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RATIONAL MAPS WITH DISCONNECTED JULIA SET

by

Kevin Pilgrim & Tan Lei

Abstract. — We show that if f is a hyperbolic rational map with disconnected Julia
set J, then with the possible exception of finitely many periodic components of J
and their countable collection of preimages, every connected component of J is a
point or a Jordan curve. As a corollary, every component of 7 is locally connected.
We also discuss when a Jordan curve Julia component is a quasicircle and give an
explicit example of a hyperbolic rational map with a Jordan curve Julia component
which is not a quasicircle.

1. Introduction

For a rational map f of the Riemann sphere C to itself with disconnected Julia
set J, we investigate the topological and geometric possibilities for a connected com-
ponent of 7. If 7 is disconnected, then f maps components of 7 onto components
of J, and there are uncountably many such components (c¢f. [Mi] and [Be]). The
postcritical set of f

P = U for(e)
n>0
f'(e)=0

plays a crucial role in our study. We say that f is hyperbolic if PNJ = &, geometrically
finite if P N J is finite, and nice if P N J is contained in finitely many connected
components of 7.

Theorem 1.1. — Let f be a polynomial with disconnected filled Julia set K. Assume
that only finitely many connected components of K intersect P. Then, with the pos-
sible exception of finitely many periodic components and their countable collection of
preimages, every connected component of IKC is a point.
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Using a variant of this theorem, we establish

Theorem 1.2. — Let f be a hyperbolic rational map with disconnected Julia set J.
Then, with the possible exception of finitely many periodic components and their count-
able collection of preimages, every connected component of J is either a point or a
Jordan curve.

The same result for geometrically finite maps can be proved by similar methods as
well. We will only sketch the necessary modifications at the end of the paper.

We establish also weaker results for nice maps. The precise statements are given
in Propositions [Case 2], [Case 3], [Case 4] and Theorem 9.2.

It is known that J can be a Cantor set ([Be], §1.8), or homeomorphic to the
product of a Cantor set with a quasicircle, where each component is a K-quasicircle
for some fixed K independent of the component ([Mc1]). In §8 we give an explicit
example of a hyperbolic rational map which has a Jordan curve Julia component
which is not a quasicircle.

Results from plane topology imply that at most countably many Julia components
contain an embedding of the letter “Y”. Our theorems make precise which ones they
are. It is also interesting to see that at most countably many Julia components can
be a segment, which a priori is not a restriction from plane topology alone.

By a theorem of McMullen ([Mc1], Corollary 3.5), there are at most countably
many periodic components of . Since periodic points of f are dense in 7, if J
is disconnected there must be exactly countably many periodic Julia components.
Since the degree of f is finite there must be exactly countably many preperiodic Julia
components. Hence there are uncountably many wandering Julia components. Our
theorems show that under the stated assumptions, no wandering Julia component can
be a segment or contain an embedding of the letter “Y”, since they must either be
points or Jordan curves.

Combining the above theorem with a result of Tan-Yin ([TY]), which shows that
every preperiodic Julia component for a hyperbolic rational map is locally connected,
we answer in the affirmative a question of McMullen [Bi}:

Corollary 1.3. —  For a hyperbolic rational map, each Julia component is locally
connected.

This corollary completes another entry in the growing dictionary between the the-
ories of rational maps and Kleinian groups. The analogs of a hyperbolic rational map
f and its Julia set J are a convex compact (or expanding) Kleinian group I' and its
limit set A. It is known that each component of A is locally connected; the proof
depends on the fact that a “wandering” component of A, i.e. a component with trivial
stabilizer, is necessarily a point. See [AM] and [Mc3] (Theorem 4.18).

The main ideas in our proof are a canonical decomposition C = E U U, where
E is a finite collection of Julia components such that f(E) C E, and the fact that

ASTERISQUE 261



RATIONAL MAPS WITH DISCONNECTED JULIA SET 351

a hyperbolic rational map f is uniformly expanding on a neighborhood of its Julia
set with respect to the Poincaré metric on C — P. Our goal is to show that any
Julia component which does not land in E is either a point or a Jordan curve. To
this end, we further decompose the sphere into several canonical pieces and measure
the itinerary of the orbit of a Julia component Jy under f with respect to these
pieces. We use a combinatorial analysis combined with the lemma below to show
that components with certain kinds of itineraries are points. A separate argument
treats the case of Jordan curves.

We say that K C C is a full continuum if K is compact, connected, and C — K
is connected. The following Lemma was essentially known to Fatou (see [Br|, Thm.
6.2)

Lemma 1.4 (Fatou). — Let f be a rational map, Q = |_|f__,1 Q; be the union of finitely
many disjoint full continua, such that Q NP = &. Then any connected set J C J
satisfying f™(J) C Q for infinitely many n is a point.

Contents. — In §2 we give some motivating examples, define the above mentioned
decomposition and state four basic lemmas for nice maps, and give a more precise
statement (Theorem 1.2’) of Theorem 1.2. We then reduce the proof of Theorem 1.2’
to three cases, Cases 2, 3 and 4. Related results for nice maps are stated as well. In
§3 we analyze the topology and dynamics of the decomposition and prove the four
basic lemmas. §4 contains analytic preliminaries for use in §85 and 6. In §§5, 6, and
7 we prove the Propositions in Cases 2, 3, and 4, respectively; §7 contains also the
proof of Theorem 1.1. §8 lists related results and discusses when a Jordan curve Julia
component is a quasicircle. §9 contains sketches of proofs—a generalization our results
to the geometrically finite case and some further results for nice maps. §10 is an
appendix of technical topological results used in our proofs.

Acknowledgments. — Recently G. Cui, Y. Jiang, and D. Sullivan [CJS] have also
proven Theorem 1.2 for geometrically finite maps in a different context. Their methods
are in some respects similar, but they do not make use of a canonical decomposition.
The authors would like to thank Cui for providing a copy of their manuscript, A.
Douady, D. Epstein, M. Lyubich, C. McMullen, B. Sevennec and M. Shishikura for
many useful discussions, and MSRI for financial support.

2. The decomposition and the reduction to three cases

Let f be a rational map with Julia set J = J(f) and postcritical set P = P(f).

For J' a continuum (i.e. a compact, connected set) in C, and P a compact set
disjoint from J', we say that J' separates P if either J'NP # @, or J'NP = @ and
there are at least two components of C — J' intersecting P. We say that J' separates
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P into exactly q parts if J'N P = @ and C —.J' has exactly ¢ components intersecting
P.

Let .J' be a component of (7. We say that J' is critically separating if .J' separates
P. We say that two distinct components J' and J” of 7 are parallel. if they are both
critically separating and the unique annulus component in C — (J' U .J") (see Lemma
3.1) does not intersect P.

Definition (decomposition C = E U/, first step). ~ Let E be the union of Julia com-
ponents .J' such that either
(1) J NP #@.or
(2) J'NP =@ and .J’ separates P into three or more parts, or
(3) J' separates P into exactly two parts and .J' separates no two Julia components
which are parallel to .J'. i.e. all Julia components J” parallel to .J' are contained
in the same component of C — .J'.
We think of J' as an ertremal Julia component. Set I{ = C — E. The set E may be
empty. e.g. if 7 is a Cantor set.

Examples. Let

” 1 4
o(z*—=1)o—+10 """

fo(z) =22+ 10 722 (McMullen)  and — fi(z) =

The Julia set of fi. in log(z)-coordinates. is shown in Figure 1. The Julia set of fy is
homeomorphic to product of a Cantor set with a quasicircle (|[Mc1]).

For f,. the point at infinity and —1 form the unique attracting cycle. There are
five critical points in the annular Fatou component near the center of the picture,
which maps to the Fatou component containing zero (at left) by degree five. P is
contained in the union of the dise Fatou component containing zero (at left) and the
immediate basins of infinity (at far right) and —1 (the prominent disc at right). The
sct E consists of a homcomorphic copy J 7 of the Julia set of 2% — 1, at right. and its
preimage J o (at left) which is a threefold cover of J . JF and .J— are parallel, .J—

maps to J . and J1 s fixed.

3

1
o(z?—=1)o—+10"":

Ficure 1. Julia set of

O | o=
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Lemma2.1. — If f is nice, the set E consists of at most finitely many Julia com-
ponents, f(E) C E, f~'U C U, and every component of E is either periodic or
preperiodic.

This lemma will be proved in the next section. One can also show that E is closed
and forward-invariant for any rational map f; we omit the proof.

Definition (decomposition of I/, second step). — Define
— A = J {annular components of ¢/ disjoint from P};
— D = |J {disc components of & disjoint from P};
— L = |J {components of U/ not in A or D}
= |J {non-disc non-annular components of ¥,
or components of U intersecting P}.
— D' = | {disc components of ¢ disjoint from P but intersect f~1E};
— D" = |J {disc components of & disjoint from PU f~1E}.

Notethat = AUDUL=AUD UD"UL.

Example. — Let f = fi. Then i = C — E is decomposed into:

— A = a single annulus, bounded by J~ and J*t (A is not a closed annulus).

— L = three disc components, each intersecting P. Two are disc components of
U containing the attractor at infinity and —1 with boundaries contained in J¥,
and the other is the component of I/ containing zero with boundary contained
in J™.

— D = D" = the countable set of remaining components of U, all discs with
boundaries in E.

-D =2.

The set f~1E consists of E plus two other components contained in .4 and parallel
to components in F.

Definition (decomposition of f !4, third and final step). — We denote by

— A?®, the union of components A’ of f~1 A such that A’ C A and A’ < A is not
homotopic to a constant map, and

— A9, the union of components A’ of f~'A such that A’ C A and A’ — A is
homotopic to a constant map.

For fi, the set A° consists of two essential subannuli of .4, and the set A© is empty.
Here is a more precise statement of Theorem 1.2.

Theorem 1.2°. — Let f be a hyperbolic rational map and C = E UU be the decompo-
sition above. Let Jy be a Julia component. Set J, = f"Jy. Then exactly one of the
following occurs:

(1) Jn C E for n > ng, in which case Jo is preperiodic, or
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(2) Jn, C A® for n > ng, in which case Jy is a Jordan curve, or
(3) there is a sequence ny — oo such that J,, C U — A°, in which case Jo is a
point.

If E = &, the Julia set J is totally disconnected.

This decomposition is canonical and natural with respect to conjugation by Mébius
transformations. While the first decomposition C = I/ U E is the same for any iterate
of f, the further decomposition can change.

The following lemmas will be proved in the next section:

Lemma 2.2. — If f is nice, the sets L, A, D', A° and A° all have finitely many
components.
Lemma 2.3. — Let f be a nice map. Then each component L of L contains a unique

Fatou component W such that OW D 8L and WNP = LNP.

