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Exposé VI

SEMI-STABLE REDUCTION AND
P-ADIC ETALE COHOMOLOGY

by Kazuya KATO

1. — Introduction

This paper is a result of joint study with J.-M. Fontaine. I learned from
him the main ideas in the study in this paper.

Let A be a complete discrete valuation ring with field of fractions K and
with residue field k, such that char(K) = 0, char(k) = p > 0 and £ is perfect.
Let X be a proper scheme over A with semi-stable reduction (that is, X is
regular and X ®4 % is a reduced divisor with normal crossings on X). The
purpose of this paper is to give a partial solution to a conjecture of Fontaine—

Jannsen on the p-adic etale cohomology
Hg? (Xfa QP)

(X% = X ®4 K with K an algebraic closure of K).

We recall the conjecture (cf. Jannsen [J] §5 for the first form of the
conjecture; the final precise form of the conjecture introduced here was
formulated in Fontaine [Fo3]). Let Ky be the field of fractions of the ring
W(k) of Witt vectors. Let D be the “m-th crystalline cohomology with
logarithmic poles in the semi-stable situation” defined in [H2] [HK], which
is a Iy—~vector space endowed with a frobenius ¢ : D — D, a monodromy

operator N : D — D, and an isomorphism with the de Rham cohomology

pr i K @x, D= HEp(Xk/K)

S .M. F.
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K. KATO

(pr is defined canonically once one fixes a prime element 7 of A). The
conjecture says that the Q@,—vector space V = H[}(X3,Q,) endowed with
the action of Gal(K/K), and the Ky vector space D endowed with ¢, N,
and pr, can be reconstructed from each other. To state the precise form of
the conjecture, one needs a ring By, of Fontaine ([Fo3]), which is defined also
by fixing a prime element of A. Cf. (2.2) for the review of the definition of
Bgy. It is related to his older rings B.,y; and Bpg (cf. [Fol]; we review also
these rings in (2.2)); B, is a subring of Bpp containing B.ys. Properties of
B, used in the statement of the conjecture are that B,; is endowed with the
frobenius ¢ : Byy — By, a monodromy operator N : B;; — B,;, and a natural
action of Gal(K/K). We also have to recall that Bpp is a complete discrete
valuation field with valuation ring BIR and hence filtered by the valuation.

The conjecture is the following.
ConNIECTURE (1.1). — There exists a canonical isomorphism
B ®q, V=B, ®k, D
with preserves @, N, the action of Gal{KK/K), and the filtration after taking

Bpr®s,,.

Here ¢ on the left (resp. right} hand side in (1.1) is ¢ ® 1 {resp. ¢ ® ), N
on the left (resp. right) hand side is A’ ® 1 {resp. N ® 1 + 1 @ A), the action
of ¢ € Gal{KX/K) on the left (resp. right) hand side is 6 ® o (resp. o ® 1), the
filtration on Bpr ®gq, V is fil' Bpr ®q, V, and the filtration on

Bpr®k, D =Bpr®x Hpp(Xk/K) (via pr),

where we use the same prime element # in the definitions of By and pg,
is the tensor product of the filtrations on Bpg and the Hodge filtration on
HEp(Xk/K). Since the Gal(F/K)finvariant part of By, is Ky and {z € By;
p(z) =z, N(z) =0,z € B},,} = Q, ([Fo3]), one will have as a consequence

of the conjecture,
D= {z € By®q, Vio(z)=1 forall o € Gal(K/K)}

V= {LL‘ € By B r, D; 99(5!3‘) =z, N(.’L‘) =0,x€ filO(BDR Sk, D)}
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EXPOSE VI : SEMISTABLE REDUCTION AND P-ADIC ETALE COHOMOLOGY

This conjecture is the “semi-stable reduction version” of the crystalline
conjecture of Fontaine [Fol] on H} (X5, Q,) for the case X is smooth over 4,
which was studied and proved by Fontaine, Messing and Faltings ([FM], [Fa2]).
A new phenomenon in the semi-stable reduction case is that the monodromy
operator is involved. In [Fo3], Conjecture (1.1} was proved in the case of
abelian varieties.

Our result is the following
THEOREM (1.2). — The conjecture (1.1) is true if p > 2dim(X g ) + 1.

In the “ordinary semi-stable reduction” case, H} (X3, Q,) was studied by
Hyodo [H1] without any assumption on p (cf. also [P], Appendix by L. Illusie).

In §2 we give preliminaries. In §3 and §4, we give interpretations of the
ring By and the space {z € By ® D; N = 0} by the theory of crystalline
cohomoelogy with logarithmic poles, respectively. In §5, we state a result,
whose proof will be given elsewhere, on the relation between p-adic vanishing
cycles and a certain complex si°8(r) related to crystalline cohomology with
log poles (in the good reduction case, this result is proved in Kurihara [Ku]).
By combining §3 - §5, we prove Thm. (1.2) in §6.

I thank Professor J.-M. Fontaine without whose help, I could do nothing
about the subject of this paper. I also thank Professors L. Illusie and
W. Messing for advice. The method in §6 is a modification of the method
in the joint paper [IKM] of W. Messing and the author which treated the good

reduction case.

