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ALMOST ETALE EXTENSIONS

by

Gerd Faltings

Abstract. — The theory of almost étale coverings allows to compare crystalline and
p-adic étale cohomology, for schemes over a p-adic discrete valuation ring. Using
Frobenius the main technical result (a purity theorem) is reproved and extended to
all toroidal singularities. As a consequence one obtains Tsuji’'s comparison theorem
for schemes with such type of singularities, even for cohomology with coefficients
in suitable local systems. On the way we have to establish some basic results on
finiteness of crystalline cohomology with such coefficients.

0. Introduction

The theory of almost étale coverings goes back to Tate for the case of discrete
valuation rings. The higher dimensional theory has been invented by the author,
and used to prove conjectures about Hodge-Tate and crystalline structures on the
étale cohomology of varieties over p-adic fields. The main purpose of these notes is to
extend the theory to cover toroidal singularities, especially all schemes with semistable
reduction. This is possible because we have found a new method of proof for the main
technical result, the purity theorem. This new method makes heavy use of Frobenius
and of toroidal geometry. After starting and proving the new purity theorem we study
duality, first local and then global. For the globalization we need a topos X which
(X a scheme or an algebraic space over a p-adic discrete valuation ring V, X its
generic fibre) is an étale localization (in X) of the topos of locally constant sheaves
on Xg. Thus its cohomology (or better the direct images to the étale topos of X)
is Galois-cohomology. Our previous local theory applies to “coherent sheaves” on
this topos, and they satisfy finiteness, Kiinneth and Poincaré-duality like any decent
theory. However for this we have to work in the almost category, that is we divide
by the subcategory of sheaves annihilated by any positive (fractional) power of p. A
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186 G. FALTINGS

more systematic study of almost mathematics can be found in the recent preprint
[GR] by O. Gabber and L. Ramero.

It is quite remarkable that one can still apply the Artin-Schreier exact sequence to
derive from the results for “discrete” coefficients, like Z/p*Z. Namely for these coeffi-
cients one cannot use the almost category. However at one key turn almost invariants
under Frobenius coincides with real invariants. Let us also mention that we make
again heavy use of Frobenius (now on the coeflicients) and Fontaine’s construction of
rings Ain¢(R). Finally we show that the theory with discrete coefficients gives étale
cohomology of the generic fibre X . For this we have to compare characteristic classes
or better Gysin maps. For regular embeddings one reduces to codimension one and
an explicit calculation of local direct images. The latter replaces a more global (and
less transparent) argument in [Fa 3|. In general one uses toroidal modifications to
make embeddings regular. That is possible for the diagonal was a great surprise for
the author.

At the end we explain how to derive comparison maps to crystalline cohomology.
However this is only sketched as all these ideas have already been presented in a
number of papers ([Fa 3], [Fa 5], [Fa 6], [Fa 7], so that everybody interested in the
matter can learn it there. We also add some (a little bit) incomplete results about
cohomology of isocrystals, which we could not find in the literature.

All in all this suffices to prove the Cg-conjecture of Fontaine-Jansen. This had
been done previously by T. Tsuji ([Ts]). However we can also treat the case of non-
constant coefficients where some new phenomena occur. Anyway the author profited
from his participation in the p-adic year at Institut Poincaré in Paris, first by giving
lectures on a preliminary version and then by learning about T. Tsuji’s technique.
I have to thank the referee who found many mistakes and made an enormous number
of suggestions for improvements.

1. Almost-Mathematics

Let V denote a (commutative with unit) ring together with a sequence of principal
ideals m, C V parametrized by positive elements a € A*, where A C Q denotes a
subgroup dense in R. Denote by m a generator of m;, and 7* a generator of m,.
Assume furthermore that 7%7? = unit -#®*#, and that 7% is not a zero-divisor.

Examples
a) V =Z, = integral closure of Z, in Qp, my = elements of valuation > o, m =p

(A=Q).
b) Consider R = @(Zp/ pZy, Frobenius), V = W(R),

m=1p,0,...,0] € W(R),

p=Ilimp'/?" € R, A=Z[1/p], * = the obvious element.
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ALMOST ETALE EXTENSIONS 187

If m = (J mg, then a V-module is almost zero if it is annihilated by m. Denote this
a>0

by M ~ 0. Assume R is a V-algebra and M an R-module.

1. Definition. — M is almost projective if Exth (M, N) ~ 0, all R-modules N and all
i>0 (oronlyi=1)

M is almost flat if Tor®(M, N) ~ 0, all R-modules N and all i > 0 (or only i = 1)
M is almost finitely generated if for each a > 0, a € A, there exists a finitely generated
R-module N and a 7“-isomorphism 1, : N — M (i.e., there exists ¢, : M — N with
Do © Yo = T - idN, P © Pa = T 0idpy).

M is almost finitely presented: dito with NN finitely presented.

2. Remarks

a) P almost projective
& for all surjections f : M — N and maps g : P — N, 7 - g factors through f
(a>0,a€A)

& all a > 0, a € A, there exists a free R-module L and maps L 2 p 4, L with
go f=m%-id,.

b) If P is almost projective and almost finitely generated, then P is almost finitely
presented. Then also P* = Hompg(P,R),P ®r P,A'P etc. are almost finitely
generated projective. Furthermore there is an almost isomorphism P ®pr P* =
Endg(P), and thus a trace-map tr : m®g Endg(P) — R, or equivalently Endgr(P) —
Hom(m, R). Thus for f € Endr(P) we can define a power-series

det(1 + T'f) = f:tr(m' )+ T* € Hom(m, R)[[T]].

One checks that Hom(m, R) is a ring
fog(@*P) = f(n®) - g(n"))

and that

det(1 +Tf) det(1 +Tg) = det(L + T(f + g+ Tfg))(= )_tx(A'(f + g+ Tfg))-T*
i=0

We say that P has rank < r if A"*1P ~ 0. Then letting e € Hom(m, R) denote the

coefficient of T" in det(1+ T -id,), one checks that e = €2 is an idempotent, and thus

R ~ Ry x Ry factors (up to almost isomorphism). Also P ~ (P ®pg R;) X (P ®r R»).
Over one of the factors (say R1) e = 1. One then checks that after base-change to

Ry, L = A" P satisfies L ® g L* ~ R, i.e. L behaves like a line-bundle: There are the

maps

tr: Endg(L)~ L®r L* — R
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188 G. FALTINGS

and the identity: R — Endg(L). We have tr(id,) = e = 1. In fact for two f,g €
Endg(P) we have

tr(A"f) - tr(A"g) = tr(A"(fg)) = coefficient of T2" in det((1+ Tf)(1 + Tg)).
Apply this to f and g of the form

f@)=> Xi@pi, M€P, y€P

i=1
g9(@) =Y vi(x)¢s
i=1

to get tr(A”f) - det(vi(;)) = det(vi(f(¢5))), i.e.
ttAN YA A A [ LA NG =i A A [ATF(PL A A D).

Varying v’s and ¢’s gives A"f = tr(A"f) is a scalar. As the A"f (given by = —
M A AM | z(pr A+ A pr)) generate Endg(L), everything follows. The same
argument gives:
If e = 0, then tr(A"f) = 0 and A"f = 0, and then A"P = 0. Thus by induction we
get an almost isomorphism

R~Ryx:---xR,,

such that over R; A'P is invertible, A**1P = 0. Also over R; we have a determinant-
function

det(f) = tr(A*f) : Endg(P) — Hom(m, R;)
homogeneous of degree i with det(fg) = det(f) det(g),det(1) = 1.

3. Remark. — 1 do not know whether for arbitrary finitely generated projective P’s
we have a decomposition R ~ H?io R; with P ®pg R; of rank .

2. Almost étale coverings

1. Definition. — A ring homomorphism A — B is called an almost étale covering if
i) B is almost finitely generated projective as an A-module, of finite rank
ii) B is almost finitely generated projective as a B ® 4 B-module

2. Remarks

a) There exists an idempotent eg/4 € Hom(m, B ® 4 B) measuring where B has
rank 1 as B ®4 B-module. ep/4 is annihilated by (b ®4 1 —1®4 b) and maps to
1 € Hom(m, B) under multiplication.

b) Replacing A by Hom(m, A) we may reduce (in many cases) to the case where
ranky B = r is constant. Then there exists an almost faithfully flat base-change
A — A’ (A’is almost flat, and M ®4 A’ ~ 0 implies M ~ 0) with B’ = B A' ~ A”.
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ALMOST ETALE EXTENSIONS 189

Proof. — If r > 1, A — B is almost faithfully flat: If a C A is an ideal with aB =~ B,
then mA C Normp/4(aB) C a Hom(m, A). Furthermore after base-change to B we
may split of one factor B from B ® 4 B, thus reducing r to r — 1.

¢) A — B is called a G-covering if a finite group G acts on B such that after almost
faithfully flat base-change A — A’ we have B’ = B®4 A’ ~ A’C. If B has constant
rank r, there exists A — B — C with C/A a G-covering with G = S, (symm. group
in 7 letters) C/B is an H-covering with H = S,_; C G (C C B®" is an almost direct
factor given by the idempotent [], ; Aij(1 — ep/a), Aij B®? — B®T the canonical
maps).

2a. Hochschild-Cohomology and Lifting. — Recall that for an A-algebra B
(with unit) we can form a complex of B-bimodules (B ® B°P-modules)

C(B/A):B®sB— B®1B®sB+— B®4aB®41B®sB «,
with differential
dpn : Cn(BJ/A) = B®"*? — C,,_1(B/A) = B®"*!

n
dn(bo®b1® @ bps1) = Y (~1)'bo @+ @by b1 ® ++ ® b
=0
This complex has an augmentation Co(B/A) — B and is (with B in degree —1)
nullhomotopic as complex of left respectively right B-modules. For a B-bimodule M
define
H*(B/A,M) = (Hompgper (Cx(B/A), M))
Thus H°(B/A,M) = MB = {m € M | bm = mb (allb € B)}
H'(B/A, M) = {biderivations B — M} /{inner derivations b — [b,m] = bm — mb}
etc.
For any B-module N the bimodule M = Hom4(B, N) has
H{(B/A,M 0,4>0
(BlAM)={
For example if B is a projective B ® 4 B-module then for any bimodule M we have
that M = Hompg(B, M) (using say left B-module structures) is a direct summand in

Homp(B ®4 B, M) = Homa(B, M),

and thus its Hochschild-cohomology vanishes in positive degrees. By the same argu-
ment B almost B ® 4 B-projective gives H(B/A, M) =~ 0 for i > 0.

Now suppose that I C A is an ideal with square zero: I? = 0.

If B is an A-algebra which is almost unramified (B is an almost projective B® 4 B-
module), C an A-algebra, f : B — C = C/IC an A-algebra morphism (or almost
morphism), then there is at most one way to lift f to f : B — C (up to almost
equality):

SOCIETE MATHEMATIQUE DE FRANCE 2002



190 , G. FALTINGS

For two lifts f1, f2 the difference is an almost derivation B — I - C, thus almost
zero as HY(B/A,I-C) = 0.

If B is also an almost projective A-module, then in fact an almost lifting exists:

For each o > 0, 7 lifts to an A-linear map f, : B — C. Consider

9a(2,y) = 7 fa(zy) — 7* fa(z) faly) € I - C.
Then g, defines a cochain in
Hompg,5(C2(B/A, I - C)).
We claim that it is a cocycle. To check that compute the boundary
494 (2,Y, 2) = 29a(y; 2) = 9o (Y, 2) + 9a(T,y2) — ga(T, y)2

Using that multiplication by f,(u) coincides with multiplication by 7%u in IC, this
is:

fa(@)(* fa(y2) = fa(y) fa(2)) — 72 fa(zy2) + 7° fal(2y) fu(2)
+ 72 fa(@yz) — 7 fo() fa(y2) — (7 fa(zy) — fa(z) fa(y)) fa(2) = O.
Thus 7%g,, is a coboundary,
7%9a(2,y) = Tha(y) — ha(zy) + ha(z)y,
and f, = 73 f, + hq lifts 74 - F and satisfies
T fa(ey) = fa(2)faly)
Furthermore for 0 < a < 5/2 <
98,0 =1 fg —nPA0 g,
satisfies
9p,a(xy) = fa(2) fp(y) — 175 fa(2) fa(y)
= f5(2)(fa(y) = 74 fa(y)) + (fa(2) — ¥~ fo(@))m ¥~ fu(y)
(using the terms in brackets are in IC)
= 12(fa(9) — 774 fa()) + (fa(@) — 774 fa(@))n*y
= 98,a(y) + 98,a()y-
Thus g3, is an almost derivation, hence almost zero. Multiplying by 7 gives
7 . fg = mOB- e £

Hence considering the 7% f,, as multiplicative maps from 7%%-V®y B to C (lifting f),
they glue to a map

f:m®vB=li_I)n(7r9°‘-V)®vB—>C
Also f(1) € Hom(m, C) is an idempotent lifting 1, thus f(1) = 1.

ASTERISQUE 279



ALMOST ETALE EXTENSIONS 191

Finally we lift almost étale coverings. First we treat the underlying projective
module: Let P be an almost projective A = A/I-module. For any a > 0 choose a
free A-module T and maps f,, : Loy — P, G, : P — L, with f, 09, = 7 -id. Let
€ € End(L,) denote g, o f,, S0 €2 = T - Bq.

Lift €, to an endomorphism f, of L. Thus f2 — 7 f, takes values in I - L, hence
(f2 — 2 fo)2 = 0. If e, = 37 f2 — 23, then e, lifts 72%e, and satisfies €2 = 73%e,.
Hence P, = Lo /(73 — e4) Ly is “projective up to 73", i.e. 73> annihilates all higher
Exty(Py,?). Also f, and g, induce maps

P, =P 2P,
with
3a

A a 200 =/ 3
fa 00y =7 idp, 1% 0 g, = 7% - idp_

For o < /2 < B,
piatia—8p o‘g‘% oT; P, — ﬁa — P — Fﬂ

lifts to a map ga,3 : Po — P with ?/ﬂ 0Gapd = 7@ o f,. Considering gn s as
a map from 77V ®y P, to 7PV ®y Pg, we form P = @a 77V Qy P,, for a
suitable sequence @ = @y, ant1 < @, /2. Then the fa define an almost isomorphism
P®a A/I ~ P. As cokerg, s is annihilated by 77~ 7#+e+3f and hence by 7%,
coker g, g is annihilated by 7!6%, and 7"*V ®y P, — P is an isomorphism up to
716 Thus P is almost projective and lifts P.

Remark. — If P has rank < r, so has P.

Now assume B/A is an almost étale covering, that B is almost projective over A
as well as over B ®4 B. We claim that there is an almost étale covering B/A with
B®a A/l ~ B:

We give a sketch, as the method follows the previous but the constants become more
complicated. First lift B to an almost projective A-module B. Then for all a > 0 the
multiplication
m:B® A B—B
lifts after multiplication by 7% to
md:B®s B — B.

Then 7°%(m%(m§(a,d),c) = m2(a,mg(b,c))) (c = suitable constant) defines a class
in H3(B/A,I - B) =~ 0. After modifying m, we can make it associative. Then
the commutator with a fixed element defines a derivation, thus 7°* - m,, (c suitable)
is commutative, and similarly 1 € B lifts to an idempotent which is a unit. For

a < /2 < (B a suitable multiple 7¢* - id3 lifts to a multiplicative map
(7°°V @y B,mgy) — (1°°V @y B,mg).

Then B = li_n)nrc"‘V Qv B with l’i)nma does the job.
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192 G. FALTINGS

‘We have shown

3. Theorem. — The functor sending B to B = B®4 A is an equivalence of categories
(almost étale coverings of A) — (almost étale coverings of A).

2b. The Purity Theorem. — The previous theory is applied to the study of
universal étale coverings. This was first done by Tate ([Ta]): Assume V is a p-adic
discrete valuation-ring, with residue field k = V/7V perfect of characteristic p > 0 (7
a uniformiser) and fraction field K of characteristic zero. Assume furthermore that
K is a totally ramified Z,-extension of K, Voo C Koo the normalization of V. Then
for any finite extension Lo, of K, the normal W, of V. in L, is an almost étale
covering of V. This was generalised to non-perfect residue fields as follows: (see
[F2], Theorem 1.2) Assume [k : kP] = p? < co. Assume given a tower K = Ky C
KicKyC---CKy= Un;O K. Let V;, = normalization of V in K,,Qy, i the
universal differential module. It is known that Qy, ;i can be generated by < d + 1
elements, and that its length is the different of V,,/V. Now assume that for any m > 0
there exists an n such that Qy, ;- has as quotient (V;,/7™V,,)?*1. Then again for any
finite Loo 2 Koo, W = normalization of Vo, is an almost étale covering of V.

Now suppose that over V we have an affine normal torus-embedding T = G4t C T
([KKMS], §1) If L = Hom(G,,,, T') denotes the characters of T', we furthermore assume
given a rational convex polyhedron ¢ C Lg not containing any line, such that T =
Spec(V[L*NaV]). Finally we assume given an element A € L*Na" such that oNker()\)
is a simplex, i.e. consists of the positive linear combinations of elements p1,...,p, €
L N o which are linearly independant over Z. This hypotheses will later assure that
the divisors at infinity in the generic fibres have normal crossings.

Let Ty C T denote the closed subscheme defined by the vanishing of (7 — \).
Assume given a noetherian ring R and a map f : Spec(R) — T which is flat, has
geometrically regular fibres and is formally étale in charateristic p, i.e. for a prime
p C R(p € p) with image z € T is R, formally étale over Oz, - This is equivalent
to the fact that Frobenius induces an isomorphism (R,/pR,) ® O, , > Ry/pR,.
("= completion in p-adic topology). Also for each residue-field x of O, the fibre
R ® k has dimension < logp[fc : kP] < d. Denote by T, — T the covering induced by
multiplication by n!, Spec(R,,) — Spec(R) its pullback via Spec(R) — Tx C T (then
R, is a module over V,, = V[r/™'] because of the relation A = 7). If Rec = J,,5 Rn,
and if Ry, — S is the normalization of Ry, in a finite étale covering of the preimage
of T CT in Roo[l/7], we claim that S., is an almost étale covering of Re.

4. Theorem. — S,/ R is almost étale.

Proof. Reduction-steps
i) Instead of the T, we may choose Spec V[L% N "], where the L, C L form a
decreasing sequence of sublattices such that for any integer m, L, C m- L for n > 0.
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ALMOST ETALE EXTENSIONS 193

ii) We may start with a fixed L, (instead of L) right away. Especially we may
assume that S, is defined by an R-algebra S such that S[1/7] is finite étale over
R[1/7] over the preimage of T C T.

iii) For a suitable choice of L, we can achieve that

Txn =Spec(V[L:NoV]/(A =) 2 Thn = Spec(V[L:]/ (X — 7))

is over Spec(K) an embedding of the complement of a simple normal crossings divisor
(use the properties of A), and especially T—,\,n ®v K is regular. By Abhyankhar’s
lemma we then may assume that S[1/7] is finite étale over R[1/m].

iv) From now on it will be sufficient to work with a sequence of lattices L, cofinal
with p" L. The more general result then follows by base-extension (once we have that
Soo[1/7] extends to an almost étale covering, this covering must be the normalization
of Roo, and this remains true after base-change).

v) Next we consider what happens in the generic points in characteristic p. Suppose
Z is an irreducible component T\ ®y k = Spec(k[LNoV]/())). Then o corresponds to
an extremal ray (halfline) in o. If it is generated by an indivisible element p € L, and
if A\(p) = e, then in a neighbourhood of the generic point z of Z the torus-embedding
T is isomorphic to T x A',T' = G¢,, and T, has as local ring there

T 2 V'[t]/(t° — ur) = V'[/ur]

where V' is the Icoal ring corresponding to 7,4 € V' is a unit. As un is a uniformiser
of V' it follows that Tu is a discrete valuation-ring. It follows that T’ satisfies R;.
As it is Cohen-Maccaulay (T is as all torus-embeddings are [KKMS)], §3), T’y is even
normal. Also R and R,, are normal and Cohen-Macaulay.

After that interlude let us pass to the sublattices L,, and choose a projective
system of points z, € T,\,n lifting z. We claim that the local rings (’)Tm,zn satisfy
the ramification-conditions of [Fa2], Th. 1.2:

That is for given r there exists n such that the relative differentials Q7 7,
have a quotient (OTMIM /p")4+1 (the integer d in [Fa 2] coincides with our d here). If
we compute relative logarithmic differentials we obtain L}, /L* ® OTMM”. The usual
differentials map into these, with cokernel annihilated by Hfiol i, if the p; € oV N LY
form a basis of L}. Now for L, = p™L the valuation of this product decreases like
c¢-p~™, and the claim follows for those L,, and thus also for any sequence.

By formal étaleness the same applies to the sequence (R, pn), where p, C R, is a
projective system of primes above a fixed p C R which is a minimal prime divisor of
pR or wR. It follows that S, is almost étale over R p.

vi) It now suffices to prove that Sy, is almost flat over Ro,: There exists an idempo-
tent es__ /r.. € Soo®R., Soo[1/7] defining the diagonal (the direct summand Seo[1/7]).
For each a > 0 its product with 7% then lies in

NS0 ®Ro Soo)p N Soo ®Ru, Soo[l/T] X Soo ®R., Soo
p
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194 G. FALTINGS

(p runs over all minimal prime-divisors of mR). Thus S, is an almost direct summand
in Seo ®R,, Soo. Furthermore if

r
Faesw/Rco = in R Yi (ztayl € Soo)a
=1

then

T
T = in ‘Trs_ /R, (yix)
i=1
for all x € S, which exhibits Sy, as an up to 7 direct summand in R._ . Then S,
is almost projective over Ry

By localization we may thus assume that R is local with maximal ideal m, and
that S is almost flat over R, on the punctured spectrum Spec(R) — {m}. It also
follows that Se ®r R (R m)-adic completion) is almost equal to the normalization
of Roo ®r R using that R is normal (f is formally smooth) and that the two can only
differ almost by m-torsion.

vii) Assume now that dim(R) = 2: Let z € Ty denote the image of {m}, 2, € Txn
a projective system of liftings. We claim that for a suitable choice of the lattices
L,, the local rings of T,\,n in 2, are regular. The same is then true for R,. As S,
is normal of dimension two it is Cohen-Macaulay, and thus flat over R, (depth +
projective dimension = 2). Thus Sy is flat over R

To show the claim we may assume that 7 € m. Thus z € T vk CTQv k
corresponds two a codimension-two-point in T ®y k. If it is not the generic point of a
codimension-two stratum each T,\,n,z,, is already regular by the previous. Ifit is such a
generic point then near z T, looks like the product of a G&! with a torus-embedding
of rank 2. This torus-embedding is given by a 2-dimensional convex polyhedral cone
which must be a simplex. For suitable choice of the L, this simplex is spanned by
two basis-vectors of L,,, and T, is smooth over V in z,. It then follows easily that
T is still regular in 2,. (The singularity looks like V;, [T}, To)/(TETS — 7).

So finally now dim(R) > 3. The Frobenius-mapping is surjective on Roo/pRoo (0r
R /TRoo):

This holds for OF_, and S is generated by Oz _ and RP.

Following Fontaine we form the projective limit R = lim(Roo/ pRo) (transition-
maps are Frobenius) and Ais¢(R) = W(R). Then Ajne(R)/p - Aint(R) — R, Aint(R)
admits a Frobenius-automorphism ¢, and there is a surjection Ajp¢(R) —» Rx, (-
adic completion) with kernel generated by a single element £ = p — [p]. Here [p] =
[p,0,...,0] with p = lil_n(pl/ P") € R a compatible system of p-power roots of p. Note
that

o) =p—[plP =p—(p— &)’ ==+£" +p- (unit).
The elements p and £ form a regular sequence in Ajy¢(R), and Ajns(R) is complete
in the £-adic topology. However this topology is not ¢-invariant. We thus consider
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ALMOST ETALE EXTENSIONS 195

the finer topology where a fundamental system of neighbourhoods of zero is given by
the ideals generated by finite products (m, > 0, almost all zero) [],cz(#"(£))™".
Note that any product [],,., ¢™(§)™" with positive ¢-powers forms together with £ a
regular sequence in Ajn¢(R), and that the ideal generated by those two elements defines
the same topology as (p,£). Thus Ajne(R) with the topology defined by HQI:o ¢"(€)
is the fibred product of (A, £-adic topology) with (A, Hf:;l @™ (€)-adic topology), over
(4, (p, £)-adic topology).

Now Soo defines an almost étale covering Voo of Uso = Spec(Roo)—Spec(Roo/MR).
It obviously has finite rank [Lo : Ko]. Furthermore if we reduce modulo p it is
almost invariant under Frobenius, i.e. Frobenius on Oy, /pOy,, induces an almost
isomorphism

Ov,,/POv,, ®oy_. /pou.. Q.. /POu, = Ov,, [pOv,, :

Reduce to the split case.

