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O n a specialization map in K2-co ho mo logy 

Andreas Langer 

Introduction 

Let K be an algebraic number field, K its algebraic closure. Let Kp be the 
completion of K at a prime p lying above p, p > 2. Denote by op the integers 
in Kp and let k be its residue field. A central observation in the Iwasawa 
theory of abelian varieties is the following: 

Let A/K be an abelian variety with good reduction at all primes above p and 
let 

0 A\p) A{p) A(p)et 0 

be the étale-local decomposition of its p-di visible group over op. Then we 
have a specialization map A(KP) —* A(k) such that the following diagram 
commutes: 

A(p)(Kp) A(Kp) 

A{Py\k) A(k) . 
Here the groups on the left hand side coincide with the p-primary torsion 
group of the corresponding groups on the right hand side. This fact can 
be used to show that the p-primary Selmer group over the cyclotomic 7LP-
extension Koo, denoted by S p o o ^ K ^ ^ A) only depends on the Tate-module 
Tp(A) and coincides with the flat cohomology Hfl(o00^A(p))^ where is 
the ring of integers in Koo- The result is originally due to Greenberg [Gr]. 

Now let X be a smooth projective variety over Kp with good reduction, 
X — X x Kp, and Yk be the closed fiber of a smooth proper model of X 

over op and let us consider its motive H2(X)(2). It turns out that, similarly 
to the Kummer sequence of an abelian variety we can associate a Kummer 
sequence to the motive H2(X)(2) 

0 tfe

2

t(X,<Qp/ZSp(2)) HZar(X,K2) H\ar{X,K2)®TL[1/p]^ 0 

where H\ar{KX,/C2) denotes the Zariski-A"-cohomology of the Quillen iif-sheaf 
K2 (compare [CT-R] , [S]). 

In his paper [S] P. Schneider gave two possible candidates for Iwasawa-
Modules of an arbitrary motive Hl(X)(n), one of which generalizes the flat 

s . M. F. 
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Mazur cohomology i ? ^ ( o o o , *4(p)), the other one the Selmer group in case of 

H1 ( A ) ( 1 ) for an abelian variety A and its dual A. In order to give more sense 
to this new theory there should be a close link between the two candidates. 
A similar analysis as in the case of an abelian variety, which, however, we are 
not going to specify here, leads, for the motive H2(X)(2), to the following 
question, which is also interesting within the study of motivic cohomology: 

Is there a specialization map 

H\X,)C2) 
H1 (YK,K2) 

such that the following diagram commutes: 

0 tfe

2

((X,Qp/Z£p(2)) H\X,K2) 

0 H\YT,K,2)(p) H1 (YK,K2) 

where the left vertical map should be surjective. 

In this paper we give an affirmative answer under a slightly stronger hypoth­
esis. 

Theorem 1 

Assume Kp is unramified over Q p . Let X/Kp be a smooth projective va­
riety with ordinary good reduction, such that dim-X^ < p — 1. Assume that 
Pic(Y^-)(p) = 0, where Yk is defined as above. Then we have a specialization 
map 

f:H\X,K2) H\Yj,fC2) 

which is surjective on the p-primary torsion groups. 

The main idea of the proof is to show that the map from the étale cohomology 
group Het(X, 7L/pn{2)) onto the highest quotient of the filtration induced by 
the spectral sequence of p-adic vanishing cycles (which degenerates under the 
assumptions of the theorem) factorizes through the E®'2-term of the Bloch-
Ogus spectral sequence of coniveau. This provides an interesting link between 
results of Bloch-Kato on p-adic étale cohomology in the case of ordinary 
reduction and assertions of Suslin, Lichtenbaum, Colliot-Thélène and Raskind 
with respect to the sheaf /C2, resp. K,2/pn and its Zariski-cohomology, in 
particular in characteristic p. 
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The second part of this paper has been taken from the author's thesis [La]. 
He wishes to express his gratitude to P. Schneider for his constant support 
and valuable advice. Furthermore he thanks C. Beckmann, W . Raskind and 
P. Salberger for useful discussions and U. Jannsen for proposing the ques­
tion preceding Prop. 1.1. Finally he appreciates the referee's suggestions to 
improve the paper. 