2. — Preliminaries
In this §2, we fix notations, review the definitions of the rings By,
Bppr and B, and give some comments on the crystalline cohomology with

logarithmic poles.

(2.1). — We use the following notations. Let 4, K, k and K be as in §1.
Let A be the integral closure of A in K, and let

A, =ARzZ/p"Z, A,=ARzZ/p"L,

S = Spec(A4), S, =Spec(A,), & =Spec(d), S, =Spec(4,).
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K. KATO

(2.2). — Wereview the definitions of the rings Berys, Bpg and By, (cf. [Fol],
[Fo3], [Fod], [FM]). For n > 1, let

By = T{(S/Wa)eryo: O3,

i.e. the ring of global sections of the structure sheaf of the crystalline site of
S, over W, = Spec(W,.(k)). Then the canonical homomorphism B,, — A, is

surjective. We denote by J,, the kernel of this surjection, and by JI the r-th
divided power of J,,. For a sequence s = (s,)n>0 of elements of A such that
(5n41)P = s, for all n > 0, let &(s) = ((5.)"" )n € lim B,, where for a € 4,

we denoted by @ any element of B,, whose image in A, coincides with that of
a (then @ depends only on «, and is independent of the choice of @). This

map ¢ defines an injective homomorphism

loge : Z,(1) — lim B, .

n

Let

BY, =Q®lmB,, By =BL,[t7]

crys
n

Bip =lm(Q@lim B,/J1}, Bpr=Bh,t™"]

T mn

where t is any non-zero element in the image of Q@ e : Q,(1) —» Bj;y o Then
Berys has a frobenius endomorphism by the crystalline cohomology theory,
Bpr has a filtration by the fact that it is a complete discrete valuation field
with valuation ring B}, (the residue field is C, = Q ®}iﬂﬂm and the ¢

n

as above is a prime element), and B.ry. and Bpp are endowed with natural
actions of Gal(K/K).
Now fix a prime element 7 of A.

For a sequence s = {5, )0 of clements of A such that

sg = 7. (5,000 =5, for n2>I(.
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EXPOSE VI : SEMISSTABLE REDUCTION AND P-ADIC ETALE COROMOLOGY

we have £(s)r™! € Ker((B},)* — CX) and hence
us = log(s(s)7™") € Bhp
is defined. Fontaine defines B;'; and By by
B, = Bl yulus],  Ba = Berys[us]

as subrings of Bppg. It was shown by Fontaine [Fo3] that u, is transcendental
over Bepys and hence BY, (resp.By,) is a polynomial ring in one variable
over Bj,.y o (resp. Borys). The rings B; and B,; depend on the prime element
m, but do not depend on the choice of s. The frobenius ¢ : By, — By, is
defined by extending the ¢ of B .y, by ¢(us) = pus, and the monodromy
operator N : By, — By, is defined to be the unique B.,,s—derivation such
that A(u,) = 1. These operators ¢ and A are also independent of the choice
of 5. Finally By, is Gal(K /R )-stable in Bpg and hence Gal(K/K) acts on

B,;.

(2.3). — In this paper we use freely the terminologies concerning log
structures introduced in [HK] and [[{a2], without explaining the definitions of
them. We just mention here that a logarithmic structure on a scheme X in the
sense of Fontaine—Ilusie is, by definition, a sheaf of commutative monoids with
a unit on the ctale site X.; which is endowed with a homomorphism o : M —
Ox with respect to the multiplication on Oy satisfying a=1(0%) — O% via
a (cf. [Fa3] for another formulation of logarithmic structures).

We make the following conventions.

(2.3.1) A scheme X with a log structure M is denoted as (X, M). If M is the
trivial log structure (that is, M = O} with the inclusion map O% — Ox),
we abbreviate (X, M) as X.

(2.3.2) If X is a scheme and M is a log structure on X, and if the inverse
image of « € I'(.Y, Ox ) in I'(.X, M) consists of a single element b, we sometimes
identify b with a.

(2.3.3). — For a scheme X and a € T'(X,Ox), we denote by £{a) the fine
log structure on X associated ([HK] (2.2}) to N — Oyx ;1 — a. For example,
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the “canonical log structure” on Spec(A) defined in (2.6) below coincides with

L(r) for any prime element 7 of A.

(2.4). — In the paper [HK], we discussed the crystalline cohomology theory
only for schemes with fine log structures. But the log structure on Spec(A4)
which we discuss in this paper is not fine though it is a filtered inductive limit
of fine log structures. We say a log structure M on a scheme X is integral if
“ac = bc implies a = b” holds in M (a fine log structure is integral, and the log
structure on Spec{A4) discussed later is integral). By replacing the category
of schemes with fine log structures in [HK] by the category of schemes with
integral log structures, we obtain the definition of the crystalline sites for
schemes with integral log structures. For schemes with fine log structures,
this does not change their crystalline sites.
With this definition of the crystalline site :

(2.4.1) Let (T, L) be a scheme with a fine log structure such that Or is killed
by some non-zero integer, and assume T is endowed with a PD (= divided
power) ideal. For a scheme with an integral log structure (X, M) over (T, L),
we denote by

HY((X, M)/(T, L))

the g-th cohomology of the structure sheaf Oy,7 on the crystalline site
(X, M)/(T, L)) crys-

(2.4.2). — With (T, L) asin (2.4.1),let f: (X, M) — (Y, N) be a morphism
of schemes with integral log structures over (7, L). Then, if N is fine, a

morphism between the crystalline topoi

ferys 1 (X, MO)/(T, L)) Gy — (Y, NY(T, L))y

is associated to f. The construction of fery, is the same as in the fine case.

