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1 Introduction

Let f: X — Y be a morphism of complex analytic manifolds, M a coherent module
over the ring Dx of differential operators on X, F' an IR-constructible object on X. In
this first paper, we give a criterion insuring that the derived direct images of the Dx-
module F' ® M are coherent Dy-modules, and we prove related duality and Kiinneth
formulas. Part of these results were announced in [20, 21].

In [22], making full use of these results, we shall associate to (M,F’) a characteristic
class and show its compatibility with direct image, thus obtaining an index theorem
generalizing (in some sense) the Atiyah-Singer index theorem as well as its relative
version [1, 3].

Let us describe our results with more details, beginning with the non-relative case
for the sake of simplicity.

An elliptic pair on a complex analytic manifold X is the data of a coherent Dx-
module M and an IR-constructible sheaf F' on X (more precisely, objects of the derived
categories), these data satisfying the transversality condition

char(M) N SS(F) C T4 X. (1.1)

Here char(M) denotes the characteristic variety of M, SS(F') the micro-support of F'
(see [12]) and T%X the zero section of the cotangent bundle 7*X.

This notion unifies many classical situations. For example, if M is a coherent Dx-
module, then the pair (M,Cx) is elliptic. If U is an open subset of X with smooth
boundary 90U, the pair (M,Cy) is elliptic if and only if OU is non characteristic for M.
If X is the complexification of a real analytic manifold M, then (M ,Cys) is an elliptic
pair if and only if M is elliptic on M in the classical sense. If F' is IR-constructible
on X, then (Ox,F) is an elliptic pair. If G is a coherent Ox-module, we can associate
to it the coherent Dx-module G ®,,, Dx, and the results obtained for the elliptic pair
(G ®p,, Dx,Tx) will give similar results for G. See §8 for a more detailed discussion.

If f: X — Y is a morphism of complex analytic manifolds, we generalize the
preceding definition and introduce the notion of an f-elliptic pair, replacing in (1.1)
char(M) by charf(M), the f-characteristic variety of M (this set was already defined
in [19] when f is smooth).

The main results of this paper assert that if the pair (M, F) is f-elliptic, f is proper
on supp(M) N supp(F) and M is endowed with a good filtration, then:

1) the direct image (in the sense of D-modules) f,(M @ F) has Dy-coherent coho-
mology,

2) the duality morphism
f(D'F & DxM) — Dy f(M®F)

is an isomorphism (here, D denotes the dualizing functor for D-modules and D’
is the simple dual for sheaves),
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3) there is a Kiinneth formula for elliptic pairs,
4) direct image commutes with microlocalization.

See Theorem 4.2, Theorem 5.15, Theorem 6.7 and Theorem 7.5 below for more details.

In fact, we obtain these results in a relative situation over a smooth complex manifold
S, working with the rings of relative differential operators. This relative setting makes
notations a little heavy but it gives us the freedom on the base manifold we need in
the proofs. Even if we want the final result over a base manifold reduced to a point, in
the proofs, we need to use other bases. So, it is better to work in a relative situation
everywhere. Moreover, the base change Theorem 6.5 is a natural way to get the Kiinneth
formula for elliptic pairs.

The idea of the proof of the finiteness result goes as follows.

First, using the graph embedding, we are reduced to prove the theorem for a closed
embedding (this one does not offer much difficulty) and for a projection. Then, using
the same trick as in [8], we reduce to the case Y = S. Then it remains to treat the case
where X = Z x S, f: X — S is the second projection, M is a Dx|s-module endowed
with a good filtration and F' = G'[X]Cs where G is an IR-constructible sheaf on Z. We
call it the projection case and we have to prove that in this case Rfi(F ® M ®p, s Ox)
is Og coherent and Og dual to RfiRHomp JF O M, Qxs[dx — ds]).

For that purpose, we “trivialize” F' by replacmg it by a bounded complex of sheaves
of the form @, Cu,, the U,’s being relatively compact subanalytic open subsets of X
satisfying the regularity condition:

D/((E(L,) = (Dﬁ“ .

This construction is made possible thanks to the triangulation theorem and a result of
Kashiwara [11].

Next, we consider the relative realification Mps of M obtained by adding the rel-
ative Cauchy-Riemann system to the Dz, gs-module M and remark that since M is
assumed to be good we may always find a resolution of Mpys by finite free Dy, g)5-
modules near subsets of Z® x S of the form K x A where K is a compact subset
of Z and A is an open polydisc in S. Moreover, since the solutions of the relative
Cauchy-Riemann system are the same in the sheaves of analytic functions, differen-
tiable functions or distributions with holomorphic parameters in S, we can compute
the holomorphic solutions of M as the relative analytic, differentiable or distributional
solutions of Mps.

Now, the elliptic hypothesis insures the regularity theorem, that is, the isomorphism

FoMak

Dy Ox = RHom(D'F, M \SJIL)MS Ox).

Applying Rfi to this isomorphism, we shall compute both sides using the trivialization
of I and a finite free resolution of the relative realification of M using analytic (resp.
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differentiable) solutions for the left (resp. right) hand side. This will give us a continuous
Ogs-linear quasi-isomorphism

where the components of the left (resp. right) hand side are DFN-free (resp. FN-free)
topological modules over the Fréchet algebra Og. The coherence then follows from an
extension of Houzel’s finiteness theorem (7] due to one of the authors [25]. Note that we
found no way of applying the original Houzel’s theorem in our situation since it is not
obvious to find the requested chain of nuclear quasi-isomorphisms for a given elliptic
pair.

The duality result is proved along the same lines once we have a clear construction
of the general duality morphism which makes it easy to check its compatibility with
the various simplifications and transformations used in the proof.

Note that the hypothesis that the D-module M is endowed with a good filtration
could be relaxed by using cohomological descent techniques as in [24]. However, doing
so would have cluttered the proof with unessential technical difficulties. This is why we
have preferred to stay to a simpler setting, sufficient for all known applications.

Our theorems provide a wide generalization of many classical results as shown in
the last section.

In particular, we obtain Grauert’s theorem [6] (in the smooth case) on direct images
of coherent O-modules and the corresponding duality result of Ramis-Ruget-Verdier [15,
16]. Since we treat D-modules, we are allowed to “realify” the manifolds by adding
the Cauchy-Riemann system to the module, and the rigidity of the complex situation
disappears, which makes the proofs much simpler and, may be, more natural than the
classical ones.

We also obtain Kashiwara’s theorem [9] on direct images of coherent D-modules as
well as its extension to the non-proper case of (8] (whose detailed proof had never been
published) and the corresponding duality result of [23, 24].

In the absolute case, we regain and generalize many well-known theorems concerning
regularity, finiteness or duality for D-modules (in particular those of [2, 13, 14]), see §8
for a more detailed discussion.

2 Elliptic pairs and regularity

2.1 Relative D-modules

In this section, we recall some basic facts about relative D-modules.
In the sequel, by an analytic manifold we mean a complex analytic manifold X of
finite dimension dx. Keeping the notations of [12], we denote by

7:TX — X and T:T*X — X

the tangent and cotangent bundles of X.
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To every complex analytic map f: X — Y, we associate the natural maps

X 7 X xy T*Y f—» TY.

Let S be an analytic manifold. A relative analytic manifold over S is an analytic
manifold X endowed with a surjective analytic submersion ex : X — S. We often use
the notation X|S for such an object when we want to avoid confusion on the basis and
set for short dxjs = dx — ds.

A morphism f : X|S — Y|S of relative analytic manifolds is the data of a complex
analytic map f: X — Y such that ey o f = ex.

Let X|S be a relative analytic manifold over S.

Since € : X — S is smooth, the map

TX — X xsTS

is surjective. Its kernel is thus a sub-bundle of TX. We denote it by TX|S and call
it the relative tangent bundle of X|S. Its holomorphic sections form the sheaf © x5 of
vertical holomorphic vector fields on X|S. Recall that a holomorphic vector field 8 is
vertical if and only if

O(hoex)=0

for any section h of Og. The dual map
X Xs TS —'—7) T™X

is injective. Its cokernel is thus a quotient-bundle of 7*X which is isomorphic to the
dual of TX|S. This is the relative cotangent bundle of X|S, we denote it by T*X|S
and denote by

Px|s : T™X — T*XlS

the canonical projection. The holomorphic sections of AP T*X|S form the sheaf ng s
of relative holomorphic differential forms of degree p. To shorten the notations, we set

_ O%xis
Q.YIS - Q‘YIS .

To every morphism f : X|S — Y|S, we associate the natural maps

TX|S —» XxyTY|S — TY|S
T'X|S o XxyTY[S — T[S,

Note that we use the same notations as in the non-relative case since the context will
avoid any confusion.

The subring of Hom g, (Ox,Ox) generated by the derivatives along vertical holo-
morphic vector fields and multiplication with holomorphic functions is denoted by Dxs.
We call it the ring of relative differential operators on X|S.
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The basic algebraic properties of Dx|s are easily obtained using the usual fil-
tration/graduation techniques. We will not review them here and refer the reader
to [18, 19].

As usual, we denote by Mod(Dxs) the abelian category of left Dx|s-modules and
by Coh(Dxs) the full subcategory of coherent modules. The category Coh(Dxs) is
a thick subcategory of Mod(Dxys) (i.e. it is full and stable by kernel, cokernel and
extensions).

A coherent Dx|s-module M is good if, in a neighborhood of any compact subset of
X, M admits a finite filtration by coherent Dx|s-submodules My (k = 1,...,£) such
that each quotient My/Mj_; can be endowed with a good filtration. We denote by
Good(Dxs) the full subcategory of Coh(Dxs) consisting of good Dxs-modules. This
definition ensures that Good(Dx|s) is the smallest thick subcategory of Mod(Dx;s)
containing the modules which can be endowed with good filtrations on a neighborhood
of any compact subset of X.

We denote by D(Dxs) the derived category of Mod(Dx|s) and by D*(Dxs) its
full triangulated subcategory consisting of objects with bounded amplitude. The full
triangulated subcategory of D®(Dxs) consisting of objects with coherent (resp. good)
cohomology modules is denoted by D%, (Dxs) (resp. DPyoy(Dx|s))-

We introduce similar notations with the ring Dx|s replaced by the opposite ring D;’é’l s
to deal with right Dyjs-modules. Since the categories Mod(Dxs) and Mod(l)‘)}p| g) are
equivalent, we will work only in the most convenient one depending on the problem at
hand.

In the sequel, we will often need to work with bimodule structures. Let k& be a field.
Recall that if A and B are k-algebras, giving a left (A,B)-bimodule structure on an
abelian group M is just giving M a left structure of A-module and a left structure of
B-module such that

a-(b-m) = b-(a-m)
(c-a)-(b-m) (c-b)-(a-m)

forany a € A, b € B, c € k and m € M. Hence, it is equivalent to consider that
M is endowed with a structure of A ®_ B-module. Using this point of view it is easy
to extend to bimodules the notions and notations defined usually for modules. For
example, we will denote by Mod(Dx\s ® Dxs) the category of left Dx)s bimodules and
by D(Dx|s ® Dx|s) the corresponding derived category.

Let f: X|S — Y|S be a morphism of relative analytic manifolds over S.

Recall that

Dxis-vis = Ox ®;10, [~ Dyis

has a natural structure of left Dy s-module compatible with its structure of right
f'Dy|s-module. Using this transfer module, we may define the relative proper di-
rect image of an object M of D"(D‘,’}’| s) by the formula

f1gM) = RAH(M ®1§X|s Dx|s—v]s)

10
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It is an object of D®(Dyfs).
Recall also that if M (resp. N) is a right (resp. left) Dx|s-module then there is on
M @, N a unique structure of right Dx|s-module such that
men)-0 = m-0@n—m®e0-n
(m®n)-h = m-h®n=mQh-n
for any sections m, n, 6 and h of M, N, ©xs and Ox respectively.
In the same way, if N, P are two left Dx|s-modules then there is on N Qo P a
unique structure of left Dxs-module such that
0-n®p) = 0-nRp+n-p
h-(n®p) = h-n®@p=n®h-p

for any sections n, p, 6 and h of N, P, ©xs and Ox respectively.
Finally, recall the following exchange lemma which will be useful in the sequel.

Lemma 2.1 If M is a right Dx|s-module and N, P are left Dxjs-modules then the
map
Mep N @ P) — (M®o, N) ®pys P
mnp) +— (MAON)p
is a canonical isomorphism.
Let X be a relative analytic manifold over S. Recall that the characteristic variety of
a coherent D x|s-module M is a conic analytic subset of T*X|S denoted by charx|s(M)

and that
char(Dx ®p, M) = p}}scharxw(M)-

Hence theorem 11.3.3 of [12] gives the equality
SS(RHO’”ZDX'S (M, Ox)) = p}}scharxls(M).

The sheaf Qx5 of relative holomorphic differential forms of maximal degree is canon-
ically endowed with a structure of right Dx|s-module which is compatible with its struc-
ture of Ox-module and characterized by the fact that, for every open subset U of X,
one has w.0 = —Low if w € Qxs(U) and 6 is a vertical vector field defined on U.