Let mg C Ajs(R) denote the ideal generated by p and suitable lifts of
generators of m. Then we can lift V first to an almost étale covering of
Spec(Ains(R)/€™) — {mo}, all m, which by transport of structure induces almost étale
coverings on Spec(Aint(R)/¢"(€)™) — {mp}(n € Z). These are all isomorphic modulo
p because of Frobenius-invariance, and thus by induction (and gluing, that is taking
fibred products with almost surjective maps) we obtain almost étale coverings of

Spec (Au(R) / 1 ¢"(©)") — {mo}
n=0
and by applying ¢ of
Spec (Awmt(R)/ T] ¢"(©)™) - {mo}.
neZ

That is if we consider the ind-scheme defined by quotients Aint(R)/ [[,cz #™(§)™",
then we have defined a ¢-invariant almost étale covering of its punctured spectrum.

Notations
Xin = “lim” Spec (A (R) / T] ¢"(©)™)

nez
Uint = Xint — {mo}

Vint — Uins :  the almost étale covering derived from S..

Also “almost” should now be defined with respect to the sequence of ideals generated
by pt/?" = ¢ "(p). Define the cohomology H*(Vix¢, Ov,,) as Cech-cohomology of the
affine covering defined by a system of generators of m. This is easily seen to be inde-
pendant of the choice of the covering, and one has long exact cohomology-sequences
from short (topologically) exact sequences. I conjecture but have not checked that it
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coincides with the cohomology of the ind-scheme Viy¢. It certainly admits a Frobenius-
automorphism (almost) ¢.
For ¢ > 0 the cohomology

Hi(‘/;nfa O‘/inf/é . OVinf) = H|i1+1(§0\0)7

is equal to the local cohomology. It satisfies a certain finiteness condition (SGA2,
Exp. VIII, Th. 2.1):

Firstly for any n the cohomology H2 (S, ) is a finitely generated S,-module and thus
of finite length, as for any prime p # m depth(S,p) + dim(S,/,) > 3. Furthermore
there are maps

H2(Sn) ®R, Roo = H2(Sn) ®R, Roo — H2(Sn ®r, Reo) — H2(Se0)-

For any positive a > 0 the kernels and cokernels of both maps are annihilated by p®,
for n big enough:

If R, where flat over R,, the first map would be an isomorphism. This is not true
in general, but in the appendix 2 it is shown that for a sequence o, with a,, — 0,
p® annihilates all Torf"(R,,, M), (i > 0) (m > n and M any R,-module). The
same then holds with R,, replaced by R or its p-adic completion. This implies the
assertion for the first map.

For the second one studies S, ®r, R — Soo- Its kernel consists of p-torsion and
is annihilated by the p®~ from above. For the cokernel use that for each height-one
prime p the trace-form on S, , has discriminant pP~ with B, — 0. Thus

P’ Soop S N(Sn @R, Roo)p
and (using annihilation of Tor] s)
pa"+ﬁ" . Soo .C_ (mp Sn,p) ®Rn Roo = Sn ®Rn Roo

Again we may pass to p-adic completions. It follows that for each o > 0, p*- H2, (§;)
is contained in a finitely generated m-torsion S..-module. In the appendix 2 it is also
shown how to define an invariant (the normalized length)

Ap* - HA(S0)) € R.

A is > 0, is additive in short exact sequences, invariant under almost isomorphisms,
and for an m-torsion module which is a submodule of a finitely presented m-torsion
Soo-module, A vanishes only if the module is zero. Also if M is annihilated by pl/P,
then

MM ®g, R/pR) = p*T'A\(M).
Now consider
M = Hl(Vinfy Oinf)-

Then M /&M injects into H(Voo, Ov,) = Hﬁ(g;) Thus for any o > 0, p*(M/EM)
as well as p*(M/(&,p)M) have finite A-invariant. Furthermore Frobenius induces an
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almost isomorphism
M/(¢7"(€),p"/*)M ®r,, R/pR~ M/(&,p)M

Thus

P AP M/ (7€), pVP)M) < AP M/ (€, ) M)
Choose 0 < a < 1/p?®. Then pP* P M/(£,p)M has a filtration of length p + 1 by
submodules
l1-a
p+1
and each consecutive subquotient is a quotient of p* M/ (¢~ (£), p'/?) M. Furthermore
PP M/ (&, p)M is contained in

p—1

> oprD g )T M/ (€, p)M (€ = ¢ (€)Pmodp),

Jj=0

p* - M/(¢71(&),p)M, ai=a+i (0<i<p),

which has a filtration of length p with consecutive subquotients of p*M/(¢~1(¢),p) M.
Thus
A" M/(&,p)M) < p(p +1) - Ap* M/ (¢ (€), /") M),
As p?t! > p® > p(p+ 1), we see that both sides vanish, so A(p* - M/(&,p)M) = 0 (all
a > 0) and A(p* - M/éEM) = 0 (p is nilpotent in M/€M). Now for n > O there is a
map
M/¢M — HZ(S,) ®r, R

with kernel annihilated by p®. As A(p* - image) = 0 it follows that p® - image = 0,
thus p?* annihilates M/EM. As a was arbitrary, M/¢M =~ 0, and by induction also
any quotient M/ [],cz ¢™(§)™" - M ~ 0 vanishes almost.

It follows that the map I'(Ving, Ov,,,) — Seo = I'(Veo, Oy, ) is almost surjective:
Order the finite products [,z ¢"(£)™" in a countable sequence

91=6,92,93,-- -,
with
Gnt1/9n = & ¢-power of £,

Then

Hl(Vinf’gn ’ OVinf/gn+1 : OVinf) ~0,
as this ¢-power induces an almost isomorphism with M. For a > 0 choose a strictly
increasing sequence

a1 =0<a, <apy1 << a.

For

f1 € g;z = F(‘/;nf7o‘/inf/g1 : Ovinf)
construct inductively f, € I'(Vint, Ovi.;/gn-Ovi,) With frni1 lifting p*n+1=%n. f,, . This
is possible because p*~+1~%~ annihilates the obstruction to lift f,. Then the prn. fp
form a compatible gystem of lifts of p* - f; = p*- f1. Thus finally Sint = I'(Ving, Oviy)
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is an Ajn¢(R)-algebra with Sine/€ - Sint ~ §; Furthermore Frobenius induces an
almost automorphism of Sj,s.
Next consider the cokernel M of the map

Sint ® Aine(R) Sinf — T'(Vints Ovine ® Ayne(R) OVine)

On it Frobenius is an almost isomorphism. On the other hand M/¢ - M (almost)
injects into the cokernel of

that is into HL(Seo ®r.. Seo)-

By the same reasoning as before H} (Soo 5,;500) is for each a > 0 p®-isomorphic
to a finitely presented torsion-module, thus A(p® - M/EM) < oo (all & > 0) and
M/EM =~ 0. Finally the canonical idempotent defining the diagonal defines an almost
section of Ov,,; ® A,,(n) OViye lifting the corresponding idempotent es_ /g, - It is thus
at least modulo £ in the image of Sins ® Asnt(r) Sinf, and eg_ /g, lies almost in the
image of Soc ®R,, Soo-

Appendix 1. Some toroidal geometry. — Assume Spec(R) — Ty is formally
étale in characteristic p. We assume that R is local with maximal ideal containing 7.
We want to study how much of this parametrization is canonical.

Obviously we can replace ¢ by its face parametrizing the stratum of T which
contains the image of the closed point of Spec(R). Let L’ C L denote the lattice
spanned by . Then we have a formally smooth map

Spec(R) — T, C T,

into the torus-embedding defined by (L’,o). Thus change notation and assume L =
L', but the map only formally smooth (i.e. flat with geometrically regular fibres).

4. Proposition. — R is normal. The complement of the open stratum in Spec(R) is
the union of irreducible divisors E. They correspond one to one to the extremal rays
ofo. If pe LV NaV is the indivisible generator of such a ray, then for any p € L the
function m € R has valuation u(p) in the generic point of the correspodning divisor.

Furthermore LY N oV = invertible ideals I C R with support in the complement of
the open stratum, via p— R - pu.

Proof. — Choose a p € L which lies in the interior of 0. Then define a decreasing
filtration on V[LY N V] by F®(V[LY NcV]) = ®4(p)>nV - p- It induces a quotient
filtration on V[LY NoV]/(r — A) with

gry, (VILY naY]/(m = X)) 2k[LY naY],
and by pushout a filtration Fj; on R with grp (R) = £[LYN0 "], k = residue-field of R.

Furthermore this filtration defines the m-adic topology on R. As the associated graded
is normal, so is R.
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For each extremal p we obtain a divisor in T isomorphic to the torus-embedding
defined by (L/{p), projection of o), and the valuation of ;1 € LV along this divisor is
u(p). The intersection with Ty is as follows: If \(p) = 0, it is Ti\ with T” corresponding
to L/(p). Its preimage in Spec(R) is normal and thus irreducible. If A(p) = n > 0,
then the intersection does not meet the generic fibre of T5. In the special fibre

T ®v k = Spec(k[LY NaV](N))

the intersection is the boundary component of Spec(k[LY N ¢"]) defined by p. Its
preimage in Spec(R) is irreducible for the same reasons as before, and also the valua-
tion of  is as required (the intersection with T’y is transverse). As the complement of
the open stratum in Spec(R) is the union of the divisors, we have shown the second
assertion.

Finally assume I = R- f C R is an invertible ideal. For any p € LY N ¢ we can
as before define filtrations F, on

VILYNnaY], VILYNaY]/(m =)
and R. Now gry (R) is formally smooth over
g%, (VILY NaV]/(m = \) =K[LY no¥ N pt],

and grp (R) is an integral domain (as this holds for Th).
Now the conditions on I mean that f divides some pg € LY Noy, o = f - g. First

choose p € 6. Then if a and b are maximal with f € F3(R), g€ F},’(R), it follows by
compution in gry, (R) = [LY N o] that a + b = po(p), and after multiplication by
units that there is a decomposition o = p—v with f—p € Fgt1(R), g—v € FET1(R).
u and v do not change if we vary slightly the ray Ry - p. As 0 is convex they are
thus independant of p.

Next choose p generating an extremal ray of o. It corresponds to an irreducible
divisor E. We show that for the corresponding valuation vg(f) < ve(u) = u(p). If
this holds for all F then f divides p (by normality) and g divides v (by symmetry).
But then I = R - p. Next assume that vg(f) > u(p) = n. Thus f € F*+1(R), which
is generated by finitely many x € LY N oV with x(p) > n + 1. Choose a ray in the
interior & sufficiently close to p. It is generated by a p such that Hl('% is very close
to p. Especially we can achieve that each of the x’s has values > n on it. Thus if
n = u(p), then f € F‘l?",'l, which cannot happen. Hence we have shown surjectivity
of the map.

Injectivity follows because we already know how to recover u from I,,. Conversely
once we have identified ¢V with the semigroup of effective Cartier-divisors supported
in the boundary, we obtain LV as the group of all such divisors, and then also L and
o. Also X corresponds to m. Now extend ) to a basis of LV, and choose equations
for the remaining basis-elements. This defines a map Spec(R) — Ry which differs
from the given one by the action of T via a point z of T'(R). Passing to the m-adic
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completion R the two maps differ by an automorphism of ﬁ, which is the identity on
k = R/m and multiplies u € LY NaV by u(z).

All in all (L, o) is essentially unique up to automorphism once given Spec(R) and
its open stratum.

5. Remark. — One might ask whether the fibre R®y k is reduced. This happens if and
only if this holds for Ty, i.e. if k[LYNoV]/()) is reduced, that is if A(p) € {0, 1} for all
extremal rays p of o. We can always achieve this by replacing L by L = A1 (eZ) with
e sufficiently divisible, and A by A/e. Choose e such that A(p) divides e if A(p) # 0.
Then p changes to p = ﬁ - p, and A/e(p) = 1. This operation amounts to adjoining
/7 to V. We shall usually assume that this has been done. Then R ®y A is normal
for any flat normal V-algebra A. Especially R @y V is normal.

There is also an intimate relation to log-structures as defined by Fontaine-Illusie-
Kato: Namely on X = Spec(R)®® consider the sheaf of monoids P = j,(O%o) N Ox
(j : X — X inclusion). Its fibre at ¢ € 7— stratum is an extension 0 — O} , —
P, — 7V — 0, with O} , acting freely on P,. Thus P defines a fine log-structure,
log-smooth over Spec(V') with the log-structure defined by V — {0}. Conversely if
X0 C X is such that P = j,( %0) N Ox defines a fine log-structure log-smooth over
Spec(V) with V — {0}, then for each z € X, P,(O%,)* injects into the group of
Weil-divisors supported on the complement of the open stratum in Spec(O%,). If
LY = (P,/(Oh,)*)&° P, [ = (LY)Y, then the valuations at irreducible components
of the boundary induce maps LY — Z and thus elements p € L, which span a
polyhedral cone ¢ C Lg with P,/(O3,)* = LY NoV. Furthermore elements of P
lifting a basis of L contained in ¢V define a formally smooth map Spec((’)iljz) — Ty,
where A\ € LV corresponds to . A € LY may not be indivisible (it is only indivisible
by p), but assume that it is. Hence our toroidal description can be translated into
log-structures. However as all the important tools we need from the theory have been
formulated and proved in toroidal geometry long before the advent of log-structures,
we use the toroidal language.

Appendix 2: Length computations. — Let us start with the torus-embedding
T = G € X = Spec(V[LY N¢Y]) = Spec(R).
For a sublattice L’ C L let X’ = Spec(R') = Spec(V[L'" N¢"]). As an R-module
R= @ V(u+L)ne'|=@DR,,
peL” /LY p
where the isomorphism-class of R:L as R-module depends only on the integral parts
[#(1)],1 € L the generator of an extremal ray of 0. Namely for k € LY (u + k) lies
in oV if any only if k(I) > —[u(l)] for all such {. As u can be chosen in a compact

set (representatives for Ly /L") the numbers [u(l)] are bounded. One derives that
there are onyl finitely many isomorphism classes of R;’s, independant of the choice
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of L’. Furthermore, if for some integer N, L’ C N - L, then the multiplicity of a
given isomorphism-class of R,’s is [L : L'] - (constant + O(1/N)). Also the constant
is strictly positive for the multiplicity of the trivial R-module R, = R.

Now firstly if A € LV is such that o Nker()) is a simplex spanned by a partial basis
of L, then R) is regular and R} is flat over Ry (being finite and Cohen-Macaulay).
Thus if P, — P’ is a resolution of R by finitely generated projective R-modules there
exists on N such that AV is nullhomotopic on Py, i.e. AV -id = dos+ sod for suitable
S P1 — Pz,Po — Pl.

Thus AN annihilates Tor®(R’, M) for all R-modules M, and also all higher Tor’s.
It now follows that N can be chosen independantly from L’. The same holds after
flat pushout. This already shows one of our claims:

Ifwelet L' = L,, (with L,, as before) and if oNker(\) is a simplex, then for a suitable
choice we obtain first on the level of torus-embeddings and then for R C R,, C R,
that

p* - Torf" (R, any R,-module) = 0 for n > 0.

Now for the definition of A(): We assume that for a cofinal sequence of L,’s L, =
N-L with N — oco. Let d,, = [L : Ly] denote its index. Then after pushout we obtain
that for all n (in our cofinal sequence)

Rn+m = @ Rn+m,u
HELy /LY

n4+m

where only finitely many isomorphism types of direct summands occur, and the rel-
ative frequency of each summand converges (for m — o) to a constant, which is
non-zero for the type Rn+m,, = R. Moreover this summand occurs with multiplicity
> ¢ (dntm/dm), ¢ > 0 a constant independant of n and m.

Now assume M, is a finitely presented R..-module which is m-torsion. (m =
maximal ideal of R). Then My, = M, ®gr, R for a finitely presented R,-module
M,, which is also m-torsion and thus of finite length. Define

d
AMMs) = lim 7 “—lengthg(M,, ®r, Rntm)

m-—00 n+m

The limit exists because the relative multiplicities of the R,4m, , converge. Further-
more

lengthp(My, Qr,, Rntm) 2 ¢+ dntm - A(Mo) for all m.

Especially My, vanishes if A(M) = 0. In more generality we have:
Let M,, — M, denote a surjection, inducing My, — M,. Then for all m

length(kernel(My, ®g, Rnim — Mn ®r, Rntm) = ¢ dntm - A Moo) — A(Moo))

Next assume M, is only finitely generated but still m-torsion. Choose a finite set of
generators and denote by M,, the R,-submodule generated by them. Then M, ., is
a quotient of M, ®R,, Rn4+m, and the sequence A\(M,, ®g, R) is decreasing.
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6. Claim
1
lim d—lengthR(Mn) = lim A\(M,, ®g, Rwo)

n—00 Ay,

Define this limit as A(Moo).-

Proof of claim. — For € > 0 choose n such that A\(M, ®g, Rsx) < AM(Ms)+¢. Then
if Npgm = ker(M, ®gr,, Rntm — Mptm), we have that for [ > 0

lengthp ker(M,, ®r,, Rnim+i = Mnym ORyym Rntmtl)
> ¢ (dntm+1/dn+m) - lengthg(Npim)

Passing to the limit [ — oo we obtain

dn

lengthp(Nnim) < — (MMy, ®R, Roo) = MMptm ®Rpym Roo))

C
d -€
< n+m
C

Thus 0 < ﬁ(length r(M, ®r, Rnim)—lengthp(Myim)) < €/c, which implies the
claim.
Next for an arbitrary m-torsion R,-module M define

AMM) = sup{A\(M') | M’ C M finitely generated submodule},

50 0 < AMM) < o0.

7. Lemma (additivity). — Suppose 0 — M’ — M — M" — 0 is an exact sequence of
m-torsion R.,-modules. Then

AM) = XM + M(M")

Proof. — We easily reduce to M and M" finitely generated. For a finite system of
generators of M let M,, denote the R,-module generated by them, M, its image in
M", and M), its intersection with M’. Then we have

lim dilengthR(M,'l) = AM) — \(M").

n—00 Uy,

For any finite set of elements of M’ the R,-module M,’l generated by them is for big
n contained in M}, and has length < lengthg(M,,). It follows that

AM') < AM(M) — M(M").
On the other hand for € > 0 choose n such that

AM") > A(M! ®R, Roo) —e.
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Then for m > 0 the kernel of M}/ ®rg,, Rn+m — M., ,, has length bounded by £-dy4m,
by the previous arguments. From the commutative diagram with exact rows

lez ®R, Roym — M, R, Roim — M,,L/ ®R, Ryim —0

| | |

0 ? Mrlz+m — Muym > :.,_m >0

we obtain a surjection
ker(M’I{LI Q®r, Rntm — Mrlzl+m) - M7/1+m/R'ﬂ+m : M7,z

Thus
lengthgp (M, ,,) < lengthp(Rpym - M),) + Z < dptm

and in the limit m — oo

ACM) = NM") < MBoo - My) += < XM') +

olm
N

ny &
M)+ <.

As € was arbitrary we derive the lemma.

Finally if M is finitely presented and annihilated by 7!/?, then A(M ®g_,, Roo) =
pd+1 . /\( M):

This follows because first on the level of torus-embeddings pushout be Frobenius
induces an isomorphism

kL No¥]/(AVP) =5 klpLy N a¥]/(N)

Thus for modules annihilated by 7!/? or A\1/? pushout by Frobenius replaces L, by
+Ln, hence d,, by p~(@+1d,. and the assertion follows. It then also holds for finitely
generated M by passage to the limit from M, ®g, Roo-

Finally if M’ is submodule of a finitely presented M; and A(M') = 0, then M" =
M/M’ is also finitely presented, with A(M) = A(M"). Then

tengthy (Ker (M, — M) < = (A(M) ~ \(M")) =0,

hence M’ = (0).

Remark. — There exist finitely generated M # (0) with A(M) = 0, for example the
residue field of R,.

In fact A(M) vanishes if M is almost zero, that is annihilated by any positive
p-power p< :
We may assume that M is finitely generated. It suffices to show that for any finite
m-torsion Rp-module M and any sequence a, — 0 the limit
1
lim N lengthr(M ®g R,/m*" - Ry,) = 0.

n—00 Ap
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This follows from toroidal geometry. Namely in the decomposition
/ \% AVA I /

R MEL@/LV Vilp+LY)No] ?RH
the summand R}, lies in the ideal generated by A* (if a-A € L") if u(£) and (u+aX)(£)
have the same integral parts, £ € L running though generators of extremal rays of o.
For o — 0 the fraction of p’s for which this does not happen is bounded asymptotically
(as L' C p™ - L with n — o0) by constant - . As the others disappear modulo 7%
(after basechange) the assertion follows. By additivity we derive that X is invariant
under almost isomorphisms.

2c. Galois cohomology. — Suppose G is a finite group, A a commutative ring
(with unit), B an A-algebra with G-action. Assume furthermore that for b € B
tr(b) = 3 ,cc 9(b) lies in the image of A in B. If M is a B-module with semilinear
G-action, we may compute the cohomology H*(G, M) using a G-acyclic resolution by
such B — G-modules. If b € B has image a = tr(b) € A, then a annihilates all higher
cohomology:

For m € M we have tr(b-m) = 3 59(b-m) € M€, and if m € M then
tr(b- m) = a - m. Applying this to a resolution of M the claim follows.

If we also assume that there exist elements b;,¢; € B (1 <% < r) such that b€ B

T
a = E bi’Ci
=1

OZZbi'g(Ci)
i=1
for g € G, g # 1, we can define a map
M — B®a MC

m— ibi ®a tr(c; - m)
i=1
The composition either way of this map with the natural
B®aMC — M

will be a. For example if A C B is an almost étale Galois-covering with group G,
then we apply this to a = 7* (any a > 0), Y.0_; b; ® ¢; = 7 - eg/4, and obtain that

HY(G,M)=~0 (i>0)

M~ B®s M°
Passing to the limit this will also hold if B is an inductive limit of almost éteﬂe
coverings and G the corresponding profinite group, i.e. for the extensions Ro, C R.

Here R denotes the normalization of R in the maximal étale covering of the preimage
of T C T in Spec(R), that is the union of all finite extensions R C S with S normal
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and S[1/7]/R[1/7] ramified only along the divisor “at infinity”. For simplicity we
assume that R is an integral domain (otherwise we would take everywhere products
of integral domains). If V denotes the integral closure of V in K, R contains as
subring the normalization of the image of R®y V. — R. If A = n - Ay with g
indivisible in L then firstly R contains the subring V' = V[{/n]. Replacing V by
V' we then may assume that A = A\g. In this case the normalization of V in R is
unramified over V. Thus if the residue field k is algebraically closed it coincides with
V; and R ®v V is an integral domain. In any case we denote by A the Galois-group
of R over the normalization of the image of R®y V. If R®y V is an integral domain
this is A = m(Spec(R ®y K)°). The coverings defined by the R,, give a map

A—L® Z(l) = L(1) (profinite completion).

Let Ao denote its image and Ag C A its kernel. As R is formally étale over Ty and
the R, are totally ramified over R at all generic characteristic p-points if [L : L] is a
p-power, there is a surjection Ay, — L ® Zp(1), with kernel of order prime to p. For
most arguments we can in fact replace A by L ® Zp(1).

Now suppose M is a p-torsion R-module with a semilinear continuous A-action.
To study the cohomology H*(A, M) we use the spectral sequence

B3 = HY(Aoo, HY (Do, M)) = H**O(A, M).

The extension governed by Ay is a composition of almost étale extensions. Thus all
higher Ayp-cohomology almost vanishes,

M~ (M*)®R,

and H*(A, M) ~ H*(Aw, M?°). As A has cohomological dimension d this van-
ishes in degree > d. Also after choice of topological generators d1,...,d4 of Ay the
cohomology is represented by the Koszul-complex of 6; —1, ..., 84— 1 acting on M?2o.
This commutes with formally étale base change R — R’.

For example we can study the cohomology of quotients R/p® - R. By the above we
may (up to almost isomorphism) replace R by the affine ring of the torus-embedding
T, and have to study the cohomology of Z,(1)?¢ acting on

Vie" nLY[1/pll/(A = m) @v V/p*V

This module is free over V/p°V, where a basis can be obtained as follows: A acts
freely on the monoid oV N LY[1/p]. For each orbit {u,u + A, + 2X...} choose the
minimal representative y. Then these u form a basis.

All the basis-elements p are eigenvectors for Z,(1)?, with character e* : Z,(1)¢ —
ppeo. If this character has order p’ the corresponding cohomology is annihilated by
Cpt — 1, {pt a primitive p*-th root of unity. Thus up to terms annihilated by (, — 1
only the eigenspaces with trivial e# contribute to cohomology. e* is trivial if and
only if p | ker()) is in ker(A)V. Then there exists a unique o € Z[1/p], 0 < a < 1,
with p — aX € LY integral. Let R = @, ,V7* - u (sum over such a,u). Then
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R = RoNR®v K is the normalization of R®y Vi, and 7R C RQy V. Furthermore
(as H*(Zp(1)%, V) = A*(V(-1)%))

H*(A,R/p°R) ~ R ® A*(Hom(A, V/p°V)) @ (terms annihilated by ¢, — 1).
Especially we get compatible almost maps
tr: HY(A,R/p°R) — R ®v,, V/p°V(—d).

