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TORSION ETALE AND CRYSTALLINE COHOMOLOGIES

by

Christophe Breuil & William Messing

“This cohomology should also, most importantly, explain torsion phenomena,
and in particular p-torsion”
A. Grothendieck, Crystals and the de Rham cohomology of schemes.

Abstract. — Following our two courses at the Centre Emile Borel of the L.H.P. during
the Semestre p-adique of 1997, we present a survey of the Fontaine-Laffaille and
Fontaine-Messing theories and (with more details) of their extension by one of us
to the semi-stable setting. We also very quickly discuss some f-adic analogues of
Nakayama. We take advantage to include a few proofs which are not in the literature
and raise several remaining open questions.

1. Introduction

This article is both a resume of our two courses at the Centre Emile Borel of
the I.H.P. during the Semestre p-adique and a survey of the papers [31], [32], 9],
[10]. These courses were, from the outset, coordinated. Indeed, the course of the
second author was largely foundational and was viewed as preparatory for the course
of the first author, a Cours Peccot, devoted to his generalization to the semi-stable
situation, via log-syntomic methods, of some of the results of [32]. We concentrate
here primarily on [9], [10], adopting a strictly utilitarian point of view and, hopefully,
making then the article more useful to number theorists or algebraic geometers who are
not specialists in p-adic theories. Nevertheless, to keep the text to a reasonable length,
we have found it necessary to assume the reader has some awareness of crystalline and
semi-stable p-adic Galois representations and the corresponding comparison theorems.
Certainly, an acquaintance with log-schemes would also be helpful, although we recall
their definition.

2000 Mathematics Subject Classification. — 11G10, 11G25, 11520, 14F20, 14F30, 14F40.
Key words and phrases. — Crystalline cohomology, étale cohomology, semi-stable reduction, syntomic
site.
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82 C. BREUIL & W. MESSING

We do not intend to review, even in the most cursory fashion, the history of what
has become a somewhat intricate and still evolving complex of theories and techniques
all ultimately intended to clarify the relationships between the diverse p-adic objects
which are cohomologically associated to appropriate algebraic varieties. These objects
are either the cohomology groups or are the “coefficients” which serve as input for
or arise as the output from such cohomology groups. We refer the reader to [30],
[25] for discussion of the comparison conjectures and to [41], [71] for surveys of the
comparison theorems in the Q,-coefficient context. The proofs, with varying degree
of detail, are given in [18], [19], [22], [32], [44], [46], [59], [70].

The case of torsion coefficients has had itself a long gestation. The dictionary
relating unramified representations and “unit root F-crystals” goes back to Artin,
Hasse and (especially) Witt during the thirties. The extension of classical Dieudonné
theory from the case of smooth (commutative) formal groups to finite connected or
unipotent group schemes over a perfect field k is due to Gabriel ([67]). The analogous
results over W (k) are due to Fontaine ([29]). Grothendieck stressed both in [34] and
in [35] the geometric importance of understanding p-torsion phenomena in the Picard
scheme and also in higher cohomological contexts. Important examples and results
were given by Mumford and Raynaud ([55], [56], [62]). To the best of our knowledge
it was Grothendieck who, in his Algerian letter to Deligne ([36]), first explicitly raised
the question of understanding the relation between the torsion invariants in the p-adic
étale cohomology (or equivalently the Betti cohomology) of the geometric generic fiber
and in the “p-adic cohomology” of the special fiber. Shortly after with the creation of
crystalline cohomology ([35], [3]), it was possible to attach precise meaning to this last
term. In fact, the situation is subtle as examples, due to Ekedahl ([17]), show that for
V' a complete discrete valuation ring of unequal characteristic and residue field k¥ and
X/V proper and smooth, the 7-torsion invariants for H}p (X/V') are not necessarily
those of H} . (Xix/W) ®w V (where W = W(k)). Even today there remains much to
understand concerning torsion in the (very) ramified case.

The approach we discuss in the text for studying torsion phenomena is via the
use of log-syntomic methods (section 6). Although he made no application of it, it
was Mazur who first discussed the syntomic topology ([51]). Fontaine and the second
author showed in 1982 that OS™S is a sheaf for the syntomic topology and subsequently
made systematic use of syntomic methods to establish the crystalline conjecture for
e = 1 and in degree < p. Using Kato’s K-theoretic calculations of the nearby cycles
they established the equality of the torsion invariants in the same context (see section
3). It is the extension of these results to the semi-stable situation and the log-syntomic
generalization of these methods which is the subject of this survey.

In the semi-stable situation, even when working over Ky = Frac(W), it is useful to
introduce the larger ring Sk, = S®w Ko where S = W(u\) is the p-adic completion of
the divided power polynomial ring in the variable u. The (¢, N)-filtered modules D of
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TORSION ETALE AND CRYSTALLINE COHOMOLOGIES 83

the semi-stable theory do not satisfy Griffiths’ transversality, but it is shown in [8] that
D — D®g, Sk, establishes an equivalence with a category of Sk,-modules (equipped
with additional structure) whose objects now do satisfy Griffiths’ transversality (see
section 4). It is the torsion analogue of this last category which generalizes in the semi-
stable context the filtered module category of Fontaine and Laffaille ([31]). This is
discussed in detail in the text. Suffice it here to say that for each r with 0 < r < p—2,
we define such a category, M" (see section 5).

The categories M" are interesting for two reasons. The first reason is that they allow
one to get a handle on new and interesting phenomena in the semi-stable situation
which don’t arise in the analogous crystalline situation. For instance, irreducible
2-dimensional crystalline representations of Gal(—Q_p/ Qp) with distinct Hodge-Tate
weights in {0,...,p — 2} are all irreducible modulo p whereas this is far from being
the case with irreducible 2-dimensional semi-stable representations of Gal(ap/ Qp)
with distinct Hodge-Tate weights in {0,...,p — 2} (and here the reduction modulo
p is very interesting to study, see [9] and the last section). The second reason is
that these categories are related to geometry. Let X/W be proper and semi-stable.
Endow it with its canonical log-structure (cf. section 2), denote by X, its reduction
modulo p" and consider the log-crystalline cohomology of X,, relative to the base
E,, = Spec(S/p™S). This is also the log-syntomic cohomology of X with coefficients
in the sheaf O (which plays here the role of the classical OSF$). Then one proves
that, for 0 < i < 7 < p — 2, the corresponding H*® (equipped with its Fil", ¢,
N) is an object of the category M" (see section 7) and, using Hyodo-Kato-Tsuji’s
K-theoretic calculations of the nearby cycles in the semi-stable situation, that the
torsion Galois representation associated to it by the generalized Fontaine-Laffaille
theory is the étale cohomology of the geometric generic fiber X3 with coefficients in
Z /p"Z (see section 8).

We discuss applications of these results and related open questions in the last
section. In particular we explain how to recover in the above situation the torsion
invariants of the étale cohomology of the geometric generic fiber.

The reader will note that we frequently refer to the literature for the proofs. How-
ever we give proofs, or at least sketches of proofs, when a result does not have an
otherwise published proof (as for instance in section 6) or when we think that the
proof gives insight into the result discussed or into the techniques we use.

Acknowledgements. — We express our gratitude to T. Szamuely whose comments on
preliminary versions of this text have been very useful to us.

2. The /-torsion case

We set up the notations which we will keep throughout: p is a prime, k a perfect
field of characteristic p, W the Witt vectors W (k), Ko = Frac(W), K a finite totally
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84 C. BREUIL & W. MESSING

ramified extension of Ky, O its ring of integers, K an algebraic closure of K, O its
ring of integers, k the corresponding algebraic closure of k, and Gx C Gk, the Galois
groups Gal(K /K) C Gal(K/Ky). For any prime £, recall that an ¢-adic representation
of Gk or Gk, is a continuous linear representation in a finite dimensional Qg-vector
space and that a (finite) ¢-torsion representation is a continuous (and hence finite)
representation of Gx or Gk, in a finite length Z,-module.

2.1. Good reduction. — Let £ # p be another prime. As is well known, an
£-adic or ¢-torsion representation of Gk that has “good reduction” is just an unram-
ified continuous representation. One of the first and most important results of étale
cohomology is certainly:

Theorem 2.1.1 (SGA4 IX.2.2 + XVL.2.2). — Let X be a proper smooth scheme over
Okg. Forn € N and ¢ € N, the specialization map induces isomorphisms compat-
ible with the action of Gk :

HY (X xog k)et, Z/0"Z) = H'((X xox K)et, Z/0"Z).

Notice that we compare something living on the geometric special fiber of X to
something living on the geometric generic fiber. In particular, the étale cohomology
of the geometric generic fiber is unramified (as a Gg-module). Till the end of this
paper, we will keep this philosophy of comparing in various situations (torsion) Galois
representations coming from the geometric special fiber to (torsion) Galois represen-
tations coming from the geometric generic fiber. In each case, the comparison will
yield deep properties of the latter.

2.2. Semi-stable reduction. — We want to consider now the more general situa-
tion of a smooth proper K-scheme admitting a proper semi-stable model X over Og,
that is X is regular and its special fiber is a reduced divisor with normal crossings
in X. Equivalently, this means there exists an étale covering (U;) of X such that
each U; is étale over an affine scheme of the form Og[X,..., X;]/(X1X2... X, —7k)
(1 < r < s) where g is an uniformizer of Ox. We want an analogue of theorem 2.1.1
and consequently have to find a candidate to replace H:((X x o k)st, Z/€"Z) that
is still related to X x o, k and that contains enough information to recover the étale
cohomology of the generic fiber X x o, K. There is little hope the singular scheme
X X@g k alone will now be sufficient. What we need is some extra information re-
lated to the generic fiber, together with X X ¢, k, that is rich enough to give back the
cohomology of the geometric generic fiber. It turns out that this extra information
will be the log-structure (defined by Fontaine and Illusie) canonically attached to the
model X (see 2.2.1.2 below). The idea is then to replace the étale cohomology of the
scheme X x ¢, k by the log-étale cohomology of the log-scheme X X o, k.
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TORSION ETALE AND CRYSTALLINE COHOMOLOGIES 85

2.2.1. We rapidly recall some facts concerning log-schemes. The main reference is
[43]. The monoids that are considered are all commutative with a unit element and
will be usually written additively (this turns out to be more convenient in many
situations). If M is a monoid, we denote by M* its group of invertible elements and
MEP the group that it generates ([43, 1]).

Definition 2.2.1.1 (Fontaine-Illusie). — A pre-log-structure on a scheme X is a sheaf
of monoids Mx on Xg together with a morphism of sheaves of monoids on Xk,
ax : Mx — Ox, where Ox is viewed as a sheaf of multiplicative monoids. A
pre-log-structure is a log-structure if ax'(0%) — O%. A scheme endowed with a
log-structure is called a log-scheme.

To a pre-log-structure M x, one can associate in a canonical way a log-structure
by taking the push-out of 0% « a}l(O}) — Myx in the category of sheaves of
monoids on Xg;. A monoid M is called integralif a+b=a+c=b=cin M. A
log-structure is called integral if it is a sheaf of integral monoids, and fine if locally
on Xy it is associated to a pre-log-structure o : M — Ox where M is an integral
monoid of finite type viewed as a constant sheaf. All the log-schemes of this paper
are integral and most of them are fine. A morphism of log-schemes is a morphism
of schemes together with a morphism of sheaves of monoids such that the obvious
diagram is commutative [43, 1.1]. If f : X — Y is a morphism of schemes and if
My is a log-structure on Y, by definition the induced log-structure on X is the log-
structure associated to f~!(My) — Ox. Any scheme has a trivial log-structure (with
Mx = 0%) and hence the category of schemes is a full subcategory of the category
of log-schemes. If (X, Mx) is a log-scheme, we will refer to X itself as the underlying
scheme. If we consider a log-scheme associated to a pre-log-structure o : M — A
where A is a commutative ring and M an integral monoid (that is, the underlying
scheme is Spec(A4)), we will just write (4, M) and call this pair a log-ring. With
additive notations on M, recall then that 0 € M maps to 1 € A.

Example 2.2.1.2. — Let X be a scheme flat over Spec(Og), then:
Mx = {f € Ox such that leXoKK € O}XOKK}

is easily checked to be an integral log-structure on X. It is called the canonical log-
struture associated to X. If X = Og, one finds Og \ {0} — Og which is also the
log-scheme associated to (N — Ok, 1 — 7g) where 7k is any uniformizer of Og. If
X is semi-stable over Ok (cf. previously), one finds an étale covering (U;) of X with
induced log-structures such that each U; is étale (with induced log-structure) over a
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86 C. BREUIL & W. MESSING

log-scheme associated to:

N OxlXy, X
»[ (X1X2-~-X7-—7TK)

T

N——— 0k

where 1 < 7 < 8, N — N7 is the diagonal embedding and (0,...,1,...,0) € N"
maps to X; if 1 is in position ¢. This semi-stable example is the main reason why one
(usually) uses the étale site and not the Zariski site.

We stop here our brief review of log-schemes. In the sequel, we refer without
comment to [43] or to [71, 3] in this volume for the definition of log-étale and log-
smooth morphisms, exact morphisms, integral morphisms, closed immersions of log-
schemes, ....

2.2.2. The semi-stable /-adic or ¢-torsion representations of G are the continuous
representations such that the inertia acts unipotently (and consequently through its
tame quotient). Let ¥x be the log-scheme O \ {0} — Og and X3 the integral (not
fine) log-scheme Oz \ {0} — k. If X is a fine log-scheme over ¥, we denote by
X Xxg X the fiber product in the category of integral log-schemes which is also,
in this case, the fiber product in the category of all log-schemes (in particular the
underlying scheme is just X x o, k).

Theorem 2.2.1 ([58, 4.2]). — Let X be a proper semi-stable scheme over Ok and en-
dow it with its canonical log-structure (2.2.1.2). For n € N and i € N, there are
isomorphisms compatible with the action of Gk :

H (X X5, Xp)log—ét, Z/E"Z) — H' (X xox K)et, Z/C"Z).

