj3]), and put
(7.19) Q¥ =TI,_QY.

— .- . 2
Then @ = O(1) : Hg, sy = 301 QY —-QY=0(h>): Hy, — Ly,_.

Consider the change of variables = uZ, h’ < p < 1,for 0 < 6 < % Formally, we
get

(7.18)

1 ~ ~
(7.20) 5 @"(@hDsih) = 25Q(u(E RDs)ih), h= 5.

The corresponding new symbol is

(7.21) %Q(u(i, £); h) ~ ;12‘110(11(5’ §)) + haq1(u(Z,€)) + 2R3 q2 (T, €)) + - - - .
Write ¢(z)/h = ¢,.(%)/h, with

(7.22) $u(@) = /%55( z) = %5(#5)-
It follows that,
(7.23) A = (5 (08) (5,6) € Agh

The same change of variables in (7.17) gives (with z = uZ)

(7.24)  Q¥(z,hDy;h)u

(27rh)2 // HEDg 5; 5);h)X(N(57@7)u(u@)dﬂd§,

where the integration is now along the contour

§— f%“i“ (:” ;r y) +iCE)E 7).

Recall from (7.9) that go vanishes to the 2nd order at (0,0) and let go(z,&) =
qo,2(x,€)+qo,3(x, &)+ - - be the Taylor expansion at (0,0), so that go,; is a homogenous
polynomial of degree j. Then for (Z, 5) in a p-independent neighborhood of (0,0), we
get

(7.25) %qo(u(i, £)) = qo,2(Z, &) + pao 3(T,€) + 12q0,4(Z, &) +
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This expansion actually holds in a p~!-neighborhood of (0,0), and outside such a
neighborhood, we know that 1 ~2|go(u-)| is of the order of u~2, while V*(u=2go(p1-)) =
O(u~2**). The sum of the other terms in the right hand side of (7.21) is O(h) together
with all its derivatives.

From (7.22), we see that V%Zu varies in a bounded set in C§°, when u — 0, and
in view of (7.12), we know that

(7.26) Gu(®) = 537,

for uZ in a neighborhood of (0,0). Consider the restriction of gp2 to A$,, N
neigh ((0,0)). Let w € C with

1
(7.27) 3 < lw| < 2, —g— + g9 < argw < —€o,

for some small but fixed €9 > 0. Then if pg = do,2), » We see from (7.14) that
n

(7.28) po(Z,€) —w=0=

~ dRepg, dIm pg are independent,
and {Repo,Impe} =0, at (Z,€).

Here the bracket is the Poisson bracket on the IR-manifold Ad;u and the linear inde-
pendence is uniform with respect to p.
Let p = = 2qo(u("));,. - Then from (7.25), (7.28), we get
Pu

~ dRep, dl ind dent,

(7.29) p(GE) —w=0— ep,dlmp are independen .
and {Rep,Imp} = O(n), at (%,¢).

Again the independence is uniform with respect to u.

This means that we can apply Theorem 6.3 to u~2Q%(x, hD,;h) — w, when pu is
small and we use h as the new semi-classical parameter. Indeed, all the assumptions
are then fulfilled in a fixed neighborhood of (0,0). Outside such a neighborhood, the
symbol is only defined on A&,’ but elliptic and of a sufficiently good class to guarantee
invertibility there. We also need to recall how Theorem 6.3 is connected to a Grushin
problem. (To have a better notational agreement with Theorem 7.1, we replaced 6, k
by —6, —k in (6.58).)

Proposition 7.2. — For w in the domain (7.27), u=2Q%(z,hDy;h) —w : ng — Hau
is non-invertible precisely when

(7.30) w = K2rh(k — 60), u; ),

for some k € Z2. Here 0, € (3Z)? is fized.

(731) K (0, 1 h) ~ Ko(8, ) + h*Ka(6, 1) + B K3(8, 1) + -,

where Ko(-, 1) is the inverse of the action map

(7.32) w — Iy(w, p)

SOCIETE MATHEMATIQUE DE FRANCE 2003



236 A. MELIN & J. SJIOSTRAND

which is a diffeomorphism from a neighborhood of the closure of the domain (7.27)
onto a neighborhood of its image. K; depend smoothly on (6, u).