(Compatibility forces them to vanish on the second direct summand). The target can
be more canonically identified with Qdé}o‘,g ®rR®v, V/p*V(—d). Here Qllgfv denotes
the logarithmic module of differentials, for the log-structures on T'» and Spec(V) given

by cVNLYand N (u€ oV NLY mapsto u, and 1 € N to 7). By étaleness
Q8 ®V/p'V 2 ker(\)Y @ R

Of course Q‘}é’}c{,g is the d’-th exterior power. At least modulo p*® it is free of rank one.
Checking all the identification we get almost maps

tr: HY(A,R/p°R) — Q5% ®@r R ®v,, V/p*V(-d)

which are independant of the choice of generators d1,...,d4. In fact they only depend

on R (with its log-structure) and not on the formally étale map Spec(R) — T'». This

follows (as in [F'2], Sect. I, 4) from the following facts, which can be checked by direct

calculation for Ty and then also hold for R by formal étaleness and almost étaleness:
i) The sequence

log D log log
0— 0y, @y R— 0 p — Q5 pey — 0

is almost exact
ii)
log ~ 77 -1/,
ok = V{1/p]/p7 V(1)
for an element p € V, p # 0. The isomorphism is induced from

log

dlog : ppo — QV/V'

ili) Consider the exact sequence

ng?V ®r R — Q%_ _, Qlos —0

R/V R/R®vV

Then the kernel of the first map is almost contained in (1,5, p° - (Qlféfv ®r R). Fur-
thermore the induced map

Hom(;l;Z/Z, Qlos

lo D/nSD

is an almost isomorphism.
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iv) Applying Hom(z—};Z/ Z,) to the exact sequence in i) gives an almost exact se-
quence

0 — p }(R/p°R(1)) — middle term — QIE)SV ©r B/p°R — 0,
thus a map
s, — H'(A, (R/pR)(1))
By skew-commutativity of the cup-product we obtain
0% ©v V/p'V(~d) — HYA,R/p°R)

which is p? - d!-times the map constructed before.
v) As p? - d!-times our maps are canonical, compatibility for varying s implies the
assertion.

Remark. — So from now on we assume that R = R ®y V, equivalent to the cone-
condition above (Q* - A+ LY)NoV =Qt - A+ (LY NoV)). Other equivalences:

if u+al(peLY,a€Q,0< a<1l)lies in oV, then so does p.

Also: The special fibre Ty ®v k is reduced.

Before we start to treat duality we have to introduce coeflicients. Suppose L is a
finite Z,-module with a continuous action of A. We denote by L' = Hom(L,Q,/Z,)
its dual. Next recall that cNker()\) was supposed to be a simplex spanned by a partial
basis p1, ..., pr of L. On the generic fibre of T these define normal crossings divisors
Dy,...,D,, which are cut out by a (partial) dual basis of LY. Choose a subset I
of {1,...,7} and denote by D; the union of the {D; | ¢ € I}. Then for each n the
preimage of Dy in T ,, ®y K is a divisor. Let J;, C V[LY NoV]/(X — ) denote the
ideal of its reduced closure. That is Jr n, is spanned by all u € LY NoV with u(p;) > 0
for i € I. Finally J; o C I‘(T—,\yoo, O) denotes the union of the Jy . One checks that
for any p € LY NoY with p(p;) > 0 for i € I, u(p;) = 0 for @ ¢ I, Jy o is almost
generated by the fractional powers u'/?P". (Use that any p’ vanishing on o N ker(\)
divides a power of 7). Thus J; « is almost a union of principal ideals and almost flat.

Finally we apply pushout to R. If we assume 7 is contained in the Jacobsen
radical of R (for example if R is m-adically complete) then R is normal, and R[1/7]
is regular with the pullback of the D; defining a normal crossings divisor. Then one
checks that the ideal J7 o ® R[1/7] defines the reduced pullback-divisor and thus only
depends on the pullback of Dy to Spec(R[1/7]), not on the particular representation
Spec(R) — T». Finally be almost étaleness of R over I‘(T,\,oo, O) the ideal Jr o - R
is almost equal to the ideal defining the closure, thus also as canonical as the divisor
Dy. Callit J;.

Now our aim is to study the cohomology of A with coefficients L®.J;. This depends
only on the image of J; in the 7-adic completion of R, so that everything is canonical
even if m should not lie in the Jacobsen radical of R.
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Next comes finiteness. As R®y V is the inductive limit of noetherian rings (RevV/,
V' a finite extension of V') with flat transition-maps, it is coherent. That is any finitely
presented R®y V-module has a projective resolution by finitely generated free Ry V-
modules, and the finitely presented R ®y V-modules form an abelian subcategory of
all R ®y V-modules.

We say that an R ®y V-module M is almost finitely presented if for each a > 0
there exists a finitely presented M, and a w*-isomorphism f : M, — M i.e. kernel
and cokernel of f are annihilated by 7®. The almost finitely presented R @y V-
modules also form an abelian subcategory. Now suppose L is a finite Z,-module with
a continuous A-action.

8. Proposition. — The cohomology-groups H'(A,L® J1) are almost finitely presented
over Ry V.

Proof. — By devissage we may assume that p-L = (0). We also may replace R
by its p-adic completion, so Spec(R) is formally étale over T'». Especially we have
that R ®y K is regular, and the complement of T C T defines a normal crossing
divisor. Replacing L by a sublattice L’ C L we may assume that L is unramified over
Spec(R ®y K). (If A’ is the group corresponding to L/, use the Hochschild spectral
sequence for 0 - A’ - A — A/A’ — 0). Next by almost faithfully flat descent (for
R/R.) (L ® R)A~ is almost finitely presented. Thus for each o > 0 there exists an
integer n, a finitely presented R,-module M, action, and a m*-isomorphism

M, ®p, Reo — (L ®—E)Gal(§/1zw®v?)

By increasing n we make this Gal(Rs /R, ®v V)-linear (trivial operation on M,). It
suffices if the images of generators of M, are fixed.

Again by the Hochschild spectral sequence we may replace R by R,, i.e. study
H*(Acso, M ®pr Joo,1). Now for each n, Jo 1 is the direct sum of a finitely presented
R, ®y V-module and modules on which a generator § of Ay acts like (pn, (pn a
primitive p"-th root of unity. (There are generated by u’s, u such that ker(\) not
integral on p"~1L.) For these the cohomology is annihilated by (,~» — 1, while the first
direct summand has finitely presented cohomology. (The p-adic valuation of (pn — 1
is 1/(p — 1)p™~! and converges to zero.)

Finally we come to duality. Recall ([H], Ch. V, §2) that a dualizing complex D*
over a noetherian ring A is a complex with coherent cohomology which has an in-
jective resolution in which each indecomposable injective appears precisely once.
Equivalently for each prime p € Spec(A) there exists an integer d(p) (related to
the codimension) with ExtfqID (K(p),D;) = &(p) for i = d(p), and 0 else. Then
K* — RHom(K*, D*) defines a perfect duality on the derived category of finite
complexes with finitely generated cohomology. If A is Cohen-Macaulay D* has only
one non-trivial cohomology group, the dualizing module w4. For example for the
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torus-embedding T a dualizing module is given by wz = J ® Q4+1198 where J is the
ideal generated by all 4 € LV which are strictly positive on o — {0}. This follows
because on the smooth locus the dualizing module coincides with the differentials,
and in general it is the reflexive extension of its restriction to the smooth locus. Also
for T the dualizing module is ExtloF(OTA,wT) =2JQ®O07,.

It is the ideal in O, (or better in Q%lf’g) generated by all 4 € LY which are strictly
positive on o — {0}. Finally if = is contained in the Jacobson-radical of R the map
Oz, — R is flat with Gorenstein-fibres. Thus wz ®7, R = wg is a dualizing module
on R. It is isomorphic to J. Similarly the dualizing modules on R,, are isomorphic
to J,. By the general theory wg, = Homg(R,,wr). This isomorphism is determined
by the evaluation at 1 € R,,, which defines a trace-map

tr: wgr, — WR.

It is obtained by pushout from the trace-map on O or Oz, . The latter sends to
character u € LY to itself if 4 € LV, and to zero else. Similarly we can define a
dualizing module wgg v = wr Qv V.

By passing to the limit over finite extensions of V,

K* — D(K*) =R Homgg w(K*,wr ®v V)

still defines a perfect duality for finite complexes with finitely presented (= coherent)
cohomology, or an almost perfect duality for finite complexes with almost finitely
presented cohomology. Again wpe v C R ®v V is the ideal J generated by all
u € LV which are strictly positive on o — {0}. Similarly YR.@v,V = J, C R, Qv, vV
is the ideal generated by p € L) strictly positive on o — {0}, and we have the union
Joo € Ro ®v, V. It coincides almost with the ideal generated by u € oV which are
strictly positive on o Nker(A)) — {0}:

For such a p p+ a - X is strictly positive on o — {0}, for each o > 0.

That is Jo, almost coincides with the ideal previously named by the same symbol.

Finally the trace-map becomes more complicated:
As V,, = V[¢/m] = V|[m,] (for some e)

é'trvn/v 2V, —V
defines an isomorphism
oV, & Homy (Vy, V).
Thus our old trace defines a new trace from J, to J ®v (%2V,) and by ®v,V a
trace-map
tr:Jn®VnVéJ®v(1ﬂ_”“V)= %@(J@VV)
It sends a p € L) strictly positive on o — {0} to itself or zero, depending on whether
p € ker(A)Y + Q- A or not. Obviously these combine to define

tr: Roo Qv VvV — l(J®vV)

™
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As on finite levels we obtain isomorphisms
Jn ®V V = HomR®vV(Rn ®V V, 1_:‘ . (J ®V V)),
we have in the limit for each 4 € ker(\)V ® Q/Z an almost isomorphism of u-
components
(Joo v V)M ~ HomR®VV(Roo Qv V, %(J Qv V))u
Of course the map
Jo @V — Hompg 7(Roo ®v V,LievV)
cannot be an almost-isomorphism because of the difference between direct sum and
product (over all y-components).

However this difficulty disappears if we take A.-cohomology: If 4 has denominator
p" the cohomology of the y-component is annihilated by (p» — 1. It thus follows that
we obtain almost-isomorphisms on cohomology. The same holds after tensoring with
(L ® R)Cal(R/R=®VV) (r_isomorphic to M, ®g, R as before). Thus (using almost
étaleness).

9. Proposition. — tr induces almost isomorphisms
HYA,L®R) ~ H(A,L ® Homgg (R, 1J @y V))
Finally cohomology can be (almost) computed by taking invariants under
Gal(R/Row ®v V)
(an almost exact operation) and then applying the Koszul-complex with
(61 —1),...,(04 — 1),

8; topological generators of Ao, = Z,(1)%. However the dual of the Koszul-complex
is again a Koszul-complex shifted by d. We thus obtain:

10. Theorem. — Assume Ty @y k reduced and that L is annihilated by p°, and let
L' = Hom(L,Z/p°Z) denote the dual. Then

i) R['(A,L ® R) is almost isomorphic to a finite complex of R ®y V-modules con-
centrated in degrees [0, d] with almost finitely presented cohomology (RT'(A,-) denotes
one of the canonical comple:ies computing group-cohomology)

ii) The previously defined trace-maps tr : H*(A, R/p*R) — R/p*R induce maps
tr: HY(A, J/p*J) = 2wr ® V/p*V (R is contained in LR @y V)

iii) tr defines an almost isomorphism

RL(A,L ® J)(d)d] ~ RHompg v /,.7(RT(A, LY ® R), 2wr ® V/p*V)

Proof. — Only some minor details need to be checked: Firstly our trace map (from
duality) Joo/(d; — 1) = J®y %T/_ induces on cohomology the previously defined trace,
(obviously direct checking), and secondly we may replace R by its m-adic completion
so that the duality-theory works.
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Variant. — We may also use coefficients Jr;I C {1,...,7} a subset. The ideals J; C
R and J;, C R, are Cohen-Macaulay:

Reduce to the torus-embedding T'. If (say) 6; € I, let L denote the torus-embedding
defined by L= L/Z - 6, and the image ¢ of ¢ in Lg. Then & has extremal rays

generated by ds,...,0s. Let I=InN {b2,...,0r}. Then there is an exact sequence
0— J;r — Jr_q1} —>:7}—>0.

If the other two terms are Cohen-Macaulay (of relative dimension d+ 1 respectively d),
then J; also is. ’

Now duality holds between J;,, and Homg(J;n,wr) = Homg, (Jin,wr,), and
similarly between Jyn ®v, V and Hompg w(J1,n ®v V,wr ®v V). However one
checks that the union

UHompg w(Jrn ®v V,wr®v V) = Jre oo

is almost Jf ., I¢ C {1,...,7} the complement of I:

The product Jr oo X Jre,0 — Joo shows that the union contains Jre . On the
other hand it is contained in R, and any character p in it must be strictly positive
on §; € I° (choose v € LY N ¢V which is strictly positive on I but vanishes on d;.
Then v € Jy, and p + v must be strictly positive on d; too). However these u’s are
almost in Jre oo. With the same proofs as before we then have

10°. Theorem
RT(A, L ® Jre)(d)[d] ~ RHompgg, 77/,7(RT(4, LY ® R), 2wr @ V/p°V).

Last we need a local Kiinneth-formula. Suppose we have given two lattices L', L”
with cones ¢/ C Lg, 0’ C L and elements X' € L'V, X € L"V. Then in general
the fibered product Ty ®y T~ will not be normal. However we can achieve this
by adjoining roots of m. Namely pass to V[/7] (replacing L' by N'~!(eZ), L"” by
X'~1(eZ)) such that R’ = R’ ®y V, R” = R’ ®y V. That means for any linear

combination p' + aX € ¢’V (' € L', 0 < a < 1) we have u’ € ¢’V, and similarly for
w4 aN”.

11. Lemma. — Under the conditions Ty Qv T/,\,,, is normal, and equal to T where
the torus-embedding T is defined by L = ker(\N, =X") C L' x L, 0 = LN o’ x 0",
= (N,0)|L = (0,\")|L. Also the special fibre is reduced.

Proof. — There is a map
T)\ — TI)\/ Qv T/)f//
induced from the tensor-product
Vie'nLV]®y V[e" N L") — Ve n L"),

by dividing by (7 — A, 7 — X). The rest follows from remark 5.
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Now assume that this condition holds. Suppose R is formally étale over R} ®y R”.
Furthermore assume given representations L' of A/, L” of A” andlet L=1L'®QL".
We assume that L' and L” are free Z/p*Z-modules (to avoid using derived tensor-
products). Furthermore choose finite subsets I' C {1,...,r}, I” C {1,...,7"}. As
o Nker(A) = (o' Nker(X') x (¢ Nker(\")), I = I' x I" identifies with a subset of the
vertices of o Nker(A). Then pullback and cup-product define a map

RI(A, Jp ®L) %, RT(A", T © L") ®f, 0,5, R — RI(A, J1 ®L)
12. Theorem. — This induces almost isomorphisms on cohomology.

Proof. — Reduce to AL, Al /Ay = Al x Al acting on R._, R, R, and apply
the obvious isomorphism on the level of Koszul-complexes.

3. Global Cohomology

Assume X — Spec(V) is a proper and flat algebraic space. For most purposes it
suffices to consider schemes, but at one point (modification to regularise the diagonal
embedding) we shall need algebraic spaces. Unfortunately the references on finiteness,
traces, and duality only mention schemes and not algebraic spaces, so we have to
indicate how to extend them. However if we start with a scheme the auxiliary algebraic
spaces will be modifications of schemes and will have the same cohomology, so for them
the scheme-theory suffices.

There exists a dualizing complex Dx on X, such that Dx (K) = RHome, (M, Dx)
defines a perfect duality on bounded complexes with coherent cohomology. Further-
more (if X has say pure relative dimension d)

RI'(X, Dx(M)) = RHomy (RI'(M, R), V)|d],
induced from a trace-map
tr: RI(X, Dx) — V[—d]

(see [H], Ch. VII, Th. 3.3).

The theory of residual complexes and trace maps extends to algebraic spaces f :
X — S over a scheme S. Namely if we choose an étale covering Y — X with Y a
scheme, and I'* denotes a residual complex on S. Then the residual complex fﬁ([ )
(The Cousin-complex to f},(I*)) descends to X, as for étale maps f& = f' = f*. To
define a trace map

trxss : fo(fOIF) — I*
form Y3 =Y xx Y and use the exact sequence (the maps are not maps of complexes)

Fran (1) — fra(fy (I) — £(F2(UI7) — 0.
That it is exact and that try, g factors over the quotient can be shown by étale descent
on X. That try,g is a map of complexes for proper maps follows from [H], as curves

ASTERISQUE 279



ALMOST ETALE EXTENSIONS 213

over Artinian rings are schemes. Finally to show that trx,s defines a perfect duality
use devissage and Chow’s lemma.

By base-extension ®y'V this extends to X ®y V, Dx®y V, and bounded complexes
with coherent cohomology. (Oyg v is still coherent). Only slightly less trivial is the
extension to complexes M* such that for any a > 0 there exists a bounded complex
M, with coherent cohomology, and maps M, P, Mo 22y M with fa 00Xy = 7@ -id,
Aa © Bo = m* - id. There duality holds up to almost quasi-isomorphisms (the induced
maps on cohomology are almost isomorphic).

1. Lemma. — A complex M* with bounded cohomology satisfies these conditions (i.e.
M* is m™-isomorphic to a coherent MY, for each o > 0) if and only if the direct
sum ®@H"(M*) is almost quasicoherent and locally (over each affine Spec(R)) almost
finitely presented.

Proof. — The non-trivial direction is local = global. Assume first that M* is given
by an almost quasicoherent sheaf M. Replacing M by mM /m-torsion we can assume
that M is an honest quasicoherent sheaf. Then M is the filtering inductive limit of
coherent sheaves M;,M = li)an For given a > 0 and i big enough the cokernel
of M; — M is annihilated by n®. We thus may replace M by the image of M;, as
this also satisfies the local condition (the coherent R ®y V-modules form an abelian
category, and so do the almost finitely presented modules). Also the kernel N of
M; — M satisfies the local condition. Applying the same argument we may assume
that it is also annihilated by 7. Then M; — M is an m2“-isomorphism.

For general M choose i minimal with H*(M) # (0). Then M is an extension (i.e.
one has an exact triangle)

0 — H'(M)[-i] — M — M' — 0,
which up to isomorphism is determined by a class ¢ € H'(RHom(M’, H*(M))[—i]).

’ A,
Choose a m*-approximation M, Loy ppr 2, M, (by induction). By pullback with

B, we get a class
ca € H'(RHom(M/,, N))(N = H'(M)[-i)),
defining
0—N-—M,— M, —0

and a map M, — M. Further pullback (via \,) to H'(RHom(M’, N)) gives * - c,
which also can be obtained from ¢ via pushforward on N by 7 - id. We thus obtain
amap M — M, inducing X, on M’ and 7* -id on N. The two compositions of

M—M,— M

differ from 7 - id by maps M’ — N or M/, — N (respectively), which are nullhomo-
topic for degree-reasons. Thus M/ approximates M up to 7*. With the same type
of argument we can replace N by an approximation N,.
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We want to apply this theory to complexes made up from R['(A,L®R)’s. For this
we first have to define an appropriate topos.

For a scheme or algebraic space X we denote by X*¢* the étale topos. Furthermore
Xé1° denotes the topos defined by finite étale covers of X. If X is connected and x
a geometric point, X! is equivalent to the topos of sets with continuous action of
m1(X,z) (SGAI). In any case for noetherian X, X®%° is isomorphic to the topos of
étale sheaves which are inductive limits of locally constant sheaves. Also there is a
continuous px : X® — Xl with px .(F) = restriction of F to finite étale covers,
p% (L) =L, for L locally constant on X.

Next assume given X — Spec(V), and an open subset X° C X ®y K. Define a
site whose objects consists of pairs (U, V'), where U — X is étale and

V—UnX)®x K

is a finite étale covering. As maps we use compatible pairs of maps, and coverings
are just pairs of surjective maps. Let I)C% denote the corresponding topos. Its sheaves
consist of ind-locally constant sheaves Ly on (U N X°) ®k K, for each U as above,
together with transition maps (for U’ — U) satisfying the usual cocycle condition.
Furthermore for surjective f : U’ — U Ly has to be the universial ind-locally constant
sheaf mapping to the equaliser of

f*]LU = f*(LU’xUU’)-

Equivalently sections Ly (V) can be glued for étale coverings of V' induced from U.
There exist a continuous

ux : (XO Qv ?)ét — DC%,
with
ux(F)u = pu(F | (UNX°) @v K).

The topos I)CQI? has enough points. Namely for any geometric point x of X evaluation
on the universal cover of an irreducible component of Spec(O??yz ®y K) is the fibre
functor for such a point, and all of them are of this type. This is easily checked,
starting with the fact that each point maps to a point in X¢. However we only need
that the points above form a faithful family of fibre functors. Also as affines are
quasicompact cohomology will commute with filtering inductive limits.

Finally assume that X ®y K = [[ X, is stratified, étale locally like by a simple
normal crossings-divisor. The open strata X, are smooth, and we define c(a) as the
codimension of X,. Also the normalization _)?Zorm of the the closure X, is smooth
over K.

On this normalization there exists a locally constant étale (orientation) sheaf Q,,
with stalks isomorphic to Z, and structure-group {+1}. If locally étale X, is the
intersection of ¢(a) divisors, each total ordering of these divisors defines a generator
of @,. Two such orderings differ by a permutation, and the two corresponding local
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generators of @, by the sign of this permutation. The sheaf O, is canonically trivial
if ¢(a) = 1, or if the closure X, is globally the transverse intersection of smooth
divisors (which are strata). For example this holds if our stratification has simple
normal crossings.

Define an order on indices by

Xo—Xa= ][] X5
B>a
If jo : X4 — X denotes the inclusion, it is known that for L, locally constant on
X, and B > «, the restrictions j;g]R" Ja,xLa are locally constant on Xg. This follows
from Abhyankhar’s lemma (and characteristic zero). Furthermore, if 8 > a and
¢(8) — c(a) = 1, on the preimage of X the sheaves O, and the pullback of Qg are
canonically isomorphic. Namely locally one adds an extra equation, which can be put
in front of all others in an étale local ordering. It follows that in this case

j;;ja,*(@a ® La) = @,3 ®j§ja,* (]La)a

for any locally constant L, on X,.

Now define a topos X3 as follows:

Sheaves in X associate to each U locally constant sheaves Ly o on Uy ®k K,
with pullback-maps (for U’ — U) as before and maps Ly,g — jjja«Luv,a for 8 > a
satisfying transitivity for v > 8 > a (§30ja,x = J50J8,40J5°Ja,«, by local calculation)
and compatibility with pullbacks. Finally for fixed a the Ly have to satisfy the
previous gluing-condition for coverings U’ — U.

There are continuous maps of topoi

Jo: X0 7 — Xg,

with inverse image J defined by chosing the a-component. The direct image Jy «Lqo
has (3-component j;ja,«(La)-

Also we have a continuous ux : (X ®v K)* — X, with direct image ux «(F)
defined as follows: For minimal o, ux «(F)u,q is the restriction of F to finite étale
covers of Uy ®k K. If ux «(F)u.a is already defined for all a < 3, then ux«(Fug is
the universal (inductive limit of) locally constant sheaves fitting into a commutative
diagram

ux,«(F)u,s —F | Us®v K

J |

H;<ﬂjzj}ja,*(uX,*(}-)U,a) — Ha<ﬂ jéja,*(]: | Ua Qv E)

(That is form the fibred product as sheaves and apply pyj;,«) Here in the lower-keft
corner H; < denotes the subset of the product consisting of compatible families (for
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@ < a < [ the a-components maps to the a-component via
Jpdan(ux «(Flua) — Jgiaxdadax(ux«(Flua) = jpias(ux«(Fua)
One checks without much difficulty that this defines indeed a map of topoi. Also
if F is such that all restrictions F, = F | X4 ®k K are locally constant, then
u x,*(}' e =F | Uy ®k K. Finally there is an obvious commutative diagram of
maps
(X ®v F)ét — xf

\ PX

Xét

The direct image for the vertical map sends a collection (Ly ) to the sheaf which
associates to an étale U — X compatible families of sections in [, I'(Uq,Ly,o). The
idea behind this definition of X is to consider the topos of étale sheaves on X% which
are (ind-) locally constant on each stratum, and add étale localization in X (to be
able to reduce to étale local calculations). In principle we need such a construction
to define cohomology with compact support, because it uses the extension by zero.
However purists will note that this topos could be avoided by slight modification of
the next construction.