Here, the left hand side is the log-étale cohomology of the log-scheme X xg, ¥X¢
defined by Nakayama ([57]) and the map is also induced by a specialization map (see
[58]). One can show this implies (g —Id)**! = 0 on H'((X x o K)st, Z/¢"Z) for g in
the inertia subgroup ([58, 3.7]), and so the representation H!((X x o, K)s, Z/0"Z)
is semi-stable. This result was already known in this situation by work of Rapoport-
Zink ([63]), but the above theorem can be extended to a much more general situation.
For details, see [58] and Illusie’s nice surveys [39], [40].

In the sequel, we will consider the case £ = p. The theory here becomes more
involved and it turns out that it’s not convenient to describe directly the action of
Galois on H*((X xox K)s,Z/p"Z). Fortunately, one has instead explicit objects,
living in the realm of linear algebra, that can (and will) be used to state comparison
theorems between this p-torsion étale cohomology and a cohomology theory related
to the special fiber, at least (so far) if one restricts to K = K and H’s with p > i.
The case of arbitrary K is still under investigation for p-torsion ([21], [11]), although
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TORSION ETALE AND CRYSTALLINE COHOMOLOGIES 87

there is probably a nice theory if p > i[K : Ko] (see [11]). The case i > p (or even
i[K: Ko] > p) is still largely open. For these reasons, we will now assume from § 3 to
§8 that K = K and consider only those cohomology groups H® for i not too big.

3. The p-torsion case: good reduction and
Fontaine-Laffaille-Messing theory

Recall that a p-adic representation V' of Gk, that has “good reduction” is a crys-
talline representation i.e. such that dimg,(Beris ®q, V)“¥0 =dimq,V ([25, 5]). Here
Beis is a Ko-algebra that only depends on K/Kj and will be defined in (3.1.2). Our
aim is to recall briefly the Fontaine-Laffaille theory of [31], that basically describes
torsion subquotients of some crystalline representations, and the Fontaine-Messing
theory [32] that applies the work of Fontaine and Laffaille to the study of p-torsion
(and so p-adic) étale cohomology of varieties with good reduction over W.

3.1. Review of the Fontaine-Laffaille theory

3.1.1. To any crystalline representation, Fontaine associates in [25, 5] a weakly ad-
missible filtered ¢-module. We explain briefly what this is. A filtered ¢-module D is
a finite dimensional Ky-vector space endowed with a decreasing filtration by sub-Kj-
vector spaces Fil* D such that Fil° D = D if i < 0, Fil’ D = 0 if i > 0 and an injective
Ky-semi-linear map ¢ : D — D (the “Frobenius”). To such a D, we associate:

ty(D) =Y (dimg,gr'D)i
i€Z
ty(D) = Y (dimg,Da)ox
acQ
where a € Q and D, is the sub-K(-vector space of D of slope « for ¢ (see [2] and [14,
3.2]). We say D is weakly admissible if ty (D) =ty (D) and tg(D’) < ty(D’) for any
sub-Ky-vector space D’ C D stable under ¢ with Fil’ D’ = Fil* DN D’. By the main
result of [14], there is an equivalence of categories between weakly admissible filtered
¢-modules and crystalline representations of Gk,. Hence it’s natural, if one wants
integral or torsion crystalline representations, to look for integral structures first on
the filtered module side. The following definition was inspired by the work of Mazur
([49], [50]) and Berthelot-Ogus [4, 8] on the Katz conjecture.

For r € N, define M thg,: to be the category of W-modules of finite length M en-
dowed with a decreasing filtration by sub-W-modules (Fil* M);cz such that Fil° M =
M and FiI'*' M = 0, and semi-linear maps (with respect to the Frobenius on W)
¢i : Fi' M — M such that ¢;|pyi+1 0 = pit1 and 3 i_, ¢i(Fil' M) = M (in the
notation, “f” stands for “finite”, since the modules are of finite length). Morphisms
are the W-linear maps that send Fil® to Fil’ and commute with ¢i. One thinks of ¢;
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88 C. BREUIL & W. MESSING

as “¢/p?”. Clearly M Ftor is a full sub-category of M F {(;:H. More importantly, one
has the surprising result:

Proposition 3.1.1.1. — Let f : M — N be a morphism in M FtOr Then:

1) f is strict with respect to the filtration, i.e. for all i, f(Fil' M) = Fil' N N f(M)
2) if M’ is the kernel of the underlying linear map, Fil' M’ = M’ NFil* M and ¢; :
Fil' M’ — M’ the restriction of ¢; : Fil' M — M, we have S0 bl (Fil* M") = M.

See [31, 1.10, (b)] for the proof of 1) and [31, 1.10, (a)] for the proof of 2). Notice
also that each Fil° M is a direct factor of Fil'~! M: we say the M’s are “filtered free”
(this terminology is due to Faltings).

Corollary 3.1.1.2. — The category M Ftor is abelian. More precisely, if f is as in
(8.1.1.1), we have:
Ker(f) = (M',M' NFil' M, ¢;)
Coker(f) = (N/f(M),Fil* N/ f(Fil' M), ¢;).

Since the underlying W-modules have finite length, MF{:" ior 1S also artinian. It is
also of interest to consider the “without p-torsion” counterpart:

Definition 3.1.1.3. — A strongly divisible module is a free W-module M of finite
type equipped with a decreasing filtration by sub-W-modules (Fili M);ez such that
Fil® M = M, Fil' M = 0 for i big enough, M / Fil* M has no p—torsion and a semi-
linear map ¢ : M — M such that ¢(Fil' M) C p* M and Z'LEZ & . (Fil* M) =

If M is a strongly divisible module, M/p™M is in an obvious way an object of
M th(’,r for r > 0 by defining ¢; = §-|F“i mod p".

3.1.2. Let us recall the cohomological definition of As (see also [32, 1.1.3-1.5] or [75,
2.1]). The brutal formula is Acris = lim HY, ((O%/p9%)/Wy,). The right hand side
naturally appears as one of the components of a Kiinneth formula (see [32, III1.1.3]).
Either by a de Rham computation as in [27, 3.2] or by noticing that the crystalline

site (Spec(0%/pO%)/Whn)cris has a final object as in [32, I1.1.4], one can prove:
Hio(0%/pO%) /W) = Wa(Og/pO%)°"

where “DP” means that we take the divided power envelope “compatible with the
divided powers on (p) ([4, 3.19])” with respect to the kernel of the surjection 6,
Wi (O%/p) — O/p" defined by O, (ag, .. .,an_1) = a5 +pal  +---+p"~1al_,
(@; = any lifting of a; in Ox/p™). So Acis ~ li_IBWn(Of/p)DP, the projective
system being taken with respect to the maps W, (O%/p)°F — W,_1(0%/p)°F in-
duced by (ag,...,an—1) — (ab,...,ab_,). Fontaine shows ([27, 3.1]) that Acrs
is p-torsion free and that the projection on W, (O%/p)PF induces an isomorphism
Acris /D" Acris =~ Wi (0 f/p)DP. Because there is a Frobenius ¢ on the Witt vectors
and because ¢(Ker(6,)) C Ker(6,) + p(Ox/p"), the Frobenius extends to Acris. Let
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TORSION ETALE AND CRYSTALLINE COHOMOLOGIES 89

Js be the kernel of the surjection W,(0%/p)PF — O%/p" induced by 6n, Jerisili
its i*h divided power ([4, 3.24]) and Fil’ Acyis = }iﬂlJffis’[i], then (Fil’ Acris)ieN is a
decreasing filtration on Agis such that Fil® Acis = Aeris and ¢(Fil' Ams) C p*Acris if
0 <14 < p—1 (look at the action of ¢ on J&s). Fori < p—1let ¢; = > |F11’ Auy- Since
Acris/ Fil® Acyis has no p-torsion, Fil® Aeris /D" Fil' Acris injects into Aeris /D" Acris and
this defines a filtration on Acyis/p™ Acris to which we can extend ¢; for 0 <i < p—1.
Finally there is by functoriality a continuous action of Gk, on Agis that preserves
the filtration and commutes with the Frobenius. For completeness, we recall that

Beris = Acris[1/10g([e])] = Acris[1/p, 1/10g([€])] where € = (e,,), is a compatible sys-
tem of primitive p™ " _roots of unity in O, (] € W, (0% /p) the Teichmiiller repre-
sentative of the reduction modulo p of &,,, and [¢] = ([€,])n the corresponding element
of Acris-

3.1.3. Letr €{0,...,p—1} and M € MF,:Olr Choose n € N such that p"M =0
and define:

Tc*ris(M) = HomW,Fil‘ . (Ma Acris/pnAcris)
where the subscript means we take the W-linear maps that send Fil* to Fil* and
commute with ¢;. The Z,-module T;,(M) is independent of the choice of n such
that p"M = 0 and is endowed with an action of Gk, given by 9(f)(z) = g(f(x)) if
xeM,feTr (M) We thus have a functor from M Ft(;r to representations of G, .
The main result of the Fontaine-Laffaille theory is:

Theorem 3.1.3.1. — For 0 < r < p — 1, the functor T}, is ezact and faithful. For
0<r<p—2,itis fully faithful.

The proof reduces by dévissage to the case pM =0 (M in M Ff(’):) and the fully
faithfulness uses the classification of the simple objects of M Ftor
variant in [75, 2] that avoids this classification. Actually, the full faithfulness extends

There is a nice

to r = p — 1 if one restricts to appropriate subcategories of MFLP™1 ([31,0.9]). As
a corollary of (3.1.3.1), we get that for 0 < — 1 the invariant factors of M and
TZs(M) coincide and in particular that Crls(M ) is a finite representation. The link

to crystalline representations is provided by the following theorem, which is proved
by a limit argument:

Theorem 3.1.3.2 ([31, 8.4]). — Let M be a strongly divisible module of rank d such that
FilP M =0, then Homw pir- (M, Acris) s @ Zp-lattice in a d-dimensionnal crystalline
representation of Gk, with Hodge-Tate weights between 0 and p — 1.

Using [48, 3.2] this even shows that we get like this all the crystalline representa-
tions of Gx, with Hodge-Tate weights between 0 and p—1. Define a torsion crystalline
representation of weight < r (r € N) to be any finite representation of Gk, that can
be written T'//T” where T” C T' are Galois stable lattices in a crystalline representation
of Gk, with Hodge-Tate weights € {0,...,7}. Using (3.1.3.1), (3.1.3.2) and [48, 3.2
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90 C. BREUIL & W. MESSING

together with the fact any object of M Flr or Can be lifted as a strongly divisible module
(easy), we finally get:

Theorem 3.1.3.3. — For 0 < r < p — 2, the functor T, induces an anti-equivalence

of categories between M th(’,r and torsion crystalline representations of Gk, of weight
<r.

Let us end this subsection with the description of the covariant version of T, which
turns out to be more convenient for the application to geometry. Let M be in M F{(’,r
and for simplicity assume 0 < r < p — 2 (we will only need that case in the sequel).

Define Fil"(Acris ®w M) = 37_o Fil" ™ Acris ®w Fil' M and ¢, = 37_ br—i ® ¢;.

Lemma 3.1.3.4. — With the above hypothesis, there is a canonical isomorphism of
Gr,-modules: Fil" (Acris @w M)?r=1 =5 T (M)"(r) where the exponent “p, = 1”
on the left hand side means “kernel of ¢, — 1d”, where “r)” denotes twisting by the
th power of the cyclotomic character of Gk, and where the exponent A on the right

hand side means the Pontryagin dual with respect to Qp/Zp.

For a proof, see for instance [10, 3.2.1.7]. In the sequel, we write:

Teris(M) = T (M) =~ Fil" (Acris @w M)?r=1(=r).

2. Review of the Fontaine-Messing results. — Let X be a proper smooth
scheme over Spec(W). The Fontaine-Messing theory shows the functor Tcris above
sends the torsion crystalline, or de Rham, cohomology of X to the torsion étale
cohomology of X xw Ko. We just give here a brief overview of the results of [32],
since more details will be given in the sequel in the log-case.

Let X, = X xw Wy and 03;Qy, =0 — -+ = 0 = Q% — Q4 —
the truncated classical de Rham complex. By Berthelot’s comparison theorem ([4,
7.2]), H(Xn, 05 )~ Hi(Xn/Wh )ms,HX W ) where Jx, /w, = Ker(Ox, /w, —
Ox,) (here Ox, w, is the structure sheaf on (X,/Wy)ais and Ox, the classical
structure sheaf on X,,, see [4, 5.2] for details). In particular, there is a Frobenius ¢ (the
“crystalline Frobenius”) on H*(Xp, 0y, ). Working with the syntomic interpretation
of the groups H*((X,/ Wn)cris,a[)?n /Wn) ([32, 11.2.2]), it is also possible to define for
0 < j < p— 1 semi-linear maps ¢; = “¢/p’” : H(Xp,05;Qx ) — H'(Xn,Q, ) such
that ¢o = ¢.

Theorem 3 2.1([32,11.2.7])). — Let X be a proper smooth scheme over W. Forn € N
and 0 <i < r<p-—1, the data:

(H’(Xn» Qx.,), (H'(Xn, 030%,))osi<rs (¢j)osj<r)

define an object of the category M Ftor That is to say the maps:
Hl(XanBjQ}(n) - HZ(XmQXn)
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induced by the canonical injection of complexes are injective and Z;___O Im(¢;) =
H'(Xn,Qx, ).

The main ingredient of the proof is an isomorphism which is now called the Deligne-
Tllusie isomorphism (because its construction was simplified and generalized in [16]).

Remark 3.2.2. — One can also define the Frobenius maps by purely de Rham consid-
erations using local liftings of Frobenius (see [45, 1] or [16]).

Theorem 3.2.3 ([32,111.6.4]). — Let X be a proper smooth scheme over W. Forn € N
and 0 < i <7 < p— 2, there are isomorphisms compatible with the action of Gk, :

Tc,is(H"(Xn, Qx), (H (Xn, 055, ))ogi<rs (¢j)0<j<r) ~ H*((X xwKo)st, Z/p"Z).