X|s

Definition 2.2 The dualizing complez for right Dx|s-modules is the complex of right
Dx|s-bimodules defined by setting

’Cx|s = QX|S[dX|S] ®ox DXIS

and using the natural structure of right Dx,s-bimodule on the sheaf Qx|s ®, « Dxis-
The dual of an object M of D™(D¥s) is

R’HomDXlS(M, Kxis)

as an object of D*(D¥s). We denote it by Dys(M).
The functor Dys is the dualizing functor for right Dx|s-modules.

11
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As in algebraic geometry, the terminology used in the preceding definition is justified
by the following biduality result.

Lemma 2.3 There is a canonical sheaf involution of Qx|s oy Dxs interchanging its
two right Dx|s-module structures.

Proof: Let us consider the sheaf Dx s Roy Dx\s where the tensor product uses the left
Ox module structures of the two copies of Dx|s. This sheaf is obviously endowed with
one structure of left Dx|s-module and two structures of right Dxjs-module which are
compatible with each other.

The involution

Dxis Qo Dx|is — Dxis ®p, Dxis
PRQ — Q®P

exchanges the two right structures and preserves the left one.
Tensoring over Dxs with {2x|s using its right structure and the left structure of
Dx|s ®o, Dx|s and applying the exchange lemma 2.1 gives us the requested involution.
O

b
coh

Proposition 2.4 For any object M of D (Df,’(”I s), the canonical arrow

M — RHman|S(RHO7nDX|5(M’ /Cx|s), ]Cx|s)

deduced from the involution of the preceding lemma is an isomorphism.

Proof:  Since M is locally isomorphic to a bounded complex of finite free right Dx;s-
modules it is sufficient to prove the result for M = Dxs where it is an easy consequence
of the preceding lemma and the fact that Qxs is a locally free Ox module of rank one.

O

It follows that the characteristic variety does not change by duality:

Proposition 2.5 If M is an object of DY, (’D}pls) then one has

coh

charx|s(M) = charx|s(D xjsM).

2.2 Relative f-characteristic variety

In this subsection, we consider a morphism f : X|S — Y|S of relative analytic
manifolds over S and define the relative characteristic variety chary(M) of a coherent
Dj’("'S-module M. First, we consider the case of a relative submersion where such a
variety was already defined in [19] for S = {pt}. Next, by using the graph embed-
ding, we extend this definition to the general case. Finally, we show how the relative
characteristic variety controls the micro-support of M 63)5“5 Dx|s—yis-
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Let f: X|S — Y|S be a relative analytic submersion over S. Since f is smooth,
we have the following exact sequence of vector bundles on X:

0 — X xy T*Y|S — T*X|S — T*X|Y — 0.
Ys ¢f

Working as in paragraph II1.1.3 of [19] we get the following lemmas.
Lemma 2.6 Assume M is a coherent Dxjy-module. Then

. Mo) = ¢ charx)y (Mo).

X|Y

charxs(Dxs ®p

Lemma 2.7 Assume M is a coherent Dxjs-module and assume Mo, Ny are two co-
herent Dxy-submodules of M which generates it as a Dx|s-module then

char x|y (M) = charxy (Mo).
Hence, we may introduce the following definition.

Definition 2.8 Let M be a coherent Dxjs-module. One defines the relative charac-
teristic variety chargs(M) of M with respect to f to be the subset of T*X|S which
coincide on T*U|S with ¢ 'chary)y (M) for any open subset U and any coherent Dyy-
submodule Mg of My which generates My as a Dyjs-module.

It is clear that charys(M) is a closed conic analytic subvariety of 7 X|S and that
chargs(M) = charps(M) + 95 (X xy T*Y|S).
The functor charys is additive:
Proposition 2.9 If f : X — Y is a relative analytic submersion over S and if
0—L—M—5>N-—0
is an exact sequence of coherent Dxjs-modules then
char (M) = charys(L) U char s s(N).

In the sequel we will need the following lemma essentially due to (8].

Lemma 2.10 Let f: X|S — Y|S be a relative analytic submersion over S and let K
be a compact subset of X. Assume M is a Dyjs-module which admits a good filtration
in a neighborhood of K. Then, in a neighborhood of K, M has a left resolution by
Dy s-modules of the form

Dxys (i)l-,x“, N

where the Dxy-module N admits a good filtration and is such that

¢;lcharx|y (N) C charfs(M).

13
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Proof: In this proof, we always work in some neighborhood of K.

Since M admits a good filtration, we can find a coherent Ox-submodule Mg of M
which generates it as a Dx|s-module. Set Ny = DxjyM,. By construction, A is a
Dx|y-submodule of M which generates it as a Dx|s-module. Obviously, Ay admits a
good filtration. Moreover, by definition,

¢;lcharx|y(./\fo) = charss(M).
The kernel K of the canonical Dxs-linear epimorphism
Dxjs ®p,, No — M —0
is a Dx|s-module which admits a good filtration and we have

charﬂs(lC) C Charfls(Dx|5 Qp ./VE)) = charﬂs(M).

X|Y
We may thus start over the same construction with M replaced by K and build the
requested resolution by induction. a

Now, by using the graph factorization, we will define the notion of relative charac-
teristic variety for a map which is not necessarily a relative submersion.
Let f: X|S — Y'|S be any morphism of relative analytic manifolds.
Denote by
X - X xgsY - Y

the relative graph factorization of f.
First, we notice:

Lemma 2.11 Assume f is a relative submersion and M is a coherent D x|s-module.
Then
chars(M) = iz charys(ijsi(M)).

Hence, for a general f, the following definition is a natural extension of our previous
one.

Definition 2.12 For any coherent Dx|s-module M, we set
charfjs(M) = *i'i; ' chargs(js1(M)).
As usual, for an object M of D%, (Dxs), we also set

coh

chargs(M) = |J chargs(H/(M)).
jeZ

We also introduce similar definitions for right Dx|s-modules.

14
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Note that chargs(M) is a closed conic analytic subset of 7 X|S and that
char s s(M) = chargs(M) + ¢ (X xy T*Y|S).
A link between the relative characteristic variety and the micro-local theory of

sheaves is given in the following theorem:

Theorem 2.13 Let f : X|S — Y|S be a morphism of relative analytic manifolds
over S and assume M is an object of D‘c’oh(DS’}’ls). Then

SS(M ®1§X|S Dx|s—v|s) C Px|scharys(M).
Proof: Consider the graph factorization of f:
X e X x S Y T Y.

By Proposition 5.4.4 of [12], if F'is a sheaf on X, then SS(i, F) is the natural image of
SS(F). Hence, in view of the definition of charys, it is enough to prove the inclusion:

SS(i(M &g Dxis—yis)) C p~ ' chargs(ijsi(M))
where we write p instead of pxxsy|s. Since

(M ®£x's Dx|s—v|s) = hsi(M) ®F Dxxsy|S—YIS

X xgY|S
we have reduced the proof to the case where f is a relative submersion, what we shall

assume now.
Since the problem is local on X and

chargs(M) = J chargs(H(M)),
jeZ
we may assume M is a coherent right Dx|s-module. Using Lemma 2.10, we are then
reduced to consider the case where M = M, &, Dxis, for a coherent right Dx|y-
module M,. Now,
M ®£X|s ’DX|S~Y|S ~ MO ®£X|Y DXIS—~Y|S

~ (Mo ®{; Ox) ®s-10, [ 'Dys.

XY

X|Y
This last sheaf is locally on X a direct sum of an infinite number of copies of M, ®£X|y

Ox. Applying [12] Exercise V.5(i) (which is an easy consequence of Proposition 5.1.1(3)
[loc. cit.]) we get successively

SSM ey,  Dxis-vis) = SS(Mo &g
= SS(Mo®,, Dx ®F Ox)
= char(Mp @by Dx)

— p_lgb;lchar)qy (Mo)
= p~chars(M)

where the third equality comes from theorem 11.3.3 of [12]. m]

Ox)

X|Y

15
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2.3 Relative elliptic pairs

We shall now define the main object of study of this paper.

Let D(X) denote the derived category of the category of sheaves of C-vector spaces
on X and let D®(X) denote the full triangulated subcategory of complexes with bounded
amplitude.

Recall that a sheaf F' of C-vector spaces is IR-constructible if there is a subanalytic
stratification of X along the strata of which H’(F) is a locally constant sheaf of finite
rank for any j € Z. Following [12], we denote by D%_.(X) the full triangulated sub-
category of DP(X) consisting of complexes with IR-constructible cohomology sheaves.
We say for short that an object of D% __(X) is an IR-constructible complex. For such
an object, SS(F) is a closed subanalytic Lagrangian subset of T* X® where X® denotes
X considered with its underlying real analytic manifold structure. We shall identify
T*X™® with (T* X)® as for example in [12] and simply denote it by 7*X. In this pa-
per, we will have to consider most of the time the simple dual D'F of F' and not its
Poincaré-Verdier dual DF. Recall that since X is an oriented topological manifold of
dimension 2dx:

D'F = RHom(F, Cx) and  DF = RHom(F,wx) ~ RHom(F,Cx[2dx])

so the two duals coincide up to shift. Since F' is constructible, we have the local biduality
isomorphism F' — D'D'F.

Definition 2.14 Let f : X|S — Y|S be a morphism of relative analytic manifolds
over S. A pair (M,F) is a relative f-elliptic pair if:

e M is an object of Dg, (DY),

coh

e F'is an object of D% _.(X),
e p~lcharys(M)NSS(F) C TxX.
b

Such a pair is good if moreover M is an object of Dgood('D;’}’l s)- Its support is the set
supp(M) N supp(F). When f is the canonical map ex : X|S — S|S we will say for
short that (M,F) is a (good) relative elliptic pair on X|S. When S = {pt}, we drop
the word “relative” in the preceding definitions.

” S e XS y . ] ” = ., i l' . te i .L‘ b ” l. . G 1 r. "
Since charfs(M) contains chary|s(M), a relative f-elliptic pair is a relative elliptic
pair. Moreover, on a neighborhood of supp M,

SS(F)NX xsT*S C TxX.
In particular, an elliptic pair (M,F) on X is the data of a complex of coherent right
Dx-modules M and an IR-constructible complex F' such that
char(M) N SS(F) C Tx X.

We shall see in §8 below why this notion is a natural generalization of that of an elliptic
system on a real manifold. There, we will also explain why Theorem 2.15 below may
be considered as a generalization of the classical regularity theorem for elliptic systems.
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Theorem 2.15 Let (M,F) be an f-elliptic pair. Then the canonical morphism
F® (M e&g  Dxis-vis) — RHom(D'F,M ®F, s Dxis-vis),

induced by the morphism F — D'D'F, is an isomorphism.

Proof: By [12] Proposition 5.4.14, we know that if G belongs to D*(X) (and F is
IR-constructible as above), the natural morphism

F® G — RHom(D'F,G)
is an isomorphism as soon as
SS(F)*NSS(G) Cc TxX.
Hence, the conclusion follows from Theorem 2.13 by applying the preceding result to

G=M ®,§X'S Dx|s-v|s-

When Y = S, we get:

Corollary 2.16 Let M and F be objects of D'goh(Dg’g’,S) and D% _.(X) respectively.
Assume the transversality condition

p~'chary|s(M) N SS(F) C TxX
where p: T*X — T*X|S is the canonical projection. Then the canonical morphism

FOM® Ox)— RHomg,  (D'F,M &, Ox)

X|S X|S

is an isomorphism.

Definition 2.17 The dual of a relative pair (M,F) is the pair (Dxs(M),D'F).

It follows from this definition that a relative pair is f-elliptic if and only if so is its
dual pair.

3 Tools

If X is a complex analytic manifold, we have already encountered X®, the real un-
derlying analytic manifold to X. Here, we shall also make use of X, the complex
manifold with X® as underlying space for which the holomorphic functions are the
anti-holomorphic functions on X. Recall that X x X is a natural complexification of
XT® via the diagonal embedding.

17
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3.1 Dolbeault complexes with parameters

Let Z and S be complex analytic manifolds and let qz : Z x S — Z be the second
projection.

We will denote by Azxs)s (resp. Fzxs|s, Dbzxs|s) the sheaf of real analytic functions
(resp. infinitely differentiable functions, distributions) on Z x S which are holomorphic
in S.

We will also set

DZIRxSIS = (DZx7x5|S)|Z]RXS'

using the diagonal embedding of Z® in Z x Z. Locally, operators in Dzry sis are of
the form

> aap(2,7, s)DeD’
a,B

where aq,5(2,%,5) is a section of Azxgis; (z: U — %) and (s : V — @%) being
holomorphic local coordinate systems on Z and S respectively.
For any Dzr, s)s-module M we will consider the parametric Dolbeault complex

'A.Z’.xS|S(M)

defined by setting
Ag(>l<5|S(M) = (IEI'A%’(I ®q21Az M

the formulas for the differentials being given locally by

01 A sis(M) — ATH(M) (3.1)
dz
a?@®m +— OaP!Qm+ Z dz* ANaP? @ D,im
i=1
and
30 A gs(M) — MG (M) (32)
dz

at@m - P! @m+ Y dz Ad”! @ Dam

=1

where (z : U — @©%) is a holomorphic local coordinate system on Z. Obviously, this
definition is independent on the chosen local coordinate system.

