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Equiva r i an t cohomology wi th generalized 

coefficients 

S h r a w a n K u m a r a n d Michèle Vergne 

I n t r o d u c t i o n 

In the text of this article, definitions, propositions, theorems, lemmas, examples, 
corollaries are numerated in the same sequential order. Formulas follow an 
independent sequential order. 

Let G be a real Lie group with Lie algebra g and let M be a smooth manifold 
on which G acts. Let A(M) = Y,iAl{M) be the space of smooth differential 
forms on M and let Acpt(M) be the subspace of forms with compact support. 
Let us recall (Cartan ;[10]) that the G-equivariant de Rham complex of M is 
by définition the differential Z+-graded algebra 

AG(M) := (S(g') ® A(M)f 

endowed with the tensor product graded algebra structure (where éléments of 
g' are assigned degree 2) together with the equivariant de Rham differential 
dg of degree 1 (see section 2, Formula 5). Its cohomology denoted HQ(M) is 
called the G- equivariant de Rham cohomology of M. Alternatively, an élément 
& € AG(M) can be thought of as a differential forai a(X) on M depending 
polynomially on X G g, such that a is equivariant: 

a{g-X)=g.a(X), 

for ail g € G. 
The complex Aa(M) admits a subcomplex 

Acpt,G(M) :=(S(Qf)®Acpt(M))G, 

and its cohomology is called the G-equivariant de Rham cohomology with com­
pact support H*ptG(M). 

Sometimes, it is natural to consider the space AQ(M) of equivariant forms 
a(X) on M depending smoothly on X E g. The differential dQ extends to this 
space and the cohomology of the complex (AQ(M),dQ) is denoted by HQ{M). 

109 



S. KUMAR, M. VERGNE 

This cohomology HQ(M) is studied in the preceding article of this volume 
(notation difFers slightly from the ones used in the preceding article. In partic-
ular, the dual vector space of g is denoted here by g' instead of g*, the space 
denoted here by AQ(M) (resp. HQ(M)) was denoted by AQ{Q,M) (resp.by 
Wg)(g,M))). In some situations, it is also important to consider the space 
AQ°°(M) of equivariant forms depending in a generalized way on the variable 
X £ g (cf. section 2, Définition 3 for a précise définition). The differen-
tial dQ still has a meaning on AQ°°{M) and the cohomology of the complex 
(AG°(M),dg) is denoted by Hâ°°(M). ( The space AG°(M) and its coho­
mology HQ°°(M) were introduced in [12].) One similarly defines H~™G(M). 

When M is a point, HQ°°{point) is equal to the space G~°°(g)G of G-invariant 
generalized functions on g. There is a natural map HQ(M) —• HQ°°(M). 

If M is compact and G-oriented, intégration over M gives us a map from 
HQ°°(M) to G~°°(g)G. More generally if p : M —• B is a G-equivariant fibra-
tion, with G-oriented fibers, then there is defined an intégration along the fiber 
mau 

p. : HI?G(M) -> H£>G{B) 

(cf. Formula 8). 
If M is non compact, and if a(X) is an equivariant form on M depending 

smoothly on X G g, the intégral of a(X) over M may sometimes exist in a 
generalized sensé: after integrating a(X) against a test function $ on the Lie 
algebra g, the form (a, $) := / a(X)$(X)dX may become integrable over M 
and we can define fMa € C~°°(g)G by 

JM 
o ,O = 

JM 
a,O, 

Many important examples of generalized functions on g arise this way. For 
instance, characters of représentations of G attached to a generic coadjoint 
orbit M are given by the intégral of an equivariant form over M (see [21], 
[12]). If G is compact, the formula of [20] for the index of a G-transversally 
elliptic operator D on a compact G-manifold B is given by the intégration (in 
the generalized sensé) over M = T*B of a G-equivariant form a(a)(X) on M 
(depending smoothly on X G g) attached to the symbol a of D. 

It will thus be useful to understand the space HQ°°(M). The aim of this 
article is to start a systematic study of the cohomology space HQ°°(M) . 

Now we describe some of the results we prove in this article. 
We first prove (in section 2) that for a G-equivariant real vector bundle 

p : V —» B, the canonical pull-back map p* : HQ°°(B) —y HQ°°(V) is an 
isomorphism (cf. Proposition 8). In particular, for a real représentation V of 
G, HQ°°(V) = C~°°(g)G. Similarly, we prove the Thom isomorphism; asserting 
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that if G is compact and the fibers of p are G-oriented, then the intégration 
along the fiber map 

IndG/K}0 : Aj^M) - ^°°(G XJF M) 

is an isomorphism (cf. Proposition 11). 
Let K C G be a closed subgroup . Let \ = XG/K ' K —» {±1} be the 

character of K defined by %(&) = signdetQ/tk, for ail k € K . Let M be a 
Jlf-manifold and let H^(M) be the cohomology of the complex 

IndG/K}0 : Aj^M) - ^°°(G XJF M) DE, W 

(cf. Définition 49). Fix an orientation o on g/É. Consider the space G XK M, 
fibered over G/K with fiber M. In section 5, we define a cochain map 

IndG/K}0 : Aj^M) - ^ ° ° ( G XJF M ) 

(cf. Proposition 50) and prove that if K is compact, IndG/K,o induces an 
isomorphism in cohomology (cf. Theorem 52). This is one of the central results 
of this article. The proof of this result relies on a study of the homology of 
the perturbed Koszul complexes defined in sections 3 and 4. This technique 
is already used in [13] for the study of G-equivariant cohomology with smooth 
coefficients. 

Taking M = point, we get the isomorphism 

C-°°(t)x £ HQ°°(G/K) 

where C-°°(t)* := {/ G C'°°(l); k-f = *(*) / , for ail k G K}. 
The explicit description of the isomorphism (cf. Proposition 43) indicates 

the analogy between fG/K Indo/K^f and characters of induced représentations 
(cf. Proposition 44). 

Recall [13] that H£(G/K) is canonically isomorphic to C°°(t)K. We déter­
mine the canonical map 

C°°(t)K £ H£(G/K) C-°°(t)x £ Hë°°(G/K), 

coming from the natural map HG(G/K) —• HQ°°(G/K), in Proposition 53. 
From now on in the introduction, the notation K will be reserved to dénote 

a compact connected Lie group with maximal torus T and Weyl group W. The 
Lie algebras of K, T are denoted by t, t respectively. 

In section 6, we prove a Kùnneth theorem: Let D be a compact Jf-manifold 
such that HK(D) is free over H K (point) (e.g. D = K/U', for a closed subgroup 
U C K of the same rank, cf. Lemma 65). Then, for any if-manifold M, the 
canonical Kùnneth map 

m"00 : HK(D) ®HMt) HZ°°(M) -> HZ°°(D x M) 
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is an isomorphism (cf. Theorem 61). In fact Theorem 61 is true without the 
assumption on K to be connected, but then we need to add the assumption 
that the évaluation map HK(D) —+ H(D) is surjective. In particular for any 
such Z), taking M to be a point, we get 

HJTiD) * C-°°{t)K ®S{V)K HK(D) 

(cf. Corollary 64). 
Using Kùnneth theorem and the Induction isomorphism, we obtain in Propo­

sition 66 an extension of Chevalley's theorem. Let C~°°(t)f be the space of ail 
the generalized W-anti-invariant functions on t. Then the multiplication of 
generalized functions on t by polynomial functions induces an isomorphism 

c-°°(ty ®smw s(t) s c - ~ ( t ) . 

By the same technique, we obtain the Réduction Theorem asserting that for 
any if-manifold M, we have a canonical isomorphism 

IndG/K}0 : Aj^M) - °(G XJF M) 

where Hf°°(M)w refers to the W-invariants under the canonical action of W 
on HT°°(M) (cf. Theorem 74). The proof of this réduction theorem is inspired 
by the proof of Theorem 4.2 in Atiyah [1], 

Again combining the Kùnneth theorem and the Induction isomorphism, we 
obtain an isomorphism of Hi (/wm/)-modules 

HL{point) ®HK{POINT) HK°°(M) &Ê HZ£ (M), 

for any closed subgroup L C K of the same rank and any A'-manifold M (cf. 
Theorem 70). In particular, taking M = K/U (for any closed subgroup U of 
K), we obtain 

Hi~ {KIU) S S(f)L ®s(t<)* ( C - ° ° ( u ) ^ ) . 

If M is a T-manifold, we give a homology spectral séquence (in section 10) 
with 

E2p=Torf \C-°°(t),HT(M)) 

converging to the cohomology H^°°(M)^ where S(t') acts by multiplication on 
C~°°(t) (cf. Theorem 102). We show that this spectral séquence dégénérâtes 
at the £'2-term for any homogeneous space M = K/U (U any closed subgroup 
of K) (cf. Proposition 106). 