It doesn’t seem to be known in general whether (3.2.3) extends to ¢ =7 =p — 1.
As in the /-torsion case, this theorem compares something living on the special fiber
of X with something living on the geometric generic fiber. The strategy to prove
(3.2.3) is first to define a third Galois representation called the “syntomic” cohomology
(this uses the syntomic sheaves 87, of [32, IIL.3] and their cohomology), secondly to
show this syntomic cohomology maps isomorphically and compatibly with Galois to
H((X xwKo)es, Z/p"Z)(r) (this relies heavily on computations of Bloch-Kato [6] and
Kato [45] on the sheaves of nearby cycles), thirdly to show this syntomic cohomology
also maps isomorphically and compatibly with Galois to Teris(H*(Xn, 2 ))(r) (this
uses (3.2.1) and properties of Ais together with Kiinneth formulas, see [32, IIL.1-
2]). The isomorphism (3.2.3) gives deep information about the action of Gg, on
H((X xw Ko)st, Z/p"Z) for p — 1 > i. For example, one can give an upper bound
for the valuation of the different of the finite extension of Ky cut out by this finite
representation, or a lower bound for the index of the ramification subgroups of G,
(in the upper numbering) that act trivially on H((X xw Ko)st, Z/p"Z) (see 9.2.2).
Also, one can deduce that the weights of the action of the tame inertia (of Gg,) on
the semi-simplification of the reduction modulo p of H*((X xw Ko)s, Z/p"Z) are
between 0 and 7 ([31, 5.3]).

Remark 3.2.4. — If one is only interested in the Qp-version of (3.2.3), there is a way
to obtain it without using Kato’s computations by first building a map from the
syntomic cohomology to H:((X xw Ko)st, Z/p"Z)(r) using the so-called “syntomic-
étale” site of X xy Ox and then showing it is an isomorphism after taking the inverse
limit and tensoring by Q, using Poincaré duality. See [32, III1.4-IIL.6]. In [72], Tsuji
has sketched an extension of this approach using a “log-syntomic-étale” site.

4. Semi-stable reduction: why W, (u) -modules?

The p-adic semi-stable representations are defined similarly to the crystalline rep-
resentations by using By instead of Bers (see [24], [25]; non canonically Bgy may

SOCIETE MATHEMATIQUE DE FRANCE 2002



92 C. BREUIL & W. MESSING

be defined as Beis[v], a polynomial algebra, on which the Galois action extends that
on Beris and acts on v via g(v) = logle(g)] + v where € : G, — lim pupn (K) is the
1-cocycle associated to a choice of a compatible system of p"th -roots of a uniformizer
of Kj; this ring is closely connected to the ring Ay of (5.2.1)). Our aim is to gener-
alize to this situation the previous integral theories. So there are two tasks: the first
is to find good categories of torsion objects of linear algebra that can be related to
semi-stable representations, the second is to apply this theory to the cohomology of
varieties with semi-stable reduction. We start with the first.

4.1. As in the crystalline case, one can associate to a semi-stable representation a
weakly admissible filtered (¢, N)-module, that is to say a filtered ¢-module D as in
(3.1.1), but endowed with a Kjy-linear endomorphism N : D — D (the “monodromy”)
satisfying N¢ = p¢N and such that the previous weakly admissibility conditions hold,
except that one considers only those D’ which are preserved both by ¢ and N in the
second condition (see [25, 5]). Thanks to [14], one also has an equivalence of categories
between weakly admissible filtered (¢, N)-modules and semi-stable representations
(some cases here were known by work of the first author, see for instance (9.1.1.1)).
An important point is that there are no direct relations between N and the filtration
other than those coming from the weakly admissibility conditions.

If one wants to mimic the definition of (3.1), one is naturally led to introduce an

operator N on the objects of MF " (0 < r < p — 2). The problem is that the
only reasonnable translation of N¢ = ppN is N¢; = ¢;—1N (0 < i < r) since ¢; is
morally ¢/p’. But such a relation would make sense only if N(Fil‘) C Fil*~" for all
i € {0,...,7}: this is called the “Griffiths transversality condition” (because similar
conditions were found by Griffiths for the Gauss-Manin connection and the logarithm
of monodromy in the classical case). Nevertheless, one can add this transversality
condition and consider objects M of M F{c’; together with a W-linear endomorphism
N : M — M such that N(Fil* M) c Fil'"* M and N¢; = ¢;_1N for 0 <i <. One
ends up again with an abelian category and it is essentially routine to extend the
previous Fontaine-Laffaille theory to this new context (see [54, 1.3]). The only serious
point is that one has to replace Acis by the integral version of By, (with the notation
of (5.2.1) below, this is Agt = Acris[log(1l + X)]). These modules are called “naive”
in [9, 5] as they correspond to a naive extension of the Fontaine-Laffaille theory (this
terminology is due to Fontaine).
Of course, this approach only gives a small part of the picture of semi-stable repre-
sentations, since the condition N (Fili) C Fil*"! is not required in general on a weakly
admissible module. It is sufficient in some cases, for example Fil?> = 0. For instance,
using such naive modules, one can build (up to twist) the “trés ramifiées” local repre-
sentations of Serre in [65, 2.4] (the “peu ramifiées” ones corresponding to N = 0 i.e.
classical objects of M F} 1.

===_tor
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4.2. In [44, 3], Kato defines a W-algebra lim P,, which is called Ay in [9], by
mimicing in the logarithmic context the crystalline construction of Beris of [27] and
[32] (see 5.2.1). This algebra naturally lives over the p-adic completion S of W{u) =
{3 ywiut/i! | w; € W,n € N} where u is an indeterminate whose image in Ag
depends on the choice of an uniformizer in W (other authors have used t or T'). More
importantly, Zs\t is endowed with a filtration, a Frobenius, a monodromy operator and
the above Griffiths transversality is satisfied, whereas it is certainly not the case on
Agy (viewed in By C Bqg, cf. [8, 7]). This suggests working with S-modules instead
of W-modules, and imposing on these the Griffiths transversality condition.

Choose an uniformizer 7 of W and define on S a filtration by Fil‘ § = p-adic com-
pletion of the ideal generated by {(u — 7)7/j!, j > i}, a (lifting of) Frobenius by
(> wiut/il) = d(w;)uPt/i! (here d(w;) is the classical Frobenius on the Witt vec-
tors) and a W-linear derivation N by N (3 w; u?/i!) = 3 (-1)"w; u'/i! (i.e. N(u) =
—u: the reason for the minus sign is explained in (6.2.3.3)). Let Sk, = Ko Qw S and
extend in the obvious way these structures to Sk,. Let M F' }o(gb, N) be the category
of filtered (¢, N)-modules D of (4.1) such that Fil> D = D (morphisms being the
Ko-linear maps that preserve the filtration and commute with the operators). Let
M_H‘;“{O (¢, N) be the category of finitely generated free Sk,-modules D equipped with:

(i) a decreasing filtration by sub-Sg,-modules Fil’ D such that
Fil®D =D, Fil Sk, Fil'D c FiV**D and
Fil' D = Fil' Sk, Fil'"! D + Fil* Sk, D if i > 0
(ii) an Sk,-semi-linear map ¢ : D — D such that det(¢) € Sk, (in one, or equiva-
lently any, basis of D over Sk,)
(iii) a Ko-linear map N : D — D such that N(sz) = N(s)z+sN(z) (s € Sk,,x € D),
N¢ = ppN and N (Fil° D) C Fil*" ' D.
The morphisms in this category are the Sk,-linear maps compatible with the struc-
tures. Let:
f7r : SKO — KO
S w; ut /il — ST w; /il
We define a functor MF% (¢, N) — MFf (¢, N) as follows: to D, we associate

D = Sk, ®k, D with ¢ =¢pR¢d, N=NQId+ Id ®N and Fil' D defined inductively
by Fil®D =D and Fil'D = {x € D | N(z) € Fil" "' D and f,(z) € Fil' D}.

Theorem 4.2.1 ([8, 6]). — The above functor induces an equivalence of categories be-
tween MF (¢,N) and MF% (¢, N).

The proof uses an argument of iteration of Frobenius which goes back to Berthelot-
Ogus ([5]) (and which was actually rediscovered independently). The last condition
in (i) above corresponds to the fact that the filtrations on objects in M F }}0(¢, N) are
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separated. Because of this theorem, we can try to look for integral structures inside
the D’s instead of inside the D’s. The fact one could try to work with S-modules
instead of W-modules had also been noticed independently by Faltings ([20]), Tsuzuki
([73]), and Quiros (in a related context, see [60]).

4.3. First, notice that for 0 < i < p — 1, ¢(Fil' S) C pS, and define ¢; = ﬁ%lpﬂi g-
Since Fil* S N pS = pFil' S, there is a filtration on S/p™S defined by Fil*(S/p"S) =
Fil' §/p™ Fil* § and we can extend ¢; to Fil'(S/p"S) for 0 < i < p—1. Also ¢1(u—7) =
(uP — ¢(m))/p € S*. Starting from a filtered (¢, N)-module D, we have now another
module where the Griffiths transversality is satisfied. Thinking about the naive case
of (4.1), it is then natural to look for torsion S-modules M which are isomorphic
to, say, ®icr(S/p'S)% where I is a finite set of integers and d; € N, and which are
endowed with:

(i) a filtration Fil' M such that

Fi’M =M, Fill/ SFil'M c FiF** M,
Fil' M = Fil' SFil*"* M + Fil* SM if i > r 4+ 1 (for, say, an r € {0,...,p — 2})
(ii) for 0 < i < r maps @; : Fil' M — M such that
$j+i(sz) = ¢;(s)¢i(z) (s € FIV S,z € FI'M),  @ilppi+r s = pdiv1  and
> is0 #;(Fil’ M) generates M over S
(iii) a W-linear map N : M — M such that
N(sz) = N(s)z +sN(z) (s € S,z € M), N¢p = ¢;_1 N and N(Fil' M) C Fil"*"* M.

Moreover, thinking about the objects of MF{" (3.1.1), it is tempting at first to
consider only those modules which are “filtered free” in the following sense: we assume
we can write:

M = &%, 5/p" Se; and Fil' M = @, 5/p™ Se; + Fil' SFil'™* M + Fil' SM

for some integers 1 = dp < dy < -+ < dry1 = d+ 1. Remember that our aim is
to define an abelian (or even artinian) category of such objects. As in the Fontaine-
Laffaille case, this is reasonnable only if the morphisms in this hypothetical category
are strict with respect to the filtration, ie. if f(Fil'M) = Fil’N N f(M) for any
morphism f: M — N and any ¢. But consider the following example:

Example 4.3.1. — Consider the filtered free S/pS-modules M, M’ and M" defined by:
M = S/pSe; & S/pSez with

Fil' M = S/pS(e; + ues) + Fil' (S/pS)M,

Fil? M = S/pS(e; + uey) + Fil* (S/pS) Fil' M + Fil*(S/pS)M,

Fil' M = Fil*(S/pS) Fil' * M + Fil*(S/pS)M if i > 3,
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do(e2) = e1, dp2(e1 + uez) = ez, N(ez2) = —¢1(u)er, N(er) =0.
M’ = S/pSe; with

Fil' M’ = M/,
Fil' M’ = Fil'(S/pS) Fil'~* M’ + Fil'(S/pS)M’ if i > 2,

¢1(e1) = —p1(u)er, N(e1) =0.
M" = S/pSes with

Fil' M" = M",
Fil' M" = Fil*(S/pS) Fil' ' M” + Fil*(S/pS)M" if i > 2,

p1(e2) = ¢1(u)"'ez2, N(ez) =0.

One checks there are morphisms compatible with all the structures M’ — M, e; — e;
and M — M” ey — 0, ez — e3 and that the sequences of S-modules0 - M - M —
M” — 0 and 0 — Fil' M’ — Fil'M — Fil' M” — 0 for ¢ > 2 are exact. However,
the sequence 0 — Fil' M/ — Fil! M — Fil! M” — 0 is not exact since e; € Fil' M”
cannot be lifted in Fil' M. In particular the morphism M — M” is not strict.

The above example suggests one should give up the full data of a filtration and keep
only the “last step” Fil" M (Fil® above) in order to get (hopefully) strict morphisms.
Moreover, using the fact ¢;(u — 7) is a unit, it is possible to give analogues of all the
above conditions on an object M in terms of Fil” M only: for instance ;- ¢: (Fil° M)
generates M over S if and only if ¢,(Fil" M) does. Hence working with “just” Fil"”
and ¢, may not be a bad idea.

We explain in the next section that this idea indeed works, and yields nice artinian
categories of torsion S-modules.

5. A generalization of the Fontaine-Laffaille theory

Because the maps ¢; on S are only defined for 0 < i < p — 1, we have to make at
once a restriction on the length of the filtration, contrary to what we did in (3.1.1)
with the Fontaine-Laffaille objects. This is not very important since, anyway, these
Fontaine-Laffaille objects could only be used in (3.1.3) under this restriction (and
are apparently not the right objects when the filtration goes further). Moreover, the
theory in [9] has only been worked out when this length is actually strictly smaller
than p — 1. So in the sequel, we only look at modules with a “filtration” between
0 and r for a fixed integer r between 0 and p — 2 (although the theory probably
extends to 7 = p — 1 if one restricts to appropriate subcategories, as in [31]). We let
c=¢1(u—m) € S*.
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5.1. Definition of the categories

5.1.1. Recall we have fixed an uniformizer 7 of W. Define M’ to be the following
category. An object is the data of:

(i) an S-module M abstractly isomorphic to @®;e1(S/p*S)% where I is a finite set of
integers and d; € N

(ii) a sub-S-module Fil" M containing Fil" S - M

(iii) a map ¢, : Fil" M — M semi-linear with respect to the Frobenius on S and such
that ¢"¢r(sz) = ¢r(s)pr((u — m)"z) (s € Fil" S, z € M) and ¢, (Fil” M) generates M
over S

(iv) a map N : M — M such that

N(sz) =N(s)r+sN(z) (s€S, zeM), (u—mNFil"M)CFil"M and
cN o ¢y = ¢r o (u—m)N|rirm

and morphisms are the S-linear maps that send Fil” to Fil” and commute with ¢,
and N. If r + 1 < p — 2, there is a fully faithful functor M7 — M"*! ([9, 2.1.2.1]).