Lemma 2.4. — Let f be a nice map. Then every Julia component Jy is in one of
the following four cases: let J, = f™(Jy),
Case 1. There is ng such that J, C E for n > ng.
Case 2. There is ng such that J, C AS for n > ng.
Case 3. J, C AP UD' for infinitely many n.
Case 4. J, C L for infinitely many n.
While these cases cover all possibilities, the last two are not mutually disjoint.

This result tegether with Lemma 2.2 means that some finite part of the decom-
position encodes a significant portion of the orbit of each Julia components. We are
going to prove:

Proposition (Case 2). — In Case 2, Jy is a Jordan curve if f is hyperbolic, or C — Jy
has exactly two components if f is nice.

Proposition (Case 3). — In Case 3, Jo is a point if f is hyperbolic, or C — Jy is
connected if f is nice.

Proposition (Case 4). — In Case 4, Jo is a point if f is nice (in particular if f is
hyperbolic).

Our cases are also distinguished by our methods of proof. In Case 2, we extract
a dynamical system consisting of a finite collection of annuli and covering maps and
analyze this restricted system. Case 3 is similar to Case 2. Case 4 is more delicate.
We actually prove a stronger result, Theorem 7.1, from which both Proposition [Case
4] and Theorem 1.1 follow as corollaries.

Theorem 1.2 and Theorem 1.2’ are direct consequences of the above Propositions.
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3. Topology and dynamics of the decomposition

Throughout this section, f denotes a nice rational map. We first prove Lemmas
2.1 and 2.2, and then analyze the topological and dynamical possibilities for the sets
in our decomposition in order to prove Lemmas 2.3 and 2.4. We will frequently use
the following result from plane topology (see [Ne] for a proof):

Lemma 3.1. — For a nonempty set J of disjoint continua J' in S, every component
of S? — J' is a disc (simply connected). Given J' and J" two disjoint continua, the
set S2 — (J' U J") has a unique annulus component A(J',J"), the component J" is
contained in a component U' of S2 — J', and

U' =AJ,J"YuJ" LIU{V | V is a component of S* — J" and VN J' = o}.
If JO is a continuum disjoint from J' U J" but separating J' and J", then

A, T = AT, UAWJ, ") uJU
U{V | V is a component of S? — J° and V N (J'UJ") = o}.

Proof of Lemma 2.1. — Since f is nice, there exists a compact set B C C such that

(1) B has finitely many connected components,

(2) B D P, and each connected component of B intersects P,

(3) B contains every Julia component intersecting P and no other Julia compo-
nents.

B may be taken to be the union of Julia components intersecting P together with
the suitable preimages of the following: closed, forward-invariant neighborhoods of
attracting and superattracting basins; closed, forward-invariant attracting parabolic
petals, invariant closed sub-discs of Siegel discs containing points of P, and invariant
sub-rings of Herman rings containing points of P. Then a Julia component J is
critically separating if and only if it is either contained in B, or is disjoint from P and
separates components of B.

An easy induction argument shows that the number of Julia components J’ which
separate B into three or more pieces is finite and bounded by k¥ — 2 if B has k
components. Such Julia components are in E by definition.

Now we deal with the Julia components in E that separate B into exactly two
parts. By a method similar to the above, one can prove that if each continuum of the
set is disjoint from B and separates B into exactly two parts, and no two continua are
parallel (relative to B), then this set of continua is finite. Now assume J° C E and
JO separates P into two parts. We will see that among the Julia components parallel
to JO at most one of them is contained in E. Let J', J? be two distinct parallels of
JO. Since J° does not separates its parallels, J! and J? are contained in the same
component of C — J°. There are two possible cases:
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(a) The component J*, say, separates J° from J2. Then, according to Lemma 3.1,
J1 is contained in A(J°, J?) and J' < A(J°, J?) is homotopically non trivial. Since
A(J°,J?) NP = @, the component J! is also parallel to J2. So J! separates P into
exactly two parts, and separates parallels of J'. Thus J! is not contained in E.

(b) We have J! C A(J°,J?) but J' does not separate J® U J? (therefore J2 C
A(J®, J1) but J2? does not separate J° U J'). This is impossible for the following
reason: The annulus A(J?, J?) contains J! and all but one (disc)-components of
C — J!. Since J! is critically separating, at least one of these components contains
points of P. So A(J°,J?) NP # @. This is a contradiction to the assumption that
JO and J? are parallel.

So E contains at most finitely many components that separate B into two or three
parts, hence E has at most finitely many components.

The following lemma implies that f(E) C E; sinced = C — E, f~'U C U.
Therefore each component of E is either periodic or preperiodic. If E is not empty,
it consists of finitely many periodic cycles of Julia components, and some (finitely
many) of their preimages. O

Proof of Lemma 2.2. — f E = &, we have L = C and A = D' = &. There is nothing
to prove.

Assume now E # @. Since f~!'E has finitely many components, so is D'. It
remains to prove that A U £ has finitely many components. Using the notation in
the proof of Lemma 2.1, the set P is contained in B, which consists of finitely many
connected components and contains finitely many Julia components. Let U be a
disc-component of £ intersecting P. Then either U contains a component of B, or
U contains a preimage of a closed parabolic attracting petal containing points of P
used in the construction of B. Since the number of components of B and the number
of such petals is finite, the number of disc-components of £ intersecting P is finite.
The other components of AU L are precisely the non simply connected components of
C — E. Since E consists of finitely many components, only finitely many components
of C — E can be non simply connected. a

Lemma 3.2. —  If a Julia component J' is critically separating then f(J') is also
critically separating. If f(J") of a Julia component J" separates P into two parts and
separates the parallels of f(J"), then either J" does not separate P or J" separates
the parallels of J" and separates P into two parts.

Proof. — We prove that if f(J') is not critically separating then neither is J'. If
J'NP # & then f(J')NP # &. Hence we may assume that J' and f(J') are disjoint
from P. Assume that P is contained in one (disc)-component of C — f(J'). There
is a Jordan curve v separating f(J') and P. Let C be the disc-component of C — v
containing f(J'). Since C NP = &, every component of f~1(C) is again a disc, and
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again disjoint from P since f~!P D P. One of them, say bounded by 7', contains J'.
Thus J' does not separate P.

Now we prove the second statement of the lemma. By assumption C — f(J”) has
exactly two components U' and U? intersecting P, and there are Julia components
J! c U' and J? C U? parallel to f(J"). Then A(J!,J?) NP = g, since, according
to Lemma 3.1, A(J*, J?) is the union of A(JY, f(J")), A(f(J"),J?), f(J") and the
components of C — f(J") distinct from U! and U2, and none of these sets intersects
P.

Now each component of f~1(A(J!,J?)) is again an annulus, and again disjoint
from P. One of them, say A", contains J”, and the components of A" are contained
in two distinct Julia components J; and Jj which are separated by J".

Since all but two components of C — J are contained in A", and A" NP = @&, the
component J' separates P into at most two parts. If it does separate P, so do Jj
and Jj. Hence J; and J; are parallel to J". O

Lemma 3.3. —  Suppose f : S2 — S? is a branched covering, U,V C S? are finitely
connected open subsets with f(U) =V and flU : U — V proper. Then f(OU) = 0V
and f maps connected components of OU onto connected components of OV .

Remark. — A subtlety is that the map f : OU — 9V need not be open in the subspace
topology, in other words, a component of U may be a proper subset of a component
of f~1(aV).

Proof. — That f(OU) C 8V follows by properness. Since f(U) =V, f(0U) C 9V,
and f(U) is a closed subset containing V', we have f(8U) = dV. Finally, let K’ be
a boundary component of U and let K be the component of 8V containing f(K').
Since f is a branched covering and V has finitely many boundary components, there
are open annuli A’ C U, A C V such that K', K are boundary components of A’, A
respectively and f : A’ — A is a covering map. Then f|A’' : A’ — A satisfies the
hypotheses of the first conclusion, so f(8A') = 8A. It follows easily that f(K') =
K. O

Lemma 3.4. —  Given any integer n and any component V of f~"U, any Julia
component is either contained in V or disjoint from V. The boundary 8V has finitely
many components, and each component is contained in a different Julia component
which is disjoint from V.

Proof. — f™(V) is a component of ¢/ and the mapping f* : V — f*(V) is proper
and finite-to-one. Hence V has finitely many boundary components since f*V € i
has finitely many boundary components. Since f™ preserves the Julia components, a
Julia component intersecting both V' and 8V would be mapped to a Julia component
intersecting both f™(V') and 9f™(V'), which is impossible. O
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Lemma 3.5. —  Any Julia component J° not in E separating E U P is disjoint from
P and critically separating.

Proof. — Since J? is not in E, if it separates E it must separate components of E.
Assume that J! and J? are two Julia components in E, separated by J°. Then there
is a component U* of C — J° containing J?, i = 1,2, and U'NU? = &. By Lemma 3.1
the set U contains all but one component of C — J!. Since J! is critically separating,
U'NP # @. Similarly U2 NP # @. Thus J° separates P.

Assume now J! is a Julia component in E and € P such that J! and z are
separated by J°. One can show similarly that J° is also critically separating. O

Lemma 3.6. — Critically separating Julia components are contained in ELUAEUAS.

Proof. — Here we denote by UV the set of z € U for which f(z) € V.

We show at first that those Julia components are contained in EUA. If /NP # &
then J’' € E by definition. Thus we may assume that J' NP = & and that J' is
critically separating and is not in E. Then there are exactly two components U! and
U? of C — J' meeting P, and each U? contains parallels of J'. Set P* = Ut N P. We
will construct a component of 4 containing J'.

For 7 = 1 and 2, let

W; = {U | U is a component of the complement

of some Julia component and U NP = P*}.

Set Wi = U vew; U.

Here we apply the topological result Lemma A.1 to conclude that W* is an open
disc which is also an element of YW¢ and is in fact the unique maximal element. Because
each U? contains parallels of J', we have OW! NOW?2 = @ and W' UW? = C. Thus
W!NW? is an annulus. To show that this annulus is a component of A, we just need
to show O(WlNW?)C Eand WI'NW2NE=g2.

Denote by J? the Julia component containing OW?, i = 1, 2.

Assume by contradiction that J!, say, is not contained in E. Since W!, as a
component of C — J!, meets only part of P, the Julia component J! is critically
separating. By definition of E, the only possibility for J! not being in E is that there
is another component W of C — J! such that P2 = P — P! is contained in W, and
there is a Julia component J° C W parallel to J'. Thus C — J° has a component
U containing J' U W'. Furthermore U NP = W1 NP = P! (Lemma 3.1). In other
words, U is also an element of W!. This contradicts the fact that W1 is the maximal
element of W!.

