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RINGS OF SEPARATED P O W E R SERIES 

1. In t roduc t ion 

Let K be a field, complete with respect to the non-trivial ultrametric absolute 
value | • | : K - » . By K° denote the valuation ring, by K°° its maximal ideal, and 
by K the residue field K°/K°°. Let K' be an algebraically closed field containing K 
and consider the polydisc 

A m , „ := {(K')0)M * ((K'Dn • 
In 1961, Tate [39] introduced rings Tm of analytic functions on the closed polydiscs 

A m , o . These rings lift the affine algebraic geometry of the field K. In particular, the 
Euclidean Division Theorem for i f [£] lifts to a global Weierstrass Division Theorem 
for T m . The basic properties of Tm that follow from Weierstrass Division include 
Noetherianness, Noether Normalization, unique factorization, and a Nullstellensatz. 
These results pave the way for the development of rigid analytic geometry (see [6] 
and [10]). 

Because in its metric topology K1 is totally disconnected and not locally compact, 
to construct rigid analytic spaces one relies on a Grothendieck topology to provide a 
suitable framework for sheaf theory. For example, the basic admissible open affinoids 
of rigid analytic geometry are obtained by an analytic process analogous to localiza
tion in algebraic geometry (see [6, Section 7.2.3]). The resulting domains, rational 
domains, satisfy a certain universal property (see [6, Section 7.2.2]) and therefore give 
a local theory of rigid analytic spaces. The local data are linked together with a no
tion of admissible open cover and Tate's Acyclicity Theorem. This makes it possible, 
for example, to endow every algebraic variety over K with an analytic structure, that 
of a rigid analytic variety. 

The representation 

A m , „ = \^((K'rr x (e(K')°)N, 
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where e £ (K')°°, yields a ring of analytic functions on Am?n by taking a corre
sponding inverse limit of Tate rings. This gives the polydisc Am?n the structure of 
a rigid analytic variety. But its global functions are, in general, unbounded. Even if 
one restricts attention to those functions with finite supremum norm, the geometric 
behavior can be pathological. For example, let {a^j^N C (K')°° be a sequence such 
that lim^oo |a* | = 1. Put 

f(p) := ùpùmllù 

Then / converges and has infinitely many zeros on A0,i. This follows by restricting 
to the closed subdiscs e • Aij0 and applying Weierstrass Preparation. 

The rings Sm^n, defined below, represent Noetherian rings (often, i^-Banach alge
bras) of bounded analytic functions on Am?n with a tractable algebraic and geometric 
behavior. We address the issue of the corresponding sheaf theory in [22]. 

These rings have been used in various contexts. In [16], where the 5m,n were 
first defined, they were used to obtain a uniform bound on the number of isolated 
points in fibers of affinoid maps. This result was strengthened in [2] to give a uniform 
bound on the piece numbers of such fibers. In [11], rings 5o,n were used to lift 
the rings K{pj in order to obtain analytic information about local rings of algebraic 
varieties over K. In [17] (and later in [21]), the 5m?n were used to provide the 
basis for a theory of rigid subanalytic sets; i.e., images of if-analytic maps. This 
theory of rigid subanalytic sets was developed considerably further in [21], [19], [18], 
[20]. The manuscript [21] (unpublished) contains a quantifier simplification theorem 
suitable for the development of a theory of subanalytic sets based on the Tate rings. 
That manuscript was produced in 1995, well before the completion of this paper, 
and hence it was written to be self contained. As a result the proofs were rather 
ad hoc. In the paper [23] we give a smoother and more general treatment of that 
quantifier simplification theorem, based on some of the machinery developed in this 
paper, specifically the Weierstrass Division and Preparation Theorems (Theorem 2.3.8 
and Corollary 2.3.9) and the concept of "generalized ring of fractions" developed in 
Section 5. 

(The theory of the images of semianalytic sets under proper K-analytic maps 
was developed by Schoutens in [32]-[36]. Recently in [12], [37] and [13] Gardener 
and Schoutens have given a quantifier elimination in the language of Denef and van 
den Dries [9] over the Tate rings Tm, using the results of Raynaud-Mehlmann [27], 
Berkovich [3], and Hironaka, [15]. The proof of their elimination theorem also depends 
on the model completeness result of [21], see [23, Section 4].) 

The theory of the rings Sm^n was not developed systematically in papers [16], 
[17], [18], [19], [20] and [21]. Instead, partial results were proved as needed. The 
accumulation of these partial results convinced us that a systematic theory of the rings 
Sm,n would be possible and would provide a natural basis for rigid analytic geometry 
on the poly discs Am,n. The theory developed in this paper has been applied in [23] 
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1. INTRODUCTION 5 

to prove a quantifier elimination theorem which provides the basis for the theory of 
rigid subanalytic sets based on the Tate rings, and in [22] which treats the basic sheaf 
theory of quasi-afflnoid varieties and proves the quasi-affinoid acyclicity theorem. The 
theory has also been applied in [31] to yield a global Artin Approximation Theorem 
for the pair of rings Hm^n c—> *Sm,n5 where Hm^n is the algebraic closure of Tmjrn in 
5m,n. Here the Sm,n play the role of a kind of completion of Tate rings. 

The goals of this paper are (i) to develop the commutative algebra of the power 
series rings 5m,n (Section 4) and (ii) to develop the ingredients of sheaf theory for 
5m?n-analytic varieties; in particular to show that rational domains in this setting 
(which we term quasi-afRnoid) satisfy the same universal property as affinoid rational 
domains. This provides a foundation for a relative rigid analytic geometry over open 
polydiscs. 

In the next few paragraphs we outline the contents of this paper. 
In Section 2, we define the rings 5m,n of separated power series, prove that they 

are Noetherian and prove two Weierstrass Preparation Theorems as in [16], [17] 
and [2], one relative to the variables ranging over closed discs, the other relative 
to the variables ranging over open discs. These Weierstrass Preparation Theorems 
were crucial in the applications mentioned above. But, because there are two types 
of variables, a suitably large collection of Weierstrass automorphisms does not exist. 
Thus these Weierstrass Preparation Theorems do not yield Noether Normalization for 
quotient rings of the 5m,n (see Example 2.3.5), making the basic theory considerably 
more difficult to establish than in the affinoid case. 

We are interested in studying properties of quotient rings 5m?n/i\ In affinoid 
geometry, the key technique is Noether Normalization. The difficulties stemming 
from the failure of Noether Normalization for 5m>n are overcome in Section 3 by a 
careful analysis of the behavior of restriction maps from Am?n to closed subpolydiscs 
and to certain disjoint unions of open subpolydiscs. 

Section 4 contains the Nullstellensatz and results on flatness, excellence, and unique 
factorization. The Nullstellensatz yields a supremum seminorm on the maximal ideal 
space of a quasi-affinoid algebra (i.e., a quotient ring of 5m,n). 

In Section 5, we relate the behavior of the supremum seminorm to the residue norm 
derived from the Gauss norm on 5m,n, patching together uniform data that hold on 
affinoid algebras induced by restriction maps. The results are used to show that 
if-algebra homomorphisms of quasi-affinoid algebras are continuous, that all residue 
norms on a quasi-affinoid algebra are equivalent (i.e., the topology of a quasi-affinoid 
algebra is independent of presentation), and that quasi-affinoid rational domains sat
isfy an appropriate Universal Mapping Property. We prove when Char i f = 0, and 
in many cases also when Char i f = p, that on a reduced quasi-affinoid algebra the 
supremum norm and the residue norms are equivalent. 
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6 RINGS OF SEPARATED POWER SERIES 

Section 6 contains some finiteness theorems, in particular it contains a weak ana
logue of Zariski's Main Theorem for quasi-finite maps, which is applied to show that 
quasi-affinoid subdomains are finite unions of -R-subdomains. 

We employ three different sorts of argument in this paper. The first sort of ar
gument, "slicing", combines a generalization of the notion of discrete valuation ring 
(DVR) and a generalization of the notion of orthonormal basis. Each "level" of a for
mal power series ring over a DVR projects to a formal power series ring over a field, 
whose algebraic properties can often be lifted. Similar arguments were employed in 
[14] and in [4]. The second sort of argument exploits the relation between residue 
order and restrictions to closed polydiscs. A special case of this type of argument was 
used in [5]. To treat the case of a discretely valued ground field we must understand 
how generating systems of modules behave under ground field extension. Here we use 
the notion of stable fields (see [6]). The third sort of argument uses techniques of 
commutative algebra to extract information from completions at maximal ideals. 

Following is a telegraphic summary of the principal results of this paper. 

Theorem 2.1.3. — If K is algebraic over E then 

Srn,n(E,K) = K®EE(Z)\p]. 

Corollary 2.2.4. — 5m,n is Noetherian. 

Theorem 2.3.2 and Corollary 2.3.3. — Weierstrass Division and Preparation Theorems 

for Sm,n. 

Theorem 2.3.8 and Corollary 2.3.9. — Weierstrass Division and Preparation Theorems 

forA(OMs. 

Theorem 3.1.3. — Submodules of (Sm,nY are v-strict. In particular, ideals of 5m?n 
are strictly closed. 

Theorem 3.2.3. — Strictness of a generating system is preserved under restriction to 

suitably large rational polydiscs. 

Corollary 3.3.2. — For a submodule M C (5m,n)^, and e large enough 

L-1(L£(M)-Tm,n(e)) = M. 

Theorems 3.4.3, 3.4.6. — The restriction of a quasi-affinoid algebra to a suitably cho

sen finite union of open polydiscs is an isometry in residue norms. 

Theorem 4.1.1. — The Nullstellensatz for 5m?n. 

Corollary 4.2.2. — 5m>n is a regular ring of dimension m + n. 

Proposition4.2.3. — //CharK = 0, 5m,n is excellent. 

Proposition 4.2.5. — 5m,n is often excellent when Char i f = p / 0. 

ASTÉRISQUE 264 



2. RINGS OF SEPARATED POWER SERIES 7 

Theorem 4.2.7. — 5m,n is a UFD. 

Theorem 5.1.5. — For a quasi-affinoid algebra, the ring of power-bounded elements is 
integral over the ring of elements of residue norm < 1. 

Corollary 5.1.8. — Characterization of power-boundedness, topological nilpotence and 

quasi-nilpotence in terms of the supremum seminorm. 

Theorem 5.2.3, Corollary 5.2.4. — Quasi-affinoid morphisms are continuous. In par
ticular all residue norms on a quasi-affinoid algebra are equivalent. 

Theorem 5.2.6. — Homomorphism Extension Lemma. 

Proposition 5.3.2. — Generalized rings of fractions are well-defined. 

Theorem 5.3.5. — Quasi-rational domains satisfy the appropriate universal mapping 
property. 

Proposition 5.4.3. — Tensor products exist in the category of quasi-affinoid algebras. 

Theorems 5.5.3, 5.5.4. — In characteristic zero, and often in characteristic p, the 
residue norm and the supremum norm of a reduced quasi-affinoid algebra are equiva
lent. 

Theorem 6.1.2. — A quasi-affinoid map that is finite-to-one is piecewise finite. 

Theorem 6.2.2. — A quasi-affinoid subdomain is a finite union of R-subdomains. 

Corollary 6.2.3. — Quasi-affinoid subdomains are open. 

2. Rings of Separated Power Series 

In this section, we define the rings Sm,n = 5m,n(i£, i f ) of separated power series, 
prove that these rings are Noetherian (Corollary 2.2.4) and that they satisfy Weier
strass Preparation and Division theorems (Corollary 2.3.3 and Theorem 2.3.2), but 
not (Example 2.3.5) Noether Normalization. 

2.1. Definitions. — Let i f be a field, complete with respect to a non-trivial ul-
trametric absolute value | • | : i f -> 1R+, let i f ° denote the valuation ring of if, let 
if00 denote its maximal ideal and let ~ : i f ° -> i f := K°/K°° denote the canonical 
residue epimorphism. Throughout this paper, we will be concerned with power series 
whose coefficients lie in certain subrings B of i f ° called quasi-Noetherian rings. 

Let B be a valued subring of i f ° such that each x G B with \x\ = 1 is a unit of B 

(such rings are called B-rings.) It follows from the ultrametric inequality that B is 
a local ring. The ring B is called quasi-Noetherian iff for each ideal a of B there is 
a zero-sequence {a^heN C a (called a quasi-finite generating system) such that each 
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8 RINGS OF SEPARATED POWER SERIES 

a G a can be written in the form a = Y^bi%i f°r some elements bi G B. However, not 
i>0 

all such sums need belong to a. (See [6, Section 1.8] and [14].) 
We will make use of the following properties of quasi-Noetherian rings without 

further reference. Clearly, any subring B C K° which is a DVR is quasi-Noetherian, 
since it is Noetherian. Let B C K° be quasi-Noetherian. For any zero sequence 
{aJ iGN C i f ° , the local ring 

A := B[ao,au...]{a€E{a0iau...]:|a|=i} 

is quasi-Noetherian ([6, Proposition 1.8.2.4]). The completion of B is itself quasi-
Noetherian ([6, Proposition 1.8.2.2]). The value semigroup \B \ { 0 } | C M+ \ { 0 } is 
discrete ([6, Corollary 1.8.1.3]). Therefore, there is a sequence { 6 « } i e N c ^ \ № w ^ n 
1̂  \ №1 — { | ^ | } i G N and 1 = |6o| > \bi\ > - - - . The sequence of ideals 

Bi :=beB:\b{beB:\b\b<\bi\}, i G N 

is called the natural filtration of B. Note that B\ is the unique maximal ideal of 
B. By B denote the residue field B/B1 of B. For i G N, put Bi := Bi/Bi+i\ then 
B = Bo C K. Since B\ • Bi C #¿+1, the £?-modules Bi can be viewed in a canonical 

way as B-vector spaces. Each B vector space Bi is finite-dimensional; in fact, this 

property characterizes the class of quasi-Noetherian rings ([6, Theorem 1.8.1.2]). For 

i G N we may identify the B-vector space Bi with the B-vector subspace (b^Bi) 

of K via the map 

TTI : (a + Bi+1) i—>beB:\b(b̂ a)" . 

When i > 0, this identification of Bi with a 2?-vector subspace of K is not canonical; 
it will, however, be used frequently. 

Let R be a ring and let {a\)\^i be an inverse system of ideals of R. When we endow 
R with the topology induced by taking {a\]\^i to be a system of neighborhoods of 0, 
R is said to be a ring with a linear topology. In this subsection, we will assume that 
R is complete and Hausdorff in this linear topology. For example, let R be a subring 
of K°\ then the topology induced on R by the absolute value | • | is a Hausdorff linear 
topology. 

Let £ = (£!, . . . ,£m) be variables. A formal power series J2a^ w^n coefficients 
in R is called strictly convergent iff {aM}M<EN™ is a zero-sequence in R. By 
we denote the collection of all strictly convergent power series; it is a subring of the 
formal power series ring The ring is complete and Hausdorff in the uniform 

topology; i.e., in the linear topology given by the system of ideals {a\ • R(£)}\ei. In 
case R = K°, by i f (£), we denote the if-algebra K ®R R{£) of strictly convergent 
power series over K. 

Let p— (pi, . . . ,pn) be variables. Then 

R(0M = RM(Z) 
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2. RINGS OF SEPARATED POWER SERIES 9 

when we endow i2[[p]] with the product topology, i.e., the topology induced by the 
inverse system of ideals 

(p)d + 
\v\<d 

P" • OA, **$ 
beB 

In case R carries the discrete topology, R(£) = R[£\ and 

mipi = RM(o 

where i?[[p]] carries the (p)-adic topology. If R C K° then the absolute value |-| or 
R induces a linear topology, and |-| extends to an .R-module norm on i?(£)[[p]] callec 
the Gauss norm, given by 

I 
f^pv •• sup 

ILV 
ù^$ 

These definitions will be used in Subsection 2.3 where we discuss Weierstrass Divisior 
Theorems. 

Definition 2.1.1. —Fix a complete, quasi-Noetherian subring E C K° and, if Char K -
p > 0, assume in addition that E is a DVR. Let £ = (£ i , . . . , £m) and p = (pi,..., pn) 
be variables. We define a if-subalgebra Sm,n(E,K) of -K"[[£,p]], called a ring of sepa
rated power series. 

Let *8 be the family of quasi-Noetherian subrings of K° which consists of all local 
rings of the form 

{E[a0,ai,... {oe^[a0,ai,...]:|o|=l}j > 

where denotes completion in | • |, and where { a ^ e N C K° is a zero-sequence. Then 
put 

Sm,n = SmiTl(E, K) := K 0Ko lim 
\Be<8 

beB:\b 

qO lim 
beB:\ 

B(£)iol. 

beB:\b : K°° -beB:\b 

beB:\b lim j beB:\b 

For f = a[ivi^pv £ Sm^n we define the Gauss norm of / by 

11/11 = sup beB 

Note that 5m?n contains the Tate ring Tm+n(K) = K{£, p) and 5m,o coincides with 
Tm. In case K = Qp, the field of p-adic numbers, we have 5m,n = Qp ®zp Zp(£)[[p]], 
where Zp denotes the ring of p-adic integers. When K is algebraically closed and E 
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10 RINGS OF SEPARATED POWER SERIES 

is a DVR with E C K° and E = K, the rings Sm,n(E,K) are the rings defined in 
[17]. Following the usage in [17], when E is understood, we may write 

(The subscript s stands for "separated".) In the case that E = K the rings So,n and 
their quotient rings are the formal completions considered in [11, Section 2.3.2,], and 
used to derive properties of the formal localizations. The description of these rings 
given in Definition 2.1.1 is due to Bartenwerfer [2]. 

The family 05, described in Definition 2.1.1, satisfies the following properties, which 
we use without further reference. 

(a) 05 forms a direct system under inclusion, 
(b) \u§B = K°, 

£<E<8 

(c) for each B G 05 and b G B there is some B' G 05 with n K°) C B', 

and 

(d) for any B G 05 and any zero-sequence { a ^ e N c K°, 

( B [ a 0 , a i , . . .]{o€B[a0,ai,...]:|o|=l}) € 05. 

If E C E' and K C K' then 

K(OMs :=SM,N(E,K). 

beB:\b [E,K)cSm,n{E',K'). 

If K' is a finite algebraic extension of K then Sm^n(E,K') = K' (S>K Sm,n(E, K). 

Remark 2.1.2. — The following are easy consequences of the properties of £?-rings 
(cf. [2] and [17]). 

(i) if / = E o f t » { y e SM,N then 

ll/H = s u p | a M „ | = max|aM„|, 

i.e., the supremum is attained. 

(ii) We have the following characterizations of the subring 5 ^ n, the ideal S™n, and 

the residue ring 5m?n: 

S°m,n = { / € 5 m , n : ll/H < 1 } , 

Sm°,» = { / G 5m,n : ll/H < 1} and 
Q QO / QOO 
dm,n — °m,n/Dm,n-

As in [6, Corollary 1.5.3.2], the Gauss norm || • || is an absolute value on 5m?n extending 

that on K. 

The canonical residue epimorphism ~: K° -> K extends to the residue epimor-

phism ~ : n -> Sw,n : J2a^^Pu ^ Z ^ ^ p " . Let J be an ideal of 5m,n, and 

put 1° := S^n fl J. Since ~ : 5^?n ->> Sm,n is surjective, the image of 1° under ~ is 

an ideal of 5m,n, which we denote by / . 
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2. RINGS OF SEPARATED POWER SERIES 11 

In general the Sm,n(E,K) are not complete in || • ||. However, for many choices of 
E C K they are. When K is algebraic over E, we will show that 

Smtn(<E,K) = K®EE(t)\pl 

where ®E denotes the complete tensor product of normed E'-modules (see [6, Section 
2.1.7]). This situation is clarified in the next theorem. Observe that the natural map 

a:K®E E(0 [p] —> K[& pj : a< <8> /* •—> ̂  a*/* 

is injective. Indeed, it is easy to see that the field of fractions Q(E) of E is a flat 
E-algebra. Hence, 2f[£,p], being a <2(i£)-vector space, is also a flat £J-algebra. It 
now follows from [25, Theorem 7.6], that Kera = (0). The image of a is contained 
in Sm,n(E,K). Moreover, since a is contractive, it extends to a map 

v:K®EE(Z)[p]-+KlZ,p]beB:\b. 

It is not hard to see that the image of a is contained in Sm,n(E, K), when Sm,n(E, K) 
is complete (see below). 

Theorem 2.1.3. — Let n > 0. 
(i) Sm,n(E, K) is || • \\-complete if, and only if, K has finite transcendence degree 

over E. In that case let E' C K° be a finitely generated extension of E such that K 
is algebraic over E'. Then 

Smjn(E,K) = Smtn(E\K) = K®E'E'{£)\pl 

where <§>E' denotes complete tensor product of normed E'-modules (see [6, Section 
2.i.7];. 

(ii) There is a quasi-Noetherian ring E', E C E' C K°, such that Sm,n(E'\K) is 
|| • \\-complete (and contains Sm,n(E, K)). 

(iii) Sm,n(E,K) is (p)-adically complete if, and only if, K is a finitely generated 
field extension of E. 

(iv) Smn(E,K) is (p)-adically complete if, and only if, K is a finitely generated 

field extension of E and K is discretely valued. (In which case we may take E = K°.) 

Proof 
(i) Suppose that K has infinite transcendence degree over E. Let ti G K°, i G N, 

be such that the U are algebraically independent over E. Let ft — Y^L\ ^iPi € ̂ o,i C 
Sm,n (n > 0). Choose a G K°° (i.e., \a\ < 1). The series / = J^Si a%h *s Cauchy in 
|| • || but does not belong to 5m,n- Indeed for any B G 53, B is a finitely generated field 
extension of E and for i > 1, Bi is a finite dimensional vector space over B. Hence 

beB:\b 
For the converse, assume that K is of finite transcendence degree over E. Note 

that if E' e 05 then Sm,n(E,K) = Sm,n(E',K). Hence we may assume that K is 
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12 RINGS OF SEPARATED POWER SERIES 

algebraic over E. Let ft G S^n with \\fi\\ 0. There are at G K° with |a{| = | | / » | | 

and B « G 03 such that G B W ^ H , i.e., /< G ( £ ) [ p ] . Let 

beB:\bbeB:\bbeB:\bbeB: 

be the natural filtration of B^K Since K is algebraic over E, each field B^} = B^\ 

and hence each is a finite-dimensional ^-vector space. Let B^ be generated 

over E by the residues modulo B ^ of bijk G i ?^ \ fc = 1,... , d imi?^. Let { ^ } « G N 

be a rearrangement of {aibijk : i G N , j G N, A: = 1,..., dim B^} in non-increasing 

size. (Recall that a* - » 0.) Putting 

• B : = (^[co ,Ci , . . .]{a€tf[c0,ci,...]:|a| = l}) € ® 

yields a^i?^ C i? for all i and ^ i G B{£){p}. Hence Sm,n(E,K) is complete. 

As we observed above, there is a map o : i f & [ p ] —y Sm^n. If i f is algebraic 

over E then for every B G 03, B and the are all finite-dimensional E vector spaces. 

Hence for each B G 03, there is a map 

r : B(0M -»• K®EE(01PI 

which is a left inverse of a. 

(ii) Repeated use of [6, Proposition 1.8.2.3 and Theorem 1.8.1.2], shows that there 

is a quasi-Noetherian ring E', E C E' C i f ° , such that i f is an algebraic extension 

of E'. Hence 5 m , n ( £ , i f ) C Sm,n(E^K) and bY (0 S m , n ( £ ' , i f ) is complete. 

(iii) If X is a finitely generated field extension of E then replacing E by a suitable 

finitely generated extension we may assume that E — K. But then 

S m , n = % ] [ p ] , 

which is (pj-adically complete. 

If, on the other hand, there are t{ G i f such that ¿¿+1 & E(h, • • • ,U) then / := 

^2Up\ & Sm,n, since for every B G 03, B is a finitely generated field extension of E. 

(iv) If i f is not discretely valued there are ai G i f ° with |a*| < |a*+i| < 1 for 

i — 0,1,2,... . Then ^ â p̂  & S ^ n - On the other hand, if i f is a finitely generated 

extension of E and K is discretely valued, then if0 G 03. • 

Remark 2.1.4 

(i) Suppose Char i f = p ^ 0. In this case we require E to be a complete DVR. 

By the Cohen Structure Theorem ([25, Theorem 29.4]), E has a coefficient field (i.e., 

an isomorphic copy of E C E) which we also denote by E. If TT is a prime of E then 

E C E = E[n] . Thus Smin(E,K) — Sm,n{E,if). Hence we could have required in 

the equicharacteristic p case that E C i f be a field, without loss of generality. 

(ii) Let i f be a perfect field of characteristic p, and let E C if0 be a subfield. 

Then there is a field E', E C E' C i f ° , with E' perfect and K algebraic over E'. 

Hence, using (i) above, for any DVR E C if0 there is a field E' C if0 such that 

Sm,n(£,if) C Sm,n(£",if), Smtn(E',K) is complete in || • || and Sm,n(E',K) is a 
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2. RINGS OF SEPARATED POWER SERIES 13 

finite Sm>n(i£', i f )p-module. (The monomials f p " with 0 < p* < P, 0 < Vj < p, form 

a basis.) 

By definition, n is the direct limit of complete rings (the -#(£)[P]) - Next we show 

that while 5m,n may not be a complete if-algebra it is the direct limit of complete F-

algebras for some complete, nontrivially valued subfield F of i f . This decomposition 

will be used in Subsection 5.2. 

Let F be a complete subfield of i f such that F° is a D V R and F is finitely generated 

as a field. (For example, in the mixed characteristic case let F — Qp, the field of p-

adic numbers, and in the equicharacteristic case let F be the fraction field of Q[ij or 

Fp[£], depending on the characteristic of i f , where t £ K°°.) Let B' G 53. There is a 

B e 03 such that B'U F° C B. Consider the F-algebra 

F®FoB(S)\p]. 

By the definition of the complete tensor product (g) this is an F-Banach algebra (i.e., 

is complete in || • | | ) . In general there is no B" e 03 such that ( i R § F o ^ ( O M ) ° c 

£?"(£) [p ] . However, the natural map 

er : F ®F° B(OM — » • Sm,n : > a< ® / ¡ .—• > а</< 

is an isometry because F° ® F ° # ( £ ) [ P 1 = # ( £ ) I P 1 - The next proposition shows that 
a extends to F%F*B(§\f5[. 

Proposition 2.1.5. — With the above notation, 

FeF°B{OMcSm,n(E,K). 

Indeed 

SmnQ — lim 
F°cBe<B 

Proof. — It is sufficient to show that if / G F ® F ° B ( O I [ P ] and | | / | | < 1 then there 
is a B" G 03 such that / G B " < O H - LET / € F®FOJB(£)[[p] with | | / | | < 1. Then 
there are / » G J3(£)[p] and ra* G N such that / = Y,K~MI fi, where TT is a prime 
of F ° , and ||7r~mi/e|| 0. Hence for each i there is a nullsequence { a ^ } j G N with 
ir-mifieB'(Z)\pl where 

5 ' : = (B[a<j : j G N]{aGB[ai:,- :jGN]:|a|=l}) 

and \a,ij\ < \\n~mifi\\ for all i and j. Since ||7r~mi/i|| 0, any rearrangement of the 
double sequence {^./KjeN as a sequence will be a null-sequence. Let {CJ}^GN be such 
a rearrangement. Then if 

feB»(t)\p}. • 

F® F° .В (£)[/?]. 

В" := (J5[co,Ci, . - . ] { a € ß [ c 0 , c i , . . . ] : | o | = l } ) 

/ e в"(ОЫ-
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14 RINGS OF SEPARATED POWER SERIES 

In general the F-Banach Algebras F<g>FoB(£)lpl C 5 m , n constructed above are not 
Noetherian and the Weierstrass Preparation and Division Theorems need not hold in 
them. An argument similar to the proof of Proposition 2.1.5 shows that we can write 

Sm,n(E, K) — lhn( 
Be<B 

{K-B(Q\p]f 

as the direct limit of if-Banach Algebras. These if-Banach algebras likewise may fail 
to satisfy the Weierstrass Preparation and Division Theorems of Subsection 2.3. 

Remark 2.1.6 
(i) The rings 5m,n = Sm,n(E,K) can have quite different properties depending on 

the choice of E. As we saw in Theorem 2.1.3, if E is large enough the Sm,n(E, K) will 
be complete and the 5m,n may even be (p)-adically complete. On the other hand if 
E C K is small, the 5m?n will be far from complete and the 5m,n far from (p)-adically 
complete. Nevertheless, for all choices of E, n is, by definition, the direct limit 
of the || • ||-complete and (p)-adically complete rings #(£)M> and this key property 
allows the development of the theory. 

(ii) There is a larger class of power series rings in which many of the results and 
proofs of this paper remain valid. This larger class is defined as follows. Fix a family 
03 of complete, quasi-Noetherian subrings B C K° that satisfy the properties (a), (b), 
(c) and (d) listed after Definition 2.1.1, and put 

• S m , n = 5m,n(03, K) := K ®Ko hrn B{£)\p\. 

Example 2.1.7 shows that this definition is more general. 
(iii) If we wished to work over complete rings we could also have proceeded as 

follows: Form the rings 5m,n(F, K) as in Definition 2.1.1, or the rings 5m?n(03,K) 
defined above, and then take their completions 5m,n = Sm,n(E,K) or 5m,n(Q3,if) . 
In general the rings Smin(E,K) would be different from the rings 5m,n(£",if) for 
any E'. However all the results of the paper are true for these rings Sm^n. The 
proofs that use "slicing" arguments may be modified as follows. Though an arbitrary 
f F (S™ J° need not belong to B(£)Hol for anv B £ 03. there is an increasing seauence 

beB:\b beB:\b from 03 and / « G B ( < ) ( 0 M such that | | / - -> 0. 

Example2.1.7. — We give an example of a 03, as in Remark 2.1.6(ii), such that 
there is no E with 5m,n(03,if) C 5m,n(E,if). Consider F = Fp(*i, t2,... ){z) with 
absolute value derived from the (z)-adic valuation and let K be the completion of 
the algebraic closure of F. Let {o^} be a sequence of positive rationals converging to 
zero, and define inductively 

Eo^Wpin + z^^ieN) 

Ei := (E^tC : n e N|{fl€beB:\bbeB:\b nGN]: ,o|=1}) ~ . 
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2. RINGS OF SEPARATED POWER SERIES 15 

Let *&i be the family of all quasi-Noetherian rings of the form 

(Ei[ao,CLi, . . .]{a€£?i[o0,oi,...]:|o|=l}) 

where { a ^ e N is a null sequence from i f °, and let 

beB:\bbeB:\b 

We will show that for n > 0 there is no complete DVR E C i f ° such that 

Sm,n(®, I N cSm,n 

Suppose that Sm,n(Q3,if) C 5m,n(£, i f ) . Since i f is algebraically closed, by Remark 

2.1.4 we may assume that E C i f ° is a field and that E — K. 

Note that i% has a countable dense subset {c0, c i , . . . } . Hence 

CiPÎ G Sm,n(®,if) C Sm,n№,K) 

Therefore for each i G N there is a zero sequence {a i , a 2 , . . . } from i f ° such that 

Ei C I E[ai,a2, . - .]{o6£?[oi,a2,...]:|a|=l}) ~ : Ei' 

Since F = i f we may assume that |aj| < 1 for all j. Since G there are 

en̂ - G JES- with eno G F such that 

beB 
:\b = en0 + 

oo 

beB 
enjüj. 

Then 

beB:\bbeB 
oo 

i=i 
enjaj • 

Since |aj| < 1 for all j , we see that the sequence epn0 converges to U. Since E C i f ° 
is a field the absolute value is trivial on E and hence ti G E. The quasi-Noetherian 
ring E'0 contains both E and EQ. Thus it contains the elements zai, i G N. Since 
|zai| = p_a* this contradicts the discreteness of the value semigroup of E'0. One can 
construct a similar counterexample in characteristic zero. 