When M is equal to Azxsis (resp. Fzxsis, Dbzxsjs) we will denote the corre-
sponding parametric Dolbeault complex simply by Ay, g5 (tesp. Fy, g5 Dby, g5)- Of
course, the natural maps

P Py ) )
QZ><S'|S’ 'AZxS|S f?xSlS DprxS|S

are quasi-isomorphisms.

13
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Let NV be another Dzr, gs-module. Using the natural structure of Dz g 5-module
on the sheaf N' ® Azxsis M we define the parametric Dolbeault complex of M with
coefficients in A by the formula

N'(M) = AEXS|S(N ®Az><s|s M)

The associated simple complex is the parametric de Rham complex of M with coeffi-
cients in A/. We denote it by N"(M).

In this paper, we will only use the preceding notions when N is Fzxs|s or Dbzxss-
In this case, we have of course

fZ’ZSIS(M) = f%gSIS@AszwM
Db@iﬂS(M) = Db?(:(slS@AZxSlSM

and the differentials 0 and 4 are given locally by formulas similar to (3.1) and (3.2).

3.2 Realification with parameters

Let Z and S be complex analytic manifolds and set n = dz. Consider Z x S as a
relative manifold over S through the second projection e.
The parametric realification of a left Dz, g s-module M is the sheaf

Mps = Azxsis Qo,, s M-
In this formula, the Dzr, gjs-module structure is described locally by the formulas

D (a®m) = Dya®@m+a®D,m
Dz, (a ®m) Ds,a®m

flacm) = fa®m

where a,f and m are sections of Azxss and M respectively; (z : U — Q") being a
local holomorphic coordinate system on Z.
Since Azxs|s is flat over Oz g, parametric realification is an exact functor.
Let us consider the map
6:ZxS — ZxZxS
(z,8) +— (z,%,9).
It is clear that
1 B
b (D2x7xs|s) = Dgr xS|S-
Hence the sheaf inverse image by 6 of a Dy, 7, gs-module is naturally a Dyr,gs-

module. Moreover, one checks easily that

Migs = 87 (Op,7x5 Oyriog, 17 M) = 67 (ME O7).
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where q : Z x Z x S — Z x S is the natural projection and [X] denotes the external
product of D-modules.

As usual, using “side changing” functors, we may also define the parametric real-
ification of a right Dz,s)s-module M. We still denote it by Mp;s and check easily
that

Muys = AZrgis @0, s M = 67 (ME Q).

Parametric realification is a powerful tool to simplify problems dealing with Dz s|s-
modules thanks to the following result.

Proposition 3.1 Let K be a compact subset of Z and let A be a closed polydisc of S.
Assume M is a good Dzxs)s-module. Then, in a neighborhood of K x A, Mps has a
left resolution by finite free Dzr gs-modules .

Proof:  The assumption insures that M[X]1O5 is a good D, 7, 5 s-module. Hence it is
generated by a coherent O,, - s-module in a neighborhood of the Stein compact subset
8(K x A) of the complex analytic manifold Z x Z x S. By Cartan’s Theorem A, it is

thus finitely generated in a neighborhood of §(K x A). The conclusion follows easily.
O

In order to be able to use effectively the preceding proposition in the sequel, we need
to understand the links between parametric realification and the finiteness and duality
results. These links are made explicit in the following five lemmas. Since the proofs are
just easy computational verifications we leave them to the reader. Recall that Hom
denotes as usual the internal Hom functor of the category of complexes of sheaves.

Lemma 3.2  a) The sheaf .A%")’( sis(Dzrxs)s) is naturally endowed with a structure of
left Dzys)s-module and a structure of right Dyr, gs-module and the differential
0 is compatible with these two structures.

b) As a complex of (Dzxsis, D°Z'?RxSIS)-bimodules A%;<5|S(DZ‘RXS|S) is quasi-isomor-
phic to (Dzxs|s)wris|—n| (where the realification uses the right module structure
of Dzxs|s)

Lemma 3.3 The map

(),. )
Az s15(Dzrxs|s) ®DZRX$IS Fzxsls — fnglS

@WPoQ)®u - a® AQu
is an isomorphism of complexes of left Dzxsis-modules. Combined with the Dolbeault

quasi-isomorphism
Ozxs ? ]:gx s|s»

it induces in the derived category the isomorphism

M ®£Z><S|S Ozxs = Mpys[-n] ®£ Fzxs|s

ZRxs|s

20



ELLIPTIC PAIRS I. RELATIVE FINITENESS AND DUALITY

for any complex of right Dzysis-modules M. We have also similar results with F
replaced by Db or A.

Lemma 3.4 The map

Dby, ssl-n] — Ho%zmxs,s(A%;<5|3(Dznxsls)>D 7xS|S)

— [wo,—r ® Q — (<pn,r+n A wO,—r) . Q]

n,74+n

¥

is an isomorphism of complexes of right Dz s;s-modules. Combined with the Dolbeault
quasi-isomorphism
Q%xsw i ’Db'zl;ﬂs:

it induces in the derived category the isomorphism
R'Hompzxms (M, ngS|S[n]) —~, RHmn'Dszs|s(Mm|5["’"]»Db;':sls)

for any complex of right Dz.gss-modules M. We have also similar results with Db
replaced by A or F.

Lemma 3.5 The natural arrow

Qzxs515(DPzxsis) — Wugs(—nl
(resp. Dby, gs(Dzrxsis) — Dbyugsl—2n] )

of complexes of right Dy x sjs (resp. Dyryg|s) modules is a quasi-isomorphism. Together
with the relative de Rham quasi-isomorphism

€105 = Qygs
(resp. € 'Os —=> Dby gs )

it induces the ¢~'Og linear pairing

Q%><S|S[’n'] ®£sz‘s Ozxs — 6—105[211]
(resp.  Dbyss ®£le csis Fzxsis — € 'Os2n] ).

Lemma 3.6 Assume M is an object of D%, (D3, sis)- We have the commutative
diagram

(M ®£ZXSIS Ozxs) ®F, . RHomp, (M, Q7. s[n]) —s e 10g[2n]

o
(Mmyys ®£ZRXS]S Fzxs|s) ®EL_10$ RHomDmesls(Mmg, Db;g;SlS) —€e710g[2n]
where the horizontal arrows are constructed by contraction followed by the pairings of

the preceding lemma, the first vertical arrow being the tensor product of the isomor-
phisms of Lemma 3.3 and 3.4 while the second vertical arrow is the identity.
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3.3 Trivialization of IR-constructible sheaves

In this section, we follow the notations of [12, Ch. VIII]. As in the classical theory of
simplicial complexes, the sets U(x) of [loc. cit.] are called open stars. Let us first point
out some basic facts about the topology of polyhedra.

Lemma 3.7 Let (S,X) be a simplicial set and let x € |S|. Then
(a) yeU(x) = [z,y)CU(x)
(b) yedU(z) = |[z,y[CU(x)

where U(z) denotes the open star of x in |S|.

Proof: (a) One knows that
Uz)= |J lol
oDo(x)
Thus, if y € U(x), there is a ¢ D o(x) such that y € |o|. Since it is clear that |z,y] C |o|
and that z € U(z), one gets that [z,y] C U(x).
(b) The set {o € ¥ : 6 D o(x)} being finite, one has the equality

U@ = U ol
oDo(zx)
Hence, since y € OU(z), there is a simplex 0 D o(z) such that y € Jo| \ |o|. Let o’
be a simplex included in o such that y € |o’|. If ¢’/ D o(z) then |z,y[ C |¢'| € U(x)
as requested. If o/ % o(x) then ¢” = ¢/ U o(x) is a simplex of ¥ included in ¢ and
lz,y[ C |o”] € U(x) and the conclusion follows. m]

Lemma 3.8 If (S,X) is a simplicial set and if x € |S| then one has the following
commutative diagram

AU (z) x 10,1 /oU(z) x {1} —=> U(z)

! !
aU(z) x [0,1] /OU(z) x {1} —=> U(a)

where the horizontal arrows are homeomorphisms, the vertical arrows being the natural
inclusions.

Proof: Let us define the continuous application
f:0U(x) x [0,1] — U(x)
by setting f(u,t) = (1 —t)u+ tx. The preceding lemma shows that f(u,t) = f(u',t') if

either t = t/ = 1 or (u,t) = («/, ). Moreover, it is clear that for every u € U(z) there
is v € OU(x) such that u € [z,v]. From these facts, one deduces that the continuous
map

g:0U(z) x [0,1] /0U(z) x {1} — U(=)

associated to f is bijective. Since U (z) x [0, 1] is a compact space, g is an homeomor-
phism. To conclude, it remains to note that f~!(U(z)) = dU(x) x 10, 1]. O
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Proposition 3.9 If (S,Y) is a simplicial set, then for every open star U(z) of x € |S|
one has

Dig(Cux)) = Cozy
Proof: 1t is clear that
Di5|(Cuw)) = RHom(Cy(z), Cs)
= Rju(),(Quz)-
It remains to preve that the canonical arrow
Com — Rivw),(Cuw)

is a quasi-isomorphism on U(z). Thanks to the preceding lemma, there is a neighbor-
hood w of dU(z) in U(x) and an homeomorphism

¢:w— U(x) x [0,€

such that p(wNU(x)) = dU(zx) x 10, ¢[. We are thus reduced to show that the canonical
arrows

¢ — lim H°(V x]0,7[; T)
Vev,n>o

0 — lim BNV x]0a[@) (k2 1)
Vey,n>o

are isomorphisms when V is a fundamental system of neighborhoods of y € U (z). But,
using homotopy, it is clear that

H*(V x]0,7[; €) = H*(V; )
and the proof is complete. @]

The following proposition is the main result of this section and will be used as a
basic tool in the sequel.

Proposition 3.10 An IR-constructible sheaf F' on a real analytic manifold M is quasi-
isomorphic to a bounded complex T" of the form

"0_’"“5 (I:WM-,,—"" fas) (EW“ —s - P (I}W“ —0-.--
1a€la ' i€l "k W€D, b

where each family (Wy;, )i.er, is locally finite, the open subsets Wy ;, being subanalytic,
relatively compact, connected and such that

D,Al((DWk,ik) &~ (I:Wk,ika
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the differential d%. being such that the induced map
(dl’.;" )ii © (DWk,:‘ - (DWk+1.j

is either 0 if Wy; & Wiy1,; or a complex multiple c§Iw, ,, ,w, ; of the canonical inclusion
map if Wk,,' C Wk+1’j.

Moreover, if F' has compact support, we may assume that the set I is finite for
every k € Z.

Proof: From the theory of IR-constructible sheaves, one knows that there is a simpli-
cial set (S,X) and an homeomorphism i : |S| — M such that i~1F is a simplicialy
constructible sheaf. From a construction due to M. Kashiwara [11] one knows that such
a sheaf is quasi-isomorphic to a bounded complex T such that each T* is a locally finite
direct sum of the sheaves €y () associated to the open stars of the simplexes of £ where
F is non zero. Since we have just proven in the preceding lemma that for such a sheaf
one has
D,((DU(U)) >~ (Dm

the first part of the proposition is clear.
Concerning the differential of the complex, we note that if o, o’ are two simplexes
of ¥ then
Hom(@y (o), Cu(ory) =~ T'(U(0); Cuoynu(er))

hence the conclusion since U(c) is a connected open set.
In case F' has compact support K, the open stars U(c) meeting K are in finite
number and since only these stars appear in the components of 7", the sets I, are finite.
O

3.4 Topological Os-modules

Let S be a complex analytic manifold. Recall that the sheaf Og of holomorphic functions
on S is a multiplicatively convex sheaf of Fréchet algebras over S (see (7, 25]). Also
recall that if V is a relatively compact open subset of a Stein open subset U of X then
the restriction map

I'(U; 0s) — I'(V; Os)

is C-nuclear. From this it follows easily that I'(U; Oy) is a Fréchet nuclear (FN) space
and that I'(V, Os) is a dual Fréchet nuclear (DFN) space.

As in [7], we will consider Og as a sheaf of complete bornological algebras and
deal with the category Born(Os) of complete bornological modules over Os. Recall
that Houzel has shown that Born(Os) has a natural internal hom functor denoted by
L (-,-) and an associated tensor product functor denoted by - P o - They are linked
by the adjunction formula

Hom gy, 00 (M @o, N, P) = Hom g 0 (M, Lo (N, P)).

24



ELLIPTIC PAIRS I. RELATIVE FINITENESS AND DUALITY

We denote by L, (-,-) the global sections of L, (-,-) considered as a bornological
vector space. For any M in Born(Os), the functor L, (M, ) has a left adjoint. We
denote it by - & M.