Contents 

§1 Construction of the specialization map 

§2 Proof of Theorem 1 

§1 Construction of the specialization map 

We will construct the specialization map in a more general context. Let S 
be the spectrum of a discrete valuation ring with generic point rj and closed 
point s. Denote by K — k(rf), k = k(s) the corresponding residue fields. Let 
^ be a smooth ^-scheme with generic fiber Xn and closed fiber X9. Fix a 
uniformizing element 7r of S and regard 7r as a section in H°(Xv,Grn). Let 
Ox^x denote the local ring at a point x £ X . Bloch has proven the Gersten-
Conjecture for / C 2 / S p e c O ^ x ([Bl], Corollary A 2 ) . 
Let i x : Speck(x) —> X denote the inclusion of a point x £ X. In particular, 
let ix : Speck(X) —> X, ixv : Speck(Xv) —• X and %xs : Speck(X3) —> X be 
the inclusion of the generic points of X, Xv and Xs. The Gersten-Quillen-
resolutions of JCi/X3, IC2/X and /C2/X7? give rise to a commutative diagram 
with exact rows and columns: 

0 0 

ixs*k(X3y I I 
yexi 

iy.TL 0 

(*) * * . / С 2 ( * ( Й О ) IT 
yex1 

ly K(y)* a 
I I 

yEX 
iyt7L 0 

= 

ix^1C2{k(Xv)) I I 
vex* 

ly K(y)* 1 1 
yEX1 

iy,7L 0 

0 0 
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Passing to global sections we derive, by using homological algebra, the fol­
lowing exact sequence 

(**) H°(XV^)C2) H°(X3,)C1) H\X,K2) H1(Xv,fC2) 
d P i c ( X 5 ) 

Consider now the following commutative diagram with exact vertical se­
quences 

0 0 

fC2(HXa) I I 
yEX2 

KvT … 

(* * *) /C 3 ( * ( * ) ) II 
yEX1 

M*(y)) r u 
yEX1 

KvY … 

JCs(HXv)) I I 
yEXn 

M * ( Î O ) 
a u 

yEX2 

КУТ … 

0 0 

Note that the upper and the lower horizontal sequence compute Zariski-iiC-
cohomology. By applying the snake lemma (we don't need the Gersten Con­
jecture for K,$/X — this was pointed out to me by P. Salberger) we get from 
the diagram (* * * ) a boundary map 

H1(Xrj'> /C3) 
= 

H1(X3,/C2) . 

By composing df with the map 

^(Xrj.IC^ f f 1 ( X 7 ? , /C 3 ) 

a 7T U a 

we have defined our specialization map 

/ : fl'1(Xr?, tC2) ^(Xs, fC2) 

(compare with 12.16.5 and the discussion thereafter in [Jl] and §8 in [G]). 
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If i : X3 X, 3 \ Xv

 c—» X denote the natural inclusions of the closed and 
open fiber, there are natural maps 

i* : H\X,1C2) Д г 1 ( Л ,

5 , / С 2 ) 

j * :H\X,K2) H1 (XV,IC2) . 

Now the following question is quite natural: 
Are the maps z* and / compatible with each other? 

The affirmative answer is given in the next proposition. 

Proposition 1.1. 

Assume that k is infinite or that the relative dimension of X over S is positive. 
Then the diagram 

H\X,K2) 
i 

H1(Xriifc2) 

i f 

H1(X3^ K2) 

commutes. 

Remark: 

For technical reasons we cannot avoid the disturbing assumption, the neces­
sity of which will become clear in the proof. 

Before proving Proposition 1.1 we show an analogous statement for "Pic", 
namely that the following diagram commutes: 

Pic(Af) = P i c ^ ) 
UTT H1(Xrn)C2) 

= 
Pic(Xs) = Pic(X3) . 

(The left vertical map is the reduction map for "Pic" on the closed fiber.) 
The claim for "Pic" follows immediately from the following lemma. 
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L e m m a 1.2. 

Let v denote the discrete valuation on K*. Then the following diagram com­
mutes: 

P i c ( X „ ) ® K* 
id 0v 

P i c ( X „ ) ®7L = Pic(-Y) 

cup-product 

H \ X ^ K 2 ) 
d 

P i c ( X 3 ) . 

Remark: 

The statement of this lemma is used throughout the proof of Proposition 1.3 
in [ R l ] , but not proven there. 

Proof of the lemma: 

Consider again the diagram ( * ) . 
Using homological algebra we see that the map d is induced by the restriction 
<p of cp: 

p : II 
yEXnCX1 

iy,k{y)* II 
yEX1 

i3Z. 