Remark 2.1.8. — We will use the term affinoid to refer to objects defined over the 
Tate rings and the term quasi-affinoid to refer to objects defined over rings of sepa
rated power series. Hence, for example, an affinoid algebra is a quotient of a Tm and 
a quasi-affinoid algebra is a quotient of an 5m,n. 

2.2. Noetherianness. — In this subsection, we lift the Noetherian property of the 

residue rings Sm,n to the Sm,n by lifting generators of ideals. This also yields the 

property that ideals of 5m?n are strictly closed in || • ||, a property that will be further 

analyzed in Subsection 3.1. 

Lemma 2.2.1. — Suppose A — \VCQA\ is a Noetherian ring which is the direct limit 

of the rings A\. Put A : = lin^ A*[[p]] C A [ p | . The following are equivalent: 
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16 RINGS OF SEPARATED POWER SERIES 

(i) A is Noetherian. 

(ii) A[[p]] is a flat A-algebra. 

(iii) A[[p]] is a faithfully flat A-algebra. 

(iv) Each ideal of A is closed in the (p)-adic topology. 

If each A\ is Noetherian and if for every X there is some p > X such that A is a flat 

A^-algebra, then A[[p]] is a flat A-algebra. 

Proof — It is no loss of generality to assume that each A\ C A. We first show (i) 
(ii) =» (iii) (iv) ( i) . 

(i) (ii). Let I be the ideal of A generated by the variables p i , . . . ,pn- Since 
A |[pj is Noetherian and since i" • A [[pj is contained in the Jacobson radical of A [[pj, 
-A[p]] is 7-adically ideal separated as an vA-module. Since for every £ G N 

A/le = Alpl/(p)\ 

(ii) follows from (i) by the Local Flatness Criterion ([25, Theorem 22.3]). 
(ii) =4» (iii). Let I be any ideal of A\ then I • A\p\ is the unit ideal if, and only if, 

for some / i , . . . , f¿ G / and OL\ , . . . , a¿ G A, the constant term of ^2 aifi1S a unit. The 
latter condition holds if, and only if, I generates the unit ideal of A. Therefore (iii) 
follows from (ii) by [25, Theorem 7.2]. 

(iii) (iv). Since i4[[p]| is Noetherian and since (p) • A[[p]] is contained in the 
Jacobson radical, each ideal of A^p\ is closed in the (p)-adic topology by the Krull 
Intersection Theorem ([25, Theorem 8.10 (i)]). Let I be any ideal of A; then the 
(p)-adic closure of I in A is equal to / • AJpfl n A. Hence to prove (iv), we must 
show that J = / ' A | p J n A If A[[p]] is faithfully flat over A, this follows from [25, 
Theorem 7.5]. 

(iv) ( i ) . Let / be an ideal of A. Since AJpJ is Noetherian, there are finitely 
many elements / i , . . . , f¿ of / which generate the ideal I • A[[p]]. Let J be the ideal 
of A generated by / i , . . . , f¿. To prove (z), we show that J — I. If each ideal of A is 
closed in the (p)-adic topology, then, as above, 

/ = Anl-Ayi 

= ACiJ-AM 

= J, 

proving (i) . 

Now suppose that each A\ is Noetherian and that for every A there is some p > X 

such that A is a flat ^-algebra. We show that AJp] is a flat ^l-algebra. 
If A is a flat A^-algebra then 

A[p] = A®A„A„[p\ 

is a flat A^ [p]-algebra. Since, in addition, A is Noetherian, by the Artin-Rees Lemma 
([25, Theorem 8.6]), the AM[p]-module A[p] is (p)-adically ideal-separated. Since 
A^[p] is Noetherian, by the Local Flatness Criterion ([25], Theorem 22.3), for every 
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2. RINGS OF SEPARATED POWER SERIES 17 

£ £ N, A[p]/(p)£ is a flat i4„[p]/(p)'-algebra. Since AM/(p)1 = A[p\/(p)£ and 
M / ( p ) ' = [p]/(p)£, and since p i , . . . , pn are contained in the Jacobson radical 

of ^4[p]], by another application of the local flatness criterion, A[[p]) is a flat -AM[[p]|-
algebra. To show that A^p]\ is a flat A-algebra, we use [25], Theorem 7.6. Suppose 
h,- • - ,fi € A; then for some p such that A[[p]] is a flat AM [[pj-algebra, / i , . . . , ft £ 

Suppose, furthermore, for some <7i,...,(fr G A|p]] that J29ifi — 0. Since 
A|[p]| is a flat A^ [[p]]-algebra, there are r £ N, G ^ [ p ] and ^ £ AJpJ, 1 < i < £, 
1 < j < r, such that 

i 
fi<Pij = 0 for all j , and gi = 

3 

<Pij1j for all i. 

Since i4M[[p] C A, it follows immediately that A[[p]] is a flat Aalgebra. 

The following is an immediate consequence of Lemma 2 .2.1, taking the A\ to be 

the S G 5 S . 

Corollary 2.2.2. — Tfte residue rings 5m,n are Noetherian; each ideal of 5m,n ¿5 
closed in the (p)-adic topology. 

The next lemma allows us to lift generators of an ideal i" of Sm,n to generators of 

the ideal / of 5m,n. 

Lemma2.2.3. — Let I C 5m,n be an ideal and let g\,... ,gr £ 1° be such that 

{<7i,... ,gr} generates I. Let f G .S^n an^ choose B G 93 ŝ cft £fta£ . . . , <?r € 

^ ( £ ) M - Suppose that \\f — h\\ < \\f\\ for some h £ I. Then there are / 1 , . . . , / R G 

B(0M with 

(2.2.1) beB 
r 

1=1 
fi9 < 11/11 

and 11/11 = max H / ^ . 
!<2<r 

Proof. — Let B — Bo D B\ D • • • be the natural filtration of B, and suppose 

f£Bp(t)M\Bp+i(t)M-

Find bp £ B with Bp = {b £ B : \b\ < \bp\}, let TTp : Bp Bp C K be the ^-module 
residue epimorphism a »-> (fc~1a)~, and write 

beB:\bbeB:\b 

for some B-vector space V. This implies that 

[2.2.2) beB:\bbeB:\bbeB:\bbeB:\bbe 

as i?[£][[p]]-modules. (This useful decomposition can be found in [14].) 
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18 RINGS OF SEPARATED POWER SERIES 

Since | | / — h\\ < ll/H for some h G / , we have 7rp(/) G / . Since #i, . . . ,#r generate 

J, we have 

beB:\b 
r 

i=l 
Jm e Bp[(\[p] 

for some / i , . . . , / r G #[f][[p]|. By (2.2.2), we may assume fUj . . , / r G Bp [f ][]>]]. 
Thus there are / i , . . . , fr G -Bp(f) M corresponding to / i , . . . , fr under the residue 
map 7TP. Clearly, | | / - £ / ^ . | | < | | / | | . • 

Since each i? G 2$ has discrete value semigroup and since £?(£) [p] is complete in 

||-1|, Lemma 2.2.3 implies that the separated power series rings are Noetherian. 

Corollary 2.2.4 (cf. [17, Proposition 2.6.2]). — The rings Sm,n we Noetherian. Indeed, 

let I C 5m,n be an ideal and suppose the residues of gi,... ,gr G 1° generate I in £m,n. 

Then for every / G / there are / i , . . . , fr G 5m,n with 
r 

f = ^2fi9i, 
2=1 

and ll/H = maxi<i<r Moreover, if for some B G <B, / ,0i, . . . ,0r € # ( £ ) M > 
£/&en / i , . . . , /r mag/ a/so fee £afcen ¿0 Zie m [[p]]. 

In fact, Lemma 2.2.3 yields the slightly stronger result, Corollary 2.2.6. 

Definition 2.2.5 (cf. [6, Definition 1.1.5.1]). — Let (A,v) be a multiplicatively valued 
ring. An ideal / of A is called strictly closed in v iff for every / G A there is some 
gel such that v(f — g) < v(f — h) for every h e I. 

Corollary 2.2.6. — Ideals of 5m,n are strictly closed in ||-||. Indeed, let I C 5m?n be 

an ideal and suppose the residues of gi,... ,gr G 1° generate I in 5m,n. Then for 

every f G Sm,n there are / i , . . . , fr G Sm,n wztft 

beB:\bbeB 

2=1 
< 11/beB:\b 

for every h £ I, and \\f\\ > maxi<i<r ||/i | |- Moreover, if for some 

£ G 95, f,gubeB:\b---,greB(OM, 

then / i , . . . , fr may be taken to lie in B(£) [[pj. 

Taking n = 0 in the above, we obtain [6, Corollary 5.2.7.8]. 

In Subsection 3.1, we will be interested in some refinements of Corollary 2.2.6. 

Definition 2.2.7. — Let J be an ideal of 5m,n. For / G 5m,n, we define the residue 

norm 

I l /H, := in f{ | | / - h\\ : h € /}. 
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2. RINGS OF SEPARATED POWER SERIES 19 

From Corollary 2.2.6, it follows that there is some h G I such that ||/||7 = | | / — ft||. 

The direct sum (5m?n//)^ is a normed (5m,n//)-module via 

II • 11/: (5m,n//)/ -> K+ : ( / i , . . . , / / ) max ||/,||7. 

i<i<t 

We will be concerned with submodules M of (5m,n//)^, which will be endowed with 

the norm || • ||/. Residue modules play an important role. 

Definition 2.2.8. — Let ( M , | • | ) be a normed if-module. By M ° and M°° denote, 

respectively, the if°-modules 

M°:={feM: | / | < 1 } and 

M°° := {feM: | / | < 1 } . 

We define the residue module M by 

M := M°/M°°. 

It is a if-module. 

From Corollary 2.2.6, it follows that 

(Sm,n//)° - 5^in/J° and (Sm,n/I)~ = Sm,n/I. 

2.3. Weierstrass Division Theorems. — We recall in Theorem 2.3.2 the Weier
strass Division Theorems for the rings 5m,n (see [16] and [17]) in the form given in 
[2, Section 1.2]. These will be used in Section 4 and extensively in Section 5. In 
Theorem 2.3.8, we prove an extension of these division theorems to handle Weier
strass divisors with coefficients in a quasi-affinoid algebra. The statement and proof 
of Theorem 2.3.8 rely on results of Sections 4 and 5, but the theorem itself is only 
used in Section 6 and in [23]. 

Definition 2.3.1 (cf. [17, Sections 2.3 and 2.4]). — An element / G 5m,n is regular in 

£m of degree s iff for some c G if, cf is congruent modulo (p) • Sm,n to a monic 

polynomial in £m of degree s. An element / G 5m,n is regular in pn of degree s iff 

/(£,0,... ,0,pn) = psn-g(^pn) for some unit g G K[€]\pn]. An element / G Smjn\{0} 

is regular of degree s in £m (respectively, pn) iff for some c G if, ( c / ) ~ G Sm?n is 

regular of degree s in £m (respectively, pn). 

The formal power series ring i?[£][p], whence 5m,n, has the usual local Weierstrass 
Division Theorem for elements regular in p, as in [41, Theorem VI. 1.5]. As in [1, 
Section 2.2] or in [17, Proposition 2.4.1], this lifts to the complete, linearly topolo-
gized ring B(€)lp}. As explained in Subsection 2.1, -B[f][p] is equal to the strictly 
convergent power series ring -B[p](£)- The Euclidean Division Theorem for B[£] lifts 
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20 RINGS OF SEPARATED POWER SERIES 

to a Weierstrass Division Theorem in #[p](£) for elements regular in £, as in [6, The
orem 5.2.1.2]. This may be lifted to -B(£)[p] as m [1^ Proposition 2.3.1], or as in 
[2, Section 1.2], using the Hensel's Lemma of [8, Section 4]. This yields the following 
theorem. 

Theorem 2.3.2 (Weierstrass Division Theorem, cf. [17, Propositions 2.3.1 and 2.4.1]) 
Let f,geS°m,n with | | / | | = 1. 

(i) If / is regular in £m of degree s, then there exist unique q G 5£^n and r G 
£m-i,n[£m] of degree at most s — 1 such that g = qf + r. If g G I • 5^>n for 
some (closed) ideal I of S^n_ln, then q,r G i" • S^n-

(ii) If f is regular in pn of degree s, then there exist unique q G n and r G 
*̂ m,n-i [pn] of degree at most s — 1 such that g — qf' + r. If g G / • S!^ n for some 
(closed) ideal I of S^n_l9 then q,r G I • S^n. 

Moreover, if f,g € # ( £ ) M /OR some B e^B, also, q,r G B(£)[[PE-

Dividing ^ (or p*) by an element / G 5m,n regular in £m (or pn) of degree s, we 
obtain the following corollary. 

Corollary 2.3.3 (Weierstrass Preparation Theorem). — Let f G 5^ n with \\f\\ = 1. 

(i) If f is regular in £m of degree s, then there exist a unique unit u of n and 
a unique monic polynomial P G S^-i n[£m] of degree s such that f = u • P; in 
addition, P is regular in £n of degree s. 

(ii) / / / is regular in pn of degree s, then there exist a unique unit u of S^n and 
a unique monic polynomial P G n_1 [pn] of degree s such that f = u • P; in 
addition, P is regular in pn of degree s. 

Moreover, if f G #(£)[[p] for some B G 03, also u,P G B{£)[p]. 

Unlike the rings pfl and B( f , p), there may be no automorphism of 5m,n under 
which a given element / with | | / | | = 1 becomes regular (see Example 2.3.5). 

Definition 2.3.4 {cf. [17, Section 3.12]). — An element / = £ U(p)^ € 5m,n is pre-

regular in £ of degree po iff fM ^ 0 modulo (p) • 5m,n and /M = 0 modulo (p) • 5m,n 

for all p lexicographically larger than /i0. An element / = J2fv(€)pu € Sm,n is pre-

regular in p of degree VQ iff /„0 G i f \ { 0 } and for all lexicographically smaller indices 

z/? = 0. An element / G Sm,n \ { 0 } is preregular in £ of degree po (respectively, in 

p of degree v$) iff for some c G K, ( c / ) ~ G 5m,n is preregular of the same degree. 

If / is preregular in £ (respectively, p) then after an automorphism of the form 

P Pi £m ^ £m ? £i 
^ & + fm (respectively, £•->•£, Pi ^ Pj + P n ) / 

becomes regular in £m (respectively, pn) of some degree s. Such automorphisms are 
called Weierstrass automorphisms. 
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2. RINGS OF SEPARATED POWER SERIES 21 

Example 2.3.5. — The element £-p € 5i,i is not preregular. Indeed, there is no finite 
monomorphism Sm,n —» 5i , i / (£p) for any ra,n G N. Since the map 

Si,o©50,i ->Si, i /(f t>): (f,g)^f + g 

is surjective and dimSi,o = dim So,I = 1 (see Corollary 4.2.2), we must have 

dim(5i, i / (FP)) = 1. 

Thus, if there were a finite monomorphism 

<P • Sm,n -> Si , i / ( fp) , 

either m = 1 and n = 0, or m = 0 and n = 1. We treat the case m = 1 and n = 0. 

Let 

a : 5 i , i / ( ^ ) ^ 5 o , i = S i , i / K P , 0 

be the canonical projection. Since a is surjective, 

a o (p : 5i,o 50,1 

is finite. Since dimSo,i = 1, a o <p must be injective. By [6, Proposition 3.8.1.7], we 

can reduce modulo i f 00 to obtain a finite if-algebra homomorphism 

(aotp)~ :K[£]-beB:\bS0ti. 

But such a map cannot exist, since the transcendence degree of So,i over K is infinite. 

Remark 2.3.6. — For every nonzero / G 5o,n? there is a Weierstrass automorphism 

of So n under which / becomes regular in pn of some degree. Therefore, arguing as in 

[6, Theorem 6.1.2.1], one proves the following version of Noether Normalization: Let 

d be the Krull dimension of So,n/I', then there is a finite if-algebra monomorphism 

<P : So,d -> So,n/I-

In Definition 5.2.7, we will define the ring A(£)[p]s C A[£,pJ of separated power 
series with coefficients in a quasi-affinoid algebra A. Using the results of Subsec
tion 5.2, we state and prove here relative Weierstrass Division Theorems for such 
rings. These theorems will be used only in Section 6 and in [23]. 

Definition 2.3.7. — Let A be a quasi-affinoid algebra. By the Extension Lemma, 

Theorem 5.2.6, for each x G Max A, there is a unique homomorphism 

ex : A(£i , . . . ,£m)[pi , . . . ,pn]s -> Sm,n(EiA/x) 

extending the map A -> A/x and preserving the variables £ and p. An element 

/ G i ( ( ) [p j s is regular in £m (respectively, pm) of degree s iff for each x G Max A, 

sx(f) G Sm,n(E,A/x) is regular in £m (respectively, pn) of degree s. Preregular 

elements are defined similarly. 

Theorem 2.3.8 (Weierstrass Division Theorem). — Let A be a quasi-affinoid algebra, 

and let f,geA(£)\p]8. 
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(i) If / is regular in £m of degree s, then there exist unique q G A ( £ ) [ p ] s and 

r G A ( £ ' ) [ p ] s [ £ m ] °f degree at most s - 1 such that g = qf + r (where £' = 

(£l> • • • ,£m-l)-/ 
(ii) 7/ / ¿5 regular in pn of degree s, then there exist unique q G A ( £ ) [ p ] s and 

r G ^ ( O U s W of degree at most s — 1 such that g — qf + r (where p' = 
( p i , . . . , p n _ i ) . ; 

Proof 
(i) Existence. Write 

/ = 
beB: 

beB:\bbeB: 

i>0 
fi€m-

Since / is regular in £m of degree s, sx(fs) is a unit of 5m_i?n(E, A/a;) for each 
a; G Max A. It follows by the Nullstellensatz, Theorem 4.1.1, that fs is a unit of 
A(£)[pJs. Since sx(f~1) - ex(f) is regular in £m of degree s for each x G Max A, we 
may therefore take fs = l. It follows that 

eAfi) e S°m. -l,n* E,A/x), i < 5, 

and 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

for every a; G Max A. By Corollary 5.1.8, fi is power-bounded for i < s and fi is 
quasi-nilpotent for i > s. 

Write A = Sm'^n'/I and consider the canonical projection 

• Sm+m' , n + n ' ÉS^_1|n(E, A/ 

modulo J • 5TO+m',n+n'. Let 

F = 
ÉS^_1|n( 
E, A/ 

be a preimage of / , where each Ft G 5 m _ i + m / , n + n ' . By Lemma 3.1.6, there is an r 
so that for i > s, 

Fi = 
r 

ÉS^_1|n( 
HijFs+j 1 

where | | j f f a | | , . . . , | | f f i r | |< l . 
By the Extension Lemma, Theorem 5.2.6, there is a if-algebra homomorphism iß 

such that 

Srn+m' , n + n ' ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

^$ 
^^$ù 

ÉS^_1|n(E, 
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2. RINGS OF SEPARATED POWER SERIES 23 

commutes, and 

ÉS^_1|n(E, A/ 1 < i < m; </>(£m+i) = < (̂£m+i), 1 < z < m'; 

ll>(£,m+m'+i) = / • - ! , 1 < * < 5, 

and 

</>(Pi) = Pi, 1 < i < n; ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 1 < i < n'; 

^(Pn+n'+i) = /«+», 1 < f < r. 

Note that / is the image under i\) of 

ÉS^_1|n(E 
$^ù 

i=0 
£m+m'+i+l£m H" £m 

i>s 

è 
$^$ù 

r 
, Hijpn+ri+j 

and /* G 5m+m/+s,n+n>+r is regular in £m of degree s. 

Let Ge Sm+m'+Sin+n'+r be a preimage of g under ifr. By Theorem 2.3.2, there are 
unique Q G 5m+m'+s,n+n'+r and i? G Sm_i+m'+s,n+n'+r[£m] of degree at most 5 - 1 
with 

G = Qf* + R. 

Putting q = ^ ( Q ) and r = ipyR) satisfies the existence assertion of part (I). 

Uniqueness. Let q G A(£)[p]s and let r G A(£')[p]s[£m] be of degree at most 5 - 1 . 
Suppose 

0 = qf + r; 

we must show that q = r = 0. Let 

Q € Sm+m'+s,n+n'+r and R e. 5m_i+M'-F-SÎN.-|-N'-F-R[£m] 

with deg < s — 1 be preimages under ^ of ^ and r, respectively. Then 

G := Q/* + Ä G Ker^ = / * 5m+m/+s,n+n/+r. 

The ideal I is closed by Corollary 2.2.6; hence by Theorem 2.3.2 ( i ) , Q,Re Ker^, as 
desired. 

(ii) The proof of this part is entirely analogous to the above. • 

The corresponding Weierstrass Preparation Theorem follows in the usual way. 

Corollary 2.3.9 (Weierstrass Preparation Theorem). — Let A be a quasi-affinoid al

gebra, and let f G A(£)[p]5. 

(i) / / / is regular in £m of degree s, then there exist unique unit u G A(£)[p]s and 

monic polynomial P G A(£')[p]][£m] of degree s such that f = uP. Furthermore 

P is reqular in £m of degree s. 
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(ii) / / / is regular in pn of degree s, then there exist unique unit u G A(£)[p]s and 

monic polynomial P G A(£)[p']s[Pn] of degree s such that f G uP. Furthermore 

P is regular in pn of degree s. 

3. Restrictions to Polydiscs 

In this section, we study the restriction maps from Am?n (see Introduction) to 
"closed" (and to "open") sub-polydiscs, and show how to transfer information from 
their (quasi-)affinoid function algebras back to 5m?n. 

The closed subpolydiscs with which we are concerned in this section are Cartesian 
products where the first m factors are closed unit discs and the next n factors are 
closed discs of radius e G y/\K \ { 0 } | . Such products are if-affinoid varieties, and we 
denote their corresponding rings of if-affinoid functions by Tm,n(£, i f ) . 

To transfer algebraic information from the affinoid algebras Tm>n(e) to 5m?n, we 
analyze the metric behavior of the inclusions i£ : Sm,n Tm,n(£) as £ —>• 1. We carry 
out our computations by reducing to the case that e G | i f \ { 0 } | . In the case that i f is 
discretely valued, this entails working with certain algebraic extensions if ' of i f and 
understanding the inclusion Sm,n(E,K) ^ Sm,n(i£, i f ' ) . The reader interested only 
in the case that i f is algebraically closed may omit the complications arising from 
field extensions. 

We are interested in studying properties of quotient rings 5m,n/7. We study such 
quotient rings by studying metric properties (e.g., pseudo-Cartesian and strict) of gen
erating systems of submodules of (5m,n)^, and how they transform under restriction 
maps to rational sub-polydiscs. 

In Subsection 3.1, we introduce metric properties of generating systems of submod
ules of (Sm^nY and of (Sm,nY- In particular we introduce a valuation, the total value 

on Sm,n which lifts the (p)-adic valuation on 5m,n and refines the Gauss norm on 
5m,n. This allows us to formulate the "slicing" arguments whereby (p)-adic properties 
of Sm,n are seen to lift to 5m,n. The valuations || • || and v induce norms || • | | M and 
VM on a quotient module (5m,n)^/M. We prove a number of estimates. 

In Subsection 3.2, we study restrictions to closed subpolydiscs. The main result is 
Theorem 3.2.3, which says that if e is suitably large, then a strict generating system 
remains strict under restriction. 

In Subsection 3.3, we transfer information from Tm?n(e) back to 5m?n. The main 
results are Theorem 3.3.1 and its corollaries, which show, roughly speaking, how to 
replace powers of e with powers of (p) for e near 1. More precisely, they establish a 
key relation between % and || • ILE(M).Tm,n(e) uniformly in e for e suitably large, which 
is used extensively in the rest of this paper. This is how we overcome the difficulties 
stemming from the failure of Noether normalization for 5m,n. 

In Subsection 3.4 we study restrictions from Am,n to certain disjoint unions of open 
subpolydiscs. When the centers of the polydiscs are if-rational, these maps have the 
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3. RESTRICTIONS TO POLYDISCS 25 

form (p : Smyn —> ©j=o5o,n+m- In the case of non-K-rational centers, the restriction 
maps are only slightly more complicated. We show in Theorems 3.4.3 and 3.4.6 that 
such restrictions are isometries in the residue norms derived from || • || and respectively 
J and <£>(/), provided the finite collection of open polydiscs is chosen appropriately. 
Theorems 3.4.3 and 3.4.6 will be used in Subsection 5.5 to derive the fact that on 
certain reduced quotients .Sm>n/J, the residue and supremum norms are equivalent 
from the simpler case of reduced quotients So,n+m/L 

3.1. Strict and Pseudo-Cartesian Modules. — We introduce metric properties 
of generating systems of submodules of (Smjn)£ and (5m?n)^ and their quotients. We 
introduce a valuation, the total value on Sm,n which lifts the (p)-adic valuation on 
5m,n and refines the Gauss norm on 5m,n. The lemmas of this subsection show how 
certain metric properties of generating systems of modules lift from residue modules 
and transform under maps and ground field extension. 

Let (A, v) be a multiplicatively valued ring, and let (N, w) be a normed A-module; 

i.e., 

w(an) < v(a)w(n) 

for all a G A, n G N. Let M be an A-submodule of AT. A finite generating system 
{ # i , . . . ,gr} of M is called w-strict iff for all / G N there exist a i , . . . , ar G A such 
that 

w(f) > maxv(ai)w(gi)1 and 
l<i<r 

(3.1.1) / r \ 
w I / - 2^ OiQi < w(f - h) for all he M. 

The generating system { # i , . . . ,gr} is called w-pseudo-Cartesian iff (3.1.1) is only 
assumed to hold for all / G M ; i.e., iff for all / G M there exist a i , . . . , ar G A such 
that 

w(f) > max v(a,i)w(gi), and 
l<i<r 

ÉS^_1|n( 
r 

¿=1 
ÉS^_1|n( 

An A-module M C N is called w-strict (w-pseudo-Cartesian) iff it has a w-strict 
(w-pseudo-Cartesian) generating system. Usually, N will be a quotient of the Mold 
norm-direct sum of 5m,n-

Along with the Gauss norm, we will be interested primarily in two other valuations. 
One, the residue order, is a rank-one additive valuation on 5m,n. The other, the total 
value, is a rank-two multiplicative valuation on 5m,n. These valuations are defined 
below. 
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26 RINGS OF SEPARATED POWER SERIES 

Assume n > 1, and define the map o '. Sm^n ZU {00} as follows. Put o(0) :— 00, 
and for / G 5m,n \ { 0 } , put o ( / ) := I, where / G (p)1 \ (p)i+1. It will not lead 
to confusion if we also define the map o : 5m,n -¥ Z U {00} by o(0) := 00, and for 
/ € Sm,n \ { 0 } , o ( / ) := o ( ( c / ) ~ ) , where c G K satisfies ||c/|| = 1. The map o is called 
the residue order. The residue order is an additive valuation on Sm,n. 

Consider (JR+ \ {0})2 as an ordered group with coordinatewise multiplication and 
lexicographic order. Define a map v : 5m,n -> (K+ \ {0})2 U { ( 0 , 0 ) } as follows. Put 
v(0) := (0,0), and for / G 5m,n \ { 0 } , put 

v(f) := ( | | / | | , 2 - ^ ) ) . 

Then v is a multiplicative valuation on Sm,n, called the £o£a/ value. Note that v 
extends the absolute value on K in an obvious sense. 

The total value yields information on elements / (£ ,p) G Sm,n as \p\ - » 1, in a 
sense to be made precise in Subsections 3.2 and 3.3. Our aim in this subsection is 
to establish an analogue of Corollary 2.2.6 for the total value. This analogue will be 
established by lifting a similar result for the residue order from the residue ring 5m,n. 

Let M C (SM,NY be a submodule. Put M ° := (S^NY n M and let M be the 

image of M° under the canonical residue epimorphism ~ : ( 5 ^ NY ->* (SMINY-

The next lemma establishes a basic lifting property of o-strict generating systems. 
The lemma ensures that the lifting behaves well with respect to restrictions. More 
precisely, 

I M £ , c - p)\\ = \cf^\\ai\\ 

for any c G K° \ { 0 } and any di G Sm^n that satisfies condition ( i ) . Condition (ii) 
stems from the definition of strictness. And condition (iii) says that we've done the 
whole slice. 

Lemma3.1.1. — Let M be a submodule of (Sm>n)^. Let B G 2$ and let {g\,... ,gr} C 

(f?(£)[[/9]])^ H M satisfy || (ft 11 = 1 for i = 1,... ,r. Suppose {gi,... ,gr} is an o-strict 

generating system of M. Let B = Bo D Bi D • — be the natural filtration of B and 

suppose f G (Bp(£)[[p]]Y \ (Bp+i(€)[\p]]Y. THEN THERE ARE a i , . . . ,ar € Bp(£)[[/&]] such 

that 

(i) for i = 1,... ,r ifoi ± 0 then ai G (j>fMBp(0[\p]] \ Bp^(0[[p]l 
(ii) v(f) > maxi<i<rv(aigi), and 

(iii) ifv(f - h) < v(f - Y%=i Q>i9%) for some he M, then \\f - YH=I a^z|| < ll/ll-

(When condition (i) holds, to verify (ii), it suffices to verify 

(ii)r o ( / ) < mini<i<r o(aigi), 

since a i , . . . , ar G Bp(£)[p].) 
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Proof. — Let 7TP : Bp —> Bp C K be the B-module residue epimorphism a 4 (bp 1a)~ 

and write K = Bp 0 V for some vector space V. Then 

(3.1.2) ÉS^_1|n(E, A/ ÉS^_1|n(E, A/ÉS^_1|n(E, 

as #[£][[p]]-modules, and o(a + b) = min{5 (a ) ,5 (6 )} when a G #p[£][[p]] and b G 

V[£][[p]]. Since { # i , . . . , g r } is 5-strict, there are c i , . . . ,cr G 5 m , n so that 

(3.1.3) o(7Tp(/)) < min o(ci<ji) 
1<1<V 

and 5 % ( / ) -
r 

i=l 
Ci9i >o(f-h^$ù) 

for all h E M. 

By (3.1.2), we may write Ci = ai + b{ where a* G #p[f][[p]] and bi G V[f][[p]], 

1 < i < r. Since . . . ,gr G (Bfc][[p]])', by (3.1.2) 

o ÉS^_1|n(E, A/ÉS^_1|n( $^$ùùù ÉS^_1|n(E, A/$$ and 

min o(aigi) > min o ( c ^ ) . 
l<i<r l<i<r 

Thus, (3.1.3) holds with 5 ^ in place of C{. Now for any a G -Bp[f][[p]], if a 7̂  0 then 
a G (p)°^Sp[f][[p]]- Hence there are a±,... ,ar G #p(£)[[p]] sucn that for 1 < i < r, 
7rp(ai) = cii, cii = 0 if a,i = 0 and G (p)0^ Bp(£)[[p]] if a* 7̂  0. It is clear that 
a\,..., ar satisfy the lemma. • 

We show in Theorem 3.1.3 that every submodule of (Sm,nY is ^-strict. In light 
of Lemma 3.1.1, the next lemma reduces this to showing that every submodule of 

{Sm^nY is 5-Strict. 