Theorem 5.1.1.1. — Let f : M — N be a morphism in M. Then:

1) f(Fil" M) = Fil’ N n f(M)

2) if M is the kernel of the underlying S-linear map, Fil" M’ = Fil' M N M/, ¢, :
Fil" M’ — M’ the restriction of ¢ : FiI' M — M and N : M’ — M’ the restriction of
N : M — M, we have M’ ~ @i (S/p*S)% and ¢, (Fil" M) generates M over S

3) N/ f(M) ~ @ier(S/p' )%

The proof is by a dévissage that reduces to the case where M, N are killed by p
and then uses (5.1.2.1) below. See [9, 2.1.2.2] for details.

Corollary 5.1.1.2. — The category M. is abelian. More precisely, if f is as in
(5.1.1.1), we have:

Ker(f) = (M, Fil’ M, ¢,., N)
Coker(f) = (N/f(M), Fil" N/ f(Fil" M), ¢, N).

Since all the modules are of the form @;c;(S/p'S)%, M. is artinian. There is a
natural functor 37 : MF/" — M" that associates to M the object F7.(M) = S®@w M

===_tor

with Fil” 7(M) = Y7 _o Fil"™ S @w Fil! M, ¢, = 3i_g ¢r—j ® ¢; and N = N®1Id.

Proposition 5.1.1.3 ([9 2.4)). — The functor F7. is exact and fully faithful. Via J7,
the categories MFLT MF{:" and M have the same simple objects.

The same statement is true if one replaces MFIT MF;; by the “naive” corresponding
objects (i.e. adding a N on the objects of MF" see (4.1)). In fact, for r < 1, there
is even an equivalence of categories between M and these naive objects ([10, 4.4.1]).

As in the classical case, we can define the “without p-torsion” version of M :
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Definition 5.1.1.4. — A strongly divisible module of weight < r is a free S-module M
of finite type equipped with a sub-S-module Fil” M containing Fil" S-M and such that
M/ Fil” M has no p-torsion, a semi-linear map ¢ : M — M such that ¢(Fil" M) C p"M
and #‘-’—(Fllr M) generates M over S, and a map N : M — M such that N(sz) =
N(s)x +sN(z) (s € S,z €M), Np = ppN and (u — m)N (Fil" M) C Fil" M.

If M is a strongly divisible module of weight < r, M/p"M is in an obvious way
an object of M by defining ¢, = f}lFur mod p" and M is also of weight < r+ 1 (if
r+1 < p—1). Finally, we claim the categories M. (and the categories of strongly
divisible modules) do not depend on the choice of 7:

Proposition 5.1.1.5. — For each choice of w € W*, there is a canonical equivalence of
such that the composite MFL" i “mM S M, is T

categories M. — M MEis — Mz

—Tw

Proof. — We give a proof, since it’s not in the literature. If r = 0, this is trivially
true since in that case F2 above is actually an equivalence of categories and M Ft{o?
doesn’t depend on any choice. So assume 1 < r < p—2 and let 7’/ = 7w with w € W*.
Assume first that w = [k] for a k in k* (Teichmiiller representative). Then the map
k71 : S — 8,7(u) — vi(u[x™1]) commutes with ¢. To any object M, € M. we
associate My = My(n) = (8 ®c-1],5 Ma, S ®(x-1),5 Fil" M, ¢ ® ¢, N ®Id + Id®N):
this clearly defines an equivalence of categories M. — M",. In general, write w =
[k]lw with w € 1 + pW and define:
?
V' Mape) — Mg, @ — exp(N(log(w™)))(z) = Y (Flogw)®

i>0

NG

which makes sense since p > 3. To M, we associate:
-1
M, = (M,,[K], V(FIl” Mape)s exp(N(&d’g"l)) odrovl, N)

which also makes sense since N* o ¢,.(z) € pi‘TM,,[,i] if ¢ > r. One checks the functor
M, — M, satisfies the required properties. O

5.1.2. We describe here in more detail the case when M is killed by p which turns
out to be simpler. Denote by M . the full subcategory of M7 of objects killed by p.
For M € M}, .., let Fil"*' M = wFil” M + Fil’(S/pS)M.

Lemma 5.1.2.1. — Let M in M .
1) 1d ®¢, induces an isomorphism S/pS ®g) x Fil" M/ FiI't'm = M
2) the natural map S/pS ®x ¢r(Fil” M)—M is an isomorphism.

See [9, 2.2.2.2] for the proof of this easy lemma. The isomorphism 1) above is called
the Faltings Isomorphism Condition in [9] because a variant was already considered in
[20] (but with different categories). Using 1), it is not difficult to show the category
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M . is abelian. Another advantage of My . is that it can be described without
divided powers:

Let S; = S/pS, 51 = k[u]/uP and s : 1 — Sl the surjectxon that sends u® to u’
and ~y;(u) to 0 if ¢ z p. Define Fil' §; = s(Fil' S;) = u'S; and ¢;, N to be the image
of ¢;, N. Let Mk = the category of finitely generated free S;-modules M endowed
with a sub—31 module Fil" M containing uTM a semi-linear map ¢r Fll M- M
such that ¢1,.(F11T M) generates M and an additive map N : M — M such that
N(sz) = N(s)z + sN(x) uN(FllT M) C Fil" M and s(c)N oy = qST ouN|gir. To M
in M}, ., we associate M = (51 ®s 5 M, 81 ®s5, Fi' M, ¢ ® ¢, N ®1d +1d ®N) (it
is easily checked that everything is well defined). This construction is functorial and
we have:

Proposition 5.1.2.2 ([9, 2.2.2]). — The functor My, . — ﬁ;w that sends M to M is an
equivalence of categories.

5.2. Definition of T3} and T

5.2.1. 'We now introduce Kato’s ring A/st\,, which was first defined in [44, 3] (see also
8, 2], [9, 3.1.1], [70, 1.6] for more details). Let (O%/pOg)iog (resp. (Or/pOL)iog for
any finite extension L of Ko) the log-version of O%/pO% (resp. Or/pOr), that is to
say the log-scheme associated to O \ {0} — O%/pO% (resp. O \ {0} — Or/pOyr),
and (S/p"™S)i0g the log-scheme associated to (N — S/p"S,1 — u) (it will be denoted
E, in (6.2.2), following Kato’s original notation). We define a morphism of log-
schemes (O%/pO%)i0g — (S/P"S)i0g by sending u to the image of m. Although the
log-structure of (O /pOx)iog is integral, but not fine, we can still define its log-
crystalline site relative to (S/p™S)i0g and a conceptual definition of A/S;, is:

Astin = lim Hio((Og/POR1os/ (S/P™S )iog)
~ lim (lim HOe(O2/POL)1og/ (/6™ Srog) )

where the inverse limit is over n, the direct limit over all the finite extensions L of
Ko in K, and where HYO,. is the global sections of log-crystalline cohomology (see

(38, 2.14] and [44, 2.4]; a technical argument shows that the individual HC. terms

cris
in the first line are canonically isomorphic to the lim Hgm terms in the second). The
origin of this definition is essentially the Ki‘mneth formula (see for instance 8.2.1).
The ring xfs:, is an S-algebra and from the above definition, it can be endowed with
a filtration, a Frobenius, a monodromy operator and a Galois action. We now make
them more explicit. Either by a de Rham computation (see for instance [70, 1.6.5])
or by noticing the log-crystalline site of (Oz/p)iog Over the base (S/p™)iog has a final

~ object (see [44, prop.3.3] or (7, 5.1.1]), one can define a non canonical isomorphism

ASTERISQUE 279



TORSION ETALE AND CRYSTALLINE COHOMOLOGIES 99

of S-algebras:
Heis((O¢/PO%c, 1og/ (/0™ S)iog) = Wi (O5/pO%)°F (Xx)

= Zw,—(—'— | w; € Wn((‘)go/p)DP,n eN
— il
where W, (0%/p0%)PF is as in (3.1.2), X, is an indeterminate related to the choice
of a p""-root m, of 7 in Oz and u = [T,](1 + X,)~! (compare with (6.2.2.3, 2)).
Choosing a compatible system of such 7, (i.e. 72 = m,_1) and denoting by [zr_]/tEe
corresponding “Teichmiiller” element in Agis (see 3.1.2), one can thus identify Ag «
with the p-adic completion of Acris(Xx) and u with [r](1 + X,)~!. The Frobenius ¢
on Ag,» extends that on Agis, is continuous, commutes with divided powers and is
such that ¢(X,) = (1 + X)P — 1. The filtration is:

o > XJ o
Fil' Ay, , = {Zaj—j'l | a; € Fil'™ Acxisya; = 0}.
Jj=0 )

The monodromy operator is the continuous Acns-derivation N determined by
N(X;) = 14+ X,. The Galois action is continuous, extends the action on Agsis,
commutes with divided powers and is such that g(X,) = [e(9)] X + [e(g9)] — 1, where

e : Gk, — limpyn(K) is the (continuous) l-cocycle determined by our choice of
a compatible system of p"th roots of m. Note the divided powers on Agis(X,) are
automatically compatible with those on Fil' A.yis and [e(g)] — 1 belongs to this ideal.
This action preserves the filtration and commutes with ¢ and N. As for A, one
has qﬁ(FiIi Astn) C p'Agtn if 0 <4 < p— 1 and one defines ¢; = ﬁ%lFﬂi for such 3.
All these structures extend obviously to A/S:, /p"xTS:, endowed with the filtration
Fili Ast,w/pn Fil* Ast,'lr — Ast,‘lr/pnAst,n-

5.2.2. Let M € M. Choose n € N such that p"M = 0 and define:

Tg (M) = Homg pirr,¢,,,N (M, Ast,n/p" Ast,x)

where the subscript means we take the S-linear maps that send Fil" to Fil” and
commute with ¢, and N. The Z,-module T, (M) is independent of the choice of n
such that p"M = 0 and of the choice of 7 such that M € M. (see 5.1.1). It is endowed
with a action of Gk, given by g(f)(z) = g(f(z)) if z € M, f € T (M). We thus

have a functor from M’ to representations of Gk,.

Theorem 5.2.2.1 ([9, 3.2-3.3]). — For 0 < r < p—2, the functor T

st 18 ezact and fully
faithful.

By dévissage, one is reduced to checking this for Mj . (5.1.2). The exactness and
faithfulness are proved by the same techniques as for (3.1.3.1) using (5.1.1.3). The
full faithfulness is more subtle (its proof is inspired by the proof of [20, 5]).
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Corollary 5.2.2.2. — If M ~ @er(S/p'S)% as an S-module, then T} (M) ~
®ic1(Z/p'Z)% as a Zyp-module.

As in (3.1.1), the link to semi-stable representations is:

Theorem 5.2.2.3 ([9,4.1.2.1]). — Let M be a strongly divisible module of weight < r
and rank d, then Homg pirr ¢, N (M, Ast,x) i a Zp-lattice in a d-dimensionnal semi-
stable representation of Gk, with Hodge-Tate weights between 0 and r.

The proof uses (4.2.1). As in the crystalline case, one obtains in this manner all
the semi-stable representations of G, with Hodge-Tate weights between 0 and p — 2
(see 9.1.1).

Let us now give the covariant version of Ty .. For M in M7, let:

FilM={zeM| (u—7m)"""zcFiI'M} (0<i<r)
and: ,
Fil" (Agt,r ®s M) = > Fil™™ Ay 2 @5 Fil' M C Ay 2 @5 M.
i=0
One can prove that the maps ¢; on Fil* ZS:, and ¢, on Fil" M give rise to a map
¢r : Fil"(Agp r @5 M) — Agp.r @5 M (see [10, 3.2.1]). The operators N on A/st\,r and
M give an operator N = N @ Id+Id®N on Ag,» ®s M. Let:

Fil (Ag.» ®s M)& 5 = {2 € Fil'(Ag,» ®s M) | N(2) = 0, ¢,(z) = z}.

Proposition 5.2.2.4 ([10, 3.2.1.7]). — There is a canonical isomorphism of Gk,-
modules: Fil"(Ag » ®s M)¢’ L T (M) () where the exponent A means the

st,m
Pontryagin dual with respect to Qp/Zp.

In the sequel, we write:
TSt’ﬂ'(M) st W(M)A = Fllr(Ast x Qs M)qbr 1( r)

One can check the equivalence M. — M, of (5.1.1.5) commutes with the functors
Tyt,x and Ty (or their dual version), that is to say Ty x(Mx) = Tt n (Myr) if My
is associated to M, . So ultimately nothing depends on 7; we choose in the sequel
m=p for simplicity and drop the subscript 7. We also choose a compatible system
of p™ "_roots of p in O which enables us to write Ast as the p-adic completion of
Acris(X) where X = X, and u = [p](1+ X)~! (see 5.2.1).

We end this section with an open question. Define a torsion semi-stable repre-
sentation of weight < r (r € N) to be any finite representation of Gk, that can be
written T'/T” where T” C T are Galois stable lattices in a semi-stable representation
of Gk, with Hodge-Tate weights € {0,...,r}. Using (9.1.1.1), one can prove that the
functor T;; establishes an antl-equlvalence between a full subcategory of M" and the
category of torsion semi-stable representations of Gk, of weight < r, so it’s natural
to ask:
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Question 5.2.2.5. — For 0 < r < p — 2, does the functor T;; actually induce an anti-
equivalence of categories between M" and torsion semi-stable representations of Gk,
of weight < r?