(2.4.3). — Let (T,L) be as in (2.4.1) and let {{X, M)} be a filtered
inductive system of schemes with fine log structures over (T, L) such that all
transition morphism X, -+ X, arc affine. Let X be the projective limit of
{X,}» and let M be the inductive limit on X of the inverse images of M.
Then,

HO((X, M)/(T, L)) = i H((Xx, Mp)/(T, L)).
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If (Y, N) is a scheme with a fine log structure over (T, L) and the (X, M)) —
(T, L) factor through morphisms fy : (X, M)) — (Y, N) which are compati-

ble with the transition morphisms, we have
qucrys‘ (OXIS) = li_rgRq(fA)cr‘ys‘ (OXA/S)

where f is the limit of f. These facts follow from [SGA4] (tome 2) Exposé VL.

(2.5). — In [FM], a morphism of schemes which is flat and locally of complete
intersection is called syntomic and syntomic morphisms behave well in their
theory. We shall use the logarithmic version of this notion.

We say a morphism f : (X, M} — (Y, N) of schemes with fine log structures
is syntomic if f is an integral morphism [HK] (2.10), the underlying morphism
X — Y is flat and locally of finite presentation, and if etale locally on X there
is a factorization of f : (X, M) 5 (Z,L) LA (Y,N) with (Z, L) a scheme with
a fine log structure satisfying the following conditions : ¢ is an exact closed
immersion [HK] (2.8), h is smooth [HK] (2.9), and the ideal of X in Z is
generated at each point of X by a regular sequence.

Just as in the case of the original definition, we can show

(2.5.1). — If f is syntomic and we have another factorization (X, M) N
(Z', L") LN (Y,N) of f with L’ fine, i’ an exact closed immersion and &’
smooth, then the ideal of X in Z’ is defined at each point of X by a regular
sequence. Furthermore, if we have such a factorization of a syntomic morphism
and if we are given a quasi—coherent ideal I of Oy and a divided power
structure on I, the divided power envelope of X in Z’ is flat over YV (cf. [FM]

for the case without log structures).
(2.5.2). — We have the base change theorem of crystalline cohomology for
syntomic morphisms (cf. [BBM] (2.3.5) and [B] V 3.5.1 for the case without

log structures) :
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Assume we have a commutative diagram of shemes with fine log structures

(X, M) — (X, M)

f’l O lf

Y',N) — (T,N)

! l

@y — ([T1)

such that the upper square is cartesian, f is syntomic, the underlying
morphism f : X — Y is quasi-compact and quasi-separated, and Ot is
annihilated by some non-zero integer. Assume 7 and T’ are endowed with
quasi—coherent PD-ideals and v : 7' — T is a PD-morphism. Then, for any
quasi-coherent flat crystal of Oy r—modules on ((X, M)}/(T, L))crys, we have

a canonical isomorphism

Lg:rystCT‘ys‘(}-) = Rférys'gzﬂys(f)'

(2.6). — For a scheme over the discrete valuation ring A, we define the
canonical log structure as the sheaf of regular functions which are invertible
on the generic fiber.

In what follows, we denote the canonical log structure on § = Spec(A)
(resp. S = Spec(A)) by N (resp.N) and the inverse image of N on S, =
Spec(A,) by N, (resp. of N on 5§, = Spec(A,) by N,). Then N is the
inductive limit of inverse images of the canonical log structures on Spec{A’),
where A’ ranges over all discrete valuation rings in A4 which are finite over 4,
and N, is the inductive limit of the inverse images of the log structures on
Spec(A’/p" A’) defined in the way above.

We shall denote the inverse image of N on Spec(k) by L.

For a € A — {0}, the images of ¢ in any of the log structures introduced

here are denoted by class(a).
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3. — A crystalline interpretation of B,
We give an interpretation (3.7) of the ring B, by the theory of crystals
with logarithmic poles. Let

h:{(8,,Np) — (S, Ny)

be the canonical morphism (cf. (2.6) for the notation), and let hpys :
((Sny Nu)/Wa)zrys — ((Sn, No)/Wa)or,s be the induced morphism (2.4.2).
In this section we compute the higher direct images of the structure sheaf

for this morphism
Rheryse (OE../W,,)

and show that hc,.ys.(Ogn /W") is closely related to By,.