Lemma 3.1.2. — Let M be a submodule of (£m,n)^ and suppose { # 1 , . . . ,gr} C M° 

satisfies gi,...,gr ^ 0. Then {gi,...,gr} is a v-strict generating system of M if and 

only if {<7i,... ,gr} is an 5-strict generating system of M. Moreover 

(i) ¿ / { # 1 , . . . , g r } isv-strict and/,#1,... ,gr G (B(^)[p])£ then there are hi,... ,hr G 

B(01PI SUCH THAT 

v $^ùm$ r 

i=l 
jhigi < v(f ~ h) 

for all h G M and 

v(f) > max v(higi) 
l<i<r 

and 

(ii) if{gi,...,gr} iso-strict and/,#1,... ,gr G (#[£][p])^ then there are hi,..., hr G 

B[ŒPÏ SUCH THAT 

5 
^$^$ 
^$ 

r 

i=l 

h{(ji > o ( f - h ) ^ $ ^ $ 
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for all ft G M and 

o ( / ) < min o{hiQi). 
Ki<r 

Proof 

(=>) Let / G (5m,n)/ \ { 0 } and lift / to an element / G (S^J* . Find a i , . . . , ar G 

S^n sucn that > maxi<i<rv(a,igi) and 

ft) (3.1.4) « ( / - ¿ 0 ^ ) <v(f-

for every ft G M . Since | | / | | = 1, we must have that 

o ( / ) < min { o ( a ^ ) : | |a^| | = 1} • 

Thus o ( / ) < mini<i<ro(aiflfi). If | | / - YH=iai9i\\ < 1 then / = g l = i G M 
and we are done. Otherwise, assume | | / — X}I=i aigi\\ — 1- Let ft G M and lift ft to 
ft G M°. Hence, by (3.1.4), | | / - h\\ = 1 and 

o f / - ^ a ^ j = o f / - ^ O i ^ J > o ( / - f t ) = o ( / - ft), 
^ ¿=1 ' ^ 2=1 ' 

and we have proved that { # i , . . . , gr} is o-strict. 
(<£=) Parts (i) and (ii), as well as (<^=) follow immediately from Lemma 3.1.1 using 

the facts that ||5m,„|| = \K\, \B \ { 0 } | C 1+ \ { 0 } is discrete and £ ( f )[[p]] is complete 
in || • || for every B G 03. • 

Now the proof of Theorem 3.1.3 reduces to a computation involving the Artin-Rees 

Lemma for the (p)-adic topology on (5m,n)^. 

Theorem 3.1.3. — Each submodule of (5m?n)^ is v-strict. Each submodule of (5m,n)^ 
is o-strict. 

Proof. — By Lemma 3.1.2, we need only prove the last assertion. Let M C (Sm>n)* 

be a submodule. 

Claim (A). — / / { < / ! , . . . ,gr} is an o-pseudo-Cartesian generating system of M then 

it is o-strict. 

The ideal (p) is contained in the Jacobson radical of 5m,n = lin£-B[£][[p]]- Hence 

by the Krull Intersection Theorem ([25, Theorem 8.10]), the o-topology on (Sm,nY 

is separated and M is a closed set. 

Let / G (5m,n)*- Since M is closed and since o((5m,n)') = N U {oo} there is some 
fo G M such that 

5 ( / - / o ) > o ( / - f t ) 
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for all h G M. Putting h = 0 in the above we have o(/0) > o ( / ) by the ultrametric 
inequality. There are a i , . . . , ar G 5m>n such that 

o(/0) = min o(aigi) and /0 = 
l<i<r 

r 

i=l 
ÉS^_1|n 

Thus, we have that o ( / ) < o(/o) = min o(a^ i ) and 
l<i<r 

O 
^$ù 
ù 

r 

i=l 

$^ùù$ >o(f-hÉS^^) 

for all h G M. This proves the claim. 

For i G N, put 

M{:= { / G M : o ( / ) > i } . 

We have M = M0 D Mi D • • •. By the Artin-Rees Lemma ([25, Theorem 8.5]) there 

is some c G N such that for all i > c 

(3.1.5) Mi = (Py-CMC. 

Each quotient Mi/Mi+i is a finite module over 5 m ? n / ( p ) = Tm. Find r G N sufficiently 
large so that each Mi/Mi+i can be generated by r elements for 0 < i < c. By 
TTi : Mi Mi/Mi+i, denote the canonical projection. For each 1 < i < c, choose 
Qij G Mi\ Mi+i, 1 < j < r, so that 7r»(p^i),•••,n(9ir) generate the Tm-module 
Mil MM. 

Claim (B). — {QH\ is an o-strict qeneratinq system of M. 

By Claim A, it suffices to show that {gij} is an o-pseudo-Cartesian generating 
system. 

Let / G M , and let B G 03 be such that {f}U{gij} C (#[£][[/>]])^ Write K = B®V 

for some B-vector space V. Then 

(3.1.6) m[[p]} = B[mp}}®vmp}} 

as £[£][p]-modules, and o(a+6) = min{o(a),o(6)} when a G B[£]\p] and b GÉS^_1|n(E,A/ 

Put N := ( ! ? № ] ] ) ' H M ; and for i G N, put 

Ni := {h £ N : o{h) > i] = (BMpDYnMi. 

It follows from (3.1.6) that Ki(gn),... ^iigir) generate the £?[£]-module Ni/Ni+i for 

0 < z < c. Furthermore, by (3.1.5), {^i{pvgCj)}i<j<r,\u\=i-c generates the B[£\-

module Ni/Ni+i for i > c. Since o(gij) = i and since S[£][[p]] is complete in o, the 

claim follows. • 
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Lemma 3.1.4. — Let M be a submodule of (Sm,n)£ and suppose that {gi,... ,gr} C 
M° satisfy gi,... ,gr ^ 0. Then {gi,... ,gr} is a \\-\\-strict generating system of M 

if, and only if, ... ,gr} generate M. In particular, since 5m,n is Noetherian, each 

submodule of (Sm,n)£ is \\-\\-strict. 

Proof. — As in Lemmas 3.1.1 and 3.1.2. • 

It follows from Theorem 3.1.3 and Lemma 3.1.4 that we may make the following 
definitions. 

Definition 3.1.5 (cf. Definition 2.2.7). — Let M be a submodule of (5m,n)^. For / G 

(Sm,nY we define the residue norms 

VMU) : - i n f - h): h G M } , and 

||/||M := mi{\\f-h\\:heM}. 

There is some h G M such that VMU) = v(f ~ h) an(i I I / I IM = 11/ ~ ^11- Let M be a 
submodule of (5m,n)^. For / G ( S m , n ) ^ we define 

O M ( / ) := sup{o(/ -h):heM}. 

There is some h G M such that O M ( / ) = o ( / — h). 

It follows from Lemma 3.1.4 that || • \\M is a norm on (5m,n)^/M. If E is such 
that 5m,n = Sm,n(E,K) is complete in || • || (see Theorem 2.1.3) then (5m,n)^/M is 
complete in || • | | M -

The following lemma is an application of Theorem 3.1.3. It is used in Theo
rem 2.3.8. In the statement of the lemma, the set A will usually consist of the 
coefficients fi of a power series 

F = 

i>0 

fi(^p)Xi G B(Ç,\)\p] (respectively, B(Ç)\p,\]). 

The lemma allows us to write all the coefficients of F as linear combinations of the 

first few: 

F = 

i>0 j=l 

r 
hijfjX1 

in such a way that each power series 

ÉS^_1|n(E, 

i>0 
hijX G B'(Ç,\)lp] (respectively, £'<£>[p,A]), 

for some B C B' G OS. Although I? (£ )H is not m general Noetherian, we are still 
able to do this. The estimate in the lemma is sufficient to guarantee convergence of 
Fj in the (i?i + (p))-adic (respectively, (Bi + (p, A))-adic) topology. 
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Lemma 3.1.6. — Let B £ *B and A C B(£)\p\. Then there are 

fi,...,freA, 4,c,e G N, and B C B' G 03 

with the followina nrovertv. Let B' — D B\ D • • • be the natural filtration of B'. 

For each f G A there are h\,... ,hr G B'{£)\p\ such that 

f = 
r 

¿ = 1 
hifi. 

If, in addition, 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

for some £ > £Q, then we may choose hi,..., hr such that 

hi,...,hr G Bfä)\p] + (prB'(t)\p]. 

Proof. — Put J := A • 5 m , n , and let { < / i , . . . , <fa} C 5m,n \ { 0 } be a v-strict generating 
system of I. Since 5 m , n is Noetherian, there are fi,..., f8 G A and hij G Sm,n such 
that 

0* = 
s 

ÉS^_1|n(E 

1 < i < d. 

Without loss of generality, we may assume that all gi, h^ G 5 ^ n and 

II01II = .-• = w = N , 

for some a G AT° \ { 0 } . Find B C B' e *B such that 

_1 
71,..., • 

1 

2 

ÉS^_1|n(E, A/ 

Let B' = B'0 D B[,... be the natural filtration of 5 ' and find £Q so that 

aGBi0\S j0+1 . 

Put 

e := maxofe). 

To find a suitable c G N, consider the ideal 

J : = A . ( B ' / B ' ( 0 № l p l É S ^ _ 1 | 

The ring (B*/B'io)[€\lp} is Noetherian, so the Artin-Rees Lemma, [25, Theorem 8.5], 
yields a c G N such that for all q > c, 

Jn(p)« c(Py-c-J. 

Find fs+i, •..,/r € A so that the images of / 1 , . . . , fr in \B IBlo)[^]\p\ generate J. 
Let / € A with 

/ € B'e(OÌPÌ + (p)2te+cB'(0ÌPÌ 
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There are Hi,..., Hr G B'(Ç)\p] such that 

f-
r 

1=1 

Hifi=: feB'eo(Olpi 

By choice of c, if £ > £0, we may assume that 

H1,...,Hre(p)2ee-B'(0ÌPl 

We have 
f' E B(eo <E> [p] 

and if £ > £Q, we have moreover that 

f'eB'e(0ip] + (preB'to{Olpl 

Let 

Tto:B'eo^B'ecK 

be any residue epimorphism. Note, by choice of B' that 

[ r t r rtr] 
ÉS^_1|n(E, A/ 

is an o-strict generating system of / . Thus by Lemma 3.1.2, there are 

H [ l , H ' 2 1 , . . . , H ' d l e B ' i M M É S ^ _ 1 | n ( 

such that 

ÉS^_1|n(E, A/ 
d 

i=l 

ÉS^_1|n(E, A/^$ÉS^_1|n(E, 

If ^ > ¿0, we have, moreover, that 

H'n,..., ÉS^_1|n(E, (p)2ee-cB'i0[ç)lpl 

Lift i ïJ! , . . . , iJ^ to elements H'X1,..., H'DL G B'£Q (£) [p] such that for each i, 

H'ae pf^)B'io(0[pì 

Put 

ÉS^_1|n(E, A/ 
d 

i=l 
H'ngieB'^iOÌPÌ, 

and observe that if £ > £Q 

f"eB'e(0lp] + (p)2ee-cB't0+1(0lpl 

Iterating this procedure £ — £Q times, we obtain sequences 

Hij e (p)2ee-jcB'(0+j{0ÌPÌ 
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such that 

ÉS^_1|n(E, A/ 
d £—£Q 

i=l j=l 

ÉS^_1|n(E, A/ÉS^_1|n(E 

Finally, since {pi , . . . ,p</} is a || • ||-strict generating system for / , by Lemma 3.1.2, 
there are Hi'..., H'J G B',(£)\p\ such that 

r = Hl'9i. 

Put 

hi := Hi + 
$ù^^$ 

(H'pj + Hp)hpi. 

The next five lemmas give criteria under which a generating system of a module 
is strict and under which strictness is preserved by contractive homomorphisms and 
field extensions. For technical reasons, we work over a quotient ring Sm,n/J. The 
modules M we consider will carry the residue norm || • We will also consider 
residue modules M (see Definition 2.2.8). 

Lemma3.1.7. — Let M be a submodule of (Sm^nY/N and suppose that gi,... ,gr G 

M° satisfy gi,..., gr ^ 0. Then: 

(i) { p i , . . . , g r } is a || • \ \N-strict generating system of M if, and only if, { p i , . . . , p r } 
generates M. 

(ii) { p i , . . . ,pr} is a VNstrict generating system of M if, and only if, { p i , . . . ,pr} 
is an ON-strict generating system of M. 

Hence each submodule of (5m,n)^/N is \\ • W^-strict and VN-strict. Each submodule of 
(Sm^nY/N is Oft-Strict. 

Proof 

(i) {=>) Lift an element / G M \ { 0 } to an element / G M with | | / | |TV = 1. Since 
{ p i , . . . ,pr} is || • 117v-strict, there are hi,..., hr G 5m,n with 

/ = E l= i 9ih% and 

1 = ll/IU = max H & I M N I = max \\hi\\. 
l<i<r l<i<r 

Hence / = YH=I 9ih%\ i.e., {pi , • . . ,Pr} generates M. 
(<=) Put 

M:= {fe(Sm,nY:f + NeM}. 

Find Ai,..., As G № and Gi,..., Gr G M such that {Ai,As} generates N and 
9i = Gi + N, 1 < i < r. By Lemma 3.1.4, we may assume that ||Gi|| = ||p*||;v = 1, 1 < 
i < r. It follows that {Ai,..., As,Gi,...,Gr} generates M; hence by Lemma 3.1.4, 
{Ai,..., As,Gi,...,Gr} is a || • ||-strict generating system of M. 
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Let / G M . By Lemma 3.1.4, there is a F G M such that f = F + N and 

11*11 = l l / IU- We may write 

F = ^2 Gihi + ] C ^ H - * 
2=1 ¿=1 

for some hi,..., ftr+s G 5m,n with 

11*11 = № = max U M -
l<z<r+s 

Hence 
r 

/ = and \\f\\N = max H ^ H A H N L 
^—' Ki<r 
i=lÉS^_1|n(E, A/ 

as desired. 

(ii) (=>) Lift an element / G M \ { 0 } to an element / G M with | | / | | A / = 1. Since 

{<7i, •. • > <7r} is i>jv-strict, there are h i , . . . , hr G S£^n such that 

V A K / ) > MAX * v(hi) and 
l<i<r 

(3.1.7) 
^$ f -

r 

i=l 
9ihi <vN(f-h) 

for every he M. Since ÉS^_1|n(E,= ( | | / | | i v , 2 " 5 ^ ) ) and | | / | |AT = 1, we have 

Off(f)ÉŜ _1|n(E < min{o^(pi) + o ( h i ) : \\hi\\ = 1}. 

Thus, o # ( / ) mini<i<r(o^(^) + o(ftj)). If | | / - E L i ^ ^ l U < 1 then / j= 

Y^i=i9ih>i £ and we are done. Otherwise, | | / — ]Cl=i fl'tMl = 1. Let h G M 

and lift h to an element h G M ° with ||h||;v = 1. By (3.1.7), | | / - h\\N = 1 and 

5 N (j-^JihÉS^_1|n(E,i^j =ON (^f ~Y^9ih}j >Oft(f -h) =Oft(f-h), 

and we are done. 

(«=) Put 

-M := { / G ( 5 m , n ) ^ : / + A T G M } . 

Find ^4i,... , A8 G iV° and G i , . . . , G r G .M such that { A i , . . . , As} is an o-strict 

generating system of N and gi = Gi + N, 1 < i < r. By Theorem 3.1.3, we may 

assume that v(Gi) = vwigi), 1 < i < r. As in part ( i) , it suffices to show that 

{ A i , . . . , A8,Gi,...,Gr} is a ^-strict generating system of M. By Lemma 3.1.2, this 

reduces to showing that {Ai,..., A8,Gi,..., Gr} is an o-strict generating system of 

M. Let F G (Sm^nY and put / := F+N. Since { p i , . . . ,gr} is an o^-strict generating 
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system of M, there are hi..... hr G Sm n such that 

oR(f) < min 
l<i<r 

(oft(9i) +o(hi)) and 

°N f-
r 

1=1 
sQihi >Oft(f-h) 

for every h G M. Since {Ai,... ,AS} is an o-strict generating system, there are 

/ ir+i, . . . , /ir+s G 5m,n such that 

o F -
r 

i=l 

G {hi < min « 
<i<s 

o(Aihr+i) and 

5N 
i=i 

9ihi - o F -

r 

1=1 

G {hi — 
s 

1=1 

Aihf-^-i 

Let H G M, and put h := H + N. We have 

o ^$ 
r 

i=l 
G {hi — 

s 

i=l 

Aihf-^-i ÉS^_1|n(E, A/ $!mm 
r 

¿=1 
9ihi 

ÉS^_1|n(E, A/^^$ 

> o ( F - f f ) , 

as desired. 
To prove the last assertions of the Lemma, observe that by part ( i) , each submodul 

of (SminY/N is || • ||iv-strict because (Sm,nY/N is Noetherian (Corollary 2.2.2). Th 
fact that each submodule M of (Sm,n)£/N is o^-strict follows from the fact that w< 
may include in an o-strict generating system of the inverse image submodule M o 
{Sm.nY an o-strict generating system of iV (use Theorem 3.1.3). Finally, to see tha 
each submodule of (Sm,n)£/N is Vjv-strict, we apply part (ii). C 

Lemma 3.1.8. — Let M be a submodule of (Sm,nY/N and let gi,..., gr be generator 

with \\gi\\N = • • • = \\9A\N = 1. Put 

r 
$ := {(hi,...,hr) G (Sm,n)r : ̂ gihi = 0} and 

i=i 
r 

:= {(hu ..., hr) G (5m,n)r : ̂  gthi = 0}. 
i=i 

Then {gi,... ,gr} is a \\ • ||w-strict generating system of M if, and only if, $ = 
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Proof 

(=>) Assume { p i , . . . , p r } is a || • ||iv-strict generating system of M . Let h = 

( h i , . . . , hr) € * \ { 0 } and find h G (5m,n)r that lifts h. We have: 

r 

LI=l 

Pi hi 
II JV 

: max \\hi 
Ki<r 

Since { p i , . . . ,pr} is II • ||iv-strict, there is an h! = (h^, . . . , h .̂) G (5m,n)r such that 

r 

i=l 
ÉS^_1|n(E, 

r 

1=1 
Qih'j and max 

% l<i<r 

ÉS^_1| 
T 

\%=1 
9ihi 

N 

454 max 
L<i<r 

\hi\ = 1 

Put H := h - b! G $, and note that H = h. This proves $ = 

(^=) By Lemma 3.1.4, there are G i , . . . , G r G ( S m , n ) * with | |G«|| = 1 and gi = 

Gi + N,l<i<r. Put 

M:= {fe(Sm,n)£:f + NeM}. 

Let^ÉS^_ 1 | n(E, A/be a || • ||- strict generating system of N with | |Ai | | = = 
\\AS\\ = 1. Since M has a || • ||jv-strict generating system by Lemma 3.1.7, it suffices 
to show that { p i , . . . , p r } is || • ||jv-pseudo-Cartesian. Indeed, since for any / G M 

there is an F G M with / = F + N and ||F|| = | | / | | N , it suffices to show that 
{ G i , . . . , Gr, Ai,..., As} is a || • ||-pseudo-Cartesian generating system of M. 

Let F G M and write 

(3.1.8) F = 
r 

i=l 

*Gihi + ' 
s 

1=1 
Aìhr-\-i 

for some hi , . . . , hr+s G Sm,n- Since { A i , . . . , As} is || • ||-strict, we may always assume 
that 

(3.1.9) max 
r-j-l<i<r-\-s 

I N | < m a x { | | F | | , | N | , - . - . I I M } -

If 11*11 > maxi<,<r then by (3.1.9) we are done. Therefore, assume that 

(3.1.10) 0^\\F\\< max 
l<i<r 

I M I < I . 

Let {Ci,..., Ct) be a ||-||-strict generating system of $ with ||Ci|| = • • • = ||Ct|| = 1. 

Find B e i B such that 

hu...,hr+s eBiOM, 

Gi,...,Gr,A1,...ÉS^_1|n(A/Ate(B(eM)t, 

cu...,cte(B(0lPÌ)r^^$. 
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Using (3.1.9) and the fact that \B \ { 0 } | is discrete, it suffices to find h\ G B($)[p] 

with 

(3.1.11) 

r s 
F = Y,Gihi + Y/A<h'r+i 

1=1 1=1 
and 

max HfcJII < max ||^*||. 
l<i<r l<i<r 

Let B = BQ D Bi D • • • be the natural filtration of B, and suppose 

( / i i , . . . , M e ( B p « ) W ) r \ ( B ^ i « ) W ) R . 

By (3.1.9), 

hi,...,hr+s e BP(OM-

Let 

7rp:Bp->Bp = (6"1Bprc i i : 

be the projection. 

Write K = Bp 0 V for some 5-vector space V. Then 

(3.1.12) 
ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n 

as %][p]-modules. By (3.1.8) and (3.1.10), 

7 T p ( ( f t i , . . . , M ) É * = $. 

Thus for some e i , . . . , et G -K"[£][p], 

7Tp((/li, . . . ,hr)) = 
t 

i=i 

Ciei. 

By (3.1.12), we may assume ei , . . . , e* GÉS^_1|n(E, Find ei,. . . ,e$ G Bp(^)[pj with 

7rp(e^) = ei, 1 < i < t. Put 

e :== 
$^$$ 

¿=1 
C*^ GÉ 

and 

(hi , . . . ,hj .) := ( h i , . . . , M - e . 

Note that (3.1.11) is satisfied because 7rp(e) = 7rp((hi,..., hr)). • 

Lemma 3.1.9. — Let M be a submodule of (Sm^Y/N and suppose p i , . . . , gr generate 

M. Put 

9 := (h i , . . . , hr) G (5m,n)r 
r 

¿=1 
9ihi - 0 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2000 



38 RINGS OF SEPARATED POWER SERIES 

and for each i G N , put 

Mi := { / G M : Ojsf(f) > i} and 

ÉS^_1|n(E, A/ ( f t i , . . . , hr) G (Sm^nY : Oiv 
A=i 

r 
9ihi >e + i 

where 

e := max oN(gi). 
l<i<r 

Then: 

(i) / / { p i , . . . , p r } ¿5 an ON-strict generating system of M, then 

ÉS^_1|n(E, 

7 = 1 

r 
' \i+e-Oiv(^) c 

°m,n 

for all i. 

Conversely: 

(ii) By the Artin-Rees Lemma ([25, Theorem 8.5]) there is some c G N such that 
for all i > c, 

Mi = (pY~cMc. 

If 

Vi = * + 
r 

$^mùù 

{p)i+e-òN{9i)gmn 

for 1 < z < c — e, then { p i , . . . , gr} is an ON -strict generating system of M. 

rroof 

(i) Assume { p i , . . . , p r } is an 5jv-strict generating system of M. Clearly, \I> + 

e5=1(p)<+c"5jv(^')5m,„ C ®i. Let ft = (h i , . . . , ftr) G we wish to find # G * and 

ft' G (&ri=1(p)i+e~ZN{gj)Sm,n such that 

(3 .1 .13) h = H + ti. 

Since ft G ̂  we have 

OjV 
r 

¿=1 
^$ù >e + i. 

Since { p i , . . . , pr} is OAT-strict, there is an ft' = ( f t i , . . . , ftj,) G (5m,n)r such that 

r 

i= i 
9jh'j = 

^ù^$$ 

r 
gjhj and 

min (oiv(pj) + o(ft^.)) = oA 
rÉS^_1|n(E, A/ 

3=1 

> e + i. 

ASTÉRISQUE 264 



3. RESTRICTIONS TO POLYDISCS 39 

Thus h'j € (p)i+e-°Ni9i)Sm,n. Put H := h - ti € # . We have 
r 

/I = FF + FC,€* + 0 ( p ) i + e " ^ t e ) 5 m , n , 

J=l 

satisfying (3.1.13). 

(ii) Since M is cvv-strict by Lemma 3.1.7, it suffices to show that . . . , #r} is 

Ojv-pseudo-Cartesian. Let 
r 

f = ^9ihi e M. 
i=l 

Case (A) . — O J V ( / ) < c. 

By assumption, 
r 

( /H , . . . ,hr) e * S w ( / ) - e = * + ® ( p r ( / ) - 5 " ( 9 ' - } 5 m , n ; 

i.e., 

(hi,...,hr) = H + ti 

for some e * and h' € e5=1(A>)3w(/)_Sw(w)5m,n. Write h' = (h[,..., h'r). Since 
HEw, 

r 

f = y^9iK and min (oN(9i) + o(ft-)) > o N ( / ) , 
i=l 

as desired. 

Case (B). — O J V ( / ) > c. 

By choice of c, 

/ e M5JV(/) = (pf»w-cMc ; 

i.e., 

/ = 
|^|=ôiv(/)-c 

ÉS^_1|n(E, A/ÉS^_1|n(E, 

Now apply Case A to the jv. 

Let X ' be a complète, valued field extension of K, write 5 m , n : = Sm,n(E,K) and 

5 ^ , n, := Sm',n'(£", i f ' ) , and suppose / is an idéal of 5 m , n and J is an idéal of S'm, n,. 

Put' 

Ai—Sm^n/I and B \—Smi ni / J, 

and by || • ||/ and || • | | j denote the respective residue norms on A and S, as in 
Definition 3.1.5. Suppose 

<p : A -» J5 
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is a if-algebra homomorphism such that 

Mf)h < 11/11/ 

for all / G A. Then <p induces a K°-algebra homomorphism 

<p° :A° -> B°, 

where 

A° = S°mJI° and B° = (S'm.,n,)0/J0-

In addition, (p induces a if-algebra homomorphism 

(p\A-¥B, 

where 

A = Smtn/I and B = S'm,tn,/J. 

Lemma 3.1.10. — With notation as above, let M be a submodule of Ae and put N :— 

<p(M) - B C Bl. Suppose (p is flat Then: 

(i) If { # i , . . . , gr} is a || • \\i-strict generating system of M, then {<£(#i),..., <^(#r)} 
is a || • \\j-strict generating system of N. 

(ii) <p is flat. 

(iii) (f° is flat. 

Proof 

(i) We may assume that ||#i||j = • • • = ||^r||/ — 1- Put 

ÉS^_1|n(E, A/ (h1,...,hr) £ Ar : 
r 

i=l 
9ihi = 0 

ÉS^_1|n(E, A/ (hu...,hr)eBr : 
r 

¿=1 
¥>{9i)hi = 0 

ÉS^_1|n(E, A ( /n , . . . , / i r ) e Ar : 
r 

¿=1 

ÉS^_1|n(E, 

ÉS^_1|n(E, ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

¿=1 

r 
ÉS^_1|n(E, A/ 

By Lemma 3.1.8, $A = * A . Since <p is flat, by [25, Theorem 7.6], ^B = B • < P ( * A ) . 

We have: 

ÉS^_1|n(E, A/ÉS^_1|n(E, A ÉS^_1|n(E, A/ÉS^_1|n(E, A/$ 

i.e., $ B = Part (i) now follows from Lemma 3.1.8. 
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(ii) Let a be an ideal of A. By [25, Theorem 7.6], we must show that the canonical 

map 

(3.1.14) a®AB -+ A®AB 

is injective. 

Let {< / i , . . . , <7r} bea ||-||/-strict generating system of awith \\gi\\ = = \\gr\\ = 1. 
Define $A, OB,WA, WB as in part ( i) . To prove that (3.1.14) is injective, it suffices to 
show that = B-IP($A)- By Lemma 3 .1 .7 , it is enough to show that $B is generated 
by £>(*A)- By part ( i) , and Lemma 3.1.8 $B = *&B- Since Ip is flat, ^B — B • <^(\I>A). 
Finally, by Lemma 3.1 .8, ^ A = This proves part (ii). 

(hi) Let gi,... ygr e A° and define $A and $B as in part ( i) . By [25, Theorem 7.6], 
we must show that 

*% = B0-<p0(*0A). 

This follows immediately from parts (i) and (ii) since there is a || • ||/-strict generating 

system of the A°-module $°A. • 

It is often convenient to work over an extension field of K. The next lemma shows 
that 5m,n and the total value v behave well with respect to ground field extension. 

Lemma 3.1.11. — Let K' be a complete, valued field extension of K, let E' C {K')° 

be a complete, quasi-Noetherian ring, and put 

Sm,n '-— Sm,n(E, K), Smn :~ Sm,n(E ,K ) . 

Assume S'mn D Sm,n; e.g., take E' D E. Let M be a submodule of (Sm,nY and put 

M':=M- S'm,n. 

(i) S'mn is a faithfully flat Sm,n-algebra. 

(ii) Suppose { # i , . . . , gr} C M is a v-strict generating system of M, then {gi,..., gr} 

is also a v-strict generating system of M', and for every f € (Sm>n)^ ^ M ( / ) = 

VM'U)- In particular \\f\\M = | | / | | M ' . 

(hi) Sm,n(E',K') is a faithfully flat Sm,n(E,K)-algebra. 

(iv) 5m,n(£',K')° is a faithfully flat Sm,n(E,K)°-algebra. 

Proof 

(i) By Corollary 2.2.2, both 5m?n and S'mn are Noetherian. Since (p) C rad5^n, 

S'mn is (p)-adically ideal-separated. For each I G N, 

sM>N/(PY = mP}/(p)e -> K%P\I{PY = s'm,j{p)1 

is flat. Hence by the Local Flatness Criterion [25, Theorem 22.3], S'mn is a flat Sm,n-

algebra. Let m be a maximal ideal of Sm,n. By [25, Theorem 7.2], to prove that S'm n 

is faithfully flat over 5m>n, we must show that m • S'mn ^ S'mn. Since (p) C m, this 

follows from the faithful flatness of K'[£] over K[£\. 
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(ii) We may assume that \\gi\\ = 1, 1 < i < r. Put 

N := (fti,... , ftr) G (Sm,n)r : 
r 

¿ = 1 
<7î  = 0 

N' := (Äi fcr)€(OR 

r 

¿ = 1 

Piftz = 0 

and for each i G N, put 

ÉS^_1|n(E, (fti,...,ftr) G (5m,n)r : o 
r 

,i=l 

ÉS^_1|n > e + i 

ÉS^_1|n(E, 
:» i M e ( C ) ' : 5 

$^$ù 

a=l 
ÉS^_1|n > e + i 

where e := maxi<^<r o ( ^ ) - By Lemma 3.1.2, { # i , . . . ,<?r} is an o-strict generating 

system of M . Hence by Lemma 3.1.9(i), 

Ni = N + 

ÉS^_1|n 

r 
{p)i+e-ZN(9i)Sm,n 

for all i € N. By part ( i ) , 

Nî = S'm,n®sm,n Ni and N' = S'mtn®5mn N. 

Hence, 

Ni = N' + 
r 

j=i 

(p)i+e-°Ni9i)S'm,n 

for all i G N. Finally, by applying Lemmas 3.1.9 and 3.1.2 again, we see that 

{9ii---<>9r} is a ^-strict generating system of M'. The last assertions of part ( i i) 

follow from Lemma 3.1.1 as in the proof of Lemma 3.1.2. 

(iii) First we prove that S ' m n is a flat 5 m , n -algebra. The faithful flatness will 

follow from part ( iv ) by faithfully flat base change; i.e., S'mn — {S'mn)° <S>s^ n $m,n-

Of course, the proof of part ( iv ) makes use onlv of the assertion that SL „ is flat over 

$771,71 • 

Let J be an ideal of 5 m , n . By [25, Theorem 7.7], we must show that the canonical 

map 

(3.1.15) 1 ®Sm,n Sm,n ~> Sm,n ®Sm,n S'm,n 

is injective. 
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Let <7i,... ,gr G 5m,n be a v-strict generating system of / with ||<7i|| = • • • = ||0r|| = 

1. Put 

N 

N' := 

P := 

ÉS^_1|n(E, 

| ( h i , . . . , h r ) G (Sm,n)r : = o | 

{(hu...,hr)e(S'm9nr : £ > * < = oJ 

| ( / i i , . . . , h r ) G (5m,n)r : ] T ^ ^ = o | 

| ( f c i , . . . A ) e ( ^ r : è g i ^ = o | . 

To prove that (3.1.15) is injective, it suffices to show that N' = S'mn • N. By 

Lemma 3.1.8, N = P, by part (ii) and Lemma 3.1.8, (N')~ = P', and by part 

(i) , P' = S'm>n • P. Hence 

P' = S'm<n •P = S'm,n-N = (N'r-

After an application of Lemma 3.1.4, one sees that N' = S'mn • N, as desired. 