Thus O(W1NW?2) C E. Now any critically separating Julia component in W1NW?2
would also separate J! and J2, therefore separate P into two parts and be parallel
to both J! and J2. So W! N W?2 contains no component of E. As a consequence,
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W1NW?2 is an annulus component of C — E disjoint from P. By definition, Wl NW?2
is a component of A.

So J' C A. Thus every critically separating Julia component is contained in ELI A4.

Now A is decomposed into AE U .A° U A° U AL U AD. For any Julia component
J'in AL U AD, we have f(J') C LU D. Hence f(J') is not critically separating. By
Lemma 3.2, the component J’ is not critically separating either. Since the inclusion
map of each component of A into A4 is homotopic to a constant map, and A is
disjoint from P, no continuum in A€ can be critically separating.

Thus all critically separating Julia components are contained in ELAEUAS. O

Lemma 3.7. — For U a component of L U D, there is a unique component UR of
f~U which we call a reduced component with the following properties:

(1) UR c U, 8U c OUR, and each component of OU is a component of OUR;

(2) IfUN f'E = @ then UR = U. Otherwise UR is the complement in U of the
union of finitely many disjoint full continua, each of which is contained in U;

3) (U-UBRYNP=g;

(4) IfU is a component of L then f(UR) is also a component of L. In particular,
f(éL) Cc aL.

(5) f(UR) is a component V of U, f(OUR) = 8V, and f maps connected compo-
nents of OUR onto connected components of OV .

(6) There are finitely many components U in D such that UN f~Y(PUE) # @.
For any such U, f(UR) is a component of L U A.

Proof

(1) and (2) Note that f~'&/ = C — f~'E. f UN f~'E = @, the set U is also
a component of C — f~1E (since f~'E D E), and we set UR = U. Otherwise, let
Ci,...,Ck denote the components of f~!E which are contained in U. Lemmas 3.5
and 3.6 imply that no C; separates components of OU. Hence for each i, there is a
unique component V; of C — C; containing 8U. Let K; = C — V; and K = U; K;.
Lemma 3.1 implies that either K; N K; = @ or K; C K; or K; C K;. Each K; is full
since V; is connected. Then UE := U — K has the first two properties in the lemma.

(3) Now we show that no component of QU separates (PNU)UAU. This is trivial
for components of QU R which are also components of 8U. For the other components
of QU if this does not hold, there would be a Julia component J' in U separating
PUE, and thus J' would be critically separating (Lemma 3.5). This is impossible by
Lemma 3.6. Therefore URNP =UNP and (U -UR)NP = 2.

(4) Assume now that U is a component of £. f(U®) is a component of ¢{. By
definition of £, either U NP # & or U is neither a disc nor an annulus. In the first
case

FURNPD fURNP)= fFUNP) # 2,
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so f(UR) is again a component of £. In the second case, either UR N f~1P # o
(in which case f(UR)NP # @ and hence f(UR) isin £), or f : UR — f(UF) is an
unbranched covering. Since U is not a disc or annulus neither is UE. Any covering
over a disc (resp. an annulus) is again a disc (resp. an annulus), so f(UR) is neither
a disc nor an annulus and hence f(U?) is a component of L.

(5) This follows immediately from the properness of f : UR — V and Lemma 3.3.

(6) Suppose UN f~Y(PUE) # @. fUN f~'E # @, then U is a component of
D'. Otherwise U contains a Fatou component intersecting P. By the No Wandering
Domains theorem, the number of such Fatou components is finite, hence the number
of components U of the latter type is finite. Combining with the fact that D’ has
only finitely many components (Lemma 2.2), we get the finiteness. Now if f(U®) was
an element of D, then f(U?®) would be an open disc disjoint from P and E, hence
U would be an open disc disjoint from f~!(P U E). Hence f(U®) is a component of
AUL. O

Lemma 3.8. — Let A be a component of A and 6t be a component of 0A. Then
there is a unique component At of f~YU with the following properties:
(1) At C A and 6 C OAT;
(2) Either AT is a component of AS or At is a component of AL, i.e. f(AT) is
a component of A or C;
(8) f(OA™T) =0f(A") and f maps connected components of DA onto connected

components of 0f(AT). Thus f maps boundary components of components of
AS onto boundary components of components of A or L.

The proof is similar to the one above.

Lemma 3.9. — Assume E # &. For U a component of U, the set f(U) is again a
component of U if and only if UN f 1 E = &. Either there is a minimal integer k > 0
such that f*U N f~'E # @, or some iterate V of U is a periodic Fatou component.
In the latter case, V is finitely connected, is itself a component of U, and either

1) VNP # a2, and V is a component of L which is either a simply-connected
attracting or parabolic basin, or a Siegel disc or Herman ring intersecting P,
or

(2) VNP =g, and V is either a Siegel disc and a component of D, or a Herman
ring and a component of A.

Proof. — IfUNf"1E # o then f(U)NE # &, and so f(U) can not be a component
of ! = C — E. Otherwise UN f~'E = @ and so U is a component of f~'% which
maps properly under f onto a component of .

Assume now that for every n > 0, f*(U)N f~'E = @. Then f"U is a component
of U for every n > 0. By Montel’s theorem the family {f"|v }, is then normal (since
E is uncountable if it is nonempty), so U coincides with a Fatou component (since
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AU C J). By the No Wandering Domains Theorem, some iterate V' of U is a periodic
Fatou component, and so V' is a component of £. Since components of ¢/ are finitely
connected, V is finitely connected. The Lemma then follows from the classification of
periodic Fatou components and the fact that attracting or parabolic basins are either
simply connected or infinitely connected ([Be], §7.5). O

The following lemma is a more precise version of Lemma 2.3:

Lemma 3.10. — Assume E # &. Let Lo, Ly, ..., L, be the (finitely many) compo-
nents of L. Then each L; contains a unique Fatou component W; such that OW; D
OL;. Moreover the components of L; are precisely the components of OW,; separating
P.

We say f.(Li) = L; if f(LE) = L;. In this case every L; is preperiodic under
fe and f(W;) = W;. Furthermore, if {Lo, - ,Lp_1} is a periodic cycle of f., then
either

(1) LE=1L; for all0 <i < p—1, in which case W; = L; and either

(a) W, NP # @ for all i, in which case W; is a simply connected attracting
or parabolic basin, a Siegel disc or a Herman ring intersecting P, or

(b) WiNP = for all i, in which case W; is a Siegel disc or Herman ring
disjoint from P; or

(2) LR # L; for some i, in which case W; is an infinitely connected attracting or

parabolic basin for each 0 <i < p—1.

Proof. — By Lemma 2.2 the set £ has only finitely many components. By Lemma 3.6
no Julia component separates OL; (resp. OLE) or is critically separating. Corollary
A5 implies that there is a unique Fatou component W; (resp. W,-R) such that W; C L;
and OW,; D OL; (resp. WR C LE and OWE D OLE).

By Lemma 3.7, we have aL,R D OL;, thus by uniqueness with respect to the
property of containing 0L;, we have WiR = W;.

Note that every connected component of OW; is either contained in &L; or is
contained in L;. Since no Julia component in L; is critically separating, and every
component of JL; is critically separating, the components of W, separating P are
precisely those in 0L;.

If f.(Li) = Lj, by uniqueness of W;, we have f(W;) = f(WE) = W;.

By Lemma 3.7, for any ¢, f(LE) is again a component of £, thus coincides with
some L;. So f.(L;) is well defined for each i. Since there are only finitely many
components in £, each of them is eventually periodic under f..

Let {Lo, ..., Lp—1} be a periodic cycle of f.. Then {Wy, ..., Wp_;} forms a periodic
cycle of Fatou components.

If LR = L;,0 < i < p—1, then the conclusion (1) follows by Lemma 3.9. Otherwise,
LE has at least two boundary components, hence W; has at least two boundary
components. W; cannot be a Siegel disc or Herman ring. For in these cases, SW;NP #
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& and so L; = W; is itself a component of U, contradicting Lf # L; for some i. Hence
W; is either an attracting or parabolic basin with at least two boundary components,
hence is infinitely connected. O

For our example f = f; above, £ has a periodic cycle of period 2 formed by the
Fatou components containing infinity and -1.

Proof of Lemma 2.4. — Since f(F) C E, if J,, C E for some ng, then J, C E for
all n > ng. This is our case 1.

Assume now J, C U for all n. Assume furthermore that Jy is not in Case 2, that
is, J, N A% = & for infinitely many n. We are going to show J, C A° UD' U L for
infinitely many n (so Jp is in Case 3 or 4 or both).

We show at first that J, C A° UDUL = A° UD'UD"” U L for infinitely many n.
Denote by AB the set of z € A for which f(z) € B. We have J, N AE = @& for all n.
If J, C AD U AL for some n, then J,41 C DU L. Since

U=AEUAUA°UADUALUDUL,

we are done.

We now show that if J,, C D" for infinitely many n, then J,, C LUD’ for infinitely
many n. Assume J,, C D for D a component of D”. By definition, DN f~1E = &.
By Lemma 3.7, either f(D) is a component of D' U D" (this corresponds to the case
DN f~'P = @), or f(D) is a component of £. As a consequence of Sullivan’s non-
wandering domain theorem, there is an integer 0 < k < oo such that D, f(D), ...,
f¥=1(D) are components of D" and f*(D) is a component of D’ U L. Therefore
Jni+k C D'UL. (]

4. Analytic preliminaries

We now restrict to the case when f is hyperbolic. The results generalize to geomet-
rically finite maps; the Poincaré metric p is replaced by a more complicated metric
for which the map is still expanding (¢f. [TY] and §9).

Recall that f is hyperbolic if and only if 7 NP = &. If |P| = 2 then f is conjugate
to 2" and J is connected. Moreover, C — P is connected. Let p|dz| denote the
Poincaré Riemannian metric on C — P, d,(z,y) the corresponding distance, and 1, ()
the length of a curve with respect to p. Then f: C — f~1(P) — C — P is expanding
with respect to p. If B is the subset given in the proof of Lemma 2.1, then since f is
hyperbolic we have P ¢ B c LN (C — J), and f : C — f~(int(B)) — C — int(B)
expands p uniformly by some definite factor A\ > 1. The inverse of f is then uniformly
contracting, in the following sense: if 7y : [0,1] — C—int(B), then [,(¥) < (1/A™)1,(¥)
for any lift ¥ of v under f™. This observation will be the main tool in our proofs of
Propositions [Case 2] and [Case 3].
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If U is a path-connected subset of C — P, we define the path metric dpath (z,y)
on U with respect to p by

dpathy, (z,y) = igyf{l,,(v) | p:[0,1] = U, v(0) = z, ¥(1) = y}.