To answer positively this question, it would be enough to prove that any object
of M" can be written M/M’ where M’ C M are two strongly divisible modules as in
(5.1.1.4) of the same rank (this implies M’ @w Ko ~ M®w Ky using (4.2.1)) or equiv-
alently can be written Ker(M’' ® (Qp/Zp) —» M® (Qp/Zp)) (T3 being contravariant).

6. Log-syntomic morphisms and topology: a review

Following [32], we want to apply the previous theory to the case of a proper smooth
Ko-scheme admitting a proper semi-stable model X on W. As in the ¢-torsion case,
one has to find a candidate to replace Hig(X») = H!(Xn/Wy) that is still related
to X, and that contains enough information to recover the étale cohomology of the
geometric generic fiber X xy K. Once again, the extra information will be the log-
structure canonically attached to X in (2.2.1.2). As we also look for S/p™S-modules,
the idea is then to replace the crystalline cohomology of the scheme X,, with respect
to the base W,, by the log-crystalline cohomology of the log-scheme X,, with respect
to the log-base (S/p™S)iog (as for Ay see (5.2.1)). To do this, following the Fontaine-
Messing method, we first define log-syntomic morphisms and log-syntomic sites.

6.1. Log-syntomic morphisms

6.1.1. Classical syntomic morphisms were introduced by Grothendieck in (EGA IV,
19.3.6) where they were called flat relative complete intersection morphisms. The
terminology “syntomic” itself is due to Mazur ([51]), who also noted the syntomic
topology had interesting properties. A morphism X — ¥ between classical schemes
is syntomic if it is flat, locally of finite presentation and if locally on X (for the Zariski
or equivalently étale topology), there is a factorization X <5 Y 5 % where h is
smooth and ¢ is a regular closed immersion (in the sense of (SGAg, VII.1.4); since
X/ is flat this is, by (EGA IV, 11.3.8), equivalent to requiring that the ideal defining
¢ is locally generated by a regular sequence). This definition was generalized by Kato
to the log-setting:

Definition 6.1.1.1 ([44,2.5]). — Let f : X — X be a morphism of fine log-schemes.
One says f is log-syntomic if it satisfies the following conditions:

(i) it is integral,

(ii) the underlying morphism of schemes is flat and locally of finite presentation,
(iii) étale locally on X, there is a factorization X —— Y 2,5 where h is log-smooth
and ¢ is an exact closed immersion which is regular on the underlying schemes (as in
the classical case).

We give now the four main properties of log-syntomic morphisms with brief proofs.
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Proposition 6.1.1.2. — If there is another factorization of f: X <Lyt LS with W
log-smooth and i’ an exact closed immersion, then i’ is also regular.

Proof. — Consider the fiber product ¥ x5 Y’ (in the category of fine log-schemes).
The closed immersion X <5 Y X5 Y’ is no longer necessarily exact but can be

factored, étale locally on X, as X SN Y"” 25 Y x5 Y’ where i” is an exact closed
immersion and g is log-étale ([43, 4.10]). Let = € X, replacing Y” by an étale
neighbourhood around i”(x), one can assume My~ — * My and My~ —— " My
where 7, 7’ are the maps Y” Y and Y” ', ¥’ obtained by composing g with
the two projections from Y x5 Y’. Then 7 and ' are classically smooth ({43, 3.8]).
One finishes by applying to Z =Y and Z = Y” the following classical fact (cf. SGAs,
VII.1.3): if one has a commutative diagram of (classical) schemes:

11
X Ll_) Y

iz

X“——>Zz

with 7z smooth and i”,iz closed immersions, 7" is regular if and only if iz is regular.
O

Proposition 6.1.1.3. — Log-syntomic morphisms are stable by base change.

Proof. — Let X/X be log-syntomic and ¥’ — X be the base change morphism. After

étale localization on X and ¥, we may assume we have X <1, Y an exact, regular
closed immersion where Y/¥ is log-smooth and integral. Denote with a prime the
result of base change to ¥/ in the category of all log-schemes. As X — ¥, Y — X are

integral, X', Y’ are automatically fine, X’ —— Y” is an exact closed immersion and

Y’/¥’ is log-smooth. It follows from (EGA IV, 19.2.7 (ii)) that ¢’ is regular. O
Proposition 6.1.1.4. — Log-syntomic morphisms are stable by composition.
Proof. — If Y/X is log-smooth, integral and ¥ <— Z is an exact closed immersion, one

can always find, étale locally on Z and Y, a log-smooth integral morphism W — Z
such that Y = W xz X. (By using the local description of log-smooth morphisms
([43, 3.5]), one can always find such a W at least log-smooth over Z. Since the closed
immersions are all exact, by localizing on W around Y, one can assume W — Z to be
integral.) Hence on the scheme level, W — Z is also flat and, if ¥ — Z is a regular
closed immersion, then so is Y — W by (EGA IV, 19.1.5 (ii)). Now, let X — X
and ¥ — T be two log-syntomic morphisms and choose factorizations X — Y — X,
Y« Z — T as in (6.1.1.1) but with Y — ¥ integral (see the previous proof). By

taking W as above, one has X Ly 2w Bz P27 owith 11,19 regular exact
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closed immersions and hj, he log-smooth. So X — W — T is a factorization as in
(6.1.1.1). O

Proposition 6.1.1.5. — Let X'/Y' log-syntomic and ¥/ — 3 an ezact closed immer-
sion. Then étale locally on X', one can find a log-syntomic morphism X — X such
that X' =Y x5 X.

Proof. — Choose a factorization X’ — Y’ — ¥’ as in (6.1.1.1) with Y’/%¥’ integral
log-smooth and, as in the previous proof, choose Y/X integral log-smooth such that
Y’ =Y xg ¥'. By lifting to Oy a transversally regular sequence in Oy, it is easy
to find an exact closed immersion X < Y such that X' = X xg ¥/. Moreover,
standard arguments (see for instance EGA Oy, 15.1.16) show that X/¥ is flat and
X — Y transversally regular (with respect to ¥) at each point of X coming from
X'. By (EGA 1V, 19.2.4), X — Y is regular in a (Zariski) neighbourhood of such a
point. Thus, we get the desired X by localizing for the Zariski topology and taking
the induced log-structure. O

6.1.2. In the classical case, a syntomic morphism is described locally as a flat mor-
phism A — A[X;,...,X]/(f1,..., ft) where fi1,..., f: is a regular sequence. In the
log-case, there are several (equivalent) local descriptions due to the fact that there
are several ways of writing the charts. We give here a description which turns out
to be quite convenient for local computations on the log-syntomic site (see for in-
stance 6.2.2.3). Consider an integral and locally of finite type morphism X /¥ of fine
log-schemes. It is easy to see one can find (locally) a chart:

M—N

| |

A——B

where M — N is an integral morphism of fine monoids. Since N is of finite type, there
is an r € N and a surjection M @ N" — N. Denoting by G the kernel of the induced
map MEPGZ" — N8 and by (M @ N")+ G the submonoid of M8 ®Z" generated by
M®N" and G, one gets an exact morphism of monoids (M @®N")+G — N by sending
G to 0. Notice that M — (M & N") + G is still integral. One can also find s € N and
a surjection A ®zp Z[(M ® N") + G][X1,...,Xs] — B where (M®N")+G — B
factorizes through N. Hence, we have a factorization:

M »(MeN")+G -+ N

| §

A—>A®Z[M] Z[(MEBNT) +G][X1,...,Xs] — B

where the first morphism of (the corresponding) log-schemes is clearly log-smooth and
the second is an exact closed immersion. Now, if we start with X/ log-syntomic,
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(6.1.1.2) tells us that, up to further Zariski localization, the ideal of the closed im-
mersion on the right is generated by a regular sequence. Hence, any log-syntomic
morphism can be locally written as:

M »y(M@®N")/G=N

J' . A®Z[M] Z[(MEBNT)+G][X1,...,X3}

A =B
(fl, ey ft)
where G is a subgroup of M8P@Z", (M@®N")/G the image of M@N" in (MePHZ")/G,
fi,--., ft a transversally regular sequence with respect to A such that (fi,..., ft)

_ contains [g] — 1 for g € G and where M — (M & N") + G is injective and integral.

Example 6.1.2.1. — Very important among log-syntomic morphisms are those which
correspond to extracting p”th-roots both on the sheaf of monoids and the scheme
(classical case = A — (an‘i[jit":;éi!_as)). Let r,s,n € N, my,...,m, € M and
ai,...,as € A. These morphisms are obtained by taking as G above the subgroup
G, of M8 @ Z" generated by g; = —m; & (0,...,p",...0), 1 <i < 7 (p" in position
i) and (f1,...,ft) = (1] = 1,...,[9s] — 1,an —ai,...,X?" —a,). In particular, if
(A, M) itself is log-syntomic over, let’s say, (N — W,1 — p) (a situation we’ll have
to deal with very soon) then, locally, we can write M = (N @ N"')/G (= image of

N@N' in (Z®Z")/G) and A = W®Z[N]z[(l\zi§i }:F)G][XI""’XS], and we can take
r =1+7', m; = image of (0,...,1,...,0) € NeN" in M (1 in position 4, 1 <3< T)

and a; = X; (1<j<s). We get:

r ~ (N1 LRV

M, = (M &N")/Gp ~ (an ®(N-2) )/G
Az Z[(M ®N") + G,[Y1, . .., Y]

(l9:] - 1L,Y" = X;)
W ez ZIN G & (N)™) + GIIXP",...,xP7"
B (f1,- s ft)
There are obvious injective morphisms of log-rings (A, My,) — (An+1, Mp+1) induced
by X;’_n — (Xf_("ﬂ))”, (0,...,-51;;,...,0) — p(O,...,;,;lJr—l,...,O) and we denote in
the sequel Moo = lim M, =~ (NIE%,o ® (Np%.o)’/)/G and Ao = lim 4,. The log-ring
(Aoo, M) is still integral (but not fine!). Note that the Frobenius on M, i.e. the
multiplication by p map, and the Frobenius on A, /pAc are both surjective.

An

6.2. The log-syntomic topology

6.2.1. Let ¥ be a fine log-scheme. One defines Ygyn to be the category of all fine
log-schemes which are log-syntomic over ¥. This category is endowed with the
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Grothendieck topology generated by log-syntomic morphisms which are surjective on
the underlying schemes and sheaves are defined in the obvious way. It is frequently
useful to consider also the big log-syntomic site Ysyn. Its underlying category con-
sists of all fine log-schemes over ¥, its topology is defined as for Xgyn. A sheaf J on
Ysyn has a restriction Fgyn on Xgyn and, if abelian, the cohomology of J coincides
with that of Feyn. An advantage of the big site is that it is functorial in ¥ while the
small site is not. An important property of the small site is that various sheaves of
rings or modules defined on the big site have, when restricted to the small site, good
flatness properties (see 6.2.2.4). Technically, this is a key point. An indication that
this log-syntomic topology is reasonable is due to:

Lemma 6.2.1.1. — Let X — X be a morphism of fine log-schemes, then the functor
Y — Homg (Y, X) (Y € Zgyn) is a sheaf for the log-syntomic topology.

Proof (Sketch). — Let w : Y/ — Y be a log-syntomic covering and Y =Y’ xy Y’
with 71, w9 the two projections onto Y’. One has to prove:

1) If f1, f2 € Homg(Y, X) and fi; o7 = foom, then fi = fo,

2)If f/ : Y’ — X is such that f' om = f’ oma, then there is an unique f:Y — X
such that f' = fom.

Everything is clear if one forgets the log-structures since the covering is flat on the
underlying schemes. Using the fact that Y’/ — Y is integral, flat and surjective, one
can show there exist local charts of :

M— M

| ]

A— A

where M — M’ is an injective, integral and exact morphism of monoids. If M’ @&y M’
denotes the inductive limit of the diagram M’ «— M — M’, one has an exact sequence
M — M' = M' &y M’ and it is not difficult to deduce 1) and 2) from this. a

6.2.2. Now let ¥ be the log-base (N — W,1 — p). This base is very important
since it’s the one that naturally arises in geometry (see 2.2.1.2). We will simply write
Spec(W) when considering this scheme as equipped with its trivial log-structure (i.e.
M = W*) and E the log-scheme associated to (N — S,1 +— u) where S is the ring of
(4.2) and (5). One has a commutative diagram:

I

L]

Spec(W) = Spec(W)
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where Y. — F is the D P-thickening obtained by sending u to p and the two vertical
maps are the two obvious log-syntomic coverings. Notice that Mgy, is a sub-site of
Spec(W)syn. The following proposition is useful and straightforward:

Proposition 6.2.2.1. — Let 3 — F — JF” be a sequence of abelian sheaves on
Spec(W)syn or Xeyn. If, for all (A, M) in Lgyn and (As, M) as in (6.1.2.1), one
has ezxact sequences of abelian groups:

0 — F' (Ao, M) — F(Aoo, Mog) — F'(Ase, Mso) — 0

where we set §(Aco, Moo) = l_ip_)lQ(An, M,) if G is a sheaf, then0 - F - F > F" -0
is an ezxact sequence of sheaves on Spec(W)syn 0 Zgyn.