(iv) Let p i , . . . ,gr G S^.n and define TV, N' as in the proof of part (hi), above. We 

must show that 

(Ny = (S'm,ny-№. 

This follows immediately from the existence of a v-strict generating system for iV, from 
part (ii) and from the fact that S'mn is flat over 5m,n. Since K°°, (p) C rad5^n, 
the faithfulness follows from that of 

m -»• ((K')°/K°° • (K'rm. 

3.2. Restrictions to Rational Polydiscs. — Let s G y/\K \ { 0 } | with 1 > e > 0. 
Put. 

^m,n(^) — Tm^nis, K) : — ÉS^_1|n(E, A/ÉS^_1|n(E, lim e 
|/i| + |l/|-KX> 

ÉS^_1|n(E, A/*= 

By [6, Theorem 6.1.5.4], Tm,n(e) is /f-affinoid. Define a modified Gauss norm 
on Tm,n(e) by 

ÉS^_1|n(E, A/ ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

(see [6, Proposition 6.1.5.2]). By [6, Proposition 6.1.5.5], = ||.||gup on Tm,n(e). In 
this subsection we make extensive use of || • ||sup on affinoid algebras. Quasi-affinoid 
algebras also possess supremum seminorms, but we will not make use of them until 
after we prove the quasi-affinoid Nullstellensatz, Theorem 4.1.1. 
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By ie denote the natural inclusion 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

which corresponds to the restriction to the rational poly disc MaxTm5n(e). In the case 
that e E \K\ with 1 > e > 0, fix c e K with \c\ = e. Then the if-affinoid map 

tye Tm^n{s) —y Tm_|_n 

given by £ H> f and p i-» c • p identifies Tm,n(e) with Tm+n, and for / E Tm,n(e), we 

have H/llsup = ll<£e(/)ll- By t'£ we denote the inclusion 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

thus £^(/) = /(£,c • p) for / G Sm?n. Note that the morphisms (pe and 4 depend on 
the choice of c. 

We are interested in the uniform behavior of the inclusions i£ as e -> 1. In partic
ular, we show in Theorem 3.2.3 that the image under ie of a strict generating system 
remains strict for e sufficiently large. 

For this purpose we define a map a : 5m?n —>• R+ as follows (assuming that n > 1). 
Let f — Yl fv{£)pv € Sm>n and put i := o ( / ) . If i = 0, oo put cr(/) := 0. Otherwise, 
put 

ÉS^_1|n(E max 
|i/|<» 

n / j r 

11/11 

v i / (HH) 

Note that 0 < a(f) < 1. The number cr(/) is called the spectral radius of / . 
The following observations are useful in computations involving the spectral radius: 

IM/)llsup >ÉŜ _1|n(E, A/11/11 

with equality when 1 > e > cr(/), and 

<j(f) = inf{|c| : c € (A")° and S(/(£, c • p)) = o ( / ) } , 

where K' D K is algebraically closed. Hence if / • g ^ 0, 

ÉS^_1|n(E, :max{( j ( / ) , ( j (p )} . 

It is suggestive to compare the spectral radius with the spectral value of a monic 

polynomial defined in [6, Section 1.5.4]. 

We define the spectral radius of a submodule M of (5m,n)*, n > 1 by 

<r(M) := inf ] 
{9i,.~,9v}€M 

max{a(p i ) , . . . , a (pr )} , 

where M is the collection of all v-strict generating systems { p i , . . . ,pr} of M . 

Remark 3.2.1 
(i) Let £ E with 1 > £ > 0. We have the following commutative diagram 
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3. RESTRICTIONS TO POLYDISCS 45 

ÉS^_1|n(E, 

le, 

ÉS^_1|n(E, 
4 

$*=$ 

T<m+n 

and <pe is an isometric isomorphism. Since (p£ is an isometry, this yields an identifi
cation of Tm,n(e) with K[€,p] = Tm+n, where Tm,n(e) is the quotient of the subring 
of power-bounded elements of Tm,n(e) modulo its ideal of topologically nilpotent ele
ments (see [6, Section 6.3]). 

(ii) Let e G y/\K \ { 0 } | with 1 > e > 0. Let if ' be a finite algebraic extension of 
i f and suppose { c i , . . . , cs} is a if-Cartesian basis of if' (see [6, Definition 2.4.1.1]). 
Then { c i , . . . , cs} is also a ||-||gup-Cartesian basis for the Tm,n(e)-module n(e) := 
Tm,n(£,K'). This is easily seen using the modified Gauss norm as follows. Let 

/ G T'{e)\ then / = 
s 

1=1 

Cifi with each fi G Tm,n(e) and | | / | | = max \a\ \\f%\\e. 
K K s 

(hi) Using the notation of part (ii), observe that { c i / c i , . . . , cs/ci} is a if-Cartesian 
basis of if'; hence we may assume that ci = 1. Let M be a submodule of (Tmin(e)Y 
and put M' := T^n(e) • M . Let / G (Tm,n(e))'; then | | / | |M = | | / | |M/ (see Defini
tion 3.1.5). This is proved as follows. By Lemma 3.1.4, there is a g G M' such that 

s 
11/ - g\\ = I I / H M " We may write 9 = ^2ci9i with each gt G M . By part (ii), 

i=l 

\\f-g\\s = m a x { | | / - f l l | | e , | c 2 | W e , . . . , | C . | W e } 

> l l / -5 i l le 

> I I / I I M -

Since | | / | |M, < | | / | |M, we have | | / | | 
M — I I / I I M " 

Our immediate goal, Theorem 3.2.3, is to show that a strict generating system 
remains strict upon restriction to a suitably large rational poly disc. Lemma 3.2.2 is 
the inductive step of the slicing argument involved. It makes special use of condition 
(i) of Lemma 3.1.1. 

Lemma3.2.2. — Let M be a submodule of (5m,n)^ let . . . ,#r G M with \\g\\\ = 

. . . = ||gr|| = 1, and suppose that { # i , . . . , # r } is an o-strict generating system of 

M. Suppose B G 05 satisfies {gu...,gr} C {B(£)[[p]]Y D M, and let B = B0 D 

Bi D - - be the natural filtration of B. Let e G y/\K \ { 0 } | be such that 1 > e > 

max{cr((7i),..., cr(gr)}. Suppose 

/ € М П ( ( 5 Р ( Ш Л (BP+i(OM))e) • 

Then there are a i , . . . ,ar G { 0 } U CBp(£)[[p]] \ Bp+\(£)[[/>]]) such that 
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46 RINGS OF SEPARATED POWER SERIES 

W I M / ) I L p > max i<i<r IMa^)llsup freca// II * llsup = II • lie on Tm,n(e)) and 

(ü) l l / - E L i ^ i " < l l / l | . 

Proo/. — Choose o i , . . . , ar € {0} U (BP(0[[p]] \ #p+i(0[[p]]) as in Lemma 3 . 1 . 1 . By 
Lemma 3 . 1 . 1 ( i ) , cr(a^i) < so 

lke(o<ft)ILp=eS(o<1'<)l|oiftll<e5(o'»')ll/l|. 

By Lemma 3 . 1 . 1 (ii);, we get 

I k M I L p < £5(aiSi)ll/ll < e^\\f\\ < ||te(/)||gup 

which yields (i) . Since / G M , (ii) follows from Lemma 3 . 1 . 1 (hi). • 

Theorem 3.2.3. — Le£ M be a submodule of (5m,n)^ n > 1, with v-strict generating 

system . . . ,<7r} C M ° . Let £ G y/\K \ {0} | wt/i 1 > e > maxi<^<r cr{gi), and 

assume either that K is a stable field (see [6, Definition 3.6.1.1],) or that e G \K\. 

Then {i£{gi)i. • •, *<e{gr)} is a \\-\\ -strict generating system of the Tm,n(s)-module 

i£{M)'Tm^{e)c{Tm^{e)Y. 

Proof. — Suppose first that e G \K\. Then by Remark 3 .2.1 ( i ) , we have the following 
commutative diagram, 

T-m.niß) 

p^p 

Srn,n 
4 

^$^$ 

ÉS^_1|n(E 

where <p£ is an isometric isomorphism. We will therefore show that {i'e{gi),..., 4 (#*•)} 

is a ||'||-strict generating system of the Tm+n-module t'£(M) • Tm+n C (Tm+n)^. 

By Lemma 3.1.4 (applied to Tm+n = Sm+n$), it suffices to show for each / G 
i'£(M) - Tm+n \ {0} that there are ai , . . . ,ar G Tm+n such that 

(3.2.1) 11/11 = max 
l<z<r 

ÉS^_1|n(E, A/ and / -
i=i 

r 

a* 4(0») < 11/11 

Write / = 
r 

¿=1 
fit£(gi) for some / i , . . . , fr G Tm+n. Find polynomials / { , . . . , f'r G 

K[£,p] such that each \\fi - fi\\ < | | / | | . Then 

| I = I 

r 

fi*>e(9i) -
r 

ÉS^_1|n(E, A/ 
< II/II, 

since | | 4 ( ^ ) | | < 1 for all i. Put / ' := YH=IÉS^_ 1 | n (E, A/ Jt suffices to prove (3.2.1) for / ' . 

Since the f[ are polynomials, / ' = i'£(F) for some F G M . We wish to apply 

Lemma 3.2.2. Since ||5m,n|| = \K\, we may assume | |#i | | , . . . , ||<7r|| = 1. Hence 
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3. RESTRICTIONS TO POLYDISCS 47 

by Lemma 3.1.2, { # i , . . . ,gr} is an o-strict generating system of M. Choose B € *B 

such that F,gi,... ,gr GÉS^_1|n(E, A/ H M . By iterated application of Lemma 3.2.2 
(recall that e G | i f |, hence Tmjn(e) and Tm+n are isometrically isomorphic) we obtain 
a sequence { a ^ } CÉS^_1|n(E, A/sucn tnat aio> • • • > aro = 0 and for every s G N, 

(i) 4 ( F 

l<i<r 
o<i<« 

ÉS^_1|n(E, > H4(aw+i0i)ll>and 

(ii) F -
l<i<r 
0<j<s 

ÉS^_1|n(E, A/ > F -
l<i<r 

0<j<s+l 

ÉS^_1|n(E, 

Since B(£)IPI is complete in ||-|| and \B \ { 0 } | C 1+ \ { 0 } is discrete, by (ii), 

F -
r 

ÉS^_1|n 

Q>igi — 0, where ai := 
j>0 

Clij. 

Hence | | / ' - E L i 4(«i)4(№)ll = 0 < | | / ' | | . It follows from (i) that | | / ' | | = \\c'£(F)\\ > 

max; j IU'(a.7-<7t)ll and hence that 

| | / ' | | = max | | 4 ( ^ ) l l -
Ki<r 

This concludes the proof in case e G \K \ { 0 } | . 
It remains to treat the case that i f is a stable field. Let if ' be a finite algebraic 

extension of i f with e G \K'\. Let S'm^ := Sm,n(E,K') and let NT := M • S'm^n. By 
Lemma 3.1.11, { # 1 , . . . ,gr} is a v-strict generating system of M ' . Therefore, by the 
preceding case, {ie(gi), •. •, i>e(9r)} is a ||-||sup-strict generating system of the T'mn{£)-
m o d u l e ^ ( M ) . T ^ n ( e ) . 

Let {1 = c i , . . . , c s} be a if-Cartesian basis of if', and let / G (Tm?n(e))^ c 
(T^ n(e))^. By the previous case there are ai , . . . ,ar G T'mn(e) such that 

/ -
r 

i=l 
]0,iLe(9i)\ 

11 sup 
= ll/IL,(M).Tiin(e). and 

ll/llsup > ™ ^ IIW#i)llsup 

For i = 1 r, write 

ÉS^_1|n(E, 
s 

c^aij with dij G Tm,n(£). 

Then as in Remark 3.2.1 (hi) 

/ -

r 

¿=1 
anh(9i) ~ H/ILe(M).Tm>n(e) and 

ll/llsup > 
1<K> ^a*l6e:(̂ )llsup • 
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Thus {t£(gi),... ,L£(gr)} is a ||-||gup-strict generating system of the Tm?n(£)-module 
te(M).Tm,n(e). ' • 

Let Af be a submodule of (Smin)£. Lemma 3.2.5 uses Theorem 3.2.3 to relate the 
structure of M to that of (te(M) • Tm,n(e))~ for e large enough. Lemma 3.2.6 will be 
used in Section 4 to prove that Sm,n is a UFD. 

Definition 3.2.4. — Let Af be a submodule of (5m,n)', n > 1, and consider M C 

(Sm.nJ .̂ Note that each / € (Sm,n)£ can be written uniquely as / = Y^\u\>o(f) f^(OpVi 

where each / „ G (if[£])£. Define A ( M ) , the uniform residue module of Af, to be 

the i f [£, p]-submodule of ( i f [£,p])^ generated by the elements ^ | i , |=o( / ) fAQp" f°r 

feM. 

The name uniform residue module is justified by the following lemma. 

Lemma 3.2.5. — Let M be a submodule of (Sm,nY, n > 1? and let if ' be a com

plete extension field of if. Suppose e G \K'\ with 1 > e > o~(M). Put N := 
ie(M)^Tmin(e,K') C (Fm9n(e,K')y. Then N = K' • A ( M ) , where we have iden

tified Tm,n(e, i f ' ) with K%p]. 

Proof. — Let S'mtn := Sm,n{E,K') and let Af' := S'mn • M . Choose a v-strict gen
erating system { # i , . . . , # r } of Af with £ > maxi<j<ra(^). By Lemma 3.1.11 (ii), 
{gi, • • • 5 <7r} is a v-strict generating system of Af'. Hence by Theorem 3.2.3, 

K(£l ) , . . . ,*e(0r)} 

is a ||-||sup-strict generating system of te(M)-Tm,n(e, i f ' ) = TV. Put G< := c~°(9ihe(gi) 

where c G if' is chosen with \c\ = e. By Lemma 3.1.4, { G i , . . . , Gr} generates N. • 

Lemma 3.2.6. — Let I C 5m?n 6e an idea/. Suppose A (7) is principal; then I is 
principal. 

Proof. — For h G Sm,n, let h° denote the leading form in p of the power series 

h. Note that (hg)° = h°g°. Choose hi,...,h8 G I such that { / i f , . . . , h°s} gen

erates A(7). Suppose p G if[£,p] generates A(7). Since each /i° is a multiple of 

degpg < mini<^<s(deg/0 h°) = : d. Since # is a linear combination of the 

o(#) > mini<i<s o(ft°)'= d. Hence # is homogeneous in p of degree d, and g — G° for 

some G G 7. By Corollary 2.2.4, it suffices to show that G generates 7. 

Let J be the ideal of 5m,n generated by G. Clearly 7 D J; we will show that I = J. 

Suppose there is some / G 7 \ J. By Theorem 3.1.3, we may assume that 

(3.2.2) o(f -h)< o(f) 

for all h G J. Since / ° G A(7), there is some a G if[£,p] such that f° = ag = {ag)° = 
a°G° = (aG)°, contradicting (3.2.2). • 
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3. RESTRICTIONS TO POLYDISCS 49 

3.3. Contractions from Rational Poly discs. — In this subsection, we transfer 
information from Tm?n(e) back to 5m,n. The main results are Theorem 3.3.1 and its 
Corollaries, which show, roughly speaking, how to replace powers of e with powers of 
(p) for e near 1. Of course, when K is discretely valued, e cannot, in general, belong 
to IKI . It is therefore sometimes necessary to extend the ground field as we did in 
Subsection 3.2. 

For / G if(£,p) — Tm+ny n > 1, let d(f) := oo if / = 0. Otherwise, write 
/ ( £ ) = S/J/(0Pi/ and let d(f) be the largest l G N such that for some v with \v\ — £ 

we have | | / | | =ÉS^_1|n(E, We call d(f) the residue degree of / . Note that if | | / | | = 1, d(f) 

is the total degree of / as a polynomial in p. 

Let (A, v) be a normed ring and let / = £fvpv, 9 — ^9vPv £ A |[p]j. We say g is a 
majorant of / iff v(fl/) < v(gl/) for all v. 

Let c G A with v(c) < 1, and suppose 

\u\<a 
PU + 

\u\>a 

c\v\-*pv 

is a majorant of / and 

\u\<b 
PU + 

\v\>b 

c M - y 

is a majorant of g. Put e := max{a,6}. Then 

(i) ^ pv + ^2 c^~epu is a majorant of / + g, and 
\u\<e |i/|>e 

(ii) H ^ + S c^'-(0+by is a majorant of /p. 
|i/|<a+6 |i/|>a+6 

Note, for any / G Sm,n with | | / | | = 1 and any c G i f ° , that /(£,c • p) is majorized 
by Y^^P1' - This fact w ^ ^e used in tne Pro°f OI* the next theorem, which, for 
/ € (Sm,n)£ and M a submodule of (5m,n)^, relates V M ( / ) and |M/)||AE(M).Tm,„(e), 
when £ is sufficiently large. The proof shows, via the concept of majorization, that if 
the "slicing" in (Tmin(e))£ is done carefully, then it pulls back to (5m,n)^. 

Theorem 3.3.1. — Let M be a submodule of (5m,n)^ n > 1, let e G y/\K \ {0}\ with 
1 > e > a(M). Then for every f G (5m,n)^ 

vM(f)< (11/11,2"°), 

wftere a G N U {oo} £Ae /eas£ element such that £a||/|| < lke(/)ILe(M).Tm,n(e)- V 
a = oo, % ( / ) = ( 0 , 0 ) . 

Preo/. — Let K' be the completion of the algebraic closure of if, and put S'mn := 

Sm,n(£,if ' ) ,T^n(£) :=Tm,n(£, if ' )andM' :=S'm^M. By Lemma 3.1.11, a(M') < 

a(M) and VM'U) ~ VMU)- Certainly, 

\\L^f)K{M>yT^n{e) < \Mf)\L(M)-Tm,n(e) • 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2000 



50 RINGS OF SEPARATED POWER SERIES 

Therefore, we may assume K = K', so that, in particular, e G \K\ and Tm?n(e) is 
isometrically isomorphic to Tm+n. Choose c G K with |c| = £. We may replace i€ by 
¿4 as in Remark 3.2.1 ( i ) . 

Since e°<'>||/|| <ÉS^_1|n(E, A/ifÉS^_1|n(E, A/= | |4( / )ILi(M).TM+N there is nothing to show. 
Therefore, we may assume that 

(3.3.1) H4(/)lk(M).rro+„ < | |4( / ) l | . 

We may further assume that | | / | | = 1. 

Let a G NU{oo} be the least element such that sa < ||4(/)||^(M)Tm+n • By (3.3.1), 
a > 0. Fix /3 G N, /? < a. We must show that 

VMUX (11/11,2-*). 

Let { ^ i , . . . , #r} be a v-strict generating system of M with ||<7i|| = • • • = \\gr\\ = 1 
and e > maxi<i<rcr(gi). For 1 < i < r, put Gi := c~°(9ihfe(gi)> where c G K with 
\c\ = e, and find such that 4 ( / ) , Gu . . . ,Gr G (B(£,p))£. Let B = Bo D Bi D 

• • • be the natural filtration of 5 . 

Cfoim (A) . — Let F G (Bp(^p))£ \ (Bp+i((;,p))£ and suppose for some h G i'£{M) • 

Tm+n i7m£ ||F — < ||F||. Then there are polynomials hi G p] such that 

(i) F -
r 

¿=1 

hiGi < \\F\\, and 

(ii) max{o(Gi) + degfl(h<) : ^ # 0} = d(F) . 

Let 7TP : Bp ^ Bp C K' denote a residue epimorphism (of ^-modules), and write 
K = i?p 0 V for some 1?-vector space V. Then 

(3.3.2) Tm+n - p] = B P K , p] e y [£, p] 

as #[£,p] modules. Since \\F - h\\ < ||F||, 

7Tp{F) G (4 (M)-Tm+n)~ . 

Since Tm,n(£) is isometrically isomorphic to Tm+n, by Theorem 3.2.3 and Lemma 3.1 

I d , . . . ,Gr | generates U'(M) • Tm+n)~. Thus there are hi G K[£,pl such that 

(3.3.3) ÉS^_1|n(E, A/ 
r 

ÉS^_1|n 
hiGi. 

By (3.3.2) we may assume that / ¿ 1 , . . . ,/ir G 2?p[£,p]. Furthermore, since each com

ponent of each Gi is either 0 or a sum of monomials of total p-degree equal to o(G*) 

we may assume that 

max{o(G0 + d(hi) :hi^0} = d(F). 

Find hi,..., hr G Bp[£, p] with 

max{o(Gi) + degp(/n) : h{ ^ 0} = d(F) 
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and 7rp(hi) = hi, 1 <i <r. Now by (3.3.3), 

TTP(F -J2hiGi\ = 0. 
^ i=l ' 

This proves the claim. 
By (3.3.1) and Claim A, there are polynomials /¿¿0 G B[£,p] such that 

max \\hi0\\ =ÉS^_1|n(E, A/ 
l<i<r 

4 ( / ) - E F T * G ' 
i=l 

<II4( / ) I I and 

max{o(Gi) + degp(hi0): hi0 ^ 0} = d{t'e(f)). 

Moreover, since X^0'"''0" majorizes each component of i'e(f), 

\\hio\\ < £ < W » <e5(G.).edeg,(fc„). 

In the next claim, we iterate this procedure. 

Claim (B). — T/iere ¿5 a /im£e sequence {hij} C -B[£,p] 5^c/i £/&a£ 

« ; ( / ) - E E ^ < ^ / J - E E M * 
j=o¿=1 i=o ¿=1 

5 — 1 r 

4 ( / ) - E E ^ 
j=0 ¿=1 

(i) for each s, 

(ii) /or each s, max — 
Ki<r 

(hi) /or eac/i i, s, ^ f t i j ^ majorized by c0^Gi^ ^ c ' " ' p l ' > an<̂  
j=o v 

(iv) ÉS^_1|n(E, A/ 4 ( / ) - E E ^ G « 

Afo£e £/&e ŝ ra in (iv) ¿5 o finite sum. 

Assume h^, 1 < i < r, 0 < j ' < 5, have been chosen so that conditions (i) , (ii) and 
(iii) are satisfied, as they are by /110, . . . , hro. Assume condition (iv) is not satisfied, 
and find p G N so that 

s r 

(3.3.4) 4 ( / ) - E E M * € ( B P < ^ > ) ' \ ton-i^P))'-
j=0 ¿=1 

Since condition (iv) is not satisfied and since > ||4(/)lki(M)-Tm+n> we may aPPly 
Claim A to F := 4 ( / ) - X^=o X)-=1 hijGi. This yields polynomials G Bp[£p] 
such that 

(3.3.5) 
ÉS^_1|n(E, A/ 

4 ( / ) - E E M ? « < 4 ( / ) - E E % G * 
j=0 2=0 j=0 i=l 
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and 

(3.3.6) max {o(Gi) + deg hi8+i : hi8+i ^ 0} = d, 
l<i<r r 

where d := d 4 ( / ) - E ; = O E Ì = I ^ - G i 

By (3.3.5), condition (i) is satisfied for 5 + 1. Since G p], by (3.3.4), 

condition (ii) is also satisfied for 5 + 1. To prove (hi) for s + 1, it suffices to show, 
for each 1 < i < r, that \\hi8+1\\ < £o(Gi)+degp(his+1) ^ If = Q we are done 

Otherwise, by (3.3.6), 

degp(his+1) <d-o(Gi). 

By (hi), each component of 4 ( / ) ~ S j = o YH=i hijGi is majorized by ^ c^'p". There

fore, ÉS^_1|n(E, A/ÉS^_1|n(E, A/ ÉS^_1|n( 

Since (ii) is satisfied for s + 1, the above yields 

H W i i i < KU) -

s r 

:0 3 = 1 

hijGì 

ÉS^_1|n(E, A/ 

_ £ô(Gi)+(d-o(Gi)) 

< eo(Gi)+degp(/iia+i)̂  

proving that (hi) is satisfied for s + 1. The claim now follows from the fact that 
\B \ { 0 } | C M+ \ { 0 } is discrete. 

For 1 < i < r, put 

hi : = cT5<G<> 

ÉS^_1|n( 

hij. 

Since /î  is a polynomial (recall that the above sum is finite), there is some h\ G 5m,n 
so that hi = Lf£(h*). By Claim B (hi), maxi<i<r \\h*\\ < 1. Write 

ÉS^_1|n(E, A/ 

j>0 i=l 

r 
hijGi — 

V 

ÉS^_1|n(E, A/ 

Then 

ÉS^_1|n(E, A/ 
r 

1=1 
\ 9 i = 

ÉS^_1|n 

ÉS^_1|n(E, A/ÉS^_1 

Note that 

/ -
r 

i=l 
K9% < l = ll/l | . 
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If / - E L , Kg, < 1 we are done. Otherwise ÉS^_1|n(E, A/ = 1, and we want 

V - E [ = i ^ f l i > ß. Put 7 := o $* El L h*9i Then 

max ||c 7CV|| = 1; 
I u\=rv 

i.e., £7 = max^i^ ||C„|| < 4 ( / ) - E i > o E L i ^ < e*9. Therefore, 7 > /?. 

Finally, in the case that a = 00, we must show that VMU) — (0,0). By Theo

rem 3.1.3, we may assume that v(f) = VMU) and hence | | / | | = | | / | |M. By the above, 

we have 

" ( / ) < (11/11,2-*) 

for all ß G N. Hence / = 0; i.e., vM(f) = (0,0). 

Corollary 3.3.2. — Let M be a submodule of (Sm,n) , n > 1, and let e G \/\K \ {0} | 
with l>e> a(M). Then M = i^fUM) • Tm,„(e)). 

Proo/. — Let / G ^_1 (^ (M) -Tm,n(e)). Since ie(f) G ie(Af) • rm,n(e), Theorem 3.3.1 
with a = 00 yields % ( / ) = (0,0). Hence by Theorem 3.1.3, / G M. • 

Corollary 3.3.3. — Let M be a submodule of (5m,n)^ n > 1 and /e£ / G (5m>n)̂ . 
Then 

H/llAf = lim lke(/)IL£(M)-Tm,n(£)-

Indeed, find h e M so that % ( / ) = v ( / — h), and let F := f - h. Then for every 

e G \/\K\, ifl>£> cr{M), we have 

(3.3.7) I I / I IM = \\F\\ > |kE(/)||4.(M).rminW > 

Moreover, when in addition e > cr(F), equality holds in the rightmost part of (3.3.7). 

Proof. — The only assertion that needs proof is 

(3.3.8) lk,(/)ILe(M).Tm)n(,)>^(F)l |F| | . 

Let a G N U i o o j b e the least element such that 

ea||F|| < lk(F)||t£(M).Tm,„(e) = \Mf)\k(M).Tm,n(e). 

If (3.3.8) does not hold, a > 5(F) + 1. So by Theorem 3.3.1, 

vM(f)=v(F) = ( | | F | | , 2 - 5 ^ ) < ( H F I U - W - 1 ) . 

If F / 0, this is a contradiction. The additional assertion in the case that e > <?(F) 

follows from |M/)lk(M).Tm,„(e) < \\ie(F)\\sup = • • 
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Corollary 3.3.4. — Let I be an ideal of 5m>n and M a submodule of (5m?n//)£. Let 

<P : (Sm,n)£ (Smjn/lY denote the canonical projection and put N := (p~l(M). 

Let s G \/\K\{0}\ with 1 > e > a(N), and let f G (Sm,n/iy. Then vM(f) < 

(11/11/.(sm nY^~a) where a G NU {oo} is the least element such that 

£OC\\f\\l'(Sm,ny < lkff(/)ILe(M).(Tm,n(e)Ae(/).Tm,„(e)). 

In particular, if a — oo then VMU) = 0. 

Proof. — By Lemma 3.1.4, there is some F G {Sm,nY such that <p(F) = f and 

11̂11 = H/H / . (5M.^. Since 

lke(/)ILe(M).(Tm,n(e)Ae(/).Tm,n(e)) = \\Le(F)\\i£(N).Tmtn(e) 

and 

VMU) = vN{F), 

the conclusion follows from Theorem 3.3.1. 

3.4. Restrictions to Open Polydiscs. — In previous subsections, we studied 
properties of the restriction maps 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E 

to the closed polydiscs MaxTm)n(£). As in [6, Section 9.3], the collection 

{MaxTmin(e):eeV\K\{0}\} 

is an admissible open cover of U£ MaxTm,n(£). In fact, as we will see in Subsection 4.1, 
U£ MaxTm,n(e) = Max 

Sm,n- Properties of the restriction maps i£ gave us information 
about residue norms 

In this subsection, we study properties of restrictions from Max5m,n to finite 
unions of disjoint open polydiscs. When the polydiscs have if-rational centers, these 
restriction maps take the form ip : 5m,n - » 0j=1So,m+n- Such restrictions are not 
related in any natural way to admissible covers of Max5m,n. Nonetheless, as we show 
in Theorems 3.4.3 and 3.4.6, such restrictions are isometries in the residue norms 
derived from || • || and, respectively, / and (p(I), provided that the finite collection of 
open polydiscs is chosen appropriately. 

In Subsection 5.5, we prove that for certain reduced quotients Sm,n/I, the norms 
|| • ||/ and || • 11 sup are equivalent. In that subsection we use Theorems 3.4.3 and 3.4.6 
to reduce this to the much simpler case of reduced quotients 5o,m+n/^-

We first treat the case of a restriction to a finite union of disjoint open polydiscs with 
if-rational centers. The extension to the case of non-if-rational centers is explained 
in Definition 3.4.4, Lemma 3.4.5 and Theorem 3.4.6. 

ASTÉRISQUE 264 



3. RESTRICTIONS TO POLYDISCS 55 

Definition 3.4.1. — Let ci,... ,cr G (if°)m with |c* - Cj| = 1, 1 < i < j < r. For 
j = 1,..., r, consider the ideal Ij of 5m,n+m given by 

Tj •— (£l Cjl Pn+l? • • • j £m Cjm Pn+m) * *5m,n+ra« 

Put J := nj=1/j and define 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

Let 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, 

be the if-algebra homomorphism induced by the natural inclusion 5m?n ^ Sm,n+m-

For c\, •. •, Cy» as above, consider the open polydiscs 

Am,n(ci) := {(a , 6) G (if')m+n: | « — ĉ-1 < 1 and |b| < 1}, 

where if ' D i f is complete and algebraically closed. Put 

Am,n(c) 
r 

u 
3=1 

ÉS^_1|n(E, A/ 

It is a consequence of the results in Subsection 5.3 that £>m,n(c) is the ring of if-quasi-
affinoid functions corresponding to the quasi-rational domain Am?n(c), and that uc 

is an inclusion. This justifies regarding uoc as a restriction to Am,n(c). However, we 
make no use of the results of Subsection 5.3 here. 

It is also a consequence of the results of Subsection 5.3 that Dm^n(c) is isomorphic 
to 0j=1So,n+m- The next lemma gives a proof of a sharper result. 

It is easily checked that the assignments 

Pi 1—> (pi,-">Pi), 1 < i < n + m, 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 1 < z < m, 

induce a if-algebra homomorphism 

X c • I ^ m , n ( c ) 
ÉS^_1|n(E, A/ 

r 
^ 5o,n+ra-

Lemma 3.4.2. — yc is an isometric isomorphism; in particular, 

\\Xc(f)\\ = 11/11/ 

for every f G Dmjn(c). 

Proo/. — Note, by the Weierstrass Division Theorem, Theorem 2.3.2, that 

Sm,n+mlIj — *5o,n+m? 1 ̂  j ^ T* 

The fact that \c is an isomorphism is now a consequence of [25, Theorem 1.4], and 
the fact that the ideals / 1 , . . . , Ir are coprime in pairs. 
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Since the map Dm,n{c) —>> Dm,n(c)/Ij • Dm,n(c) is a contraction, 1 < j < r, it 
follows that Xc is a contraction. Thus we may define a if-algebra homomorphism 

Xc • -^ra,n(c) 
r 

N1^ 
3=1 

1 0̂,n+m? 

as in the paragraph preceding Lemma 3.1.10. To show that Xc is an isometry, it 
suffices to show that Xc is injective. 