Lemma4.1. — Let J' be a periodic or preperiodic Julia component and U a com-
ponent of C — J'. Then there is a C* Jordan curve v : S — U — B, a continuous
surjective map h : S' — OU and a constant L depending on U, such that for each
t € S, one can find a path n; : [0,1] — U with p-length at most L, such that

7¢(]0,1]) C U, 1:(0) = h(t) and n:(1) = ~v(¢).

Recall that we have a partition E UU of C, and A U D is the union of disc and
annulus components of f disjoint from P. Moreover (A L D) C E, and E consists
of finitely many preperiodic Julia components.

Corollary 4.2. —  Each component U of A, D, A°, and A® has finite path-diameter
relative to p, and each has locally connected boundary.

Proof. — We first assume that J' is fixed and that the ideal boundary (c¢f. [Mcl])
of U is also fixed by f. In other words, there is a component U’ of f~!'U such
that U’ C U, but 8U C 8U' and f(OU) = 8U. We have f(U') = U. Choose
v =70 : S' = U such that the annulus A between OU and «(S!) contains no points
of f~1B. Denote by A’ the component of f~'A such that A’ C U’ and U C 9A'.
We may adjust v so that A’ C A, see [Mcl].

Choose z' € A’ such that f(z') = v(0). The degree d = deg(f : A’ — A) is a
positive integer. We define ;1 (t) so that y1(0) = &’ and f(7y1(t)) = v(d-t). Let
Hy : [0,1] x St — A be a C! map such that Hy(0,-) = v1 and Ho(1,-) = 7.

Since f : A’ — A is a covering, one can lift Hy to get H; : [0,1] x St — A’ such
that Hy(1, ) = Ho(0,-). Define v2(-) = H1(0,:). One can then define H,_; and vy,
by induction.

To control the convergence, we proceed as follows. For each t; € S*, the p-length
of the curve {Hy(s,t0), s € [0,1]} is finite, depending continuously on to € S!. So
it has a finite maximum, say C’. For t € S, d,(vn(t), Yn—1(t)) is smaller than or
equal to the length of the curve {Hy,(s,t), s € [0,1]} which is smaller than or equal
to C'/A""1. So {v,} forms a Cauchy sequence.

Therefore v,(t) converges uniformly to a limit map, h, and the path distance
between v(t) and 7, (t) is uniformly bounded by C'A/(\ — 1).

To define 7 for each ¢ € S*, note that the set h(t) U (U, >0 Usejo1] Hn(5,1)) is an
embedded closed arc with finite length. Reparametrizing it we get n(t).

For periodic J’ or periodic ideal boundary, we consider an iterate of f. For prepe-
riodic cases, we pull back the curves given by the result for the periodic cases. O
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5. Proof of Proposition [Case 2]

This is the case where a Julia component Jy satisfies J, = f*(Jo) C AS for n > ne.
We may assume ng = 0.

Part I, f is hyperbolicc. — We will show that Jy is a Jordan curve.

Recall that A4S consists of components of f~!.A4 parallel to some components of A.

Denote by A, As,..., A, the components of AS, and by A;; the set of points 2z
such that z € A;, f(z) € A;.

If A;; # @, it is an essential subannulus of A;, and f : A;; = A; is a covering. For
f:Ai = f(Ay) is a covering, f(A;) is a component of A and A; is a subannulus of
f(A;) parallel to f(A;).

For each Aj, choose v; : S' — A; an injective homotopically non-trivial C! curve.
For each i such that A;; # @, choose x;; € A;; such that f(z;;) = 7v;(0). Then the
homotopy classes of v; and 7y; determine uniquely generators for m;(A;;) and 71 (A4;).
The degree d;; = deg(f : Ai;; — Aj;) is then a positive or negative integer. Define a lift
’)’,;j(t) of Yj SO that ")/U(O) = Zij and f(’)/l](t)) = 7j(dij . t). Let Hij : [0, 1] X Sl — A.,,
be a C! map such that H;;(0,-) = v; and H;;(1,-) = ;5.

Let a = (apa; ---) be any infinite sequence such that for all n > 0 we have 1 <
an < pand A,,q,,, # 2 and call such a sequence admissible.

For n > 0, denote by T,, = T,,(a) the set of points z such that f¥(z) € A,, for
0 < k < n. Then T4, is an essential subannulus of T), forn > 0 and f" : T), — A,,, is
a covering. The curve ~y,, determines a generator for 7 (T,,) and we let d,, = deg(f™ :
T, — A,,); it can be a positive or negative integer.

Set J' = J'(a) =\, Tn- Since T, forms a nested sequence of compact connected
sets which are critically separating, J’ is also compact connected and critically sepa-
rating. We will show that either J' C 8Ty for some N, or J' is a Jordan curve, and
a Julia component. The proof is split into several lemmas.

Lemma 0. — For eachn > 0, there is a (parametrized) C' curve (,(t), and forn > 1,
a homotopy G, : [0,1] x S* — T,,_1 such that (,(S') C Ty, C Agy, Gn(0,t) = Cn—1(t),
Gn(1,t) = (u(t). Moreover f*((n(t)) = Yo, (dn - t).

Proof. — Set (9 = 74,- Assume we have constructed (,—1 and G,—_1. Since the
map f* ! :T,_1 — A,,_, is a covering, mapping T,, onto A,, , a.., one can lift the
homotopy Ha, ., to a map G, : [0,1] x S*'— T,_1 with G,(0,t) = (,—1(t). Set
(n(t) = Gnp(1,t). These are the maps required by the lemma. Finally, by our choice
of generators of fundamental groups, we have f™*((,(t)) = Ya, (dn - t). O

Next, by our choice of B (in particular BN J = &) we have |JA; ¢ C — B and

Ai; € C — f71(B) for all possible pairs (i,7). By Corollary 4.2, there is a positive
number M such that for s = 1,...,p, the path diameter of A; € A° with respect to p
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is at most M. Moreover, on AS ¢ C — f~1(int(B)), f expands p by a definite factor
A> 1.

Lemma 1. — The curves (,(t) defined in Lemma 0 converge uniformly to a continuous
map (: ST — A,,.

Proof. — For each possible pair (i, j), the p-length of the curve {H;;(s,%o), s € [0,1]}
is finite, depending continuously on t; € S'. So it has a finite maximum. Let C' be
the maximum of the p-length of the curves among all possible couples (¢, j) and all
to € S1; it is again finite. For ¢t € S, d,(¢n(t), (n—1(t)) is less than or equal to the
length of the curve {G,(s,t), s € [0,1]} which is smaller than or equal to C'/A""1.
So {¢,} forms a Cauchy sequence. O

Choose a base point ¥ in each component of 4,,. Denote by ;" (resp. §,) the
component of 8T, which either contains z* (resp. z~) or which separates % (resp.
z~) and T},. Denote by Dy the Hausdorff distance on compact subsets of C — int(B)
with respect to the metric d,. By definition

Dp(F,G) = max ( maxmindy(z,y), maxmind,(s,y) ).
Lemma 2. — For every € > 0, there exists an N independent of a such that for every
n>N, Dy(J',6t) <e, Du(J',d;) <e and Dg(J',Tp) < e.
Lemma 3. — Dg(J',(,(SY)) — 0.
Proof of Lemmas 2 and 3. — Fix y € 6,}. We first show

ineiﬁ dp(z,y) < M/A™.

Let y, = f™(y),n > 0, and for each n choose z, € f™(J'). Then for each n, there
is a path 7, : [0,1] = A,, such that 7,(0) = Yn, 7.(1) = zn, 71.(]0,1[) C A,,, and
1,(nm) < M. For any n, f~"(f*(J")) NT, = J', since f*(N, Tk) = Ny f"Tk. Hence

there is a lift 7, : [0,1] — T, of B, under f™ joining y to some point z), € J'. Hence
by expansion

Héi}l dp(z,y) < dp(xp,y) < Lp(Tn) < M/A™.
x 7
Hence

max mind,(z,y) < M/\™.
max min d, (z,) < M/

A similar argument bounds maxge. min, s+ dp(x,y) by the same quantity. The
remainder of the two lemmas are proved similarly. |

Lemmas 1 and 3 imply that ¢(S') = J'. As a consequence, J' is locally connected.

Lemma 4. — Either J' coincides with one boundary component of T for some N, or
J' C T, for all n. In the second case, J' is a Jordan curve, and a Julia component.
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Proof. — We first show J' C J. First, 8J' C J since 8T, C J for all n and J is
closed. Second, J' = 8J'. For otherwise there is a nonempty component W of int(J’).
Then W C T, for all n, and as a consequence f"(W) C A for all n. Thus {f"} is
normal on W. So W coincides with a Fatou component. But for a hyperbolic map
every Fatou component is eventually attracting, and meets eventually P, contradicting
ANP =o.

There are thus two possibilities: either J' C 8T for some N, or J' C T, for all
n. In the first case J' coincides with one boundary component of T} for all kK > N
(Lemma 2). In the second case, J' must be a Julia component. For otherwise, J' is
a nonempty proper closed subset of some Julia component J"; if x € J' — J' then
Dy(z,J') > 0, and hence Lemma 2 implies that for some n, 8T, either separates
z and J' or 8T, contains . But this implies that J' intersects 9T,, hence J' is
contained in a boundary component of T}, violating our assumption.

Moreover, Lemma 2 implies that C — J' has exactly two components Uy, Uz, and
OU; = 8Uy = J'. The lemma below (pointed out to us by M. Lyubich) allows us to
conclude that J' is a Jordan curve. a

Consider now our Julia component Jy such that J, C A° for all n. It determines an
admissible sequence a = (aga; - - -) by setting a,, = m if J, C A,,. Then Jy = J'(a),
and it is a Jordan curve.

Remark. — The proof actually shows much more; see §8.

Part II, f is nice. — Let Jy be a Julia component such that J,, C AS for all n. Define
T, to be the component of f~™U containing Jp (it is in fact the same T}, as in Part
I). Then each T, is an open annulus, contained essentially in 7),_1. With the help of
Sullivan’s non-wandering domain theorem, one can show easily that Jo =(),, Tn. On
the other hand, since Jp is disjoint from 8T, C f~"(E) for all n, there is a sequence
ng — oo such that T,,, C T,,_,. Therefore C — Jy has exactly two components.