Let y £ X^ and let x\,. .. ,x% be the points in X\ which lie in the closure 

{y} of y in X. These are points of codimension 1 in { y } . For a G k(y)* we 

then have 

(3 (a ) = 
r 

E 
i=l 

ordXiiy(a) E II 
- ° \ 5 · · · > « * ' r 

TL . 

Note that O 
(yx, xi) 

has dimension 1 and therefore ordxy is defined on 

Quot O 
{y}>xyi 

= k(y). The surjection u 
vex* 

TL —y+ P i c ( X „ ) defines a surjection 

TT 
xEXn 

K* Pic(Xv)®K* . 

Regard an element z <g> ß G Pic(Xv) ® Ä"* in this way as an element 

Σ 
i 

Bin E u 
yEXn 

K* C II 
xEXn 

* ( v ) * · 

Then we have 

o (id®v)(z <g> /9) = ^ ( / ? ) . * £ P i c ( X s ) . 

2 1 6 



ON A SPECIALIZATION MAP IN K2-COHOMOLOGY 

Here z is defined as follows: Let ( n i , . . . , n r ) G u 
xexi 

TL be a cycle, which is 

defined in the points z\,... , zr and which represents z. Under : P ic(A' ) —• 

P i c ( X a ) let -(*, ·) = 
ki 
E 

E = i 
п)хгу Then z is the image of 

r 
E 
¿=1 

ni 
ki 
E 

i = i 

n1 under the 

map u 
yEXn 

ffi —»· P i c ( X a ) . On the other hand z ® (3 is mapped to 

E 
r 

E 
j = l 

Bni 

= 

r 

E 
¿=1 

Wnt) = 
r 

E 
¿=1 

rti 

ki 

E 
j = 1 

ordxi(/3) . 
J 

It remains to show: v(/3) · n* — ordxi(/3). Let (3 = n w.l.o.g. o r d x . ( 7 r ) = 

¿ ( 0 
(j),xj 

7T , where £(A) denotes the length of a local ring A. 

Since X / Spec 5* is smooth and S is regular, X is regular, i.e. all local rings 
of the structure sheaf of Ox are UFDs. Therefore Weil-divisors correspond 
uniquely to Cartier-divisors, The effective Cartier divisor, which belongs 
to {zi}, induces an effective Cartier divisor (Z7, / ) in a neighbourhood U of 
Spec Ox xi with / G Ox xi such that U D {z{} = (f) as divisors on U. 

Then: O 
(Z), xj 

— Ox,x\lf and therefore 

O (x), xj 
* = °X,x) (*,f) = 0XmtXi/(f) , 

where / denotes the restriction of / on U H Xs. By definition we have 

n) = vx) (/) = ,.«/(/)) . 

This finishes the proof of lemma 1.2. 

Proof of Proposition 1.1. 

Throughout the proof we will use the following well-known facts about alge­
braic A"-groups: 

— K2(F) = K$*il(F) for any field F, i.e., K2(F) is generated by symbols. 

— The Gersten-Quillen spectral sequence as given in ( [Q] , §5) is compatible 
with A-operations ([So], Theorem 4) . Since there are canonical maps 
oti : K^il(F) Ki(F) for any field F and all i such that Jm(c^ ) C 
FyKi(F) (F^ means 7-filtration, compare [So]), we can conclude by the 
compatibility of the boundary maps (as proved in [Gra]) that there is 

217 



A. LANGER 

a map between the complex denoted by (Sn) in ( [ K l ] , §1) using Milnor 
X-groups and the Gersten-Quillen complex ( [Q] , §5). This implies that 
the boundary in the Gersten-Quillen resolution, when restricted to Milnor 
iif-groups via the maps a 2 , coincides with the tame symbol as given in 
( [ K l ] , §1) . 

Consider now the diagram (* * * ) which was used to construct the special­
ization map / . The maps T and T„ axe induced by the "tame symbol". 
Let [a] G HX{X,K,<i) be represented by the cycle a G I I 

yEXr 

fc(y)* with image 

OLn G I I 
»ex» 

КУТ- an 

r 
E 
¿=1 

v supported in in the points y i , . . . , y r . Simi­

larly as for the situation for "Pic" above, the boundary map 8 is given by the 
restriction f of T: 

f : u 
УС*], 

M*(y)) II 
У€Х} 

КУТ · 

7T U [ocv] is represented by the "symbol" 

