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QUESTIONS ON SET SQUARING IN GROUPS

by

Yakov Berkovich

Abstract. — Some questions on small subsets in groups are posed and discussed.

Let M be a subset of a group G. Define
M? = {z |z = ab,a,b € M},

the square of M. M is a set with a large square if a,b,c,d € M and ab = cd implies
a =c,b=d. If M is a finite set note that | M? |=| M |2. In the opposite case M is
said to be a set with small square.

It is natural to consider two group subsets M, N as equivalent if they have equal
multiplication tables. To be more precise, we give the following

Definition. — Let M C G, N C H where G, H are groups. A bijection ¢ from M onto
N is said to be an S -isomorphism if for a,b,c,d € M the equality ab = cd implies
p(a)p(b) = p(c)p(d) , and conversely.

The group isomorphism is an S-isomorphism, but the converse assertion is not true.
Moreover, if G is a group with non-trivial centre then there exists an S-isomorphism
from G onto G which is not a group isomorphism. The automorphism group AUT(M)
of a group subset M is defined as usual. If M is a finite group set with great squaring
then AUT(M) = S,, where n =| M |.

Question 1. — Find all group n-sets M with AUT(M) = {1}.

Question 2. — Is there for any group H a group set M such that AUT(M) = H ?
Question 3. — Find all group n-sets M such that AUT(M) = S,,.

Question 4. — Find all group n-sets M such that AUT(M) = A,, (may be the set of
all such M for n > 3 is empty).
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The classification of all group n-sets is a very difficult problem. Let Set(n) be the
number of all pairwise non-isomorphic group n-sets. Then Set(2) = 4, Set(3) = 54
(G. Freiman); see[4,6].

Question 5. — Find Set(4).

Consider the easiest case n = 2. As we saw there are four distinct group 2-sets with
the following squares (i.e., their multiplication tables):

AB AB AB AB

BA BC CA CD

We note that the number Gr(n) of pairwise non-isomorphic groups of order n is not
a monotone function. In the same time Set(n) is a monotone function.

Let us continue to consider the case n = 2. Suppose that G is finite. Denote by
P (i) the number of 2-sets of type i in G. The following result is due to Freiman:
If P;(4) = 0 then G is abelian or a dedekindian 2-group, and conversely [6]. Now
Ps(1) = 0 if and only if G is of odd order, and Pz(2) = 0 if and only if G is an
elementary abelian 2-group. Lastly Pg(3) = 0 if and only if a Sylow 2-subgroup
S is normal in G and Pg(3) = 0 [4]. As A. Mann showed, a 2-group S has no
squares of third type if and onmly if 22 = 3% & (2y~1)? = 1 for z,y € S. Next
Pi(1) + Pg(2) =| G | k(G) where k(G) is the class number of G(A.Mann);
Ps(1) + Pz(3) =| G | (@) where r(G) is the number of real G-classes (a class K is
realifz € K &z~ € K);
Ps(1) =| G | ki(G) where k;(G) is the number of G-classes containing involutions.
Note that Pg(1) + Pg(3) =| {(z,y) € G x G | 22 = y?} |.

In particular Pg (i) = 0(mod | G |).

Now we see that a fraction of commutative 2 x 2-squares in G is equal to

me(G) =| G | k(G)/ | G P=k(G)/ | G|,
the measure of commutativity of G. Note that k(G) =|Irr(G)|, the number of ordinary
irreducible characters of G. Therefore we may study mc(G) by means of representation
theory. This function has a number of nice properties. For example, if H < G
then me(H) > me(G); if H is normal in G then me(G) < me(H)me(G/H); see [1],
§§7.8,7.11,11.3.

Question 6. — Is it true that the number of n-subsets of given type in G is divisible
by | G | for small values n (for example, for n = 3) and large | G | ?

A number of authors have classified all groups without 3 x 3-squares with 9 distinct
elements; see [2].

Question 7. — Classify all groups without 4 X 4-squares with 16 distinct elements.