Lemma 5.1. —  Assume that K is a closed subset of C satisfying either conditions
a) and b) or condition c):

a) K is the common boundary of two disjoint open connected sets Uy and Us.

b) K is locally connected.

¢) C — K has ezxactly two components V1 and V> and each point of K is accessible
from both V7 and V5.

Then K is a Jordan curve. There are counter examples if one of the above condi-
tions is not satisfied.

Proof. — Condition a) shows that U; and U, are simply connected and K is compact
connected. By b) and Carathéodory’s theorem, a Riemann map ¢ : A — U; extends
continuously to the boundary, and the extension is locally non constant. But the
extension is also injective, for otherwise the image by ¢ of a pair of distinct radial
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segments of A would form a Jordan curve v and each component of C — v would
intersect Us. The contradicts the fact that v N Us = @ and Us; is connected.
For a proof in condition c) case, see Newman ([Ne]), Theorem 16.1. O

6. Proof of Proposition [Case 3]

This is the case where a Julia component Jy satisfies J, = f*(Jo) C A° U D' for
infinitely many n.
Part I. f is hyperbolicc. — We will need the following variant of Lemma 1.4; the
difference is that we do not assume Q; is full.

Lemma 6.1. — Let f be a hyperbolic rational map and Q = UF_, Q; be a finite family
of disjoint path-connected subsets of C such that

(1) Q;NP =2 for each i,

(2) the inclusion maps v; : Q; — C — P are homotopic to constant maps, and

(3) the path-diameter of each Q; with respect to dpathg, is finite.

Then any connected set J satisfying f™(J) C Q for infinitely many n is a point.

Proof. — We may assume Q; N B = @, where B is a closed neighborhood of P
constructed previously. Then since f is hyperbolic, f expands p uniformly by some
factor A > 1 on C — f~1(int(B)). Let J, = f*(J) and let Q™ denote the component
of @) containing J,,. Choose zg,yo € Jo and let z,, = f™(z0),yn = f™(yo). Let M be
an upper bound on the path-diameters of the @); with respect to p. Then for each n,
there is a path 7, : [0,1] = Q", 7, (0) = p, Nn(1) = y, for which {,(n,) < M. Since
Q" — C — P is homotopic to a constant map, for each n there is a lift 7,, of 1,, under
f" joining zo to yo. By expansion,

dp(an yO) < lp(ﬁn) < lp(nn)//\n < M//\n — 0.

Hence o = yo and J is a point. O

Now assume that Jy is a Julia component for f, and J,, C A U D’ for infinitely
many n. By Lemma 2.2 the set A° UD’ has finitely many components, each of finite
path diameter by Corollary 4.2. The above Lemma then applies and hence Jp is a
point.

Part II. f is nice. — For each component U of A° C A, take a simple closed curve «y
which is a generator of the fundamental group of U. Then C — v has exactly one disc
component V contained in A. The set U=UuVisan open disc contained in A4 (so
is disjoint from P. Therefore the enlarged set A9 UD' consists of finitely many open
discs disjoint from P. The rest of the proof is very similar to Part II in the proof of
Proposition [Case 2]. We omit the details here.
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7. Proof of Proposition [Case 4] and Theorem 1.1

In this section we derive Theorem 1.1 and Proposition [Case 4] from

Theorem 7.1. —  Let f be a rational map (not necessarily hyperbolic or nice). Let
W be the union of finitely many Fatou components Wy, ..., W,, such that
(1) fW) cw;

(2) each W; eventually lands on an attracting or parabolic periodic basin under
iteration of f, and W; NP # & for all i;
(3) for each W;, only finitely many components Ky i, ..., Km, i of C—W, intersect
P.
Then there is a finite union Q of disjoint full continua in C — P such that any Julia
component Jo satisfying f™(Jo) C U; (C— - U;"zl Kj,i) for infinitely many n passes
infinitely often through @, and is a point.

Proof of Theorem 1.1. — Let Wy be the basin of infinity of the polynomial f. It
is a fixed attracting component, and infinitely connected. Since only finitely many
components of K = C — W, intersect P, we may apply the above theorem to prove
that every Julia component of f passing infinitely many times through Uy is a point,
where
Up = WoU{K | K is a K-component disjoint from P}.

On the other hand, every Julia component is the boundary of a K-component. So
every K-component passing infinitely many times through Uy is a point. But in this
particular case, we know also that the orbit of a K-component either stays entirely in
Up or lands eventually on a K-component intersecting P, which is preperiodic, since
there are only finitely many of such K-components and the union of them is forward
invariant. O

Proof of Proposition [Case 4]. — Let f be a nice map and Jy be a Julia component.
Assume that J, = f*(Jy) C L for infinitely many n. For each component L; of L,
Lemma 3.10 provides a unique Fatou component W; such that W; C L; and 0L; C
OW,;. The union of these W;’s satisfies the conditions of Theorem 7.1. Moreover,
in the notation of the statement and the proof of the theorem, we have L; = U; =
G—U;n:‘l K; ;. Therefore we can apply Theorem 7.1 to conclude that Jo is a point. [

We now start the proof of Theorem 7.1. — We will use the following notation. Let
S be a closed subset of S? and W be an open connected subset of S2?. Define

Uuw,S) = WUU{K | K a component of S — W such that K NS = @}.

Then U (W, S) is an open set,.

Fori=0,...,m,set U; = U(W;,P) = -C——U;.'l:"l K ;. Our aim is to find a compact
set @) satisfying the properties in the theorem. We then apply Lemma 1.4 to obtain
the result.
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The proposition below is proved in the Appendix.

Proposition 7.2. — Let W be a Fatou component of a rational map f. Suppose that
P N (C — W) is contained in the union K, U --- U K, of finitely many connected
components of S2 — W. Let W' be a connected component of f~1(W) and let U =
UW,P) and U' =UW', f~1(P)). Then
(1) U and U’ are connected open subsets with finitely many boundary components;
(2) f:U' = U is proper, surjective and a branched covering;
(3) f:0U' — AU is surjective, and given any connected component K| of S2—U’,
f maps OK! surjectively onto OK; for some unique component K; of S* —U.

Since each component W; contains points of P, U;NU; = &, © # j. For each ¢,
set Ul = U(W;, f~'P). Then U] C U; since f~!(P) D P. By Proposition 7.2, U] has

finitely many boundary components, hence @; := U; — U] consists of finitely many
full continua disjoint from f~!(7P), hence disjoint from P. This will be one piece of
our set Q.

Proposition 7.2 also implies that f : U/ — U, is proper if f(W;) = W;. We
analyze the dynamical system f : U;U; — U;U;. Define f.(U;) = Uj if f(U]) = U;
(equivalently, if f(W;) = Wj).

Assume that a Julia component Jyp satisfies that f"(Jp) C |J, U; for infinitely many
n. Then either f*(Jo) C U, Q: for infinitely many n or f*(Jo) C |J,; U; for alln > n,.
In the former case f™(Jo) C @ for infinitely many n too since @ is going to be defined
as a set containing |J; @;. In the latter case the orbit of Jp lands eventually into a
periodic cycle of f.. We now analyze this second case.

Let Uyp,...,Up—1 be a periodic cycle of f,. Set g = fP. Then J(g) = J(f) and
Us =UW;,P(f)) = UWs,P(g))-

For any Julia component Jy such that Jo C Uy and f™(Jo) C J, U; for all n > 0,
we have f(Jo) C Uf, ..., fP='(Jo) C U;_; and f?(Jo) C Uj and so on. Therefore
g™ (Jo) = f™P(Jo) C U§ C Uy for all n.

Set W = Wy and U = Uy = U(W,P). Then W is a fixed attracting or parabolic
Fatou component of g.

We are going to find a compact set Q¢ which is the union of finitely many disjoint
full continua such that, if the g-orbit of a Julia component Jy passes infinitely many
times through U, then it passes infinitely many times through @ as well.

Denote by X the empty set in case W is an attracting basin, or the set of one
single element which is the fixed parabolic point of W in case W is a parabolic basin.
Set X5 = Up<jcn 97 X.

One can find a disc V C W with Jordan curve boundary such that V ¢ WU X
and g(V) C VUX. We may choose V such that (V — X)NP = @. For any n, let V,,
be the unique component of g~"(V) containing Vo = V. Then V,, C V.41 U X, for
any n. There is an integer N guaranteed by Lemma 7.3, such that every component
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of C — Vi contains at most one of the finitely many components of C — W which
intersect P, and PNW C Vy.
The set C — Vv is a disjoint union of finitely many full continua with

J Cint(C — V) U Xx.

Denote the components of C—Vy by D1,..., Dy, ..., D, such that, for j > I, D;NP =
@; and for 1 < j < I, D_J contains a unique component K; of C — W such that
Kj npP # .

For 1 < j <1, set A; = int(D;) — K;. Then A; is an open annulus with possibly
finitely many pinched points at points in X . Moreover A; contains no critical value
(by the choice of N).

Now we look at the level N +1. For U = U(W,P) and U’ = U(W, g~'P), the map
g : U' — U is a branched covering (Proposition 7.2). Since VNU(U;:1 A;UUj s, D;) =
U, we conclude that U’ — g“l(U;=1 AjulU s D;) is connected, and coincides with
g YW NU'. So g~'Vx has a unique component in U’, which is Vi ;.

Denote the components of C—Vny1 by D'y, ..., D", ..., D't such that K; C D’; C
Djfor1<j<l,and D';NP =@ for j > L.

We set g«(K;) = Kj if g(0K;) = 0K, which is well-defined by Proposition 7.2.

Set A = int(D}) — K;, j = 1,...,l. If g.(K;) = Kj, then g(A4}) = A; and
g: A - Aj is a covering map.

Note that A; — A} = int(D;) — int(D_}). Moreover J N (int(D;) — D';) is contained
in U,o, D's.

We claim then every Julia point x in U;:o A’

; must have some iterate in

l
U« - 4).
j=0
If not, there is ng > 0 such that for all n > ng,
g™ (z) € U{A; | K; is periodic for g.}.

On the other hand, for Kj,...,K,_1 a periodic cycle of g,, and for any y € Ay,
there is a minimal integer s > 0 such that ¢g°(y) ¢ U‘;;(l) A, for Lemma 7.3 below
implies that each K is the nested intersection of sets of the form N, B;,, where B, is
a component of C — V,,, n > 0.

Therefore if a Julia component Jp satisfies that g™(Jp) C U;zo AU U s D', for
infinitely many n, then g"(Jo) C U,-, D} for infinitely many n.

On the other hand, for our set U = U (W, P), we have

i
JgnUc |JAulUDiu XN

j=0 s>l
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Thus saying g"(Jo) C U for infinitely many n is the same as saying

l
g"(J) c | J 450U D}
Jj=0 s>l
for infinitely many n.