Following [15], an FN-free (resp. a DFN-free) Os-module is a module isomorphic to
E®QOg for some Fréchet nuclear (resp. dual Fréchet nuclear) space E. It is easily shown
that the Oy topological dual £, (M, Os) of an FN-free (resp. a DFN-free) Os-module
M is DFN-free (resp. FN-free). Moreover both FN-free and DFN-free Og-modules are
Og reflexive.

The results needed for the proof of the finiteness, duality and base change theorems
for relative elliptic pairs are summarized in the three following propositions. The first
one is Corollary 5.1 of [25] and the next two ones are easily deduced from the results
in §1-2 of [15] (see also [16]).

Proposition 3.11 Let M" (resp. N*) be a complex of DFN-free (resp. FN-free) Os-
modules. Assume M’ and N" are bounded from above and

v M — N

is a continuous Og-linear morphism. Assume moreover that u' is a quasi-isomorphism
forgetting the topology. Then M and N* have Os-coherent cohomology.

Proposition 3.12 Let M' be a complex of FN-free Os-modules and let N' be a DFN
Ogs-module. Assume M’ is bounded from above and has Og-coherent cohomology.
Then the natural morphism of Dt (Og)

EOS(M',N) — R’Homos(M’,N)
is an isomorphism.

Proposition 3.13 Let M be a complex of FN-free (resp. DFN-free) Og-modules and
let N be an FN (resp. DFN) Os-module. Assume M’ is bounded from above and has
Og-coherent cohomology. Then the natural morphism of D~ (Og)

M @y N — M & N
is an isomorphism.

In the sequel, when applying the preceding propositions, we will use the following
well-known result.

Proposition 3.14 Assume Z, S are complex manifolds. Denote by ¢ : Z x S — S
the second projection. Then, we have the following isomorphisms:

&.Fzxsis =~ T(Z;Fz) ® Os
eDbZs ~ To(Z;Db%4%) @ Os = L o_(e.Fzxs1s, Os)-
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Hence, e;Db‘éZX'figfs is a DFN-free Os-module which is the topological dual over Og of the
FN-free Og-module €,Fzs)s. Moreover,

&0zxs =T'(Z;0z) & Os.
Hence, if K is a compact subset of Z, we have
&x[(Azxsis)kxs] 2 T'(K; Az) ® Og

and €[(Azxsis)kxs| is a DFN-free topological Os-module. Finally, if T is another
complex manifold andp: Z xT xS — S and q¢: T x S — S denotes the canonical
projections, we have

PsFzxTxs|Txs = €.F zx 515 Qpg 4+ Orxs-

4 Finiteness

4.1 The case of a projection

Proposition 4.1 Let Z, S be complex analytic manifolds. Consider Z x S as a relative
analytic manifold over S through the second projection €. Let G be an object of
D% _.(Z) and set F = GXICs. Assume that (M,F) is a good relative elliptic pair with
e-proper support on Z x S|S. Then

Re(FOM®)  Ozxs)

ZxS|s
is an object of D%, (Os).

Proof: By “dévissage”, it is obviously sufficient to prove the result when M is a
Dzxs|s-module which admits a good filtration on a neighborhood of any compact subset
of Z x S.

It follows from the relative regularity theorem (Theorem 2.15) that the canonical
map

. Ozxs — RHom(D'F,M &} Ogzxs)

PRIR Dzxsis

N L
FeoMaop,

is an isomorphism. Using Lemma 3.3, we get the isomorphism
Re,(F & Mps (501[;meqls' Azxsis) (4.1)

—  Re,RHom(D'F, MRs C}')g Fzxs|s)-

ZR xs15
Let V be the interior of a closed polydisc A of S. Since supp(M) Nsupp(F)Ne=*(A)
is compact, we can find a compact subset K in Z such that K x V is a neighborhood
of supp(M) Nsupp(F) N e~ (V). Replacing S by V and G by Gk shows that we may

assume from the beginning that GG has compact support. Moreover, by Proposition 3.1
we may also assume that Mp)s is quasi-isomorphic to complex £ whose components
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are free Dzm, gjs-modules of finite rank. Since Mp|s has bounded amplitude, we may
even assume £F = 0 for k> 0.

We know by Proposition 3.10 that D'G is isomorphic to a bounded complex T" of
the form

— B ([}W“ — s .
i€l ’

where Wy, is relatively compact subanalytic subset of Z such that D'(Cw,,) = T, .-
Thus G ~ D'D'G is quasi-isomorphic to a complex C" of the form

e P Cr — -
i€l Wi

It is clear that the sheaf (Azxs) g xs (resp. (Fzxs)yxs) is acyclic for the the functor
€lkxs, (resp. €uxs,) for any compact subset K (resp. any open subset U) of Z. Hence
we may view isomorphism (4.1) more explicitly as the morphism

&(CXCs)© L B, Azxs|s) (4.2)
— e Hom(T' X Cs, L O, srs Fzxs|s)
in the category of complexes of Og-modules (not the derived category). Let us denote

by R (resp. Rj;) the source (resp. target) of the preceding arrow.
The components of R, (resp. R;) are easily seen to be finite sums of the sheaves

Wiixs, (Azxsisgr, xs) (6D ewixs, (Fzxsisiw, xs) )

Hence, R; (resp. R,;) is naturally a complex of DFN-free (resp. FN-free) topological
Og-modules. For these natural topologies, the regularity quasi-isomorphism is clearly
continuous. Applying Proposition 3.11 we conclude that R, has Og-coherent cohomol-
ogy and the proof is complete. m]

4.2 The general case

Theorem 4.2 Let f: X|S — Y|S be a morphism of relative analytic manifolds over
S. Assume (M, F) is a good relative f-elliptic pair with f-proper support; i.e.

o M is an object of Dyooq(DYs),
e F is an object of D%__(X),
o ¢~ 'charys(M)NSS(F) C Ty X,
e supp(M) Nsupp(F’) is f-proper.
Then f,o(M & F) is an object of Dpooa(DVs)-

good
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Proof: By “dévissage”, it is obviously sufficient to prove the result when M is a Dxs-
module which admits a good filtration on a neighborhood of any compact subset of
X.
Decomposing f through its graph embedding
i: X —>XxY
shows that it is sufficient to prove the finiteness theorem for the second projection
p: X xY|S—Y|S

and the pair 45(M) € Ob(Dgooa(Dxys)), FRCTy € Ob(Di_(X x Y)) since by the
projection formula we have

(M) @ (FRICy) ~ 4a(M @ F).
From the definition of charss(M), it is clear that
chary,s(4s1(M)) N SS(F X Cy)

is contained in the zero section of T*(X x Y|S). So if Y = S, the theorem is a
consequence of the results obtained in the case of a projection.

To conclude, we will show that if f is a relative submersion and the theorem is true
for f: X|Y — Y|Y then it is also true for f: X|S — Y|S.

We will use a device introduced in [8] and extended in Lemma 2.10.

Let A be a polydisc in Y and denote by K the compact subset of X defined by

K = supp(M) N SS(F)n f~1(A).

Using Lemma 2.10, it is easy to see that, in a neighborhood of K, M is isomorphic
to a complex of right Dx s-modules of the form R ®@pyry Dx\s where R is a coherent
right Dx)y-submodule which admits a good filtration and is such that

¢~ 'charxjy (R) C charss(M).

Moreover, this complex may be assumed to be bounded from above.

Since the functor f, I8t has finite cohomological dimension, it is thus sufficient to
prove the coherence on A of the cohomology of f | o(F ® M) when M has the special
form M = Mg ®Dx|y Dx\s where M is a coherent Dx|y-module which admits a good
filtration.

In this case, one knows that the complex f, |Y!(F®M0) has Oy-coherent cohomology,
and the chain of isomorphisms

Rfi(F@M ®7[,'X|S Dx|s-y|s)
= RA(F® Mo ®{)’X|Y Dxs) ®£XIS
-5 RA(F® M, ®1€xw Dx|s-y]|s)
-5 RA(F® My ®1’;x|y Ox) ®(§y Dys

Dx|s—v|s)

shows that f, o(F © M) belongs to Dg,.q(Dyjs)- O
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Corollary 4.3 In the situation of the preceding theorem, the well known formula:
faFOM ey Oy = RAFOM)  Ox)
gives the inclusion:
chary}s(f,(F @ M)) C fo" f'~ charxs(M)
Proof: By Theorem 2.13 and Proposition 5.4.4 and 5.4.14 of [12], we know that

p;,;scharns(ilg(F OM)) = SS(LS!(F M) ®£Y|s Oy)
SS(RA(F @ M &g Ox))
ffTISS(FoMe)  Ox)
fFH (SS(F) + pxscharxis(M)).

n N

Note that by hypothesis:
p}}scharﬂg(M) NSS(F) C Ty X.
Moreover, one has:
p}llscharx,g(/\/l) + (X xy T*Y) C p}}scharf,S(M).
Hence,

[pxischarxis(M) + SS(F)| N /(X xy T*Y) C px|scharxs(M) N f/(X xy T°Y)

SO

“f7H(SS(F) + pxjscharxis(M)) C *f'™ (px]scharxis(M))
and the proof is complete. m]
5 Duality

Let f : X|S — Y|S be a morphism of relative complex manifolds. Our aim in this
section is to prove that, under suitable hypotheses, duality commutes with direct images
(see Theorem 5.15 for a precise statement). The proof will use the graph decomposition
of f and various “dévissages”. Hence, it is necessary to construct first the natural
transformation:

fisr0Bxis — Dyis o fig

and to check its compatibility with respect to composition in f. This will be a conse-
quence of the explicit construction of the trace morphism for D-modules given in the
next section. We follow the lines of [24] (see also [11, 17]).
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5.1 The relative duality morphism

Recall that if f: X — Y is a holomorphic map then it induces integration maps
ff’q . f!DbI;(+dx gtdx _ Dbz;/+dy,q+dy

commuting with the Dolbeault operators. We will use this fact and the machinery of
distributional Dolbeault complexes of §3.1 to construct canonically the duality map for
right D-modules.

Let M be a left Dx-module. To simplify notations, we will set

Dbx (M) = Dby (e oty (MmRigpt})-
Hence, the components are
DY (M) = DV @y, M
and the differentials are given in a local coordinate system z : U — @92 by
P DY @y M — DR ®, M

dx
u®P +— PuP+)Y dz Au®D,P

=1

and

T DS o M — DR @5, M
u@P — FuxP

respectively. Also recall that we denote by Dby (M) the simple complex associated
with Dby (M).

Lemma 5.1 The differential of Dby (Dx) is compatible with the right Dx-module
structure of its components and, in D*(D), one has a canonical isomorphism:

’Db:y((’Dx)[dx] -5 Qx.

Proof: The compatibility of the differential of Dby (Dx) with the right Dx-module
structure of its components is a direct consequence of the local forms of & and 0 recalled
above.

Using the fact that Dy is flat over Ox and the Dolbeault resolution of %, we get
the quasi-isomorphisms

% ®oy Dx — Db o Dx — Db (Dx).
Hence, Weil’s lemma shows that the natural morphism

DRy (Dx) — Dby (Dx)
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from the holomorphic to the distributional de Rham complex of Dy is a quasi-isomorph-
ism of complexes of right Dx-modules and the conclusion follows from the Spencer

quasi-isomorphism
DRy (Dx) =~ Qx[—dx].
m}

Lemma 5.2 To any morphism f: X — Y of analytic manifolds one can associate a
canonical integration morphism

fs + fiDbx (Dx—y)[2dx] — Dby (Dy)[2dy].
in the category of bounded complexes of right Dy-modules.

Proof: At the level of components the integration morphism is obtained as the follow-
ing chain of morphisms:

FDYPT N (Dy_y) = fi(DRTTY ® L, fTDy)
~ +dx,q+d

= fiDb TN @, Dy

— Db})o/+dy,q+dy ®o, Dy

sy Db:l)’jrdx',q-w)' (Dy)
To get the second morphism one has used the projection formula, the fact that Dby is
a soft sheaf and the fact that Dy is locally free over Oy. The third arrow is deduced
from the integration of distributions along the fibers of f.

To conclude, we need to show that the integration morphism is compatible with the

differentials of the complexes involved. Thanks to the local forms of the differentials,
this is an easy computational verification and we leave it to the reader. O

Lemma 5.3 If f: X — Y and g : Y — Z are morphisms of complex analytic
manifolds, one has the following commutative diagram:

9 (fiDby (Dx_y)[2dx| ©p,. Dy_z) — gi(Dby (Dy)[2dy] @p, Dy_z)
J'z 3
91Dl (Dx—2)[21x] ~ Db (Dz)[2dy].
In this diagram, arrow (1) is deduced by tensor product and proper direct image from
f+, arrow (2) is an isomorphism deduced from the projection formula, arrow (3) is g.
and arrow (4) is equal to (g o f),.
Proof:  Going back to the definition of the various morphisms, one sees easily that the

commutativity of the preceding diagram is a consequence of the Fubini theorem for
distributions, that is, the formula

(9o f),(u) = g.(fe(w))

where g, and f, denotes the push-forward of distributions along g and f respectively,
u being a distribution with g o f proper support. a
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Proposition 5.4 If f : X — Y is a morphism of complex analytic manifolds then
there is a canonical integration arrow

Iy + [,(Qx[dx]) — Qy[dy]

in D*(D$P). Moreover, if g : Y — Z is a second morphism of complex analytic
manifolds then

fgof = fg ogl(ff)

Proof: One gets the arrow [; by composing the morphisms:

fQxldx]) == RA(Qx[dx] ©f Dx-y)

- Rfi(Dbx(Dx-y)[2dx])

- fi(Dbx(Dx-y)[2dx])

— Dby (Dy)[2dy]

- Qy[dy]
Let us point out that the second and last isomorphisms come from Lemma 5.1, that
the third one is deduced from the fact that DV (Dx_y) is c-soft and that the fourth
arrow is given by Lemma 5.2.