We shall need another model for extensions by zero. For a < @ define a functor
U, 3 on sheaves on ng (and taking values in them) by

Vo,sL)u(V) =T(V5,0p8 @ jhjas(0s ®Lu | V)
Here V' denotes the normalization of U ®y K in V — U, ®yv K, Vg its B-stratum (the
preimage of Ug) and Ly | V the pullback of Ly to V7). One checks without difficulty
that this satisfies the sheaf property with respect to étale coverings of U. Also for
a > 3 > ~ there are transition maps

\I’a,ﬂ(L) - ‘I’a,’v(]L)

satisfying the obvious commutativity for a < 8 < v1,7v2 < 9.
To proceed further we need a number of local assumptions.

Local Conditions LC. — Let R = O%, denote the strict henselization of X in a
point z. We assume:

a) The closures of the strata on Spec(R ®v K) are normal subvarieties of
Spec(R ®y V), defining a stratification (again indexed by «, 3,...)

b) For each ¢, the inclusion of the a-stratum admits a retraction

To : Spec(R®y V) — Spec(R ®@y V)a,

sending any (-stratum with 8 < « into the (open) a-stratum
¢) There exists [,...,l, € R such that the stratification on Spec(R ®y K) is
defined by the ideals generated by subsets of {I;,...,1.}
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2. Lemma. — Suppose LC holds. Then

i) The ¥, are ezact

il) If L is an injective sheaf on f)Cg’R, then all ¥, (L) are acyclic for the direct
image vxo . (to X%). Also all JpJax(L) are acyclic for vx, : :xg Qv K — X%, and
the direct images R”Jo,«L are defined by the functors j5RY jo,«.

Proof. — The assertions are local in X®. By an inductive limit argument we may
replace X by Spec(R), R = Og?’x as before. Then R®y V is a finite product of strictly
henselian local rings. We thus may assume that it is local (eventually replace K by a
finite extension). Then by a) Spec(R®y V) is stratified with all closed strata normal
and thus irreducible. Let A, denote the fundamental group of the a-stratum. For
each 8 > a we obtain subgroups Ig C Dg C A,, well-determined up to conjugation,
namely the inertia and decomposition-group of the S-stratum. If this is defined by
(say)ly =--- =1 =0, then Ig = 2(1)t, via the coverings obtained by adjoining roots
of l;. Furthermore there is a canonical map Ag — Dg/Ig (Ag- fundamental group of
B-stratum) which is an isomorphism by b). Now any locally constant sheaf L on the
generic stratum corresponds to a continuous representation of A. Then one checks
that W g(LL) is defined by

Ind5 , (L) = continuous Dg-linear maps A — L.

This is an exact functor and implies the first assertion (over proper subsets U g
Spec(R) one has to localize further).

For ii) we need to compute direct images for vx, : X, ®y K — X®. Again the
fibre in € X is the cohomology of Spec(R ®y V), that is the cohomology of the
topos of locally constant sheaves on the a-stratum. (This topos is a retract of the
full topos and has the same cohomology). This coincides with the group-cohomology
H*(A,...). However (using inclusions Ay D Dy g 2 In s = Z(1)!)

H*(Aq,Indp? L) = H*(Dg,p, L)

vanishes in positive degrees for injective .’s. Similar for the cohomology of JgJaxL,
which corresponds to L5,

Now we come to one of the main results. For a sheaf L. on JCO? define a complex
¥(L) (of sheaves on X%.)

UYL):0 —L— @ TYopl)— @ Yopl)—...
o(B)=1 c(B)=2

the maps being induced from local isomorphisms on @2,3. Etale locally all Og can be
trivialised, and they become sums of restrictions with + signs.

On the other hand we have a sheaf jo I on X%, which is . on DCOF and trivial on
all other strata.

3. Proposition. — Rux .(U(L)) = Rux,.(joL) canonically in the category of étale
sheaves on X.
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Proof. — There exists a canonical map, thus the assertion becomes (étale) local, and
we may assume that all Qg are trivial. Choose an injective resolution L. — I* in DCO?.
Then W(I*) is vxo ,-acyclic, thus Ruxo ,(¥(L)) is represented by vxo ,(¥(I*)). This
associated to U — X étale the complex of global sections

F((U N XO) v fa ‘II(I'))a
i.e. the double complex made up from

@ T(UNnXo)®v K,¥s")= @ T(UnNX)evK,0 jijo.I"))
c(B)=a c(B)=a
This is the direct image of the total complex associated to a double complex on X®vy K
with components
D Jp (05 ® jpio (1)
c(B)=a

The summands represent the derived direct image and are acyclic for vx «, as the
sheaves jjjo,« (I %) are acyclic for Jz and vx,.

On the O-stratum it is quasiisomorphic to L. We claim that it is acyclic on all other
strata:

This is a local assertion, thus we can trivialise all (0)2,.9. Then on the a-stratum its
components are

@ Jajssdpiod’) = @ Jajo.I")
BSa Bsa
c(B)=a c(B)=a
By one of the standard calculations in homological algebra it then follows that for
codim(a) > 0 this forms an acyclic complex. Thus our complex represents jo(LL)
and its direct image represents vx «(jo1(IL)). As the resolution I* is unique up to
homotopy, this construction is also canonical (in the derived category) and functorial.

We leave it to the reader to formulate a variant where one extends L. by zero along
some of the codimension-one strata and by R, .(IL) along the others. Of course one
then uses only ¥§ ;s with the S-stratum an intersection of the codimension-one strata
of the first type.

Finally we apply our theory to the previous case of schemes formally étale over the
torus-embedding Ty C T. We have to check the local conditions (LC): By assumption
o Nker()) is spanned by a partial basis {p1,...,p:} of the lattice L. The strata are
indexed by subsets I C {1,...,t}, and the ideal of the I-stratum is spanned by
those u € LY N ¢V which are strictly positive on some p;,i € I. If Ly denotes the
quotient-lattice Ly = I/{p; | ¢ € I) and o7 C Ly the image of o, then o; defines
a torus-embedding 77 C T;. Furthermore there is a projection T — T which has
partial inverse given by an isomorphism T — I-stratum C T. The latter map is
given on affine rings by sending u € LY NoV to either 4 € LY N oV or to zero (if
w ¢ LY, that is p(p;) > 0 for some i € I). This picture persists after base change
to T (dividing rings by the ideal (m — X)), and also to the strictly henselian local
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ring R. Furthermore by ajoining a suitable root 7'/¢ we can achieve that all strata

in X ®y V are normal. Thus we have conditions a) and b).

Next we define a sheaf O on X° ®y K as follows: To U and V — Uy finite étale
associate the global sections of the normalization O™ of Oy in V. We also want
to define a sheaf A;,¢(Oy ), but for this we need that the Frobenius is surjective on
O/p- O. In fact we have a slightly stronger statement.

4. Lemma. — Suppose U = Spec(R) — Ty is étale over Ty. Then Frobenius is
surjective on R/p - R.

Proof. — Frobenius is surjective on the affine ring of the curve T)\,oo, and thus also
on Roo/p- Roo by étaleness. Then for any almost étale cover S of Ry it is almost
surjective on S/pS (by Frobenius-invariance of almost étale coverings) and thus also
almost surjective on R/p - R. Thus if z € R there is a y with p? -z = y? mod p.
Then y is divisible by p? and 7 is a p-th power modn p'/2. Repeating we see that it

is a p-th power mod p.
A little bit more involved is

5. Lemma. — Suppose a € V divides p* for oo < 1. Then the map z — 2P — az is
surjective on O/p - O.

Proof. — It suffices to check local rings. So let R = (’)3?,at C R. Obviously we may
assume that p lies in the maximal ideal of R and thus also in the Jacobson-radical of
R. For y € R consider

S = R[z]/(2 —az — y).

It suffices to show that S[1/p] is étale over R[1/p], or that 2P — az —y and pzP~! —a
have no common zero in any extension-field L of R[1/p]. But if not, then

-1 p—1 a
z= "3/a/p,y = *Va/p (5 —a).
Thus
"~ (p/a)? = (1 - pa)?
0=(1-pa)” -y~ }(p/a)’
However the right hand side lies in R and is = 1 mod p® (some a > 0), thus is a
unit.

We also need to consider the kernel of the endomorphism 2? — az of R_/ pR. Assume
now that a = bP~! with b dividing p®, o < 1. Then

2 —bPlz e pR

if and only if
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This happens if and only if locally in the Zariski — or étale topology
p J—
Thus

ker(zfP — 0P '2)=F, b&® L_ R/pR (as sheaves).
/4 bp 1

We also need cohomology with values in the projective limit R(O) = li_r_n@/ pO
(transition maps are Frobenius). This is a “topological” sheaf. However we do not
need continuous cohomology. Projective system F = {Fy « F; «— Fo «— ...}
indexed by integers form a new topos. The functor of global sections maps this to a
projective system of abelian groups, whose projective limit is H°(F). Deriving this
functor gives higher cohomology. The derived functor of (projective systems Fy,) —
(projective systems of abelian groups) can be computed termwise. Finally the derived
functors of liLnN are wellknown: There is only a non-zero liﬁlg), which vanishes if the
projective system satisfies a Mittag-Leffler-condition. By Leray we have short exact
sequences

0 — lim WH"Y(F,) — HY(F) — lim H(F,) — 0.
— —

Thus we have defined the cohomology of R(O) = lim O/p- O as well as direct images
R%x «(R(O)) (which are projective systems on X®). Also choose any a € R(V),
a # 0. Then a can be represented by a system of elements a,, € V, a, = a?, 4+1- Also

a = bP~! for some b. Then for n big enough the a} s and b/, s satisfy the condition in
Lemma. Thus the sequence

0 — (Fp)s @ (=25 0) /p0O —> O/p0 2=% D /p0 — 0

bh
(® = Frobenius) is exact.
Passing to the limit we obtain a sequence

0 — (Fp)s — R(0) =% R(0) — 0

whose cohomology has trivial transition-maps for n > 0, and thus will disappear
if we take cohomology. Here (F,), stands for the restriction of the sheaf F,, to the
special fibre. Namely its fibre at a geometric point is trivial in characteristic zero, and
coincides with F), in characteristic p. Here recall that geometric points are given by
choice of a geometric point x of X, and then evaluation on the maximal étale cover of
Spec(O% , ®v K)°. Equivalently the “generic fibre” defines an open subtopos of X%
(the corresponding site consists of objects with trivial special fibre), and (F,)s is the
restriction of F, to the complement. Also for any sheaf L. on DC% the direct images
under the map vy to the étale topos of X commute with restriction to the special
fibre:

This follows by computing stalks in geometric points of X. Namely if A, denotes
the fundamental group of an irreducible component of Spec((’)ﬁ?,z ®y K)?, the stalks in
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x of these direct images are (inductive limits of direct sums of copies of) the profinite
group-cohomology of A, with values in the stalk upstairs. ‘

As by the proper base-change theorem the cohomology of any torsion-sheaf on X é
is equal to that of its special fibre, it follows that also the cohomology of L and (L),
coincide.

In the same vein we can pass to Ains(O) = W(R(O)), which a priori is a double
projective limit but can be written as a single projective limit. However we really
only need the Aiys(0)/p® Aint(O) = W, (R(O)). They fit into a sequence

0 — (Z/p*Z)s — W,(R(D)) =L W, (R(D)) — 0

with again essentially trivial cohomology. Finally we tensor with ux «(LL), L a locally
constant Z/p*Z-sheaf on (X° ®y K)%, to obtain

0 — uxa(L)s — txa(L) ® Aint(0) 27wy (L) ® Aint(D) — 0.

As a consequence we obtain exact sequences

0 — coker(® — [a] | H1(X° @y K, u% (L) ® Aine(0)) — H' (X’ @y K,L)
—s ker(® — [a] | H'(X° ®v K, ux,«(L) ® Aing(0))) — 0

We also need a variant for cohomology with compact support. For each stratum o
we have sheaves O, on X2 ®y K as before. For a < 8 we define a sheaf Y0,3(0a) on
X% ®y K as follows:

Suppose we have U — X étale and V — U, ®y K finite étale, with normalization
yrorm U, @y K. It is stratified with reduced strata obtained by taking closures of
generic fibres. We define Ja,ﬂ(éa) as the normalization of Oy in V°'™, except that
we have to twist as before with Qgipne and Qg. This twisting goes as follows:

First O, defines a covering (of degree two) of U, ®y K) and by pullback of V,
which in turn extends to a ramified cover of V?*°™. On its S-stratum we repeat this
construction with Qg and obtain a new covering, with action by two copies of the
group {£1}. We now perform the previous normalization, and our global sections are
the (-,-)-eigenspace under the group-action.

If U = Spec(R) is affine, all Q, are trivial, and S = normalization of R in V, then
there are finitely many primes p, C S corresponding to the irreducible components of
vgorm, Ja,,@(5a) is then the direct sum of the normalizations of (S/p,). (S/p.[1/7]
is already normal).

Also for 8 < v there are morphisms

"Za,ﬁ(_@-a) — Ja,'y(@a)

satisfying some transitivity for a < 8 < v1,72 < 6.

6. Lemma N N
i) Frobenius ® is surjective on 1¥,5(Oa)/P * Ya,5(Oa)
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ii) For b € V with b° dividing p®, a < 1, ® — b is surjective on
d’a,ﬁ(@a)/p : 1’/’vc'z,ﬂ(aot)-

Proof. — 1t suffices to check these over Spec(R), R = Oﬁ?,z. We may assume a = 0.
Then 14,5(R) the subset of the product [J(R/p,)"*"™ where

A = 71 (Spec(R ®v K))

acts continuously. The product is over all minimal primes of the S-stratum. Equiv-
alently it is the induced module (via Dg C A) from one (R/p,) ™, which by LC
coincides with the version of R for the B-stratum. There assertions i) and ii) are
already known. In fact for i) we can prove surjectivity of Frobenius on global section
over sufficiently small affines, reducing to R., and checking there directly. We now
have the obvious complexes

$(0a) : O — @ (p)=1%a,8(0a) — Be(p)=2¥a,p (Oa) — -+

R($(0,)) and Aint(¥(04)). For any L locally constant L on (X°®y K )¢, annihilated
by p*, we obtain a complex of projective systems
~— ®—[d] ~

0 — P(ux(l))s — ux,+(L) ® Aint($(0)) —— ux (L) ® Ains((0))) — 0

with irrelevant cohomology, and thus short exact sequences

0 — coker(® — [a] | H ' (X’ ®y K, ux +(L) ® Ainf(lz(a))) — H}(X°®y K,L)
— ker(® — [a] | H'(X° ®v K, ux,+(L) @ Aint($(D))) — 0
There are variants with partial compact support at infinity, with obvious formulations
and proofs.
Finally we get back to “almost mathematics”. There is also a subsheaf J C O,

T =ker(0 = Deodim p=1 0.5 (0)).
7. Lemma. — J ~ ¥(O) is an almost isomorphism.

Proof. — Again we may work with R = O, Spec(R) — T». The assertion holds
for Joo C Roo:

Here each stratum is irreducible, with ideal generated by the p € |J, L), with
w(pi) > 0 for some ¢ € I = index-set of the stratum. For a given u the u-eigenspace
in the complex vZ(Roo) is a Cech-complex over the free module generated by those p;
with A(p;) = u(p;) = 0. By direct calculation we have an isomorphism.

After that R O R is the limit of almost étale coverings. Assume we have such
a covering S O Ry with group G. Then if g, C S is the prime ideal giving an
irreducible component of the a-stratum, D, C G its decomposition-group, and p, =
ga N Roo C Ry, we have a map

Roo/Pa ®R., S — IndF((5/a4)™™),
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which is an isomorphism after inverting 7. As the left side is almost étale over Ry /P
and thus has non-degenerate trace-form, the map must be an almost isomorphism.
Passing to the limit over all S we obtain that 1 (R) is almost isomorphic to Joo ®r.,
R~J.
If we define
R(J) =lim T /pT = ker(R(0) — R(O/J))
and similarly Ai,¢(7) = W(R(J)), we get almost isomorphisms
H*(X° @y K, L ® Aint(7)) ~ H*(X° @v K, L ® Aint(¥(0))).

Next consider the direct images R“gx «(J/p°J) which are sheaves on X. By
Th. 2.10.i) there are almost zero unless 0 < v < d, are almost quasi-isomorphic
to bounded complexes of quasicoherent sheaves, and there is a canonical almost map

Rigx (T /p°T) — wx @V /p°V,
inducing almost quasi-isomorphisms
Rgx,+(L ® J) ~ RHom, oy /07 (Rex s (LY ® O),wx @ V/p°V)[~d]
for L locally constant annihilated by p°. Furthermore there is a canonical trace-map
HY(X%* wx) = H{(X,wx) — V
inducing global duality for coherent sheaves on X. As the direct images Rq X,*(]L®7)
etc. are almost coherent these combine to produce almost quasi-isomorphisms

RI(X° @y K,L ® J) ~ RHomy /. (RT(X° ©v K, L ® 0),V/p°V)[-2d]

Remark. — Previously we always worked with %w x instead of wx. This is be-
cause in the torus-embedding we identified the dualizing complex for the quotient
VLY NoV]/(A —7) as the tensor-product of that for V[LY N ¢V] with the quotient,
instead of the Ext!. Then we used the trace-map for V[LY NoV]. This differs from
the trace-map used in relative duality by a factor . That this is so can be seen easily
for the affine torus-embedding V[)], and follows in the general case by functoriality
V[A] € V[LVNeV]. It is also related to the fact that we have tacitly identified A+1LY
and A¢ker(\)V.

The structure of H:(X° ®y K,L ® Ain;(O)) is surprisingly simple. Assume for the

moment that L is annihilated by p. Then this cohomology is a module over R(V).

8. Theorem. — For each i, H'(X°®y, K,LQR(J1)) is almost isomorphic to a finitely
generated free R(V)-module, namely to H (i,)(DCO ®v K,L) ® R(V) (support-condition
given by I).

Proof. — Let M = H'(X° ®y K,L® R(J;)). Then for ¢ =p € R(V),
M/¢M C H'(X'®y K,L® 7)),
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which is almost finitely presented over R(V)/€ - R(V) = V/pV. Also Frobenius
® induces an isomorphism on M. Now for torsion V-modules N we can define a
normalised length A(N) similarly as before: Write V = UV,, with V,, finite over V.
Then for N =V ®v, No

A(N) = ——=length (N,),

1
Va: V]
which defines A(NV) for N finitely presented. For N only finitely generated, N = V-N,,
we have

1
A(N) = lim ———=lengthy, (V5 - Ny),
and for arbitrary NV
A(N) = sup{A(N’) | N’ C N finitely generated }.

Also A(V/a) = inf{v(z) | = € a}, where v is the valuation normalised such that
v(r) = 1. Finally for a submodule N of a finitely presented V-module, A(N) = 0
implies N = (0).

By additivity we extend A to &-torsion R(V)-modules. Pushout by Frobenius
multiplies A by p. Next for each a > 0

¢ H'(X®y K,L® Jr)

has finite M-invariant, and by devissage this holds for £€*- H*(X°®y K,LQR(JT1)/M),
all n. Applying Frobenius-pushout to this module multiplies A by p, and produces

P H (X’ @v K, L®R(T1)/€").

On the other hand filter L ® R(J)/¢™ by submodules ¢(L ® R(J;))/€™P, apply
the exact cohomology-sequences and use that for an exact sequence

Ny — Ny — N3
we have
ME™TPN2) < A(E*N1) + M€ Na),
with equality for all a, 8 > 0 only possible if
A(€? - ker(Ny — Np)) = A(€P - coker(Ny — N3)) =0, all a,8>0.
It then follows that for m > 0 the exact sequences
H'(X°®@v K, L®R(J1)/§) — H'(X° @v K,L®R(J1)/™H)
— H' (X’ ®v K,L@R(T1)/§™)

satisfy this condition. If (say) N denotes the kernel of the first map, for each o, 8 > 0
multiplication by &7 on £*N factors as EN —» N; — &N with N; submodule of a
finitely presented V /pV-module. As

(VD) < A(€% - N) =0,
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we have N; = (0), and N =~ 0. Quite similarly (or from the long exact sequence in
cohomology) the cokernel is almost zero. Especially the projective system of H*(X°®y
K,L®R(J1)/€™) has almost surjective transition-maps, and lim™® of it is almost
zero. Also if

M= H(X’®y K,L&R(JTr)),
then
H (X ®y K,LRR(T1)/£™) ~ M*/e™ - M,
and M =lim M/{™M:
—m
If
ze H'(X°®v K,L®R(JT1)/™),
we show that for each a > 0 £% - 2 lifts to M. For this choose a strictly decreasing
sequence
{an,m2m}, 0<any1 <a, <a=apn.
Then choose
zn € H(X° @y K, L®R(J1)(E")
with zm = 2z, 2541 lifting £ ~n+1 . 2,. Then £ - 2 is lifted by lim (£ - zn).
Also it follows that multiplication by £ defines an almost isomorphism
gan/€n+1Mz ~ §n+1Mi/§n+2Mi7
so ¢ is almost injective on M*. Next if M¢/€M? is not almost zero, choose an element
m € M*. m is not almost zero in M*/¢M*. Multiplication by m defines a map
§-R(V) 2 R(V) — M,

injective as m is not ¢'-torsion for any [. Consider o, 0 < a < 1, such that this map
extends to £*-R(V) (this is not possible for a < 0, as m ¢ &- M*). Such an extension
is almost unique. Thus if @ is the infimum of these a’s, the map extends uniquely to
the union

a(e) = |J & R(M).

a<a

Hence we get an injection a(a) C M?, with quotient M*® = M¢/a(a) again almost
without £-torsion. If M’ is not almost zero we can repeat the construction to obtain
an increasing sequences of submodules of M*, with subquotients a(a,), and almost
&-torsion-free quotients. Especially

ME-M/E® - M) > (¢ a(a,)/€” - a(a,)) = number of @, s,

so the process must stop. Hence we have found a finite filtration
0)=MyCM;C--CM,=M=M,
with M, /M,_1 ~ a(a,,).
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It then follows easily that for each o > 0 there exists a free submodule R(V)" C M
with quotient annihilated by £*. Especially M is almost projective of finite rank r
over R(V). Next define an R(V)-algebra

A= S[M]/(®(m) —mP)

(symmetric algebra divided by the relations displayed). Obviously .A[¢71] is finite flat
over R(V)[¢™!] of rank p”, generated by monomials with exponents < p in a basis
of M[¢71] = R(V)[¢!]". Also as the free submodules N = R(V)" C M form a
filtering inductive system with union almost M, we obtain (taking such monomials in
a basis of N) a filtering inductive system of free submodules of A (of rank p”) with
union almost A. Thus A is almost projective of finite rank p” over R(V), and almost
finitely generated. Also assume given such a free submodule with basis {m,...,m,},
quotient annihilated by £%, and let

£ ®(my) =) ai;-m;
i

with a;; € R(V). Then the matrix (a;;) has an inverse up to £° for any 8 > (p+1)a, as
&P .m; € €2.®(£%- M). Also all monomials with exponents < p in the £2/P~1.m; = T;
form an subalgebra A, isomorphic to

RT3, T/ = Y iy - ).

From ramification-theory it follows that the trace-form identifies the dual of A, with
det(a;;)7! - A,. Especially A[1/€] = A4[1/€] is étale over R(V)[1/£], and the corre-
sponding canonical idempotent e € Ay @ 77 Aq[1/€] has denominator det(a;;) which
divides ¢7# for any 8 > (r+1)a. Letting o — 0 we see that the canonical idempotent
in A®g ) A[l/€] is almost integral, thus A is almost étale over R(V).

Hence we can almost lift .4 to an almost étale cover of Ain¢(V) and its quotient V.

However V[1/p] is algebraically closed, so this cover is almost trivial. It follows that
A~ R(V)?". We thus obtain p” different (almost) homomorphisms of .4 into R(V),
corresponding to (almost) maps M — R(V) which are Frobenius linear. These maps
almost span the (module) dual of A and thus also of M (check with free submodules).
Now the F,,-vectorspace Hom;}";‘z"(%)(M ,R(V)) has p" elements and thus dimension r.
A basis of it defines an almost map M — R(V)" inducing an almost surjection on
duals, and thus an almost isomorphism. Also the canonical Fp-structure on R(V)"
can be recovered as the space of ®-invariants.