ProrosrTioN (3.1). — thcrys-((f)g"/wn) =0 for g#0 and hcrys‘(OE,./W,.)
is a quasi-coherent flat crystal of Og_sw, ~modules on ((Sn, Np)/Wi)erys-

(3.2). — We give a description (3.3) of the crystal hcrys.(o—s-.nlwﬂ). To
describe a crystal by a connection just as in the usual theory (without
log structures) of crystals, we embed (S,,N,) in a smooth object. Fix a
prime element 7 of A, let Z, = Spec(W,[t]) with ¢ an indeterminate, let
E, = Spec(R,) be the PD-envelope of S, in Z,, with respect to the closed
immersion S, — Z,,; t — 7, and endow Z, (resp. E,} with the log structure
L(t) (cf. (2.3.3)). Since (Z,, £(t)) is smooth ([HK] (2.9)) over W,,, a quasi-
coherent crystal of Og, jw,~modules F on ({Sn, Np)/ Wy )erys is characterized
by the R,-module F(E,) and the connection with log poles

V : F(E,) — F(E,)dlog(t)

((HK] (2.17)). Here F(E,)dlog(t) means F(Ey) ®w,[q [(Zn, wy_ ,w,) with
w! the differential module with log poles [HK] (2.5) (then I'(Z,,w}, /w.)isa
free W, [t]-module of rank one with base dlog(t)). Let

(3.2.1) Py = F(E,) with F = herys (O3 ) -

Note the homomorphism B, — A, factors canonically as B, — P, — 4,

and the kernel of P, — A, has a natural PDstructure.
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PROPOSITION (3.3). — (1) To each p™-th root 3 of m in A, there ezists a
canonically defined element vy of Ker(P) — E::) such that we have ¢ PD-
isomorphism

By < V> PF,; Viroug—1
where B, <V > denotes the PD—polynomial ring over B, in one variable V.
If¢ €A and (" =1, then Vg = Epnvﬁ where 6 is any element of B,, whose
image in A, coincides with that of (.

(2) The connection V : P, — Ppdlog(f) is the unique B,-linear map
satisfying

V{(vg — DM = (vg — DE"Huzdlog(t) for all i.
(in particular, V(vg) = vgdlog(t)).
(3) Let ¢ : P, — P, be the frobenius, which is induced by the frobenius
(Zn, L(8)) — (Zn, L(2)) defined by the usual frobenius of W, and by t — tP.

Then, ¢ is the unique PD-homomorphism which extends the frobenius of B,
and satisfies p{va) = (vs)P.

(4) The natural action of Gal(K/K) on P, is characterized by the following
properties. It extends the natural action of Gal(K/K) on B, it preserves the
PD-structure, and satisfies 0(vg) = vo(g) (0 € Gal(K/K)).

DeFINITION {(3.4). — Define N : P, — P, by

V(a) = M{a)dlog(t) fora€P,.
Then A is a B,,—derivation.
DEFINITION (3.5). — For a primitive p™—th root 3 of © in A, define

ug = log(vg) € Py

where log is defined by the PD-structure on Ker(P, — A,).
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COROLLARY (3.6). — The map N : P, — P, is surjective,

{ﬂ.EPn; N‘(a):ﬂ}: @ Bn(Uﬁ)[j],

0L <
{a €Py; N'(a)=0 for some i} =B, <ug>,

and ug is transcendental over B,,.

From (3.3) and (3.6), we have

THEOREM (3.7). — There ezists a canonical Bf,,, ~isomorphism between

the ring B}, of Fontaine and

{a € Q@ limP;; N(a)=0 for somei> 0}

where B}, and P, are defined using the same prime element m, which preserves
¢, N and the action of Gal(K/K).

Indeed, the isomorphism is given by sending us € B, for 5 = (sn)n (5, € 4,

so = 7, {(Sn41)? = sn) (cf. (2.2)) to (us, )n € lim P,. The inverse map is

induced from lim P, — Bpgr; ((vs, — DY, — (@) (e(s)m~t = 1)L

n

(3.8). — We prove (3.1). We follow the argument of Fontaine [Fol] §3. Let
F be any object of ((Sn, Np}/Wy)crys and let N be the log structure of F.
By (2.4.3) we have

(3.8.1) Rherys (O, w, ) (F) = lim HO((Sh, N3)/(F, Ne))
in

where A’ ranges over all discrete valuation ring in A which are finite over
A, S; = Spec(A'/p"A’) and NJ, is the inverse image of the canonical log
structure on Spec(A’) (2.6). For such A’ take a prime element 7’ of A’ and
write 7 = (n')'a for i > 1 and a € (A’)*. Let ¥ be a section of Np whose

image in N, is class(7) (2.6). Let

Z' = Spec(Op[t, ut')/((tY'u - (7)) (a: Np— Op)
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where t' and u are indeterminates. Then the morphism (S, N,) — (F, Ng)
factors as (S7,N.) — (Z',L(¥)) — (F,Np) where the first arrow is an
exact closed immersion defined by Oz — Og ; t' — 7/, u — a and by
L(t"y — N!; t' — class(n'), and the second is a smooth morphism defined
by Np — L(#'); T — (')'u. Let F' be the PD-envelope of S/, in Z’. Then
(K] (2.20))

(3.8.2) HY((Sy, No)/(F,Nr)) & HY(F', Op ®0,, wyiyp) -

Note wy, ;F 1s a free Oz —module with basis dlog(t'). To pass to lim, let
AI

A" = A'[r"] where #"” is a p™-th root of n', §” = Spec(A”/pA"), N/

on S/ the inverse image of the canonical log structure of Spec{A”), Z" =

Spec(Qz:{t"]/((t"}?" — t')), and form the commutative diagram

(S5 Ny) — (Z27,.L(1")

! !