{π,αη} := 
r 

E 
i=l 

(x, an) E u 
yEXn 

M*(y)) · 

Then we have 

f ( { f , a , } ) = - f ( { a „ , » } ) = E 
vex} 

r 

n 
2=1 

tomeyi,y ((an, II))-1, 

where tameyiy ({a^Tr}) denotes the y-component of the image under 

r | x : 2 ( ^ ( 2 / . ) ) , considered as an element in U y € x i &(y)*. It is clear that r ( { ? r , av}) 

= / ( K D -

In order to be able to compare f([&v]) with z*([ce]), we have to study the 
map z* more precisely on "symbols": We will construct a map between the 
Gersten-Quillen-resolutions of the sheaves K2/X and i^lC^lXs which extends 
the canonical map IC2/X i*K,2/Xs- Let tamexs be the tame symbol 
on K^{k{X)) with respect to the discrete valuation vxs, associated to the 
generic point of X3. Here fC^ is Milnor iiT-group. 
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Claim 1: 

The diagram 
k2jx *x.M*(*)) 

O 

Ì*ÌC2/ Xs i>Xs*K>2(k(Xs)) 

commutes, where f° is defined as follows: 
IfU C Xv, then f°(i^IC2(k(X))(U)) = 0. / / U C X, U n X3 ^ 0, then f° is 
given by 

f\{a9ß}) :=tameXs({a,ß,7r}) . 

Proof: 

We show the claim in each stalk. If x G X^, the claim follows. Let x G Xs. 

For the stalk of fC2/X in a: we have lim 
yEr 

K,2(U) = K2(0XyX) (compare [Q] 

(5 .3) ) . The map KL2 JX —> i*1C2/X3 is given in x as follows: 

MO*,*) lim 
UEx 

fc2(xsnu) = K:2(oXs,x) . 

Observe that (Xs Pi U)u is a system of neighbourhoods of x in X3. Now let 
Obe the local ring at the generic point of X3. The commutative diagram 

ox,x 
ox,„ 

Ox„x 0X)X/7T OX,II/II k(X3) 

gives rise to a commutative diagram 

K,2{Ox,x) Mo*,*) 

M ^ X . , * ) fC2(k(X9)) . 

It therefore suffices to show that the diagram 

MO*,*) M * W ) 

j 

fC2(k(Xs) 
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commutes. 

Since Ox^ is a local ring with infinite residue field k(X3) (here we need the 
assumption in the proposition) we know that /C^(Oxi7r) — tC(Oxj7r), i.e. that 
fc2(Oxi7r) is generated by symbols { a , &}, a, b G 0# n (compare [Guin], pages 
22, 95 and [v.d.K.]) . So the map K,<i(Ox,TT) —> ^2{k{X3)) is just induced 
by the projection Oxf7r —> k(X3). For { a , 6} G K,2{OX,-K) we obviously have 
v x , ( a ) — vXs(b) = 0. This means that tamexa ( { a , 6, 7 r } ) = { a , 6} (compare 
[Kl] §1) . Therefore the diagram also commutes in the stalks in x G X9. 

Claim 2: 

The diagram 
ixK2(k(X)) d 

I I 
x codim 1 

in X 

ÌX.KX)* 

f° f1 

iXsmJC2(k(XS)) 
d't 

I I 
y codim 1 

in Xs 

iyMv)* 

commutes, where f is defined as follows: 
It is zero in a stalk in xo G Xv- In a neighbourhood U of XQ G X3 it is given 
as follows: 

Let a = 
r 

e 
2=1 

<х{ Л-ζ, where a1 G k(xi)* for a point X{ G U of codimension 1 in 

Xn and z G k(X3)*. Consider now the following complex of Milnor K-groups: 

K3 (k(X)) ( dx ) x n 
x codim 1 

in U 

/C2(k(x)) 
(tamex>y ) II 

y codim 2 
in U 

1KvT • 

It is shown in Prop. 1 in [Kl] that this is in fact a complex. Then define 
f1(a) by 

F(a) : = E 

yEXa 

r 

n 
2=1 

tameXiyy({a\ir})) 1 . 
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Proof of claim 2: 

From the exactness of the Gersten-Quillen-resolution it follows that 

(tame x^yotamex8({a,f3,7r})'( n 
xeu 

IEXn 

tame XiyO E 
x codim 1 

in U 
x€Xv 

t a m e x ( { a , / î , 7 r } ) ) ) = 1 

(iamexs denotes the tame symbol on JC$* (k(X)), associated to the generic 
point of X9 and tamexa y the tame symbol on fC2(k(X3)) associated to the 
point y G Xl). 