In section 9, we study free actions. Let P be a principal G-bundle (for any 
Lie group G) and let q : P —• P/G be the quotient map. Assume that the fibers 
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of q admit a G-orientation o. Then we prove (cf. Theorem 89) that HQ°°(P) is 
a free module over HG(P) — H(P/G) with a generator j0. We détermine this 
generator explicitly (cf. Proposition 80). Consider, for example, the free action 
of T on P = K by right translations. Then the space Hf°°(P) is a vector space 
of dimension \W\ over R . We use the description of H^°°(K) to conclude that 
the canonical map H!j?(K) —> i/j°°(A^) is identically 0 (cf. Corollary 96). 

More generally, we consider the case of a manifold P with a right action of 
a Lie group G and where we assume that a normal closed subgroup N of G 
acts principally on P (cf Définition 75). In addition, assume that the principal 
iV-bundle qN : P —• P/N admits a G-invariant connection and that the fibers 
of gjv admit a G-orientation o. We then construct a map 

m0 : H-rN(P/N) -+ F ^ ( P ) , 

and show that m0 is an isomorphism if G is compact (cf. Theorem 91). 
In section 11, we prove a Localization theorem for any compact oriented 

T-manifold M. We first need to take a T-equivariant embedding of M in a 
représentation space V of T. This gives rise to a certain non-zero polynomial 
P G S(i'). Now we détermine 

P(X) 
JM 

a{X) e c -~ ( t ) , 

for any a G Hf°°(M), in terms of the restriction of a to MT and of the 
equivariant Euler class of the normal bundle of the submanifold MT C M (cf. 
Theorem 107). One striking différence from the smooth case is that it is possible 
to have fMa(X) ^ 0, for a G H^°°(M), even though MT may be empty. In 
fact, we prove that JK : H^°°(K) —> C~°°(i) is injective, where T acts on K by 
right multiplication (cf. Proposition 95, section 9). 

Finally in the appendix, we prove that if M is a paracompact manifold, 
then the de Rham differential d admits a continuous splitting on the space of 
exact differential forms on M. This resuit seems to be new and interesting on 
its own. In a similar way, we prove that the equivariant de Rham differential d% 
for the action of a compact Lie group G on a paracompact manifold M admits a 
continuous splitting. We were motivated to prove this resuit, as this enables us 
to obtain the spectral séquence of section 10 for any paracompact T-manifold. 
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1 Notation 

By a manifold M, we shall always mean a paracompact C°° real manifold with-
out boundary (unless otherwise stated). We dénote by C°°(M) the space of 
C°°- (real-valued) functions on M. We dénote by C~°°(M) the space of gener-
alized (real-valued) functions on M. By définition, C~°°(M) is the continuous 
dual of the space of smooth compactly supported densities on M under the 
C°°-topology. The space C°°(M) is canonically a subspace of C~°°(M) and 
C-°°(M) is a module over C°°(M). 

We dénote the space of smooth differential forms on M (with real coeffi­
cients) by A*(M). We dénote the subspace of compactly supported differential 
forms by A*cpi(M). The exterior derivative is denoted by rfM or simply by d. If 
f is a vector field on M, we dénote by /(£) : A*(M) —• A*"1 (M) the contraction 
by the vector field £. We dénote by £(£) : A*(M) —• A*(M) the Lie derivative 
action of £. The operators c/, /,(£), £(£) on A(M) satisfy the Cartan relation : 

(i) rf*(0 + '-(Orf = A O -

If M is oriented, for a G Acpt(M) = 0 ? i ™ M ^ ( M ) , we note jMa the 
intégral of the component of a in Afp™M(M). 

Let G be a real Lie group. By a G-manifold, we mean a manifold on which 
G acts smoothly. Let g be the Lie algebra of G. If X G 0, we dénote by XM 
(or simply X, if no confusion is likely) the vector field on M such that 

(XM • <p){x) = ^<p({exp-eX)x)\e=Q 

for (p G C°°(M), x G M. 
Unless otherwise stated, vector spaces are over R , and the dual Hom^V, R ) 

of a vector space V is denoted by V. If E\ 1 < i < n is a basis of a n-
dimensional vector space V', E{ dénotes the dual basis of V. 

Tensor products without subscripts will mean over EL Unless otherwise 
indicated, cohomology of a manifold is taken to be the de Rham cohomology 
(with real coefficients). 

In this article, Z/2-graded objects will carry a superscript #, while Z-graded 
objects will carry a superscript *. A vector space with a Z/2-grading will often 
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be called a superspace. In defining actions on the tensor product V ® W of 
two Z/2-graded vector spaces V, W, we will respect usual rules of signs. For 
example, an odd endomorphism A of the Z/2-graded vector space W is extended 
to an endomorphism still denoted by A of V (g) W by defining 

(2) A(v ®w) = v® Aw if v e Veven ,weW. 

(3) A(v (g) w) = -v (g) Aw \îv € Vodd , w G W. 

Any Z-graded object G* can of course be thought of as a Z/2-graded object 
G* by defining 

CEVEN 
nez 

c2n, coda 
nez 

£*2n+l 

Lie algebra of any real Lie group will be denoted by the same lower case 
German letter. 

If a group G acts on a set E, we dénote by EG the subset of invariants. 

2 G-equivar iant c o h o m o l o g y w i t h genera l i zed 
coeff ic ients - B as i c déf in i t ions 

Let G be a Lie group and let M be a G-manifold. Let us recall the définition 
of the G-equivariant de Rham cohomology HQ(M) of M: 

Let S(g') be the symmetric algebra of g' . Consider the Z+-graded space 
S(g') (g) A(M), where the degree of an élément P ® a, P G Sp(g'), a G Aq(M) 
is defined by 
(4) deg(P ® a) = 2p + q. 

We refer to this degree as being the total degree. 
Let El be a basis of g and let E{ G g' be the dual basis. Define the operator 

dQ of degree 1 on S (g1) (g) A(M) by: 

d^(P® a) = P®dMa-
i 

EiP ® i{E{M)a 

for P G S(g'),a G A(M). This expression is independent of the choice of the 
basis E\ as the élément Ei®El G g'®g is the canonical élément / G End(g), 
where I is the identity élément of End(g). 

We often will identify S(g') with the space of polynomial functions on g. 
Writing X G g as X = Y<xiE\ we identify E{ with the linear coordinate 
function An élément a of the space 5(g') (g) A(M) can be viewed as a 
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polynomial map X i-> a(X) from g to A(M) and then the operator dQ is given 
by the formula: 

(5) (dsa)(X) = dM(a(X)) - c(XM)(a(X)) 

or by 
(6) (dga)(X) = dM(a(X)) -

di 
d i t ( E i m x ^ E ^ X ) ) . 

Consider the action of G on .S^g') induced from the adjoint représentation of G 
on g and the action of G on A(M) induced from the action of G on M. Let 

AG(M) := (S(g') ® A(M))G 

be the space of G-invariants in S (g') ® A(M). In other words, an élément a 
of AG(M) is an equivariant polynomial map (i.e.a(g • X) = g • (a(X))) from g 
to A(M). The operator dg commutes with the tensor product action of G on 
S(g') ® -4(M), thus dg préserves AG(M). The Cartan relation (1) 

C(XM) = di(XM) + i(XM)d 

implies (dga)(X) = -C(XM)(a(X)). Thus(dga)(X) = 0 for a G A; (M) and 
thus (AG(M),dg) is a complex. 

Définition 1 Define: 

ZG(M) = {aeAG(M),dea = 0}, 

BG{M) = {a 6 ^ G ( M ) , a = dG/S,forsome/8 € ^ G ( M ) } 

and 
HG(M) = ZG(M)/BG(M). 

The space HG(M) is called the G-equivariant de Rham cohomology of M. 
The cohomology HG(M) inherits the Z+-grading from w4^(M). The graded 
algebra 5(g')G of invariant polynomial functions on g acts by multiplication 
on AG(M). This action commutes with the differential rf0. Thus HQ(M) is a 
Z-graded 5(g')G-module. 

In particular for G reduced to the identity élément, the space ZG{M) C 
A(M) is the subspace Z(M) of closed differential forms on M, the space 
BG(M) C A(M) is the space B(M) of exact differential forms and HG(M) 
is the usual de Rham cohomology H*(M) with real coefficients. 

If K is a closed subgroup of G, the restriction to t of a function defined on 
g induces a map from HQ(M) to H*K(M). In particular, évaluation at 0 G g: 
a \-+ a(0) induces a map from HG(M) to H*(M). 
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The complex AG{M) lias a subcomplex 

AcPt,a{M) := (S(g') ® Acpt{M))G. 