The compatibility of integration with composition is then a direct consequence of
Lemma 5.3. a

Corollary 5.5 If f : X|S — Y'|S is a morphism of relative analytic manifolds over S

then there is a canonical arrow

Ins : £15(Qxisldxis]) — Qyisdys]-

Moreover, if g : Y|S — Z|S is another morphism of relative analytic manifolds over
S then

fgons = fg|s o g|gy(.[f|s)
Proof: Using the canonical morphism
Qx[dx] ®715xn  Dx—y — Qx[dx] ®1§x Dx_y
and the integration morphism
Iy : RAQx[dx] ®F Dx-y) — Qv[dy]
we get the morphism
Rfi(Qx[dx] ®£X|S Dx-y) — Qyl[dy].

Since

Dx-y =~ Dx|s-v|s ®;- f'Dy

Dy|s
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as a (Dx|s,f~'Dy’)-bimodule and Qy is a right Dy-module, we get a Dy|s-linear mor-
phism:

Rfl(QX[dX] ®£X[S DX'S—'Y'S) _ Qy[dy].
Tensoring on both sides by €' Q8! [~ds] and using the projection formula, we get the
requested relative integration map:

RA(Qxsldxs] ®£X|S Dx|s—y|s) — Qysldys]-

The last part of the corollary is then an easy consequence of the similar result for
S = {pt}. o

Definition 5.6 One defines the direct image of a right (Dxs, Dx|s)-bimodule M by
setting:

L|s; (M) = RA(M ®1§x,s Dxjs—vis) ®1§X|S Dx|s-v|s)

Lemma 5.7 There is a canonical isomorphism

[(Dx|s ©o, Dx|s) ®1§X’ < Dxis—yis] ®5.  Dxis—yis

X|s
== Dyis—y|s ®-10, [ Dyis

compatible both with the structure of left Dxjs-module and the structure of right
(f~'Dyys, f~'Dy)s)-bimodule.

Proof: One has the chain of isomorphisms
- L L
[(Pxis Qo Dxis) Op Dx|s—y|s) ®py s Pxis—vis

= [Dxis O, Dxis—visl ®5_ _Dxis—vis

Dx\s
= Dyisoy|s (S)éx Dxis—yis
= Dyjs—yis O10, [ Dyis
= Dxjs—vis Op-1py, (/7' Dyis @poi, [ Dyys)
=5 Dxis-vis @p-1py, s (f ' Dyis ©p-10y, [ Dyis)

In the second isomorphism we have used the exchange lemma. In the fourth line, the

last tensor product uses the structure of left f~'Oy-module of f~'Dys. In the fifth

isomorphism the last tensor product uses the structure of right f~!Oy-module of the

first factor and the structure of left f~'Oy-module of the second one. Finally, in the
last line, we have used the exchange lemma again. O

Proposition 5.8 Let M be a right Dxjs-module and let M@O\,Dx|g be the associated
right Dy s-bimodule. If f : X — Y is a morphism of relative analytic manifolds over
S then one has the following canonical isomorphism

L - L
f (M \.'O_\’ D.Y[S) B i]S'(M) (\—)o). DY|S

=|s!

. N s o F ey ane op - op
in the derived category D(Dy ¢ Dyls).
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Proof: 'This is a direct consequence of the preceding lemma. |
Definition 5.9 The differential trace map associated to a morphism
f:X|S—Y|S
of relative analytic manifolds over S is defined to be the arrow
try :£|5!’CX|S — Ky|s
in the derived category D(’D;’,’is ® D;’,"ls) obtained by composing the following arrows:

LoKxis = f(Qxsldxs] @4 Dxis)

== (fisSxasldxs]) ®g, Dryis
JELSEN QY|S[dY|S] ®é‘y DYlS

where the first arrow comes from the definition of Kx|s (see p. 11), the second one
being a consequence of the preceding proposition and the third one being constructed
by tensor product with the integration arrow of Corollary 5.5. By construction, try is
compatible with the composition of maps.

Proposition 5.10 Assume f : X|S — Y|S is a morphism of relative analytic mani-
folds over S. Then the differential trace map

trf : LIS!K‘.XIS — KYIS

induces a morphism

dll/ : ilS!QXLg(M) — QYlS(ilS!M)

for any object M of Db(Dggs). Moreover, this morphism is functorial in M and
compatible with composition in f.

Proof: Since, by definition,
Dxs(M) = RHomp (M, Kxs)
we have a canonical morphism
_f_|S!QX!S(M) - RHomDy|s(i|S!M’£|S!’CX|S)
in D(Dys). Composing this morphism with the morphism

RHomDY:s(iIS!M’£|Sg’CX|S) —_— RHO’ans(f.w!M”CYIS)

associated to try gives the requested duality morphism. The construction shows that it
is natural in M. The compatibility with composition in f comes from the corresponding
property of try. ]
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To conclude this section, we will show that the differential duality morphism is
compatible with the duality morphism of complex analytic geometry.

Recall that since Dy|s is an Ox-module, we have a well defined scalar extension
functor

Ex|SZMOd(0x) i MOd(’D%’lS)

The image by this functor of an Ox-module F is coherent as a right Dx|s-module if
and only if F is coherent as an Ox-module. For a coherent O x-module F, one sets

Dx|s(F) = RHom ,  (F, Qx|s[dx)s])
hence, we have the canonical isomorphism:
Dxs(F) ®o, DPx|s = Dxs(F ®o, Dx|s)-

Moreover, if f : X|S — Y|S is a morphism of relative analytic manifolds and F is a
coherent Ox-module we have the canonical isomorphism:

(RAF) @p, Dyis == f(F G Dxis)-
With these facts in mind, we can now state:

Proposition 5.11 Let f: X|S — Y|S be a morphism of relative analytic manifolds.
Assume F is a coherent Ox-module. Then we have the commutative diagram:

RfiDx|s(F) ®p, Dyis — Dy|s(RfiF) ®y, Dyis

f1sPx15(F @ox Pxis) — Dyis(f5,(F o, Pxis))

where the first and second horizontal arrows come respectively from the geometric and
differential duality morphisms, and the vertical arrows isomorphisms are deduced from
the compatibility with direct image and duality of the scalar extensions functors Ex|s
and EYIS-

Proof: Consider the morphism

Qxisldxis] — Kxis (5.1)
w = w®lxs.

It follows easily from the definition of the differential integration map that we have
the following commutative diagram:

RfQxsldxis] — Qysldy)s]

ils!’C)qs —  Kys.
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In the preceding diagram the horizontal arrows are the geometric and differential trace
maps, the first vertical arrow is deduced from (5.1) by using the canonical section
1x)s—v|s of Dx|s—y|s and the second vertical arrow is (5.1) with X replaced by Y.
Since the geometric and differential duality morphisms are directly constructed from
the corresponding trace maps the result is easily reduced to the commutativity of the
preceding diagram. a

5.2 The case of a closed embedding

Proposition 5.12 Let i : X|S — Y|S be a closed relative embedding. Then, for
every coherent right Dx|s-module M, the canonical morphism

ysiDx1s(M) — Dy s(45.M)
is an isomorphism.

Proof: Since the problem is local on X, we may assume M has a bounded resolution
by finite free right Dx|s-modules. Thus it is sufficient to prove the result for M = Dxs.
Since we have

Dyxis = Ox ®p

it follows from Proposition 5.11 that the result is a direct consequence of the corre-
sponding result for O-modules. Since we do not have a precise direct reference for this
well known result we recall it in the following lemma. mi

Dxs

X|s

Lemma 5.13 Ifi: Z — X is a closed embedding of analytic manifolds, then for any
object F of DY, (Oz) the complex Ri,F is an object of DX, (Ox) and the geometric

coh coh
duality morphism

RigRHO’m.OZ (]: Qz[dz]) —_— RHO'I’I’LOX (Ri!]:, Qx [dx])
is an isomorphism.

Proof:  Since the result is of local nature and the duality morphism is compatible with
composition, it sufficient to consider the case when F = Oz and

iU — U xU"

2 - (Z,0)

where U’ (resp. U”) is an open neighborhood of 0 in €% (resp. ©).
In this case, the arrow

uQzldz] — RHomy (2Oz, Qx[dx])
corresponds up to shift to the arrow

uly — RHO?TLO‘\, (11O0y, Qx[l])
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deduced from the arrow

iQz — Home, (407, Db [1]) (5.2)
hwo (z:hk—»z*(hw))

by using the natural map from Hom, to RHom,, and the Dolbeault resolution
Qx — Db%". Using the negative Koszul complex K.(z”,Ox) as a free resolution of
110z, the map (5.2) corresponds to the morphism of complexes

4z — Hom,, (K.(2",Ox), Db¥") (5.3)

which associates to #iw the morphism of complexes which sends h to i,(h|zw) in degree
zero and is zero in other degrees.

The target of the preceding arrow is the simple complex associated to the double
complex K below

d
Dbg(x,o Dbt)ié(,l . Dbxx’dx
zIl ‘TZII ... 2I/
0 d
Db’ — D' - — D

where the horizontal maps are the & Dolbeault operators, the vertical ones being mul-
tiplication by z”. In the preceding diagram the term of bidegree (0,0) is in the upper
left corner and the image of 4w by the arrow (5.3) corresponds to the section i,w of
DbY" in bidegree (—1,1).

Since the canonical inclusion of K.(z",{x) in the simple complex sK" is a quasi-
isomorphism, it follows that the cohomology of sK" is concentrated in degree zero and
that H°(sK ") is isomorphic to Qx/2"Qx.

Now we have successively

w(2') AN6(2")dx" A dy"”
"
w(2") /\5( dz )

2im 2"

- E(w(z')/\ dz")

Il

T

2im2"

and this shows that i,w has the same cohomology class in H°(sK ) as the section
w(2') A (d2"/2im) of K®°. Hence the arrow (**) corresponds at the level of H® to the
isomorphism

i!QZ —_— Qx/Z”QX

"

hw [w(z’)/\———d?]
pine .
2"Qx

and the conclusion follows. [}
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5.3 The case of a projection

As for the finiteness theorem our starting point will be the case of a projection.

Proposition 5.14 Let Z, S be complex analytic manifolds and denote by n the com-
plex dimension of Z. Consider Z x S as a relative analytic manifold over S through
the second projection €. Let G be an object of D%_.(Z) and set F = GXICs. Assume
that (M,F) is a good relative elliptic pair with e-proper support on Z x S|S. Then the
natural pairing

Rex(MQF ®7I;Zx5|s Ozxs) ®£$ Re(D'F ® RHmnszsls(M’ ngSIS[n])) —s Os

identifies each complex with the Os dual of the other.

Proof: Since the dual of a relative elliptic pair is a relative elliptic pair, we need only
to show that the map

Re(D'F ® RHomp, (M, Q% s55(n])
— RHom (Re.(F @ M ®£Z><S|S Ozxs), Os)
deduced from the duality pairing is an isomorphism in the derived category.

Using Lemmas 3.3, 3.4 and 3.6 and the regularity quasi-isomorphism, it is equivalent
to prove that the canonical map

Re(D'F @ RHomy, (Mmys, Dby} 5s)) (5.4)
— RHomo, (Re. RHom(D'F, Myys & Fixs),0s))

is an isomorphism in the derived category.