We also know that tame x ( { a 5 / 9 , x } ) = { tame x ( a , / ? ) , 7 r } , because 7r is a unit 
in OxyX,x G X^. From these considerations, together with the definition of 
f° and f1 above, Claim 2 follows. 

Since the sheaf I I 
x codim 2 

in X 

ixJTLoi cycles of codimension 2 is equal to the cokernel 

of d\, the map 
f : II 

x codim 2 
in X 

L3Z U 
y codim 2 

in Xs 

lg Z 

together with the maps f° and f1 give rise to a morphism between the 
Gersten-Quillen-resolution of fC2/X and z* (more precisely, the Gersten-
Quillen-resolution of K,2/Xs>) and i : X3 c—> X). Since z* transforms acyclic 
sheaves in acyclic sheaves, we can conclude for abstract reasons of homological 
algebra that the map f1 induces the map 

i* : H\X,tC2) H1(X3,JC2) 

on cohomology. If [a] is a cohomology class in H 1(X,fC2), the comparison 
immediately implies that 

,·*([«]) = fl ((a)) = /««,]) · 
This finishes the proof of Proposition 1. 

Remarks: 

— The above maps f° and f1 reflect the operation "intersection of algebraic 
cycles on X with the closed fiber X3" on if-theoretic symbols. 

— The referee pointed out that it is possible to remove the hypothesis in 
Proposition 1.1, i.e., to prove it for any smooth .S-scheme X. 
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§2 Proof of Theorem 1 

W e now consider the following situation. 
Let iiTp/Qp be a local field of char 0. X/KP projective, smooth, geometrically 
connected with good reduction. If op are the integers in Kp, let now R be a 
discrete valuation ring with Quot R = L and residue field fc, where k denotes 
the residue field of op. Obviously we have o p = l imi? , where R is as above. 

R 

Let X be a smooth proper model of X over o p , XR := X x R and Y^, 

the closed fiber of X and Af^. Let XL = X x L. The exact sequence ( * * ) , 

applied to our present situation, looks as follows: 

H \ X L , K . 2 ) H0 (Yk,K1) ^(XR.JC'Z) H1(XL,fC2) 
Pi 

• Pic(r r). 

r 
The composit ion of the first map with the canonical map from K2(XL) to 
H°(XL, )C2) yields the tame symbol map K2{XL) —• K1(Yj-) = k . It is sur-
jective. 

The Gersten-Quillen spectral sequence is contravariant for flat morphisms 
of noetherian schemes. In particular the spectral sequence for X = limXjr, 

(over L as above) is the inductive limit of the spectral sequences for XL* 

This implies: 
H1(X,/C2) = l i m l ' ^ i , ^ ) · 

For a finite extension of discretely valuated fields L'/L with valuations VL,VL> 
and with ramification index e the diagram 

L uI TL 

•e 

V wx TL 

commutes. Therefore Lemma 1.2 implies that the following diagram com­
mutes: 

H\XL,K,2) 
a Pic(F r) 

•e 

HX{XL.,K2) 
a 

Р О Д ) 
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Passing to the limit R —* o p , L — Quot R —* K we get the following exact 
sequence 

0 lim ЯЧЛЪ./Са) 
R 

H1 (X,K2) a Pic (F r )<g)Q . 

In particular, we can conclude for the p-primary torsion: 

limiï 1 

R 
№ , £ 2 ) ( p ) = H1(X,K2)(p). 

Since for R C Rf the diagram 

XR 

Yk 

XR 

commutes, we can consider the natural reduction map i* on the limit 

i*: lim i f 1 

R 
(XR,IC2) H1(YK, K2). 

Using Proposition 1.1, it is now clear that Theorem 1 follows from the fol­
lowing proposition. 

Proposition 2 .1: 

The notations are as above. In addition let Yk be ordinary in the sense of 
([BK], §7) and Pic(Yj)(p) = 0, d i m X < p - 1, K/Qp unramified. Then the 
map 

z'Mimi? 1 

R 
№,/c2) H1 (Yk,K2) 

is surjective on the p-primary torsion groups. 