The compactly supportée! G-equivariant de Rham cohomology H*ptG(M) of 
M is defined as the cohomology of the complex {A*cptG, d0). 

We may also consider the space C°°(g, A{M)) of C°°-maps from g to A(M). 
The group G acts naturally on C°°(g, A(M)). The operator c?0 is defined by the 
same formula (5) on C°°(g, A(M)). The space C°°(g, ^4(M)) has a Z/2-grading 
given by parity of differential forms. The operator d$ is an odd operator on this 
superspace. However it is impossible to define a Z+-grading on C°°(g, A(M)), 
such that dQ would be of degree 1. 

We dénote by 
A?(M) = C~(Q,A(M))C\ 

the space of G-equivariant C°° maps from g to A(M). The Cartan relation 
implies again ^ = 0 on AG(M). 

Définition 2 Define: 

Z%(M) = {aeA%(M),d9a = 0}. 

B%(M) = {a G A%(M),a = dg(3 for some/? G AG(M)} 

and 
H£(M) = Z£(M)/B%{M). 

Introduce (as in [12]) the space C"°°(g, A(M)) of generalized functions on g 
with values in the space A(M). This is, by définition, the space of continuous R-
linear maps Hom(P(g), A(M)) from the space of smooth compactly supported 
densities ^(g) on g to the space A(M), where ^(g) and A(M) are both endowed 
with the C°°-topologies. Thus, if a is an élément of C~°°(g, A(M)) and if $ is a 
smooth compactly supported density on g, then (a, 3>) is a differential form on 
M denoted by / a(X)d$(X). A compactly supported C°° density on g will be 
called a test density (on g). A compactly supported C°° function on g will be 
called a test function. We write dM for the operator on C"°°(g, A(M)) defined 
by 

(dMa,$) =r/M(rv,$), for $ a test density, 

and / for the operator defined by 

(a,O) = 

i 

(dga)(X) (axO) 

Then define the operator dQ on C 00 9,A(M))by 

dg(\ — dMa — ta. 

117 



S. KUMAR, M. VERGNE 

Observe that for a G Cco(g,A(M)) C C~°°(g,A{M)), the operator d2 coïn­
cides with the operator d2 introduced above. We thus will also write informally 

(dga)(X) = dM(a(X)) -
i 

xAE'MaiX)) 

for aeC-°°(g,A(M)). 
The group G acts naturally on G~°°(g, A{M))\ 

(par,*) = g-(a,g 1 • 

It can be easily seen that the operators d and i commute with the action of G. 
Define 

AG00(M) = C-00(g,A(M))G 

as the space of G -equivariant C~°°-maps from g to A(M). An élément of the 
space AQ°°(M) will be called a G- equivariant form with generalized coefficients, 
or simply an equivariant form. If $ is a test function on g, we dénote by $9 
the function <&9(X) = $(gX). Let dX be an Euclidean measure on g. For 
Of G AG°°(M) and g G G , we have 

(7 ) |det9(tf)|( 
e 

a(X)V(X)dX) = g'1 
e 

a(X)9(X)dX). 

The operator ds préserves AG°°(M) and the Cartan relation (1) implies 
again d\ = 0 on AG°°(M). 

Définition 3 Define: 

ZG°°(M) = {ae AG°°(M),daa = 0}, 

BG°°(M) = {ae AG°°(M), a = de(3 forsome/? G AG°°(M)} 

and 
HG°°(M) = ZG°°{M)/BG°°{M). 

An equivariant form in Z^°°(M) (resp. BG°°(M)) is said to be closed (resp. 
exact). 

Observe that the parity of the exterior degree on A(M) induces a Z/2-degree 
on the preceding spaces. We dénote them by 

Za°°(M); BG°°(M)\ HG°°(M)*. 

The ring S(g')G of invariant polynomial functions on g acts by multiplication 
on AG°°(M). This action commutes with the differential dQ. Thus jy^°°(M)* 
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is a S(g')G-module. In fact HG°°(M) is a module for Hg>(M) under left multi­
plication. 

If M is a point, then, from the définition, it is clear that Hc(point) — 5(g')G, 
Hg(point) = G°°(g)G and HG°°(point) = G-°°(g)G. 

There is a natural map 

HS(M) - Ha°°(M). 

Define similarly (A~p™G(M),dg) as the subcomplex of (AG°°(M),dg), con-
sisting of ail a G AG°°(M) such that (a, $) G Acpt(M), for ail test densities $, 
and define H~p^G(M) as the cohomology of this subcomplex. 

If (j) : N —• M is a G- equivariant map between two G-manifolds, then the 
pull-back of differential forms induces a cochain map 

O : (A<P : Hâ°°(M) ^ Hâ°°(N), dn, 

in particular a map in cohomology (again denoted by) 

<P : Hâ°°(M) ^ Hâ°°(N). 

Thus the correspondence M i—• HG°°(M) is a contravariant functor from the 
category of G-manifolds and G-equivariant maps to the category of Z/2-graded 
5(g,)G-modules. 

Similarly the correspondence M i-> H~p™G(M) is a contravariant functor 
from the category of G-manifolds and G-equivariant proper maps to the cate­
gory of Z/2-graded 5(g,)G-modules. 

Définition 4 Let p : M —• B be a G-equivariant fibration of G-manifolds. 
Then the map p is said to have G-oriented fibers if the fibers of p are oriented 
with an orientation varying continuously and if the G-action on M préserves 
the orientation of ail the fibers. 

If p : V —> B is a G-equivariant real vector bundle and if p has G-oriented 
fibers, we will just say that the vector bundle V is G-oriented. We say that a 
G-manifold B is G-oriented if the tangent bundle of B is G-oriented. 

If M is G-oriented, intégration over M defines a map fM from A~p™G(M) to 
G-°°fp)G: 

'M 
os$) := 

IM 
n,nO for any test density $ on g. 

This map induces a map from HCJ™G(M) to G~°°(g)G. 
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If p : M —* B is a G-equivariant fibration of G-manifolds with G-oriented 
fibers, then the intégration over the fibers gives a cochain map denoted by fM/B 
or by p . from A£G{M) to A^G(B): 

(8 ) 
JM/B 

a,*) := 
/ M / J E 

(a,O), for any test density $ on g. 

In particular, we get an induced map in cohomology (again denoted by) or 
IM/B (depending on the choice of a G-orientation): 

p . : H £ a ( M ) ^ H H c p t G £ a { B ) . 

Similarly if, in addition, p is a proper map, we get the intégration map 

IK : HG°°(M) - HG°°(B). 

Observe that if a € H™G{M),P G HG°°(B), then a Ap*(3 G H~^G(M) and we 
have 

(9) p*(a Ap*(3) = p*a A /?. 

(Our sign convention for p* is as in [3], chapter 1.) 
If £ —• M is a G-equivariant real vector bundle, we introduce the manifold 

M s'. An élément of Me is a couple (m, o), where m G M and o is an orientation 
of the fiber £m. Then M s has a canonical G-manifold structure. Define a G-
equivariant diffeomorphism of Ms by e(m, o) — (m, —o). As in section 5 of [13], 
we may also consider the £-twisted cohomology group HG(M)S, which is by 
définition the cohomology of the complex 

AG(M)e := {a G AG(MS);e-a = -a}. 

We define similarly the £-twisted groups H^°°(M)e and H^G(M)e. If p : 
M —* B is a G-equi variant fibration with vertical tangent bundle V, then we 
get the intégration map 

P* : H%°a(M)v - H^G(B). 

If TM —• M is the tangent bundle, the manifold MTM is denoted by MU 
the TM-twisted group HG(M)TM is denoted by HG{M)T and the compactly 
supported twisted group by HCPT,G{M)T. If M is G-oriented, the space HG(M)T 

is canonically isomorphic with HG(M). In gênerai HG(M)T is a module over 
HG(M). Taking the fibration p : M —• point, we get 

p = 
' M 

: Hcptn(M)t - S(g')G 
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even if M is not oriented. We thus can form the bilinear map (, ) : HG(M) X 
Hcpt,G{M)t -» S(g')G defined by: for a G HG{M) and p G Hcpt>G(M)t 

(a,B) = 
M 

a/3. 

If G = e, the bilinear form above (over M) is non-degenerate. For lack of 
référence we include a proof of the following proposition. 