We will work as in the proof of Proposition 4.1 and use the notations introduced
there. Using the resolution £ of Mps and the resolution 7" of D'G, we will compute
explicitly the preceding morphism. We already know that

Re,RHom(D'F, Mps <‘°1§Zm o T2xs)
= ¢, Hom(T X1 Cs, L S Fzxs) = Ry

Since Dbw, ;xs is acyclic for the functor €w, ;x sy we get

Re(D'F & RHomp . (M, Dby s15))

S|s

= o((T"XCs) ® Hmnvzmxms(ﬁ' , Dbg:s‘]b))

We denote by R this last complex.
The components of R; (resp. Rj;) are finite sums of the sheaves

Wi ixs, (Fwiixs)  (resp. ew xs,(DOW, xs) )
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which are FN-free (resp. DFN-free) Og-modules. Hence, R, and Rj; are naturally
complexes of topological Os-modules.
For any open subset U of Z, we know that

n,n o
€uxs15Pbiixsis = Log(uxsis, Fuxsis, Os)

where the second member of the preceding equality is the sheaf of continuous Og-linear
homomorphisms between the FN-free Os-module € sis, Fuxsis and Os. Hence we get

the canonical isomorphism
R’3c - ‘COS(R;kv 05’)

for any integer k. One checks easily that these maps define an isomorphism of complexes
R3 = L (R, Os).
Moreover, the composition of this morphism with the natural morphism
L (R3, Os) — RHom (R3, Os) (5.5)

gives the map (5.4).
Since R, has Og-coherent cohomology, Proposition 3.12 shows that (5.5) is a quasi-
isomorphism and the proof is complete. m]

5.4 The general case

Theorem 5.15 Let f : X|S — Y|S be a morphism of relative analytic manifolds
over S. Assume (M, F) is a good relative f-elliptic pair with f-proper support; i.e.

e M is an object of Dyooq(DY)s),

e F is an object of D%_ (X),

o ¢~ lcharss(M)NSS(F) C T X,

e supp(M) Nsupp(F) is f-proper.
Then the duality morphism

i,g;(D/F@ Dyis(M)) — Dys(f,5(F © M))
is an isomorphism.
Proof: Using the factorization of f through its graph embedding
1: X — XxY

we deduce from the results obtained for closed embeddings that the theorem will be
true if it is true for the second projection

g: X xY|§S —Y|S
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and the pair
(i1(M), FRI Cy) € Ob(Dgooa(DRyyys) X DRoo(X X Y)).
From the definition of chargs(M), it is clear that
chargs(ijs1(M)) N SS(F X Cy)

is in the zero section of T7*(X x Y|S). Soif Y = S, the theorem is a consequence of the
results obtained in the product case.

To conclude, we will show that if f is a relative submersion and the theorem is true
for f: X|Y — Y'|Y then it is also true for f: X|S — Y|S.

Let us assume first that there is a coherent right Dx|y-module M, such that

M= M, &Qp DX(S-

XY

One get successively:

Dy s(f,(F ® M))
—  RHomp, ([Rfi(F ® Mo ®,§le Ox)] ®£Y Dys,Kys)
== RHomg, (f,(F ® Mo),Oy) ®o, Ky|s
- LD/!(D,F ® QX\Y(MO)) ®Oy ’CY]S
- Rfi(D'F® R’HOmDle (Mo, Kxpy) ®£le Ox ®f-10, f‘1/Cy|S)
— Rf(D'F ® RHomp, (Mo,Kxis) 8,  Dxis-vis)
BTSN i|S!(DIF ® RHman1s(M0 ®DX|Y Dxs,Kxs))
—== _.t|5|(D/F®QX|S(M))
and the theorem is proved.

The general case is reduced to the preceding case by using Lemma 2.10 as in the
proof of Theorem 4.2.

6 Base change and Kiinneth formula

6.1 Base change

Recall that to any morphism b : S, — S of complex manifolds is associated a base
change functor

(-)p : Man(S) — Man(S)
X|S — X x55|S
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which transforms relative manifolds over S into relative manifolds over S;. The aim of
this section is to study the behavior of relative elliptic pairs under this functor. The
main result is Theorem 6.5.

Let us fix a base change map b : S, — S. For any relative manifold X |S, we denote
by X3|Ss its image by the base change functor (-), and by bx the projection from X to
X. By construction, we have the cartesian square:

X =% s

Tbx o Tb

Xb —_— Sb.
€X,

Hence, there is a canonical ring morphism
bX'Dxis — Dxyls,
and we may introduce the following definition.
Definition 6.1 The base change functor for relative right D-modules is the functor
D(Dg(pw) B D(D§3,|s,,)
Mo MG, Das

This functor clearly induces a functor from Dgood(D‘;("' s) t0 Diooq (DR)s,)-
The base change functor for sheaves of C-vector spaces is the functor

D(X) — D(Xy)
F — b'F

This functor clearly induces a functor from DY__(X) to D%_.(X3). Since the context
will avoid any possible confusion, we denote all these functors by (-)s.

Let us consider now a morphism f : X|S — Y|S of relative manifolds. We denote
by fp: Xb| Sy — Y| S, the image of f by the base change associated with b. One checks
easily that the square:

x Ly

L 6.1
Xb - ’/b
fo
is cartesian.

Proposition 6.2 Using the notations introduced above:

a) There is a canonical morphism
b Dys—ys QL Dy, s, — D ,
X ZXIS=YIS We-yoipy o Jb o EVS Xb|Sp—Y3|S,

in D*(bx' Dxjs © fy ' Dy, )-
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b) The preceding morphism induces a natural morphism
(i|Sl(M))b I ﬁzlsb!(Mb)
for M in D(D¥s).
¢) The morphisms in (a) and (b) are isomorphisms if either f or b is a closed em-
bedding.
Proof: Since
b}l'Dx|s_.y|s ®fL{‘b§lDy|s fb_IDY,,|S,, - b;(lox ®,{;—(11~1oy fb—IDYble
and
Dixyisi—vils, —= Ox, ®-10,, f5 Dy,

the canonical morphism byx'Ox — Oy, induces the morphism in (a).
For any M in D(D?}’l ), we construct the morphism in (b) as the chain of morphisms:

(_f.IS!M)b = by'RAM ®1§x|s Dx|s—yis) ®bl;71‘DY|s Dy,s,
= Rfybx'(M ®1§x|5 Dx|s—y|s) ®bL;‘DY|s Dy, s,
= Rfy(bx'M &y
—_ be'(b}lM ®bL)_(1D)(|S DX,,[S,,—»Y,,|Sb)

- Em,,!(Mb)‘

This chain of morphisms is obtained using the definition of the base change functor, the
fact that the square (6.1) is cartesian, the projection formula, the morphism constructed
in (a) and again the definition of the base change functor.

To conclude the proof, it is sufficient to show that if either f or b is a closed embed-
ding then the morphism constructed in (a) is an isomorphism.

Assume f is a closed embedding. The problem being local, we may assume there
are open neighborhoods U and V of zero in €™ and €™ respectively with X = U x S,
Y=UxV xS and

bx'D . ;7 'D
x Pxis—yis ®-1,o1p, o Yils)

f:UxS — UxVxS
(u,8) — (u,0,s).
Then, we get X, =U x S}, ¥, =U x V x S; and
fo:UxSy, — UxVxS,
(u,8) — (u,0,sp).

Moreover, bx (u, sp) = (u,b(sp)) and by (u,v, sp) = (u,v,b(sp)). In this simple geometric
situation, we have the Koszul quasi-isomorphisms:

K.(Oy;’l}l,...,’un) g f*Ox
K.(Oy,;vioby,...,vp0by) = f,,Ox,
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where v,. .., v, denotes the functions on Y induced by the standard coordinates on V.
Hence, we get the isomorphisms:

b)_(IOX ®bl;‘f1f‘10y fb—IDYMS,, ~ fb_lK.(Dnlsb; vioby,...,v,0 by)
Ox, ®£—1O,,b fi'Dyys, = fi'K.(Dy,s;v10by, ..., vn 0 by)

and the conclusion follows.
The case where b is a closed embedding is treated in a similar way. O

The following easy lemma will be useful in the sequel. We leave its proof to the
reader.

Lemma 6.3 Let f : X|S — Y|S be a relative submersion and let b: S, — S be a
base map. Consider X as a relative manifold over Y through the map f and assume
N is an object of D(DY,y). Then

Jo : Xo|Yo — Y3lYs
is the image of f : X|Y — Y|Y by the base change associated with by and
W ®p, Dxis)s = Noy @y,

oy DXolS:

The behavior of the characteristic variety under base change is given by the following
result.

Proposition 6.4 Let f : X|S — Y|S be a morphism of relative manifolds. In the
diagram
T* Xp|Sy e— Xp xx T*X|S — T*X|S
tbx)' (bx)=

the first arrow is an isomorphism and for any object M of D'go,,(Dgg’, s) we have

chary,is, (M) C *(bx)'(bx)y ' charjjs(M).

Proof: Using the graph factorization of f and part (c) of Proposition 6.2 we are reduced
to the case where f is a relative submersion. In this case, assume M is generated as
a right Dx|s-module by a coherent right Dx|y-module M,. Thanks to Lemma 6.3 the
epimorphism

M, ®DX|Y Dx|s — M —0

induces the epimorphism
(Mo)by ®DX|,IY5 DXblsb — Mb — 0.

Hence,
Charfblsb (Mb) c ¢;1CharXbIYb ((Mo)by)

and the result will be true for f : X|S — Y|S and the base change by b if it is true
for f: X|Y — Y|Y and the base change by by. In other words, we are reduced to the
obvious case where Y = S. a
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Theorem 6.5 Let f : X|S — Y|S be a morphism of relative manifolds and let
b: Sy — S be a base map. Denote by fy: Xu|Sy — Y3|S) the image of f by the base
change associated to b. Assume (M,F) is a good relative f-elliptic pair. Then

a) (My,F},) is an fy-elliptic pair in some neighborhood of supp M,

b) the canonical morphism

[f 151 (F @ M)lo — foy,,(Fo ® My)
is an isomorphism.

Proof: Since (M,F) is a relative elliptic pair, F' is non characteristic for bx in a
neighborhood of supp M and [12, Proposition 5.4.13] gives us an estimate of the micro-
support of Fj which together with the preceding proposition gives us (a).

To prove part (b), we will use the graph factorization of f and part (c¢) of Propo-
sition 6.2 to reduce the problem to the case where f : X|S — Y|S is a relative
submersion.

As in the preceding proposition, it is sufficient to treat the case Y = S. Assume
My is a right Dxjy-module and set M = My ®;,  Dxs. We have successively:

XY

[iIs!(M)]b = [ip'g(MO) Roy- Dysls
= [i|yg(M0)]by ®Oyb Dy,s,

and

iQISb!(M”) = ﬁ|s,,![(M0)bv ®Dxb|yb DXb|Sb]
= I‘l[ybg[(MO)by] ®oyb DY,,}S,,-

Hence, using Lemma 2.10, we see that the theorem will be true for f : X|S — Y|S
and the base change by b if it is true for f: X|Y — Y|Y and the base change by by.

Finally, factorizing f and b through their graphs and using once more part (c) of
Proposition 6.2, we see that it is sufficient to treat the case where f: Z x S|S — S|S
is the second projection. We may also assume that the corresponding f-elliptic pair is
of the form (M,G[X Cs) where G and M are objects of D§_.(Z) and D,,(D7, s1s)
respectively, and that b : T'x § — S is the first projection. This product case is
treated in Proposition 6.6 below. m]

Proposition 6.6 Let Z, S, T be complex analytic manifolds. Consider Z x S as a
relative analytic manifold over S through the second projection €. Let G be an object
of D% _.(Z) and set F = GX1Cs. Consider the cartesian square

ZxS =S S
TP O Tb
ZxTxS - TxS
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where the maps are the canonical projections. Assume that (M,F) is a relative elliptic
pair with e-proper support on Z x S|S. Then the canonical map

b—lRC*(F /M ®£z><5|s Ozxs) ®b—105 Orxs
— Rn*(p—lF Qp M ®PL_IDsz;s OzxTxs)
is an isomorphism.

Proof: Thanks to the regularity theorem 2.15 and Lemma 3.3, it is equivalent to prove
that the canonical morphism:

b'ch,‘R’Hom(D’F, Mg ®£me$|$ fz><s) ®b—105 Orxs

— Rn.RHom(p~'D'F,p~' MR ®:“‘Dzm s

foTxSITxS)
xS|S

is an isomorphism. For short, let us denote by S; (resp. S;) the source (resp. target)
of the preceding arrow. Clearly, it is sufficient to prove that for any open polydisc A
of T, the induced morphism

Rb.(S1jaxs) — b (Szjaxs) (6.2)

is an isomorphism. We will compute this morphism explicitly as in the proof of Propo-
sition 4.1. Using the notations introduced there, we already know that

Re,RHom(D'F, Mpys ®£le o Fzxs)

= e, Hom(T X1 Cs, L ®p Fzxs) = Rs.

ZRxS|S
Since R, has Og-coherent cohomology,
Rb.(Sijaxs) = Rb.(7'R; &0, Onxs)
~ R, ®<:I;s b.Oaxs.
Moreover, we have:
Rb.(Syaxs) =~ Re.RMom(D'F,Mm@&p
eHom(T'XCs, L ®p

o P+ FzZxAxS|AXS)

ZRys|s p*fZXA><.S|A)<S)'

1R

Let us denote R this last complex. Since we have the isomorphism
€xPriwxaxs, iwxaxsFzxaxsiaxs = T(W; Fw) ® T(A;0a) & O
for any open subset W of Z, a direct computation shows that
Ry = R Op, b+Oaxs.
Clearly, the morphism (6.2) corresponds to the canonical morphism
R O, b:Oaxs — R Sy bsOaxs.