By Lemma 3.1.4, 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

It is not hard to see that 

Ij — (£l cjl Pn+li • • • 5 £RA Cjm Pn+m) * Sm,n+m> 

1 < j < r- (Indeed, there is a linear isometric change of variables under which the 

image of each ideal 13 is generated by £ i , . . . , £m.) Because |c* — c3\ — 1, 1 < i < j < r, 

the ideals I\,..., Ir are coprime in pairs. Hence by 125, Theorem 1.31, 

r 

ùmù$ù 

p^p 
r 

ù$^ù$ 

$^ù 

We have: 

7 = 

r 

^pùmù 

^$ù 
r r 

.7=1 
[ 5 

ù^$^$ 

^$^ù 
C 

r 
0 

^^p 

Thus / = f\r3=lIj. By [25, Theorem 1.4], Xc is an isomorphism. 

Prom now on, we will also denote by UJC the map 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ ^$ù 
r 

^p^$ 
5o, n+m-

Observe that 

"«, ( /&/>) ) = 

r 

J=1 

1 f(pn+l + Cji, . . . ,pn+m + Cjm,pi, . . . ,pn)-

Theorem 3.4.3. — Le£ M be a submodule of (5m,n)^. Suppose there are c i , . . . ,cr G 

(if°)m iMtfft |cj - Cj| = 1, 1 < i < j < r, s^cA for every p G Ass((5m,n)^/M)? 

there is an i, 1 <i <r, with 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

(e.g., suppose K is algebraically closed). Consider the Sm,n-module homomorphism 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 
r 

^^$ 
,n+m 
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induced by uc. Put N := (p(M) • (0j=iSo,n+m)- Then: 

(i) / / {^i, . . . ,#s} is a || • \\-strict generating system of M', then {<y?(#i),..., ^p{gs)} 

is a || • \\-strict generating system of N. 

(ii) H / I IM = Mf)\\N for every f e (Sm,„)'. 
(iii) <p-1(N) = M. 

In particular, under the above assumptions on K, given an ideal I of 5m,n, there is 

an isometric embedding (p : Sm,n/I —>• A, where A is a finite extension of 5o,d and 

d = dim Sm,n/J. 

Proof 
(i) This follows from Lemma 3.1.10 (i) once we show that LJC is flat. Applying 

[25, Theorem 7.1], to each of the r maximal ideals of 0j=1So,n+m, we are reduced to 
proving that each map 

(Sm^mj —̂  £o,n+ra • f(£,P) ^ /(Pn+1 + Cji, . . . , pn+m + Cjm»Pl> . . . ,pn) 

is flat, 1 < j < r. The flatness of these maps is a consequence of the Local Flatness 

Criterion ([25, Theorem 22.3]), because 

Sm,nl™lj — 5'o,n+m/(Pl, • • -,Pn+mY = K[p]/(pY 

and rrij is mapped into rad(5o,n+m). 

(ii) Let / G (5m,n) • By Lemma 3.1.4, we may assume that 

11/11 = I I / I IM = I , 

and we must prove that 

\\<p(f)\\» = I -

In other words, we may assume that f $ M and we must prove that <J5(/) ^ N. By 
part (i) and Lemma 3.1.4, it suffices to show that 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ ( r 

3=1 

£>0,n+m 

Put 

P •= (Sm,nY/M, 

A *— Sm,n? B := 

^$^ù 

r 
(*S'm,n)mj i C:= 

r 

3=1 

ÉS^_1|n(E, 

Consider the sequence 

P — » P ® A B —> (P 0 A B) ®s C. 
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We wish to show that the composition is injective. The injectivity of P ®A B —> 
(P ®A B) <S>B C is a consequence of [25, Theorem 7.5], because C is a faithfully flat 
^-algebra (see proof of part ( i ) ) . It remains to show that the map 

P 
r 

3=1 

Pmj =P®AB 

is injective. 

Let x G P \ {0}. We must show for some j , 1 < j < r, that 

Ann(#) := {a € 5m,n : ax — 0} C ttij. 

By [25, Theorem 6.1], there is some associated prime ideal q G Ass(P) such that 
Ann(#) C q. But we have assumed that q C for some j , 1 < j < r. This completes 
the proof of part (ii). 

(hi) This is an immediate consequence of part (ii), above. 

The last assertion is now a consequence of Remark 2.3.6 and the observation that 

®rj=iSo,n+m is a finite S0,n+m-algebra. • 

In what follows, we treat the case that the centers c may be non-K-rational. Notice 
that even in the rational case, because K is non-Archimedean, discs do not have 
uniquely determined centers (indeed, every point of the disc is a center). Hence 
the rational "centers" actually correspond to points of Km x {0}n. In the non-if-
rational case, they correspond to maximal ideals of 5m?n. In other words, for c, c' £ 
(if°lg)m, the rings of if-quasi-affinoid functions on the open unit polydiscs Am?n(c) 
and Am,n(c') coincide precisely when there is an element 7 of the Galois group of 
ifaig over K such that |c — 7(c ' ) | < 1. This occurs if, and only if, trie = trie', where trie 
is the maximal ideal of elements of 5m,n vanishing at (c, 0). (The reader may wish to 
refer to Subsections 4.1 and 5.3.) This motivates the following definition. 

Definition 3.4.4. Let c i , . . . , cr e (ifaig)m satisfy 

Wei î m?,-, 1 < i < j < r, and \K(c) : K] = \K(c) : K}. 

For j = 1 , . . . , r, write Cj — (CJI , . . . , Cjm) and let / ^ ( £ 1 , . . . , & ) be the polynomial 

monic and of least degree in & such that fji(cj\,...,Cji) = 0. We may choose 

Consider the ideal Ij of S m ^ + m given by 

Ij '•— (/jlfâ.) — Pn+li - - - 1 /;m(£l? • • • ? £m) — Pn+m) * ^m^+m-

Put J := Nrj = Ij and define 

Dm,n(c) •— Sm,n+mlI> 

Let 

• Sfn^n y i^m,n(c) 
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3. RESTRICTIONS TO POLYDISCS 59 

be the if-algebra homomorphism induced by the natural inclusion 5m,n SVn,n+m-

As we remarked above, Dm,n(c) is again the ring of if-quasi-affinoid functions on 
Am,n(c). When c is non-if-rational, the structure of Dm,n(c) is only slightly more 
complicated. 

For i ^ j , xrtci ^ xrtcj. It follows from the Nullstellensatz for K[T] that + = 

(1). Since Ii + Ij + (p) D tUci + m^, Ii + i j contains a unit of the form 

1 + / , / G (p)5m,n+m. 

This implies that the ideals Ij are coprime in pairs. By [25, Theorem 1.4], the induced 

map 
r 

Xc : Dm,n{c) ^ Sm,n+m/Ij 

is a if-algebra isomorphism. 
Since Sm^n+m/Ij = Dm,n(c) I Ij, the map \c is a contraction. To see that it is an 

isometry, we show that the induced map 
r 

Xc • -^m,n(c) ^ Sm,n+m/Ij 

is an isomorphism. This is a consequence of the above-noted fact that the ideals Ij 

are coprime in pairs. 
Each element /¿¿(£1, . . . , & ) — pn+t is regular in & in the sense of Definition 2.3.1. 

Therefore, by the Weierstrass Division Theorem 2.3.2, each Sm,n+m/Ij is a finite, free 
Su,n+m-module. 

We have established the following generalization of Lemma 3.4.2. 

Lemma 3.4.5. — With the above notation, \c is an isometric isomorphism; in par

ticular, 

\\Xc(f)\\ := max \\f\U, = ||/||7 
l<,7<r 

for every f G Dm,n(c). Furthermore, there is a finite, torsion-free monomorphism 

So;, ,+m_1|D(m, n/É/(c). 

The generalization of Theorem 3.4.3 is 

Theorem3.4.6. — Let M be a submodule of (5m,n)^- Choose ci,...,cr G (ifaig)m 

with xtici / rricj, 1 < i < j < r, such that for every p G Ass((5m,n)^/M) there is an i, 

1 <i <r, with 

™>Ci 3 p, 

where is the maximal ideal of elements o/5m>n that vanish at (q ,0) . 
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Consider the Sm,n-module homomorphism 

V : (Sm,n)' 
r 

ÉS^_1|n(E, 

ÉS^_1|n(E, A/ 

$^ùmù 

induced by \c ° <̂ c- ^ N := <p(M) • (0-=15m,n+m//j). Tften; 

(i) / / { ^ i , . . . ,gs} is a || • \\-strict generating system of M, then { < ^ ( # i ) , . . . , (figs)} 
is a || • \\i-strict generating system of N. 

(ii) I I /HM = \\<PV)\\N for every f G (Sm>fl)'. 
(iii) = M . 

In particular, for any quasi-affinoid algebra B = Sm,n/I, there is an isometric em

bedding (p : B —>• A, where A is a finite extension of So,d o,nd d = dim B. 

Proof. — The proof is nearly identical to that of Theorem 3.4.3. Note that each 

Sm,n+ml Ij — So,n+m(E,K(Cj)) 

by the Cohen Structure Theorem [25, Theorem 28.3]. 

Remark 3.4.7. — By Corollary 5.1.10, the if-algebra homomorphisms (p of Theo

rems 3.4.3 and 3.4.6 are isometries in II • ||sup. 

4. The Commutative Algebra of 5m,n 

In this Section, we establish several key algebraic properties of the rings of sepa
rated power series. The rings 5m?n satisfy a Nullstellensatz (Theorem 4.1.1), they are 
regular rings of dimension ra + n (Corollary 4.2.2), they are excellent when the charac
teristic of i f is zero (Proposition 4.2.3), and sometimes when the characteristic of i f is 
not zero (Example 4.2.4 and Proposition 4.2.5), and they are UFDs (Theorem 4.2.7). 

4.1. The Nullstellensatz. — Let A be a if-algebra. We make the following def
initions (see [6, Definition 3.8.1.2]). Let Max A denote the collection of all maximal 
ideals of A, and put 

M&XKA :— {m G Max A : A/m is algebraic over i f } . 

For m G M&XKA and / G A, denote by / ( m ) the image of / under the canonical 

residue epimorphism 7rm : A -¥ A/m. Since A/m is an algebraic field extension of i f 

and since i f is complete in |-|, there is a unique extension of |-| to an absolute value 

on A/m, which we also denote by |-|. Now define the function |H|sup : A - » R+ U {oo} 

by 

ll/llsup := 

0 if MZXKA = 0, 

sup I 
m G Max K A 

f(m)\ if MaxKA ^ 0, f(MaxKA) bounded, 

00 otherwise. 
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If /(Maxx-4) is bounded for all f e A, then ||-||sup is a if-algebra seminorm on A, 

called the supremum seminorm ([6, Lemma 3.8.1.3]). We denote the nilradical of an 
ideal I by 9t(J) := { / : fn G I for some n G N } . 

Theorem 4.1.1 (Nullstellensatz) 

(i) Let I be any proper ideal of Sm,n, then Vl(I) = f]{m G MaxKSm,n : m D I}. 

(ii) Max5m?n = MaxKSm,n. 

(hi) Put 

U := {m G Maxif [f.p] : max |&(m)| < 1, max |pj(m)| < 1}. 
l<z<m l<j<n 

T/ien £/ie map m •-»• m • 5m?n zs a bijective correspondence between U and 

Max5m,n. 

Proof — Since 5m,o = Tm, if n = 0 we are done by [6, Theorem 7.1.2.3, Proposi

tion 7.1.1.1 and Lemma 7.1.1.2]. Assume n > 1. 
(i) Let I C 5m,n be a proper ideal and let e G y/\K \ { 0 } | with e > cr(7). By 

Corollary 3.3.2, fl e I if, and only if, t£(f)£ G t£(I) • Tm,n(e). Hence 91(7) = 
S m , n f l yi(te(I) • Tm,n(e)). Therefore (i) follows from the Nullstellensatz for Tm,n(e) 
([6, Theorem 7.1.2.3]). 

(ii) This is an immediate consequence of (i) . 
(hi) In case i f is algebraically closed this follows immediately from (ii). Otherwise, 

it follows from (ii) by Faithfully Flat Base Change (Lemma 3.1.11 (hi)). Alternatively, 
(hi) follows immediately from (ii) and the Weierstrass Preparation and Division The
orems as follows. 

Let m G U. Since if[£,p]/m is algebraic over if, there are polynomials /*(£*) and 
9j(pj) G m, 1 < z < ra, 1 < j < n. By [6, Proposition 3.8.1.7], we may assume that 
each fi is regular in & and each g3 is regular in pj in the senses of Definition 2.3.1. 
Applying the Weierstrass Division Theorems (Theorem 2,3.2) yields 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, 

hence m • 5m?n G Max5m?n. 
Conversely, let m G Max5m?n. By (ii), m G Max^ 5m,n. Since 5m,n/m is algebraic 

over if, we obtain polynomials /i(&)5 9j(pj) G m, 1 < z < ra, 1 < j < n. By the 
Weierstrass Preparation Theorem (Corollary 2.3.3) we may assume that all /*(&) and 
9j(Pj) are monic polynomials, regular in the senses of Definition 2.3.1. Euclidean 
Division in i f [£, p] and Weierstrass Division in 5m,n yield 

K[^p}/(mnK[^p}) = Smyn/m. 

The fact that m fl i f [£, p] G U follows from the facts that no fi nor g3- is a unit. • 

Since |H|sup coincides with || • ||e on Tm,n(s) ([6, Corollary 5.1.4.6]), it follows 

immediately from Theorem 4.1.1 that |H|sup coincides with ||*|| on Sm,n- A if-algebra 

A is called a Banach function algebra iff |H|sup is a complete norm on A. Hence 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2000 



62 RINGS OF SEPARATED POWER SERIES 

when 5m,n is complete in ||-|| (cf. Theorem 2 . 1 . 3 ) , it is a Banach function algebra. In 
Subsection 5.5, we show that in many cases, reduced quotients of the 5m,n are also 
Banach function algebras. 

Proposition 4.1.2. — Let A = 5m?n/7 and m G Max A. Consider the field K' := 

A/m, which is complete since it is a finite K-algebra. Then for each representative 

f — 12a»v€*lp1' € £m,n of an element of A: 

(i) / (m) : = / + m = a^~pv G K', where £ : = £ + m, p := p + m. 

(ii) | / (m) | < ll/H/. Indeed 

\ f ( m ) \ < \ É S ^ _ 1 | n ( E , A/\f%/£ for£=l,2,.... 

(iii) If f = ( / i + J) + (/2 + I) where A , / 2 G Sm,n, | | / i | | < 1 , | | / 2 | | < 1 and 
h € (p)S°m^ then | / (m) | < 1 . 

Proof. — (ii) and (iii) follow immediately from (i) and Theorem 4 . 1 . 1 (iii). (i) is 
immediate if K' = K, since / (£ ,p) — /(£ ,p) belongs to the maximal ideal 

{g G 5m,n : gfcp) = 0} , 

which must contain the polynomial generators of m. Now note that there is a natural 
inclusion 5m,n(£T, K) Sm,n(E, K'). • 

In the affinoid case, the supremum seminorm behaves well with respect to extension 
of the ground field. This follows from the Noether Normalization Theorem for affinoid 
algebras [6, Corollary 6.1.2.2], from [6, Proposition 6.2.2.4], from [6, Lemma 6.2.2.3], 
and from the fact that ||/||Sup cannot decrease after extension of the ground field 
(ground field extensions of affinoid algebras are faithfully flat: see Lemma 3 . 1 . 1 1 (iii)). 
The supremum seminorms on quotient rings of the 5m,n also behave well with respect 
to ground field extensions, even though, unlike in the affinoid case, the supremum 
need not be attained. 

Proposition 4.1.3. — Let K' be a complete, valued field extension ofK, let E' C (K')° 

be a complete, quasi-Noetherian ring (in characteristic p, let E' be a complete DVR) 

and put Sm,n := Sm,n(E,K), S'mn := Sm,n(E',K'). Assume Sfm^n D 5m>n. Let I be 

an ideal of 5m,n and put V := I • S'm n. Then for any f G Sm,n/I, 

sup{|/(a;)| : x G Max5m,n//} = sup{| / (x) | : x G M a x S ^ J J ' } . 

Indeed, for any f G 5m?n/7 and for any c G E , if \f(x)\ < c for all x G Max5m?n/7 

then also \ f(x)\ < c for all x G MaxS'mn/I'. 

Proof. — Assume \f(x)\ < c for all x G Max5m,n/7 and let x0 G M3xS'mn/I'. Let 

s G y/\K \ { 0 } | be such that 1 > e > max{a(I),a(I'),a(xo)}. By the Maximum 

Modulus Principle [6, Proposition 6.2.1.4], we have: ||te(/)||Sup < c, where the supre

mum is taken over the affinoid variety Max(Tmin(e)/t£(I) • Tm,n(e)). By the above 
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ll/llsup ÉS^_1|n(E, A/ 

This is a consequence of the quantifier elimination (cf. [17, Corollary 7.3.3]), and 
Proposition 4.1.3. It also follows from the results of this paper (see Corollary 5.1.11). 

The following weak form of the Minimum Modulus Principle is an immediate con
sequence of the Nullstellensatz (Theorem 4.1.1). Let A = 5m,n/7 and let / G A. If 
i n f { | / ( # ) | : x G Max A} = 0 then there is an x G Max A such that f(x) — 0. 

Remark 4.1.5. — Here we give a second proof that Max5m,n = Max# 5m?n. 
We begin by defining an additive valuation w on Sm n. Consider K x N72 as an 

ordered group with coordinatewise addition and lexicographic order. We define a 
map w : 5m,n 4 I x f f U {oo} by putting w(0) := oo and, for / G 5m?n \ { 0 } , 
w(f) := (OJ,^O)> where a G R and v0 e N1 are determined as follows. Write / = 
Yjix,va^^lPv ~ Ysvfv(Qp1'' Tnen Put OL := m i n ^ o r d a ^ (where ord : K - » R 
is the additive valuation corresponding to the absolute value | • | : K —> ) and let 
UQ G be the element uniquely determined by the conditions 

H / J I = ll/H, and 

11 fu 11 < 11/11 for all z/ < lexicographically. 

We call the multi-index v$ the total residue order of / , and we call the coefficient 
fUQ(0 the leading coefficient of / . It is not difficult to show that w is an additive 
valuation on 5m?n. 

Proposition. — Each ideal of 5m?n is strictly closed in w. 

Proof. — This is proved analogously to Theorem 3.1.3 using the facts that 

l l * № ] \ { 0 } | | 

is discrete and that W1 with the lexicographic order is well-ordered. We leave the 
details to the reader. (See also [17, Section 2.6].) • 

Note that if I is an ideal of 5m,n and if oo ̂  w(f) > w(f — h) for each h G 7, then 
there is no element h of I with the same total residue order v0 as / and such that 
I M = l l /JI> l l / ,o -^o l l -

Theorem. — Max5m,n = Max# Sm n. 
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observation, it follows that ||^(/)||sup < c, where this time, the supremum is taken 
over M a x T ^ J e ) / / ' • Tm,n(e). Thus \f(x0)\ < c. • 

Remark 4.1 A. — The Maximum Modulus Principle holds for quotients of Tm = 
Sm,o (see [6, Proposition 6.2.1.4]), but not, in general, for quotients of 5m,n, n > 0. 
Nevertheless, for / G Sm,n/7, 
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Proof. — If there is some / G m which is preregular (in the sense of Definition 2.3.4) 
in £ (or p) then, after a change of variables among the £'s (or p's), we may assume 
that / is regular in £m (or in pn). If / is regular in £m (the case that / is regular 
in pn is similar), then by Weierstrass Division, the map 5m_i,n -> 5m,n/m is finite. 
Thus m' : = mfl Sm-i,n is maximal, and we are done by induction on the number of 
variables. We henceforth assume that m contains no element which is preregular in 
any variables. 

For each v G , let mu be the set in 5m,o of leading coefficients of those elements 
of m with total residue order v. If p>\ < v\,..., pn < vn then C m^. Let 
nv = (nv H S^ni0)/(mu fl S^o) , if nv # 0 and m„ = (0) otherwise. Then m„ is 
an ideal of 5m,o- Note that none of the ideals m„ can be the unit ideal since then 
there would be an element of m which is preregular in p. Since m ̂  (0), at least one 
mv ^ (0). Moreover, if A is any Noetherian ring and {1^}^^ is a family of ideals 
of A such that 7M C Iv whenever p\ < v\,... ,pn < vn, then the family {I^^^n is 
finite (induct on n). 

We can therefore find some a(£) £ 5m,o with ||a|| = 1 such that a G nv for each 
m„ ^ (0). Put 

Since ||a|| = 1 and a is not a unit of 5m?o, it follows that ||c|| = 1 and that c is not 
a unit. Furthermore, c ^ m since clearly c is preregular in £. Thus there is some 
/ € Sm,n such that cf — 1 G m. By the above Proposition, we may assume that for 
each h G m 

Write / = fv(€)Pv^ and let fUo be the leading coefficient of / . By (4.1.2), there is 
no h G m ô of total residue order u0 with \\h\\ = | | / | | and ||/„0 - h„0|| < ||/^0||. 

Claim. — \\f„0\\ > 1 and i/0 ^ 0. 

If 11/11 < 1 then c/ — 1 is a unit, contradicting the fact that m is a proper ideal. 
Hence 11/11 > 1. If i/o = 0, then since c is not a unit, cf — 1 is preregular in £, which is 
a contradiction. Hence | | / | | > 1 and v0 ̂  0. If | | / | | = 1 and ||/0|| = 1, then the total 
residue order of / is 0, a contradiction. If | | / | | = 1 and ||/o|| < 1 then cf — 1 G m is a 
unit, also a contradiction. This proves the claim. 

Let 11/i/011 = |6|. By the claim, \(cf — 1) has total residue order i/o and leading 
coefficient ^fVQ G nv0. But by (4.1.1), cfUo G nv0 implies (^/i/0)~ G m ^ , contradict
ing (4.1.2). • 

4.2. Completions. — One of the main applications of the Nullstellensatz is to give 
us information about maximal-adic completions of the 5m,n. In this subsection, we 
prove the following facts: 5m,n is a regular ring of dimension m + n, restriction maps 
to closed subpolydiscs are flat, 5m,n is a UFD, 5m,n is excellent in characteristic 0 

(4.1.1) c : = a + l . 

(4.1.2) «>(/) > «;(/ - h). 
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and sometimes in characteristic p > 0, and, when 5m?n is a G-ring, radical ideals of 
Sm n stay radical when they are expanded under restriction maps to closed polydiscs. 

Proposition 4.2.1. — Lete e y/\K\{ti}\, 1 > e > 0, let TI G MaxTm,n(e), put m : = 
lf[£,pln93t, and9î := ¿Г1(9DÎ) G Max5m n. Then ie induces K-algebra isomorphisms 

(i) 5m.„/9^ s rm.n(e)/0K< ^ i f [£,pl/m' 

/or evert/ £ G N. 
Le£ 7 be an ideal of 5m,n. Suppose 9JI G MaxTmjn(e) 9JI D te(I), and put 

9t := t71(DJl). Then u induces K-alaebra isomorphisms 

(ii) (Sm,n/— (^m,n(^)/^eCO * ^m,n(^))^ ? 

where denotes the maximal-adic completion of a local ring. 

Proof 

(i) is immediate from the Weierstrass Preparation and Division Theorems, and 
Theorem 4.1.1(h). 

(ii) By part ( i) , t€ induces a if-algebra isomorphism 

% ' (Sm,n)<JÏ • (^m,n(^))an-

Part (ii) now follows immediately from [25, Theorem 8.11]. • 

Corollary 4.2.2. — For each m G Max5m?n, (5m,n)m is a regular local ring of Krull 

dimension m + n; moreover, Sm,n is a regular ring. 

Proof. — By Hilbert's Nullstellensatz, each 9T G Maxif[£, p] can be generated by 
m + n elements and dim i f [£, p ]^ = m + n; in particular, i f [£, p ]^ is a regular local 
ring. By Theorem 4.1.1, there is some e G \/\K \ { 0 } | , 1 > e > 0, such that 

m := te(m) • Tm,n(e) G MaxTm,n(£). 

Now by Proposition 4.2.1, 

(Sm,n)m — (Tmin(e))fm = (K[€,P])K[Ztp]nm> 

so dim(5m?n)m = m + n. It follows that (5m,n)m is a regular local ring of Krull 
dimension m + n. Moreover, by [25, Theorem 19.3], Sm,n is a regular ring. • 

Proposition 4.2.3. — Assume Char i f = 0. Then 5m,n is an excellent ring; in par

ticular, it is a G-ring. 

Proof. — In light of Theorem 4.1.1 and Corollary 4.2.2, this follows directly from [26, 

Theorem 2.7]. • 

The next example and proposition show that the situation in characteristic p is 

more complicated. 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2000 



66 RINGS OF SEPARATED POWER SERIES 

Example 4.2.4. — If Char i f = p / 0, then 5 m , n = Sm,n(K,E) may fail to be a 
G-ring. Assume, for the moment, that we have found an element g G K\p\ \ So,i 

such that gp G 5o,i (c/. [28, Section A I , Example 6]). Put m := (p) • 5 0,i and put 
R := (5o,i)m[#]; if So,i is a G-ring, so is R (see [25, Section 32, p. 260]). Since 
R C Kip}, it is reduced. Put 9DT := mR, and let i? denote the SDT-adic completion of 
R. Since 5o,i is a UFD, Xp — gp is irreducible in (So^)m[X]; hence 

i? = (SoMX]/(X* - gp) and i? = K[X]\p]/<X* - gp) • i f 

So X — g is a non-zero nilpotent element of R, which is the direct sum of finitely 
many maximal-adic completions of R ([25, Theorem 8.15]). Thus, some maximal-
adic completion of R is not reduced. It follows from [25, Theorem 32.2 (i)], that R, 

and hence 5o,i, cannot be a G-ring. An example of if, E and g can be constructed 
as follows: let i f := F p (*i , t2,... )((£)), E := F p (* [ , *£, . . . ) and g := ] T ^ p \ In fact, 

i>0 
a similar example can be constructed whenever [E1^ fl i f : E] = oo. 

Proposition 4.2.5. — Assume Char i f = p. Then: 

(i) if Sm,n is a finite extension of ( 5 m , n ) p , then 5 m , n is excellent; 
(ii) if [if : i f p ] < oo and if E C i f ° is a complete DVR which is a finite extension 

of Ep (e.g., take E = ¥p C K°), then 5 m , n is excellent; 
(iii) if E C i f ° ¿5 a DVR and if if ' ¿5 a complete, perfect, valued field extension 

of K, then there is a field E' with E' C ( i f ' ) ° su°h that 5 m ? n ( E / , i f ' ) is an 
excellent and faithfully flat Sm^n(E, if)-algebra. 

Proof 
(i) By [38, Theoreme 2.1], it suffices to show that 5 m , n is universally catenary. 

But this is an immediate consequence of [25, Theorem 31.6 and Corollary 4.2.2]. 
(ii) Put 5 m , n := S m , n ( £ , i f ) = Sm,n(E

p,K). Then, 5 m , n = i f 0 K P Sm,n(E
p, Kp) 

is finite over Sm,n(E
p,Kp) and by the Weierstrass Division Theorem 2.3.2, 5 m , n is 

finite over ( 5 m , n ) p . Now apply part ( i) . 
(iii) Lift K' to ( i f ' ) ° by extending the lifting of E given by E (see Remark 2.1.4 (iv)) . 

By part (ii), Sm,n(E',K') is excellent, and by Lemma 3.1.11 (i) , it is faithfully flat 
over S m , n ( £ , i f ) . • 

A useful property of reduced G-rings is that they are analytically unramified in 
the sense of [28]. The next proposition shows that reduced quotients of S m , n are 
analytically unramified in a different sense, when Sm,n is a G-ring. Example 4.2.4 
shows what goes wrong if S m , n is a not a G-ring. 

Proposition 4.2.6. — Let I be an ideal of Sm,n, n > 1, and let e G \/\K \ { 0 } | , 
1 > e > 0. If e > a (I) and Tm,n(e) / ie(I) • Tm,n(e) is reduced then Sm,n/l is reduced. 

Suppose 5 m , n is a G-ring (e.g., use Proposition 4-2.3 or Proposition 4-2.5 (ii)). If 

Sm,n/l is reduced then Tm,n(s)/l£(I) • Tm^n(s) is reduced. 
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Proof. — Suppose Tm,n(e) / L£(I) • Tm,n(e) is reduced and suppose fr e I for some 

/ G Sm,n; then *e(/) £ ie(J) • Tm,n(e). Hence by Corollary 3.3.2, / G 7. Therefore, 

Sm,n/'I is reduced. 
Suppose Sm,N/I is reduced and that Sm,n is a G-ring; we must prove that 

Tm,n(e)Ae(/)-Tm,n(e) 

is reduced. For this, it suffices to prove that {Tm,n{s)/i£(I) -Tm)n(e))m is reduced 
for every m G Max(Tm,n(e)/te(/) • Tm,„(e)). Indeed, let A be a ring such that Am 

is reduced for every m G Max A, and suppose /r = 0. Then / G Ker(A ->> Am) for 
every m G Max A Consider the ideal a := {a e A : af = 0}. If a = (1), then / = 0, 
and we are done; otherwise, a C m for some m G Max A. Hence / ^ Ker(A ->> Am), a 
contradiction. Furthermore, by the Krull Intersection Theorem ([25, Theorem 8.10]), 
Ker(A —>• A) = (0) for any Noetherian local ring A. Hence it suffices to prove that 
(Tm,n(e)/iE(I) • Tm,n00)m is reduced for every m G Max(Tm,n(e)/te(J) • Tm,n(e)). 

Let m G Max(rm,n(e)/te(J) • Tm,„(e)), and put 9t := 5m,n D m G Max5m,n/7. 
Since 5m,n/i is reduced, so is (Sm,n/-0w- Indeed, let A be a reduced ring and let 
m G Max A. If /r G Kev(A -> Am) then for some a e A\m, afr = 0; whence 
(a/)r = 0. But A is reduced, so a/ = 0; i.e., / G Ker(A —> Am). Now any quotient 
or localization of a G-ring is again a G-ring, so (5m,n//)^ is a reduced G-ring. Thus 

(Sm,n/I)w > (Sm,n/I)yi 

is regular; in particular, it is faithfully flat. By [25, Theorem 32.2], (Smyn/l)<yi is 

reduced. Then (Tmin(e)/iE(I) -Tm>n(£))m is reduced by Proposition 4.2.1. Since this 

holds for every m G Max(Tm>n(£)/i£(I)-Tmin(e)), we have proved that Tm,n(e)/i£(I) • 

Tm,n(e) is reduced. • 

Theorem 4.2.7. — 5m,n is a UFD. 

Proof. — A Noetherian integral domain is a UFD if, and only if, every height 1 prime 

is principal ([25, Theorem 20.1]). Let P be a height 1 prime ideal of 5m,n; we must 

prove that P is principal. By Lemma 3.2.6, it suffices to prove that the uniform 

residue ideal A ( P ) is principal. Let K' be a finite algebraic extension of K such 

that K' = K, let 5^n := Sm,n(E,K') and let P' := P • S'm^n. By Lemma 3.1.11, 

P' = p • S'mn = p ; hence A ( P ' ) = A ( P ) . It suffices to prove that A ( P ' ) is principal. 

Fix a finite algebraic extension K' of K such that for some e G \K'\, 1 > e > cr(P), 

and K' = K. 

Claim. — For every n' G MaxS^n? P' • (S'mn)n' is a principal ideal. 