Proposition 5 Let G be a compact Lie group and let M be a G-manifold. If 
the évaluation map HQ(M) —> H (M) is surjective, then 

1. the évaluation map HCPTIG{M)t —• Hcpt(M)t is surjective 

2. the spaces HQ(M) and HCPTIG(M)T are free modxdes over S(g')G 

3. if M is compact, the bilinear form (.,.) induces an isomorphism ofHG(M)t 

with Homsigl)G(HG(M),S(e,)G)' 

Remark 6 Let G be a compact connected Lie group and let M be a G-manifold 
such that HG(M) is a free HG(point)-module. Then the Eilenberg-Moore spec­
tral séquence (see [16], chapter 3, section 1) dégénérâtes at the E2-term. In 
particular, the évaluation map HG(M) —> H (M) is surjective. Observe that the 
assumption that G is connected ca,n not be dropped here. Consider for example 
G = 0(3) and M = 0(3) /0(2) . 

Proof: Let n = dimM. For a G S(g') ® A(M) we define the exterior degree 
of a to be the smallest integer k such <P : Hâ°°(M) ^ Hâ°°(N io Ai M)) and we 

write a = £?=0 <*w with cvw G S(g') ® A\M). 
Let us prove (1). As HG{M) surjects on H(M) under évaluation at 0, the 

group G acts trivially on H(M) and (by Poincaré duality) also on Hcpt(M)t. 
Let [a] G Hcpt(M)t and let a be an élément of ZCPT(M)f representing the 
(G-invariant) cohomology class [a]. Assume a to be homogeneous. Let à be a 
homogeneous (for the total degree given by formula 4) élément of Acpt,G{M)t := 
(5(g') ® Acpt(M)t)G such that â(0) = a. Let j3 = dQâ. As da = 0, /?(0) = 0. 
Let k be the exterior degree of (3. Let v G ZG(M) be homogeneous of total 
degree (n — k). Since v is rfg-closed, 

(a, B)= 
'M 

ls d= 
M 

ï(deà) = 0. 

As only the terms of exterior degree n of ï>(3 contribute to the intégral, we 
obtain that the polynomial (i>(0),/fy]) is 0. If (3[k] = E ^ i A , where P{ G S(g') 
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are linearly independent and G Ak(M), we obtain PI IM S= 0- Thus 
IM WS= 0 for ail homogeneous éléments v G ZG(M) of total degree n — k. 
Since the évaluation map HG(M) —• H (M) is surjective, this implies that 
Pi G Bcpt(M)t ( by Poincaré duality). Thus (i[k] G (S(g') ® Bcpt(M)t)G. As G is 
compact, we can choose = do; with homogeneous CJ G (S(g') ® ^4cp<(M)t)G 
of exterior degree (k — 1) and such that u(0) = 0. Thus 7 := à — UJ is still 
such that 7(0) = a and ^(7) is of exterior degree strictly less than A:. By 
induction on fc, we can construct a dg-closed form K such that K(0) = a. Thus 
the évaluation map at 0 gives a surjective map from HcptyG(M)t to Hcpt(M)t. 

Let us prove (2): Let xa be a homogeneous basis of H (M) over K. and let aa 
be any homogeneous éléments of ZG(M) such that [ofa(0)] = xa. Let us prove 
that the cohomology classes of the éléments aa form a System of generators 
for HG(M) over S(g')G. Let H C Z(M)G be the subspace generated by the 
éléments afl(0). We have Z(M) = H®B(M). Take a G ZG(M) (say of exterior 
degree £). Then 

«M G (S(g') <8> Z(M))G = 5(g')G ® H © (S(g') ® B(M))G. 

Arguing as in the proof of (1), we see that the cohomology class of a is congruent 
to an élément (3 + £« Paaa with Pa G 5(g;)G and /? G ZG(M) of exterior 
degree strictly less than By induction on A:, this proves that the equivariant 
cohomology classes of the éléments aa form a system of generators for HG(M). 
Let us prove that they are independent over S(g')G. Let (3 = £a Paaa G ZG(M) 
be such that /? is 0 in HG(M). Let & be the maximum of the exterior degrees 
of those aa's such that PA ^ 0. Then for every v G Zcpt}G(M)t homogeneous of 
total degree (n — k), the polynomial 

(0.v) = 
1A 

Pu 
IM 

>„(0))wI/(0) 

is equal to zéro. By (1) the évaluation map HcptiG(M)t —+ Hcpt(M)t is surjective. 
Thus the polynomial map Yldegxa=k PAXA from g to H(M) is identically 0. But 
the éléments xa being linearly independent, this implies that the éléments PA 
for which xa is of exterior degree k are identically 0. This is in contradiction 
with the définition of k. This prove that {aa} are linearly independent over 
S(g')G. One can similarly prove that Hcpt)G(M)t is a free module over S(g')G. 

Proceeding in a similar way and using Poincaré duality we can construct ( 
if M is compact) a basis ab G HG(M)t such that (aa,ab) = ôba. This proves 
(3). 1 

Définition 7 If Q is a continuous operator on A(M), we still dénote by Q the 
operator on G~°°(g,.4(M)) defined by 

(Q - a,9) = Q • (a,$), for ail test densities $ on g. 
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We will often write the above as (Qa)(X) = Q • (a(X)) and say that Q is 
the pointwise extension of Q to G~°°(g, A(M)). 

We start to compute the space HQ°° in some elementary situations. 
Let p : V —» B be a G-equivariant real vector bundle over B. Let i : B —• V 

be the inclusion from fî to V as the zéro section. 

Proposition 8 The canonical maps 

i* : Hâ°°(V) - HG°°(B) 

and 
p* : Hâ°°(B) - Hâ°°(y) 

are inverses to each other. In particular, both of them are isomorphisms. 

Proof: The proof is similar to the Poincaré lemma for the de Rham complex. 
Let TZ be the vertical Euler vector field on V. Extend the operator C(Tt) point­
wise to C"°°(gM(V)). Extend similarly the operator t(U) to C"°°(fl,.4(V)). 
As i(El)i(1Z) + i(1Z)i.(El) = 0, for ail i, Cartan relation implies 

C(TZ) = dulU) + i(n)dQ 

on G °°(g,^4(V)). As 7v commutes with the action of G, the operators C(TZ), 
iÇR) préserve AG°°(V). Let ht(v) = tv. Let (3 G A(V). Then h\(3 = 0 for t = 1, 
while hï/3 = p*i*3 for t = 0. We compute 

d 

d 
•h:0 = rlan)h:8. 

(As 7v vanishes at 0, the right hand side dépends smoothly on t G K). Clearly, 
the same relation persists for differential forms with parameters. Thus for 
0 G An°°(V), we have 

d -

dt 
h* 3 = t-LC(n)h*B = rlU(n)da + dai(n))h*fp. 

Define # : AG°°(V) -+ ^^°°(V) by 

H0 = 
ri 

1 
h*Mn)(3)t-\it. 

Then we obtain 

0 - V*Ï0 = 
d 

d 

d 

dt 
h*f3dt = (daH + Hda)3, 

for ail (3 G A^°°(V). Thus we see that p*i* = I in cohomology, where / is the 
identity operator. Of course, pi = / , in particular i*p* = I. This proves the 
proposition. | 

Considering the case of a vector space F , we have 
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Corollary 9 Let G be a Lie group and V be a finite dimensional real représen­
tation space for G, then 

Hô°°(V) = C-°°(gf. 

We now prove the Thom isomorphism for compactly supported cohomology 
of vector bundles. 

Définition 10 Let G be a compact Lie group and let p : V —* B be a G-
equivariant G-oriented vector bundle over a compact base B. 

An élément u G iîCpt,G(V) such that p*u = 1 in HG(B) will be called a Thom 
class. 

Given a G-orientation o on V, recall [18] that there exists a unique Thom class 
uQ G Hcpt^G(y)- Multiplication by uQ induces a map m0: m0(a) = uQ Ap*a 
from HQ{B) to H^GO?) and the map mQ is an isomorphism. Similarly, as 
uQ G HcptG(y)<> we can define the map mQ(a) = uQ Ap*a from HQ°°(B) to 
H ept.G (V) 

Proposition 11 . Let G be a compact Lie group and let V —• B be a G-
equivariant G-oriented real vector bundle over a compact base B. Then the 
maps 

m0 : Hâ°°(B) - JT^0(V) 

and 

P* •• H£°G(V) - Hâ°°(B) 

are inverses to each other. In particular both of them are isomorphisms. 

Remark 12 In the above proposition, we have assumed the base B to be com­
pact, just in order to simplify notation. If B is not necessarily compact, the 
same proof will lead to isomorphism of H~P™G(B) with H~p™G(V). It is also 
clear that a similar Thom isomorphism will hold between HQ°°(B) and the co­
homology H~cp^G(V) of the complex of equivariant forms on V with compact 
support along the fibers. 