Since R;, has Og-coherent cohomology, Proposition 3.13 shows that it is an isomorphism
and the conclusion follows. a
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6.2 Kiinneth formula

Theorem 6.7 Let f, : X;3|S — Y1|S and f, : X5|S — Y3|S be two morphisms of
relative manifolds. Assume

i) (M\1,F1) is a good relative fy-elliptic pair with f-proper support,
ii) (Ma,F,) is a good relative fy-elliptic pair with fo-proper support.
Then:

a) (Mi1Xg M2, Fi1[XIsF;) is a good relative fi x s fo-elliptic pair with f X s fa-proper
support,

b) the natural morphism
J15(F1 © M) g fo5(F2 @ M2) — fi X5 fo o [(F1 K sF2) © (M1 K M2)]
is an isomorphism.
Proof: Part (a) being obvious, we skip directly to part (b). Since
J1(F1® My)
has Dy,|s-coherent cohomology, the formula
fi xs f2 = (idx, xs f2) o (fi Xsidx,)

allows us to restrict to the case fo = idx,. So, we need only to prove that the canonical
map

ﬁ[s!(Fl ® Ml) s (F2 ® MZ) - ile—idXz_ls!(Flst) ® (M1 Mz)

is an isomorphism. Using the projection formula, we may get rid of F3. So we assume
F, = Cx,. The problem being local on Y; x5 X2, we may further assume that M, is
equal to Dy,s.
The image of f; : X;|S — Y1|S under the base change associated with €3 : Xp —
S is
f1 Xsidx2 : Xl Xs X2|X2 — Yl Xs X2|X2.

Hence, by Theorem 6.5, we have the isomorphism:
(fya(F1 @ Mi)le = (fi Xsidxy), o [(F1 © Mi)g).

By scalar extension, we get the isomorphism:
S1yq(F1 © M1) s Dxyps == fi Xsidy o [(F1 R sTx,) © (M1 &g Dxys)]

and the conclusion follows. 0O
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7 Microlocalization

Here, we shall prove that direct image commutes with microlocalization. More precisely,
denote by £x the sheaf of (finite order) microdifferential operators on T*X (see [18]
or [19] for a detailed exposition).

Consider a morphism f : X — Y of complex analytic manifolds and the associated
diagram:

T™X 7 X xy ™Y ——T'Y
f fr

and recall that the microlocal proper direct image of a right £x-module M is defined
through the formula

it(M) = Rfﬂ’!(tf,_lM ®l1jfl-—1gx gX—-Y);

where Ex_y denotes the micro-differential transfer module associated to f.
Also recall that the microlocalization of a right Dx-module M is the right £x-
module ME defined on T* X by setting

ME = n;{lM ®7r)‘("Dx Ex.

In this section, we prove that, under the hypothesis of the finiteness theorem, we
have

[f{M @ F)JE = [ [(M® F)E].

This result was established by Kashiwara [9] when F' = Cx and f is projective. It was
also announced in a non proper case in [8].

7.1 The topology of the sheaf Cy|x(0)

Let us show that the sheaf Cy|x(0) of [18] is naturally a sheaf of topological vector
spaces and that its sections on a compact subset of 7y X form a DFN space.

Proposition 7.1 Let X be a complex analytic manifold. Assume Y is a complex
submanifold of X and denote by Cy|x(0) the sheaf of holomorphic microfunctions of
order 0 on Ty X. Then, for any compact subset K C Ty X, the space

I'(K; Cyix(0))
has a canonical DFN topology.

Proof: Locally, we may use a coordinate system (x1,...,%4,¥1,---,Yn—q) Where Y is
defined by the equations

z1=0,---,24 =0.
Denote by (y1,-**,Yn-d,&1,- - ,€a) the corresponding coordinates on Ty X. It follows
from [18, Theorem 1.4.5] that, for any open subset U of Ty X, the formula

0

[86- @ yds= 3 a;(y,080) (7.1

j=—00
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establishes a one to one correspondence between holomorphic microfunctions
u(z,y) € I'(U; Cyx(0))
and sequences of homogeneous holomorphic functions
a;j(z,§) e'(U; Oryx(5)) (G <0)
such that for any compact subset K C U

0 -j
j;wlaxx,f)lx@ < 400

for some € > 0.

Let us first construct the requested DFN topology in two special cases.

Case a. Assume K is a convex compact subset of 7y X on which & # 0. Denote by
p: Ty X — Py X the canonical projection. The preceding discussion shows that the
map

[(K;Cyix(0)) — TI'(p(K) x {0}; Opy xxc)
+oo i
U(.’L‘,y) = fk(y7€)7-) = Za’—j(yaf/gk)?
i=0 '

is an isomorphism. Using this isomorphism, we endow I'(K’;Cy|x(0)) with the usual
DFN topology of I'(p(K) x {0}; Opy xxc). If, moreover, & # 0 on K, one has

fk(ya 67 T) = ff(yv 6’ T{k/é()'
Hence, the DFN topology of I'(K’; Cy|x(0)) does not depend on k.

Case b. Let m denote the canonical projection of the bundle 7y X on its base Y
identified to the zero section. Assume K is a convex compact subset of Ty X such that
m(K) C K. It follows from (7.1) that

['(K;Cyx(0)) — I(r(K); Oy)
u(z,y) —  ao(y,0)
is an isomorphism. We use this isomorphism to transport on I'(K’; Cyx(0)) the usual
DFN topology of I'(r(K); Oy).

One checks easily that, if K; C K, are two compact subsets of Ty X of the kind
treated in case (a) or (b) above, then the restriction map

[(K2; Cyx(0)) — T'(K1; Cyix(0))

is continuous.
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Let K be an arbitrary compact subset of Ty X. The preceding discussion shows that
we can find a finite covering (K;)ies of K by compact subsets such that I'(Kj; Cyx(0))
and I'(K; N Kj; Cy|x(0)) are DFN spaces. Thanks to the exact sequence

0 — T(K; Cy1x(0)) = I T (K Crix (0)) = T T(K: N K;; Cyix (0)),
i€l 1,5€1

we may use a to transport on I'(K;Cy|x(0)) the DFN topology of ker 3. To show
that this topology is independent of the chosen covering, it is sufficient to show that
it is equivalent to the topology induced by a finer covering. Since such a topology is
obviously weaker, the conclusion follows from the closed graph theorem.

Since a direct computation shows that the above defined topology is independent of
the chosen coordinate systems, the conclusion follows easily. a

Corollary 7.2 Let X be a complex analytic manifold. Assume K is a compact subset
of T*X. Then
I'(K; €x(0))

has a canonical DFN topology.

Proof: Apply the preceding proposition to Ca|xxx(0). O

Proposition 7.3 Let X, Z be complex analytic manifolds and let Y be a complex
submanifold of X. We identify T(5,y,(Z x X) and Z x Ty X. We denote by q :
Z x Ty X — Ty X the second projection. Then, for any Stein compact subset K C Z,
one has

Rqi[(Czxvizxx(0))kx1y x] = T(K; Oz) & Cyx-

Proof: Let S be a complex manifold. Denote by ps : ZxS — S the second projection.
By classical results of analytic geometry, we know that

Rpsi[(Ozxs)kxs) ~ ['(K;0z) ® Os.

Using the explicit isomorphisms constructed in the proof of the preceding proposition,
the conclusion follows easily. m]

Corollary 7.4 Let Z, Y be complex analytic manifolds and denote by
f:ZxY —>Y
the second projection. Assume K is a Stein compact subset of Z. Then
Rful(Ezxy -y (0))kx1+y] = T(K; Oz) & &y (0).

Proof: Apply the preceding proposition to Czxay|zx(yxy)(0). O
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7.2 Direct image and microlocalization

Theorem 7.5 Assume f: X — Y is a morphism of complex analytic manifolds and
(M, F) is an f-elliptic pair on X with f-proper support. Then the canonical map

[f[M®F)E — f(IM® FIE)
is an isomorphism in D2 (Ey).

Proof: Recall that we have the commutative diagram

t r1
x ' x s,y Iy

™ 1| |

X = X Y

Hence, we have successively

v (M@ F)] @15, Ev
Rfmr ' (M@ F ®1I5X Dx_y)] Opipy. Ey
= Rfulr ' (MQF ®7§x Dx—y) Op-1azipy fitév]
= Rfnlr'MQ®F) ®7{119x (' Dx_y O 1asipy &)

Note that there is a canonical map
7 'Dx_y ®f,,“7r;,1‘Dy f;lgy — Exy. (7.2)
Hence, we get a canonical morphism
W;l[i!(M ® F)) ®7r‘—/l'DY &y — i![ﬁ)—(l(M ® F) ®7r}1‘Dx Ex]- (7.3)

When f is a closed embedding, (7.2) is an isomorphism. Hence (7.3) is an isomor-
phism for any M € D2, (Dx) and any F € D%__(X).
In the general case, consider the graph embedding

1: X — XxY

and the projection
p: XxY —Y.

Since (M,F) is an f-elliptic pair, the pair (4 M, F X1 Ty) is p-elliptic. Since our result
holds for closed embeddings and

WM ® (FRCy) ~ (M F),

we are reduced to prove the theorem for the pair (i M ,F [X]Cy) and the map p.
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We may thus assume that f is the second projection from X = Z x Y to Y and
that F' = GX]Cy where G is an object of D%_.(Z). Moreover, working as in §4, we
may also assume that M = N ®pyy Dx where N is a coherent Dxjy-module. In this
case,

7! [f,(M & F)] @ro1py &y
= Rfn[r"'(M®F) &, (17'Dxoy Op1pmip, fr'Ey)]
= Rfn[r"' W ® (CRICy)) &ip, , (77 Ox ®p-trcio, frEv)]
and
L[vr)—(l(M ®F) O 1Dy Ex] = Rfnlr'W @ (GRTy)) @r-1Dy,y Ex—y]-
Hence, we are reduced to show that the canonical arrow
m'O0x Qf-1rioy [ Ev(0) — Ex_y (0)
induces an isomorphism
Rflr™' (N © (GBITy)) ®F.py (7' 0x Gprioro, [7E0(0)] (74)
=5 Rinlr™' W © (CRTy)) ©,rpy, Ex—y(0)]

As a matter of fact, Ex_y ~ Ex—y(0) ®Op=1£,(0) frl€y asa (Dxyy €y )-bimodule and a
scalar extension of (7.4) gives the theorem.

Using the realification process as in §4, we may assume from the beginning that Z
is a complexification of a real analytic manifold M and that G is supported by M.

Since the result is local on T*Y (hence on Y), we may assume also that A has a
projective resolution £ by finite free Dx|y-modules (see Proposition 3.1).

As for G, we may assume it is isomorphic to a bounded complex T" of the type

0— v & Ck,, — & T, — - & Tk, —0
1€l i€y W€l

where the sets I are finite and K} ;, is a subanalytic compact subset of M (see Propo-
sition 3.10).
Hence,
No(FRC) ~L (T XCy)
and the components of this last complex are finite direct sums of sheaves of the type
Dxy © Crxy

where K is a subanalytic compact subset of M.
Note that

7'r_l(’zl\’l)’ ® meY) ®,f—lp‘\.|y (ﬂ’_lox ®f,?17r;.‘0y f;lg}'(o)) (75)
—_ W_I(OX)I(XY ®f1r_l7r)_r10y f;lgy(o)
N Dxpy ® Crxy) Or-1py,y Ex-y(0) (7.6)

=5 (Ex-v(0)kxTy
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The right hand side of (7.5) is acyclic for fr, thanks to usual properties of Stein
compact subsets. Moreover, Corollary 7.4 shows that the right hand side of (7.6) is also
acyclic for fr,. Hence, the morphism (7.4) of D®(£y(0)) is represented in C*(Ey(0)) by
the morphism

fulr™HL @ (T"RCy)) @p-spy, (T7Ox @prtgotoy fr ()] (7.7)
—  fulr™H(L @ (T'®Cy)) ®p-1py,y, Ex—v(0)]
Let us denote by R’ the complex
AL (T @ Cy) @pyy Ox].
Its components are direct sums of sheaves of the type
fl(Ox)kxy] 2 T(K;0z) & Oy

which are DFN-free Oy-modules. It is easy to check that the Oy-linear differential of
R is continuous with respect to the these natural topologies. Hence, we may consider
R as a topological complex of DFN-free Oy-modules. Using Corollary 7.4, we have
successively

Rfn[(Ex=y(0)kxry] =~ T(K;0z) & Ey(0)
~ [[(K;0z) ® 13" Oy] @10, Ev(0)
7r)—'If![(OX)KxY] ®7r;10y Ev(0)
and (7.7) is represented as the canonical morphism
'R @10, Ev(0) — 77'R ®,_10, Ev(0).

Since R has Oy-coherent cohomology, Proposition 3.13 allows us to conclude the proof.
]

R

Corollary 7.6 Let M be a coherent Dx-module endowed with a good filtration. As-
sume:

(i) f is proper on supp M,
(i) fr is finite on tf'=1(charM) N (X xy T*Y), where T*Y = T*Y \ T}Y .

Then, for j # 0, H(f, M) is a flat connection (i.e. its characteristic variety is contained
in the zero section).