(8, Nz) —  (Z,L())

with Qz0 — Ogu; t" — o, ﬁ(t”) N N:lr; i — ClaSS(?TH), ﬁ(t’) N C(t”);
t— (tn)p".
Then, wy, ;- — Wy p annihilates dlog(t') and hence is the zero map. This

shows that

lim HO((S1, N2)/(F,Ng)) =0 for g # 0.

AJ
We have shown RhcryS’(OE,,/w,,) = hcrys'((??nlwn)‘ This and the base
change theorem (2.5.2) shows that hcrys~(0§n /Wn) is flat. The fact that

heryse (Og W ) is quasi-coherent is shown easily.

(3.9). — We prove (3.3). The following proof is due to the sugges-
tion of W. Messing (my original proof was a direct computation using
(3.8.1) and (3.8.2) and was long). Fix a p"-th root 3 of 7 in A, and
regard  Spec(B, <V >) (V an indeterminate} as an object of
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EXPOSE VI : SEMESTABLE REDUCTION AND PADIC ETALE COHOMOLOGY

((Sn, Nn)/(Eny,NE,))erys as follows : B, < V >— A, is V — 0, the
PD-structure on Ker(B, < V >— A,) is the usual one, the log structure of
Spec(B,, < V >) which we denote by £ is associated to A—{0} —» B,, <V >;
a — @P" where @ denotes any lifting of a to B,, (we will denote by 7 the
induced map A — {0} — £} and (Spec(B, <V >),L} — (E,,Ng,) is given
by the PD-homomorphism R, — B, < V >t r— (1 + V)"IEP" and
by Ng, — £;t — (1 4+ V)~!y(B8). Then, Spec(B, < V >) is a termi-
nal object in ((?n,ﬁn)/(En,NE“))crys, and this fact implies B, < V >-—
HO((Sn, Nu)/(Bu, Ni,)) = P

Indeed, for any object F of (Sn, Nn)/(En, NE,))erys With the log structure
N, the unique morphism F' — Spec(B, <V >) in ({Sn, No)/(En, NE, ) crys
is given as follows. Let E be any section of Np whose image in N, is the class
of 3. Then AP s independent of the choice of 5 Since the images of EP"
and t under Ny — N, coincide, there exists a unique section vg of (9;‘1 such
that 37" = tvg in Np. Define the PD-homomorphism B, < V >— O(F) by
V +— vz —1, and extend this morphism to the log structures by (a) — @?"
(a € A — {0}) where @ is any lifting of class(a) € N, to Nr (then @?" is
independent of the choice of a). It is easily checked that this construction
yields a unique morphism in ((?n,ﬁn)/(ffﬂ, Ng, Verys. The properties of P,
in (3.3)(1)(4) (with vg defined as in the above argument) are checked easily.

4. — Crystalline interpretation of {B,, ® D)V=°
In this section, let S = Spec(A4), N and L be asin (2.6), and let {X, M) bea

scheme with a log structure over (5, N) satisfying the following conditions (i),
(ii), (iii) :

(i) (X, M) is smooth over (S5, N).

(ii) The underlying morphism X — § is proper.

(i) Let Y = X ® 4 k and let My be the inverse image of M on Y. Then

the induced morphism (Y, My) — (Spec(k), L) is of Cartier type [HK] (2.12).
For example, if (X, M) is a fiber product over (S, N} of a finite family of
proper A-schemes with semistable reduction with the canonical log structures
(2.6), then (X, M) satisfies the conditions above. Moreover the conditions
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above are stable under base changes (S',N') — (S,N) where S is the
spectrum of a complete discrete valuation ring with perfect residue field
dominating § and N’ is the canonical log structure of S’.

Fix m > 0 and let

Doozh‘_mDna D=Q® D,

T

where W, (L) is the canonical lifting of L to W, defined in [HK] (3.1). Then
as in [HK], D, is a W,,(k)-module of finite length, D, is a W(k)-module of
finite type, and we have a frobenius-linear operator ¢ : D, — D, called the
frobenius and a linear operator A : D,, — D, called the monodromy operator
which induce D,, — D, and D — D denoted by the same letters ¢ and A,
respectively.