Proof: The proof is similar to the proof of the Thom isomorphism in equiv­
ariant cohomology given in [19]. For a G A(V), we dénote by â the image of a 
under the automorphism x i—• — x of V. Let us consider the bundle V © V over 
B and let a(x, y) = (y, -x) be the automorphism of V© V. Dénote by vu t G R. 
the transformation 

at(x, y) = ((cos t)x + (sin t)y, — (sin t)x + (cos t)y) 
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of the fibers of V © V. Then cr0 is the identity, while 0V/2 is equal to a. Let 

s = 
d 

dt 

be the vector field on V © V induced by the group of transformations at. We 
have 

C(S) = di(S) + t(S)d 

on Acpt(V®V). 
Extending thèse transformations pointwise to C~°°(0, Acpt(V ®V)) (cf. Déf­

inition 7 ) we obtain the relation: 

C(S) = dst(S) + i(S)da 

on C °°(0,-4c^(V © V)). The transformations at commute with the action of 
G. Thus i(S) and C(S) préserve ^ ^ ( V © V). 

Define H : A^G(V © V) -> ^"~G(V © V) by 

Hv = 
rW2 

/O 
(o*ti(S)v)dt. 

We obtain, as in the proof of the preceding proposition (8) 

( T V - I / = (dgH + HdQ)v 

for any i / € ^ ~ G ( V 0 V ) . 
Let p,- : V © V —> V,i = 1,2 be the natural maps obtained by projections 

on the first or second component respectively. Consider a G A™tG(V) and 
P ^ ^4^G(V) . Then p*a A p*/? is a well defined élément of A££G(V © V). If 
a,/? are closed equivariant forms, then p\a Aplfi is closed and is in the same 
cohomology class as <r*(p*a A j ^ ) = pla A p\/3. Let us integrate over the 
fibers of p2. It is clear that (p2 Ap^/3) = p*(p*&)/3- Thus the equality in 
cohomology 

plaAplP^plaAplP 

implies (if N is the rank of V, and \a\ G {0,1} is the parity of a): 

P*(p*a) A (3 = ( - 1 ) ^ H - D a A f{p,(3) 

in cohomology. In particular let a = uQ be the equivariant Thom class of 
V —• B, which is of parity N. We obtain the relation 

0 9ÊuoAp*p*P 

in Hcp™G(V). Thus, we see that m0p* = I in cohomology. Of course p*m0 = J. 
This proves the proposition. | 
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We finish this section by giving an example of a non-trivial closed equivariant 
form with generalized coefficients. 

We need a notation. 
Let V be a real vector space of dimension n. Let // be a non-zero élément 

in AnV. We dénote by \v'\~lbv the élément of C-°°(V) defined by 

(10) J \i/\'16v(X)9(X)dX = $(0), for any test function $ on V, 

where dX is the Euclidean density on V determined by v1. 
We dénote by 6Vf0 G C"°°(V) ® AnV the élément: 

(H) «V,o = {u'^ôy ® I/'. 

The élément 6yl0 dépends only on the orientation o of V determined by v'. 

Let G be a Lie group. Consider the action of G on itself by left translations. 
Let n = dimG. Fix an orientation o on g. Let // G Ang' be a positive élément. 
Let dg be the unique left invariant form of maximal degree on G such that 
(dg)e = 1/, where e is the identity élément of G. 

Lemma 13 The form 

aG,„(X):= W\-\(X)®\det9g\dg 

is a closed equivariant form on G, which dépends only on the choice of o. 

Proof: The form aG,G is equivariant, as g0 • d^'l"1^) = | det gtfoKI^'l"1^) and 
| det ç(gôlg)\ = | det0r/o|_1| det gg\. It is immédiate to see that aGi0 dépends 
only on o. As aGo is of maximal degree, daGo = 0. Also, as the generalized 
function | ̂ '|_1<$0 is annihilated by multiplication l>y ail the coordinates functions 
on g, we see that taG 0 = 0. | 
We will prove in section 5 that HG°°(G) = 

3 Koszul complexes 
Our main aim in sections 4 and 5 will be the study of the cohomology of 
"perturbed" Koszul complexes. Thus, in this section, we recall some well-known 
facts on Koszul complexes. 

Let V be a finite dimensional real vector space of dimension n with basis 
e \ l < i ^ n an(l (lual basis e{ G V. Let S(V) be the ring of polynomial 
functions on V. Let L be a 5(T//)-module. We still dénote by e{ the action 
of e{ G V on L. We dénote by /.(e*) : A*Vf —> A*~lV the contraction by the 
vector e1 G V. 
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Consider the space 
L <g> A*V 

which is Z+-graclecl by the exterior degree. On this space, the operator 

(12) h = 
n 

i=l 
et- ® t(el) 

is an operator of degree —1 and its square is zéro. We dénote by H(JL) the 
homology space of ji. It is a Z+-graded vector space. If L = S(V) (considered 
as a S(V')-module under multiplication), we dénote the operator ji by jy. We 
dénote: 

A* = S(V') <8 AV. 

The following proposition is basic 

Proposition 14 Consider the operator jy on A*. We have: 

1. Ifi>0,Hi(jv) = 0. 

2. Ifi = 0, the map </> H-» <p(0) from, A0 = S(V) to R induces an isomorphism 
from H0(jv) with R . 

Even though this proposition is well known, we give a proof as we will use the 
explicit homotopy given below in the rest of the article. 

Proof: We identify the space A* = S(V) ® A*V with the space of 
differential forms with polynomial coefficients on V. We write an élément x £V 
as x = Y,ixie\ so that e.{(x) = X{. If / = (/'i, z2,...,ik) is a multi-index: 
1 < il < - - < if, < 7t, we identify eix A e,-2 • • • A eik G AV with the &-form 
dxj = dxh dxi2 • • • dxik. 

Consider the partial derivative d1 in the direction of e1 G V. Let Ey be the 
Euler vector field Ey = Y,ixid%- We dénote the contraction operator i(el) on 
AV by /,*'. Thus 

iv = 
i 

Xil1 = i(Ey). 

We dénote by et the multiplication by Let dv = Y,idl ® ei be the de 
Rham differential on A*. Let Cy be the Euler operator on S(V) <g> AV given 
by the Lie derivative action of Ey. 

Cyifdx,: A • • • A dxu) = 
i 

Xidlf + kf)dxix A • • • A dxik, 

for / G S(V). 
Then, Cartan relation implies Cy = dyjy + jydy. 
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Consider the subcomplex Al of A* such that Aq = Ak, if k > 0, while 
A% = {<f> G 5(V),0(O) = 0}. The operator £y keeps Al stable and induces an 
invertible operator of degree 0 on A*Q. We can give an intégral formula for the 
inverse Fy of the Euler operator Cy: Define Fy on Al by 

1. If jdxj G Ak, k > 0, 

Fy(fdxj) = ( fl /(te)**-1*)**/. 
7o 

2. if / e Al 

Fvf = C f(tx)rldt. 

It is well defined as f(tx) vanishes for t = 0. 

It is immédiate to see that FyCycj) = </> for every (j) G Al. The operator 
Fy = £>yX commutes with jy and dy. 

Let /iv := Fydy, then, if 0 G Al, 

§ = (frvjv +jvhy)(j>. 

This formula clearly implies the proposition. | 
Let L, AT be two S^V^-modules. The tensor product space (over R ) L® N is 

given a structure of 5(Vr,)-module by defining the action of an élément / G V 
to be / • (m ® ri) = fm ®n — m® fn. 

Consider the operator JL®N °n L®N®AV. The homology space H0(JL<S>N) 

in degree 0 is the quotient of L ® N by the subspace spanned by éléments of the 
form fm ®n — m® fn, for / G V. This quotient is by définition L ®s(v) N: 

HO(JL®N) = L®S(v<) N. 

If N is a £(V")-module, dénote by N° the space N with the trivial action of V. 

Lemma 15 Let N be a S(V')-modtde. The operator R := exp£,<9* ® e,- gives 
an isomorphism of the S(V')-modide S(V')®N with the S(V')-modide S(V')® 
N°. 

Proof: It is sufficient to check this assertion when V is a 1-dimensional vector 
space, where it is checked easily. | 

Corollary 16 If L is a free S{V')-module, then L ® N is also free; hence 
Hi(jLm) = 0ifi>0. 
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Lemma 17 For any S(V)-modules L and N, the homology space of the oper­
ator JLteN on the complex 

L ® N ® A V 

is equal to the torsion group Tors(v'\L,N), i.e., 

Hi(jL0N)=Torf{v'\L,N). 