If

(7.33) dist (w, K (27h(Z2 — 6o), u; b)) > 50"

then the inverse of p~2Q™ —w is of norm < h=1eOW/R . More precisely, we can define
weights @Z,“ with 1;“ - q?,l of uniformly compact support in C? < {0}, and = O(p) in
C*, depending smoothly on p (and also on w), such that
(2QY —w)™ = O(/h): Hy — Hy,
when (7.33) holds.
If

(7.34) |w — K (2rh(k — 60), w5 h)| < %, for some k € Z2,
then there exist operators
(7.35) R+(w,u:71):H$u — C, R_(w,u;ﬂ):C—>H1zu,

depending smoothly on w, u, such that the corresponding norms of VI, Ry are O(E_j)
and such that

L(LQY —w) R_
(7.36) <h ® R, 0 ZHJ“ XC_)HJ;,LXC
has a uniformly bounded inverse
E E
7.37 E= ( + ) :

Here E_(w, p; h) has an asymptotic ezpansion as in (6.24) where 6 — E° (6, w, p)
has a simple zero at 0.

We notice that the eigen-values w are even functions of u (if we make the change of
variables also for negative y) and to infinite order in h, they are smooth in u. Hence

K(2nh(k — 6o), u; h) = K(2mh(k — o), —p; h) + O(h™),

from which we deduce that K;(0, ) = K;(0,—p), 5 =0,1,2,....
Introduce the Taylor expansion in y:

o0
(7.38) K0, 1) ~ Y Kje(0)u*.
=0
In (7.20) we put Z = Ay, and obtain the isospectral operator
1 -~
. 2 v h D-):h).
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The eigen-values are given by
A2K (21 J (k — 00), Ms; 1) + O(h*),
so we get
(7.40) K (2mh(k — 60), i h) = A2K (235 (k — 60), \s; %) + O(h*),

for A ~ 1, ul < 1, k € 22, and w = K(2rh(k — 60), 1; k) in the region (7.27).
Combining this with (7.31), we get successively for j =0,1,2,...:

RK;(0, ) = A2K;(0/72, M) (R/A%),
for 6 in a domain with K¢(6, ) in the domain (7.27). Dividing by hi, we get
(7.41) K;(0,1) = (\)' 7 K;(8/X%, M.
This relation can be used to extend the definition to a domain
(7.42) 0< 16k < 5 16120,

with Ko(6,0) in the domain (7.27). Indeed, if (6, u) satisfies (7.42), then we can take
X ~ |0|1/2? and notice that |Au| < 1. Also notice that

(7.43) K;(0,1) = p* DK (0/u, ).
Combining (7.38), (7.41), we get
(7.44) K;e(8) = X079 K (6/52),

so K is positively homogeneous of degree 1 — j + £.
The scaling argument above allows us to describe all eigen-values z of
QY (x,hDy; h) in a domain
1
(7.45) B < |z < =, I +eo < argz < —ey,
Ch 2
for 0 < 6 < 1/2, by
(7.46) 2 = p?K (21 % (k — 60), b3 15) + O(h™),

where we choose p > 0 with |z|/p? ~ 1.
We now return to the operator P in (7.1). Let z be as in (7.45) and consider the
most interesting case when

(7.47) Zzz' — K(2nh(k — 6o), i; E)‘ < g, for some k € Z2,
where 4 is given as after (7.46) and h = h/u?. We shall need the Grushin problem

evocated in Proposition 7.2, but now for simplicity for the unscaled operator
1 1,1 z
E(Qw —2)= 7L<EQW —w), w= ek
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1 w

(7.48) <H(QR+_ 2) %‘) : Hy x C — Hj x C.
This is the same as in (7.36) except that we work in the original unscaled variables
T = uZ, so J(x) = 1;# (Z). Then v=0+ O(u?) with ¥ = ¢ outside a p-neighborhood
of 0. Recall that 5 = 1) outside a fixed neighborhood of 0. Also recall that {/Jv is a
small perturbation of ¥ and that 1Z = 1 outside a small neighborhood of 0.

From the fact that (7.48) is globally bijective with a bounded inverse, we deduce
that if u € H;E(fl), u_,vy € C and

(7.49) %(Q“’ —zu+R_u_ =v, in Q, Ryu=uv,,

then
(7.50) Nl @iy + 11 < Ol ) + [v+1) + Ol gy + lu))
Here we let
QoCcCcYh CcCcCcCczgCcch

be neighborhoods of 0 and 5 be the corresponding neighborhoods of 0 in C? such
that Q = mpky(ny Q N A¢) where Ky is the canonical transformation associated
to V. We may assume that 1/; #,v coincide outside ;. In (7.50) it is understood
that we realize Q* on Hy g, (see [Sj1]) and the last term in (7.50) takes into account

the corresponding boundary effects.
We let H(1) be the space H(A¢, 1) equipped with the norm

(7.51) lullzay = IV Tull g ) + 1Tull Lz cowan)-

We will see that this is a norm and that we get a uniformly equivalent norm if we
replace Q; by Qo or Q2. We define H((£)?) analogously.