Fix a prime element = of A to define B},. The aim of this section is to

prove

THEOREM (4.1). — The kernel of
N=N@1+19N:BLox, D — B Lok, D
1§ canonically isomorphic to

Q @ limH™((X ., )/ W)

where (Xn, M,) = (X, M) X (8,N) (Sn,Ny) forn > 1.
Forn>1let X, =X®Z/p"Z, let M, be the inverse image of M on X,

and let the notations be as

(fnsﬂ-n) _ (gnajvnn)
n l 0 l hn (cartesian diagram)

(Xn, Mp) —— (Sa,Nn).
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Let Z, = Spec{(W,[t]) and E,, = Spec(R,) be the PD-envelope of S, in Z,
with the log structure Ng, as in (3.2), where we use the same prime element

7w to define S5, — Z,; t — 7.
LEMMA (4.2). — There exists a long exact sequence
= H™(X 5, M) [Wy,) —

Pn ®'R" (Rm(fn)crys'(OX,./WH))(EH) i’ Pn. ®Rn (Rm(fn)crys(oXﬂ/Wn))(En)
- Hm+1((ynvﬂn)/wn) -

Proor. Let ({(X",M"), (Z',Mz)) be an embedding system [HK] (2.18)
for (X,M) — (Spec(W[t]), £(?)), t +— =. Let (Fi,Mp:) be the PD-
envelope [HK](2.16) of (X}, M}) in (Z}, Mz:). Then, for any crystal F on
((Xn, M)/ Wh)erys, we have an exact sequence of complexes in the topos

(Xa)e ([HK] (2.18))

dlog(t)
(4.2.1) 0— (-] —5 C— ' —0

where C (resp.C") is defined on each X! as the complex
fF"; ®Oz;'l w:Z:;an (resp.fp;; ®Oz;" w-Z";/Spec(W,.[t])) :

Consider the case F = R(gn)erys (OY., /Wn)' By taking the inductive limit of
the base change theorem (2.5.2) and by (3.1), we see
F = (F)trys(hn)orys+ (O3, ) We have

H™((X})e, €) = H™((Xn, Ma) [Wa),
H™(X;)et,C") = H™((X;)5 Pr ®oe,) OF, ®o,. Wy / Spec(Walt]))
= P, ®o(r,) H"((X,)et, OF, ®o,. Wz s spec(Wal]))

where the last equation follows from the flatness of P, over O(FE,). Hence
(4.2) is obtained by taking the long exact sequence of cohomology groups

associated to the exact sequence (4.2.1).
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LEmMMA (4.3). — For any W, (k)-module T having a nilpotent W, (k)-linear
operator N : T — T, the map

NRI+1N  P,@T — P, 2T

s surjective.

ProorF. This is reduced to the case T = W, (k) and N : T — T is the zero
map, i.e. to (3.6).

DEFINITION (4.4). — (1) For a category C, let ps(C) be the category of
projective systems in C with index set N.

(2) For an additive category, let QRC be the category with the same objects
as C but with morphisms Homgge = @ @ Home. An object T of C is denoted
by Q @ T when it is regarded as an object of Q@ C.

(4.5). — Now we prove (4.1). By [HK] (5.2}, we have an isomorphism in
Q ® ps(Ab) (Ab denotes the category of abelian groups)

Q & {(Rm(fn)crys‘(OX,,/W,,)(EH)}H = Q & {Rn ®Wn Dn}n .
By this and (4.2) {4.3), we have an exact sequence in Q@ @ ps(Ab)
0—Qe {Hm((“X_mﬂM_rn)/Wn)}n -

Q@{Pn®wn Dn}n_‘{y_’Q‘@{Pﬂ@Wﬂ Dn}n — 0.

Furthermore this map N is N ® 1+ 1 ® A with the first N:P, = P, and

the second N : D, — D, the monodromy operator. Hence we have

Q@ Jim H™ (X, M)/ W) =

Ker(N 1 (Q@)im P,) @x, D — (@ ®1lim P} ® k, D).

n n

Since N is nilpotent on D), we can replace Q@ ® lim P, by the part of it on

n

which A is nilpotent, i.e. by BJ, (3.7).
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5. — The complex s'95(1)
Let (X, M) be a scheme with a fine log structure which is syntomic over

l°g r}) of the derived category

W. For 0 < r < p, we define an object s
D(X, Z/p"Z) Supported on (X ®z Z/pZ)es- We state a result (5.4) on the

relation between s %;{r) and p-adic vanishing cycles whose proof will be given

elsewhere. This slr‘:f,((r) is the log pole version of the complex Ruv,(S] x)

studied in [Kal] and [Ku] where S} y is the sheaf on the syntomic site defined
in [FM] and v is the canonical morphism from the syntomic site to the etale
site.
(5.1). — Take an embedding system ({X',M"),(Z",N")) for (X, M) - W
with a lifting of frobenius F : (Z',N') — (Z',N"). Let X} = X' ® Z/p"Z,
Zi = Z'@Z/p"Z, M! (resp. N1} the inverse image of M* on X} (resp. N on
Z:). Here F is a lifting of frobenius means that the morphisms on (Zf, Ni)
induced by F are the absolute frobeniuses [HK] (2.12) and F' commutes with
the canonical frobenius of W. Let (F}, My ) be the PD-envelope [HK] (2.16)

of (Xi,M:) in (Zi,N2), and let JE;.",] C Op;s be the r-th divided power of
JF"-" = Ker(OF'.; —* OX‘:I)

For 0 < r < p, we define a complex S];’,%X',M');(Z',N-)(r) in (X')7; (denoted
simply by s]°g (r}) as follows.