Proof: Let us consider the complex 

0 - S(V) ®N® AnV islv-FN • • • is(v-^N S(V) ®N®V 

h(V')<3>N S(V) ® N A N 0 

where the last map is the surjective map m : S(V) ® TV —• N : m(cf> ® n) = </>n. 
By the preceding corollary, this complex is exact. Furthermore if we endow the 
space 5( V ) ® N ® AV with the 5( V ) module structure S( V ) ® (N ® AV)0, 
the homomorphisms js(V)®N an(l m are 5(V)-module morphisms. Thus the 
complex above is a free resolution of N as a 5( V)-module. We may calculate the 
torsion group Tors(v'\L,N) using this resolution. The space L®S{v') S(V) ® 
(TV® A*V)° is isomorphic with L® AT® A*V. The operator I®s(v) (JS(V)®N) 

under this isomorphism becomes the operator JL®N- This proves the lemma. | 
We now introduce another vector space P considered as a parameter space. 

Let W = V © P. We write an élément tu G W as w = x + y, with x G V, y G P . 
Let us consider the space 

A00'* = C°°(W) ® A*V. 

The multiplication by the coordinate function Xi is an operator on C°°(W). 
Thus the operator jy := YJï=\ xi ® îs an operator of degree —1 on A00'* 
and (jï?)2 = 0. Let rP : C°°(W) -> C°°(P) be the restriction map. 

Proposition 18 Consider the operator jy on the complex A00'*. We have 

1. Ifi>0,Hi(j?) = 0. 

2. If i = 0, the map rP frorn A0 = C°°{W) to C°°(P) induces an isomor­
phism from H0(jï?) with C°°(P). 

Proof: The method of proof is identical to the proof of Proposition 14. For 
simplicity, we dénote jy by jy. Let 

(13) dv = d'® €,• 
i 
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be the partial de Rham differential in the direction of V on the complex A00'*. 
Let Cy be the Euler operator on A00'* with respect to the variables Xi, dx{\ 

Cv(fdxh A • • • A dxik) = (Y, Xid*f + kf)dxh A • • • A dxh 
i 

iîfec°°(W). 
Then, Cv = dyjv + jvdv-
Let A^* be the subcomplex of A°°'* defined by A™'k = if k > 0 and 

^ = { ^ C " ( ^ ) ; r ^ = 0}. 
The Euler operator £y induces an operator of degree 0 on AJ5°'*, which is 

invertible. Its inverse Fy is given explicitly by an intégral formula as in the 
proof of Proposition 14: 

Définition 19 Let us consider the operator Fy of degree 0 on A™'* defined by 

1- If fdxj^A^\ k>0, 

Fyifdxj) = ( I' / ( te + y)^dt)dxj. 
Jo 

2. iffeA?>\ 

* V / = F1 f(tx + y)r\it. 

It is well defined as / ( t e + y) vanishes for t = 0. 

The operator Fy commutes with dv, jv. It is easy to prove 

FyCy(F) — (F) 

for every 0 G A™'*. Thus if 
(14) hy = Fydy, 

<t> = (hyjy + jyhv)(j), for (j) G 

Thus hy is a homotopy for the complex A™'*. The existence of hv implies 
that the subcomplex A™'* is exact. This in turn implies the proposition. | 

Observe that if / G C™t(W) (g) AV is compactly supported, then Fy f is not 
necessarily compactly supported. 
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Remark 20 If a Lie group G acts linearly on V and P, the operator jy com­
mutes with the action of G. Thus (A00'*)0 is a subcomplex of A00'*. The ho-
motopy hy, that %ue have constructed above, commutes with the action of G. 
It results that the homology of the subcomplex (A°°'*)G of A°°J* exists only in 
degree 0 and in degree 0 is isomorphic to C°°(P)G. 

Now, consider the space: 

A~°°'* = C~°°(W) ® A*V. 

The operator jy°° is similarly defined on A~°°'*. The complex jy°° : A-00'* —» 
^-oo,*-i js cane(j the Koszul complex with C~00-coefficients (with the space P 
as a parameter space). 

Choose an orientation o on V. By Formula (11) of section 2, this détermines 
an élément <5v,o of C~°°(V) ®A,lV. If / G C'°°(P) is a generalized function on 
P , the product 6v,0{x)f(y) is in C-°°(W) ® AnV. 

It is easy to identify the homology of jy°° in top degree. 

Lemma 21 77?,e fcerneZ of jy°° on A~°°'n = C " 0 0 ^ ) ® AnV w eçuaZ to the 
space 6Vj0®C-°°(P). 

Proof: As XiSVi0(x) = 0 for ail i, the subspace ^ ( ^ « C - 0 0 ^ ) of C " 0 0 ^ ) ® 
AnV is in Ker(jy°°). Reciprocally if / ® i/ G C"00^) ® AnV is such that 
Jv°°(f ® = 0̂  we see that #,-/(# H- ;(/) = 0 for ail i. Thus / is the product 
of the 6- function on the transverse subspace V with a generalized function on 
P. i 

Proposition 22 We have 

1. Ifi^n, Hi(jyoo) = 0. 

2. Hn(JÏ°°) = 6v<o0C-°°(P) 

Remark 23 Let K be a compact group acting linearly on W and preserving the 
direct sum décomposition W = V©P. Thus the group K acts on A-00'* and the 
operator jy commutes with the action of K. Hence (A~°°'*)K is a subcomplex of 

Let x{k) := detv(k). Then, K being compact, x(&) = ±1 and moreover 
k • Sy0 = x(A;)ây>0. By averaging over K the équation a = jy°° (3, we see that 
the homology of the subcomplex (A~°°'*)h of A~°°>* is also equal to 0, except 
in top degree n, while m top degree Hn{(A~°°^)K) = 8Vo ® C~°°(P)X, where 
C-~(PY = {/ G C-~(P) ; fc • / = *(*) / , for ail k G A'}. ' 

131 



S. KUMAR, M. VERGNE 

We now give a proof of Proposition 22. 
Proof: Let us consider the subcomplex L* = C~fy(W) ® A*V of A"00*, 

where C~pfy(W) dénotes the space of generalized functions 4> on W, with sup­
port contained in a set of the form F © P where F is a compact subset of V ( 
F depending upon the generalized function 0) . 

Lemma 24 The inclusion L* —• A~°°'* induces an isomorphism in homology. 

Proof: Let us dénote the operator jy°° by jy. Choose a scalar product 
on V and an orthonormal basis el olV. Let e, G V be the dual basis and 
let us dénote by et the exterior multiplication by e, on AV. Let ey be the 
operator of degree +1 on A~°°>* defined by ey = J2ixi€i- It 1S easily verified 
that €yjy + jy€y = \x\2I. 

Let x be a smooth function on V such that x(x) = 1 f°r \x\ < 1/2 and x(x) = 
0 for \x\ > 1. Extend x to a smooth function on W by setting x(x + y) = x(x)-
The multiplication by the function x on commutes with . It sends A~°° 
to L. The function (1 - x ( ^ ) ) ( k | 2 ) - 1 is a C°° function on V, thus on VF. We 
write for 0 G C " 0 0 ^ ) ® AV 

0 = 00 + 01 

with 0o = X0 and 

01 = 
1 - Y(X) 

M 2 
i - x(x) 

\x\2 (JV€V + ^VJV)0. 

If = 0, both éléments (f)0 and 0i are annihilated by jy. Furthermore (j>i is 
in the image of jy. Thus each élément of H(A~°°) lias a représentative in the 
subcomplex L and hence the natural map H(L) —+ H(A~°°) is surjective. Now 
let 0 G L be such that 0 = jva with rv G A~°°. We can find a C°° function 
0 on W such that it is equal to 1 on the support of (f> and such that 0a G L. 
Thus 0 = 00 = jy(0a) and the homology class of 0 in # ( L ) is zéro. Thus the 
natural map H(L) —> H(A~°°) is injective. | 

If / <g> i/ G LN, i.e / G C-?°v(W0, we can define / ( / <g> i/) G C-°°(P) by 

IU®v')(v)<l>(v)dv = 
Jw 

f(x,y)Hy)dx(,y 

where dx is the positive density on V associated to v'. If l — 6V)0(x)g(y), then 
J(^) = g. We dénote by the subcomplex of L* such that LQ = L* iî k ^ n, 
while LQ = {0 G LN, 7(0) = 0 } . We will construct an explicit homotopy for 

on the subcomplex LQ. 