Proof. — The morphisms of log-schemes associated to (A, My) — (Apt1, Mpt1) in
(6.1.2.1) are obvious log-syntomic coverings. |

Log-crystalline cohomology was first defined in [43] by mimicing the classical theory
of Berthelot ([3], [4]) and we refer to [43, 5] or to [71, 4] in this volume for its definition
and properties. If X is any fine log-scheme over W, we write X,, for the log-scheme
X xw W, with the induced log-structure from X. For X a log-scheme in 3,, and
r € N, define:

Ofy,t(X) - HO((Xn/En)criS7 OXn/En)
0 (X) = BO(Xn/Bn)eriss 3%, /5.)
where Ox /g, is the structure sheaf and Jx, /g, = Ker(Ox, /g, — Ox,). Notice
that O5%(X) is an S-algebra. For X a log-scheme in Spec(W )syn and r € N, define in
the same way:
O;ris(X) = HO((Xn/ SpeC(Wn))crim OXn/Spec(Wn))
3::‘131[7'] (X) = HO((X,"/ SpeC(Wn))cris, ng{]n/ Spec(Wn))
Set gl = 08t if r < 0 (resp. with “cris”). For X an object of Ygyn, there are
morphisms g (xX) — g3 X) by the functoriality of the log-crystalline topos
([43, 5.9]). Using property (6.1.1.5) and the key log-syntomic morphisms (6.1.2.1)
together with the de Rham computation of log-crystalline cohomology ([43, 6]), it is

a standard matter to generalize the results of [32, I1.1.3] and prove (cf. [7], 3.2.3 and
3.3 for the case r = 0):

Proposition 6.2.2.2

1) For r € Z, the presheaves Hf,t’[rl (resp. d
Spec(W )eyn)-

2) Forr € Z and i € N, there are canonical and functorial isomorphisms:

H(Xoyn, 31) = H(Xn/En)eris: 3%, /15,) if X € Seym
H(Xoyn, 350) & H'((Xon/ Spec(Wa))eris: 3%, / speciwy) ¥ X € Spec(W)syn.

cris,[r] ) are sheaves on Xgy, (Tesp.
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For a general X in Xgyn, one doesn’t know explicitly goolr] (X) or geris.Ir] (X). How-

ever, using (6.2.2.1), one can usually restrict to gl (Aco, M) (resp. with “cris”)
which can be described explicitly:

Lemma 6.2.2.3. — Let (A, M) and (Aco, Moo) be as in (6.1.2.1) and Moo+ G be the
sub-monoid of MEP generated by Mo, and the image of #G ={z € Z&Z" | p"z € G}

(see 6.1.2.1), which maps to A through the composite Mo + #G My — A
1) There is a canonical isomorphism:

1 DP )
(WAoo /pAsc) @2ir10) B[ Moo + ;;G]) 0 (A, M)

where we take the divided power envelope (compatible with the divided powers on (p))
with respect to the kernel of the map to Ao /P™ Aco that maps Moo+ pinG as above and

(agy---,an-1) € Wp(Ax/p) to ag" —I—;o’d’f"—1 + -+ prlal | (a; lifting a; in Ax).
It induces isomorphisms between Hffis’[r](Aoo,Moo) on the right and the r** divided
power of the tautological DP ideal on the left.

2) To each choice of an h € M, + pinG such that p™h = (1,0,...,0) € M, there is
an element Xp, € O5%(Axo, M) and an isomorphism:

szris(Aoo’ MOO)<Xh> — szt(Aom MOO)

such that [h](1 + Xp)~! — u which induces isomorphisms:
o~ et X ~
D3 (Ao, Moo) T 5 B30 (oo, M),
s=0 :
For more details, see [10, appendix D]. Using this description, one can prove for
instance ([10, 2.1.2]):

Proposition 6.2.2.4

1) The sheaf of Sy-algebras O is flat over Sh.

2) For r € Z, the sheaves 2 and gl gre flat over W,,.

3) Forr € Z and * = “st” or “cris”, there are short exact sequences:

0— gyl 2 ol gull g,

6.2.3. We defined in (4.2) operators ¢, on FiI"S (0 < » < p—1) and N on S.
We want to extend them to the above sheaves and their cohomology. Because one
has a Frobenius on E,, = Spec(S,) and Spec(W,), one gets the usual crystalline
Frobenius on H*((Xpn/Ep)cris; Ox,/5,) and H'((Xn/Spec(W))cris, Ox., / Spec(Wn))s
so in particular on OSt, O and their cohomology groups. It is formal, if one uses
the big log-crystalline and log-syntomic sites instead of the small ones, to check that
the isomorphisms in (6.2.2.2) for » = 0 are then compatible with the Frobeniuses.
Moreover:
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Lemma 6.2.3.1. — For0<r<p-—1, ¢(3";f*[”) C p Ot and ¢(3%ri3,[T]) C procs,

Proof. — One easily reduces to the case r = 1. Then, the result is just due to the
fact that the sheaves of ideals J5¢ and Hffis are endowed with divided powers. O

If z is a section of 75" with 0 < r < p — 1 and 7 a local lifting in Hf;’_[:] (using
(6.2.2.4, 3)), then ¢(Z) € p"O3, . (locally) and because p"O3f, . ~ OS5 (still 6.2.2.4),
the image of ¢(Z)/p" in OS* doesn’t depend on the lifting. This gives a global map

o geolrl ©t. The same thing applies to gerisrl, giving a commutative diagram:

ér

cris, [r cris
gl —— 05

L.

gl —— O

Using the local description (6.2.2.3, 2), one can check that ¢,(X}) = (QJFXI’;il ’

Using the de Rham computation of log-crystalline cohomology, Hyodo and Kato
define in [38, 3.6] a W-linear derivation Ny on O3 (X) = H°((Xn/En)cris; Ox, /E,.)
called the (p-adic) monodromy operator (actually they assume X log-smooth but it is
not used in the definition [38, 3.6]). We define N = —Ngg : 05F — O5%. One thus gets
an operator N on H*(Xsyn, O5F). In terms of the local description (6.2.2.3, 2), N is
the unique O ( Ao, Moo )-linear map such that N (X3 /s!) = (1 + X)X /(s — 1)L

Proposition 6.2.3.2. — 1) ForO<r <p-—1, one has N¢, = ¢._1N.
2) For r € Z, there are exact sequences of sheaves on Mgyn:

0 —s 3%ris,[r] . ﬁ,[r} AN 3it,[r—1] — 0.

Proof. — Straightforward from (6.2.2.1) and (6.2.2.3) with the above expressions of
¢r and N. O

Remark 6.2.3.3. — The reason we take —Ngg and not Ngg is because there is an-
other, purely syntomic, way to define a monodromy operator on 05! (see [7, 6.1]) and
one can show this operator is precisely —Nyx .

Remark 6.2.3.4. — Hyodo-Kato’s definition of Ny also extends to higher cohomol-
ogy groups Hi((Xn/En)cris,OX"/En) for ¢ > 1. The authors do not know if the
isomorphisms in (6.2.2.2) are compatible with the operators N and —Ngg for i > 1,
although this is probable. This won’t be very important in the sequel where we use
N only.
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7. A generalization of the Deligne-Illusie-Fontaine-Messing isomorphism

7.1. Preliminaries. — From now on, we fix X/¥ log-smooth, proper and such that
X1/%; is a morphism of Cartier type. This last and somewhat technical condition is
explained in [43, 4.8] and turns out to be necessary for computations. Let us just say
that it is automatically satisfied in the semi-stable case, although the above situation
is much more general than the semi-stable one (for instance, the log-structure on Xg,
need not be trivial). The aim of this section is to prove that in this general situation
andfor0<i<r<p—2andneN:

(Hi((Xn/En)cris» OXn/En), Hi((Xn/En)criSa Hl;]n/En)’ ¢r7 N)

is an object of the category M" of (5.1.1) (described as (M, Fil" M, ¢, N)). It is easy
to see that the only non formal facts to prove are:

1) H*((Xn/En)eris;: 9x,,/E,) = ®icr(S/p'S)% as an S-module (I finite)

2) the map H*(Xn/En)eris;d% /5.) — H*((Xn/En)eris; Ox,./p,) induced by the
injection 3[;]1[ /8, < Ox./E, is injective

3) the image of ¢, generates H*((Xn/En)cris; Ox, /E, ) over S.

As we mentioned in (3.2), the main tool to prove the analogous statements in
the good reduction case over Spec(W) was the Deligne-Illusie isomorphism (compare
[32, I1.2.5] and [16, 2.1]). So the first task is to find an analogous isomorphism, but
involving the two bases ¥ and E. We then explain briefly how this result is used to
prove the above statements 1)-3) for n = 1. The general case is finally deduced by
dévissage. We, of course, work over the site ¥syn with the log-syntomic interpretation
(6.2.2.2) of the above cohomology groups and, for brevity, we write H*(F) instead of
H*(Xgyn,F) whenever ¥ is a sheaf on Egyy.

7.2. Generalization of the DIFM isomorphism. — We saw in (5.1.2.1) that
any object M of M" (0 < 7 < p — 2) that is killed by p is such that the map Id ®¢,
induces an isomorphism:

FiI'M .
Fir M
where Fil' ™' M = Fil? §;-M+Fil' §;-Fil” M. Thus, if (H!(0t), H (35), ¢, N) is in
M", we should hopefully have some cohomology group H*(?), probably related to the
sheaf 331" /g5 with a map ¢, : Hi(?) — Hi(O5t) such that Sy ® 4 x H'(?) =
HY(0%Y). Indeed, on gy, qﬁT(Zit’[rH]) = 0 (since r < p — 2) so there is a map of
sheaves:

S1 ®(4),k M.

St,["‘]
Id®¢r : 51 ®(g),k Hstl,[T-H] - Oit
1

but, unfortunately, it is not an isomorphism in general.

SOCIETE MATHEMATIQUE DE FRANCE 2002



110 C. BREUIL & W. MESSING

Recall that the Frobenius on a log-scheme in characteristic p is just the usual
Frobenius on the underlying scheme and the multiplication by p map on the sheaf
of monoids (with additive notations). For any (fine) log-scheme Y over ¥;(— Ej),
denote by Y’ the pullback of Y by Fg, where Fg, is the Frobenius on E;. Then

1"

the relative Frobenius Fy,g, : Y — Y can be factored in a unique way as: Y RN

Y” £ ¥' where F' is log-étale and F" is exact (see [43, 4.9] for all this). One
defines a presheaf O* on Yy, (“car” for Cartier) by 0*(U) = TI'(U{, Oyy) (recall
Uy =U xw k). It turns out O is in fact a sheaf on ¥gyy ([10, 2.2.1.1]) and that
one has a canonical injection 0" — O%f. Notice that if there are no log-structures
(only classical schemes), Of*" is just S1 ®(¢),x O1 where 01(U) = I'(Uy, Oy, ).

Let r € N and z a local section of O%f, ;. Following [32, II.2.3], whenever ¢(z) €
p 0%t | (locally), define f,.(z) € O such that ¢(z) = p’fT(\x), where f:E;) is a (local)
lifting of f-(x). Then f, is a homomorphism and we denote by F,O0%' its image in
O5*. Finally, let £ 05t be the image of 07" ®; F,0O5' in Of.

Theorem 7.2.1. — For 0 < r < p—2, the map Id ®¢, induces isomorphisms of sheaves
on Ygyn:
st,[r]
OF™ ®)k —pa — FroOF-
d1
Remark 7.2.2. — The previous map:
st,[r]
Id®¢r : 51 ®(¢)yk —————3“1’[1._‘_1] — Oﬁit
1

is injective, but not surjective (in general).

As usual, the proof is reduced to the case (A, M) where everything is made
explicit: see [10, 2.2.2] for details. Now, what we would like (see the previous discus-
sion) are isomorphisms H*(Fr05) — H*(0%') and S1®(¢) .k Hi(gHr gty >,
H (07" Q(g),k Jit’[r]/ 381t’[r+1]). This is certainly false for general X, but if X is log-
smooth over ¥ with X /3 of Cartier type as we assumed (the properness is not even
necessary here) and if @ denotes the projection: (sheaves on Xgyn)— (sheaves on
Xet) (= small classical étale site with induced log-structures), then:

Theorem 7.2.3 (10, 2.2.3]). — For0 < r < p—2, there are isomorphisms in the derived

category of complexes of sheaves on Xg:
st,[r] st,[r]

1) 81 ®s) 5 R = Ra (05 @5, HQTI—])
1

L S
3?‘7»[7""1]
2) 7<r R (FS¥O05Y) < 7¢, R, OFF.

Remark 7.2.4. — Of course, all the above sheaves on Xy in fact have support con-
tained in the special fiber.
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Remark 7.2.5. — The assertion 2) is false in general if one replaces F2* 0 by F,.0f*
(compare with [32, I1.2.5]). This is one of the reasons why one has to deal with the
sheaf Of?'.

ait ,[r]

Note that by a de Rham computation, Ria*( ) =0if{ > r+ 1. From

3st,[r+1]
1
(7.2.1) and (7.2.3), we get:

Corollary 7.2.6
1) (Generalization of “Deligne-Illusie”) For 0 < r < p — 2, the map Id ®¢, induces
isomorphisms in the derived category of complexes of sheaves on Xe:

st W7l

51 89k Row sy Hst g~ T<rRauOF

1
2) For 0 <i<r <p-—2, the map Id ®¢, induces isomorphisms:

st,[r]

if d ~ i
S1 ®(¢).k H <3st1,[r+1]) — H ((‘)Slt).
1

This already implies statement 1) of (7.1) in the case n = 1.

Remark 7.2.7. — In a different log-context, Kato gave another generalization of the
DIFM-isomorphism (see [43, 4.12]).

7.3. Application

7.3.1. Thanks to (7.2.6), the statement 3) in (7.1) is now equivalent to the surjectivity
of the map Hi (I — Hi(gHM /g0y for 0 < 4 < r < p—2. In (5.1.2),
we saw that we could easily get rid of the divided powers of S; when dealing with
objects killed by p. Here is the cohomological counterpart: let S; = klu]/uP as
in (5.1.2) and define a log-scheme F; = (N - 51,1 — u). There are “stupid”
divided powers on S, given by Yi(u) = ‘:—: if 0 <3< p-—1and~(u) =0 otherwise.
The map 21 — F factors through DP-thickenings ¥; — El — F; and we define
presheaves 05 and 73" on Yy as before by O8(U) = HO((Uy/E1)cris, ©

and 35°(U) = HO((U1/E1)exis; 37

Uy /El)

vL/By ). We write 331 = Ot if r < 0. As in

(6.2.2.2), all these are sheaves and we have functorial isomorphisms H*(J]
H{((Xy1/ El)ms,ﬂ ) The advantage of E; is that the k-vector spaces H ’(HSt [T])

are now finite dimensmnal ([10, 2.2.6.1]). The functoriality of the crystalline topos
st,[r] 3st ,[r]
01

ast [T‘] )

gives natural maps of sheaves for r € Z: J; which are surjective and induce
isomorphisms for 0 < 7+ s < p: J}" M/HSt Irtel =, geuld nirtsl (10, 2.2.4.1)).