We shall study the global Grushin problem
{%(P —z)u+SUR_u_=v

(7.52)
R+ VTu= V4,

for u_,vy € C,u € H((6)?), ve H(1).
Apply VT to the first equation,

(7.53) {%(Q“’ —2)VTu+ R_u_ =VTv+w,
R VTu =y,
where
(7.54) w= %(Q“’VT —VTP)u+(1-VU)R_u_ + V(1 - TS)UR_u_.

Here we notice that we may assume that

(7.55) ¥ — ] < <o,
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for €p > 0 fixed and arbitrarily small, provided that we restrict the spectral parameter
to a sufficiently small h-independent disc. Combining (7.54) and the earlier estimates
on QVVT —-VTP,1-VU,1-TS,U, V, we see that

(7.56) ]l gz, @55y < OW)e™ (Tl a1y + lu-]),

where C does not depend on & in (7.55). Applying this and (7.50) (with u, v replaced
by VTu, VTv) to (7.53), we get the “interior” estimate

(757)  WVTully g, +lu-I SOM)UIVTolly g, + o+l + eV M| Tull y(s)-
On the other hand, if we restrict the the spectral parameter to a sufficiently small
(h-independent) disc, we get from [HeSj:
(7.58) HszUHLg(cz\nl)
< O (1Tl (c2g20) + €7 P u| + VM| Tul 1y (00))-

Indeed, we can apply the [HeSj] theory to the space H({£)?,Ag, ), defined to be
H(Ag, (€)?) as a space, and with the norm HmZTuHLi , where ¢, — ¢ > 0 is small
+

in C*, strictly positive on Qg and equal to 0 in a neighborhood of C? \. Q;. We then
see that P — z is elliptic in this space away from a small neighborhood of (0,0), and
(7.58) follows.

If we use
Tu=UVTu+ (1-UV)Tu,
we get
(7.59) [Tull g (00) < 0(1)(e€°/h||VTU||HJ(§) +e VM Tu| myq@))-

Here the last term can be replaced by e~V/C*||Tu| 4 +(@~,) When h is small. More-
over, it is clear that

(7.60) IWVTull gy 6g,) = IVTull iy @d,y < OONTullmy@n00)-
It follows that
(7.61) IWVTull gy s,y + ITull @00y ~ IVTull ) + 1Tl g @n0),

and similarly with ||Tul|g,o<q,) replaced by [|m*Tul g,owq,).- Now add (7.57),
(7.58) and use (7.61):

(762) Im*Tulg(ceas) + VTl ey + bl

< 0(1)(||VTU||H$(5) + |‘TU!|L§,(CZ\92) + vy | + e_l/Ch”TUHLg(m))-
Here we can absorb the contribution from ||Tu|| L3(C?< ) to the last term, and get
(763)  Im?Tull g cray + IVTully @ + |

SOMUVTVll gy q) + 1TvllLz 02 naa) + o4 | + e VM Tul gy ay))-

SOCIETE MATHEMATIQUE DE FRANCE 2003



240 A. MELIN & J. SIOSTRAND

Now use (7.59) to estimate the last term. We can assume that eg < 1/2C and get
with a new constant C:

(764)  Im*Tulliziceeay + IVTull g + u-|
<OWUIVToll g + IT0ll 3can) + 4.
We have then proved:

Proposition 7.3. — Let z be in the region (7.47) and (7.45) with |z| <71 and r > 0
small enough. Then the problem (7.52) has a unique solution (u,u_) € H({€)?) x C
for every (v,vy) € H x C, satisfying

(7.65) lull iy, + Il < Ol ) + o )-

Indeed, it is clear that (7.52) is Fredholm of index 0 and (7.64) implies injectivity.
(7.65) is just an equivalent form of (7.64).

Proposition 7.4. — Under the assumptions of Proposition 7.3, let

F F
7= (F— F—++>
be the inverse of
(%(P —2) SUR_> .
R,VT 0
Then
(7.66) VEF_y — E_}) = O(h™) for every k € N.

Proof. — Tt is easy to see that VKF_,, VEE_, are O(h~N(®), for every k € N with
some N (k) > 0, so it suffices to verify (7.66) for k = 0. Let ¥ = Ejv4, u— = E_j vy,
|uy| =1, so that

(7.67) %(Q — )i+ Rou_ =0, Ryl = vy.
Put u = SUu. Then
1 ~
}—11(P —2)u+ SUR_u_ = E(PSU - SUQ)u.