Next replace M by

H'(X* ®v K,L®%(R(0))) = M,
which is almost the same. Then we have the exact sequences (b € R(V) as before)

0 — coker(® — bP~1 | M) — Hjy(X° ®v K, L) — ker(® — 67! | M;) — 0.
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But M ~ R(V)™ (®-linear). Thus & — 5P~ is almost surjective on Mi~!. Now the
above sequence comes (with tensor-products etc.) from the first line in

© 2" z@)
ch:
)

Extend this as shown with & € R(V),b' # 0, unit, to get

O—%]Fp———ﬂz >0

0——F, V%

0)

>0

coker(® — bp=1)/M*~1) — H{yy (X° @v K, L) — ker(® — b»~1/M*) — 0

I | Iy

coker(® — (bb/)P~1/BIi=1) — Hiyy (X° @y &, L) — ker( — (bb')?~/BIT) — 0

The first vertical arrow is zero, thus H, (i!)(xo ®v K,L) injects into M; for all b (we may
vary b,b'). Also multiplication by b respectively b’ applied to M =~ R(V)" induces
maps

F7¢ = ®-invariants in R(V)"™
— ker(® — bP~1 /MY
— ker(® — (bb')P/R(V)™) =b- Fy,
and one derives that indeed
M~ Hj(X° @y K,L) @ R(V).
Corollary 1. — For any L (only annihilated by p®)
RI(X° @y K,L ® Aint(T1)) = RT () (X° ®v K, L) ® Aing(V)
RI(X’@K,L®J;) ~ Rl (X°®v K,L)®V
Proof. — Dévissage in L.
Corollary 2. — RT (1 (X° ®@y K,L) satisfies Kinneth.

Proof. — Descente from RI['(X° ®y K,L ® J;) (for V® (a Z/p*Z-module), “almost
zero” implies zero).
Also the map ux : (X° ®y K)* — X° @y K and its variants induce a map

Rr(g) (DCO Qv 7 L) — RF(:)((XO Rv f)ét, ]L)
Especially the trace-form on H?4((X° ®y K)®,Z/p*Z(d)) (if X has pure relative di-
mension d) induces a trace-form tré* on H2¢(X°®y K, Z/p°Z(d)). We shall show later

that it coincides with the restriction of the trace-form on H?¢(X° ®y K, J/p*J (d)).
Hence it induces by descente a perfect duality.
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Corollary 3. — The étale trace induces a perfect duality
RT(y(X° ®v K,L) ®" RL(1¢)(X° ®v K,LY)(d)[2d] — Z/p°Z.

4. Chern-classes and Gysin-maps

Suppose £ is a line-bundle on X. We define its first Chern-Class c¢;(£) in
H?*(X° @y K,Z/p*Z(1)) as follows: L is given by a class in
HY(X,0%) = HY(X*, 0%).
Pullback via v5 0% — O gives a class in H'(X ®y K, O ), and via the Kummer-
sequence
0 — pps — 0 0 —0
we obtain a class in H2(X®y K, pps ). It is clear that pullback to H2((X ®y K)®*, ups)
maps it to the étale first Chern-class of £ | X ®y K.
Next we consider a closed immersion ¢ : Z — X such that locally in the étale
topology
X =X, x A, Z =2 X; x {0},
with X; having toroidal singularities, stratifications etc. as before. We intend to give
a geometric description of the Gysin-map i.. We define a new stratification on X by

addmg Z as well as its intersections with X,’s to the strata, and call the new topos
X. Thus X° = X° — ZO. Next there are maps of topoi

it (X)°ovK — X' @vK

w: Xy K —Xov K

12 Qy K — ITC Rv K
Also there are variants i, jé for the étale topos on the generic fibre. Now a sheaf F
on (X @v K K)® which is locally constant on all strata induces L = ux «(F) on X Qv K

and L = w*(L) on X ®y K. Furthermore on (X ®y K)¢ there is an exact sequence
(or better an exact triangle)

0 — F — R F — i (F/2)(-1)[-1] — 0,
whose Rux , receives a map from
0 — L — Rjj*L — T;le*j*ﬁ: — 0.
Furthermore there exists a canonical map (inertia at Z)
R'juj L — i (LI2)(-1)
which we shall show to be an isomorphism. Finally the higher direct images R™j,j L
vanish for n > 2. This also applies to higher (n > 1) direct images ]R"z*(]L|Z ): The

stalks are given by cohomology of profinite groups, and ¢ induces an injection on local
fundamental groups because it has étale local sections.
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Hence by pullback we obtain an exact triangle
0 — L — Rj,j*L — i.(L|2)(-1)[-1] — 0
mapping to the two previous ones.

This is useful because it is wellknown that the Gysin-homomorphism in étale topol-
ogy is defined by the connecting map

RI((Z2° @y K)®, F(1))[-2] — RT((X° @y K)%, F)
from the first triangle, and similar for variants with (partial) compact support.
Sketch. — Taking cup-product with classes in RI'((X° ®y K)®, FV) we reduce to

constant coefficients and cohomology in highest degrees. Then the assertion follows
from the explicit description of the cohomology-class of a point in Z°.

Hence the second triangle defines the Gysin-homomorphism for i : Z @y K —
X ®v K, and allows us to compare it to the first.

Finally we come to the analogous results with coefficients L ® O. In fact we prove
them first, and derive from them the assertion about discrete coefficients.

1. Proposition. — Suppose I denotes support-conditions (at divisors transversal to the
embedding i). Then on xof there is an almost exact sequence (better triangle)

0 —Le®Jnx —RLLOT, 5) — i(L®T12)(-1)[-1] — 0.

Ezxplanation of maps, and beginning of proof. — The maps can be described as follows:
i) The first is induced from

Tix/p®-Trx — ixJT 1 3/P°T | %-

We claim that this is an almost isomorphism. Tensoring with IL then gives an almost
isomorphism of H’s.
ii) Let ¢ denote the stratum Z in X. Then there is a map

Rju (L@ T, )[1] — RU(L ® Y07 ; %))
Furthermore we claim that
j*'lZO,L(jL)?) = z>o< (71,2)
R'j.Z/p*Z(1) = in(L/Z),

and that the cup-product with negative of the special class in R'5,Z/p°Z(1) defined
by p-power roots of a local equation for Z gives an almost isomorphism

j*JO,L(7,,g)(—1) — R (Try/p°T 1Y)

Again this persists after tensoring with .. The negative sign is related to the fact
that the characteristic class of Z is the first Chern class of the line bundle O(Z) which
is locally generated by the inverse of a local equation for Z.
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iii) The higher direct images
Ruj*jl,x./psjl’i =~ Ofor v > 2,

and also after tensoring with L.

The assertions in i), ii), iii) imply almost exactness of the sequence in the proposi-
tion. From that we shall derive

iv) In addition

R'.Z/p°Z(1) = i (L/2)(-1),
and all higher cohomology vanishes.

Thus we can construct the exact sequences from the beginning and obtain com-
patability of Gysin-maps.

Now to the required assertions. They are easily reduced to constant coefficients,
as L becomes constant over O. That j*(zzo,b(jl, %)) = ix(J1,z) follows from the
definitions:

To evaluate the left hand side on a finite étale covering

V—-UvK Ucx

étale) we first restrict to the preimage of X \ Z, then extend by normalization to
recover V, next restrict to the preimage of Z ®y K, and then form global sections of
the normalization. But this gives the right hand side.

For the remaining assertions it suffices to check them on stalks

Spec(R), R= 0%,.

Let T € R define the stratum Y. Extending V we may assume that R ®v V is
local and normal. Consider the normalizations R and R of R in the maximal étale
cover of Spec(R)? ®y K respectively of the complement of Z in it. By the theory of

almost étale extension R and R are limits of almost étale covers of Roo respectively
ﬁoo, which in turn are induced by toroidal coverings. As locally in the étale topology
X = X; xA! we may use for ﬁoo the toroidal covering induced from toroidal coverings
of X and from adjoining roots of T', and for R, we use the toroidal covering induced
from X; as well as from p-power roots of a suitable unit, say of 1 + T'. Especially R
is almost étale over the subextension obtained by adjoining to R all roots of T' (and
normglizing the result). Now it A and A denote the relevant fundamental groups, and

% C A the kernel of the surjection to A, we have (say without support conditions) to
compute the cohomology H *(%, E/ psﬁ): For the first three assertions we need that
i) B4, R/p°R) ~ B/p'R
i) H(&, R/p*R) ~ (R/TR)™™ © Z/p*%(-1)
iii) HY(A, R/p*R) ~ (0) for v > 2.
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By the theory of almost étale extensions we may first replace R by R, and R by
the subextension corresponding to the quotient A — Z(1), i.e. where we adjoin roots

of T. By Kiinneth it suffices to treat d = 1 (no factor X;). At this stage also
the support-condition disappears. Furthermore as groups of order prime to p have

trivial cohomology, we reduce to the quotient A — Z,(1). Let Sy C R denote the
corresponding normalization,
Seo/J oo % (Roo/T + Reo)™™ = Homeont(Zp(1), V)

The assertions we have to show are

i) HY(Z(1), Soo/P° - Sec) ~ Roo/p” - Roo

ii) HY(Z(1),S5/P° - Soo) & (Roo/T Roo )™ Q Z/p*Z(—1)

iti) H¥(Z(1), Soo/D® - Seo) =0 for v > 1.
Here iii) is clear because if cohomological dimension one. Also we may replace Z(1)
by the quotient Zy(1), as the kernel [],_,, Z;(1) has trivial cohomology. This amounts

to changing S, and ﬁoo by adjoining only p-power roots of . We do this, but retain
the notation for simplicity. Now write Seo = |J,, Sn, with

S, = Roo [Tl/p"]norm

Note that S,[1/T] is almost étale over R [1/T], by the purity theorem. Also R is
the inductive limit of regular rings

Run = Vi[(1 4+ T)P "8,
and thus S, = J,,, Sn,m with
Spim = R [T7 ]P0

a free R,-module of rank ¢ = p". The group A, = Z/p™Z(1) operates on Sy m. We
have H°(A,, Sy.m) = Rm. For the higher cohomology consider the infinite complex

(o—1) tr (o-1) tr
K;l,m LT Sn,m —— Onm — Sn,m Sn,m — Sn,m —

where tr = 3970 o*.
Its cohomology H*(Kp m) = H*(Ay, Sn,m) is called the Tate-cohomology (i € Z).
It coincides for i > 0 with H* (A, Sp,m), while
H°(An, Snm) = Ron/ tr(Sn.m)-
Obviously Hi is periodic with period two. If S,\{’m = Homg,, (Sn,m, Rm), We can
similarly compute H “(An, Sy ,,) from the version of Ky m where Sy , is replaced by

duals. However this is isomorphic to (K, ,,)V[1]. As R,, has finite cohomological
dimension two we thus obtain a spectral sequence

Eg’b = EXt‘}{m (ﬁ_b(An; Sy\z/,m), Rm) = ﬁa+b+1(An’ Sn,m)

with Eg’b =0 unless 0 < a < 2.
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Now we pass to the limit m — oo. The trace-form defines embeddings Sp m —
Sy - If we localise at height one primes p of R,, these are determined by the different
of the extension. It is a unit except if p divides p or T'. However at the prime-divisors
of P the p-valuation of the different converges to zero because S,[1/T] is almost étale
over Ro[1/T]. For p dividing T the different is generated by T(—1/4. Tt thus follows
that

T(a-V/q . Spm C S;l/’m,
with the quotient annihilated by p®~, lim a,, = 0. It also follows that p®™ annihi-
m—00
lates Sn/Sn,m ®r,, Reo. Hence we obtain:
a) S, is almost projective finitely generated /R
b) The trace map factors
tr:J, =TY9.S, — T Re,
and 71: - tr induces an almost isomorphism
Jn = Hompg__ (S, Ro)

Especially tr(Jn) ~ T - Roo.
c) The H (A, Sy,) are almost finitely presented. There is a spectral sequence (up
to almost zero modules)

E3® = Exth, (H %(An, Jn), Reo) = H*™PHY(A,, S,)

with E$® =~ 0 unless 0 < a < 2.
((c) follows because S, ®r,, Reo — Sy is a p**-isomorphismus).

Now H*(A,, J,) is annihilated by p™ as well as by tr(S,) which almost contains T'.
As (p",T) form a regular sequence in Ry, Exth (M, Rx) = (0) for a < 1if M
is annihilated by p™ and T. Thus the spectral sequence almost degenerates to give
(using period two)

HYY (A, Sn) ~ Exty_(H*(Any Jn), Roo)
However
H(Ap, Jn) = (Jn N Roo)/tr(Jn) ® T - Roo/T - Roo =0,
and thus
HY™(An, Jn) ~ H°Y(A,, S,) ~ (0).

Passing to the limit n — oo implies

H (A, Joo) = (0), i>0even
H (Ao, So0) = (0), i>0odd
HO(AooaJoo) ~ Roo

T.
H%(Awo, Sco) ® Roo

Also all cohomology vanishes in degree > 1 for p-torsion modules).
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Finally we compute
H*(Aco, Soo/Js0) ® H*(Zp(1), (Roo /T Rso)™*™).

Here the action of Zp(1) on (Roo/T Roo)™*™ is trivial. Thus the module coincides
with HC. Also H' are the continuous homomorphisms Zy(1) — (Reo/T - Roo)™™.
As the target has no torsion these vanish. Finally H? can be computed by tensoring
with 0 — Z, — Qp, — Qp/Zy, — 0. The result:

HO(Aoo, (Roo/T . Roo)norm) — (Roo/T . Roo)norm
Hl(AOOa (Roo/T - Rw)norm) = (0)
H2(A00» (Roo/T - Roo)™™) = (Roo /T + Roo)™™ ® QP/ZP(_l)
Next using 0 — Joo — Soo — Soo/Joo — 0 we compute
HO(Aooa Soo) = Roo
H'(As, Se0) 2 (0)
H%(Aoo, So0) X (Roo/T - Roo)™™ ® Qp/Zyp(—1)
Finally 0 — p® - Soo = Soo — Soo/P® + Seo — 0 gives
HO(Aooy Soo/ps : Soo) ~ Roo/ps : Roo
H (Ao, Soo/P° * Soo) ® (Reo/T + Reo)™™ ® Z/p°Z(—1)

Thus we have shown the first three claims (the maps are easily seen to be a described
there). For the last assertion iv) it is easily checked if the residue field of = has charac-
teristic zero. Thus assume that its characteristic is p. What we have to do is compute
the first cohomology of the complement of the preimage of Y in Spec((’)ﬁ}"z ov K)°,
with coefficients Z/p*Z(1). Its irreducible components correspond to classes of A,
modulo the decomposition-group D of Y, and inertia at these components defines
an injective map from our H! to the induced module Ind%(Z/p°Z), which defines
ix(Z/p°Z). It remains to show that the map is also surjective. This uses the sheaf
R(O) on the topos (X° ®y K). The assertions i),ii),iii), and projective limits, imply
that the zero’th cohomology of R(O ) is almost equal to R(Ox), and its first coho-
mology to Ind5(R(Oy ))(—1). Higher cohomology is almost zero. Computing almost
invariants under Frobenius we get the assertion with coefficients Z/pZ, and extending
modulo p* follows by by devissage.

After this hard work apply Rgx . to the almost exact sequence
0 — Ox/p* Ox — Rj.Og/p O — ir(@y/p* Oy)[-1)(-1) — 0
to obtain in highest degree
Rgx,«(Ox/p°Ox) — Rz (05 /p°0%) — R¥qy,.(Oy /p* - Oy)(-1) — 0
on X, These map to the exact sequence
0 — wx(—d) — wx(Y)(—d) = wg(~d) — t.wy(—d) — 0

with the resulting two squares commutative:
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This is an easy local calculation. The first square commutes on X \ Z which is
dense. For the second choose a local equation T for Z and extend to local parameter
X1 =T,X,...,Xq. Then we obtain a Z,(1)¢ = A-extension of O3 by adjoining p-
power roots of the X;. Then the trace-map sends the generator of H4(A, Z,(d)) & Z,
to dlog X3 A --- A dlog X;. When mapping to the “Z-terms” the first goes to the
canonical generator of H~}(Ay, Z,(d—1)) = Z,, where Ay = Z,(1)?~! corresponds
to adjoining p-power roots of X, ..., X4. In turn this goes to dlog Xo A- - - Adlog Xy,
which is the residue of dlog X; A --- Adlog X;. However the direct image in coherent
cohomology is defined by the exact sequence of w’s.

By taking cup-products with classes of complementary degree it follows that the
Gysin-map

ix : RT(1y(Z,L ® Oy)(-1)[-2] — Ry (X, L ® Ox)
is the connecting map from the exact sequence (triangle)
0 —LRO0x — RjL(L®0Of) — i(L®0z)(-1)[-1] — 0

and its variants with support-conditions.
Also we have constructed an exact triangle

0 —L — Rjj'L— i (L)(-1)[-1] — 0

mapping to the previous one (onto the almost invariants of Frobenius). For support-
conditions one applies the functors ¥(L) and Rux ., and obtains such a triangle on
X% with Rux . applied to all terms. It then induces an “adjoint”

RF(!)(Z, L)(-1)[-2] — RF(!)(T)C, L)

for the trace-maps induced from cohomology with values in O. If we know that these
trace-maps take values in Z/p°Z we could use them to define a Poincaré-duality and
i« would be the adjoint to *. In any case u maps our exact sequence to its pendant
in (X ®y K)%, which defines the direct image in étale cohomology. Thus one checks
that our triangle defines an adjoint i, for the inner product defined by trétale,

The upshot of this discussion:

There exists an adjoint i, for the tré*®e-theory inducing the adjoint in O-
cohomology.

Next let us compute in some examples that the comparison-maps
H{(X @y K,Z/p*Z) — H((X ®v K)*,Z/p°Z)
tend to be isomorphisms:

Example 1. — Let

X=P", X°=G¢ =P\ UL H;,
H; the standard-hyperplanes {T; = 0}. Then X can be covered by standard affines
A™ with fundamental group 7, (G¢, ®y K) = Z¢ corresponding to n-power coverings
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P? — P<. Hence
H*(X° ®v K, 0/p*0) = RT(Z(+1)4, im R (P?, O/p*0) @y V)
= (exterior algebra in Z,(-1)%) @ V/p°V.
Taking Frobenius-invariants
H*(X° @y K,Z/p°Z) = exterior algebra in Z/p*Z(—1)%
— H*((XO Qv f)ét’ Z/psZ)

By using the fundamental triangle for the embeddings H; — P¢ « P? — H; one
obtains by induction that

H*(X &y K, Z/p'Z) = B* ((X &y K)*,2/p'Z) = éZ/pSZ €6 =a(0()).

Example 1*. — Let € denote a vectorbundle on X of rank r + 1, Y = Px(£) 25 X.
Then

H*(yO Rv var*(]]-‘) ®6Y) = é H*—2i(x0 Qv T(’L®6X) : &i
=0
with
§=c1(0(1)), pr(€) — 0O(1)

the universal quotient. Also

H* ()’ @y K,pr'L) = @ H* (X’ ®y K,L) 0 &".

T
=0
Proof. — Both assertions are equivalent. We prove the corresponding equality for the
derived image Rpr, oRgx «, that is étale locally in X é. But over some Spec(Oﬁ}‘,z ,
Y is a product X x P, and the result follows from Kiinneth.
In example 1 the
tr: H2(P4, 0/p°O(d)) — V/p°V
sends ¢;(O(1))? to 1: This follows by induction from (i = inclusion Hy — P?)
ixc1(0(1))* ! = e (0(1)%

The formula holds in étale cohomology, and we already know that both versions of i,
are compatible.
By checking fibrewise we derive that in example 1* pr,(£7) = 1. Also one defines
the Chern-classes
ci(€) € H*(X ®v K, Z/p°L(i))

by the usual formula
r+1

D (-1)es(€) - £ =0.
=0

They map to the corresponding Chern-classes in étale cohomology.

SOCIETE MATHEMATIQUE DE FRANCE 2002



236 G. FALTINGS

Example 2. — Let X — P¢ = X denote the blow-up in the point Y = (1 :0...).
Then X is a P!-bundle over P4~!, with exceptional divisor E = P4~1. Using example
1* one checks that for each i the sequence

0 — Hjy(X° ®v K, Z/p*Z) — H})(X° ®v K, Z/p°Z) ® H) ()° @v K, Z/p°L)
—_— Hé) (80 ®V F? Z/psZ) —0
is exact.

Example 2*. — Let Z C X denote a closed subvariety such that locally in the étale
topology

(X,2) = X1 x (A%,0),
with X; toroidal etc. Let X denote the blow-up of X in Z,FE C X the exceptional
divisor, E & Pz(Jz/J%). Then for each i the sequence

0 — Hjy(X° ®y K,L) — Hjy(X° @y K,L) & H},(2° ®v K,L)
— H{y(£°®y K,L) — 0

is exact.

Proof. — As in example 1* one checks this by a localization in X¢. This would give
a priori a long exact sequence in cohomology, but for example the pullback

px : Hiy(X° ®v K,L) — H{y(X° ©v K, L)
is injective, with left-inverse px ..

Thus consider a product X; x A* = X and the blow-up X in X; x {0}. A’ as well
as its blow-up in zero obtain the structure of a torus-embedding from Gf, C A*. On
A the codimension one strata are the coordinate hyperplanes, while on the blow-up
we have their proper transforms as well as the exceptional divisor (= Pt~1).

Now the blow-up induces an almost isomorphism on the cohomology of the stratum

X; x Gt,, using that we retain the same fundamental group and the theory of toroidal
embeddings. Also the other strata can be treated by induction.

Remark. — For constant coefficients we also could have used local Kiinneth. The
above procedure also works if L is not induced from the factor X; in X; x A’
Finally we need the self-intersection formula:

2. Lemma. — For the inclusion i : Z — X of a divisor i*i.(2) = —zU c1(Jz/J%) =

zUc1(Nz).

Proof. — This amounts to computing the extension class of the pullback by ¢* of the
exact sequence

0 — Z/p°Z — R4 Z/p°Z — . Z/p°Z(—1)[-1] — 0
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Cover X by affines U, on which Z has a local equation f,. Then the p*-th roots of f,
form a pips-torsor on U, N (X \ Z), hence give a class in I'(Uy, ®v K, R!j,pps) which
maps to —1 € 4.(Z/p°Z). Thus the restriction to U, N Z trivializes the extension
there. The trivialization is not global. Namely one intersections U, N U, we get a
difference given by the uys-torsor of roots of u,, = (f,/f.) | Y. However this defines
C1 (J VA / J %)

Finally we treat immersions of higher codimensions. Let Z C X be a closed
immersion such that locally in the étale topology (X,Z) = X; x (A*,0). Let X =
blow-up of X in Z, E = exceptional divisor = Pz(Jz/J32).

B s i
SG
Z d—) X
On E we have the vectorbundle F = pr}.(Jz/J%)*/O(—1). F has rank ¢ — 1, and

from the usual formulas one computes that
t—1

c-1(F) =Y cra(pry(Jz/JZ)7) UE.

=0

Especially pz «(ct—1(F)) = 1 (in all cohomology-theories).
3. Proposition. — p% 0i.(2) = ix(ci_1(F) Upy(2)) for z € H*(2° ®v K, L).

Proof. — The right-hand side lies in the image of pry: To check this it suffices to
check the restriction to E. By the self-intersection formula this is

c1(O(=1)) U erm1(F) Upz(2) = pri(ce(Jz/JZ) U z)
and indeed induced from Z. It now suffices to apply px  :

Px (i (C1-1(F) UPZ(2)) = iw 0 Pz (-1 (F) Upz(2))

= 1,(2).
Remark. — The proof actually shows the formula in the derived category.

4. Corollary. — The transformation
RI(X° @y K,L) — RO((X° @y K)®,L)
commutes with 1i,.

Proof. — It commutes with everything else in the formula.

5. Corollary. — The two trace-maps (induced from O/p® - O respectively from étale
cohomology of the generic fibre) on H24(X° ®@y K,Z/p*Z(d)) coincide.
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Proof. — We may assume that the generic fibre X ®y K is irreducible (extend K
if necessary). As the special fibre X ®y k is generically reduced, there exists (after
perhaps again extending K') a section ¢ : Z = Spec(V) — X with image in the smooth
locus. Then both traces are characterised by the fact that they take the value 1 on
ix(1).

We intend to apply this theory to the diagonal embedding

6: X — X xy X.
As this does not satisfy the conditions on the nose, we shall modify it to
g: 5(: — (X Xy X)N.

This modification is done using toroidal geometry. We assume given a finite number
of convex polyhedral cones {0,}, 0, C Lg, L = Z3*!, and also an indivisible A € LV.
We assume that each face of a 0, also appears among them, and that o, Nker(}\) is
a simplex spanned by a partial basis of L.

Furthermore we assume given an étale covering of X by X (0,)’s, and étale maps
X(0,) — T, (the torus-embedding defined by o,). Also for T a face of o, X (7)
should be equal to the preimage of the open TA,{.,} - T,\,{a,,}, with the induced map.
Each X (o) is stratified, with strata indexed by faces 7 of 0. If z; € X(o1) and
z2 € X(o2) lie over the same point € X, and in the closed o;-stratum respectively
og-stratum, then there exists an automorphism ({(¢;) C L, the sublattice spanned
by 0;) ({(01),01,) = ({02),02, A), such that the two induced isomorphisms between
0%z = O%o1)er = OX(02).z, 20d the strict henselizations of T'x (4,} respectively
Ty {0, differ by the induced automorphism and the action of an element of T'.