132 



EQUIVARIANT COHOMOLOGY WITH GENERALIZED COEFFICIENTS 

Consider the complex i?* = C™tP(W) ® A*V, where C~ P(W) dénotes 
the space of smooth functions on VF, with support contained in a set of the 
form V © F where F is a compact subset of P. Define the subcomplex RI by 
RQ := i?*, if k > 0, while i?Q : = {(f) G rP(f) = 0 } , where rF is the restriction 
map from C°°(W) to C°°(P). The operator Fy given in Définition 1 9 préserves 
i?Q. Thus the homotopy hy = Fydy of is also a homotopy for 

Let us choose a Lebesgue measure dy on P. The pairing (, ) between the 
complexes L* and i?n~* defined by 

(0dx7, /dxj) = / (j)(x + y)f(x + y)(dxT A dxj)dy 
Jw 

is a non degenerate pairing. The space LQ is the orthogonal of the subspace 
l®C^t{P) of functions on W constant in the x G V variables. Thus (, ) induces 
a non degenerate pairing between LQ and R%~*. 

The operator jy satisfies 

Uv<*,P) + (-l)M(<*JvP) = 0 

for a G L*,/? G RN~*. 
Thus we can transpose the homotopy for i?J and obtain a homotopy for LQ. 

More explicitly, define the operator Uy of degré 0 on LQ by 

(Uv<*,P) = (<*,Fv/3) 

for a G LJ , /3 G i?o~*- We extend the partial de Rham differential dy from A00'* 
to (again denoted by dy) by the same formula (13) . The operator dy 
also satisfies 

( 4 « , ^ ) + f - l ) H ( a , W ) = 0. 

Thus dyLn~l C LQ and is an operator of degree 1 on LQ. The operator 
Uy commutes with dv. Let kv = Uydy — dyUy. Then, for a G L0, j3 G JRO7 

(kva,P) + (-lp(a,hvp)=0. 

Thus, for a G L0, 
a = (kyjy +jyky)a 

as follows from the transpose relation /? = (hyjy + jyhy)f3. 
The complex LQ is thus exact and this implies the proposition. | 

Let us now consider a Lie group G with Lie algebra g. Recall the définition of 
the Koszul differential ci on the space T* = L®A*g/ calculating the cohomology 
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of a g-module L: For a € L® Apg'> cLa G L ® Ap+1g' is defined by 

(15) (cLa)(X1,...,Xp+i) = 

i 
(-l)i+1A:i.a(X1,...,Xi,...,X,+1) 

+ 
Kj 

(-l)i+1A:i.a(X1,...,Xi,...,X,+1) (-l)i+X1,...,Xi,...,X,+1) 

where are éléments of g. 
Consider i(X) : T* —> T*"1, the contraction by an élément X G g and £(^0 

the action of g by tensor product on T. It is not difficult to verify the relation 
C(X) = cii(X) + L(X)CL. The space Ag' acts by exterior multiplication on T 
and CL satisfies the Leibniz's rule: cjr(af ) = c(a)£ + (—l^ac/ ,^) , where c in 
this formula dénotes the Koszul differential of the complex Ag' (corresponding 
to the trivial one dimensional représentation L). 

Let K be a Lie subgroup of G. Assume that L is a (g, K)-module. Consider 
the subspace 

T*K = (L®A*(S/t)')K 

of L ® Ag'. From the relation C(X) = cit(X) + t(X)cL, it is easy to see that 
(T£, CL) is a subcomplex of (L ® A*g', CL). The cohomology of the subcomplex 
(T£, CL) is by définition the relative Lie algebra cohomology i/*(g, K, L) of the 
(g, 7T)-module L . 

Consider the algebra D(g) of differential operators on g with polynomial 
coefficients. Then the adjoint action of g on g détermines a Lie algebra homo-
morphism r from g into D(Q). If L is a D(g)-module, then L is a g-module, 
via the adjoint action. Furthermore, as D(Q) contains S(g'), the module L is a 
5(g')-module. 

Let e* be a basis of g, e; G g; the dual basis. We consider the élément 
n = E,-C-r(ei) OÎD(Q) 

Lemma 25 The élément Q G D(Q) is identically 0. 

Proof: For X G g, dénote by dx the constant coefficient vector field on g 
equal to X. The adjoint vector field r(el) is given by: r(el) = xjd[ei,ei] 
and hence 

n = -
1,7 

xixjd[ei}ej] 

which is equal to zéro, as the vector field — •xixjd[eiiej] 1S the vector field 
equal at the point X G g to [X, X] = 0. | 

Let L be a D(g)-module. Consider the space 

A* : = L ® Ag'. 

134 



EQUIVARIANT COHOMOLOGY WITH GENERALIZED COEFFICIENTS 

135 

As L is a S(g')-module, we can consider the operator j = jL : A* —• A*-1 given 
(as in Formula (12)) by j = e{ ® /.(e'). 

On the other hand, the g-module structure on L gives rise to the Koszul 
differential c : L* -> L*+1. 

Lemma 26 . Let L fce a D(g)-module. The operator j + c satisfies 

(j + c )2=0 

Proof: As j2 = 0, c2 = 0, we have to verify that je + cj = 0. We have, 
(setting t1 = ^(e1)) and using the Leibniz's rule: 

jc + cj = Ç(e,Vc + celV) = Y,ei(iic + cii) + Y,c(ei)ti = Ç et-£(e8") + Çc(e,-)t8'. 
t i t t t 

The action £(ez) is by the tensor product action r(el) ® I + I ® C\(el), where 
C\(el) is the action of g on A g' induced from the adjoint représentation. Thus, 
as J2i £iT{el) = 0 from the preceding lemma, it remains to see that J2i eî£\{e%)t> + 
^2ic(e{)t1^ = 0 for f G Agr. Writing ^ as a product of éléments a G g', it is 
sufficient to prove this relation for £ G g' where this is checked easily. | 
The spaces L = Cioo(g) have natural D(g)-module structures. Thus on L®Ag', 
the operators j and c are defined and satisfy (j + c)2 = 0. We will see in section 
5 that we obtain this example of perturbed Koszul complex when Computing 
the G-equivariant cohomology of a Lie group G provided with the free action 
of G on itself given by left translation. We compute the cohomology of slightly 
more complicated complexes in the next section. 

4 Induction of equivariant differential com­
plexes 

Let (A, d) be a differential complex, i.e. a Z/2-graded vector space over R , with 
a differential d of odd degree. We will assume that A is a Fréchet space and 
that d is continuous. (In most of the applications, A will be the space of smooth 
differential forms on a G-manifold M.) Let G be a Lie group acting on A. We 
assume that the action of G on A is differentiable. As in H.Cartan [10], we say 
that (A, d) is a G'-differential complex, if 

1. The action of G préserves the Z/2-grading and commutes with d. 

2. There are given continuous contraction operators i(X),X G g of odd de­
gree satisfying L(X)I(Y) + i.(Y)i(X) = 0 for ail X,Y G g and gt{X)g-1 = 
t(gX), for ail g e G, X G g. 
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3. The Lie derivative action C(X) of the action of G on A satisfies C(X) = 
di(X) + t(X)d, for ail X G g. 

If A is a G-differential complex, define the space AhorG of G-horizontal 
éléments to be 

AhorG = {a e A; i(Y)a = 0, for ail Y G g}. 

The space AbasG of G-basic éléments is by définition the space of éléments 
of A which are G-invariant and horizontal: 

AbasG = AfrorG. 

Remark that the differential d leaves the space A^G stable. 
Let (A, d) be a G-differential complex. We call (A, d) a G-differential algebra 

if, in addition, A has a Z/2-graded algebra structure satisfying the following: 

1. The action of any g G G on A is by algebra automorphisms. 

2. The operator d and the operators i(X),X G g, are odd dérivations of the 
algebra A. 

If G acts smoothly on a manifold M, then A9(M) = Aeven(M) © Aodd(M) 
is a G-differential algebra. If L is a differentiable G-module, the tensor product 
G-module L ® Ag' together with the Koszul differential CL and the contraction 
operators I ® i(X) is a G-differential complex. In particular, taking L to be 
the trivial one dimensional G-module, Ag' is a G-differential complex, in fact a 
G-differential algebra. 

The tensor product (over R) of two G-differential complexes is canonically 
a G-differential complex. Thus, for any G- differential complex A, we can form 
the G-differential complex A ® Ag'. We write an élément a G A ® Ag' as 

= ot[k] with a[k] G A® Ahg'. We dénote by r : A® Ag' —• A the projection 
of an élément a G A ® Ag' on its component a[0] °f exterior degree 0. 

Lemma 27 Le£ A be a G-differential complex. The map r : A® Ag' —> A 
induces an isomorphism from (A ® Ag')/torG A. 