Let n' G MaxS^n and put n : = n' D 5m>n. Since S'mn is finite over 5m,n, n G 

Max5m?n. By Corollary 4.2.2, 5m,n is a regular ring. Hence by [25, Theorem 20.3], 

(Sm,n)n is a UFD. If n D P then ht P-(5m,n)„ = 1, and if n 75 P then P-(5m,n)n = (1). 
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Thus, the ideals P • (5m?n)n, P' • (S^.n)*' and P' • ( S ^ n V are all principal. This 
proves the claim. 

Let T'mn(e) := Tm,n(e, By the Claim and by Proposition 4.2.1, t£(P') • 

(Tm,n(e))m is a principal ideal of (T^n(e))m for every m G MaxT^n(e) . By [25, 
Exercise 8.3], t£{P')* (^m,n(£))m is a principal ideal, hence a free (T^n(£))m-module 
for every m G MaxT^n(V). By [25, Theorem 7.12], i£(P) • Vm^n{e) is a projective 
ideal. But T'mn(e) is isomorphic to Tm+n(if/), which by [6, Theorem 5.2.6.1], is a 
UFD. Hence by [25, Theorem 20.7], t£(P)-T^n(e) is principal. By Lemma 3.2.5, this 
implies that A ( P ' ) is principal, as desired. • 

In the next lemma we collect together some facts on flatness. 

Lemma 4.2.8. — Let € G y/\K \ { 0 } | with 1 > s > 0. Let K1 be a complete, valued 

field extension of K, let E' C (Kf)° be a complete, quasi-Noetherian ring, and put 

Sm,n := Sm,n(E,K), S^n := Sm,n{E',K'). Assume S'm,n D 5m,n; e.g., take E' D E. 

(i) The inclusion t£ : 5m?n —» Tm?n(£) is flat 

The following inclusions are faithfully flat: 

(ii) Sm,n(E,Kr -+SmAE',KT 
(iii) Sm,n(E,K)->S^n(Ef,Kf) 

(iv) Sm,n(E,K)~ -+ Sm,n(E',K')~ 

(v) Tm,n(e) -+ T^n(e) 

Proof 
(i) Consider the map t£ : 5m,n -> Tm,n(e). Let be a maximal ideal of Tm,n(e), 

put m := ^(Wl), A := (5m,n)m and B := (Tm,n(e))aK. By ]25^ Theorem 7.1], it 
suffices to show that the induced map ¿£ : A - » P is flat. Let A, P be the maximal-
adic completions, respectively, of the local rings A, B. By Proposition 4.2.1 (ii), 
A =i P , and by [25, Theorem 8.14], A -> A 9* B and B -> P are faithfully flat. 
Part (i) now follows by descent. 

(ii), (iii) and (iv) are Lemma 3.1.11 (iv), (iii) and (i) , respectively. 
(v) For some s G N, es G \K\. Let c G K with |c| = es', and let 7 be the ideal of 

^m+2n generated by pf - pi+nc, 1 < i < n. By [6, Theorem 6.1.5.4], 

It therefore suffices to show that the inclusion Tm —>• T'm is faithfully flat. But this is 

Note that the inclusion 5^n c->> Tm,n(£)° is not flat. Indeed, find c £ K and € G N 

such that |c| = Let 

rm,n(e) = Tm+2n/I and T^^s) = Tm+2n/I • ^ 

Lemma 3.1.11 (iii) with n = 0. • 

M 

$^$ 

e (S^,n)2:c/ + ^ = 0}, and 

{ ( / ^ ) e ( T m , n ( £ ) ° ) 2 : c / + p ^ = 0} . 
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If S^n ^ Tm,n{e)° were flat, then N = ie(M) • Tm,n(e)°. But ( £ , - 1 ) G N \ i£(M) • 

5. The Supremum Semi-Norm and Open Domains 

In this section, we investigate algebraic and topological relations between residue 
norms and the supremum seminorm on a quasi-afBnoid algebra (i.e., a quotient ring 
Sm,n/I)> The key topological concepts are power-boundedness and quasi-nilpotence 
(see Definition 5.1.7). The first main result is Theorem 5.1.5, which asserts that 
each h G 5m,n/7 with ||/i||Sup < 1 is integral over the subring of all a G 5m>n/7 
with \\a\\i < 1. Moreover, if \h(x)\ < 1 for all x G Max5m,n/7, then h is integral 
over the set of all a G Sm,n/I with vi(a) < (1,1). It then follows (Corollary 5.1.8) 
for / G Sm,n/7 that / is power bounded if, and only if, ||/||Sup < 1> and that / 
is quasi-nilpotent if, and only if, \f(x)\ < 1 for all x G Max5m,n/7. These are 
the quasi-affinoid analogues of well-known properties of affinoid algebras. In Subsec
tion 5.2 we use the results of Subsection 5.1 to show that if-algebra homomorphisms 
are continuous (Theorem 5.2.3). Hence all residue norms on a quasi-affinoid algebra 
are equivalent (Corollary 5.2.4); i.e., the topology of a quasi-affmoid algebra is in
dependent of presentation. We also prove an Extension Lemma (Theorem 5.2.6) for 
quasi-afBnoid maps. The results of Subsection 5.1 also lead, as in the affinoid case, 
to a satisfactory theory of open quasi-affinoid subdomains. In particular, in Subsec
tion 5.3 we define quasi-rational subdomains (Definition 5.3.3), and show, using the 
Extension Lemma (Theorem 5.2.6), that they are quasi-affinoid subdomains. Sub
section 5.4 contains the definition and elementary properties of the "tensor product" 
in the quasi-affinoid category. In Subsection 5.5 we show when Char i f = 0 and in 
many cases when Char i f = p, that if 5m,n/7 is reduced then the residue norm || • ||/ 
and the supremum norm || • ||sup are equivalent. If in addition E is such that 5m,n is 
complete then 5m,n/7 is a Banach function algebra. 

5.1. Relations with the Supremum Seminorm. — The first step towards prov
ing Theorem 5.1.5 is an analogue of that theorem for Tm,n(e) / L£(I) 'Tm,n(e) uniformly 
in e, where e is a sufficiently large element of yf\K \ { 0 } | . 

Let A be a Noetherian ring and let 7 C A be an ideal. For r = 0 ,1 , . . . , let Ir 
denote the intersection of all minimal prime divisors of / of height r (if there are none, 
put Ir := (1).) Clearly, 91(7) = r\r>oIr, where 91(7) denotes the nilradical of 7, and 
each Ir is a radical ideal. The ideals Ir are the equidimensional components of the 
ideal 7. 

In Lemma 5.1.1 we show that the ideals L£(Ir)-Tm^n(e) generate the equidimensional 
components of the ideal i£ (I) • Tm,n(e), in the case that 5m?n is a G-ring. This is 
important in applying [6, Proposition 6.2.2.2], in a uniform way. 

-Lm,n\£) • 
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Lemma 5.1.1. — Let I be an ideal of Sm,n, n > 1, and let e G ̂ J\K \ {0} | , 1 > e > 0. 
Put J := i£(I) • T m , n ( e ) . 2%en J r = 9t(i e(J r) • r m , n ( e ) ) , r > 0. Ifttis, t / 5 m , n ¿5 a 
G-ring, then Jr — t£(Ir) • T m , n , r > 0. 

Proo/. — Since J r is a radical ideal, by the Nullstellensatz (Theorem 4.1.1), it suffices 
to show, for each m G MaxTm,n(e), that m D Jr if, and only if, ^71(m) D Ir. 

Let A be any Noetherian ring, let I C A be an ideal, and let m G Max A. By [25, 
Theorem 6.2], m D P D / is a prime divisor of 7 if, and only if, P • A m is a prime 
divisor of I - Am. Thus, m D Ir if, and only if, I • A m has a minimal prime divisor of 
height r. 

Claim. — Let I C A be an ideal, and let m G Max A. Then m D Ir if, and only if, 
I • ( A m ) has a minimal prime divisor of height r. 

By the foregoing, we may assume that A is a local ring with maximal ideal m, and 
we must show that I has a minimal prime divisor of height r if, and only if, I - A has 
one. (As usual, A denotes the maximal-adic completion of A.) 

Let p G Spec A and let *J3 G Spec A be a minimal prime divisor of p • A; we will 
show that ht̂ 3 = htp. Since A is flat over A ([25, Theorem 8.8]), this follows from 
[25, Theorem 15.1 (ii)], if we can show that p = tyC\A. By the Going-Down Theorem 
([25, Theorem 9.5]), there is some £2 G Spec A such that Q c i f and £2 fl A = p; 
hence ^ D f l D p - A Since is a minimal prime divisor of p • A, £2 = Ĵ3. Therefore, 
p = 3̂ D A, as desired. 

Suppose p G Spec A is a minimal prime divisor of I of height r, and let 3̂ G Spec A 
be a minimal prime divisor of p A. Then ht̂ J = htp = r. We will show that is a 
minimal prime divisor of I - A. If *P D £2 D I • A for some Q G Spec A, then 

p ^ q s n A D O n A D / . 

Since p is a minimal prime divisor of I, p — Q fl A; i.e., £2 D p • A. Since 3̂ is a 
minimal prime divisor of p • A, £2 = ^3. Thus 3̂ is a minimal prime divisor of I • A. 

Suppose 3̂ G Spec A is a minimal prime divisor of I • A of height r, and put 
p := 3̂ n A. Then 3̂ is a minimal prime divisor of p • A, so htp = r. We will show 
that p is a minimal prime divisor of I. If p D q D I for some q G Spec A, then by the 
Going-Down Theorem ([25, Theorem 9.5]), there is some £2 G Spec A with 3̂ D £2 
and q = £2 fl A. Since 3̂ is a minimal prime divisor of I • A, £2 = )̂3, so q = p. 
Therefore, p is a minimal prime divisor of I, proving the claim. 

Let m G MaxT m > n (e) and put n := ij1(m). By the Claim, and by Proposition 4.2.1, 

m D Jr J • (7 1

m , n (£)) m has a minimal prime divisor of height r 

I • (5m,n)9t has a minimal prime divisor of height r 

<=> n D 7r, 

as desired. The last assertion of the lemma follows from Proposition 4.2.6. • 
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Let A( / r ) be the uniform residue ideal of an equidimensional component Ir. The 
next proposition allows us to lift a Noether normalization map Tj -> Tm/A(Ir) 
to affinoid algebras corresponding to the restriction of Sm^n/I to closed polydiscs 
MaxTm?n(£), uniformly in e for e large enough. 

Proposition 5.1.2 {cf. [4, Satz 3.1]). — Let ip : Td —> Tm be a K-algebra homomor

phism, let I be an ideal ofTm, and let ip : Td Tm/I be the composition of ip with 

the canonical projection Tm -¥ Tm/I. Now by [6, Section 6.3], <£> induces a K-algebra 

homomorphism (p : Td —» Tm. Let r : Td -> Tm/l be the composition of (p with the 

canonical projection Tm Tm/l. Suppose that r is a finite monomorphism and that 

the Td-module Tm/l can be generated by r elements. Then ip is a finite monomor

phism and the Td-module Tm/I can be generated by r elements. 

Proof. — Put J := Ker^ C Td'L we will show that J = (0). Let / E J, | | / | | < 1. 
Since / G J, (p(f) G J; hence <£(/) = <p(f)~ G I. This implies J C Kerf = (0). Thus 
by Lemma 3.1.4, J = (0); i.e., ip is a monomorphism. 

Find G i , . . . , G r , # i , . . . ,gs G Tm, with gi,...,gs G / , such that the images of 

G i , . . . , Gr in Tm/I generate the T^-module Tm/l, and { # i , . . . ,gs} generates the 

ideal I. We will show that the images of G i , . . . , Gr in Tm/l generate the X^-module 

Tm/I. Indeed, let / G Tm; we will find Hi,...,Hr G Td and h\,...,hs G Tm such 

that 

^$$ 
^^p 

r 

*=$ 

ÉS^_1|n(E, A/ 
S 

i=i 

h3g3. 

We may take | | / | | < 1. Let B G <B with 

/ ,y>(&), - - • ,y>(&) ,Gi , . . . , G r , ^ i , . . . ,0, G J3<£) C Tm. 

Let B = B0 D Bi D - - be the natural filtration of £?. 

C/flim. — Let F e BP(Ç) \ #p+i(£) C Tm. T/aere are Hly... ,Hr e BP(Ç) C Td and 
hi,...,h8 G C Tm ŝ c/fc £/&a£ 

ÉS^_1|n(E, r 

ÉS^_1|n 

ÉS^_1|n(E, A/ 
ÉS^_1| 

ÉS^_1|n(E, 

hj9j € Bp+i(£) стт. 

Let 7TP : Bp ^ Bp C K denote a residue epimorphism, and write i f = Bp 0 V for 
some £?-vector space V. Then 

(5.1.1) 
Tm = K[ZU. . . , & » ] = BP[Ç\ E V[(\ and 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/$$ 
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as B[^-modules. Furthermore, since <p(£i),..., <p(£dÉŜ _1|n(E, A/) 

V(BP[(\) C Bp[$ and 
(5.1.2) 

$(V[£\) CV[£\. 

Since the images of Gi,...,Gr in fm/1 generate the 2>module fm/l, and since 
• • • ,9s} generates the ideal I in Tm, there are Hi,...,Hr G Td and hi,..., hs G 

Tm such that 
r s 

(5.1.3) TTP(F) -Y,^{Hj)Gj - Y,hj9j = 0. 

By (5.1.1) and (5.1.2), we may assume 

ffi,...,ffr GBPK]cfdand 

hi,... ,hs G i?p[f] C Tm. 

Find Hu..., Hr G Bp(f) C Td and hi,..., hs G J3p(f) C Tm so that 

7rp(Hi) = iJi,..., 7rp(Hr) = Hr and 

TTp(hi) = hi,... ,7Tp(hs) = hs. 

By (5.1.3), 

F - ^ w (Hj) Gj - £ M i G BIH-I<0 C Tm. 
j=i j=i 

This proves the claim. 
Now, \B \ {0} | C 1+ \ {0} is discrete, and B{£) is complete. Thus since (p is 

continuous ([6, Theorem 6.1.3.1]), iterated application of the Claim yields the desired 
result. • 

The following lemma is a key step towards proving Theorem 5.1.5. 

Lemma 5.1.3. — Assume Sm^n is a G-ring (e.g., use Proposition 4.2.3 or Proposi
tion 4-2.5 (ii)), and let I be an ideal of 5m?n. Then there is an e G N such that for 
every s G |JRT| with 1 > |e| > cr(I) and for every f G SM,N/I, i'£(f) G Tm+n/i'E(I)'Tm+n 
satisfies an equation of the form 

te +ait6-1 + + ae = 0 

where the a{ G Tm+n/t'£(I) • Tm+n satisfy maxi<;<e ||ai||J/(V).Tm+n = IK(/)llsuP. 

Proof. — Let A(I) be the uniform residue ideal of I as in Definition 3.2.4. By 
Noether Normalization, there is a X-algebra homomorphism Ip : Td —>• Tm+n such 
that r: Td - » Tm+n/A(7~) is a finite monomorphism where f is the composition of <p 
with the canonical projection Tm+n -¥ Tm+n/A(7). Let IQ, II, ..., be defined as in 
Lemma 5.1.1. Since I C IR for r > 0, A(J) C A(/r) C Tm+n, r > 0. Thus by Noether 
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Normalization, for r > 0, there is a If-algebra homomorphism tpr : Tdr —>> Td such 
that fr : Tdr -+ Tm+n/A(ir) is a finite monomorphism, where rr is the composition of 
(p o (pr with the canonical projection Tm+n -> Tm+n/A(ir). Suppose the Trfr-module 
Tm+n/A(/r) is generated by er elements, r > 0, and find a G N such that 9t(i")a C I 

(where 9t denotes the nilradical). Put 

ra+n 
e := a ^ er. 

r=0 

We will show that e is the exponent sought in the lemma. Fix e e \K\, 1 > e > a(I) 

By [6, Proposition 6.1.1.4], there are if-algebra homomorphisms (f : Td ->» Tm+7 
and (pr : Tdr Td, 0 < r < m + n, that correspond modulo K°°, respectively, t< 
<p:fd-> fm+n and <pr : fdr fd. Put J : = 4 (7 ) • Tm+n. Let ^ : Td ^ Tm+n/. 
and : T</r Tm+n/L£(Ir) • Tm+n, 0 < r < m + n, be defined, respectively 
by composing <p with the canonical projection Tm+n -> Tm+n/J and by composing 
(po(pr with the canonical projection Tm+n —>• Rm+n/6^(/r)-Tm+n. Since f, f o , . . . , fm+r 
are finite monomorphisms, by Proposition 5.1.2, each of i/>o, • • • ,^m+n is a finit< 
monomorphism, moreover the Tdr-module Tm+n/i'£(Ir) • Tm+n is generated by e, 
elements, 0 < r < m + n. By Lemma 5.1.1, Jr = 4 C M * ^ra+n- Since each Jr \\ 

a radical ideal and since htp = r for every prime divisor p of Jr, each ipr is a finit< 
torsion-free monomorphism. 

Fix / G Sm,n/I with H/LLSUP < 1, and put F := i'£(f). For 0 < r < m + n, le 
Qr £ Tdr[t] be the monic polynomial of least degree such that Qr(F) vanishes ii 
Tm+n/Jr- Write 

Qr = ^r + ari^r_1 + • • • + arir. 

Since is a finite, torsion-free monomorphism, by [6, Proposition 6.2.2.2], 

max HAWLL1/* = ||F||8up. 
i<i<ir 

Furthermore, by the Cayley-Hamilton Theorem [25, Theorem 2.1], £r = degQr < er. 
We may regard each Qr as an element of Ta[t] via the if-algebra homomorphism 

<pr. Put 

( ra+n \ a 
Y[ Qr) = t£+ a1t£-1 + --- + ae. 
r=0 ' 

By [6, Corollary 3.2.1.6], maxi<^<^ HAILL1̂ * = H-Fllsup? t < e, and by Proposition 4.2.6, 
Q(F) vanishes in Tm+n/J. It follows that i'£{f) satisfies the equation 

te + a1te~1 + ••• + a£te-£ = 0, 

as desired. • 

In Lemma 5.1.3, we assumed that £ G | i f | and that Sm^n is a G-ring in order to 
make some computations. Under these assumptions we obtained monic polynomials 
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of degree e over Tm^n(e) satisfied by h G Sm,n/I. The coefficients of these polynomials, 
in addition, satisfy certain estimates depending on ||/i||sup. In Lemma 5.1.4 we show 
that the computations of Lemma 5.1.3 are not affected by ground field extensions; 
i.e., they remain valid for e G y/\K \ {0} | and whether or not 5m,n is a G-ring. This 
allows us to transfer the data back to 5m,n by examining the module M of relations 
among he, he~l,..., 1. 

Lemma 5.1.4. — Let I be an ideal of 5m,n and let M be a submodule of {Sm,n/iy. 
Let K' be a complete, valued extension field of K, let E' C (K')° be a complete, 
quasi-Noetherian ring with E' D E (recall, if Char K — p > 0, we assume E' is also 
a DVR), and put 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

I':=I-S'mtn, and 

M> :=M.(S'mJI')c(S'mJI'Y. 

By <p denote the canonical projections 

(S'mJ - » • (S'mJl'Y, and 
ÉS^_1|n(E, A/ÉS^_1| 

Put 

N:=y-X{M), and 
ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n 

and let e € \K'| with 1 > e > a(N'). Put 

T'm+n := K'(tp). 

By 7T denote projection of an l-tuple on the first coordinate. Suppose there is some 

/ e 4 ( м ' ) • {T'm+ni 

w*th \\f\\i'e(r)'T' ^ 1 and n(f) — 1- Then there is some F G M with \\F\\i < 1 and 
7T(F) = 1. 

Proof. — It suffices to show that ir(N) is the unit ideal; indeed, by Lemma 3.1.11, 
it suffices to show that Tr(N') is the unit ideal. Let A(N') be the uniform residue 
module of AT' as in Definition 3.2.4. It suffices to show that 7r(A(iV)) is the unit 
ideal. Denote also by (p the canonical projection 

{ T m + J ^ { T m + J i ' e { I ' ) . T ' m + J É S ^ _ 1 | n 

By Lemma 3.1.4 with n = 0, there is some 

F e <p-\i'e{M') • (Tm+n/i'£(i') -TÉS^) 
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with = ||/||ti(/').T^+n < 1 and TT(F) = 1 + ft for some ft G i'£{I') • Tm+n. Since 
(ft, 0, . . . , 0) G Ker <p, we may assume that 7r(F) = 1. Since 

ÉS^_1|n(E, A/ ÉS^_1|n(E, A/ÉS^_1|n(E, A/ ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

by Lemma 3.2.5, F G A(N'). 

Theorem 5.1.5. — Let I be an ideal of 5m,n- There is an e G N sitcft that each 

ft £ Smin/I with ||ft||sup < 1 satisfies a polynomial equation of the form 

te +ai*e_1 + + ac = 0, 

where ai , . . . ,ae G Sm^n/I and each ||a$||j < 1. Moreover, if \h(x)\ < 1 /or a// 

# G MaxSmjn/I then each v/(a*) < (1,1). 

Proo/. — Write 5m>n := Sm,n(E,K). Let if ' be the completion of the algebraic 
closure of if. If Char i f = 0, let E' := F and if Char i f = p > 0, we use Remark 2.1.4 
to find E' D E as in Proposition 4.2.5 (hi). Hence S'mn := 5m,n(£', i f ' ) is a G-ring 
by Proposition 4.2.3 or Proposition 4.2.5 (hi). Let V := LS'mn. By Proposition 4.1.3, 
ll/llsup < 1> where the supremum is computed in MaxSmn/I'. 

Applying Lemma 5.1.3 to S'mn/If yields an integer e. Put 

M := (oo, . . . ,ae) G (5m,n//)e+1 : 
e 

i=0 

Gift6-* - 0 

M' := ( a o , . . . , a e ) € ( 5 ' // ,)e+1 
e 

¿=0 

â ft6"* = 0 

Afo := { ( ^ o , . - -, ae) G M : a0 = 0}, and 

ML := {(a0, . . . , o e ) € M ' : a o = 0}. 

Choose e G |if'| with 1 > e > 0 and e suitably large, as in Lemma 5.1.3, and put 

L':= (6o , . . . , oe )G (T4+n/4 ( / ' ) - r ;+nr+1 
e 

¿=0 
]bit'(hE-I)=0 

Lf0 : = { ( 6 0 , . . . , 6 C ) € L / : ò o - 0 } 

Since T^+n is isometrically isomorphic to rm?n(e, i f ' ) , by Lemma 4.2.8 (i) and (ii), 
we have: 

M' = M.(S'mtjn 

M'0 = M0- (s'mjr), 

L' = t'JM') • (T'n/c'(I') • T ' ) , and 

4 = 4 ( M ^ ) - ( T ^ + n / 4 ( / ' ) - ^ + n ) . 

Lemma 5.1.3 yields 

6i,...,6e € Tm+n/i'£{I') -T'm+n 
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such that 

MAX(IIMLIA,)-N l+n)1/< = I K W I U P < 1» and 

( i ,6 i , . . . ,6c ) G L ' . 

Lemma 5.1.4 implies that there are ai,...,ae G Sm,n/I such that 

\\ai\\i ^ 1? 1 < ^ < e, and 

( l , a i , . . . , a c ) G M . 

This proves the first assertion. 

Suppose now that \h(x)\ < 1 for all x G Max5m,n/7; then the same inequality 

holds for x G Max5mn// ' by Proposition 4.1.3. Hence ||4(/I)||SUP < 1. Since 

¿¿((1,01, . . . ,ac)) - ( l ,6 i , . . . ,6c ) G L'Q, 

we get 

| | 4 ( (0 , a i , . . . , ac))||Li < ||(0,6x,..., be)\\t,{If).TL+n < 1. 

By Corollary 3.3.4, this yields 

^Mo((0,ai, . . . ,ae)) < (1,1). 

Hence by Lemma 3.1.11(h), 

VM0((0,ai, . . . ,ac)) < (1,1), 

as desired. • 

Remark 5.1.6. — Let / be an ideal of 5m,n and define the seminorm t>sup : Sm,n/I —>• 
x by 

W O :=( | | f t | |8UP ,2-a), 

where 

a := inf{/? G 1+ : 3e0 G V L ^ \ { 0 } | G y/\K\{0}\ with 1 > £ > e0, 

^IWISUP < IKEWLLSUP}. 

In fact a G \ / | i f \ { 0 } | . Indeed if ||/i||sup ^ 0, the function 

€ L—> ||^(ft)||SUP/||/L||SUP 

is a definable function of in the sense of [17] and [23]. By the analytic elimination 

theorem of [23, Corollary 4.3] it follows immediately that a G yJ\K \ { 0 } | and that 

£A|MLSUP = LKE(ft)||SUP for e < 1 but sufficiently large. 

There is an e G N such that each h G Smin/I satisfies a polynomial equation of the 
form 

te +aite-1 + + ae = 0 

where a i , . . . , ae G Sm,n/J and maxi<;<e vi(di)lll < vsup(ft)-
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Definition 5.1.7. — Let I be an ideal of 5m,n. An element / G 5m,n/7 is called 
power-bounded iff the set : l G N } C R is bounded. By b(Sm,n/J) denote the 
set of all power-bounded elements; it is a subring of Sm,n/I. An element / G Sm,n/I 

is called topologically nilpotent iff : £ G N} is a zero sequence. By t(5m,n/J) 
denote the set of topologically nilpotent elements; it is an ideal of b(5m>n/J). An 
element / G 5m?n/7 is called quasi-nilpotent iff for some £ G N, G t + (p)b. By 
q(Sm,n/I) denote the set of quasi-nilpotent elements; it is an ideal of b(Sm,n/I). 

Note that, even in the case n = 0, i.e., the affinoid case, the set £ G N} 
appearing in Definition 5.1.7, while bounded, may not be bounded by 1. The element 
p G 50,1 is quasi-nilpotent, but not topologically nilpotent. 

Corollary 5.1.8. — Let I be an ideal of Sm,n and let f G 5m,n/i~. Then f is power-

bounded if, and only if, H/llsup < 1? / is topologically nilpotent if, and only if, ||/||Sup < 
1, and f is quasi-nilpotent if, and only if, \f(x)\ < 1 for all x G MaxS^n / I . Hence, 

in the notation of Theorem 5.1.5, each aife~l G q(Sm)fl/J). 

Proof. — The 'only i f statements are immediate consequences of Proposition 4.1.2. 

Suppose H/llsup < 1. By Theorem 5.1.5 

(5.1.4) fe = a1fe~1 + . .- + ae 

for some a i , . . . ,ae G 5m?n/7 with each \\ai\\i < 1. Then for every £ G N there are 
6 i , . . . , be G Sm^n/I with each < 1 such that 

/ ^ 6 i / e " 1 + . . . + 6e. 

Thus {\\f% : £ G N} is bounded by max{||/*||j : 0 < i < e - 1}, and / is power-

bounded. 
Suppose in addition that \f(x)\ < 1 for all x G Max5m?n/J. Then by Theo

rem 5.1.5, in (5.1.4) we may take each vi(a() < (1,1). By Theorem 3.1.3 each 
&i G t(5m,n//)-h(p)b(5m,n//). To conclude the proof note that since each ||11sup < 1, 
each /* G b(Sm,„/J). Hence each a*/6-* G q(Sm,„/J). • 

Remark 5.1.9. — The result of Corollary 5.1.8 is much easier to prove if one makes 
the strong additional assumption that ||/||7 < 1. In particular: 

Lemma. — Let I be an ideal of 5m,n. There is an £ € N such that for all f G 5m,n 
with ll/H < 1 and \f(x)\ < 1 for all x G Max£m?n/J, we have: 

(i) for all e G \K\ with l>e> a{I), IK(/0lL;(/).Tm+n < 1, and 

(ii) * , ( / < ) < (1,1). 

Proof 

(i) Let A(J) C Tm+n be the uniform residue ideal of / . Let 9t:— 9t(A(/)) C Tm+n 

be the nilradical of A(J). Then there is some £ G N such that 91* C A(J). By 

~ : T^+n -)> Tm+n denote the canonical residue epimorphism. It suffices to show that 
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ie(f)GN. Fix e G \K\ with 1 > e > a (I), and by F denote the image of i'e(f) in 
Tm+nlL'£(I) • Tm+n; then ||F||8up < 1. By [6, Proposition 6.2.3.2], F is topologically 
nilpotent; i.e., limr_>oo H4(/)rILi(/)-Tm+n = 0. Hence i'e(f)~ G <tt. 

(ii) By Proposition 4.1.3 and Lemma 3.1.11 (ii) we may assume that \K| is not 
discrete. Let £ be as in part (i) and put F fl. If o(F) > 0 or ||F|| < 1, we are 
done. Therefore, assume that = 1 and o(F) — 0. Let { # i , . . . , # r } C I be a 
v-strict generating system with ||#i|| = • • • = \\gr\\ = 1, and let e G \K\ satisfy 1 > e > 
maxi<i<r orfa). Since o(F) = 0, it follows that \\i'e(F)\\ = 1 and d(i'£(F)) = 0. By the 
choice of I, ||4(F)||^(/).Tm+n < 1. So by Claim A of the proof of Theorem 3.3.1, there 
are polynomials hu ..., hr G K° [£] such that \\t£(F) - £?=1 hi£~°{9i) i'£(gi)\\ < 1, and 
such that hi = 0 for all i with o ( ^ ) > 0. This implies that v(F - Y,l=i h%9i) < (1,1); 
i.e., v 7 ( F ) < ( l , l ) . • 

Corollary 5.1.10. — Let I be an ideal of 5m,n and let f G Sm,n/I. Then 

||/||sup = i n f | | / ' | | f = lim \\f%'1. 

In particular if (p : Sm,n/I - » 5m/,n//// is a K-algebra homomorphism which is an 

isometry with respect to \\-\\i and || • ||/', then (p is an isometry with respect to || • ||sup. 

Proof. — The last equality is given in [6, Section 1.3.2]. We prove the first equality. 
Let m G Max^ 5m,n/7. By Proposition 4.1.2 

l /(m)| < \\f%'\ 

for I € N. Hence ||/||sup < inf/6N Suppose that ||/||sup < inf*6N | | / ' | | ^ . 
Then for some N eN, a £ K and all £ 6 N 

l l / N | U < H < \\fN%/m, 

since ^/\K\ is dense in K+. Put F := ±fN. Then for alH e N 

||F||SUP < 1 < \\FeW1/'. 

This contradicts Corollary 5.1.8 since F is not topologically nilpotent though ||F||SUp < 
1. • 

Corollary 5.1.11. — Let f G Sm,n/F Then ||/||sup G y/\K\. 

Proof. — If m = 0, the result follows from Noether normalization for quotients of 

So,n (Remark 2.3.6) and [6, Proposition 3.8.1.7]. We reduce to this case. 

By Theorem 3.4.6, there are ra',n' G N, an ideal J of 5m/,n/ and a if-algebra 

homomorphism 

V : Sm,n/I ^ S m' ,n' / J 
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such that (i) (p is an isometry with respect to || • ||/ and || • | | j , and (ii) Sm^n'/J is a 
finite 5o,d-algebra for some d G N. By (i) and Corollary 5.1.10, <p is an isometry in 
II * 11 sup- Now (ii) permits us to reduce to the case above. • 

5.2. Continuity and Extension of Homomorphisms. — In this subsection we 
prove that if-algebra homomorphisms between quasi-affinoid algebras are continuous, 
i.e., bounded (Theorem 5.2.3). It follows that all residue norms on a quasi-affinoid 
algebra are equivalent (Corollary 5.2.4). We also prove an Extension Lemma (Theo
rem 5.2.6) for quasi-affinoid maps. 