Remark: 

Proposition 2.1 completes a result of Raskind, asserting that the ^-primary 
torsion groups for £/p of H1(XR, K2) and H1(Yj, K2) under the map z* are 
isomorphic ( [ R l ] , Theorem 2.5 b ) . 
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Proof of Proposition 2 .1: 

W e first note that 

Η\Χ,Κ,τ)(ρ) = H2

et{X,<§p/7Lp(2)) 

by ( [ C T - R ] , Theorem 2.1). The exact sequence 

0 £ 2 K,2 

K2/pn 

0 (in char p) 

together with the p-divisibility of H°(Yj^ /C 2) ( [R2], Theorem 2.3) induces an 
isomorphism 

H\YT,1C2)(P) = l imH°(Y T , fC 2 / p n ) . 
n 

Throughout the proof let i denote the closed immersions Yj °—> XR resp. 
Yj; > XQP and / the open immersions X C—> XQ resp. XL XR. For a 
scheme Z let TT: Zet —> Zzar be the canonical morphism of sites. The idea of 
the proof can be described as follows: 

W e have seen that z* induces a map 

H2

et(X,<§p/7Lp(2)) lim H°et(Yj, £ 2 /Pn) 
n 

on the p-primary torsion groups. Since (with the assumptions in Proposition 
2.1) the spectral sequence of p-adic vanishing cycles 

H\YT,i*Rtf*7l/pm(n)) Hi+j{X,7L/pm{n)) 

degenerates ( [K2] , Theorem 4.3) , we have a surjection 

H2

t(X,<$p/2Lp(2)) \ïrnHlt(YT,i*R2U7L/pn(2)) 
n 

~ Ihn H ^ Y ^ W ^ ) 
n 

where the last isomorphism is proven in ([BK] §6), using the assumption that 
Yk is ordinary. Hl

et(Y-£, WnQ
J

log) denotes logarithmic Hodge-Witt cohomology, 
as introduced in ([I], §3.3). New results of Lichtenbaum (compare Lemma 2.2 
in the proof) imply that JC2/p

n = 7r*WnQfog. Therefore the proof of the 
proposition boils down to the compatibility of the above maps under this 
isomorphism, more precisely to the following 
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Claim: The diagram on the following page is commutative. 

That the left vertical arrow is an isomorphism, follows from the proper 
base change theorem. The maps (1 ) , (2) and (3) are canonical maps of 
sections of presheaves into sections of sheaves. In (3) we have to observe that 
there is an isomorphism 7i2 = JC2/pn, where 7i2 is the sheaf (in the Zariski 
topology) associated to the presheaf U —> H2

t(U, 7L/pn{2)). This follows from 
a comparison of the Quillen resolution of the sheaf JC2 (and tensoring with 
7L/pn) and the Bloch-Ogus resolution of the Zariski sheaf 7i2 using the fact 
that the Galois symbol K2(F)/pn -> H2(F,fif2) is an ismorphism for a field 
F, char F ^ p (Merkurjev-Suslin), see ( [CT-R] , section 1). Then (3) is just 
the natural map from the E2- to the E%'2-term arising from the Bloch-Ogus 
spectral sequence of coniveau. R2 f*7L/pn(2) is the Zariski sheaf associated 
to the presheaf U H2

t(f~1(U),'2Z/pn(2)) on XZp. (7) is induced by the 
universal property of the sheafification functor 

H2M-\U),7L/pn{2)) 
id Het(f-1(U), Z/pn(2)) H2(f-1(U)) 

The diagrams ( A ) and (B) commute for trivial reasons. 
We have a commutative diagram of isomorphisms: 

H°(X,fC2/pn) = H°(Xö„,f*IC2/pn) 

= = 
lim 

L as above 
H°(XL,iC2/pn) = lim 

R as above 
H°(XR,UK,2/pn) 

L e m m a 2.2: 

fC2/pn = 7T,Wnn2

og in (Yj)zar -

Proof: 

Following ([L], Lemma 2.7) we have the exact triangle (in char p): 

WnQlg[-2] 
+ 1 

T(2) P T(2) 

This is one of the axioms for the Lichtenbaum-complexes T(n) (compare [L]), 
which are known to exist for n < 2 and regular schemes over fields. Apply the 
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= 
2 HZar(X,K2/p

n) [Su] 

Je°t(^,Ä2/.Z/pB(2)) 

(i) 

(2) 

(3) ® 

HZar(X,K2/p
n) 

(12) 
B\X,Ki)/iœt{3) 

JLr(^,Ä2/.W(2)) 

® 

JLr(^,Ä2/.W(2)) 

k 

(7) 
ljm#L-№>/.№) = 

(13) R JLr(^,Ä2/.W(2)) 
НтЯ1(Л'я,/С2)/кег(3) 

Я^г(УГ)гЧ.А2ЛЖ/р«(2)) HlaT{Y-k,i*È?ftTLIvn№) m H°Zar(Y-k,i*IC2/pn) Η\Υτ,ι*Κ2)/Η^τ(3)) 

oi ® (5) 

Я»аг(Уг^.г-*Д2/.Ж/р"(2)) 
(6) 

JLr(^,Ä2/.W(2)) 
(") 

JLr(^,Ä2/.W(2)) JLr(^,Ä 

! 