Here in analogy with (7.8), we have

(7.68) PSU - SUQ = O(1) : Hy, (Q) — H(Ag_) — H(1),
and ¥ is exponentially small in Hy, (Q), so

(7.69) %(P ~ 2)ut SUR_u- =v, [vllgq, = O(/M).
Similarly,

(7.70) R.VTu=vy + Ry (VTSU — 1)ii =: vy + wy
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and (VT SU — 1)@ is exponentially small in H 1;(fl), so lwy| = O(e~1/Ch). 1t follows
form this and Proposition 7.3 that

U_ = F_+’U+ + F_+w+ + F_v= O(C—I/Ch),
and the proposition follows since u_ = E_,vy. O

It is now clear that (7.46) describes all eigen-values of P in the domain (7.45).
If we further restrict the attention to

(7.71) h% < |z| < A%, ——g— +e0 < argz < —eo,

with 0 < §; < 82 < 1/2, then p in (7.46) is O(h%/2) and we can apply the Taylor
expansion (7.38). Then (7.46) becomes

(7.72) 2 il Z Z ( ) K e(2m Ly (k - 60)u*.

1 £=0
Now use that K ; is homogeneous of degree 1 — j +£ to get the eigen-values in (7.71)

on the form
o0 o0

(7.73) 20 Y Y Kje(2mh(k — 60))W, k € Z°.
3=0 £=0
From Theorem 7.1 (of [KaKe]) we know on the other hand that the eigen-values
in (7.71) are given by

oo
(7.74) 2~ > B f;(2nh(k — o)), k € 22,

3=0
where f; € C*(neigh (0,R?)) (with the same neighborhood for every j. Here k is not
necessarily equal to k for the same eigen-value but if we start with some fixed small
h and then let h — 0, we see tht k=k+ ko, where kg is constant. Approximating
f;(6) for 6 = 27rh( — 6p) by the Taylor expansion at § = 2wh(k — 90) we get a
representation (7.74) with new f;s for j > 1, where we may assume that k=k.

If we introduce the Taylor expansion of each f; at 0, we see that (7.74) takes the

form

(7.75) 2~ Y N WK (2nh(k - 6o)),
7j=0¢=
where K . is a homogeneous polynomial of degree 1 — j + ¢ (which vanishes for
1-5+4£<0).
Let Fjo = Kj — K 4.0, 80 that Fj,(0) is smooth and positively homogeneous of
degree 1 — j + £ in the angle V, defined by —% + eo < arg Fy,0(#) < —eo. We then
know that

(7.76) iiiﬂﬂg.‘lnhk 6o)) = O(h*),

Jj=0£=0
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for 2rh(k — 6o) € V with h% < |21h(k — 6p)| < h%*. We restrict the attention to the
domain |27h(k — 6o)| ~ h?, where we are free to choose § in ]0, [, and let A — 0 for
each fixed §. We shall show that Fj , = 0 by induction in alphabetical order in (j, £).
Assume that we already know that Fj, = 0 for j < jo and for j = jo, £ < £o. Here
(jo, %0) € N2. Then (7.76) gives

(7.77) Fjo.0,(2mh(k — 85)) = O(1) max(h3(3—dotbe) pl=3jo)

for k € Z? with 6 := 2mh(k — 6p) in V and |0] ~ h®. In this region VFj 4 =
O(1)h3(—jo+£0) and (7.77) implies that

(7.78)  Fjy.4(0) = O(1) max(h1+6(e°_j°), h25+5(¢0—j0), hl—éjo) — O(l)hfs(z-f'fo—jo)7

if § > 0 is small enough depending on (o, jo), and for |6| ~ h°, § € V. Since Fj, 4,

is homogeneous of degree 1 + £y — jo, we see that Fj, o, = 0 in V. Consequently, we
have

Proposition 7.5. — K ¢(0) is a homogeneous polynomial of degree 1+£—j (equal to 0
for1+/¢—3j<0).

Using this, we get

Proposition 7.6. — K;(0,1) extends to a smooth function in a j-independent neigh-
borhood of 0.

Proof. — We study the asymptotics when V' 3 8 — 0, using (7.38), (7.41) and get
with u? ~ |0]:

K;(0,1) = 0K (0/u%m) ~ Y pPUDK; 0/ p?)p
£>2max(0,5—1)

~ Y Kje(6), 6—0.
£>2max(0,j—1)
This expansion is also valid after differentiation and since K} ¢ are polynomials, we see
that (7.38) is the Taylor expansion of a smooth function in a neighborhood of 0. O

We now return to the description (7.46) of the resonances of P in (7.45) and use
(7.41):

. 2rh(k — 6 Mo & :
(7.79) 2~ Y WPK; (w u) — =Y K;(2rh(k — 60), 1)h’.

i=0 . Al =
With f;(8) = K;(6,1), we get from this, Theorem 7.1 and the identification of the
different ks in (7.73), (7.74):

Theorem 7.7. — The description of the resonances in Theorem 7.1 extends to the set
of z in (7.45), provided that C; there is sufficiently large as a function of g > 0 and
that h > 0 is small enough.
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