Return to our original map f now. The components of Qo = Uy — Uy are disjoint
full continua contained in U;':o AL U U s D’,. Therefore Qf = Qo U, D} is again
a union of finitely many disjoint full continua.

For each periodic cycle of f., choose one representative U; in the cycle, and de-
fine Q) in the same way, for the other i in the cycle, define Q; = Q;. We write
{0,1,...,m} =I'UI, where j € I' if U; is f.-periodic and j € I otherwise.

Set Q@ = U;ep @ U U;c; Qi- This is again a union of finitely many disjoint full
continua, disjoint from P. Now let Jy be a Julia component passing infinitely many
times through | J; U;. Then either it passes infinitely many times through |J; Q: C @,
or there is some ¢ € I, such that Jy passes infinitely many times through Q; C Q. In
both cases Jy must pass infinitely many times through Q.

Finally we apply Lemma 1.4 to conclude that such Julia components are points.

We mention here two particular cases.

1. The component W is simply connected. In this case U = W and no Julia
component passes through U.

2. The set U(W,P) coincides with C, that is 7 C W. In this case I = 0 and each
Julia component is a point. That is J is totally disconnected. O

A variant of the following lemma can be found in [St], page 63 and 117.

Lemma 7.3. — Let W be an fized attracting or parabolic basin of a rational map
f- Let V be either a disc neighborhood of the attracting fized point with Jordan
curve boundary or a Fatou petal in W of the parabolic fixed point. Then for V, the
component of f~™(V') containing V, we have W = |J,, Vi, and each component of
C — V, is closed disc with possibly finitely many pinching points. Furthermore, given
any two components Ki and Ky of C — W, there is an integer N such that Vi
separates K1 and K.

8. Further results
8.1. Diameter of Julia components. — Let f be a hyperbolic rational map.

Corollary 8.1. — A Julia component Jo of J is not a point if and only if there is
an integer N such that J, = f*(Jo) C ASU f~*E for anyn > N.

If Jo is a point, we may regard IV as +oo.
One can show that the set f~1(AS U f~1E) — (A° U f~1E) is contained in finitely
many discs. Thus the same technique as in the above sections can prove also the
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following results: to each integer IV, there is a positive number ¢(N), with (V) — 0
as N — oo, such that for Jy a Julia component, and N the minimal integer such that
f*(Jo) C A° U f1E for n > N, the spherical diameter of Jy is at most (V).

8.2. Symbolic dynamics of Julia components in A°. — Let f be a hyperbolic
rational map. The arguments given in §5 actually show much more. The space X
of admissible sequences {aga; ...} equipped with the product topology and the one-
sided shift map o is a subshift of finite type. Let C1(C) denote the space of all closed
subsets of C in the Hausdorff topology. The map f induces a map from this space
to itself which we again denote by f. Given a € X, we have defined in §5 a nested
sequence of annuli T,,(a) and a continuum J'(a) = N,Tp(a). The set J'(a) may or
may not be a Julia component.

Theorem 8.2. — The map
®:a— J'(a); T — CI(C)
defines a uniformly continuous injective map conjugating o to f|®(X). Moreover,
(1) there is a (at most) countable subset L. and a finite subset X, o C ¥ such that
(a) a € B if and only if J'(a) is a boundary component of A,, for some
A,, € A%, i.e. is a boundary component of To().
(b) a € . if and only if J'(a) is a boundary component of Ty, () for some
n.
(C) 0(26,0) - Ee,O-
(d) Ye = Unzoa—n(ge,o).
(2) a ¢ X if and only if J'(a) is a Jordan curve Julia component satisfying
f*(J'(a)) C A5 for allm > 0.
(3) Let Jeo = ®(Zc,0). Then as a subset of C,

U ®(a) = {2 | f"(2) € A°U (Usey, ,6) Vn > 0}.
a€d

The elements of the set of continua J. := ®(3.) may be thought of as “exposed”
boundary components, in the sense that they are boundary components of T7,.

Corollary 8.3. —  The following are equivalent:

(1) ¥ is uncountable.

(2) There is a wandering component of the Julia set which is a Jordan curve.

(8) There are uncountably many wandering components of the Julia set which are
Jordan curves.

(4) There are infinitely many periodic Jordan curve Julia components.

(5) There exists a component C' of A, disjoint essential subannuli A, B C C', and
integers m,n > 0 such that f™: A — C', f*: B — C' are covering maps.

Proof. — For any subshift of finite type (X, o), the following are equivalent:
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the space of admissible sequences ¥ is uncountable;

— there is a wandering sequence;

— there are uncountably many wandering sequences;

there are infinitely many periodic sequences;

— there are two finite-length sequences a = (ag,-..,am), 8 = (bo,...,bn) with
c:= a9 = @y, = bg = b, and a; # b; for some 0 < 7 < minm, n.

By the above Theorem and the preceding facts, the first three conditions are thus
equivalent, and (1) implies (4). The set E contains finitely many Julia components,
and each periodic Jordan curve Julia component which is not in £ must be contained
in AS. Each such component is J'(«) for some periodic «a, by the above Theorem,
hence ¥ has infinitely many periodic sequences and so (4) implies (1). We now show
the equivalence of (4) and (5). First, note that (5) is equivalent, by pulling back, to
the same condition with C’, a component of A, replaced by C, a component of A5.
The equivalence of (4) and (5) then follows immediately from the above Theorem and
the preceding paragraph. O

Proof of Theorem 8.2. — The continuity of ® follows immediately from Lemma 2 of
§5. That ® is a semiconjugacy follows from the fact that f : T, (a) = Th_1(o(a)) is
a covering map, hence f : T),(a) — Tph_1(o(e)) is surjective, and so

f(@(a)) = f(J'(a)) = f(MnTn(@)) = MnTn_1(c(a)) = J'(d(a)) = (0 ().

To see that @ is injective, first note that given a boundary component § of A € A, no

other component B € 4 has § as a boundary component. For § is locally connected
(e.g. by Corollary 4.2) and hence ¢ is homeomorphic to S! if it is the common
boundary of two disjoint open annuli, by Lemma 5.1. But if this occurs then § is a
component of the Julia set separating its parallels, violating the construction of A.
More generally, since f sends boundary components of T, () to boundary components
of T,,—1(0(@)), if 6 is the common boundary of T, (a) and Ty, (3), then T, (o) = Ty (5),
t.e. ifa ={agay ...}, B ={bob1...} thena; =b;,0<i¢<n. If J'(a) = J'(B), then
either J'(a) = J'(B) is a boundary component of T,(«a), some n, or J'(a) C Tp(a)
for all n. In the former case we have T),(a) = T,(0) for all n by the above observation
while in the latter we must have T),(a) = T, (8) for all n since if o # 3 then for some
n, Tn(a) NT,(B) = @. Hence o = .
(1) Define . as in 1(a). We first prove that J. o = ®(Z¢,0) is forward-invariant
under f. Let Jy € Jeo and let J; = f(Jo). Then Jy is a boundary component of
To(a) for some a. The proof of Lemma 4 of §5 shows that then Jp is a boundary
component of T () for all & > 0, hence Jp is a boundary component of T; (a). Since
f :Th(a) = To(o(e)) is a covering, f(Jo) = J; is a boundary component of Tp(o(a))
and so J1 € Je,0. Now 1(a) holds by definition, 1(c) follows from the above result and
the fact that ® is a semiconjugacy. Define ¥, by 1(d). 1(b) then follows immediately
from the fact that ® is a semiconjugacy and the fact that f™ : T),(a) = To(o™()).
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(2) Note that a ¢ X, if and only if J'(a) C T (a) for all n, by 1b). The result then
follows by Lemma 4 of §5.

(3) First, let Jo = J'(a). If a ¢ X, then Jo C T,(a) for all n > 0, hence f"(Jo) C
To(o™(a)) C AS for all n > 0. Otherwise, there is a minimal N > 0 such that for
0<i< N, Jy C Ti(ex) and for ¢ = N, Jy is a boundary component of T;(a). Hence
for 0 < i < N, fi(Jo) C To(c*(a)) C AS, and for i = N, fi(Jo) is a boundary
component of Tp(c%(a)) € Je,o. Since Jeo is forward-invariant under f the inclusion
in this direction is proved.

To prove the other direction, given z an element of the right-hand side we must
produce a so that z € J'(a). Let z, = f*(2). If 2, € Ay, € AS forall0 <n < N
we set a, = b,. Hence we may assume 2, € 8.A4° for all n > 0. Choose a component
A,y so that zg € Jo, a boundary component of A,, (there may be more than one
such component, since the annuli in .A° may have closures which intersect). Then
Jo € Jeo. Since J.o is forward-invariant, J, = f"(Jy) is a boundary component
of a unique component A,, of AS. We now claim that @ = (aga;...) chosen in
this fashion is admissible, i.e. that A,.,,,, # @ for all i. For on the one hand,
f(Aq;) = A € A, hence J;+1 = f(J;) is a boundary component of A. On the other
hand, J;4; is a boundary component of A,,,, C B € A. If A # B then we must have
that J;41 is the common boundary of A and B, which we have previously noted is
impossible. Hence A = B and 5o Ag;q,,, # &. Hence Jy = J'() contains z. O

8.3. Moduli restrictions and description of the shift. — Let f be a nice
rational map. Let {C4,...,Ck} be the set of annuli in 4. Denote by m; the modulus
of C;. Note that 0 < m; < co. For each j choose a Jordan curve ; C C; which is
a homotopically non trivial in C;. Set I' = {v1,...,v}. Let A(%,j) denote the set of
components C; j x of f~1(C;) homotopic to C; and let d; j x» be the positive degree of
f : Ci’j,,\ — Cj.

Define two linear maps

fr, frg : RV 5> R
by

1 )’y~
dijr/ "

ra=Y( X

Y€l Ae€A(i,5)

foa(r) =Y ( > 1)%'-

€L AEA(i,5)

and

If A(%,j) = & we take the coefficient of -y; to be zero. The map fr is the Thurston
linear transformation defined by the multicurve I'. The Groétzsch inequality implies
that if m = (m;) € R is the vector of moduli m;, then

(fr(m)); <m;, 1 <j <k
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As a consequence, the leading eigenvalue of fr is smaller than 1 (consider the product
vfrm with v a leading eigenvector of (fr)?).

The map fr,# is almost the transition matrix for the subshift (3, ). The compo-
nents of A% are in one-to-one correspondence with the collection of elements

A AeAG )}
If Ay, A, € AS where A € A(i,j) # @ and p € A(k,l) # & then
Axp={z|2z€ Ay, f(2) €A} #2 ifandonlyif j=k.