First, denote by Jl°g (r) the complex in (X )7, which gives on each X* the

familiar complex

JE:'{ —Et“? J‘[;:._I] ®C)Z,- WIZ'/W ﬁ} """" d JE:':_Q] ®C)Zi W%,/W —

Let ¢ : Op; — Op: be the homomorphism induced by F : (Z, Mz} —
(Z',Mz.). Assume 0 < r < p. Then tp(Jg]) C p"Ori. We define the map
p TR J[Lf] — Op: by the law (p~"p){a modp™) = b modp™ for a € JM

TI+T

and be O i, such that @(a) = p"b. This map is well defined by the flatness
of F! over W, (2.5.1). We have a homomorphism of complexes

PR e (1) — 3% (0)
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whose degree ¢ part is ({(p?~")p on J[r N (p=lp on Wiy ) Finally we
define s'“g .(r) as the mapping fiber of

L—p™"p: b (r) — 5.0%.(0).

Here for a homomorphism h : C — C’ of complexes, by the mapping fiber
of h we mean the complex whose degree g part is C? @ (C')9"! and whose

differential is given by
Crop (CHT ! — ¥ g (C"); (a,b) — (dz, h(z) —
Let 8 : (X°)2; — X, be the canonical morphism, and define

S8 (r) = RO, (55 ().
Note

RO,(j%.(r) = Ru(xn,Mn)/Wn‘(men)

where u is the canonical morphism {(X,, M,)/W,)7.,. — X5 and J_[):l/wn is
the r—th divided power of Jx,w, = Ker(Ox, ;w, — Ox,). Thus we have a
distinguished triangle

o r l-p7"9
Sk (r) — Rucx, aa)/w,. (chl;wn)—’ﬂu(x M) Wae (Oxoyw,) =

This shows that the object s[Og b (r) in D(X.,Z/p"2) is independent of the
choice of an embedding system with a lifting of frobenius.

This definition of s];’gx(r) is just to add log poles to the complex Ru. (S}, x)
(cf. [Kal]). Hence, if (X, M) and X are syntomic over W, “to add log poles”

defines a canonical morphism
Ru.(S} x) — swic(r).

The same method as in [Kal] (which treated the case without log struc-

tures) defines a product structure

i () @ 55 () — S (r ) (0 < r e’ <),
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THEOREM (5.4). — Let A be as before and let X be a scheme over A with

semi-stable reduction endowed with the canonicel log structure. Let

be the inclusion maps and consider the sheaf of p—adic vanishing cycles
7. Rj,(Z/p"L(r)), where (r) means the Tate twist. Then for 0 < r < p—1,

we have a canonical isomorphism
505 (r) 2 T<riai Ri(Z/p"L(r)).

Here slrff,((r) is defined to be the inductive limit of the inverse images

log
of S, XQaAl

are finite over 4 and X ® 4 A’ is endowed with the log structures as fiber

(r} where A’ ranges over all discrete valuation rings in A which

products where X, Spec(A) and Spec(A”) are endowed with the canonical log
structures (2.6).

The “without log pole” version of (5.4) was proved in [Ku] (cf. also [Kal]).
The method of the proof of (5.4} is similar to that in [Ku). The key point is
that, in the place where the result of [BK] on p-adic vanishing cycles in the
good reduction case is used in [Ku], we can use the generalization by Hyodo
[H1] of the result of [BK] to the semi-stable reduction case.

CoRoLLARY (5.5). — Let X be a proper scheme over A with semi-stable
reduction. Then if m <r < p-—1 or if dim(Xx) < r < p — 1, there exists a
canonical isomorphism

H™X, s3%(r)) = HR (X7, Z/p"2(r)).
This follows from (5.4} and the proper base change theorem for the etale
= Z/p"Z) 2 H}(X i3 Rj Z/p"Z).

The isomorphism in (5.5) has the following properties as will be shown

cohomology H[}( X+ Tal

elsewhere, which we shall use in §6.

(5.6.1). — It is compatible with the action of Gal(X/I).
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(5.6.2). — The isomorphism H%(X,s!°8(1)) -~ HO(X,Z/p"Z(1)) is inverse
to the map Z/p"Z(1) — {z € JiH p- Yo(z) = 2} C B, induced by ¢ in (2.2).

(5.6.3). — When m and r vary satisfying m < r < p— 1, the isomorphisms

of (5.5) are compatible with the product structures.

(5.6.4). For a line bundle £ on X, the Chern class of £ in the
syntomic cohomology H%(Xsyn,SL) [FM] is sent to the Chern class of £ in
H%(X+,Z/p"Z(1)) by the composite map H?(X syn, S7) — H?(X, s1%8(r)) —
H2( (X3, Z/p™Z(1)).