Яе

0

4(Ут,г'Я2/.И/р"(2)) 
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functor i?7r* to the above triangle. Then the fact that i ? 3 7 r * r ( 2 ) = 0 (axiom 
"Hilbert 90") yields the exact triangle 

n*Wnnlg[-2) 
+ i 

r < 2 J R 7 r * r ( 2 ) r<2R^F(2) in (YjiJZar , 

where T<2K, is the truncated complex 

A C " 1 fC° K1 Ker d2 0 … 

in degree 2. The statement 

. R 2 7 r * r ( 2 ) = (K.2)zar ([L], Theorem 2.10.) 

finishes the proof of the Lemma. 

The isomorphism (JC2/pn)et 9* WnQlg in (Yj)et 
implies in particular 

H%ar(YT,1C2/pn)^ H^Y^/p") . 

Therefore (11) is an isomorphism. 
The map (4) is induced by the canonical natural transformation 

l 7T* 7T*Z 

between the functors of topoi 

Z*7T*: S(Xôp)et S(Yj)zar 
and 

7r*i*: 5 ( A ' ô p ) e t S(Yj)zar 

One can easily see that under the map (4) the diagram ( C ) commutes. (5) is 
defined by composing the other arrows in diagram (E) . (6) is an isomorphism 
by ( [BK] , Theorem 9.2). 

Remark: 
The map 

i*i?V*2S/pn(2) ir*WnQ$og , 

which induces (5) factorizes through the Zariski sheaf 

R27T*i*RU7l/pn(2) , 

which was studied by O. Gabber (compare ( [BK] , section 6.6)). It is the 
Zariski analog of the étale sheaf i*R2 f*2L/pn(2) of p-adic vanishing cycles. 
But it is not needed here. 
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L e m m a 2.3: 

Let Pic(Yjj:)(p) be torsion-free, R as above, L = Quot R. 

Then: 
lim i f 0 

R 
( Л я , / С 2 / Р " ) = H\x,K:2/pn) . 

Proof: 

We show: 

H\XR,K2/pn) ^H°(XL,/C2/pn) . 

As in the case H1(X,IC2) the claim then follows from 

limfi" 0 

L 
(XL,K2/pn)^ H°(X,!C2/pn) . 

Following Raskind (see [ R l ] , Proposition 1.1) the Gersten-Quillen complex 
rnodp™ is a flabby resolution of the sheaf fC2/pn over XR. Consider now the 
following commutative diagram: 

0 0 0 

0 )C2(k(XL))/pn II 
xEXL 

HxT/pn II 
x€Xl 

7L/pn 

0 • tC2{k{XR))/pn 11 
xEXL 

k(x)*/pn u 
xEXr 

7L/pn 

0 0 k(Yj)*/pn n 
xExXk 

7L/pn 

0 0 

Compare this with the diagram (*) in §1. This yields the exact sequence: 

0 H°(xR,K:2/pn) H\XL,K2/pn) H°(xR,K:2/pn) 
. 
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In char p we have the exact sequence 

0 K1 
P 

/Ci JCi/pn 0 . 

Since fl"°(l^-,/Ci) ^ k* 
_ n H0(Yk,K1) is an isomorphism, we get: 

tf0(Fr,/Ca/p")- Pic(F^) pn = 0 by assumption, therefore: 

H°(XR,IC2/p
n)*È H°(XL,JC2/p

n) 

Lemma 2.3 implies that (13) is an isomorphism. The right vertical arrows in 
diagram II are induced by the map z*. The commutativity of (F ) follows from 
Suslin ([Su], §4). (12) is induced from the short exact sequences of sheaves 

0 p, K2 •K,2 I 0 

0 I •K2 

K0/p
n 

0 

and the fact that H2 (X, pn/C2) = 0. In particular we have: 

ker(3) ~ Hx(Xìpn1C2) . 