An admissible sequence a € X is thus given by an infinite sequence \,, where successive
terms satisfy the above condition. Hence by removing any basis elements «; for which
the jth row of fr x consists only of zeros we obtain a new matrix. Iterating this
removal process we obtain a matrix which gives exactly the subshift (X, o).

8.4. Quasicircles and non-quasicircles. — A Jordan curve J in the sphere is a
K-quasicircle if it is the image of a round circle under a K-quasiconformal map, and
it is said to have K'-bounded turning if the ratio

diam(L)/d(z,y) < K'

for all z,y € J, where L is the component of J — {z,y} with smallest diameter.
Here distance is measured with respect to the spherical metric d. J is said to be a
quasicircle if it is a K-quasicircle for some K. It is known that J is a quasicircle if
and only if it has bounded turning ([LV] II, §8).

If a Jordan curve component J of 7 is preperiodic and f is hyperbolic, it is a qua-
sicircle by the surgery argument of McMullen [Mc1]. However, a wandering Jordan
curve component J need not be a quasicircle. We first show

Theorem 8.4. —  Let f be a hyperbolic rational map. If the orbit of a under o does
not accumulate on X, o then ®(a) is a quasicircle.

(Here we use the same notation as in §8.2). The proof also shows the following
corollary. However, we have no example where the hypotheses are satisfied.

Corollary 8.5. — If X, is empty (i.e. if every boundary component of a component
of AS maps to a boundary component of L which is not also a boundary component
of any component of AS), then there exists a K such that for every a € £, ®(a) is a
Julia component which is a K — quasicircle.

Proof. — Let Jo = ®(a). If o does not accumulate on X, o then there is a positive
integer Ng such that

To = {Tno (o' (@), i > 0}

is a disjoint union of open annuli which is compactly contained in A°, and which
contains the entire forward orbit of Jy. Since the orbit of Jy does not accumulate on
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a boundary component of A°, it does not accumulate on boundary components of
To- Hence there is an integer N; > Ny such that

Ti = {Tn, (0" (@), i > 0}

is a disjoint union of open annuli which is compactly contained in 7; and which
contains the entire forward orbit of Jy. Then fN1—No(T/) = T .

Enlarge 7, slightly to a disjoint union 7y of open annuli whose boundaries are
real-analytic Jordan curves and which is compactly contained in A°. Let 7; be the
union of preimages of components of 7o under f~1~No containing components of T
Then 77 is compactly contained in 7y, and

g=fMN T =T

is an expanding conformal dynamical system.
On the other hand, we may build another model for this dynamical system of the
form

h:Ro—)Rl

where R; consist of round annuli and the map h on each component is z — 2%, some
d. We may also find smooth maps ¢; : R; — 7; such that ¢g ch = go ¢; on Ry
and ¢o ~ ¢1 rel ORo. That is, the pair (¢o, P1) gives a combinatorial equivalence
between the two dynamical systems. By Theorem A.1 of [Mc2], ¢; are isotopic rel
ORp to a quasiconformal conjugacy . Since the Julia set of h is the product of a
Cantor set with a round circle, Jy is a component of the Julia set of g and hence Jy
is a quasicircle.

If ¥, 0 is empty, then f~1(A%) N A° is compactly contained in .4°. We may then
apply the argument above with 7§ = A° and 77 = f~'(AS) N A° to prove the
Corollary. O

Example. — We illustrate this by our example f = f;. In this case .4° has two
components Ag and A;. We choose Ay to be the outermost one, i.e. the one with
a fixed boundary (the component J*). There are no components of 7 which are
points, and indeed J = {z | f*(z) € AS VYn}. Moreover, the boundary components
of components of A° are entire Julia components, and Ag N A; = &. It follows that
the connected components of 7 are precisely the sets of the form J'(a),a € 3. Hence
by Theorem 8.2, the dynamics on the space of connected components of 7 in the
Hausdorff topology is conjugate to the one-sided shift on two symbols 0 and 1. Note
that then X, o = {(000...)} and hence that ¥, = {(aga1...) | an =0Vn > ne}.
The dynamical system (X, o) is conjugate via ¢ to (C, g), where C is the invariant
Cantor set for the interval map ¢ : [0,1/3] U [2/3,1] — [0, 1] given by g(c) = 3c for
0 <c<1/3 and g(c) = 3(1 —¢) for 2/3 < ¢ < 1. The conjugacy ¢ is defined by
¢(c) = (apaiaz ...) where a, = 0 if g"(c) € [0,1/3] and a,, = 1 otherwise. Note that
the point 0 € C corresponds to (0000...) and the point 1 € C to (1000...). Order
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the components of 7 so that J > J' if J' separates J and the point at infinity. Then
the composition ® o ¢ is order-preserving with respect to the usual ordering on the
interval and >.

Say c € C is exposed if ¢ is a boundary point of a component of the complement of
C and is buried otherwise. Similarly, we say a Julia component is ezposed if it meets
the boundary of a Fatou component of f and is buried otherwise. Then c is exposed
if and only if ¢(c) € X, if and only if ® o ¢(c) is exposed if and only if ® o ¢(c) is a
covering of J7T if and only if ® o ¢(c) is not a Jordan curve.

Finally, we note that X, is dense in X.

We now show

Theorem 8.6. — ® o ¢(c) is a quasicircle if and only if ¢ does not accumulate at
0 under g, i.e. if and only if a = ¢(c) does not contain arbitrarily long strings of
consecutive zeros.

Thus quasi-circle components form a dense subset in the space of Julia components.
On the other hand, the non quasi-circle components form a residual set in Baire’s
category.

Proof. — Let Jo = ®(cp) and Jp, = f*(Jo) = ®(9"(co)), n > 0. By Theorem 8.4 it
suffices to show that if zero is a limit point of the orbit of ¢g then Jj is not a quasicircle.
On a compact neighborhood of AS avoiding the point at infinity the spherical and
planar metrics are equivalent, hence Jy is a quasicircle if and only if it has bounded
turning with respect to the planar metric. For simplicity we conjugate the map by
1/z so that J¥ is near zero and the J,, separate J* from infinity.

By Theorem 8.2, if g"(cp) has zero as limit point, then there is a subsequence
Jn, — JT in the Hausdorff topology. In J* we may find a cut point p and small open
discs W' and W with W C W' and such that W/ NP =&, p € W, and W contains
a connected component L of J* — {p}. Since p is a cut point p is accessible from the
component of C — J* containing infinity (recall we conjugated our map by 1/z) via
two distinct accesses 7);,7y. Since J,, — Jt in the Hausdorff topology and the J,,
are critically separating, for k£ sufficiently large, there are points xx € 9, N Jp, N W
and yr € Ny N Ju, N W such that xx,yr — p and for which the component L; of
Jne — {2k, yr} of smallest diameter is also contained in W and has diameter bounded
below by D = diam(L).

Since W’ NP = @, there is a univalent branch hy of (f™*)~! on W' sending Ly
to a subarc of Jo. Let zox = hk(xk), yor = hk(yx), and Loxr = hi(Lx). Then the
Koebe distortion theorem implies that since W is compactly contained in W', there
is a constant C' > 1 independent of k such that hj distorts ratios of planar distances
between points of W by at most a factor of C'. Hence for all k&

o1 diam(Lg) < diam(Log) < Cdiam(Lk)'
lzx — ykl ~ |Zox — yor| lek — yil
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But diam(Ly) is bounded from below by D while |zx — yx| — 0. Hence Jy has
unbounded turning and so is not a quasicircle. a

8.5. Constructing other examples. — The map f; was initially found by using
quasiconformal surgery to glue 22 — 1 with 1/2% in the appropriate fashion. This
construction and its generalizations are the subject of work in progress. For example,
one may apply the same construction by replacing 22 — 1 with any polynomial p whose
filled Julia set has interior, and glue it to 1/23.

Question. — If p is a quadratic polynomial with non-locally connected Julia set and
a Siegel disc, can one obtain, by this gluing, a map with wandering Julia components
which are critically separating but not Jordan curves?

8.6. How to find the set E. — There are finitely many Fatou components
Wo, ..., Wy, either intersecting P or separating P into at least three parts (Lemma
2.2). For each W; take the finitely many boundary components which are critically
separating. Saturate them into Julia components. Call the union of them E'. It is
finite and forward invariant. Fill in the disc components of C — E’ disjoint from P.
We get a fattened E” of E'. We distinguish three types of components of C—E": type
I, components containing exactly one W; (these are also the components intersecting
U W;); type II, annulus components disjoint from |J W;; and type III, non-annulus
components disjoint from [JW;. In each of type III component, there are finitely
many Julia components separating P into at least three parts. Adding them to E’,
we get E. Note that the set L is precisely the union of components of type I (see also
Lemma 3.10).

Let W be a fixed attracting basin for a rational map f. How do we know that
only finitely many components of C — W intersect P? And if so how can we find
Vn in Lemma 7.3 and in the proof of Theorem 7.17 Here is a constructive answer.
Take V, a open disc with Jordan curve boundary in W such that f(Vp) C Vp. Let V,,
be the component of f~"(Vp) containing V5. Then only finitely many components of
C — W intersect P if and only if there is a minimal integer N such that each boundary
curve of V1 is either not critically separating, or is parallel to a boundary curve of
Va. And for this Vi, each component of C — Vv contains at most one component of
C — W intersecting P.

9. Generalizations

9.1. Geometrically finite maps. — Our techniques allow a generalization of The-
orem 1.2 to the case of geometrically finite maps f. In [TY] (§1, Step 4 and Prop.
1.3)) (¢f. also [DH2|) a Riemannian metric is constructed for which f is uniformly
expanding on a neighborhood of its Julia set. The arguments given above for Propo-
sitions [Case 2] and [Case 3] then apply in this more general setting. Proposition
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[Case 4] is proved for nice maps, therefore applies automatically to geometrically
finite maps.

We may also recover a variant of Theorem 8.2 for geometrically finite maps as well,
though we may lose the injectivity of ®—it may be possible to construct a map f
with a periodic Jordan curve Julia component Jy which intersects P and which is the
common boundary of two components of AS. Then Jy may be J'(a) for two distinct
admissible sequences a. At worst, however, ® is two-to-one. We define 3. ¢ and 3,
the same as for hyperbolic maps.

Theorem 8.4 holds for geometrically finite maps as well, and we may recover a
result of Cui et. al. ([CJS], Prop. 6.2):

Proposition 9.1. — If f is geometrically finite, then there are at most finitely many
periodic Jordan curve Julia components Jy which are not quasicircles.