Depending on the choice of E, 5m>n may not be complete in ||-|| (see Theorem 2.1.3). 
Hence the results of this subsection do not follow from [6, Theorem 3.7.5.1]. Never
theless 5^?n is the direct limit of rings B ( 0 [ p ] tnat are complete both in || • || and 
(p)-adically. Furthermore (Corollary 2.2.6 and Theorem 2.3.2) the operations of fac
toring 5m,n by an ideal and Weierstrass Division respect the decomposition of Sm,n 
as the direct limit of the B{£)\p\. 

We first establish the continuity of if-algebra homomorphisms from quasi-affinoid 
algebras to affinoid algebras. 

Lemma5.2.1. — Let <p : Sm,n/I —> Sm>,o/J =: A be a K-algebra homomorphism. 
Then if is continuous with respect to || • ||j and || • \\j, and is uniquely determined by 
its values on & + I and pj +1, i = 1,. • . , m; j = 1,..., n. 

Proof of Continuity. — It is sufficient to consider the case i" = (0). Since <p is a 
if-algebra homomorphism it follows from [6, Propositions 6.2.3.1 and 6.2.3.2] that 
the (p(£i) are power-bounded and the (f(pj) are topologically nilpotent (i.e., the set 
II^(&)*1IJ is bounded and for each j , ||<p(pj)*||j -> 0 as k -> oo). Therefore we may 
put 

M := max{||^(£V0l|j : P € W1 ,v G P T } . 

Claim (A). — Let M' e K, B G 03. If 

Mf)\\j<M'\\f\\ 

for all f G B(OH? then in fac^ 

Mf)h < M I I / I I ' 

for allf€B{0\pl 

Choose a € N so that for \v\ = a we have HVK/OLU < A f / M ' . Let / e B{£)\p] 
and write 

f = p(Z,p) + №,p)+ £ pVif<&p) 
Wi\=<* 
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where the p, /0, fi G B(Ç)\p\ satisfy 

• p is a polynomial and ||p|| < | | / | | , 

• ll/oll < ( # ) 11/11, and 

• ||/i|| < H/H for all t. 

(In other words choose a polynomial p such that f -p£ (Bi + (p)a)B{£)[/>] for some 
* with \Bi\ C [0 ,M/M'] . ) Then 

<p(f)=Pi<p(OMp)) + <p(fo) + 
ÉS^_1|n(E, A/ 

ÉS^_1|n(E, A/ÉS^_1|n(E 

and 

Mf)h < max M I I P I I . M ' H / O I I , 
M_ 

M'WUW 

< M\\f\\. 

Claim A is proved. 

By Proposition 2.1.5 there is a complete, discretely valued subfîeld F C K such 
that 

ÉS^_1|n(E, lim 
F°cBe(B 

F®FOB(01PI 

Once we prove that each map 

<p\Fê„oBU)i0i: FêFoB(Olpl A 

of F-Banach Algebras is bounded, it will follow from Claim A that <p : 5m,n —> A is 
also bounded. It remains to prove 

Claim (B). — The restriction ^IF§F0B<C>IP] : F®F°B{£)\p\ -> A is bounded. 

Since it is affinoid, A is certainly also an F-Banach Algebra. By the Closed Graph 
Theorem ([6, Section 2.8.1] or [7]) it is thus sufficient to prove that if the vn G 
F®F°B(€)[pl satisfy \imvn = 0 and limcp(vn) = w G A, then w = 0. We follow the 
proof of [6, Proposition 3.7.5.1]. Let b = for some maximal ideal m G Max A and 
TV G N. Let a = <£-1(b) C 5m,n- Consider the commutative diagram 

^$ ^$^$^$ 
A 

7T $^$^$ ß 

Sm,nl Û 
*=** A /b 

where 7r and /? are the canonical projections, <p is the induced map and i/; is ipon. Note 

that 7T and /3 are contractions, and that Tp is continuous since by Proposition 4.2.1, 
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Smyn/& and A/b are finite dimensional if-algebras. Hence ip is continuous and (3(w) = 

0. Since this is true for all m G Max A and all N G N, by the Krull Intersection 
Theorem, w = 0. (Suppose w G for all m G Max A, and let J be the ideal of all 
x G A such that .rw = 0. Fix m G Max A. By the Krull Intersection Theorem [25, 
Theorem 8.10(i)], the image of w in the localization Am is zero. Thus, J (£ m. Since 
this holds for all m G Max A, J = (1); i.e., w = 0.) This proves Claim B and hence <p 

is continuous. 

Proof of Uniqueness. — This follows directly from Claim A: suppose <p and i\) agree 

on the & + 1 and /fy + I. Put $ := cp — ip. Now apply Claim A, with M = 0, to • 

Next we show that there are continuous if-algebra homomorphisms 

Sm,n ^ Sm',n'/I 

sending the & (respectively pj) to any specified power-bounded (respectively quasi-

nilpotent) elements of Sm>,n>/I'. 

Lemma5.2.2. — Let fi G Sm>,n'II', i = l , . . . ,ra, be power-bounded and let g3 G 

Sm',n'/I't j — 1? • • • ->ni be quasi-nilpotent. There is a K-algebra homomorphism, 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

continuous in || • || and || • \\p, such that = fi and <p(pj) = g3- for i = 1 , . . . ,ra; 
j=ÉS^_1|n(E,A/ 

Proof. — Since the are power-bounded, by Theorem 5.1.5, there are ai3 G Sm^n> //', 

1 < i < m, 1 < j < e, with each ||a^||/' < 1 such that 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 1 < i < m. 

Similarly, there are bij G Sm',n'/I\ 1 < * < w> 1 < j < with each vr(bi3) < (1,1) 
such that 

0* + ftti^r1 + * • • + bie = 0, 1 < i < n. 

By Theorem 3.1.3, there are Ai3, Bi3 G Sm',n' such that v(Ai3) = vr(ai3), v(Bi3) = 
vi> (hj), ai3 = Ai3 + i", and bi3 = Bi3 + / . Put 

Pi(Zm'+i) := Em' +1 i + AilEem-1+i+ • • • + Afe, t = 1,..., ro, 

Qi(Pn'+<) := Pn'+i + BHp€n~li + ' ' ' + ^ e , Z = 1, . . . ,71. 

Note that each i^ is regular in £m'+* of degree e and each is regular in pn'-H 

of degree e. Let Vo • Sm,n <~~^ Sm'+m,n'+n be the inclusion defined by ^ £m'-M> 
Pj Pw+j, i = 1,... ,ra; j = 1,... ,n. By Weierstrass Division (Theorem 2.3.2) there 
is a unique if-algebra homomorphism 

Sm'+m,ri+n * Sm'^n' [£m'+i5 . . . , ^m'+rm Pri+1 ? • • • > Pn'+n]/(P? Q) 
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with Ker^i = (-P, Q) - <Sm'+n,n/+n. Furthermore, by Weierstrass Division, ip is con
tinuous and the range of ifti is a Cartesian Sm',n'-module (see [6, Definition 5.2.7.3]). 
Let 

^2 • Sm'in>[Çm>+i, . . . , £m'+m, Pn'+l, • • • ? Pn'+n]/(-P? Q) > Sm^n'/I' 

be the unique if-algebra homomorphism that sends Sm',n> 3 / » - » / + J', £m'+* fi 
and pn,+J- gj, i — 1,..., m, j = 1,..., n. 

Since is an isometry in || • ||, ipi is a contraction and 

Sm',n' [£m'+l> • . • ,(m'+m5pn'+b • • • > Pn'+n]/(^ <9) 

is a Cartesian 5m',n'-module, ip2 is continuous. Take </? := ip2 ° ° ^o-

Theorem 5.2.3. — Le£ ip : Smin/I —>• 5m/jn///' 6e a K-algebra homomorphism. Then 

(p is continuous with respect to || • ||j and || • ||//, and ¿5 uniquely determined by the 

values (p(£i + J), <p(pj + / ) , i = 1,... ,ra; j = 1,... ,n. 

Proof. — It is sufficient to take / = (0). Let (p' : Sm,n 5m',n'/^' be the continuous 
if-algebra homomorphism provided by Lemma 5.2.2 with <p'(€i) = <p(£i) and <p'(Pj) — 
<p(pj), i — 1,..., m; j = 1,..., n. By Corollary 3.3.2, there is an £ E y/\K \ { 0 } | such 
that 

Sm' ,n' 11 ^ Tmi ni 
' Tmi ?n' 

is an inclusion. By Lemma 5.2.1, ie o tp = ie o Since £e is an inclusion (p = and 

thus (p is continuous. • 

In general a quasi-affinoid algebra has many representations as a quotient of an 
5m,n. The residue norms corresponding to different representations may be different. 
However all these norms are equivalent, i.e., they induce the same topology. 

Corollary 5.2.4. — If 
Sm,n/I — Sm',ri/I' as i f -algebras then the two norms \\ • ||j 

and || • ||// are equivalent; i.e., they induce the same topology. 
Remark5.2.5. — Let c G if00. The (c) + (p)-adic topology on Smn induces a 

topology on Sm n and on any quotient. A if-algebra homomorphism 
ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

is also continuous with respect to such topologies. In other words, if / = ^ pv G 

Smni then by the above arguments, Yla^(P(OfJ,(P(p)1/ converges to <p(f). 

Theorem 5.2.6 (Extension Lemma, cf. Remark 5.2.8). — Let cp : 5m,n/7 -> Sm>,n'/1' 

be a i f -algebra homomorphism, let / i , . . . , / M £ Sm'^n'/I1 be power-bounded and let 

9I,- — ,9N € Sm'^n'/I' be quasi-nilpotent. Then there is a unique if-algebra homo

morphism 

: SM+M,n+N 11 ' Sm+M,n+N > Sm',ri/I' 
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such that ip(£m+i) = fi, 1 < i < M, ip(pj) — g3, 1 < j < N, and the following 
diagram commutes: 

Sm,n/I 
^$ ÉS^_1|n(E, A^ 

^$^$ 

Sm+M,n+N 11 ' Sm+M,n+N 

Proof — By Lemma 5.2.2 there is a if-algebra homomorphism 

: Sm+M,n+N Sm',ri/1' 

such that 

^ ' ( 6 ) = + / ) , i = l , . . . ,m , 
ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

^ M + < ) = /I)ÉS^_1|n(E, A/^ i = l , . . . , M , 
^'(Pm+j) =9j, j = l,...,N. 

By Theorem 5.2.3, 

where 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

71" • ̂ m,n ^ Sm,n/1 

is the canonical projection. Hence / C Ker?// and ip* gives rise to a if-algebra 
homomorphism 

^ • Sm+M,n+N 11 * Sm+M,n+N > Sm'iri/I'* 

That ip\sm n/i — <P an(l that ^ is unique follow immediately from Theorem 5.2.3. • 

For notational convenience we make the following definition: 

Definition 5.2.7. — Fix the pair (E,K) and let A be a quasi-affinoid algebra, say 
A = Sm> ni(E,K)II. We define 

ÉS^_1|n•)'•'"> £ra) [pi •)'''! Pra]s •— Sm'+m,nf+n/1 * Sm'+m,nf+n 

where we regard 

Sm',n' - K(r]i, . . . ,r/m/)[ri, . . . ,Tn/]s 

and 

Sm'+m,ri+n — K(Vli- • ' ) V ) ( b • • • >fm)[Tlj • • • ,Tn',pi, . . . ,pn]Ä. 

By the Extension Lemma, Theorem 5.2.6, A(£i, . . . ,fm)[pi> • • • >Pn]s is independent 
of the presentation of A. 
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We will show that that 

A<Ç)\p].cA[t,p] 

via the if-algebra homomorphism 

V : Sm'+m,n'+n ->• : 
ÉS^_1|n(E, A/ ÉS^_1|n(E, A/ 

Indeed, it suffices to verify 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

Let / = Y^fuv^P" ^ Ker<£>; without loss of generality | | / | | = 1. Hence / G 
BfaOlTip] for some B £ ®- By Lemma 3.1.6, there are s G N, J5 C £' G 95 
and hpy G -B'(r7,£)[[T, p] such that 

/ = 
|/i|+IH<* 

ÉS^_1|n(E, A/ 

Since each G / , it follows that / G I • 5m'+m,n/+n, as desired. 

Let -0 : 5m/,n/ A[£,p] be the composition of with the obvious inclusion 

Sm',n' S r o ' + m ) n ' + n ' Since Ker^ = J, it follows that 

A - » • ¿ < 0 M . 

is injective. 

Remark 5.2.8. — Here we rephrase the Extension Lemma (Theorem 5.2.6) in terms 
of the notation introduced in Definition 5.2.7. 

Let (p : A -> B be a if-algebra homomorphism of quasi-affinoid algebras A and B. 
Suppose / i , . . . , fm G B are power-bounded and # i , . . . ,gn G B are quasi-nilpotent. 
Then there is a unique if-algebra homomorphism ip : A(^)[p}s —>> B such that — 
/i and ip(pj) = gj, 1 < i < m, 1 < j < n, and the following diagram commutes: 

A 
^$^$ 

» B 

ÉS^_1| 

A(OÌPÌs 

In particular, it follows that there are ra,n G N and a surjection of A-algebras 

4 ( f l , . . . , f m ) [ p l , . . . , P n ] * 

and hence for some ideal I , 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 
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5.3. Quasi-Rational Domains. — By analogy with [6, Section 6.1.4], we de
fine generalized rings of fractions in the quasi-affinoid setting. This leads, in Defini
tion 5.3.3, to the construction of quasi-rational domains and, by iterating, Ä-domains. 
Example 5.3.7 shows that i^-domains are more general than quasi-rational domains, 
in contrast to the affinoid case. Nevertheless the Extension Lemma (Theorem 5.2.6) 
shows that generalized rings of fractions are well-defined and that the association of a 
generalized ring of fractions with a quasi-rational domain provides it with a canonical 
ring of quasi-affinoid functions. Thus quasi-rational subdomains (and by iteration, 
jR-subdomains) are examples of quasi-affinoid subdomains (the formal generalization 
to the quasi-affinoid category of the notion of affinoid subdomains). This provides a 
foundation for a theory of quasi-affinoid varieties (see [22]). We end this subsection 
proving in Proposition 5.3.8 that a quasi-affinoid algebra is affinoid if, and only if, it 
satisfies the Maximum Modulus Principle. 

Definition 5.3.1. — Let A be a quasi-affinoid algebra, say A = 5m,n/J, and let 
/1, • • •, / M ; Pi? • • • ,9N] h e A. Define the generalized ring of fractions A(f /h)\g/K\s 

to be the quotient ring 

A(h)[[h]]s:=Sm+M'n+N/J> 

where J is the ideal of Sm+M,n+;v generated by the elements of I and the elements 

HU+i-Fu Hpn+j-Gj, l < i < M , l < j < J V , 

where the F», G3, H G Sm,n satisfy = F< + / , gj=Gj+I,h = H + I,l<i< Af, 
1 < j < N. By Theorem 5.2.6 any isomorphism 5m,n/J —> Sm>,n>/1' extends to an 
isomorphism SM+M,n+N /1' SM+M,n+N -> SM>+M,n'+N/I'-Sm'+M,n'+N sending £m+i 
to £m'+i and pn+j to Pn'+j- It follows that A ( { ) [ | ] s is well-defined. 

Let f,g,h be as in Definition 5.3.1. In general, M a x A ( ^ ) [ | ] s is neither open in 
M&KA nor does it satisfy the Universal Property of [6, Section 7.2.2] (see Defini
tion 5.3.4 below). With the additional restriction that / , g, h generate the unit ideal 
of A (see Definition 5.3.3, below) the following Universal Property is satisfied. 

Proposition5.3.2. — Let A be a quasi-affinoid algebra, let / I , . . . , / M / #i>--.,<Mr; 
h G A, and put 

h) [ [ f t ] ] / 
A' :=A 

Suppose i\) : A —>• B is a K-algebra homomorphism into a K-quasi-affinoid algebra B 

such that 

(i) \j)(h) is a unit, 

(ii) il>(fi)/il>(h) is power-bounded, 1 < i < M, and 

(iii) rl)(gj)/il)(h) is quasi-nilpotent, 1 < j < N. 
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Then there is a unique K-algebra homomorphism ipr : A! -> B such that 

A' 

A 
$^$ 

^$^$ 

B 

commutes. In particular, if {f,g,h} generates the unit ideal of A and if Max B C 
Max A' (as subsets of Max A) then by Corollary 5.1.8 and the Nullstellensatz, Theo
rem J^.l.l, conditions (i), (ii) and (Hi) are all satisfied. 

Proof. — Immediate from Theorem 5.2.6. • 

Definition 5.3.3. — Let A be a quasi-affinoid algebra and put X := Max A. A quasi-
rational subdomain of X is a subset U C X of the form 

C/ = Max A 
^1 
1 

9_ 
h 451 

where A , . . . , / M ; 9I,-">9N; h G A generate the unit ideal. The class of R-sub-
domains of X is defined inductively as follows. Any quasi-rational subdomain of X 
is an i?-subdomain of X. If U C X is an i?-subdomain of X and if V C U is a 
quasi-rational subdomain of U, then V C X is an #-subdomain of X. 

Suppose U = Max(A(£)[ |Js) is a quasi-rational subdomain of X — Max A. Then 

U = {xeX:\fi(x)\<\h(x)\, \9j(x)\<\h(x)\, l<i<M, l<j<N}. 

To see this, write A = Sm,n/I and A ( ^ ) [ | ] s = SM+M,n+N/J, where J is generated 
by the elements of I together with the elements of the form 

HU+i-Fu Hpn+3-Gj, l < i < M , l < j < i V , 

where the G3, H G 5m,n satisfy fi = Fi + J, g3 = G3, h = H + I , \ < i < 

M , 1 < j < N. The elements of U correspond naturally to the maximal ideals of 
Sm+M,n+N that contain J. Let x be such a maximal ideal. By the Nullstellensatz 
(Theorem 4.1.1), 

\tm+i(x)\ < 1 and \pn+3(x)\ < 1. 

The description of U above then follows immediately from h(x)^m+i(x) — fi(x) = 0 
and h(x)pn+3(x) — g3{x) — 0 and from the fact that h(x) ^ 0. The fact that h(x) / 0 
for all x G U also guarantees that U is an open and closed subset of X when X is 
endowed with the canonical (metric) topology (see [6, Section 7.2.1]). 

As in the affinoid case, one easily proves (cf. [6, Proposition 7.2.3.7]) that the 
intersection of quasi-rational domains is a quasi-rational domain. In contrast to the 
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affinoid case, the complement of a quasi-rational domain is a finite union of quasi-
rational domains. To see this, consider the quasi-rational domain 

U = Max A 7 

A .h 

where the f,g, h generate the unit ideal of A. Note that h is a unit of A( 
Choose 1/c G K with 

1 

c 
> 

¡1 

h 
I sup 

; i.e., 

\c\ < \h(x)\, for all x G U. 

Then 

U = {xe MaxA: \fi(x)\ < \h(x)\, \9j(x)\ < \h(x)\, 

\c\<\h(x)l l<i<M, l<j<N}. 
Hence 

MaxA\U = {x G Max A : \h(x)\ < \c\} U 

i 
\{x G Max A: \h(x)\ <\fi(x)\, \c\ <\fi(x)\} U 

j 

\{x G Max A : \h(x)\ < \9j(x)\, \c\ < \gj(x)\}. 

By induction, a finite intersection of i?-domains is an i?-domain and the complement 

of an .R-domain is a finite union of .R-domains. 

Definition 5.3.4. — Let A and B be if-quasi-affinoid algebras. A K-quasi-affinoid 

map 

(*,</?) : (Max B, B) -> (Max A, A) 

is a map $ : Max B - » Max A induced by a if-algebra homomorphism <p : A ^ B 

via the Nullstellensatz, Theorem 4.1.1. Let U be a subset of Max A. Following 
[6, Section 7.2.2], and suppressing mention of <p, we say that a quasi-affinoid map 
$ : Max A' -> Max A represents all quasi-affinoid maps into U if $(Max A') C U and 
if, for any quasi-affinoid map # : Maxi? - » Max A with \I>(Max£?) C £/, there exists 
a unique quasi-affinoid map \P' : Max B ->> Max A' such that \P = $ o i.e., such 
that 

Max A' 

$^*$=** 

MaxB 
$^m$ 

Max A 

$^ù 
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commutes. A subset U C Max A is called a quasi-affinoid subdomain of Max A if 
there exists a quasi-affinoid map <p : Max A' - » Max A representing all quasi-affinoid 
maps into U. 

As in [6, Section 7.2.2], the above universal property has useful formal consequences 
which are proved in Proposition 5.3.6. In addition it allows us to associate to every 
quasi-affinoid subdomain U of Max A a canonical A-algebra of quasi-affinoid functions 
0(U). Indeed if $ : Max A' - » Max A represents all quasi-affinoid maps into U, then 
0(U) := A'. Reversing the arrows in Proposition 5.3.2 yields many examples of 
quasi-affinoid subdomains. 

Theorem 5.3.5. — Let A be a quasi-affinoid algebra and let U C Max A be a quasi-
rational subdomain, U = M a x A ( ^ ) [ ^ ] s , where the f,g,h generate the unit ideal of 
A. The inclusion 

Max A L 
ht .h. *$== 

-> Max A 

represents all quasi-affinoid maps into U. Thus every R-subdomain is a quasi-affinoid 
subdomain. 

To every iZ-subdomain U of Max A, we have thus associated the canonical A-

algebra of quasi-affinoid functions 0(U) such that MaxO(U) —>• Max A represents 
all quasi-affinoid maps into U. In particular, if U C Max A is the quasi-rational 
subdomain defined by 

U = {x G Max A : \fi(x)\ < |ft(a?)|, \gj(x)\ < \h(x)\, 1 < i < M , 1 < j < N}, 

where { / , g, h} generates the unit ideal of A, then 0(U) = A(^){^}s is independent of 
the above presentation. In other words, if U C Max A is a quasi-rational subdomain, 
/',(/, h' G 0(U) have no common zero and 

\f'(x)\ < \h'(x)\, \g'(x)\ < \h'(x)\ 

for all x G U, then 

0(U) = 0(U) r 
h' h'm 

By induction, the same holds for iî-subdomains of Max A. This fact is a key step 

in developing a natural theory of quasi-affinoid varieties, as will be seen in [22]. A 

special case of this result was proved in [18, Theorem 3.6]. The proof of the main 

result of [18] can be simplified considerably using Theorem 5.3.5. 

Proposition 5.3.6 (cf. [6, Proposition 7.2.2.1]). — Let A be a quasi-affinoid algebra, let 

U C Max A and suppose ($,<£>) : (Max A', A') - » (Max A, A) is a quasi-affinoid map 

representing all quasi-affinoid maps into U. Then 

(i) $ is injective and satisfies $(Max A') = U; 
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(ii) for x e Max A' and n € N, the map (p : A - » A' induces an isomorphism 

A/$(x)n -> A'/xn; 

(iii) for x e Max A', x = </?($(#)) * A!. 

Proof. — Let y e U and consider the commutative diagram 

A A A' 

7T ghhh TT' 

A/y" 
*$$= 

A'/<p(yn).A' 

where IT and TT' denote the canonical projections and ip is induced by (p. Since $ 
represents all affinoid maps into £/, there exists a unique homomorphism a : A' -> 

A/yn making the upper triangle commute. 
Thus both maps 7r' and ip o a make 

A'/<p(vn)-A' 

ìp O 7T 

A 
$^$ 

A' 

commute. Due to the universal property of <p, they must be equal; i.e., the lower 

triangle in the above diagram commutes. 
Since 7r; is surjective, so is ip. Furthermore, a is surjective because 7r is. Since the 

upper triangle commutes, Ker7r' = (p(yn • A1) C Kercr. Hence ip must be bijective. 
Taking n = 1, we see that (p(y) • A' must be a maximal ideal of A'. Thus $~l(y) 
consists precisely of one element, (p(y) • A1. This proves (i) and (iii). Moreover (ii) 
must hold because xn — yn • A' where y = $(#) , and because ip is bijective. • 

Example 5.3.7. — In the affinoid case, a rational subdomain V of a rational subdo

main U of an affinoid variety X is itself a rational subdomain of X (see [6, Section 

7.2.4]). This transitivity property is not in general true in the quasi-affinoid case. 

First note that the quasi-rational subdomains U of the affinoid variety Max5m,o 

are all of the form 

U = Max 5m,0 
7 
h 

pm 
^$ 

where / I , . . . , / M > 9I, • • • ><?;v, h are polynomials. That is because h is a unit of 
Sm,o(h)lfi}s (recall that the ideal generated by f,g and h contains 1). 
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Let K — Cp, the completion of the algebraic closure of the p-adic field Qp. Note 
that K and K0jaK° are countably infinite for every a G i f 0 0 \ { 0 } . Let E C i f ° be 
a DVR such that E = K, and put Sm,n := 5 m , n ( £ , , i f ) . 

We will show that every quasi-rational subdomain of Max52,o has a property (see 
lemma below) that is not possessed by the set 

^ = { ( f , p ) € M a x 5 M : | f - / ( p ) | < e } , 

for a suitable choice of / G Sb,i and e G \K\ \ { 0 } . The failure of the transitivity 
property for quasi-rational subdomains follows, since U is a quasi-rational subdomain 
of M a x 5 i , i , which is a quasi-rational subdomain of MaxS2,o- By 

7R : MaxS 2,o - » M a x 5 i , 0 

denote the map induced by the obvious inclusion 5i,o -> •S,2,o-

Lemma. — Le£ t/ C Max £2,0 be a quasi-rational subdomain such that 7r(U) contains 
an annulus of the form 

(5.3.1) {x G Max Si , 0 : S < \x\ < 1}, 0 < 6 < 1. 

TTien there is a polynomial P G i f [£1,^2] \ { 0 } such that 

n(U H{xe Max 5 2,o: P(x) = 0} ) 

contains a set of form (5.3.1). 

Proof. — The set U is definable in the language of valued fields with constants in K. 
The statement that n(U) contains a set of form (5.3.1) is true over any (algebraically 
closed) valued field extending K because the theory of algebraically closed valued 
fields is model complete [40]. 

In particular, it is true over the algebraic closure F of the field K(£1), where the 
valuation | • | on F extends that on K C F and 

I 4 < M < I 

for all n G N. Hence there is a b G F such that (£1, b) G U. Let P ( f 1, f 2 ) G K[£1, f 2 ] C 
^[£2] be any nonzero polynomial that vanishes at b. 

If 

TT(U n{xe MaxS2,o : P{x) = 0} ) 

does not contain a set of form (5.3.1), then by the Quantifier Elimination Theorem 

for the theory of algebraically closed valued fields [40], 

7R([/n {x G MaxS2,o : P(x) = 0} ) C {x G M a x 5 i , 0 : \x\ < 6} 

for some S G \K\, S < 1. But this is not true over F, contradicting the fact that, by 

model completeness, K is an elementary submodel of F. • 
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The following construction completes the example. For every e G \K \ { 0 } | , e < 1, 

there is an / G 50,i such that for every P G if[£i>6] \ {0}> 

TT ({(£,p) G Max5i,i : P&p) = 0 and |£ - / (p ) | < e } ) 

contains no set of form (5.3.1). 
Let Pi be an enumeration of polynomials in K° [^1,^2] such that for every P G 

if°[£i,£2] there are infinitely many i G N with \\P — Pi\\ < e. We inductively define 
sequences { n j C N, {pi} C if00 and { a j C # such that Ui -» 00 and |p*| -> 1. 
Suppose ao, . . . , al-1 ; no • • • » ^ - 1 ; Po? • • • > P^-i have been chosen and put 

ÉS^_1|n 
£-1 

¿=0 
dipni 

Choose rt£ > ne-i such that \p™£\ < e for all i < L Choose pi G K°° such that 
\pntl I > e. Suppose 6 1 , . . . , br are all the roots of Pt(%2,pt) = 0. Choose at G E such 
that 

t 

\i=0 
Q>ipni — bj > e 

for j = l , . . . , r . 
Put 

ÉS^_1|n(E, 
t>0 

ÉS^_1|n(E, 

and let P 6 tf0[£i,6s] \ { 0 } . There are infinitely many i e N such that \\P - Pi\\ < e, 

and 

Pi ^ {(E ,P) GMax5i,i: P(Ç,p) = Oand ! £ - / ( p ) | < £ } ) 

for each such i. 

We include the next propositions for completeness. Proposition 5.3.8 gives con
ditions under which a quasi-affinoid algebra is actually affinoid (i.e., is a quotient of 
an Sm,o). Proposition 5.3.9 gives conditions under which a quasi-affinoid algebra is a 
quotient of an So,n-

Proposition 5.3.8. — Let A == Sm,n/I be a quasi-affinoid algebra. The following are 

equivalent: 

(i) A is an affinoid algebra, 

(ii) A satisfies the Maximum Modulus Principle 

(iii) ||pt||sup is attained for all 1 <i <n, 

(iv) llA'llsup < 1 for all 1 < i < n. 
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Proof 

( i )^-( i i ) , (ii)=>(iii) and (iii)=>(iv) are immediate from [6, Proposition 6.2.1.4], and 

the Nullstellensatz, Theorem 4.1.1. To see that (iv)=>(i) observe that if 

INIsup < e < 1 for all 1 < i < n 

and e G y/\K\{0}\, say er = |c|, c G K°°, then by Theorem 5.3.5 

A Pi Pn , . . . , 
< c c 

= A 

and 

^$$ , . . . , ^ p ^ p 
c c I 

^$^$ùù (Sm,n/I) 'ei ek 
, . . . , 

\ c c 
— Sm,n ei e£ 

, . . . , 
c c t 

$^ù$^ù^$ Pi PV 
, . . . , 

C C j 
By the Weierstrass Division Theorem, Theorem 2.3.2, Sm?n(pï/c,..., prn/c) is affinoid. 

Proposition 5.3.9. — Assume that K is algebraically closed and let A = Sm?n/7 be a 

quasi-affinoid algebra. The following are equivalent: 

(i) A ~ So,*/ J for some £, J. 
(ii) For every f G A, each set 

{x G Max A : \f(x)\ = ||/||sup} , 

{x G Max A : \f(x)\ < ||/||sup} , 

is Zariski-closed; hence is a union of Zariski-connected components of Max A. 

(iii) Let 7T : Sm,n —> Sm,n/I = A be the canonical projection and let N be the number 

of Zariski-connected components of Max A. Then there are Cij G K°, 1 < i < m, 

1 < j < N, such that each 

N 

$^^$m 
, W 6 ) - C » j ) 

¿5 quasi-nilpotent. (In other words, as a subset of Max Sm,n, Max A is con-

tained in a finite union of open unit polydiscs, namely, those with centers 

( c^ j , . . . , cmj) x 0.) 

Proof 

(i)=^(ii). Let p be a minimal prime ideal of A. By Remark 2.3.6, there is a finite, 

torsion-free monomorphism 

(p : S0)d -> A/p. 
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Let / G A and let q(f) be the integral equation of minimal degree for / over S0,d, 

where 

q = Xs + hX8-1 + . . . + &,e S0,d[X]> 

as in [6, Proposition 3.8.1.7]. Following the argument of [6, Proposition 3.8.1.7], for 

every y G MaxS0.d, 

ll/yllsup — max 
<p(v)Cx 
rGMax A 

f(x)\ = max \h{y)\ll\ 
1<1<S 

and 

| | / | U P = max M i ß , 

where /y is the residue class of / in the quotient of A/ip(y) • A by its nilradical. Since 

each bi G Sod, either 

(5.3.2) \bi(y)\ < I N U p = I M I 

for all y € Max5o,d, or 

(5.3.3) \bi(y)\ = I N U p = I N I 

for all y G MaxS0,d- If (5.3.2) holds for every i such that 

INI1/' = ll/llsup, 

then | / ( x ) | < ||/||sup f°r 1̂1 # £ Max A/p. Otherwise, there is some ¿0 such that 

IIM1/i0 = ll/ILp and \bio(y)\ = \\bio\\ 

for all y G Max5o,d- In this case, \f(x)\ = ||/||Sup for all x G MaxA/p. This shows 
that each set 

{x G Max A/p: \f(x)\ = ||/||sup}, 

{x G Max A/p: \ f{x)\ < ||/||Sup}, 

is Zariski-closed. Taking the union over the finitely many minimal prime ideals of A, 

(ii) follows. 
(ii)=^(iii). Let X i , . . . ,XN be the Zariski-connected components of Max A, choose 

Xj G Xj, 1 < j < iV, and put 

cij :— £i(xj)-

Part (iii) follows by applying part (ii) to each & — . 