P. Neumann showed that if all n-subsets of G have small squares, then G contains
a finite normal subgroup H such that G/H is an extension of an abelian group by a
finite group. Herzog, Longobardi and Maj classified all such groups; see [7].
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B. Neumann showed that | G : Z(G) | is finite if and only if any infinite subset of
G contains a pair of commuting elements.

Question 8. — What we may say about a structure of G if any of its infinite subset
contains a small square?

If for some k > 1 there is a connection between | M2 | and k for all k-subsets M
of GG then in some cases we may make strong assertions on G. We note the following
characterization of abelian groups:

Theorem (L. Brailovsky). — Let k > 2 be a positive integer such that (k*—3)(k—2) <|
G| /15 if G is finite. If

| M? |< (K* + 2k - 3)/2
is true for any M C G with | M |= k then G is abelian.

We note that if G is abelian then | M? |< k(k + 1)/2 for all such M.
It is interesting to consider a group generated by a set with small square or cube.
Some results in this direction are contained in the following theorem

Theorem (S. Brodsky)

(a) If | {a,b}® |< 7 then the subgroup {(a,b) is solvable.
(b) If | {a,b}* |< 11 then the subgroup {(a,b) is solvable.
(c) The author completely described groups G = {(a,b) for which

| {a,b}® |> 6 and | {a,b}* |< 14.

This theorem was proved by means of a computer;“see [5].
The set Q of n X n-squares is said to be minimal, corresponding to a n X n-square
g, if it satisfies the following conditions:

(a) € Q.

(b) Let ¢ € @ — {q} and T be the set of all groups containing @ — {¢1}. Then there
exists a square go ¢ @@ — {¢1} which is contained in all groups of the set T'.

Question 9. — Find all one element minimal sets of n X n-squares.

Question 10. — For n = 3 find for any square q all minimal sets containing q.

We consider in the remaining part of the lecture “large subsets".

Theorem (G.Freiman). — Let M be a finite subset of a group G such that (M) = G.
Suppose that | M? |[< 1.5 | M | . Then one of the following assertions is true;

(a) M? is a subgroup of G.

(b) M? = xH where H is a normal subgroup of G.

Question 11. — Change in this theorem 1.5 to 2, i.e., consider the case when | M? |<
2| M| -1.
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L. Brailovsky and G. Freiman described for torsion free groups the case when
| K2 |=2| K| —1.If K, M are finite subsets of a torsion free group then | KM |>|
K | + | M | —1(Kemperman). L. Brailovsky and G. Freiman showed that if |
KM |=| K|+ | M| -1 then K and M are geometric progressions with the same
factor.

Question 12. — Let M C G and for any ¢ € G one has
| (MUc)? - M?|< 1. (%)
Describe the position of M in G.

It is easy to show that if in Question 12 | M |> 1 then G = (M). Now if | M |=2
then G is solvable of derived length 2. But in the case | M |= 3 this question is very
complicated.

Many results on squares of large subsets are contained in the lecture of M. Herzog.

Question 12 is, in some sense, a development of the idea of special elements, which
was studied by Brailovsky, Freiman, and Herzog. An element a € G is said to be
(m,n)-special if for any b € G one has | {a,b}™ |< n.

Let Sp,,»n(G) be the set of all (m,n)-special elements of a group G. The same three
authors proved that Sz 3(G) and S5 5(G) are characteristic subgroups of G. We may
consider the sets Sy, »(G) as natural generalizations of the centre Z(G) of G(we note
that Z(G) C S2,3(G)). However Brailovsky showed that, in general, Ss (G) is not a
subgroup of G(he found that among 2,328 groups of order 27 only two cases for which
this subset is not a subgroup).

A group G is said to be a P(m,n)-group if for any subset {a1,...,a,} of G one
has

| {aa1)--@o(m) | 0 € Sm} |< n.
G. Freiman and B. Schein showed that G is a P(3,2)-group if and only if | G' |<
2. They also proved the analogous result for P(3,3)-groups. They obtained many
important results on P(3,4)-groups.

I hope that the approach inspired by Freiman’s number theoretical investigations
on finite subsets with small doubling will considerably increase the subjects of group
theory and will lead to new interesting results. For further information and references,
see Freiman’s survey.
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