We construct for each o, a finite collection M(o,) of T-invariant ideals I of
VLY Nnao)], as follows: First, for any integer n, consider the set of elements u €
LY No) such that

i) p(p) < n for each generator p of an extremal ray of o,

ii) If A(p) = 0 for such a p, then u(p) = 0 except for at most one such p, for which

u(p) = 1.
Choose n so big that the elements generate the dual of the subgroup (o,) C L gen-
erated by o,, for all v. Then define My(o,) as the (finite) set of principal ideals
VILY No)] - p generated by such p. If 7 is a face of o then each ideal in My(o)
generates an ideal in My(7) in V[LYN7Y] D V[LY NoV]. Also the set of ideals My(o)
is stable under isomorphisms ({o1),01, ) & ({02), 02, ). We define M (o) as the set
of all ideals of the form

ker: VLV Nno¥] — VLY n1Y)/I,

with I € Mp(7), 7 a face of . Then:
i) M(o) is stable under isomorphisms of ({c),d, \).
ii) For 7 a face of o, the map I — I-V[LVN7"] induces a surjection M (o) —» M(T).
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iii) If o C ker(A), then M (o) consists of the unit ideals and the ideals defining the
irreducible components of the boundary-divisor

iv) M(o) contains principal ideals generated by pu, for p a system of generators
of (o)V.
Now define new torus-embeddings T C T, T by normalised blow-up of all ideals
I + I, for I, I € M(0). By ii) this commutes with open immersions defined by
faces 7 C o, and by i) the induced modifications of X (o) descend to a proper map
of algebraic spaces f : X — X inducing X° > X°. We call such an f a toroidal
modification. By iii) on the generic fibre

Xy K — Xy K

~ ~

is common blow-up of all intersections of pairs of boundary-divisors. Locally in the
étale topology of X f is a normalised blowup, thus quasiprojective, but I do not know
whether this remains true globally, or whether X is always a scheme.

Similarly on X xy X we blow-up (and normalise) all ideals

pri(I1) + pri(l2), pri(l1) + pry(I2), pra(l1) + pra(l2)
with I; € M(al) I € M(o3) (over X(o1) x X(02)). Then the diagonal extends to A :
XX ><VX Note that normalised blow-up has the following toroidal description:
Each I € M(o) defines a convex piecewise linear function ¢; on o by
¥r(p) = min{u(p) |p € INa’}.

Then the normalised blow-up amounts to subdividing o (in a minimal way) such that
11 becomes linear on each stratum.
Especially on X xy X (defined locally by

L® =ker(\,-\) CLx L,0®? =0 x0on Lg)),
the functions min(u(z), u(y)) are linear on the strata of the subdivision, for x in a
system of generators of (o)¥ (condition iv)). It follows that on each open stratum
meeting the diagonal we have u(z) = p(y), and thus this stratum is totally contained
in the diagonal. Also on the diagonal we obtain the subdivision defining X. Thus the
diagonal embedding T < T xy T extends to an open immersion
(Tx1)xT C (T xyT)~.
Hence locally in the étale cohomology
(XxvX,X) 2 X, x (A, 0).

Next consider support-conditions at infinity for a toroidally defined X X, If
J = J; C Ox partially defines the boundary, there are two canonical choices for
an ideal J C (’)g,f D f*(J). Either J defines the total preimage of V(J) (the
minimal choice), or the union of boundary divisors D not projecting onto irreducible
components outside V'(J).
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6. Lemma
i) X ®y K has normal crossings singularities
ii) For either choice of J Rf.J = J.

Proof

i) On the generic fibre we have to treat the torus-embedding defined by o Nker()),
which up to a torus-factor is G4, C A?. Then X is the union of d! embeddings
G2, C A?. One of them maps to X via (X1, X; - Xo,..., X1 X4), the others by
permuting variables.
ii) If p1,...,pr are the extremal rays for o, those for the cones of & are sums
ps = D cg pi for non-empty subsets S C {1,...,d}. These lie in a common sim-
plex if and only if the S’s form a chain. Assume J is defined by {1,...,a}. Then
the bigger transform J corresponds to S C {1,...,a}, while the total transform to
SN{l,...a} #¢.

By [KKMS], §3, Th. 12 for any p € LV the y-component in Hi(T}; J) is H(o,k)
for a certain closed subset A C| 7 |, namely the union of all faces 7 with y € T' (7-

open, J). This is also equal to the relative cohomology H'(o,0 — A; k). First choose
J minimal. Now p ¢ I'(-open, J) if either not u € 7, or p € 7V and p(ps) = 0.

For some pg belonging to J with pg € 7, i.e. SN{l,...,a} # ¢. Choose a du € LV
with du(p;) < 0fori=1,...,a,0,(p;) =0 for j =a+1,...,7,0u(p) > 0 for any
extremal p of a face 7 with A(p) > 0. Then for N >0

u € I'(T-open, f) > Nu+duetv,

thus the yu-component becomes the (N p+6u) component in H* (T, ©) which is known
to be 0 unless i = 0 and Ny + ép € oV, which means u € J. For the maximal J
choose o as before except that

6ulp;) > —a-min{u(p:) | 1 <i < a}

for a +1 < j < r. This proves the assertion ii) for T — T, and by basechange also
for X — X.

As an application let as before R, denote the normalization of R ®y V in the ex-
tension defined by adjoining all p-power roots of u € LV, X’oo — X the corresponding
normalised pullback to f : X — X = Spec(R), with Galois-group Ao, = Zp(1)%. If
M, denotes an R..-module with continuous semilinear Ao-action, and Js C Rs a
support-ideal extending (in two possible ways) to Joo CO %.,» then

Rfoon (Moo @ Joo) = Moo @ Joo

(by basechange), and this equality persists after applying R['(Aw, ). However by
the almost-étale theory these are cohomologies of L ® O, if M = (R ® L)G2l(E/Ee)
for a locally constant p-torsion sheaf L on Spec(R)°? ®y K. That is we know that for
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the map gx : X° ®y K — X* Rgx.(L ® J) is almost isomorphic to a complex of
quasicoherent sheaves, and the above assertion means that the map
Rgx «(L ® J) — Rf. oRgz ,(L® J)

is an almost isomorphism. Thus:

7. Corollary. — RT(X° @y K,L®J) ~ RT(X° @y K,L® J)
RT () (X° ®v K, L) = Rl(X° ®v K, L)
In the second equation (!) always denotes the relevant support-condition at infinity.

The second assertion follows from the first by descente. Also the corresponding étale
analogue holds:

8. Lemma. — R (((X° ®@v K)*,L) = Ry (X° @v K)*,L)

Proof. — Let X — X% = AU B denote the decomposition of the boundary in union
of irreducible components, such that we have compact support along B. Similarly
X — X9 = AU B, with either A = f~1(A) or B = f71(B). As Poincaré-duality
exchanges A and B (and A, B) we may assume that A = f~1(A). Now with j, :
X — A — X denoting the inclusion, we have Rf. o Rjz = Rjs o Rf.. Thus it suffices
if
Rf.o ]Rjgy!(IL) =RjpioRf,(L) on X —A.

This assertion is local in X — A. We thus reduce to X° = G¢, ¢ X = A4, A = ¢,
B=X—X°and thus B = X — X°. As f is proper Rf, commutes with duality which
exchanges jp and Rjp ., and similar for B. This reduces us againto A = X — X9,
B = ¢, and then to A = B = ¢.

Now the main application: The diagonal-embedding
§: X —XxX
induces o o
§: X — (X x X).
This embedding is such that locally in the étale topology
(XxvX),X) 2 X; x (4%0).
Now choose a decomposition of the boundary
X-X°=AuB,

and extend to X — X = AU B with 4 = full preimage of A. Then define
R4 5((X°®y K)®,L) as cohomology with compact support along B, and similarly
for the other cohomology-theories or for X. On X xy X we consider the pair

(A® B@) = (Axy XUX xy B,Bxy XUX xy A),
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and similarly A® = full preimage of A® in (X ;—V\)/(), etc. Assume first that L is
annihilated by p. We then have a commutative diagram

o — 3. —~—
RI((X° ®@v K)*, End(L)) — RT 1) 5o (X xv X)° ®v K)*, L@ LY)(~d)[-2d]
~ L R —~— T —
RI'(X° ®y K,End(L)) —— R 50) 5o (XxvX)° @y K, L ® LV)(~d)[—2d]

which can be identified with

— Ox —
RF((XO Qv K)et,End(]L)) — RPA(z)’B(z)((X Xy X)O Qv K)et,]L ® Lv)(—d)[—2d]

T T

! s —
RI(X° @y K,End(L)) —— RT 42 e (X xv Xo)° @y K,L @ LY )(—d)[—2d]

Apply this to the canonical class 1 € H'(X° @y K)®,End(L)) or its variants. Its
image in
RT g2 peo (X xv X)° @y K)*, L@ LY)(—d)[—2d]
= RT4,5((X ®v K)*, L) ® RTp,4((X ®v K)*,L")(~d)[~2d]

corresponds via Poincaré-duality to the identity, and similarly for RT(X° ®y K, ...).
As the comparison-map

Rl 4 5(X° @y K,L) — R[4 p((X° ®y K)*,L)

respects the trace and cup-product it induces an isometry on cohomology, and thus an
injection. That it also preserves d.(1) means that its adjoint also preserves products,
thus is also an injection. Hence the comparison-map is a quasi-isomorphism. By
devissage this also holds for general p-torsion L’s.

9. Theorem. — H', z(X°®y,L) = Hjy 5((X° ®@v K)*,L).

Remark. — We have given a “global” proof. In many cases one can also proceed
“locally”: Namely if for each z € X all strata in Spec(O%, ®v K) are K(m,1)’s in
the étale topology, then the stalks of Rgx .L coincide for

ax : X’ @y K — X

respectively

(XO Qv "I?)ét N Xét.
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5. Crystalline Cohomology

Let X — Spec(V) be as before. That is X is a proper scheme or algebraic space over
V with a log structure defined by an étale covering [ [ X (0) — X, étale X (0) — T,.»,
gluing conditions, LV /ZA\ torsion free, etc. We also assume that the special fiber of
X is reduced, which is equivalent to saying that p(A) = 0 or 1 for the generator p of
each extremal ray of 0. We can always achieve this by adjoining a root 7/¢. For
most results it suffices that X is a fine and saturated log scheme smooth over V,
proper and with reduced special fibre. The last condition is also equivalent to saying
that the special fibre of X is of Cartier type, and it is used when we prove that
the Frobenius endomorphism of crystalline cohomology is an isogeny and crystalline
cohomology satisfies Poincaré duality. However I do not know how to regularise the
diagonal embedding in this more general setting. Still I shall use the language of
logarithmic structures as it now has become standard, restricting ourselves to such
structures which are “toroidal” as above.

Choose a uniformiser 7 of V. Let Vo = W (k) C V denote the maximal unramified
subring of Witt-vectors over k. Then

V = Vo[n] = Vo[t]/ (f(t)),

where f(t) = t®+ae_1-t°" 1 +---+ao is an Eisenstein polynomial: All a; are divisible
by p, and ao/p is a unit in Vo. D(s(4))(Vo[t]) denotes the divided power envelope of
(f(t)), obtained by adjoining divided powers f(t)"/n! or t*®/n!, and Ry denotes its
p-adic completion. Ry C Ky[[t]] consists of power series Y - o a,-t" with ([ ] denotes
Gauss-brackets)
[n/e]'-an € Vo (all n), nan;O([n/e]! ~ap) — 0
It has the PD-filtration F"(Ry) = p-adic closure of the ideal generated by divided
powers f™/m!l, m > n. Ry/FY(Ry) = V. We give Ry the logarithmic structure
defined by the prelog structure N — Ry which sends 1 to t. We want to study the
logarithmic crystalline topos of X/Ry . For lack of suitable reference we first tensor
with a fixed Z/p°Z. So let X; = X ®y V/p*V. Then the logarithmic crystalline site
([B], [K]) (Xs/Rv,s)crys consists of PD-embeddings (PD-structure compatible with
that on pRy,s + F'(Rv,s))
U—U

where U, U are schemes/ Ry s, U — X is étale and U has a logarithmic structure such
that our embedding becomes fine. This means that U obtains a “toroidal structure”
as follows:

The covering by X (o) — X induces an étale covering by U(o) — U, with U(c) —
T»o CT,. T, is a scheme over Vp[t] with ¢ corresponding to A. As the ideal of U in
U is nilpotent U (o) extends canonically to U(c) — U étale, with U(c) — U(c). Then
the “toroidal structure” on U is an étale local extension of U(c) — T, to U(c) — T,
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(as schemes over Vj[t]), unique up to homomorphisms
U(o) — Th=ker(\: T — Gy,)

which is trivial on U(c). That is the extensions exist on an étale cover U’ (o) — U(o)
and the two pullbacks to U" (o) = U'(0) Xy () U' (o) differ by a map to U" (o) — T
satisfying the cocycle condition. In fact to construct U’(o) it suffices to trivialise a
class in the first cohomology of 1 + PD-ideal, so any affine covering suffices. Also
there are compatabilities for faces 7 C o.
Maps
f:(Ur = U) — (U — Us)
are pairs of log-maps fy : Uy — Us, fy : Uy — Uz with the usual commutation rule.
Being log-maps implies that locally in U(c) we have p : Uy () — Th, trivial on Uy (o),
such that
U, (0’ ) — U (0’ )
\ 1
commutes up to the action of p. (Composition is obvious) Coverings in the site are
induced by étale covers of U. A crystal (of quasicoherent sheaves) on (Xs/Rv,s)crys
is a sheaf £ such that for U — U, &, is a quasicoherent sheaf on #. Also for any map
(U — Uy) — (Uz — Ua), &y, should be isomorphic to the pullback of &,, via the
pullback map. A filtered crystal is an £ as above together with a decreasing sequence of
subsheaves F™*(€) C £ (indexed by n € Z) such that on each U — U, the F"(€)y are

quasicoherent subsheaves with F2(Oy)- F?(€)y C F+b(&)y (F*(Oy) : PD-filtration
defined by the ideal of U «— U), and for

(U, Uy) — (Ua,Ua)

F™(E)y, C &u, is the subsheaf generated
> FUOw) [ (F ()
a+b2n

Obviously any (unfiltered) £ can be filtered by the F™(Oy) - &. An example of a
filtered crystal is O5”*{a}, with underlying sheaf &, = Oy and F"(€)y = F*t™(Oy).
A filtered crystal of vectorbundles (£, F'*) is called locally filtered free if for any U — U
(Eu, F*(Ey)) is locally isomorphic to a direct sum of Ocrys{a}’s (no compatibility with
pullbacks is required).

Now choose an étale covering of X by X(o)’s, with étale maps X (o) — T, .
These lift /tg étale maps of formal schemes (with adic topology defined by m — X)
)?(;) — T, = formal completion of T, along T,,, . Thus we can find an étale
covering Y — X and a lift to an étale scheme Y locally étale (and with the induced

log structure) over T,, namely for example Y = 11X (). We assume that Y is
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affine. We need the exactified logarithmic products (better inductive limits of log-n-th
infinitesimal neighbourhoods) yn+Llog These will be formal schemes with underlying
topological space

Y xxY x---xxY (n+ 1-times),
defined by étale glueing from the following: For T, the (n + 1)-fold log-product is
the formal completion of T, xy, T along (T, x {1,...,1}). Its projections to T,
are given by pry(z,91,...,9n) = 2, prz(z,gl, ..-,9n) = gi - z. But locally in the étale
topology

Y2X2T,,Y=T,,
and we use pullback. It follows that via any of the projections pr; yn+Llog ig étale
locally isomorphic to a product of formal schemes

n+llog ~v 1 Tn
Y =Y xT;,

(fa, » : formal completion along origine). The Yn+llog form a simplicial formal
scheme.
Next if we reduce modulo some fixed p® we can form the PD-hulls of the embeddings

Y xxY - xxY o Yntllos

and obtain schemes (not just formal) schemes over Ry /p*Ry, or (again) formal sim-
plicial schemes over Ry, with the p-adic topology:
Y < D(Y*18),

These are the log-PD-envelopes of [K|. Any crystal £ on (X,/Rv,s)crys can be evalu-
ated on

D(Y*"°¢) @, Rv/p’Ry,
so gives &, on each

D(Y*'°8), ®g, Ry /p°Rv
with pullback-maps which are all isomorphisms. As usual giving a crystal £ is equiv-
alent to giving & on

D(Y*"°%) ®g, Rv/p°Rv
together with an isomorphism of the two pullbacks to

D(Y*"°¢); ®r, Rv/p*Ry,
satisfying a cocycle condition on

D(Y*°%); @, Ry /p°Ry,
or giving & with an integrable quasi-nilpotent log-connection

v : & _>80®QYlog

where Qi, log is the sheaf of the logarithmic differential forms, pullback of dual to the
Lle-algebra of T’ (any character x of T defines a closed differential form dx/x on T).
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The relation is given by Taylor’s formula. Its logarithmic version is mentioned in [K],
6.7.1.
With this connection we define the de Rham complex

DR(E) = (£ ® Vpuiug 1o V + )

on D(Y*°8),. On D(Y‘ 108) . its underlying sheaves are pr0(€)®/\’( GB pr} ((Q;A, log)),
with
(V + d)(pro(e) ® @) = pry(Ve) - a +e @ da.

For any PD-thickening U < U of U — X étale we find étale locally a map (U, U) iR
(Y, 17) Thus &y is determined by pullback. In fact one can form the log-product
U x 17'.)"’3, a formal simplicial scheme with same underlying topological space as
U x x Yy. Etale locally it is isomorphic to U x T, . As usual modulo p* the divided
power hull of this is a scheme or algebraic space, and we obtain a diagram

(U, U) &2 D(U x Y*)lo8) 22 p(v*)
Then it is known that
Rpr, , prz(DR(E))

is a resolution of &, and globalises to an u x-acyclic resolution of £ on the crystalline
topos (One can drop the R because Y is affine). That it is a resolution follows as in
[B] from the Poincaré-lemma, as locally U x'°8 Y"+1198 ig jsomorphic to the (usual)
product U X T)'f“. Also one uses cohomological descent (Y covers X).

That the resolution is acyclic follows from general category theory. Namely crys-
talline cohomology is the derived projective limit of étale cohomology of small thick-
enings. Here a thickening U — U is called small if it is affine and maps to D()A/), and
the derived projective limit is over the category of small thickenings. As this category
has products and every object maps to D(?), and the derived projective limit is the
cohomology of the simplicial scheme D(?'*log). Also étale cohomology of quasico-
herent sheaves on affines vanishes in higher degrees. As Y is affine we can represent
the derived direct image by the usual direct image of quasicoherent sheaves. Thus
Rux «(€) on X is representable by the direct image of the de Rham complex DR(E)
on D(?') One can check directly that the result is independant of the choice of a
covering Y and its lift Y up to canonical quaSI—lsomorphlsm in the derived category.
Namely for two such choices Y;, Yo a,nd Yl, Y2 there are such comparison maps from
the de Rham complex formed from Y1 I Y2

The same holds in the filtered context, that is for £ filtered the de Rham complexes
give filtered resolutions. In local coordinates D((Y x }7‘)'°g)n corresponds to a free
PD-algebra Oy {t,} in (n + 1) - d variables t, (= local coordinates near 1 in Tyt1),
and the de Rham complex is the tensor product of & and the de Rham complex in
the {t¢,}, with its product filtration.
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Basically we are interested in the cohomology of crystals of vectorbundles. However
we also need boundary conditions. Recall that X ®y k is reduced, or equivalently
that X ®y V is normal. Then étale locally on X there exists an étale morphism
X — T, for some 0 C Lg such that the extremal rays of o are generated by p;
with A(p;) € {0,1}. Any subset I of them defines a reduced divisor with support
in the boundary (which includes the special fibre), and thus an ideal J; C Ox. For
I={p| X(p) =1} we have J; = 7 - Ox. Now restrict to subsets I with A(p) = 0 for
p € I, and let I° denote the complement of I in the set of all such p’s, which defines
the ideal J C Ox. Then J - Qi(‘l/("g is the relative dualizing complex (as in chapter 2
explanations proceeding proposition 9), J;, = Home, (Jr,J). This is also equal to
the derived Hom as J; is Cohen-Macaulay (again chapter 2, explanations proceeding
theorem 10’). Globally we assume given an ideal J; which locally is of the type above.
For example this is always possible for Ox or J. Also if J; is defined so is Jye.

The ideals J; extend naturally to T and thus to any object (U, V) of the log-
crystalline topos, and form crystals of ideals. We are interested in the cohomologies
RIN(XY*/Ry,E ® Jr), & a (filtered) crystal of vectorbundles on X5, As it stands
this is defined for crystals modulo a fixed power p°, and then can be represented (in
the filtered derived category) by the hypercohomology of DR(€ ® Jr) on D(}A"*l(’g).
Strictly speaking we still have to prove that because J; is not itself a crystal of
vectorbundles. However the same proof as before applies. As Y is affine so is each

(Yi)n = Spec(Sn), D((Y*'°%)s) = Spec(D(Sn)),
and the de Rham complexes
(€@ TI)(D((Y*'%)n) ® s, 10g

form (modulo p°) a double complex whose associated total complex represents the
crystalline cohomology. It is in fact easily seen (comparing two coverings) that this is
(up to canonical isomorphism in the filtered derived category) independent of choices.
Also if we have a compatible system & of filtered crystals of vectorbundles £ modulo
each p®, we may form the projective limit (for s — 00) of the corresponding complexes
to get the cohomology of € (in the same spirit as earlier the cohomology of Ains(O)).
As the sheaves J; are modulo each p® flat over Ry,; = Ry /p°Ry, the proof in [Fa7)
can be modified to show that RI'(X°¥®/Ry,€ ® Jr) can be represented by a finite
complex of filtered free Ry-modules if £ is locally filtered free:

In [Fa7] it was shown that it suffices to verify the assertion modulo the PD-ideal
and modulp p. Modulo the PD-ideal we have the cohomology of the relative de Rham
complex, and everything is fine. Modulo p [Fa7] assumed that X is smooth, to guaran-
tee that the relative Frobenius is flat. However this is not necessary. Namely in general
the crystalline direct image under Frobenius is representable by a finite complex of
quasicoherent sheaves on X ®y (Ry /p- Ry ), where the tensor product involves Frobe-
nius. This complex is locally (in X)) representable by a complex (bounded above) of
finitely generated free modules, that is it is strictly pseudocoherent ([SGA6]). Namely
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one chooses a local smooth lift of X and its de Rham complex, and uses that rela-
tive Frobenius is strictly pseudocoherent because it is basechange from a noetherian
situation. Thus it suffices to use the following result in the style of [SGA6]:

Lemma.1. — Suppose f : X — S is a proper flat map of algebraic spaces, of finite
presentation. Assume K* is a pseudocoherent complex on X. Then Rf.(K*) is also
strictly pseudocherent. If in addition K* has finite Tor-dimension over S, the derived
direct Rf,.(K*) is perfect.

Proof. — The assertion is local in S, so we may assume that S = Spec(R) is affine.
Writing R is filtering union of noetherian subrings R, we know that X is is already
defined over some R,, that is is basechange from a proper flat X,/R,. Now for
a bounded above quasicoherent complex K, on X, we shall show below that it is
quasi-isomorphic to such a complex of flat quasicoherent sheaves. Thus we can define
the derived tensor product K., ®“@ o Ox. As every quasicoherent sheaf F on X is the
filtering inductive limit of sheaves Fo ®oy, Ox with F, coherent on X,, it follows
easily that for any integer N

T}—N’C. = T}—N(’C; ®uéxa OX)

for a coherent complex K on X,, if « is big enough. So finally (d = cohomological
dimension of Rf,)

7>d_NRf*(’C°) = T}d—NRfa,*(’C;) ®l[éo¢ R

is pseudocoherent in degrees > d — N, and we are done (N being arbitrary). If in
addition K* has finite Tor-dimension over the base, the same holds for Rf.X*, and it
is perfect.

It remains to show the assertion about flat resolutions. Choose an affine étale
cover Y — X, and denote by Y,, the open and closed subscheme of the n-fold product
(over X)) Y™ where all projections are different. Then Y, is affine, and empty for big n.
Also it admits a free action of the symmetric group S,,. Now over a ring any bounded
above complex of modules has a functorial (even for change of rings) flat resolution.
For example for a single module M write M as quotient of the free module with basis
M, and continue with the kernel. Thus for a bounded above quasicoherent complex
K* on X we choose such resolutions on each Y,,, form the anti-invariants under Sy,
and their direct images form a double complex whose associated total complex is the
desired resolution. The new maps are alternating sums of pullbacks via projections.

It is also shown in [Fa7] (the proof extends) that Berthelot’s construction from [B]
gives a trace-form
H*!(X™*[Ry,J) — Ry{-d},
which induces a perfect duality (of complexes of filtered free Ry-modules)

RD(XY®/Ry, €Y @ Jre) — RHompg,, (RT(X/Ry, £ ® Jr), Ry {—d}[—2d))
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Also there is a Kiinneth-formula. In short all the usual formalism is again available.