Proof: The second hypothesis implies that f,(ME) is concentrated in degree zero on
T*Y. The first hypothesis and Theorem 7.5 imply that

(fLM)E = f(ME).
Hence, for j # 0, supp H7[( fM)E] is contained in the zero section. Since £ is flat over
771D, the conclusion follows easily. )

This Corollary has important applications when studying correspondences of D-
modules, such as, for example, the Penrose correspondence. We refer the interested
reader to [5] for more details.
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8 Main corollaries

8.1 Extension to the non proper case

In this subsection, we shall generalize Theorems 4.2 and 5.15 to a non proper situation,
using the techniques of [8, 12].

Let f : X|S — Y|S be a morphism of complex manifolds over S and let ¢ : X —
R be a real analytic function. Set

Ay, = {(z,dp(z)) : z € X}.

This is a Lagrangian submanifold of 7*X (which is not conic for a non locally constant
). We also associate to ¢ the following subsets of X:

Zy = {zeX:px) <t}
U, = {reX:ypx) <t}

and denote by j; : Uy — X the open embedding. Recall finally that the image of a
subset S of T*X by the antipodal map is denoted by S°.

Corollary 8.1 Let M and F be objects of D'g’ood('D‘;as) and D% _.(X) respectively
and assume:

i) for each t € R, f is proper on supp M Nsupp F' N Z,
ii) p~'charss(M) N SS(F) C Tx X,
iii) there is to € IR such that

A, N (1)"lcharf|s(M) + SS(F)*) € 7Y (Zy,).

Then:

a) setting
Fy = juji 'F ~ Fy,,

the canonical morphisms:
ilS!(F" OM) — i|5!(F®M)
[ (D'F,© Dys(M)) —  f,0, (D'F® DyysM)
are isomorphisms for t > t,,

b) both
i|S!(F [ M) and I.]S*(D,F (\)QXlS(M))

oy s te AT op
are objects of Dgo(,(l(D,,ls).
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¢) the natural duality morphism:
[,s,,(DIF ® Dxjs(M)) — Dysf 5 (F ® M)
is an isomorphism.

Note that replacing SS(F') by SS(F)* in hypothesis (iii), we get a similar conclusion
after interchanging f ISt and f Sa° Also note that it would be possible to generalize to
a non proper situation the results of §6 but for the sake of brevity, we leave it to the
reader.

Proof: Let x € X. If x € suppM Nsupp F and = & Z;,, then dp(x) & char(M) +
SS(F)* by hypothesis (iii) and in particular dp(x) # 0. Applying Proposition 5.4.8
of [12], we find for t > tg:

SS(F;) C SS(F)+ R*A,

where RtA, = {(z; Mdyp(z)) : x € X, A > 0}. Since:
p~'charjs(M) N (SS(F) + RYA,) € Tx X U~ Y(Zy,),

again by hypothesis (iii), we obtain that (M, F}) satisfies the hypothesis of Theorems 4.2
and 5.15 for ¢t > ty. Hence, the conclusions of these theorems apply to the pair (M, F})
and part (b) and (c) are consequences of part (a) which we shall now prove.

First, we consider the morphism

i|S!(Ft®M) —»ils!(F@)M). (8.1)

Set G =F ®M®1§X|SDX|S_,Y|S. By Theorem 2.15, hypothesis (ii) and Proposition 5.4.14

of [12] we have:
SS(G) C SS(F) + p~'charps(M).

Since
p~'charfs(M) = p~'charps(M) +  f'(X xy T*Y),

the above morphism (8.1) is an isomorphism by Proposition 5.4.17 of [12].
To prove the second isomorphism in (a), consider the chain of isomorphisms which
follows from the regularity theorem applied first to Fj, then to F:

Rf.(D'F; ® Dy sM ®{§x|s Dx|s-y]s)
~ Rf.RHom(F.,DxisM @5 Dx|s—v}s)
~ Rf.Rji.j; ' RHom(F, Dx;sM @%x]s Dx|s—y|s)
~ Rf.Rj,j;"(D'F ® DxjsM ®%

xis Dx|s-y]|s)-

Set
G =D'F ® DxsM ®{;X's Dx|s-y|s-
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Isomorphism (8.1) applied to (D'F;, Dx s M) tells us in particular that the projective

system
Rf.(D'F; ® Dx;sM ®7§x|s Dx|s—y|s)

is essentially constant for ¢+ > t,. Hence, the projective system Rf.Rj;,j; G is also
essentially constant for ¢ > ¢y and using the Mittag-Leffler theorem we get the isomor-
phism

Rf*G - Rf*Rjt*jt_IG

which completes the proof. ]

8.2 Special cases and examples

In this subsection, we will consider various special situations and give the corresponding
form of Theorem 4.2 and 5.15 leaving the reader do the same thing for Theorem 6.7.
First, let us specialize our results to the non relative case taking S = {pt}.

Corollary 8.2 Let f : X — Y be a morphism of complex analytic manifolds. Assume
(M,F) is a good f-elliptic pair with f-proper support i.e.:

e M is an object of D2, _,(D¥),

good
e F is an object of D% _.(X),
e char;(M)N SS(F) Cc TxX,
e supp(M) Nsupp(F’) is f-proper.
Then
o f(M®F) is an object of D%, .(D),
e f[Dx(M) ® D'F] = Dy[f (M ® F)].

When we take F' = Cx in the preceding corollary we recover the coherence theorem
for D-modules of Kashiwara [9] (who treated only projective morphisms). Moreover,
using Corollary 8.1, we also recover the finiteness theorem for non proper morphisms
of [8] and the corresponding duality result of [24].

It is well known that an Ox-module F is coherent if and only if the induced Dx-
module F ®o, Dx is itself coherent. Moreover, this scalar extension process is com-
patible with direct images and duality (see Proposition 5.11). Applying the preceding
corollary to the pair (F ®o, Dx,Cx) we recover Grauert’s coherence theorem [6] and
Ramis-Ruget-Verdier’s relative duality theorem [15, 16] in the important special case
of analytic manifolds.

Taking Y = {pt} in the preceding corollary, we get the following absolute result:

Corollary 8.3 Let X be a complex analytic manifold. Assume (M,F) is a good elliptic
pair with compact support i.e.:
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e M is an object of D2 _,(D%¥),

good
e F is an object of D& _ (X)),
o char(M)NSS(F) C Tx X,
e supp(M) N supp(F') is compact.
Then the complexes
RI(X;MQ®F ®1§x Ox) and  RT(X; RHomp (M ® F,Qx[dx]))
have finite dimensional cohomology and are dual one to each other.

In the special case where F' = Cx, we get an absolute finiteness and duality result
for good Dx-modules which was considered by Mebkhout in [14]. For coherent analytic
sheaves, the preceding corollary corresponds to the very classical Cartan-Serre [4] and
Serre [26]’s theorems.

In the case Y = S, Theorem 4.2 and 5.15 give information on analytic families of
absolute elliptic pairs.

Corollary 8.4 Let X|S be a relative analytic manifold and let (M, F') be a relative
elliptic pair on X|S i.e.:

o M is an object of Dgooq(D¥s),

e F is an object of D& _ (X)),

e p~lcharxis(M) N SS(F) Cc Tx X,

e supp(M) N supp(F) is ex-proper,
where p: T*X — T*X|S is the canonical projection. Then

RA(F & M c»;»)gx]s Ox) and RfiRHomyp  (F @ M, Qxsldxs])

are objects of D2, (Os), dual one to each other, i.e. the canonical morphism:

Rf!R’HomDXlS(F & M, Qx|sldx|s]) — RHomy, (RA(F & M C&éxw Ox),0s)
is an isomorphism.
Combining the preceding corollary with the base change formula, we get:

Corollary 8.5 Let X|S be a relative analytic manifold. For any s € S, denote by b;
the canonical inclusion of {s} in S. Assume (M,F) is a good relative elliptic pair with
e-proper support on X|S. Then for any s € S, (M, Fy,) is a good elliptic pair with
compact support (on a neighborhood of supp M,, in X,,, the fiber of X over s) and
the Euler-Poincaré index:

X(BL (X0 Mo, © Fy, G Ox,))

is a locally constant function on S.
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Proof: Let us denote by Z the ideal of holomorphic functions vanishing at s. The base
change Theorem 6.5 tells us that:

RI(Xs,; M, ® Fy, @ Ox,,) = [0s/T @5, Res(M @ F @ Ox)ls.

Xp, X|S

We know by the finiteness theorem that
Re(M®F®p  Ox)

has Og coherent cohomology. Hence, it is locally quasi-isomorphic to a bounded com-
plex of finite free Os-modules. The conclusion follows easily since [Os/Z], = C.
O

Remark 8.6 Let P, : E — F, P, : E — F be two complex analytic linear differen-
tial operators between holomorphic vector bundles on X. Assume that their principal
symbols induce the same morphism of fiber bundles

oc:7m'E— 7 'F.

Then, P» = (1 — A)Py + AP, is a one parameter analytic family of operators with
principal symbols equal to . Combining this remark with the preceding corollary, we
recover, for example, the fact that the index of an elliptic operator on a compact real
analytic manifold depends only on its principal symbol.

Let us now consider a few explicit examples. For the sake of brevity, we only consider
non-relative situations.

Example 8.7 Let M be a real analytic manifold with X as a complexification and M
a good Dx-module. Then, as we have already noticed in the introduction, M is elliptic
on M in the classical sense if and only if (M, Cyy) is elliptic. In fact, SS(Cps) = THX.
Since Cps @ Ox = Apg, the sheaf of real analytic functions on M and

RHom(D'Cp,Ox) = By
the sheaf of Sato’s hyperfunctions, the regularity theorem 2.15 entails the isomorphism:
RHomy, (M, Am) ~ RHom,, (M, Bu). (8.2)

This is the Petrowski theorem for D-modules which is often proved using micro-diffe-
rential equations as in [18]. Moreover, if M is compact and M is good, Corollary 8.3
asserts that the spaces

H’(RT(M; RHom, (M, Buy))) = Ext;M(M; M, By)

and
H™(RT(M; Qy ®F, M)) = Tor?™ (M; Qu, M),

are finite dimensional and dual to each other. Note that for solutions of elliptic operators
the duality and finiteness theorems are well-known results.
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Example 8.8 Let X be a complex manifold, U an open subset with real analytic
boundary. Then (M, Qy) is an elliptic pair if and only if the boundary AU is non
characteristic for M, that is, char(M) N T3, X C T%X. The regularity theorem yields
the isomorphism:

RHomp (M, (Ox)g) = RHom,, (M,RIy(Ox)). (8.3)

In other words, the holomorphic solutions on U of the system M extend holomorphically
through the boundary. If U is relatively compact, and M is good, we get that the spaces
Ext’ix (U, M, Ox) and Tor?fn (U; Qx, M) are finite dimensional and dual to each other.

Note that the regularity theorem is due to Zerner [27] (for the 0-th cohomology)
and [2], both in case of one equation with one unknown, then to Kashiwara [10] for
systems. The finiteness theorem is due to [2], this last result being extended in various
directions by Kawai [13].

Example 8.9 One can generalize both preceding examples as follows. Let M be a real
analytic manifold, X being a complexification of M and let U be an open subset of
M with real analytic boundary. Then (M, Cy) is an elliptic pair if and only if M is
elliptic on M on a neighborhood of U and moreover the conormal vectors to AU in M
are hyperbolic with respect to M. Then we get the isomorphism:

RHomp (M, (Am)g) = RHomp, (M, Tu(Bu)).

(i.e.: the hyperfunction solutions of M on U are real analytic and extend analytically
through the boundary), and we also get finiteness and duality results that we do not
develop here.

Example 8.10 A general situation including the preceding examples is the following.
Let X =[], X, be a subanalytic pi-stratification (cf. [12, Chap. VIII]) and assume:

{ SS(F) C UaTx, X, (8.4)

charM)NTx X C TxX Vo

(In other words, F is locally constant on the strata X, and these strata are non
characteristic for M.)

Then of course, the pair (M, F) is elliptic. If, moreover, supp(M) N supp(F) is
compact we may apply Theorem 4.2 and Theorem 5.15 and we obtain new finiteness
and duality results.

Example 8.11 For any F' € Ob(DY%_.(X)), the pair (Oy, F) is elliptic. Since F ~
Qx ®{;x Ox ® F[-n] and D'F ~ RHomy, (F @ Ox,Ox), one recovers the classical
finiteness and duality theorem on constructible sheaves. In fact if M is a real analytic
manifold and i : M — X denote a complexification of M, to G € Ob(D%_.(M)) one
associates the elliptic pair (Ox, i.G).
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Example 8.12 Let M be a holonomic Dx-module and let zo € X. Let B(xo, ) denote
the open ball with center xo and radius € > 0 in some local chart at zo. By a result of
Kashiwara [10], the pair (M, Cp(s,,)) is elliptic for 0 < ¢ < 1. If X is open in €™ and
F € Ob(D%_.(X)) has compact support, one proves similarly that (M, F * Cp(o,)) is
elliptic for 0 < ¢ <« 1. (Here “+” denotes the convolution of sheaves; cf. [12] Exercise
2.20.)
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