The unnamed arrows are canonical maps and the unnamed diagrams com­
mute for trivial reasons. It remains to show that the diagram ( D ) commutes. 

L e m m a 2.4 

The canonical map 

R2f*2L/pn(2) UH2 

is an isomorphism. 

Proof: 

We prove this stalkwise. Let x G X. Then it is clear that 

R2f*2L/pn(2)x = l i m 

UXx 
ucx 

H2

et(U,2L/pn(2)) = limH2(U) . 

Let now x G l p Then we need to show that the canonical map 

lim 
U3x 

H2(f-1(U),2L/pn(2)) lim 
U3x 

n2{f-\u)) 
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is an isomorphism. Consider the following commutative diagram, which is 
taken from the proof of Lemma 1.1 in [CT-R] CHl(fJipn) denotes the Zariski 
sheaf associated to the presheaf U —> H\t(U, /J,pn) on X ) 

0 H1(X, H1(µpn)) 
H2(X , fJipn ) H°(X,n2(nPn)) 0 

= 

0 P i c ( X ) / p " H2(X, fipn ) 

= 
pnBr(X) 0. 

The exact upper row arises from the Bloch-Ogus spectral sequence and uses 
results from [BO]. The lower exact sequence is part of the étale cohomology 
sequence associated to the Kummer sequence. The isomorphism on the left 
hand side is also established in [BO]. Now consider the same commutative 
diagram for / _ 1 ( Î 7 ) instead of X for any Z7, x G U. One gets the following 
exact sequence using the left and right vertical isomorphisms: 

0- lim 
u 

Pic(f-1(U))/pn lim 
u 

H2(f-1(U), µpn lim 
u 

Η\Γ\υ),Η\μρη)) 0 

One knows that lim 
u 

/ - 1 ( ^ ) = S p e c O ^ . 
ft-

Therefore we conclude: 

lim 
u 

Pic{f-\U))/pn = Pic(SpecO^ [J])/p». Let XR be the image sheaf 

of x under —> XR- Then we have Spec Ox- x[^] = lim 
R 

Spec OxR 

Since OXRJXR[J] is the localization of a UFD it is a UFD itself. This implies 
Pic(Spec OxRfXR[^]) = 0 and also 
Pic(Spec O ^ J i ] ) = lim 

R 
Pic(SpecO*R)XH[i]) = 0. This means that there is 

an isomorphism 

lim 
u 

H2et{f-\U)^pn) 
Od 

lim 
u H\r\u),n2M) . 

By tensoring with fipn the assertion follows. 

Lemma 2.4 implies that the arrow (7) is in fact an isomorphism. Now the 
commutativity of the diagram ( D ) follows from the subsequent observations: 

a) The sheaf K2 is locally generated by symbols in the Zariski topology and 
as well in the étale topology. 
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b) The following diagrams of Zariski sheaves commute: 

ä 2 / . Z 5 / p " ( 2 ) ÌC2/pn 

TTjJ*R2f^/pn(2) 7r*Ì*Ì*(fc2/pn)et 

i*(>C2/pn)XR i*ir*(JC2/pn)XR>et 

Tr*Ì*(fC2/pn)XR,et 

(ÌC2Jpn)zar,Yj 
= 

K*(}C2/pn)YT,et 

For the lower isomorphism see Lemma 2.2. 

c) The sheaf i*R2 f*2l/pn(2) is etale-locally generated by "symbols" of the 
form i*X! ® z*^2, where xi G R1 f*2l/pn(l), X{ = d{yi) with yi G 
and d denotes the boundary operator in the following exact sequence 

0 f*f¿pn f,OX f,OX R1U7L/pn{l) 0 

(compare [BK] §6). Furthermore we may assume that y,- G Ox_ for 

i — 1, 2 or that yi € OX and y2 = n, the uniformizing element in O k -
O p 

d) The map A : i* R2 f*7Z / pn (2) —> WnQ}og which induces the isomorphism 
(6) is given on "symbols" as follows: Let 2/1,2/2 £ OXop , A(z*<9(yi) <g) 

*"*ô(y2)) = µ 
Vi 

A dy2 

2/2 
, where yi is the image of yi under the map z*0 * 

OX 
0^_. Otherwise A(**ô(yi) 0 tt) = 0. 

k 

This finishes the proof of Proposition 2.1 and of Theorem 1. 
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