For the reader’s convenience we recall the main steps in Berthelot’s proof, and why
our more exotic base, as well as the fact that X may be only an algebraic space, does
not cause problems:

First of all it suffices to construct traces modulo any positive p-power p°, that is
work over quotients Ry s. The filtration by dimension of support (a closed subset of
the special fibre of X) defines a spectral sequence converging to cohomology. Its E‘I"b-
terms is a filtering union indexed by closed reduced subspaces Z of the special fibre, of
codimension a, of the degree-(a + b) crystalline cohomology of J with support in the
generic points Z° of Z. This local cohomology is computed by the hypercohomology
(with support in Z°) of the de Rham complex of a (flat) local lift of X near Z°. If
J® Ql)'(ft denotes this complex, we need for each Z of dimension 0 a local trace

try : H?Z} (J® Ql)i(ft’d) — Rys.

Furthermore these local traces must vanish in the image of H ?Z° }(J ® Ql)i(ft’d—l),
and for Z of dimension 1 we need a reciprocity law, stating that for elements of
Hfz_ol} J® Qg'{ft’d) the sum of traces of boundaries vanishes. Note that all these
cohomologies live in the highest possible degree, so that they form a right exact
functor. Now the local lifting can be already done over Vy[[t]], or better its quotient
under the ideal (p®,t"), with N so big that this ring still maps to Ry,s. This quotient
is artinian and Gorenstein, and Berthelot’s method gives local trace-maps first over
Vo[[t]]/(p®, ") and then by tensor product over Ry s. In fact they are defined by local
duality theory. That they vanish on the image of d and that the reciprocity law holds
then can be checked over Vp[[t]]/(p®,t"). For the first we can compute directly as
in [B], or choose a local projection to affine space. For the latter one glues as in [B]
infinitesimal neighbourhoods of the closure Z, Z a closed subspace of dimension 1.
Note that these are schemes.

For a closed immersion of a divisor ¢ : Z — X transversal to all strata (i.e.
étale locally (X,Z) = X; x (Al,0)) there is an exact sequence (triangle) with X
corresponding to the new toroidal structure with open stratum X° — Z°

0 — RO(X°Y*/Ry,£ ® J;) — RI(XY*/Ry, € ® J;)
— RI(ZY*/Ry,E @ J1){—-1}[-1] — 0

(see [Fa3]) and the connecting map represents 7,:

The exact sequence is obtained from de Rham complexes on D(?'). The usual de
Rham complex maps to the one with logarithmic poles along the preimage of Z, and
that in turn via the residue map to the de Rham complex of this preimage. To see that
it represents i, it suffices (as our exact sequences are compatible with cup-products)
that the trace on H242(Z°¥$/Ry,, J) is equal to the composite of the connecting
map with the trace on H24(X°$/Ry, J). But the trace is characterised by its values
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on local cohomology
Hfj} %(Z¥/Ry,J) (€ Z®v k a closed point).
This can be computed by locally lifting to
Z=X*x{0} — X =2*x A',

with X* étale over some torus-embedding T". The exact sequence reduces to the
tensor-product of J o Q'8 with

0 — Q1 — Qi (dlog0) 22, 01 {—1}[-1] — 0,

and the assertion is wellknown.

Equivalently we may project locally to affine space, which reduces us to smooth
schemes. It then suffices to verify the claim in one global example, as the inclusion of
a hyperplane in projective space.

Finally for a line-bundle £ on X the first Chern-class ¢; (£) € H?(X¥$/ Ry, F1(0))
is defined via the connecting map

Pic(X) = H'(X*¥*/Ry, (O/F'(0))") —
H2(XY*/Ry, (1 + FY(0))) <% H2(X®*/Ry, F}(0)).
As usual this defines higher Chern classes, the selfintersection formula holds, and also

(for immersions Z < X with locally (X, Z) & X* x (At,0)) the formula (X = blow-up
of Z, E = exceptional divisor, F = normal bundle to Z)

pr oi, = Z,(ct_l(}') Uprz())

.3

E
ol e
Z—>

So far the review.

Next relations to étale cohomology. For a ring R with Spec(R) f’:tale over T we
have defined Amf(_—) with an isomorphism Aju¢(R)/€ - Amf(ﬁ) — R (p-adic comple-
tion). We define Acrys(R) as the p-adically completed divided power hull of £ - Ain¢(R).
It is filtered by the PD-filtration. For varying R the Acrys(R)/p® AC,ys(R) form an
almost sheaf of rings on X°®y K, not just a prosheaf (like Aj,¢(R)). This is so because
the action of Gal(R/R) on Acrys(R)/p® - Acrys(R) (with discrete topology) is continu-
ous. We denote these almost sheaves by Acrys(0)/p® - Acrys(O), and by Acrys(O) the
prosheaf they define. Thus we may form the cohomology RT'(X° ®y K, L® Acrys(0)),
which however turns out to be almost equal to R['(X° ®y K)®,L) ®" Acrys(V), as

A»crys(ﬁ)/p‘s . Acrys (R) = lnf( )/p mf( ) ®Ainf(v) Acrys(v)~
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Namely use theorem 8 in chapter 3 and theorem 9 in chapter 4, as well as the
fact that Acrys(ﬁ) /psAcrys(_R) is the quotient of the free “PD-polynomial ring”
(Aing(R)/p® Aing(R)){u} under the ideal generated by one regular element u — &. The
same argument also applies to F¢(Ajn¢(O). Similarly let (Acrys(R/J ) is defined as is
Acrys (R), replacing R by _R-/jj)

Acrys(J1) = ker(Acrys(R) — Acrys(R/J1))
= p-adic completion of Ains(J;) ® Aune () Acrys (V), and then
RF(I)((XO Qv F)ét, ]L) ®]L Acrys(v) ~ ]RF(:X:O Rv F, L &® Acrys(jl))~

Also Ain(R) and Acrys(R) get toroidal structures by choosing for each y in a basis
of LV a compatible system of p-power roots of p, defining p = [u] € Ain¢(R). Finally
Acrys(V) becomes an Ry -algebra by mapping ¢t to m which is defined by chosing a
compatible system of p-power roots of the uniformiser 7 of V. This also makes each
Acrys(R) into a logarithmic Ry -algebra.

Next the preimage A2 (R) of R in Acrys(R) defines a PD-thickening. Thus if £
is a crystal modulo p® on X°¥%/Ry, we can evaluate it on Ag,ys(ﬁ) to get a module
with an action of Gal(R/R®y V). This is functorial in R, thus defines a presheaf (in
fact almost a sheaf for small enough Spec(R)) on X° @y K.

Now assume given a locally constant sheaf L (annihilated by p®) on (X° @y K)¢,
and a functorial map

€ (Arys(R)) — L ® Acrys(R),

crys

linear over A2, (R) and commuting with the Galois-action. An example is £ = Ox
and L = Z/p°Z. Then the de Rham resolution of £ on the crystalline topos defines
by evaluation a resolution of the presheaf £ on X° ®y K, which maps to an injective

resolution of L ® Acrys(R). Hence we obtain a transformation

vx : R[(X*/Ry,€) — RI(X° @y K,L ® Acrys(0))
~ RT((X° @y K)®,L) ® Acrys(V).
If £ is filtered and the basic maps to L ® Acrys(ﬁ) preserve filtrations, we obtain
a transformation in the filtered derived category. Recall how to construct a good
filtered injective resolution of a filtered object &, FP(€) in a topos: We first inject
each £/FP(€) into an injective I?, as well as &£ into I, and inject £ — I x [] I,
filtered by
FP(Ix[TI9) =1 x5, 1%
Finally continue with the quotient.
Also there is the obvious variant
vx : R[I(X“Y/Ry,E ® J;) — RI(X° @y K,L ® Acrys(T1))
~ RP(!)((XO) Qv ?)ét, L) ®" AcryS(V)-
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Next we check how much the map commutes with Chern-classes and direct images.
Recall that there is a canonical map

B+ Zy(1) — F'(Acrys(V))-
If t € Zy(1) is a generator, corresponding to a compatible sequence of primitive roots

Gn € ppn(V),1 =1im ¢, defines [1] € Aint(V). Then §(t) = log1.

2. Theorem
i) For a vectorbundle € on X, ¢§*(€) € FPH%(X°Y/Ry,Ox) maps to

vx (¢F(€)) = B - (€) € H*((X° ®v K)*,Z/p°Z) @ F* Acrys(V).
ii) Assumei:Z — X is a closed immersion, such that locally in the étale topology
(X,Z) = X*x (A?,0). Then vx oi* = 3®t.i%owvyz, as transformations (in the almost
category)

RT(Z°Y/Ry, € ® Jr) — RT((X° @y K, L ® Acrys(T7)){t}[2t]

Proof. — For i) using example 1* of section 4 it suffices to treat c; (L) for line-bundles
L. Both Chern-classes are boundaries of the class of £ in H!(X, 0%), with respect
to either

0 — 1+ FY(O%°) — O0F*" — 0% — 0
(and composing with 1 + F}(O$) Log, FY(O%”®)), respectively
0 — Zy(1) — R(O)* — 0 —o0

However evaluated on Acrys(O) the second sequence maps to the first via the compo-
sition (the first map is the Teichmiiller-representative)

R(O)" — Aint(0)" — Acrys(0)",

hence the assertion.
Similarly by blow-up and the fundamental formula

prk oy = 1y (ce—1(F) U pry())

ii) is reduced to the case of a divisor, that is t = 1. As before we denote by XX
with the modified toroidal structure where Z is added to the boundary. There exists
an étale covering of X by affines Spec(R) such that either Spec(R) lies over X \ Z
and has an étale toric parametrization Spec(R) — T'» 5, or Spec(R) — T 5, x Al is
an étale parametrization for the two possible toric structures (depending on whether
{0} C A! is added to the boundary). In the second case (that is Z not part of the
boundary) we also assume that R has enough units to define a good R,. For example
Spec(R) could lie above Ty x (A! — {1}). Let

Yo=Y, = IT Spec(R) = Spec(Sp)
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denote the corresponding affine cover of X,
Y, = Spec(gn) — Y,, = Spec(Syp)

the (n + 1)-fold logarithmic fibre-products (in the two different log-structures),

Y,= Spf(S:z)a?n = Spf(S;z)

~n+1,log _
affine schemes locally étale over T (respectively (T x Al)M"+11%¢ and denote
by Spf(D(S%)), Spf(D(S.)) the divided power envelopes. The crystalline cohomol-
ogy RI'(X°¥s/Ry,E ® Jr) can be represented by the total complex associated to
the de Rham complexes (€ ® Jr)(D(S},)) ® Q:g’;:;ng, and similarly for X. However

~1
the }7" are also log-smooth in the log-structure of X, i.e. without adding Z to the
boundary (the logarithmic product (Al, {0}"+11°¢ = Al x G, is smooth). Thus they
may also be used to compute the crystalline cohomology of X. That is there are the
subcomplexes

Q! o,log C Q! _ :,log
(E@IN(DE) Q= C (€@ INDE) 85, 0%,

whose associated total complex represents
RI'(X“Y%/Ry,E ® Jr).

The quotient represents R['(Z® /Ry, € ® Jz,1){—1}[—1], with connecting map i5™*.
Also the local parametrizations give an equation fo € S for the Z-stratum. By

definition of the logarithmic product f; = pr§(fo)/ pri(fo) € Sy* is a unit. dlog fo
is a 1-cochain with residue 1 in the de Rham complex D(Sj) ® Qé’,l';iv. Also the de
Rham complex for Z can be identified with the quotient of the °

(€ ® J1)(D(S,)) ® Q7%

~S./Rv

obtained by setting

pro(fo) = dlog(prg(fo)) = 0.
Thus to compute iy °(z) for a class 2 € H™(ZV*/Ry,E ® Jz 1), represent z by an
m-cocycle A in this quotient complex, lift to an m-cochain A in the complex for X,
form the product (in the de Rham complex for X)

(leg Pf?)(fo)a 0) UA

and apply to it the differential to get a class in H™+2(X°Y$/Ry, £ ® Jr) representing
iv”*(2). For example to lift 1 we can use the cochain 1 represented by (dfo/ fo,0).
Now let us map to étale cohomology. There is a diagram of topoi

:Ax':0®v?‘—j—*x0®v_f?(—i—zo®v7{—.
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We know that
J(L® AcryS(j)?,I)) ~ L ® Acys(J1))
RYju(L ® Acrys(J 5 1)) = ix(L ® Acrys(J 1)) (- 1),
and higher direct images
R (L® Aays(Tg ;) (¥>2) or RY(L® Acrys(Jz1)) (v >1)

are almost zero. For 7)?1 ; this has been shown in proposition 1 of chapter 4, and this
implies the result for R(j)?’ Ph Ainf(j)‘z—y Ph Acrys(j)?’ -

Next our de Rham resolutions define complexes Lx (€ ® Jr) or shorter Lx on
X° ®y K,Lg on X° @y K and Lz on 2° @y K, acyclic in degrees # 0, with an
injection Ly — juL 3.

For general £ and Jr we need cup-products. The de Rham and Cech complexes
admit strictly associative differential products (in the Cech-setting, (f U g) =
Py, o(f) UPT,  ,44(9) for f in degree a,g in degree b). This defines such prod-
ucts on Lx(Ox),Lg(0%),Lz(0z), and makes Lx (€ ® Jr) etc. to differentially
graded modules over them. Furthermore the elements prg fo € g;l generate an
invertible ideal {fp) invariant under all simplicial maps, and thus a differential ideal
(fo,dfo) € Lx(0O). The quotient Lx(Ox)/(fo,dfo) naturally maps to i+Lz(Ox)
induced from Acrys(@{) — i*Ac,ys(@Z). Next we have defined a class

Y € T(X° ®v K, j.L%(05)/Lx(0x)),
the image of (%,O). Under the multiplication of Lx(Ox) on j.L%(0O%)/Lx(Ox)
this class is annihilated by (fo, dfo). Thus cup-product defines a map
Uy : Lx (€ ® Jr)/(fo,dfo) — j«L (€ ® Jr)/Lx(€E ® Jr)[+1]
We claim that

Lx(€ ® J1)/(fo, dfo) — 2 j. L (€ ® Jr)/Lx (€ ® Jr)[+1]

| |

iLz(E® Jr) Rju(L ® Acrys(T.1))/L ® Acrys(Tx,1)[+1]

1 o |

i*(]L ® Acrys(jz,l)) _— i*(]L ® Acrys(jz,l)(_l)

commutes in the derived category:

We will check that the domain (the upper left corner) has trivial higher cohomology.
It then suffices to verify the assertion for the induced map on H?, and the assertion
becomes local in X ® K. Hence we can work over a strictly henselian ring R =
Oﬁ}‘yz. Also the assertion does not depend on the choice of the covering Y, so we may
assume that Sy = R. Then Lx(€ ® Jr) becomes the tensor product of £ ® Jr(Acrys),
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a free divided power algebra in certain variables t,, and the de Rham complex in
the derivatives dt,. One of these say ti, can be chosen as t; = fo — ho, ho an
element of Acrys(R) lifting fo. It is (as it should be) a resolution of £ ® Jr(Acrys)-
If we divide by fo and dfy the cohomology is still concentrated in degree 0, but now
is quotient of £ ® Jr(Acrys)(t1) (tensor product with free DP-algebra in t;) under
the regular element t; + ho (multiplication by it is regular because this holds for
multiplication by ho on Acrys(R)/p*). By an obvious compatability with cup-products
(by E®J1(Acrys)) we may reduce to constant coefficients, that is £ = O/p®, L = Z/p®,
Jr = O. Furthermore it suffices to check commutativity for the image of the unit 1:

Namely from the description above for any class in H(Lx (O/p®)/{fo, dfo)) we can
find a p-power p* such that first of all our class lifts to HO(Lx (O/p***)/{ fo, dfo)), and
secondly becomes a multiple of 1 after multiplying it by pt. If the required equality
holds for 1 it holds in Acrys(Rz)/p*+t (the HO of the target) up to p'-torsion, and
everything follows.

Thus we check what happens to 1. As usual we have fundamental-groups A, Z,
and é = ker(Zl — A). Let D C A and D C A denote the decomposition groups of

Z, that is for compatible extensions of the prime ideal defining Z. Then D projects
onto D, with kernel Z(1).
We have to compare two elements in

HY(A, Acrys(R)/p°) ~ IndB(H (Z(1), Acrys(R2)/p°)-

It suffices to compare evaluations on compatible lifts of the prime dividing Z. Also
we assumed Sp = R. Especially fo now restricts to an element of R. Choosing
compatible p-power roots of this restriction of fo defines an element f IS R(E) and
its Teichmiiller lift [f ] in Aint(R) and Acrys(R). The quotient go = 1 ® fo/| fol®1
is a 1-unit in the log-product used for L 5, that is it is equal to one modulo the PD-
ideal. Thus we may form its logarithm log(go), and the coboundary of the product
eUlog(go) is e U (dfo/ fo,log(f1) (f1 has turned into a 1-unit as well). Hence modulo
this coboundary our chain e U 1 lies in Lx. However this does not mean that we
obtain the trivial class because go and log(go) are not invariant under 5, so they
define only local and not global sections of Aerys(O)/p* over X° ® K. Namely the
action of A is described by the character

X A— Zy(1)
defined by adjoining p-power roots of fy, and
6(log(g0)) = log(go) — B(x(9))-

Especially the obstruction to 2(1)—invariance is given by 8 (—x corresponds to 1).

Now i3”®° is defined by the connecting map for

0 — DRx (£ ® J1) — DR (€ ® J;) — DRy (£ ® Jr)[-1] — 0.
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This maps to global sections in the exact sequence

0— Lx(E®Jr) — Lg(E®J1) — juLg(E® J1)/Lx(E® Jr) — 0
or also

0 — Lx(£®Jr) — LH(E ® J1) — Lx (€ ® J1)/{fo, dfo)[-1] — 0,
the pullback via

UY : Lx (€ ® J1)/{fo, dfo)[~1] — s Lz (€ ® J1)/Lx (€ ® J1),

which in turn maps to
0 — L®Acrys(Jx,1) — Rix(L®Acrys (T 5 1)) — 6 (L®Acrys(J2,1))[~1](~1) — 0,

where the maps on the first two terms are the canonical comparison maps, while on
the third we have the comparison-map multiplied by 8. However as this last sequence

defines ¢, we get indeed vy 0i3”° = - i% o vyx. Thus the theorem is shown.

3. Corollary. — For the trace-forms on H?*(X/Ry,Jx) respectively H2*((X° ®yv
K)®,Z,) we have
trét ovx = ﬂd . trCrys

Proof. — Check on the class of a smooth point. )
Also toric blow-ups X — X induce isomorphisms on crystalline cohomology. This

is true on de Rham cohomology, thus modulo F1(Ry) C Ry, and follows in general
because F''(Ry) consists of topologically nilpotent elements. Hence:

4. Corollary. — Assume we are given functorial transformations
Ve - g(Agrys(ﬁ)) —L® ACT)’S(E)
VgV L gv (Agrys(ﬁ)) — ]LV (24 Acrys(ﬁ)
(€Y = Hom(€, Ox /p°Ox),LY = Hom(L, Z/p°Z)),
with (ve(e),vev(eY)) = B%™ - v(e,ev) for some fized m.
Then
vx : RI(X /Ry, ® J) ®ry Acrys(V) — RL (1 ((X° @y K)*,L) ® Acrys(V)
has an inverse up to B®4+™)  that is composition either way is multiplication by
I3®(d+m)

Proof. — The “inverse” is the adjoint of the map vx for SV./\gne has to com-
pare the classes of the diagonals, passing to A : X — (X x X). (The class
of the diagonal c¢s € H(z,‘;(m ,RHom(pr} &, pr; £)) is the image of a class in
H(X x X, Hom(pr3 €, pri £)), the direct image of the identity map on £).
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Remarks
1) If € is in fact a crystal in the crystalline topos of X relative to Vo (that is one
has integrable connections

Vi€ — E@Qy% =EoLie()"),

the crystalline cohomology RI'(X¥*/Ry, £) inherits a logarithmic connection (as a
perfect complex). Especially all cohomology-groups have such a connection. Also the
Galois-group Gal(R/R) acts on

RL(XYS /Ry, € ® J1) @Ry Acrys(V),

although the map Ry — AcryS(T/—) is not Galois-linear. It suffices that this holds
modulo F!(Acrys(V)). Finally if L is defined over K,Gal(R/R) also operates on
RL () ((X° ®v K)®,L). And if the local comparison-maps

E(Alrys(R)) — L ® Acrys(R)

crys
also respect the action of Gal(R/R) the comparison-map vx is Gal(K /K )-linear.
2) Everything works in the filtered context: If £ is a filtered crystal, and the
comparison
E(A(R)) — L ® Acrys(R)
preserves filtrations, that is it sends F*(£(A%,,(R))) to L ® F'(Acys(R)), the
comparison-map

RI(XY*/Ry, € ® J1) — RT ) ((X° @k V)%, L) ® Acrys(V)

exists in the filtered derived catgeory, and similarly for inverese “up to F®(@+m)”,

3) If £ is a Frobenius-crystal (in the log-sense) then £(A%, (R)) ® A9,,.(R) Acrys(R)
has a Frobenius-action ¢. Namely Ainf(ﬁ) has a canonical Frobenius-lift (which is
logarithmic: ¢([u]) = [p]P, for u € oV N LV), which induces a Frobenius-lift on the
preimage in Aeys(R) of R/pR C R/pR. Also this preimage is a PD-thickening of
R/pR, so £ can be evaluated on it, and this evaluation admits a semilinear Frobenius.
Finally because £ is a crystal in the tensor product above we may replace A2 (R) by

this preimage. It then makes sense to require that the comparison-map to L® Acrys(R)
is Frobenius-linear. In this case

vx : RT(X™Y*/Ry, £ ® J;) — RT 1) (X° ®k V), L) ® Acrys(V)

will also preserve Frobenius (note that Frob*(J;) C Jj, as Jy is locally generated
by elements y € ¥ N LY with Frob(u) = pP- unit). Here the “Frobenius” on Ry is
Frobenius on Vp, and sends t to t?.

4) Combining 2) and 3) one can often recover the étale cohomology of L from the
crystalline cohomology of £. This uses Fontaine’s functors which involve invariants
under Frobenius. At this stage we descend from almost maps to “real” maps, just
as we did earlier (in chapter 3) when forming almost invariants under Frobenius.
Another possibility is to use Frobenius invariance for the comparison maps (this has
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been proposed (in a 1999 preprint) by M. Kisin, who had overlooked this and thought
it necessary to fill a “gap”). At this point we note for later use that for the ring

B (R) almost elements are “real” elements (reduce to R).

5) In many cases (for example constant coefficients) one can pass to s — oo to
obtain a Zp-theory and then also a Qp-theory. In more generality this is done in the
context of convergent isocrystals (see [BO], [O]):

Our base will be the “closed unit disk”: That is consider the algebra Ry,o = (Vy[t])",

where A = p-adic completion. It has a toroidal or log structure generated by t. An
affine logarithmic enlargement (we do not need others) is given by an Ry ¢-algebra A
with a log-structure (étale locally Spec(A4) — T, Ry o-linear), a p-adically closed ideal
I C A such that A is p-adically complete and such that some power of I is contained
in pA, and an Ry-linear log-map Spec(A/I) — X. The definition of maps is the
obvious one. A convergent (logarithmic) isocrystal associates to any enlargement A a
finitely generated projective A[l/p]-module £(A), with £(B) = B ®4 E(A) for maps
A — B. Similarly filtered convergent isocrystals associate filtered modules, A[1/p]
itself being filtered by powers of I.
For example for each ¢ = 1/n consider the algebra Ry, = Vy[t,t"¢/p]". For n > e,
Ry . with the ideal I = (f(¢)) defines an enlargement of Spec(V'). We define enlarge-
ments over Ry as enlargements (A, I) together with A an algebra over Ry, and the
obvious commutative diagram of log-maps. In the usual way (compare [Fa3], IV.e.)
one defines the cohomology RI'(XY%/Ry,,£ @ J). I do not know whether this is in
general representable by a perfect complex over Ry [1/p], satisfying Poincaré-duality.
However for Frobenius-crystals (®*£ 2 £) one can at least show that the special fibre
at t = 0 is representable by a perfect complex Kq (i.e. has finite-dimensional coho-
mology) on which Frobenius acts by isomorphisms, and that there are ®-linear and
horizontal (in case of an absolute crstal £) comparison-maps

(H{(X™ @y k/Vy,E®J) @k, Re[l/p],d+ N) — (H(X™Y/Rye,E R J), ),

where N = Res(t%) is the endomorphism defined by the logarithmic connection,
satisfying ® o N = pN o ® (and thus N is nilpotent):

For the finite-dimensionality one constructs integral lattices and proceeds as in
[Fa7]. The comparison-map is constructed as in [Fad]: Start with any lift of the
identity mod ¢. Then transform it by powers of Frobenius and pass to the limit. Also
modulo ¢t we have Poincaré-duality, characteristic classes, Gysin-maps etc.