Proof. — Let J, = f™(Jy). Then either J, C AS for all n, or J, is a boundary
component of a component of AS for all n, since Jy is periodic. The latter set of such
Jo is finite, while in the former case Jo = J'(a) for some unique « € ¥. The sequence
a cannot accumulate on X, ¢ under o since otherwise Jy accumulates on a boundary
component of A%, by Theorem 8.2. Hence Jy is a quasicircle by Theorem 8.4. O

9.2. A further result for nice maps

Theorem 9.2. — If f is nice and every component of AS is also a component of A,
then every Julia component Jo not eventually landing on a component of E is a point.

Proof. — The hypotheses imply that every component of A% is a Herman ring or a
preimage of a Herman ring, therefore contains no Julia components. So Case 2 of
Lemma 2.4 does not occur.

By Proposition [Case 4], if Jy is a Julia component such that J, = f"(Jy) C £ for
infinitely many n, then Jp is a point.

Assume now Jy is a Julia component that is not in Cases 1, 2 and 4 of Lemma 2.4.
Replacing Jy by a forward iterate of it if necessary, we may assume that

Jo.N(EUA°UL) =2 foralln>0.
Furthermore, by Lemma, 2.4, J, C A° U D' for infinitely many n. Therefore
Jn CQ = (A9 —A%A5 U ACAL) U (D' — D' ASUD' LUD AL)
for infinitely many n, where the notation ABC means
{z|z€ A, f(z) € B, f*z) e C}.

We claim that Q is contained in the disjoint union of finitely many full continua
disjoint from P. We can then apply Lemma 1.4 to conclude that Jy is a point.

Let A’ be a component of AC. Either it coincides with a component of 4°.A4°5,
or A = f(A’) is a component of 4 — A%. Assume we are in the latter case. By
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Lemma 3.8, for 6* the boundary components of A, there are components V+,V~ of
AL (which may coincide) such that 6+ C OVt and 6~ C 8V ~. Thus A — (V+UV~)
is disjoint from &A. Hence A" — A’ AL is contained in A’. Since the inclusion map
from A’ into C — P is homotopic to a constant map, A’ — A’ AL is contained in a full
continuum disjoint from P.

The case of a component of D’ is similar, using Lemma, 3.7. O

Appendix A

Technical results about plane topology

In this appendix we collect technical results used in the course of our proofs.
The following lemma was used in the proof of Lemma 3.6.

Lemma A.1. — Let P! and P? be two disjoint non empty closed sets of S?. Set

W ={U | U is a complement component
of some component of J, P' C U and P>’NU = o}.

Then W is either empty or totally ordered with respect to inclusion, and W = Uy, U
as the unique mazximal element, and 8YV is connected.

Proof. — That W is totally ordered with respect to inclusion if it is nonempty follows
from Lemma 3.1. Since each U € W is a disc and the U’s are nested, we have that
W is a disc. Hence W is connected.

We now show that W is also an element of W. Let x € OW. For any integer n,
there is a point 2’ in W such that the distance between z’ and z is less than 1/n, and
there is U € W such that &’ € U. The segment [z, z'] intersects OU, which is a subset
of J. We conclude then either z € QU or there are points of J arbitrarily close to z.
In both cases =z € J.

Since OW is a connected subset of J, it is contained in some component S of J.

Now W must be a component of C — S. This is because SNU = & for any U € W,
therefore SNW = @.

Moreover W D P!, but W N P2 = @. So W is indeed the maximal element of
W. O

The remaining results are essentially ingredients in the proof of Theorem 7.1. The
logical dependencies are:

Lemma A.2 — Corollary A.3 — Corollary A.4 — Corollary A.5 — Lemma 3.10 —
Theorem 7.1.

We will need the following fact from general topology.

Let X be a compact Hausdorff space. Then every component Y of X coincides
with the intersection of open and closed subsets of X containing Y. Moreover, for
any open neighborhood U of Y, there is a closed and open subset V of X such that
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Y c V c U. The component Y is always closed. In case Y is not open in X, there is
a sequence of closed and open sets V;, such that Y g Va g Va-1,and N, Vo =Y.

If X is the Julia set of some map, and is disconnected, no component of X is open
in X (see [Be]).

In the next three results, let 7 U F be a decomposition of S? with J closed and
disconnected, let d denote spherical distance and dgy the Hausdorff distance on closed
sets with respect to d.

The following Lemma is known as Zoretti’s Theorem ([Wh], p. 109).

LemmaA.2. — Given J' and J"' two distinct components of J, and € > 0, there is
a Jordan curve vy in F separating J' and J" such that sup,c, d(z,J') <e.

The next two results are easy consequences of Lemma A.2.

Corollary A.3

(1) Let U be a connected component of S?2 — J' for some connected component of
J. Then there is a sequence of closed discs D,, bounded by Jordan curves v,
such that v, CUNF, D, C int(Dy—_1), OU C int(D,), and Dy (8U,vy,) — 0
(where Dy denotes the Hausdorff distance of compact sets).

(2) Given W a component of F and K a component of S> —W , there is a sequence
of closed disks D,, such that D,, C int(Dp—1), 0D, CW and (), Dn = K.

Proof. — Let {K,}55_o be a sequence of closed discs such that K,,—1 C int(K),
UnKm = U, and dy(8U,0K,,) — 0. Let Jo = J U Ko, Fo = 8% — Jo. Then J is
closed and disconnected and Lemma A.2 implies that there is a Jordan curve vy C
Fy C F separating OU from 8Ky. Let Do be the disc bounded by ~o and containing
OU. Inductively define v, as follows. There is an m(n) such that v,—1 C int(Kp,(n))-
Let Jn = J U Kp(n), Fn = S — Jn. Lemma A.2 implies that there is v, C F, C F
separating OU from K, (») and bounding a closed disc D,, containing OU. This shows
the first part; the second is similar. O

Corollary A.4. —  The following conditions are equivalent:

(1) there is a component W of F contained in U such that OW NOU # O;

(2) there is a component W of F contained in U such that OU is a component of
ow ;

(3) there is an n, such that no component of J separates OU and ~,, where v, is
a sequence of Jordan curves as in Corollary A.3, Part 1.

Proof. — That 2 = 1 is obvious; 2 = 3 follows directly from Part 2 of Corollary
A.3 and the hypothesis that OU is a component of OW. To see 3 = 2, note that
FN (U — D,,) must be connected, where the D,, are as in Part 1 above. Let X = 0W.
Then QU is contained in a nested intersection of sets which are open and closed in X,
hence U is a connected component of OW. Finally, that 1 = 2 follows easily from
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the observation that if Cp is the connected component of 3W which intersects 8U,
then Cj is contained in some component Jy of 7, hence Cy cannot separate points of
U. ]

Corollary A.5. — Let E be a nonempty set of finitely many disjoint components of
J and let U be a connected component of S? — E.

(1) If OU is connected, let Wy be a component of F contained in U, and assume
no component of J separates Wy from 8U.

Then OU 1is a connected component of OWy, and Wy is the unique component
of F contained in U whose boundary intersects U .

(2) If OU is not connected, assume no component of J separates components of
E.

Then there exists a component Wy of F contained in U such that every
connected component of OU is a connected component of Wy, and Wy is the
unique component of F contained in U whose boundary intersects each compo-
nent of OU .

Proof. — Assume first that OU is connected. By Corollary A.3, Part 1, there is a
sequence v, — OU of Jordan curves in F N U; we may take these curves to separate
some point wg of Wy from SU. By hypothesis and Corollary A.4, Part 3, there exists
a component W of F contained in U such that OU is a connected component of OW .
If W # Wy, then since Wy, W C U we must have that W and Wy are separated by a
component J' of 7 which is contained in U. Then W U 38U is a connected set which
is separated from Wy by J’, hence 9U is separated from Wy by J', a contradiction.
The uniqueness assertion follows from the equivalence of the first two parts in the
previous lemma, and the proof of the second case is similar. O

Appendix B
Proof of Proposition 7.2

A subtlety to prove Proposition 7.2 is that the map f : OW' — W need not be
open in the subspace topology. We first establish

Claim. — Let f be a rational map and let W', W be two Fatou components of f such
that f(W') = W. Let K (resp. K') be a component of C — W (resp. C — W') such
that f(OK') NOK # &. Then

(1) f(BK') =0OK.

(2) f(K')D K.

(3) KNP =g ifand only if K' N f1P = &. In this case f(K') = K.

(4) Forany set SD P, K'Nf 1S# I ifand onlyif KNS # &.

ASTERISQUE 261



RATIONAL MAPS WITH DISCONNECTED JULIA SET 383

Proof of Proposition 7.2

(1) By (1) above, if K’ is a connected component of C — W', then f(0K') = 0K
where K is a connected component of C — W. By (1) and (4), there are finitely many
such K’ for which K'n f=1(P) # &.

(2) It suffices to show f(U') C U and f(OU') C 8U. Since U’ is the union of W’
with components of C — W' disjoint from f~1P, this follows from (1) and (3).

(3) Again this follows directly from the finiteness of the number of boundary com-
ponents and (1). O

Proof of Claim

(1) Denote by J the Julia component containing 8K.

Denote by V the component of C — J containing W and by V' the component of
C — f~'J containing W’. Then f : V' — V is proper and f maps each boundary
component of V' onto the boundary of V', which is 0K’ (see Lemma 3.3).

Clearly f(OK') C K. So dK'NV’' = &. Since W' C V' and 0K' C OW', we
have OK' ¢ 8V'. So OK' is contained in a component S’ of 8V'. But S’ is in the
Julia set, and the Julia component of K" is contained in K’, so S’ ¢ K'. Since 0K’
separates W' from int(K'), no point of int(K’) can be in V'. Therefore S’ C 0K'.
Thus S’ = 0K' and f(OK') = OK.

(2) A rational map f maps connected components of preimages of a compact
connected set surjectively onto its image (see [Be], Ch. 5). Let L' be the connected
component of the preimage of K intersecting OK'. Then f(L') = K and 8K' C L' C
K'. Hence f(K') D K.

(3) Assume at first that K N P = &. Since K is full the component L’ in point (2)
is also full. A simple topological argument then shows K' = L'. So f(K') = K and
K'nNnflP=go.

Assume now that K'N f~1P =g. If KNP # g, since f(K') D K we would have
K'N f~1P # @ which is impossible. So KNP =2, K'=L" and f(K') =K.

(4) Assume at first that K N P = &. Since f(K') = K, we get 4). Assume now
KNP # @. Then KNS # @ and K'N f~18 # @ (for otherwise K'N f~1P = @ and
KnNnP=g). O
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