( i i i ) ^ ( i ) . Put 

9i := 

AT 

$^$^$ 
(£» c%j ) ; 
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then by the Extension Lemma, Theorem 5.2.6, there is a if-algebra homomorphism 
ip : So,m+n ~* A such that 

^(pi) — n(pi), 1 < i < n, and 
ip(pn+i) = TT(^), 1 < i < m. 

It follows from the Weierstrass Division Theorem, Theorem 2.3.2, that ip is finite. 
Thus, after a homothety, part (i) follows. • 

5.4. Tensor Products. — In this subsection we prove that tensor products exist in 
the category of quasi-affinoid algebras with if-algebra homomorphisms. These results 
will be needed in [22] when we discuss fiber products of quasi-affinoid varieties. 

Lemma 5.4.1 

(i) / / A is a quasi-affinoid algebra and <p : A - » B is a finite K-algebra homomor
phism, then B is quasi-affinoid. 

(ii) / / A and B are quasi-affinoid algebras then so is the ring-theoretic direct sum 
A®B. 

Proof 
(i) We may take A = Sm,n. Let 6i,..., be G B be such that B = $^=1 (p(Sm,n)bi-

For each i, let Ay G Sm,n be such that b?* + ^(An)^1'1 + ••• + (f(Aini) = 0. 
Replacing b{ by cbi for a suitable nonzero c G K° we may assume that \\Aij\\ < 1. Let 
Pi € Sm+i,n be defined by 

PiiVi) = r)T + A r f " 1 + • • • + Aini, 

where Sm+^n = i f Ms- Then P* is regular in r̂ . Let 

7T : Sm+i,n —> Sm+i,nl(Pi,..., Pi) 

be the canonical projection, and consider the if-algebra homomorphism 
ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, 

By the Weierstrass Division Theorem (Theorem 2.3.2), 

5m+/,n/(Pi,... ,P*) ~ Sm,nfai,... ,f?/]/(Pi,. . • ,P/) . 

The if-algebra homomorphism 

Sm+ ,̂n -> 5m+/,n/(Pi,. . . , P/) —» 5m,n[r7i,...,%]/(Pi,..., P/) B 

is surjective, as required. 

(ii) It is sufficient to consider A = B — 5m,n. The diagonal map 5m?n - » 5m,n 0 
5m,n is a finite if-algebra homomorphism, so the result follows from part ( i) . • 
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Definition 5.4.2. — Let A, B\, B2 be quasi-affinoid algebras and let B\, B2 be A-

algebras via homomorphisms <pi : A —y Bi, iI = 1,2. By Remark 5.2.8, we can write 

Bi = A(Ç1,...,Çmi)lpi,...,pni]s/Ii and 

B2 — A(£mi+i,... ,£mi+m2)[/)ni+i,... ,pni+n2]s/i2. 

We define the separated tensor product of B\ and B2 over A by 

Bi ®SA B2 :=A(Çu...,Çmi +m2ÉS^_1|n(E, A/Pni+n2ÉS^_1|n(E, A/ 

By the Extension Lemma (Theorem 5.2.6), B\ <&SA B2 is independent of the presenta

tions of B\ and jE?2. The inclusions 

-4(6» • • • >fmi)[Pl> • • • »Pni]« -> • • • >fm-I+m2)[Pl> • • • >Pni+n2Js, 

6 " — P i " — > Pji f = l , . . . , m i , ^ = l , . . . , n i ; 

^((mi+b • • • » £mi+ra2)[Pni+l7 • • • ? Pni+n2]s ^ 

^4(£l5 • • • 1 £mi+m2)[piî • • • ? Pni+n2]s5 

(mi+i 1 ^ (mi+ii Pni+j 1 > Pru+j i = 1, . . . ,7712, j = 1, . . . , ?22, 

define canonical homomorphisms 

<J¿ : Bi —>> P i P2. 

The next proposition shows that B\ ®A B2 satisfies the universal property in the 
category of quasi-affinoid algebras that justifies calling it a tensor product. 

Proposition 5.4.3. — Let (pi : A —> Bi, i — 1,2, be K-algebra homomorphisms of 
quasi-affinoid algebras and let ipi : Bi -> D be A-algebra homomorphisms of quasi-
affinoid algebras. Then there is a unique A-algebra homomorphism i¡) : B\ ®SAB2 —> D 
such that 

Bi 

$^$ 

B1 ®\ #2 

^p^p 

s\1 

D 

°2 1p2 

B2 

commutes, where the ai : Bi - » B\ ®SA B2 are the homomorphisms given in Defini

tion 5.4-2. 
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Proof. — By the Extension Lemma (Theorem 5.2.6 or Remark 5.2.8) there is a unique 

i/>' : A(£i,..., ^mi+m2)[pi,..., pni+n2] ~> D that extends ^ o ^ = ^ o <̂2 such that 

^ ' ( 6 ) = i = l , . . . , m i , 

tl>'(pj) = ^ i ( P i ) , j = l , . . . , n i , 

V>'(fmi+i) =^2(^m1+»), i = l , . . . ,m2, 

^'(Pni+j) = ^2(Pm+i), j = 1, • • • ,n2. 

Since (Ji +12) C Ker(^'), the result follows. 

Remark 5.4.4 

(i) If A, B2 are affinoid then it follows from the above Proposition and the 
universal property of the complete tensor product ([6, Proposition 3 .1.1.2]) that 

Bx ®8A B2 = B1§>AB2. 

(ii) In general, B\ <8>AB2 ^ B\%AB2. In the case that the Sm>n(.E, K) are complete, 

we have Bi (g>sA B2 D B\®AB2. This follows from the universal property of <§u. In 

all cases we have So,i ®x Sb,i £ ^0,1 §^^0,1 since 

i 
,(pip2Y e (5o,i ®8K S0,i) \ (5O,I®A -50| I ) . 

The following important examples of separated tensor products are computed di
rectly from Definition 5.4.2. 

Corollary 5.4.5. — We have 

^MJ ,71! ^K ,N2 — ^M1-t-m2,NI+ri2 ? 

and if A is a quasi-affinoid algebra, 

A®aKSmtn = A(0\p]a. 

The following two propositions are easy consequences of the definition and the 
universal property of the separated tensor product (cf. [6, Propositions 6 .1 .1 .10 and 
6 .1 .1 .11 ] ) . 

Proposition 5.4.6. — Let A', A, B\, B2 be quasi-affinoid algebras and assume that 

the Bi are both A and A'-algebras via homomorphisms A' -> A and A -> Bi, A —> B2. 

Then the canonical homomorphism 

Bx ®8A, B2 -> Bx ®SA B2 

is surjective. 

Proposition 5.4.7. — Let A, B\, B2 be quasi-affinoid algebras and assume that B\, 

B2 are A-algebras via homomorphisms A —» Bi, i — 1 , 2 . Let bi C Bi, i = 1 , 2 be 

ideals and denote by (bi,b2) the ideal in B\ <8>A B2 generated by the images of bi 
and b2. Then the canonical map IT : B\ <g>A B2 -> B\/b\ ®A B2/b2 is surjective and 

satisfies Kerir = (bi, b2). Hence (Bi <S>A B2)/(bi, b2) ~ Bx/bi ®*A B2/b2. 
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It follows from Lemma 5.4.1 and Proposition 5.4.7 that base change preserves finite 
(respectively surjective) morphisms. 

Proposition 5.4.8. — Let A and B be quasi-affinoid algebras. Let (p : A - » B be 
a if-algebra homomorphism and let C be a quasi-affinoid A-algebra. If (p is finite 

(respectively surjective) then the induced map C -> B <S>A C is finite (respectively 

surjective). 

Proof. — Suppose B is a finite A-module via (p. It follows from the right-exactness 
of the ordinary tensor product that B <g>A C is a finite C-module. By Lemma 5.4.1 
B ® A C is a quasi-affinoid algebra. It therefore follows from the universal property 
for tensor products that B ®A C — B ®A C. In particular, C - » B <8>8A C is finite. 

If (p is surjective, then we may write B = A/I, where I := Ker (p. Then by 
Proposition 5.4.7, 

B ®8AC = A/1 %\ C/(0) - (A ®°A C)/(J , (0)), 

which is a quotient of C. Therefore C -ï B ®A C is surjective. • 

A small extension of Definition 5.4.2 yields a ground field extension functor for 

quasi-affinoid algebras. 

Definition 5.4.9. — Let (E,K), (E1 ,K') be such that Sm,n(E,K) C Sm,n(£', i f ' ) 
and let A := Sm,n(E,K)/I. We say that the if'-affinoid algebra 

A' = S0,o(E',K') ®aSoME,K) A •= Sm,n(E', K')/I • Sm,n(E', Kf) 

results from A by ground field extension from (E,K) to (E',Kf). 

Proposition 5.4.10. — The canonical homomorphism 

A^S0,o(E',K') ®sSoAE,K)A 

is a faithfully flat norm-preserving monomorphism both in \\ • ||j and \\ • \\i.smtn(E',K') 
and in || • Hsup. 

Proof. — Immediate from Lemma 3.1.11 and Proposition 4.1.3. • 

5.5. Banach Function Algebras. — Each representation of a quasi-affinoid alge
bra A as a quotient Sm^/I yields the if-algebra norm || • | | j , which by Lemma 3.1.4, 
is complete if 5m>n is. We saw (Corollary 5.2.4) that even though A may not be 
complete, all these norms are equivalent. By the Nullstellensatz, Theorem 4.1.1, if 
A is reduced then || • ||sup is a norm on A. In this subsection we shall show when 
Char i f = 0 (Theorem 5.5.3) and often when Char i f = pj^O (Theorem 5.5.4) that 
if A is reduced, || • ||sup is equivalent to the residue norms || • ||/. It follows that if in 
addition E and i f are such that A is complete in || • ||j then A is complete in || • ||sup, 
i.e., it is a Banach function algebra. 
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The obstruction to following the argument of [6, Theorem 6.2.4.1], is, as usual, the 
lack of a suitable Noether Normalization for quasi-affinoid algebras. Theorems 3.4.3 
and 3.4.6 allow us to reduce the problem to considering quotient rings of So,n+m> for 
which a Noether Normalization is available. The fact that the quotients of So,n+m so 
obtained are reduced is guaranteed when the 5m,n are excellent. 

Lemma 5.5.1. — Suppose i f and E are such that the 5m,n are complete and the fields 

of fractions of the So,n(E,K) are weakly stable. Let A be a reduced quasi-affinoid 

algebra. If there is a finite K-algebra homomorphism SQ^/I —> A then A is a Banach 

function algebra. 

Proof. -— As in the proof of [6, Theorem 6.2.4.1], we use Noether Normalization for 
quotients of 5o,n (Remark 2.3.6) to reduce to the case that / = (0) and So,n —̂  -A is 
a finite, torsion-free monomorphism. 

Note that 5o,n is integrally closed (for example, apply Theorem 4.2.7 or use Noether 
Normalization as in [6, Theorem 5.2.6.1]). Since, in addition, we have assumed that 
Q(So,n) is a weakly stable field ([6, Definition 3.5.2.1]), we may apply [6, Theo
rem 3.8.3.7]. • 

Proposition 5.5.2. — Under any of the conditions 

(i) Char i f = 0, 

(ii) Char i f = p / 0 and Sm,n(E, i f ) ~ e£Li(Sm,nCE, K))p normed Kp-algebras, 
(iii) Char i f = p^0, [K :KP]< oo and [E : Ep] < oo, 

the fields of fractions of the rings Sm^n(E1 i f ) are weakly stable. 

Proof. — When Char i f = 0, this is [6, Proposition 3.5.1.4]. Note that condition (iii) 
implies condition (ii) because i f is complete (use [6, Proposition 2.3.3.4]). Thus it 
remains only to verify case (ii), which follows from [6, Lemma 3.5.3.2]. • 

Note that under any of the conditions of Proposition 5.5.2, the rings Sm,n(E,K) 

are excellent (see Propositions 4.2.3 and 4.2.5). 

In characteristic zero, we show in Theorem 5.5.3 that the supremum norm of a 

reduced quasi-affinoid algebra A is equivalent to the residue norm arising from any 

presentation of A as a quotient of a ring of separated power series. In some cases this 

is an extension of Corollary 5.2.4, which establishes the equivalence of all the residue 

norms (whether or not A is reduced and of characteristic zero). In characteristic p, 

our results are less complete (see Theorem 5.5.4). The proofs of Theorems 5.5.3 and 

5.5.4 rely on restriction to finite disjoint unions of open polydiscs, for which one has 

a Noether Normalization. In the proof of Theorem 5.5.3, we reduce to the case of 

polydiscs with rational centers. The proof of Theorem 5.5.4 does not depend on the 

characteristic. 
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Theorem 5.5.3. — Suppose that Char i f = 0 and that A = Sm,n(E, K)/I is a reduced 

quasi-affinoid algebra. Then || • ||j and || • ||sup on A are equivalent. If in addition A 

is complete in || • ||/, then A is a Banach function algebra. 

Proof. — Let E' D E be as in Theorem 2.1.3 (ii) so that the Sm,n(J5,,lf) are com
plete. By Propositions 4.2.3 and 4.2.6, A' = 5m,n(E', i f ) / I • Sm,n(£',if) is reduced, 
since Tm,n(e) = Tm>n(£,if) does not depend on E or E'. By Proposition 4.1.3 and 
Lemma 3.1.11 the map 

5m,n(£, K)/I — > S m , n ( £ ' , K)/I - S m , n ( £ ' , i f ) 

is an inclusion which is an isometry in both the supremum and residue norms. Hence 
it is sufficient to prove the equivalence of || • ||/ and || • ||sup when E is such that the 
Sm,n{E,K) are complete. 

Let if ' be a finite extension of i f such that there are c i , . . . ,cr G ((if ' )°)m with 
\d — Cj\ = 1, 1 < i < j < r, such that for every 

pG Ass(Sm,n(£,ifaig)~ 11 ' £m,n (-E,-^alg)~) 

there is an i, 1 < i < r, with 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

where ifaig is the completion ot the algebraic closure of if. 

Let s'm,n := Sm,n(EiK') and J' := 1' s'm,n- Observe that S'^JT is reduced. 
(Indeed, we may write if ' = i f (a) , so every / G S'mn may be written in the form 

/ = 

d-l 

j=0 
ÉS^_1|n(E, 

for fj G 5m,n. Let ¿70,..., crd-i be the distinct embeddings of if ' over i f in an 
algebraic closure of i f and let ai := a*(a), 0 < i < d — 1. Then 

det(a{) = 1 1 ^ (a* - a,-) ^ 0. 

It follows that the fj are linear combinations of the o~i(f). Hence, if / G y/P, so 

is each fj. But the map 5m,n —> 5^?n is faithfully flat (Lemma 4.2.8(iii)), so each 

fjeVl = I. It follows that / G I'.) Now, by Proposition 4.1.3 and Lemma 3.1.11(h), 

the map Sm^n/I —y Sfm n/I' is an inclusion and an isometry in both the supremum 

norm and the residue norm. Since Sm^n/I is complete in || • ||/, it therefore suffices to 

prove the theorem for S'mn/r. Note that all the Smi,n>(E,K') are complete 

By Theorem 3.4.3(h), the map 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n( 

is an isometry in the residue norms. By Proposition 4.2.3 and [25, Theorem 32.21, 

(®j=lSu,n+m) luc{l') * (®5=l^)Tl+m) 
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is reduced. Since tp is a contraction with respect to || • ||sup, it suffices to prove the 
theorem for this ring. That is Lemma 5.5.1. • 

Theorem 5.5.4. — Suppose that the rings Sm^n^E^K) are excellent (see Proposi
tion 4-2.3 or 4-2.5) and that at least one of the following two conditions is satisfied: 

(i) K is perfect 
(ii) There is an E', E C E', such that the fields of fractions of the So,n(E',K) are 

weakly stable, and the So,n(E',K) are complete. 

Let A 
— Sm,n{E) K)11 be reduced. Then on A the norms || • ||/ and || • ||sup are 

equivalent. If in addition A is complete in || • ||/ then A is a Banach function algebra. 

Proof. — We may assume (see Remark 2.1.4(i)) that E is a field. We now show that 
(i) implies (ii). In the case that K is perfect there is an E' D E such that Sm,n{E', K) 
is complete (see Theorem 2.1.3(h)). Since K is perfect, we may extend further so that 
E' is perfect. Then, by Proposition 5.5.2 the fields of fractions of the So,n(E',K) are 
also weakly stable. 

Choose c i , . . . ,cr G (^aig)m wrtn ™ci mcj, 1 < i < j < r, such that for every 
p G Ass(5m,n/7) there is some i, 1 < i < r, with 

mi => p. 

(The fhci are the maximal ideals of 5m,n corresponding to Ci as in Definition 3.4.4.) 
By Theorem 3.4.6(h), the map 

</> : Sm,n/I > Dmyn(c)/uJc(I) 

is an isometry in the residue norms ||-||/ and |H|a,c(/). Since Sm,n{E, K) is excellent, by 
[25, Theorem 32.2], DmjTl(c)/ujc(I) is reduced. Since ip is a contraction with respect 
to || • ||sup, it suffices to prove the theorem for that ring. Recall that Dm?n(c) = 
Sm,n+m{E,K)/J for some ideal J. Let 

D'm,n(c) :=Sm,n+m(E',KÉS^_1|n(E, A//J 

Then D'm n(c)/ujc(I) • D'm n(c) is reduced since the maximal-adic completions of all 
its local rings coincide with those of the reduced, excellent ring Dm,n(c)/ujc(I). By 
Proposition 4.1.3 and Lemma 3.1.11, the map 

0m,„(c)M(I) —> D'mJc)/uc(I).D'mtn(c) 

is an inclusion which is an isometry in both the supremum and residue norms. Hence 
it suffices to prove the equivalence of the residue norm and the supremum norm on 
D'mn(c)/u>c(I) • D'mn(c). By Lemma 3.4.5, this ring is a finite extension of a quotient 
of a ring So,d(E',K). Now apply Lemma 5.5.1. • 
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6. A Finiteness Theorem 

In Subsection 6.1 we prove a finiteness theorem, which is a weak analogue of 
Zariski's Main Theorem, for quasi-finite maps, and in Subsection 6.2 we apply this 
finiteness theorem to show that every quasi-affinoid subdomain is a finite union of 
i?-subdomains. 

6.1. A Finiteness Theorem. — In applications ([2], [16], [17], [18], [19], [20], 
[21] and [23]), certain weaker forms of Noether Normalization have proved useful. We 
collect two examples here. Recall that we showed in Subsection 5.3 that we associate 
canonically with each P-domain U C Max A, the ^4-algebra of quasi-affinoid functions 
0(U). 

We call a quasi-affinoid map n : Max B - » Max A finite if, and only if, B is a finite 
A-module via the induced map TT* : A —> B. 

Proposition 6.1.1. — Let 7r : Max 2? Max A be a quasi-affinoid map. Suppose 
U\,... ,Un is a cover of MaxB by R-subdomains. If each 7r|^ : Ui —> Max A is finite 
then 7r is finite. 

Proof. — By Proposition 5.3.6(h) and the Krull Intersection Theorem ([25, Theo
rem 8.10]), the natural map 

n 
B^Y[0(UiÉS^_1|n(E) 

2=0 

is injective. Each 0(Ui) is a finite ^-module; hence B, being a submodule of the 
finite A-module 110([/*), is a finite ^4-module as well. • 

Let 7r : MaxP —> Max^l be a quasi-affinoid map. If U C Max A is an P-domain 
defined by inequalities among f\,..., ft then 7r_1 (U) C Max B is an P-domain defined 
by the corresponding inequalities among /i o 7r,..., ft o TT. 

The affinoid analog of the following is false; see Example 6.1.3. 

Theorem 6.1.2 (Finiteness Theorem). — Let 7r : Max B -> Max A be a quasi-affinoid 
map which is finite-to-one. There exists a finite cover of Max A by R-domains Ui 
such that each map 

An-i{Ui): ^~x{Ui) —> Ui 

is finite. (Note: We do not assume that 7r is surjective.) 

Proof. — Let (f : A —> B be the if-algebra homomorphism corresponding to TT. Since 
B is quasi-affinoid, there is a if-algebra epimorphism 

^m,n ^ B. 
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The images of £1,.. . , £m (respectively, p i , . . . ,pn) in B are power-bounded (respec
tively, quasi-nilpotent). By Remark 5.2.8, this induces a unique if-algebra homomor
phism ip such that the following diagram commutes 

4(fl>--->fm)[pi , . . . ,Pnl« 

A 

$*= 

$^ù 
- B 

Since 5m,n - » 2? is surjective, so is iß. 
Let 

/ := Ker^; 

then 

B — M€li- • • >fm)[pi> • • • )Pnl*Aî 

and we may therefore assume that the original map <p is of the form 

A^>A{0\p]./I. 

The proof proceeds by induction on (m, n), ordered lexicographically. Assume m+n > 
0. (If m + n = 0, then B — K and the if-algebra homomorphism <p, being surjective, 
is finite.) 

Let / i , . . . , fi generate / , and write 

fi = O'i^t/Ç P , ÉS^_1|n(E, A/ 

where each aißU G A. Since TT is finite-to-one, { a ^ } generates the unit ideal of A. 
Writing A as a quotient of a ring of separated power series and applying Lemma 3.1.6 

to pre-images of the we obtain a finite index set J C N71 x N71 such that for each 
x G Max A there is an i0, 1 < i0 < £, and an index (po^o) G J such that 

( 6 . 1 . 1 ) 

\aiol*ovo(x)\ > \0>ÌIAÀB)\ FOR A11 

\aioßovo(x)\ > \aioßv(x)\ for a11 v < uo and all p 

l̂ oMô o (a?)| > |aioMI/0(o:)| for all p > p0. 

(Note, in particular, that ( 6 . 1 . 1 ) guarantees that {a^ : 1 < i < £, (p, v) G J} 
generates the unit ideal of A. ) 

Fix ¿0, 1 < io < £, and (po,i/o) G J. Let Ui0ll0l/0 be the set of points x G Max^l 
such that 

\aioßo^ix)\ > la^i/(#)| for all 1 < z < £ and (p,z/) G J 

\°>ioßovo(x)\ > \aioßAx)\ FOR A11 ( M , * ' ) € ^ WITN v < uo 

\<lioPovo(x)\ > \aio^o(x)\ FOR A11 ( Z ^ ) € J WITH M > MO-
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As in Subsection 5.3, UiQ^QUQ is a quasi-rational subdomain of Max A, which is 
in fact equal to the set of points x G Max A where (6.1.1) holds. Furthermore, the 
Uiowo cover Max A. 

We may now replace A by O(UiQ^0UQ) and B by 

o(uio^0)(0ip}s/i • o(uio„ouo№lp}s-

Replacing fio by ai(\nl/fio, we may assume that aio^oUo = 1. Put 
ÉS^_1|n(E, A/ 

^^$^$ 

ÉS^_1|n(E, A/ 

then fiQU0 is preregular in £ (cf. Definition 2.3.7). 
The two quasi-rational subdomains 

V := {y G MaxB :\fi0„0(y)\ = 1} and W := {y e MaxB :\fio„0(y)\ < 1} 

cover MaxB, and each restriction TT\V and n\w is finite-to-one. By Proposition 
5.3.6(h) and the Krull Intersection Theorem ([25, Theorem 8.10]), the natural map 

B — » 0(V) 0 0(W) 

is injective. Hence it suffices to treat the maps A -> 0(V) and A -t 0(W). 

Case (A). — A - » 0(V). 

Observe that 

W ) = A « i , . . . ^ m + i > [ p i , . . . , p n L / J , 

where J is the ideal generated by J and the element 

ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

Put 

G := /° + 

ÉS^_1|n(E, A/ 

v û W ^ m + i ^ p " = im+ifio mod J; 

in particular, G G J. By (6.1.1), after a change of variables among the p's, we can 
assume that G is regular in pn (in the sense of Definition 2.3.7). Similarly, after a 
change of variables among the £'s, we can assume that F is regular in £m+i. Applying 
Theorem 2.3.8, first to divide by G, then by F, shows that 0(V) is a finite extension 
of an A-algebra of the form 

B' ~A(iu...,U)\pu..-,Pn-i\8lI'. 

Since 0(V) is a finite extension of the A-algebra B' , the map 

MaxB' —• Max A 

is finite-to-one. Furthermore, (m,n - 1) < (m,n). We are done by induction. 

Case(B). — A-+0(W). 
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Observe that 

0{W) = A(&,..., £m>[pi, • • •, P » + i ] . M 

where J is generated by I and the element 

F :~ fiovo Pn+1« 

By (6.1.1), after a change of variables among the £'s, F is regular in £m (in the sense 
of Definition 2.3.7). By Theorem 2.3.8, 0(W) is a finite extension of an A-algebra of 
the form 

B' := A < & , . . . ,£m_i)[pi,. . . ,Pn+i]Ä///. 

Since Ö ( W ) is a finite extension of the A-algebra the map 

MaxB' -> Max ,4 

is finite-to-one. Furthermore, (ra — l,n + 1) < (m,n), completing Case B. 

To complete the proof, we pass to a common refinement of the covers by i?-domains 
obtained in the above two cases, observing that the intersection of B-domains is an 
i?-domain, and that if 7r : MaxB —> Max A is finite, so is 7r\n-i(u) : 7r_1 (U) -> U for 
any i?-subdomain U of Max A. • 

Example 6.1.3. — The affinoid map induced by 

<p: K(&^K(t,ti)/{tf+r, + l) 

is finite-to-one. But if Char i f ^ 2, cp is not finite. Indeed, if it were, the polynomial 
irf + 7 7 + I , being prime, would have to divide a monic polynomial in K{£)[rj\. Since 
£ is not a unit, (p cannot be finite. 

Now, suppose there is a finite cover of Max If ( f ) by affinoid rational subdomains 
U such that each induced map 

O(U) ÉS^_1|n(E, A/ÉS^_1|n(E, A/ÉS^_1|n(E, A/ 

is finite. Then the affinoid map induced by <p is proper by [6, Proposition 9.6.2.5], and 

[6, Proposition 9.6.2.3]. It then follows from [6, Corollary 9.6.3.6], that (p is finite, a 

contradiction. This shows that the analogue of Theorem 6.1.2 does not hold in the 

affinoid case. Indeed the covering obtained is not in general admissible in the sense 

of [22]. 

6.2. An Application to Quasi-Afflnoid Domains. — In this subsection we 
apply Theorem 6.1.2 to prove that every quasi-affinoid subdomain is a finite union 
of i?-subdomains. As a corollary we deduce that every quasi-affinoid subdomain is 
open. 

Lemma 6.2.1. — Let A and B be commutative rings and let ip : A —>• B be a finite 

homomorphism. 
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(i) Suppose that for every maximal ideal 9JI of B, the induced map 

AM >B®A AM 

is surjective, where m := A fl 9JI. Then tp is surjective and Spec B is a closed 
subset of Spec A. 

(ii) Suppose that for every maximal ideal 9JI of B, the induced map 

Am — > B ®A AM 

is bijective, where m : = A fl 9JI. Then Spec B is an open subset of Spec A. 

Proof 
(i) For every m E Max A the map 

Am — » B ®A Am 

is surjective. This is true by assumption when m = A fl 9JI for some dJl E Max B. It 
only remains to treat the other elements of Max A. Let m E Max A be such an ideal. 
By [25, Theorem 9.3], there is an a E Ker<p such that a £ m. Since a annihilates the 
A-module B and the image of a in AM is nonzero, it follows that B ®A AM = (0). 
Thus the map AM B 0A Am is surjective. 

Now let b E B and consider the ideal 

I := {a E A : ab E ip(A)}. 

We will show that I is the unit ideal. Suppose not. Then there is an m E Max A such 
that I Cm. But Am -> B®A Am is surjective so 7Am is the unit ideal, a contradiction. 
This proves that <p is surjective. By [25, Theorem 9.3], Spec 5 fl Spec A = V(Kei(p). 
Hence Spec B is a closed subset of Spec A. 

(ii) Since we are only concerned with prime ideals, it is no loss of generality to 
assume that A and B are both reduced, i.e. have no nonzero nilpotent elements. It 
suffices to show that B is a direct summand of A. 

By part ( i) , (p is surjective, so B = A/1 where I :— Ker (p. Since B is reduced, I is 
the intersection of some prime ideals of A. Let J be the intersection of the unit ideal 
with all the minimal prime ideals of A that do not contain I. We will show that 

A = A/I®A/J. 

This is obvious if J — (1). So assume J ^ (1). By [25, Theorem 1.4], it suffices to 
show that I + J is the unit ideal of A. Suppose not. Then there is an m E Max A 
such that m D / + J; in particular m D J. Since J is an intersection of minimal prime 
ideals of A, at least one such prime must be contained in m. In other words, there is 
a minimal prime ideal p of A contained in m that does not contain J. We show that 
pAm 75 IAm. Let a E / \ p; if pAm D 7Am, then a = ^ for some s E A \ m and 
gi E p. Thus sa E p and 5, a, ^ p, a contradiction. So, pAm is a minimal prime ideal 
of Am that does not contain IAm. But by assumption Am = Am//Am; i.e. IAm = (0). 
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In particular, since Am is reduced, I • Am is the intersection of all the minimal prime 
ideals of Am, a contradiction. Thus J + J is the unit ideal of A. • 

Recall that in Subsection 5.3 we showed that every i?-subdomain is a quasi-affinoid 
subdomain. 

Theorem 6.2.2. — Let A be a quasi-affinoid algebra and let U C Max A be a quasi-
affinoid subdomain. Then U is a finite union of R-subdomains of Max A. 

Proof. — Let B :— 0(U), and let TT : Maxi? ->> Max A be the canonical inclusion. 
By Theorem 6.1.2 there is a finite cover of Max A by i2-subdomains U{ such that each 
map 

n\n-HUi) : n^Wi) —> Ui 

is finite. Thus, without loss of generality, we assume that TT : Max I? -> Max A is 
finite. 

We will apply Lemma 6.2.1 to show that U is a Zariski-open and -closed subset of 
Max A. Let 9Jt G Max B, and put m := AnSTO. We wish to show that Am JB<8u Am 
is bijective. Since B <S>A Am is a finite Am-module, this follows from Nakayama's 
Lemma [25, Theorem 2.3], once we know that B<8>A (Am/mAm) = Am/mAm. Indeed, 

B <g>A (Am/mAm) = B®A A/m = B/mB = B/9JI = A/m = Am/mAm, 

by Proposition 5.3.6 (ii) and (iii). 
By Lemma 6.2.1, U is a Zariski-open and -closed subset of Max A, thus there is 

some / G A such that f\u = 0 and f\MaxA\u = 1- So 

f/ = { ^ G M a x A : | / ( a : ) | < l / 2 } 

is an i?-subdomain of Max A. • 

Note that the covering of U given by Theorem 6.2.2 is not necessarily a quasi-
affinoid covering in the sense of [22]; nonetheless Theorem 6.2.2 does show that quasi-
affinoid subdomains are well-behaved. In particular the following openness theorem 
(cf [6, Theorem 7.2.5.3]) is an immediate consequence. 

Corollary 6.2.3 (Openness Theorem). — Let A be a quasi-affinoid algebra. All quasi-
affinoid subdomains of A are open in the canonical topology on Max A derived from 
the absolute value \ • | : K -> . 

Proof. — As we remarked in Subsection 5.3 all i?-subdomains of Max A are open. 
• 
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