Lemma 7.3.1. — Assume 0 <i<r<p-2.
1) The map Hi(EJit’[r]) — H(0%) is injective if and only if the map Hi(T) —
H(O%) is injective.
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2) The map Hi(ait’m) — H i(git’[’”l /Eﬁt’[rﬂ]) is surjective if and only if the map
H i(ait’m) —H i(ﬂit’[r] / Hit’[“'l}) is surjective.

Proof. — 1) Diagram chase using the long exact sequences associated to:
0 —> 3[17’] N Oslt _ Oﬁt/ﬂit’[r] -0
| I
0 — 5[17”] N 6? N 6?/5?»%] —0.
2) Diagram chase using the long exact sequences associated to:
0 — 3[17""'1] N 3?7[7'] N 351'37[7"]/3?'97[7"“1] —50

|
0 —s 5it,[r+1] N g’it,[r] . g’it,[r]/git,[r-l-l] 0

O

So to prove 2) and 3) in (7.1) for n = 1, it remains to prove the above two assertions
in the “tilda” case. We won’t give details here: the ingredients are a careful study of
the long exact sequences associated to the short exact sequences:

0 —s u’“ﬁit'[’] N ulgslty[ﬂ _ ulﬁit’[”/ukﬁit*[’"‘ -0

where 0 < I < k< p—1andl+s < k+r, together with dimension arguments (which
make sense now), the de Rham computation of log-crystalline cohomology and suitable
variants of (7.2.6). The proofs are a bit technical and not very illuminating; for the
details, we refer the reader to [10, 2.2.5-2.2.6].

Remark 7.3.2. — One can in fact define an object M = (H:(05t), Hi (351", ¢,., N) of
the category M}, of (5.1.2) and show it corresponds to M = (H(05), Hi (33, ¢,., N)
under the equivalence (5.1.2.2).

7.8.2. Finally, we deduce the result for any n from the result for n = 1. Using the
flatness and the exact sequences of (6.2.2.4), we have long sequences for i, € N:

SR Hi—l( st [r]) ( st [r]) Hz(gst r]) N Hz(ast [r]) N Hz+1(ast [r])

Assume 0 < 7 < r < p — 2. By induction on n, we can assume that the data
(Hi(Off_l), ( gy 6, N is in M (i.e. satisfies 1), 2) and 3) of (7.1)). As M" is
abelian (5.1.1.2), we end up (using the case n = 1) with a commutative diagram:

0 — Fil' M' — Hi(g) — Firm” — 0
0— M — H(OF) — M —0

where M/, M"” are in M" and pM’ = 0, and where the two vertical maps on the

right and on the left are injective (caution: one has to be a bit careful for i = r
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since this case involves H™+1(J5™), see [10, 2.3.2)). Thus one has an injection
Hi@") = H(03).

Lemma 7.3.3. — Let M be an S-module satisfying all the conditions of (5.1.1) EX-
CEPT perhaps the two conditions ‘M ~ @;c1(S/p'S)% ” and “p,(Fil" M) generates
M?”. Assume we have an exact sequence of S-modules: 0 — M' — M — M" — 0,
with M/, M" € M", inducing an ezact sequence on the Fil" and commuting with ¢,
and N. Then M is in M", i.e. the two above conditions are automatically satisfied.

The first condition is the hardest, see [10, 2.3.1.2]. Applying this lemma to
M = (Hi((‘)s;f),H"(gff’[T]),@,N )) and M/, M” as previously, we finally obtain as
a conclusion:

Theorem 7.3.4. — Let X be a fine and proper log-scheme which is log-smooth over ¥
and such that X1 /%, is of Cartier type. Forn € N and 0 < i <7 < p— 2, the data:

(H* (Xeyn, O5), H (Xeym, 85510), 61, N)

define an object of the category M.

8. The log-syntomic cohomology

We keep the same notations as in (7) but we now assume X/3 is semi-stable (and
proper) as in (2.2.1.2). In that case, the geometric generic fiber X xw Kj has a trivial
log-structure and is (classically) smooth over Spec(Kj). We also fix two integers 4,
such that 0 < ¢ < 7 < p—2. Now that we know (H(Xeyn, 05), H (Xeyn, 85°™), ¢y, N)
is in M", we can compute its associated representation of G, as in (5.2.2) using T3,
or rather its dual version Ty;. Our aim is to prove this representation is isomorphic
to H' (X xw K)et, Z/p"Z) as in the smooth case. The main tool for this is an
intermediate cohomology called the “log-syntomic” cohomology (a log-analogue of the
cohomology mentioned in (3.2)) that we introduce now.

8.1. For n € N, define 87, = Ker(¢, — Id : J"[") _, 0cris) where Id is the natural
injection gerslr! <, @eris,

Proposition 8.1.1. — There are exact sequences of sheaves on Spec(W )syn:
0 —> 8; N Hflris,[r] ¢-—1d O%ris —0.

One has to prove the surjectivity. By flatness (6.2.2.4), one is easily reduced to
the case n = 1, but it should be noticed that here the proof can’t be reduced to the
case (Aoo, Moo) of (6.1.2.1), i.e. the map 35 (A, Myo) iR O$8( Ao, Mo) is
not surjective in general. One has to use other log-syntomic coverings than just those
of (6.1.2.1), namely coverings of the form A — A[X]/(X? — aX — b) with induced

log-structure (a,b € A). See [10, 3.1.4].
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For L a finite extension of Ky in K, denote by ¥, the log-scheme Of, ~ {0} - O,
and X5, = X xy ¥y (fiber product in the category of fine log-schemes or all log-
schemes), one checks Xy, — X is log-syntomic, so X5, is in Xgyn.

Definition 8.1.2. — We define the torsion log-syntomic cohomology of X (resp. the
absolute torsion log-syntomic cohomology of X)) to be the groups lim H (X5, )syns ST)
(resp. H*(Xsyn, S7,)) where the direct limit is taken over the finite extensions L of Kj
in K.

For brevity, we write H(Xgyn,S") instead of lim H*((Xx/, )syn,S;,)- These last
groups are endowed with a natural action of Gk, and all the groups of (8.1.2) can
be computed on the étale site of the special fiber just because H'((Xx, )syn, ) =
Hi((Xs, )st, Ra8T) where a, is as in (7.2). One wants to relate these groups to the
étale cohomology of the geometric generic fiber. In the smooth case, this was done in
two steps. First, in [6], Bloch-Kato(-Gabber) computed the sheaves of nearby cycles
*RIjZ/p"Z(q) for 0 < ¢ < p—2wherei: X xywk — X and j: X xy Ko — X.
Secondly, in [45] and [47], Kato and Kurihara related these computations to the
sheaves 87, of [32]. The computations of [6] have been extended by Hyodo to the semi-
stable case ([37]) and in [69], Tsuji finally used Hyodo’s computations to generalize
Kato’s results to the above 8]. All these computations work in fact over any finite
extension L of K. As a consequence:

Theorem 8.1.3 ([44, 5.5], [69]). — Let X be a proper semi-stable scheme over W and
endow it with its canonical log-structure (2.2.1.2). Forn e N and 0<i<r <p-—2,
there are canonical isomorphisms:

H' (Xoyn, 87,) — H'((X xw Ko)er, Z/p"Z())
H'(Xoyn, 87) = H'((X xw K)es, Z/p"Z(r)).
The second isomorphism is compatible with the actions of Gk, .

Remark 8.1.4. — Although we won’t need the isomorphism for the H*(Xgyn,S") in
the sequel, it should be noticed that if the log-structure on X is induced from the one
on ¥ (i.e. X is proper smooth over W), the groups H*(Xsyn, SI) are not always equal
to the syntomic cohomology groups defined by Fontaine-Messing forgetting the log-
structures: compare (8.1.3) with the main theorem of [47]. This difference, however,
disappears when one looks at H®(Xsyn, S%).

8.2. Asin (3.2), we have now to relate H'(Xgyn, 87) to Tes (H*(O5), HY( ) 4, N)
(recall our notation H (F) = H*(Xsyn,F)). As for 87, define for any sheaf F on
Seyn: H (Xeyn, F) = lim H*((Xx, )syn, F). Recall from (5.2.2) that we have chosen an
isomorphism between ;1; and the p-adic completion of Acis(X) (do not confuse this
X with the log-scheme X!). We first relate Hi(Xsyn, J5") to the groups Hi(g5 )
by the following Kiinneth formula (see [10, 3.2.2]):
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Lemma 8.2.1. — Fors € N let Fily Ay, = {37, 0, %", a; € Acris,m € N} C Fil® A,
There are short exact sequences:
r — . r - )
0 — @ Fil Ag ®s H'(@ I 17%) — @ Fily A @5 H (@500 )
s=1 s=0

— H (X gyn, 88y —s 0.

—

The reason we use Fily Ay is because it is a flat S-module (which is not the case
of Fil® Ag). One should notice that this lemma is ezactly the place where the ring

Ag¢ appears.
Define:

T
Fily (Ae@sH(OF) = S Fil @@Slm(m(a;tv[’—sl) - H"(oif)) C Au@sHY(OM).
s=0

The operators N on f/l; and H*(O%) give an operator N = N ® I[d+Id®N on
Agt ®s HY(OSY).

Proposition 8.2.2. — The short sequences of (8.2.1) induce isomorphisms:

(;{s\t Xs Hi(oit))l\bo — Hi(ysym Oflt)N=0
FIIS((Ast Qs H%Of:))N:O "N—’ Hi(ysymgit’[rl)Nzo

where “N = 0” means “kernel of N” (in particular we have that H*(X syn, f,t’[rl) N=0 —

Hi(ysymofzt)N=0)'

The first isomorphism is a consequence of (8.2.1) with » = 0. The second is derived
from a careful study of the action of N on the exact sequences in (8.2.1) together with
the fact that the maps Hi(J5Fl) — Hi(0%) coming from the natural injections of
sheaves are injective for s = 0 (trivial) and for s = r (7.3.4). For proofs, see [10,
3.2.3.2-3.2.3.4].

Recall that in (5.2.2), we have defined FilT(;l; ®s M) for any object M of M" (and
so using only Fil” M). Let Fil"(Ag ®s M)n—o = {z € Fil" (A ®s M) | N(z) = 0}.
Fortunately, we have ([10, 3.2.1.4 and 3.2.1.2]):

Lemma 8.2.3. — There are isomorphisms:
Fil (A ®s H (0%))n=o — Fil" (Ag ®s5 H (%)) v=o
where the right hand side is defined by viewing H'(O5%) as an object of M" (7.8.4).
Now we want to make more explicit the groups:
H Xy, 0%)v=0 and H (Xgyn, I v=o.
Recall there is an exact sequence (6.2.3.2):

0— agri&["‘] _ 3?_:'7[7'] L as”fv[r"ll — 0.
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Combining its associated long exact sequences with (8.2.1), (7.3.4) and a dévissage in
the category M", we obtain:

Lemma 8.2.4 ([10, 3.2.3.1]). — The long cohomology sequences associated to the short
exact sequence of (6.2.3.2) yield isomorphisms:

Hi(ysymocris) IAAN Hi(YSyIMOSt)N =0
HZ( Symgcrls ['r]) adN H? (Xsyn 3 st, [r])N 0.
Taking the kernel of ¢, — Id on both sides of the second isomorphism of (8.2.2)

and using (8.2.4) and (8.2.3), we see that what remains to prove, in order to relate
Hi (X gyn, 85511 to Ty (HI(O2)), is:

Proposition 8.2.5. — The long cohomology sequences associated to the short exact se-
quence of (8.1.1) yield isomorphisms: H'(Xsyn,87) — H(Xayn, Jur=I)r=1 where
the exponent on the right hand side means “kernel of ¢, —Id”.

Proof. — Take the direct limit over L on the long exact sequences associated to
(8.1. 1) and use (8.2.4), (8 2.2) and (8.2.3) together with the surjectivity of ¢, — Id :

Fil" (A ¢ s M)N=o — (A t ®s M)n=o for any object M of M". See [10, 3.2.4.4] for
more details. O

To sum up, the theory of section 5 together with (7.3.4) and the above results
finally furnish Galois equivariant isomorphisms:

H (Xoyn, 85,) = Fil (A @5 H(03)) W20 = Too(H'(03))(r)-

Hyodo-Kato-Tsuji’s theory of nearby cycles in the semi-stable reduction case also
furnishes Galois equivariant isomorphisms (8.1.3):

H'(Xyn, 87,) = H'((X xw K)er, Z/p"Z)(r).
In conclusion:

Theorem 8.2.6. — Let X be a proper semi-stable scheme over W and endow it with
its canonical log-structure (2.2.1.2). For n € N and 0 < < p — 2, there are
isomorphisms compatible with the action of Gk, :

Tot(H* (Xoyn, O3), H (Xoyn, 300, 60, N) = H (X xw K)er, Z/0"Z).