6. — Conjecture of Fontaine—Jannsen
In this section we prove Thm. (1.2). The following is the logarithmic version
of the method in [KM] in which the good reduction case was considered. Let

X be a proper scheme over A with semi—stable reduction. Let

V™ =HH{ X5 Qp), D™ =Q@LimH™((Y,My)/(Wa, Wa(L))),

where My is the inverse image on Y of the canonical log structure M on
X (2.6).

(6.1). — We define a canonical B,~lincar homomorphism
(6.1.1) Bsi g, V" — Bu @, D™

for m < p—1, which is compatible with the action of Gal()/K) and with the
frobenius ¢ and the monodromy operator A”. The canonical homomorphism
SIB(r) — jI0%(r) C j1°8(0) induces

H™ (X, 808(r)) — H™(Xn, M) /Wa)7="
where = p” means the part on which the frobenius acts by p”. By (4.1) and

(5.5), we obtain by taking @ & lim,

n
V™ (r) — (B @ D™ W=0.9=p"  form<r<p—1.
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By tensoring with Q,(—r) and using the canonical map B} @ Q,(—r) — B,
we obtain
V™ —s (B, ® D™V=0e=L,

For a fixed m such that m < p — 1, this map is independent of the choice of
r such that m < r < p— 1. This defines the desired homomorphism (6.1.1).

(6.2). — Assume X is geometrically connected and of dimension d. Then

we have trace maps
Vzd S Qp(_d) ’
K o, D 2 KX /) 5 K

In the latter isomorphism, by replacing A" by a finite extension which is Galois

over I{y and by taking the Gal(K/ K, )-invariant part, we obtain the trace map
D% =5 K

(this isomorphism also follows from the Poincaré duality of the de Rham-—
Witt complex W,wy proved in Hyodo [H2] and the isomorphism D™ =
Q ® lim H™(Y, Whwy)).

n

Assume 2d < p — 1. Then the following diagram is commutative.

By @Qp Vi Bsi(_d) = B

by (6.1.1)1 l id

Bst ®Ku Dzd — Bst .

Indeed, this follows from the compatibility (5.6.4) with the Chern class of line
bundles (cf. [FM] §6.3).

(6.3). — We prove that the homomorphism (6.1.1) is an isomorphism if
2dim(X ) < p—1. We may assume X is geometrically connected and m < 2d
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where d = dim({X ). Consider the commutative diagram

B,@V"xBu® yid-m B, ® yad B,

1 J

B,@D™x B,,@D* ™ — B,®D*=~B,,

induced by cup products. The Poincaré duality shows that the horizontal
pairings are perfect pairings of free By;—meodules of finite ranks. From this, we
see that the map (6.1.1) is an injection and its image is a By, ~direct summand.
Since

dimg, (V™) = dim g (HFR( Xk /K)) = dimg, (D™),
we have the surjectivity of (6.1.1).

(6.4). — We show that the isomorphism
(6.4.1) Bpr@q, V™ -5 Bpr @k Hpp(Xk [K)

induced by (6.1.1) prescrves the filtrations. We prove first :

(6.4.2). — The isomorphism (6.4.1) sends fil® of the left hand side into fil!
of the right hand side for any i € Z.

It suffices to prove this for one choice of 7, and so take ¢t = r with m < r <

p—1. Our task is to show that the image of lim H™({X,, si°8(r)) = Bpr@HTR

n
n

is contained in fi{”. This will follow if we show that the map

(6.4.3) lim H™ (X, M,,}/W,)) — Bpr® Hpp

—
n

sends the image of lim H™(((X o, Mn)/Wo)erys, J%] W ) into fil”. In [KM],

it is proved that for any proper syntomic scheme X over 4 with smooth
generic fiber, we have a canonical isomorphism

. miir {r]
Q@lim H™(Xn/Wr)erys s Ox. yw. /I

.,/W“) > (Bpr R HE (X i [K))/ fil"

T
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(here all things are without log structures). In the situation of this section,

the same method shows that there is an isomorphism

Q ®41i_mHnl(((Tn:Mn)/Wﬂ)cry3’ OYnIW“/J%]“/W")

n

= (BER ® Hpp( Xk /K))/ fil”

which is compatible with (6.4.3). Thus we obtain (6.4.2).
Once we have (6.4.2), the fact that (6.4.1) is an isomorphism of filtrations

is reduced to the injectivity of the maps
(6.4.4) gr'(Bpr ® V™) — gr'(Bpg ® D™)
induced by (6.4.1). Since gr'{Bpr) = C,(4), this map is rewritten as
(6.4.5) CHRV™ — P Cpli — ) @ H™ (X, ).
JEZ
The bijectivity of (6.4.4) is proved by using the Poincaré duality by the
argument as in (6.3).

(6.5). — By (6.4), we have proved the de Rham conjecture of Fontaine [Fol]
in the semi-stable reduction case under the assumption 2dim(Xg) < p -~ 1.
However this conjecture is already proved by Faltings [Fa2] with no such
assumption by a different method. We obtained in (6.4) (the bijectivity
of (6.4.4) with ¢ = 0) a new proof of the existence of the HodgeTate
decomposition ([Fal]) under the assumption of Thm. (1.2).
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