I expect the comparison-map to be isomorphisms, but do not know how to prove
this.

Define Acryse(R) = p-adic completion of Ain¢(R)[€™/p] (as before, € = 1/n). This
is an enlargement of R over Ry, which maps to it sending t to [r]. Thus &(Acryse(R))
is defined. If we are given a smooth Q,-adic sheaf L on (X° ®y K)* and functorial
(almost) maps

E(Acrys,e(R)) — L ® Acrys,e(R)
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respecting Galois-actions and compatible for varying ¢’s) we obtain a map
Ux : RF(Xcrys/RV,ea E® J) ®Ry,. AC!‘YSYE(V) - RF(')((XO v -I?)ét; L) ® Acrys,e(v)’

with the usual properties concerning duality, characteristic classes, and action of
Gal(K/K). This also holds for filtrations if we assume that £ is filtered and the
maps &(Acrys,e) = L ® Acrys,e respect filtrations.

In this case we may also form the ring B (V) as the completion in the filtration
topology of Acryse(V)[1/p]. For each quotient Bz (V)/F™ one can find p-adically
complete subrings S,, which are enlargements of V/Ry .. Also we may assume that
S, is big enough so that the natural map V — B{z(V)/F" factors through it as
log map (that is ([x]/m)*! € S,). Note that we have two different morphisms (of
enlargements) from Ry, to Sp, namely once mapping through Acrysys(V) and once
through evaluation at V. If we could show a reasonable base-change theorem it
would follows that the pushforwards to S, of RI'(X“Y*/Ry.,& ® J) will coincide
with the cohomology relative S,. In fact to get a canonical filtered isomorphism
between the two pushforwards to By /F™ and (in the limit) By, it suffices to have
an integrable connection satisfying Griffiths-duality on either RI'(X¥*/Ry ., E®J) or
whatever elso one wishes to push forward. This fact is necessary because in Fontaine’s
comparison machinery one uses the second push forward, while our maps naturally
respect filtrations if one uses the first.

Also for a Frobenius-crystal we can compose with the comparison-maps to obtain
(Wlth Bc_tys = Acrys Xz Q)

vx : RI(X Qy k/Vo, E® J) ®ky Biys (V) — RL () (X° ®v K)*, L) ® By . (V)

This will respect Galois-actions as the other maps do, where however on the left hand
side the Galois-action is not just via the second factor but has to be twisted, because
of the connection d + N. There is a 1-cocycle Gal(K/K) — Z,(1)

o0
describing the action on all p-power roots of , or equivalently on [r] € Ain¢(V). Then
the Galois-action of o on
Hi(XcryS Qv k/VO; £ ® JI) & Acrys,e(v)

is defined as
o — exp(B(@)N) @

This corresponds to Fontaine’s description: If € is small enough Acrys . maps to the
usual Acrys defined using the PD-hull, which in turn maps to B}, and Bgys. If

crys

Byt = Be[u] with Nu = 1(u = “log([x]/7)”) then (Ey = H{(X** @y k/Vy, £ ® J))
Eo® B Zker(N®1+1Q® N | Ey ® Bst)

via exp(—N ® u), and as o(u) = u + (3(7) this intertwines Galois-actions.
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In the appendix it is shown how to endow RI'(XY® @y k/Vp, € ® Jr) ®“{,0 Ry,
with a filtration such that it can take the place of R['(XY*/Ry.,€ @ Jr). With it
all the theory works, and we get comparison maps as needed in Fontaine’s theory of
crystalline representations.

5*. Appendix: Cohomology of Frobenius-isocrystals

As before X is étale locally étale over some T. The cohomology of convergent
isocrystals can be defined via de Rham complexes on smooth local lifts, as it is done
in crystalline cohomology. However one has to replace PD-envelopes by open “ > ”-
neighbourhoods, as follows:

Denote for ¢ = a/b by Ry, the p-adic completion of the normalization of
Vol[t]][t"/p®]. Then

Ry = Ry, ®v, Ko
is the rings of formal powerseries convergent in the closed disk of radius p®, that is
formal powerseries f =}, - ant™ with (v, = p-adic valuation).

an € Ko, lim (vp(an) + ne) = oo.
n—00

We need the following variant of the Poincaré-lemma:
Consider the de Rham complex

Rk -2 Ry, - dt.

Obviously the constants Ky lie in the kernel of d. If we divide by them and map to
the corresponding complex with e replaced by § > ¢, the induced map (from “€” to
“6”) on cohomology vanishes.

Thus the projective system of de Rham complexes, for all € bigger than a fixed
6 > 0, forms an acyclic pro-object resolving the constants. It is called the “de Rham
complex of the open §-tube”.

Next to define and compute cohomology we consider elements 9§, smaller than
the valuation of 7. If X embeds into a p-adic affine formal scheme Y smooth over
T+ ®v, 1 Vo[[t]], respecting toroidal structures, let Jx C Oy denote the ideal of X xv k.
For § = c¢/d < € define the closed (4, €)-tube of X in Y as the affine Y-scheme with
algebra

(O [T%/P%) ®valteiee/pe) Bv,e)"
Call it Dx s5¢(Y). Define (for § < €) the open (6, €)-tube as the ind-scheme

“ lim "Dx,e(Y) = Dx,>5(Y).

§<6'<e

As each Dx 5 (Y) is an enlargement of X over Ry,p we can evaluate £ on it, and
form the de Rham complex £(Dx,5,(Y)) ® Q53¢ 1. Then define RT'5(X/ Ry, €)
as represented by the derived projective limit (8’ — d+) of the de Rham complexes.
Up to quasi-isomorphism it is independant of the choice of §. Similarly we define
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RI'X/Ry,e,E® J), and if X cannot be embedded globally we use local embeddings
and hypercoverings. One checks that the result is independant of all choices, the
key being the Poincaré-lemma which allows to compare two local smooth embeddings
(and there we unfortunately need open tubes).

In general we know little about finiteness or base change for these cohomologies.
However for Frobenius-isocrystals the situation is much better. We define a semilin-
ear “Frobenius” ¢ on Ry, by ¢(t) = tP. Then Frobenius operates on enlargements of
X ®v k/Vo[[t]], and a Frobenius-isocrystal is an isocrystal £ together with an isomor-
phism Frob*(€) = £. We first claim that for a Frobenius-isocrystal the cohomology
modulo t is wellbehaved.

For this choose an affine étale covering X’ — X ®y k and lift to a toroidal or log-
smooth X' over V = Vol[t]]/(t). Also choose a Frobenius-lift ® on X'. This induces

—~1 —log,
a Frobenius ® on all fibered products X' ° oen

)M

" and D(X' +1), where D() stands
for the p-adic completion of the (log) divided power envelopes of (X'/X ®v k)" *1.
We denote its affine ring by }/i;; These are affine enlargements of X ®y k, and thus
by pullback we can evaluate £ on them. We claim that there exists a crystal £° of
coherent sheaves on (X ®y k)®/V,, flat over V, with

—log,n —log,n
gDX®™) = e9(DX*™) @y, Ko,

functorially:

Choose a finitely generated R’-submodule My C £(Ry) spanning £(Ry), and stable
under p" - ® (some fixed N) and v (replace My by its transform under some big
Frobenius-power, if necessary). Then pr}(Mp) C p~V - pr§(Mp) in E(RY), after (if
necessary) enlarging N. If we define

E%(Ry) = {e € My : pri(e) € pry(Mo)}
then pVV - My C EO(R}) C Mo, E°(R)) is stable under p¥ - ® and v, and
pri(E°(R")) = pri(E°(R))) C E(RY).
This last identity is checked locally in X 1. We thus may assume that
)/(\,n = )/(\' X D(%)\)n

Note that prg(Mo) is always a submodule of £ (R!) as R} is noetherian pry is flat.
Now start with the exact sequence

0 — E(R')/pN - My — Mo/p" - My 22 p=N - prg(My)/ priy(Mo),

tensor with R/ /pM which is flat over R}/p" via prj, and use simplicial identities
computing in the subquotient p~ - prg(Mo)/ pri(Mo) of E(RS)). It then follows that

pr} (E%(R') C pry(€°(R")

and vice-versa. Thus £9(R’) defines a crystal.
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By the methods of [Fa7] (most difficulties disappear because Vj is noetherian) it
follows that for each s > 0

RI((X ®v k)™ /Vo, Jr - E°/p®)

is representable by a perfect complex over V,/p®, and we may form the projective
limit to represent
RI((X ®v k)®/ Vo, Jr - E%)

by a perfect complex over V. Also the perfect Ky-complex
RU((X ®v k)™ / Vo, Jr - £°) ®v, Ko

is independant of all choices, and ®* induces an isomorphism on cohomology: It suf-
fices to show that Frobenius has a left-inverse (the cohomology has finite dimension).
To construct this use that local Frobenius-lifts are finite, and that duality theory de-
fines a trace-map from the de Rham complex of ®*(£) to that of £. Namely the trace
without coefficients satisfies tr(®*(a) A 8) = a A tr(83), and it extends to coefficients
in € by the rule tr(®*(e) ® @) = e ® a. This applies to all the open tubes in the
definition of cohomology, except that the radius of convergence decreases: The e-tube
is replaced by the pe-tube (for Frobenius it is the converse). Also the trace respects
coefficients J;, by a local calculation. If we divide it by the relative rank of Frobenius
(that is p%™) it even commutes with all simplicial pullbacks. The induced map on
cohomology is our left-inverse.
Next we study relations between RT'((X ®v k)™%/ Vo, J; - £9) ®y,, Ko and

RT(X“Y/Ry.,E ® Jp).

For this use the morphism Ry, — Vu which sends ¢ to 0. It induces an isomor-
phism Rk ./tRk.. = Ko. By an easy variant of base-change the derived product
RI(X Y /Ry, ERJ1)®@% «. Ko is equal the cohomology of the corresponding isocrys-
tal over Vy, which is defined by de Rham complexes on open é-tubes, for any § > 0.
The é-tubes involve the cosimplicial ring ]AZ: Now if § > ﬁ the PD-envelope maps
to the projective system of affine rings which define the open tube, and the induced
map on de Rham complexes gives a comparison

RF((X Ry k‘)crys/Vo, Jr - 50) ®v, Ko — RF(Xcrys/Rvye,S [ J]) ®%V‘e K.

We claim that it is a quasi-isomorphism.

This can be checked on the level of de Rham complexes on each ﬁ; However as the
special fibre lifts to a toroidal or log-smooth scheme over Vj, the de Rham complexes
is quasi-isomorphic to that of such a lift, which involves neither PD-hulls nor §-tubes.

Next we try to lift to a Frobenius-linear

RI((X ®v k)™ /Vo, Jr - £%) ®v, Ko — RI(X/Ry.,E ® Jy).

Namely let L* denote the de Rham complex representing the cohomology of the
closed tube Dx s, for some § < e. It is a complex of p-adic Banach-modules over
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Ry, Frobenius on it is a bounded operator. Also for §; < § we may map
open dé-tube C closed d-tube C open §;-tube,

thus factoring the identity on the cohomology of the isocrstal over Ry,.. Choose a
split complex My of finite dimensional Ko-vectorspaces representing

RI(XY @y k/Vo, € ® Jy).

Then Frobenius acts by automorphisms on the Mg, and thus N* = Homj (Mg, L*)
is also a complex of Ry -Banach-modules with bounded Frobenius. Mapping via an
open &;-tube we obtain a Frobenius-invariant element of HO(N*/tN*) which we want
to lift. Thus chose some lift &@ € N°. Then

B(G)—a=t-B+d)
with
BeN°veNL
Define a = &+ Y o_, ®™(¢t - §). This sum converges in N° as
(L ) =" - BT (),

and the t-power in front has norm p to the power —p™e, while all other norms grow
at most exponentially in m. Then

Q(a) —a= d(7)7

d() =d(@)+ Y ®"od(t-f)
m=0

=d(a)+ i ®m odo®(a) —do d™(a@)
m=0

=d(@)+ lim & od(@) — d(@)
m—0o0
= lim ®™*!od(a) =0,
m—00
by the same reasoning, as d(a) € t - N**1. Hence
5. Proposition. — There exists a lift

a: RT((X ®v k)™*/Vp, Jr - £°) ®Y, Rv,e — RI(X™*/Ry,,£ ® J),

Frobenius-linear up to homotopy. It is called the Hyodo-Kato map.

How unique is that lift? We claim that for any finite complex M of finite dimen-
sional Ky-vectorspaces with Frobenius automorphism, a Frobenius invariant cohomol-
ogy class in Hom™ (Mg, T'(XY®/Ry, € ® Jr) vanishes if it vanishes modulo ¢:
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Namely using the Hyodo-Kato map our class comes from a Frobenius-invariant
class in the homomorphisms of M{ into ¢ - I'(X°¥/Ry ., £ ® J). Mapping again via
closed tubes we obtain in some N* = Hom"(Mg, L*) a class t - a with

t-a—®(t-a)=d(- ).

But then -
t-a=d(z <I>m(t.'y))
m=0
is exact.

Also it may happen that £ is actually a crystal over Vp, that is in the absolute
sense. We show that in this case the Hyodo-Kato map is horizontal for the Gauss-
Manin connection. Namely in this case we may repeat all our constructions using de
Rham complexes relative Vj, with trivial log structure. These are extensions of the
previous de Rham complexes, say

0 — DR(E/Ry.){—1}[-1] — DR(E/Vy) — DR(E/Ry,) — 0.

The shifts come from multiplication by dt/t.

If we reduce modulo ¢ we get complexes over K with finite dimensional cohomology.
As before denote by Mg a split complex representing the relative cohomology of EQJ.
Then the connecting map of the above sequence defines a Frobenius invariant map
N : M} — M{{—1}. By linear algebra one checks that the extension is then quasi-
isomorphic to that given by the mapping cone C*(N):

0 — MZ{-1}[-1] — C*(N) — M} — 0.

The quasi-isomorphism between the two extensions is not unique up to homotopy, but
two choices differ by an automorphism of the extension above, that is by an element
of H~1(End*(Mp){—1}). Also the natural Frobenius on the cone has to be modified
by such an element to make the quasi-isomorphism Frobenius-linear, up to homotopy.
(This modification defines an invariant of cohomology which I have not found in the
literature.)

Next our lifting works as before and defines a Hyodo-Kato map

C*(N) ®xk, Rg— RI(X“Y®/Ry./Vo,E Q@ Jr).

It is compatible with the previous ones, and from its existence it follows that these
respect Gauss-Manin connections.

Finally mapping R>. — K (or Ry — V) we know that the pushout is de Rham
cohomology of £ ()? ) over V. This also satisfies Poincaré-duality. By the usual calcu-
lation with characteristic of diagonals the induced maps

HY (X ®v k/Vo,E® Jr) @Ky K — Hpr(X,€® Ji)

are isomorphisms (the Hyodo-Kato isomorphisms). To check that characteristic
classes etc. are respected represent them by short exact sequences. It then follows
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that the Hyodo-Kato map modulo ¢ as well as the pushout induced from Ry, respect
them. But then this also follows for the Hyodo-Kato map itself, because of uniqueness
of lifts for Frobenius-invariant maps.

Finally if £ is filtered we can define a pullback-filtration on

RT((X ®v k)™*/Vo, Jr - €%) &Y, R,
by the following general construction:

Construction. — Suppose « : A* — B* is a morphism of complexes, with B* filtered
by subcomplexes F™(B*). Then identify A* with the mapping cone of (a, —id) :
A* @ B* — B* and filter this cone by the subcomplexes which are mapping cones of
A* @ F™(B*) — B*.

This makes (trivially) the Hyodo-Kato map filtered. Also if £ is absolute fil-
tered this construction gives a filtration satisfying Griffith’s transversality. That is
v/(t - 8/0t) lifts naturally to a (nonlinear) derived endomorphism of filtration-degree
—1. Finally the pushout to BSR defines an isomorphism on cohomology of grp, thus
becomes a filtered quasi-isomorphism.

Remarks. — Pragmatically one could replace H*(X/Rx¢, € ® Jr) by
HY(X ®v k/Vo,E ® Jr) ®k, Rse

and then have all the desired properties. However philosophically this looks a little
bit like cheating.

6. Complements: Relative case, Fontaine-Lafaille theory

As in [Fa3] one can generalise to the case of proper maps f : X — Y with f(X°) C
YO, For a reasonable theory one needs some local conditions on f. We assume that
étale locally f is isomorphic to a map of torus-embeddings Sy — T'x, where Sy C S,
T» CT, S corresponds to a lattice L and a cone o C Lg, T to a lattice M and a cone
7 C Mg, and the map f to a homomorphism L — M which sends o into 7 such that
each face of o maps onto a face of 7. We assume that the cokernel of L — M is torsion
free. Also A € MV maps to the corresponding element A € LV. Finally o and 7 should
satisfy our usual assumptions, namely that o Nker(\) and 7 Nker()) are spanned by
partial basis of L, respectively M. This implies that fx : X @y K — Y ®y K sends
each open stratum of X smoothly onto an open stratum of Y. Also for each locally
constant torsion-sheaf L on X°®y K, the direct images R” f,LL on Y°®y K are again
locally constant. Furthermore f induces a map of topoi f : X’ @y K — Y° @y K:

For U — Y étale, V — U’ @y K an étale covering, the pullbacks to X are in the
situs defining X° ®y K. This defines f* on sites, etc. We intend to sketch the proof
of the following
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6. Theorem. — Suppose L is locally constant torsion on (X° @y K)%, defining such
a sheaf L on X° ®y K. Then the direct images R” f,L under

f:(X°@K)® — (Y'®y K)®
and
f:X°e¢vK —YevK
correspond. Furthermore
R’ f.(L® Ox) ~ R'f.L ® Oy,

and similarly for Aine(O), or direct images with compact support (along boundary
strata of X mapping to Y°).

Proof. — This is done as in the absolute case, replacing V by R, for Spec(R) — Y
étale and also Spec(R) étale over Sy, R strictly henselian. As usual we can for many
purposes replace R by R.,. First we have to study Poincaré-duality for the direct
images Rf,(L ® Ox). There is an (almost defined) trace-map

R* f(Tx /p*Tx)(0) — Ty [p*Ty
(6 = relative dimension) inducing an almost quasi-isomorphism
Rf.(L ® Ox)[26](8) =~ RHomz(Rf. (LY ® Jx), Jyp*Jy)

(and similarly for cohomology with compact support at infinity). The proofs are easy
generalizations of the previous ones.

Secondly Rf, (L) is given by the “almost Frobenius-invariants” on R f. (L® Aint (O x ).
We claim that (if R is strictly henselian)

R'fi(L®0Ox)~ R f.(L)®R

(and similarly with coefficients Ajn¢(R)):

Reduce to L annihilated by p,s = 1. Then choose the highest index v for which
M = Rf,(L ® R(Ox)) is not almost isomorphic to (almost ®-invariants in M) ®
R(R). Then M = M/¢M is almost finitely presented over R/pR, and Frobenius is
an almost isomorphism on M. Equivalently M = ly_n(M ,®), and Frobenius induces
an isomorphism M/p'/P . M ~ M. Thus everything can be formulated in terms of
M. Furthermore we can replace R by Ry and M by M, = Gal(R/R)-invariants,
as M ~ My ®pg,, R. My is an almost finitely presented Roo/pRoo-module with
Frobenius @ : M,/ p/P Mo ~ M. In the appendix it is shown that for some almost
étale covering A of Roo/PRoo

My, ®r,, A =~ (almost ®-invariants) ® A.

Thus be descending induction over v we can find such an A almost étale over R/pR
with
Rf(L®Ox) ®g A~ M{ ®r, A
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for certain IFp-vectorspaces M. ‘A lifts to an almost étale covering A of R, the p-adic
completion of R. Temporarily working over A we see that the M¢ are the direct
images of L on the topos X° ®y A, the analogue of the topos X° with the base V
replaced by A. These map to the étale images, and these maps are isomorphisms
(by duality, or basechange to disc/r\ete valuation rings). If we replace A by a Galois-
covering the Galois-group Gal(;{ /R) then operates trivially on the MY, as it operates
trivially on étale direct images. Hence by taking invariants

R'f.(LR®O)= MR,
and comparison is shown.

Obviously there are consequences for comparison to crystalline direct images. Fi-
nally the Fontaine-Lafaille theory from [Fa3] carries over without much change: Con-
sider a filtered Frobenius-crystal (€, F¥(€)) which locally is the direct sum of shifted
filtered modules Ox /p*Ox{e;}, with shifts 0 < e; < p— 2. Assume that Frobenius ®
on F* is divisible by p?, that is there exist (assuming we evaluate on a PD-thickening
with Frobenius-lift) ®; : F*(£) ®, Ox — & with &;_; | F* = p- ®'. Furthermore
assume that for a local filtered basis m;, of degree e;, the ®¢(m;) also form a basis.
Then

L= HOIIIF,@(S ® Acrys(R))7 Acrys(ﬁ) ® QP/ZP)

defines a locally constant étale sheaf on X ®y K. This is shown as in [Fa3] (and uses in
fact little of the structure of R). Finally sometimes such crystals can be constructed
as crystalline direct images under f : X — Y. However for this one at least needs
more stringent restrictions on f (“of relative Cartier-type” in Kato’s terminology, see
also [Fa3]), and also criteria under which the derived direct image splits into the direct
sum of its cohomology groups.

6*. Appendix: Some more almost mathematics

The ring R, = lim R, is the increasing union of noetherian rings R,,, such that
n—0o0

for a sequence €, — 0 we have
p° - Tor™ (Rp4m, any Rp-module) = 0.

If M is any almost finitely presented R..-module, then for each a > 0, M is p*-
isomorphic to M, ®pr, R for some finitely presented R,-module. Resolve M, by
finitely generated free R,-module, to get by base extension a complex of finitely
generated free Ro.-modules which up to p**é» resolves M. Similarly for a map
M — N of such modules. With these methods one sees easily that the almost finitely
presented R,,-modules form an abelian subcategory of all R.,-modules, which is
closed under forming Tor®= (M, N) or Ext?= (M, N). The same holds for Ro,/pReo
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(and by the way all this remains true for R). From now on assume that R is strictly
henselian.

We now show that for an almost finitely presented R /pRoo-module M with a
Frobenius-linear almost isomorphism ® : M/p'/?PM ~ M, for an almost faithfully flat
almost étale covering A of Ro./pRco,

M ®gr,, A=~ My ®F, A
with
My = Hom(m; M)?®
the almost invariants under Frobenius.

We proceed by induction over dim(R) and may assume that the assertion already
holds for the strict localization in any prime p C R,p # M. By descent it follows
that the localizations M, are almost projective on (R /pRoo)p. Also the assertion
has already been shown for d = O(R a discrete valuation ring), so we may assume
that dim(R) > 2. Replace M by Hom(M,M). Then M, = M?, Frobenius is
surjective on M, and M has no M-torsion. If M = !in(M, ®), then M has no &-
torsion, M /€M = M, and Frobenius is bijective in the Ro,-module M. Next consider
N = Extp_ (M, Rs). Then Frobenius is also bijective on N, and N/¢A injects into

Extp (M, Reo/PRso) = Extl,_ /pRoo(M, Roo/pRo),

which is almost finitely presented and almost M-torsion. By a previously used argu-
ment (using d > 0 and A((*N/EN)), N/EN = 0, and it then follows that the maps
any map M — Roo /€™ - Roo almost lifts to R /E™F! - Roo, and thus in the limit to
Roo-

Next consider the cokernel N of

M@z, Homg_ (M,Rs) — Endg, (M).

Then Frobenius is almost isomorphic on N. Also N/& - N almost injects into the
cokernel of

M ®pg,, Hompg_ (M, Ro/pRx) — Endg_ (M).

This cokernel is almost finitely presented and almost M-torsion. By the usual ar-
gument N /€ - N almost vanishes, and so does N (lifting modulo £™ step by step).
Hence for each o > 0, £~ - idy lies in the image, thus is of the form > z; ® y; with
z; € M,y; € Homp_ (M, Rs). Thus €42 =3 y;(2) - x; for each z € M, and M is
almost projective.

Each localization M, has finite rank, for p # m. If r denotes the maximum of
these ranks for p a minimal prime divisor of pR, then M and m have rank < r. For
n > r(p — 1) consider the cokernel N of the map

m® S"P(n) — S"(n)

me@m' — mP-m!
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Then N/EN injects into the corresponding cokernel for M, which is M-torsion and
almost finitely presented. Also Frobenius is an isomorphism on N, hence as usual
N/EN =0, and the map above is almost surjective (N =~ 0). Thus

A= S8 N)/(mP - &(m))

is almost generated by symmetric powers S™(N) (n < r(p— 1)), hence almost finitely
presented. Also Frobenius is almost isomorphic on A, thus A itself is almost projective
(same argument as for ). Finally A defines an almost étale covering of Ajn¢(Roo)
which is almost faithfully flat (Aius(Roo) is @ direct summand). The universal map
N — Ais ® invariant. Passing to a Galois-hull of A we obtain the desired A.
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