9. Applications and open problems

We give four applications and suggest four open questions.
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9.1. Applications

9.1.1. If V is a p-adic semi-stable representation of G, with negative Hodge-Tate
weights, one can show (;1; ®z, V)Cko is in a natural way an object of the category
m}(o (¢,N) of (4.2) and that its associated D given by the equivalence (4.2.1)
is a weakly admissible filtered module (4.1). In fact, this D is nothing else than
(B ®q, V)xo by [8, 8.2] (here Bj; = BZ, [v], cf. introduction of section 4). Fontaine
conjectured in [25, 5.4.4] that the above functor V +— D is an equivalence of categories
between semi-stable representations of Gk, with negative Hodge-Tate weights (or
positive if one dualizes) and weakly admissible filtered (¢, N)-modules D such that
Fil® D = D. This conjecture has recently been proven by him and Colmez in [14].
However, their result doesn’t yield information about the lattices. If D is an object of
M_FJIQ0 (¢, N) such that FilP"* D = 0 and D = Sk, ®x, D the corresponding object
of _M_Q;“KO (¢, N) given by (4.2.1), define a strongly divisible lattice in D to be any
finitely generated free sub-S-module M of D stable by ¢, N such that M[1/p] = D
and ¢(M N Fil? -2 D) generates pP~2M over S. The theory of section 5 gives only a
small piece of the Colmez-Fontaine theorem, but describes the lattices:

Theorem 9.1.1.1

1) There is an anti-equivalence of categories between weakly admissible filtered (¢, N)-
modules D such that Fil° D = D and FilP~! D = 0 and semi-stable representations V.
of Gk, with Hodge-Tate weights between 0 and p — 2.

2) There is an anti-equivalence of categories between strongly divisible lattices in
Sk, ®K, D for a given D as in 1) and Galois stable lattices in the corresponding V.

See [11] for a proof of 1) and [12] for a proof of 2).

9.1.2. The second application is of course the recovery, in the situation we consider,
of the “usual” comparison theorem with Q,-coefficients as conjectured by Fontaine-
Jannsen ([44, 1.1]). We won’t insist on this topic because our main interest here is
not Qp-coefficients and because there are now different proofs of this Q,-comparison
theorem in its full generality ([70], [71], [22]). So let us just describe the main steps.

1) Fix X/% proper semi-stable and i € {0,...,p—2}. Let D = Q, ®lim H*(Xsyn, OF)

and FiV D = Q, ® lim H(Xyyn,d5'") for j € Z. Then (D, (Fil’ D);, ¢, N) is an

object of M;KO (¢, N) and its associated filtered D given by (4.2.1) can be identified
with Hiz (X xw Ko) endowed with the Hodge filtration (cf. [10, 4.3.2], an important

argument here is due to Kato ({44, 6.4.2])).

2) There are canonical Galois equivariant isomorphisms (with obvious notations):
Fil' (Ag ®5 D)5y =~ Qp @ lim Tyt (H* (Xoyn, 0)) ([10, 4.3.2.2] with 7 = i)
Fil'(Ag ®s D)4 ~ Fil'(By, @Ko Hip (X xw Ko))4 2 (8, 8.1.2)).

3) By (8.2.6), we thus obtain a Galois equivariant isomorphism:

Fil'(Bs @k, Hir(X xw Ko))§h (—i) ~ Qp ® lim H'((X xw K)et, Z/p"Z)
which we can rewrite By, ®k, Hig (X xw Ko) ~ Bs ®q, Hi(X xw K, Qp).
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9.1.3. The third application concerns the invariant factors in the torsion of the étale
cohomology. Fix X/¥ proper semi-stable and i € {0,...,p — 2}. Let Hi(X) =
lim H*(Xeyn, O3) and Hf (X xw K,Z,) = lim H((X xw K)s,Z/p"Z). Using the
previous results, one has HE (X) ~ 5% @ ®,c;(S/p'S)% and Hi (X xw K,Z,) ~
72 ® ®icr(Z/p'Z)% (same d and d;, see [10, 4.1-4.2]). Let LHX be the log-scheme
associated to (N — W,1 — 0). Notice that ¥; = XX 50 one has morphisms
X, — SHK « $HEK (recall our notation U, = U xw W, with the induced log-
structure). Let Hyy(X) = lim H*((X1/ZFF)eris, Ox, yspx) (HK for Hyodo-Kato:
this cohomology is of high importance in [38]) and Hig_,.,(X) be the de Rham
cohomology of X with logarithmic poles at the singular locus ({37, 1.5], [38, 2.5],
it coincides with the classical de Rham cohomology when X /W is smooth), one can
show:

HcilR—log(X) = !E_n H(iiR—log(Xn) = m Hi((Xn/En)CTi57 OXn/En)

(the first isomorphism is a consequence of (EGA I11.3.2.3+4.1.7) and the fact the
E'-terms in the spectral sequence Hodge = de Rham (log version) satisfy in that
case the Mittag-Leffler conditions, the second isomorphism is an application of [43,
6.4]). Using (7.3.4), one proves ([10, 4.3.1.3]):

HY(X) ®s,f W — Hyp(X) and Hi(X) ®s,5, W = Hig_10g(X)

where fo : S — W, S wiu'/i! — wpy (i.e. uw— 0) and f, is as in (4.2) (i.e. u+— p).
We sum up:

Theorem 9.1.3.1 ([10, 4.3.1.5]). — Let X be a proper semi-stable scheme over W.
For i € {0,...,p — 2}, the invariant factors of Hi (X xw K,Zp), Hyx(X) and
Hig_10g(X) coincide.

9.1.4. Let h € N\ {0}, m € O such that "1 = p and 6 : Ix, — pph—1(0%),
g — g(m)/m where Ik, is the inertia subgroup of Gk, (0n is Serre’s fundamental
character of level h, see [64, 1.7]). As a last application, we get:

Theorem 9.1.4.1 (10, 3.2.5.1]). — Let X be a proper semi-stable scheme over W and
firn € N, i € N. Let T be either H'((X xw K)et, Z/p"Z) or a Gi,-stable lattice
in H: (X xw K,Qp) and T the semi-simplification of the Gk,-module T /pT. Then
the action of Ik, (through its tame quotient) on T is given by characters of the form
0;(¢'0+P¢1+~~+Ph_lih—1) with 0 < ij <.

This is essentially derived from [31, 5.3], (5.1.1.3) and (8.2.6)+(5.2.2.4) (and is of
course automatic if i > p — 1). This theorem answers part of a question of Serre ([64,
1.13]) and still holds if T' is replaced by any Galois stable lattice in any semi-stable
representation of Gk, with Hodge-Tate weights between —i and 0 ([11, 1.2]).
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9.2. Open problems. — As we mentioned at the end of (2.2.2), the first open
problem is of course to remove the restrictions K = Ky and ¢ < p — 1 (and we
have already mentioned that there should be a good theory for i[K : Kg] < p — 1,
see appendix of [11]). As this doesn’t seem to be an easy task in the general case,
we only suggest in the sequel questions that we view as interesting even under the
assumptions K = Kg and ¢ < p — 2.

9.2.1. In [19], Faltings extended the Fontaine-Laffaille-Messing theory to a much
more general situation: he allowed non constant coefficients and treated the case of
open varieties over W with smooth normal crossings compactifications (he also treated
the relative case). The generalized torsion comparison theorems he obtained could be
applied for instance in [42] and [23] to the study of Galois representations modulo p
arising from eigenforms of weight k on I'; (V) with (V,p) = 1 and p > k. Following
Faltings, is it possible to extend the previous theory to deal with non constant coeffi-
cients and open varieties over W with “good” compactifications? This could be useful
for the study of Galois representations modulo p arising from eigenforms of weight &
onI'y(pN) with (N,p) =1, p > k and Dirichlet character of conductor dividing N. Of
course, if one wants to follow the “syntomic” method, this would also mean extending
to these situations the computations of [69] (actually, in loc.cit., some categories of
non constant coefficients are already considered).

9.2.2. The finite representations of Gk, built in (3.1.3) and (5.2.2) via the categories
M{O: and M" are in general wildly ramified. There are several (related) ways to
measure this wild ramification. One is to compute the maximal power of p that
divides the different D/ g, where F is the finite Galois extension of Ky cut out by the
corresponding finite representation. Another is to determine which higher ramification
subgroups of the inertia I, = G%, have non trivial image in Gal(F/Ko). For the

objects of MF{" this was done by Abrashkin and Fontaine:

tor»

Theorem 9.2.2.1 ([26], [28],[1]). — Let n € N, r € {0,...,p — 2}, M an object of
MPFI™ such that p"M = 0 and F the finite Galois extension of Ko cut out by the

=== tor

finite representation T} (M). Then:
1) valp(‘DF/Ko) <n+ ==

p—1
2) if v >n—1+ I3, then Gal(F/Ko)” = {1}.

Here val, is the p-adic valuation normalized by val,(p) = 1 and Gal(F/Kj)" is the
upper numbering as in [66, IV.3]. Using the Fontaine-Messing results of (3.2), this
implies GY% acts trivially on H*((X xw K ), Z/p"Z) (and any subquotient killed by
p" of H:. (X xw K,Q,)) whenever v > n — 1+ pil if X is proper smooth over W
and i € {0,...,p —2}. What is this lower bound if X is only proper semi-stable over
W? More generally, what is the bound for the representations coming from M"? In
[33], Gross suggests an upper bound for val,(Dp /K,) in a special case of some modulo

p ordinary representations of Gal(F/Qp). One can show using (9.2.2.1) that Gross’

SOCIETE MATHEMATIQUE DE FRANCE 2002



120 C. BREUIL & W. MESSING

bound is actually valid for naive objects (see 4.1) killed by p (which do not necessarily
correspond to ordinary representations):

Proposition 9.2.2.2 ([13]). — Letr € {0,...,p — 2} and M an object of M Ftor killed
by p and endowed with a linear endomorphzsm N such that N(Fil' M) c Fil*"' M
and N¢; = ¢;_1N for any i. Let F be the finite Galois extension of Ko cut out by
the finite representation Ty, (S1 @k M) where S1 ®x M is viewed as an object of M" in
the obvious way. Then:

1) valp(’Dp/Ko) <24 ;(pr—-—l)

2) ifv > 1+ ;15, then Gal(F/Ko)* = {1}.

Of course, the bounds here are not as good as in (9.2.2.1) with n = 1 (which
corresponds to the case N = 0). However, the bound in 2) is optimal as can be easily
seen by looking at F' = Kp(up, p}/?). What are the bounds that work for any object
M of M" such that pM = 0, or more generally such that p"M = 0?

9.2.3. We assume here Ky = Q. Fix a finite extension of Q, with ring of integers
O and residue field F, and a continuous (hence finite) representation:

ﬁ . GQP — GLQ(F)

such that Endpigq () = F. It is known that the continuous deformations p :
Gq, — GL3(A) of p in the sense of Mazur ([52, 1.1]) where A is a local noetherian
complete O-algebra are parametrized by a local noetherian complete O-algebra R5 o
of residue field F ([52], [68]). Suppose that p, viewed as a Fp-representation of
Gq,, is in the essential image of M FtO,r via the functor T}, of (3.1.3) for an r €
{0,...,p—2} and consider only those deformations p such that, for each n, p,, : Gq, —
GLy(A) — GLy(A/m%) comes from MFELT (via T*;) when viewed as a Z/p"Z-
representation. These deformations are parametrized by a quotient Rj5 o (M MFLTy of
R5,0 which turns out to be isomorphic to a power series ring O[[T},T3]] ([61, 5.1]).
Since any representation of Gq, coming from M F {(;r can be lifted as a (Galois stable)
lattice of a crystalline representation of Gq, with Hodge-Tate weights in {0,...,r}
(3.1.3.2), and since any such lattice comes from a strongly divisible module (this is
an easy consequence of the Fontaine-Laffaille theory, see [12, 2.1]), R5 0 (M Fimyis
also isomorphic to Rz 0/(Np), the intersection being over all prime 1deals p of Rs 0
such that Gq, — GL2(Rp,0) — GL2(Rp,0/p) is the representation corresponding to
a lattice in a crystalline representation of Gq, with Hodge-Tate welghts €{0,...,r}.
The question is: what happens if we replace M F{(;r by M" and the word crystalline
by the word semi-stable? Of course, in that case, the two analogous quotients of R 0
are not isomorphic in general since an object of M" cannot always be lifted as a
strongly divisible module of weight < r. However, since any Galois stable lattice in
a semi-stable representation of Gq, with Hodge-Tate weights between 0 and r comes
from such a strongly divisible module (see 9.1.1.1), one has a canonical surjection

Rz,0(M") — Rz,0/(Np) where R5 o(M") is the quotient parametrizing all liftings in
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M" and p is such that Gq, — GL2(Rp,0/p) is a representation corresponding to a
lattice in a semi-stable representation of Gq, with Hodge-Tate weights in {0,...,r}.
Can one describe these two rings and the kernel of the surjection (which contains
the torsion part of R;0o(M")) in terms of generators and relations? For instance,
the minimal number of generators of R5o(M") should be obtained by computing
extension groups (Ext!) in the abelian category M" and a possible description of
R50/(Np) (when non zero) could be obtained by looking for suitable families of
strongly divisible lattices. This is related to the computations of [9, 6] and to the

next, and last, question.

9.2.4. Let V be a Hodge-Tate representation of Gg, with Hodge-Tate weights be-
tween 0 and p — 2. By definition, the tame inertia weights on the semi-simplification
of the reduction modulo p of V are also between 0 and p — 2 (see 9.1.4.1). If V is
crystalline, by using [31, 5.3] together with the fact that the morphisms in MF/P~2
are strict with respect to the filtration (3.1.1.1), one gets these two lists of figures are
the same. If V is semi-stable, this is not always true anymore, as was first shown by
Ribet using an example coming from modular forms (see the correction to [20]). In
[9, 6.1.1.2], using the categories M, the difference between the two lists is computed
for all 2-dimensional (over Q,) semi-stable representations of Gk, with the above
restriction on the Hodge-Tate weights and involves a number £(V') which only exists
when V is semi-stable non crystalline. Is there a general statement which would allow
the comparison of the two lists in any dimension? Can one build some kind of polygon
out of the tame inertia weights, and compare it with the usual Newton and Hodge
polygons (so, in the crystalline case, that polygon would just be the Hodge polygon)?
It was noticed by many people (Ulmer, Mazur, Conrad, Diamond, Taylor, ...) that
similar phenomena also happen when one deals with (2-dimensional) potentially crys-
talline (non crystalline) representations of Gq, (see [74, 1.10] and [15, 1.2.1-1.2.3])
and one wonders, with Mazur ([53]), what is the general rule behind this.
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