Proof: For X G g, we dénote by £<(X) the tensor product contraction on 
A® Ag'. If a G (A®Ag')horG is such that a[0] = 0, it is easy to see by induction 
on the exterior degree that a = 0. Let us prove that r is surjective: Let E1 be a 
basis of g with dual basis E{ G g'. Dénote by e, the exterior multiplication by E{ 
on A®Ag' from the left. Let /i, = I—eiLt(El). It is easy to see that the operators 
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h{ commute with each other. In particular, the operator h = nt(^ ~~ eiLt(E1)) 
acting on A® Ag' is well defined, i.e. it does not dépend upon the order in which 
the product is taken. We verify : it(El)hi = 0,it(Ej)hi = hitt(Ej) for i ^ j . 
Thus h is a projector from A® Ag' to the set (A® Ag')/^^. If a G A = A® A°g'î 
the élément h(a) = a — ( — 1 £\ i(El)a ® E{-\ is a horizontal élément of 
A® Ag' with component of exterior degree 0 equal to a. Thus r is surjective. | 

Définition 28 The operator h := H^I — e^t(J5'1)) on A® Ag' is called the 
horizontal projection. 

By the preceding lemma, if a G A ® Ag', the élément h(a) is the unique hori­
zontal élément of A ® Ag' whose component of exterior degree 0 is a^. 

If (A,d^) is a G-differential complex, we can define the spaces A±OQ := 
C±00(g, A). We dénote both of them by A when there is no need to indicate 
precisely the smoothness properties of a function / : g —• A that we assume. 
The space A inherits a Z/2-graded structure from that of A. 

For any E G g, the contraction operator i(E) is extended to A pointwise: 

(i(E)f)(X) = .(£?)(/(*))• 

Similarly the differential dA is extended on A by 

(dAf)(X) = dA{f{X)). 

Thus we can define on A the operator 

'0 = Xii(E') 

i.e. (/0/)(X) = X)t. jr,-(/.(£;')/(-Y)) and the operator 

r/g = r/.4 - /,0. 

When g is understood, we will just write / for /g. If we take A = A(M), for 
a G-manifold M, then A±OQ was introduced in section 2 and dQ here coincides 
with the operator dg of section 2. 

Lemma 29 The operator- r/g is odd and satisfies d2 = 0 on 

Aï°° :=C±0o(a.A)G. 

More generally if x is a character of G trivial on its connected component, then 

Aï°° :=C±0o(a.A) C±ao(g,A)\de) 

is a complex, where 

C±oo(0, A)* := { / e C±oc(g,A) : g • f = X(g)f, for ail g € G}. 
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Proof: It is easy to see that i2 = 0. So to prove that d,2f = 0 for 
/ G A%™, it suffices to show that (dAi. + idA)f = 0. Now ((dAi + idA)f)(X) = 
J2ixi^A(El)(f(X)): where CA(El) is the Lie derivative action on A of the élé­
ment El G 0. The invariance condition on an élément / G C±00(g,A)x implies 
that £A(£ l ' ) ( /W) = j-J(X + e[E\X]). Thus, for / G C±OQ(g, A)X, we obtain 
in the notation of Lemma 25 (section 3) 

{{dAi + idA)f){X) = £ > r f / ( * + €lEi>XV = ExixAE>,Ei]f(X) = 0. 
a€ i,3 

I 
Let G be a Lie group and let A' be a closed subgroup of G. Let (A, dA) be 

a A'-differential complex. Let 

L±OG = C±OC(Q,A). 

As for A, we dénote both of thèse by L, when there is no need to indicate 
the précise smoothness assumption. The Z/2-graded structure on A induces 
a Z/2-structure on L. Consider on L the structure of G-module, defined by 
(g • f)(X) = /(g-1 • X), for / G C±oo(0,A). This structure of G-module of 
course induces a structure of 0-module on differentiation. Thus on L (g) Ag', we 
can define the Koszul differential c (associated to this 0-module structure on 
L). However, we take in account sign rules in defining c: c coincides with the 
Koszul differential cLeven (see Formula 15 of section 3) on Leven (g) A0;, while we 
define c = —cLodd on Lod(l ® Ag' . 

We extend the operator dA pointwise on L: (dAf)(X) = dA(f(X)). We still 
dénote by dA the operator dA ® / on L © A0;. 

Let El be a basis of 0. We extend the operator i\(El) to L ® A$ following 
the sign rules ( 2), (3) given in section 1. 

Consider the operator 
j = TxitA(El) 

on L® Ag'. 

Lemma 30 The operator r0 := dA + c + j .satisfies c2 — 0. 

Proof: The 0-module structure on L is induced from its D(g)-module struc­
ture via the adjoint représentation. It follows from Lemma 26 of section 3 that 
we have (c + j)2 — 0. Furthermore, as can l>e easily seen, we have (c + j)dA + 
dA(c + j)=0. | 

The space L is equipped with the operators still denoted by iA(E),E G É, 
defined pointwise by their action on A. 
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Total contraction operators Lt(Y),Y G É, are defined by the tensor product 
contraction on L ® Ag7. Let us consider the action of K on L by 

(k-f)(X) = k-f{k-'X) 

and the action on L ® Ag7 by tensor product. We dénote by Ct(Y),Y G 6, the 
corresponding infinitésimal action of Y G 6. 

We define (L ® A g 7 ) ^ = {a G L ® Ag7; ^ ( y ) a = 0, for ail y G t} . The 
subspace (L®Ag')IASK of /i-basic éléments is the subspace of éléments of L® Ag7 
which are horizontal and invariant under K: 

(L ® Ag')*,,* = ((L ® Ag!)horK)K. 

Lemma 31 The operators cA :— c + dA and j préserve the subspace of K-basic 
éléments. 

Proof: The operator j clearly préserves the space of horizontal éléments. It 
commutes with the action of A', thus it préserves the space of K basic éléments. 

Using the relation h(Y)cA + cAtt(Y) = Ct(Y), we see that the space of 
AT-basic éléments is stable under cA • I 

Définition 32 Let A be a K-differential complex. Define the induced complex 
IndçJ^A from K to G of the K-differential complex A to be the space 

Ind%fKA = (C±oo(0, A) ® A g V * 

with the differential c0 = c + dA + j . 

If (A,dA) = (R,0), then Inr/±~ R = (C±oo(0) ® A(g/£)7)A' with differential 
cg = c H-j, where c is the Koszul differential of the (g, A')-module C±00(g). 

Our aim is to compute the cohomology of the complex (Ind^KA,Cç) in 
terms of the cohomology of the complex (C±00(ê, A)K, 

The cohomology of the complex I'tid^KA is determined in [13]. Recall the 
resuit s: 

Theorem 33 The restriction map 

rt : C°°(g, A) ® Ag7 —> C°°(C, A) 

given by 
(rerv)(y) = cv(y) forrv G C°°(g, A), Y G t 

( i yv )=0 ifrYGC°°(g,A)®A^g' 

defines a cochain map frvm. (Ind^K(A),cg) to (C°°(t, A)A, Furthermore 
if the principal bundle G —» G/A' possesses a G-invariant connection, then the 
restriction map r> induces an isom.orphism in cohomology. 
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In particular, if A = R, we obtain a map rt : IndG/KR —• C°°(6)A and tins 
map is an isomorphism in cohomology when K is compact. 

Remark here that the restriction map does not extend to IndG™K(A) as 
generalized functions cannot usually be restricted to a subspace. 

The assumption that G —» G/K possesses a G-invariant connection is sat-
isfied for example when K is a reductive Lie group, in particular when K is a 
compact subgroup. 

We now consider IndG™KA. Let r = g/t. We identify x! with t1 = {/ G 
g',/|t = 0}. Let n = dimr. Consider the character XG/i<(k) = sign(detTk) of 
K. As G and K are fixed, we dénote XG/K simply by x- Let v1 G AV be a 
nonzero élément. The élément v' détermines an Euclidean measure \dv'\ and 
an orientation o on r. If dX is an Euclidean measure on g, we dénote by dY 
the Euclidean measure on f such that dX = |rfi/|r/y. 

Remark that, as n = dim g/É, the space A¥ ® AV is naturally embedded as 
a subspace of Ag'. Consider the horizontal projection operator (see Définition 
28) hK : A —• (A ® Aï')horK. Thus, for a G A, the élément hK(a) A 1/ belongs 
to (A®A$)horK. 

Définition 34 Let f G Aj^ := C~°°(t, A)x. Choose v' a nonzero élément of 
AV. We define IndG/Kyf £ / n d ^ A = (C-°°(g, A) ® Ag')basK by 

(IndG/Kyf,$dX) = hK (Jf(Y)$(Y)dY)Ai/, for any test function $ on g 

(tirô/i = dY\di/\). 

It is easy to see that the map IndG/Ky dépends only on the orientation o of 
g/ï determined from //. Thus we write IndGjKo for IndG/Ky. Remark that 
the map Indo/K,o is injective. 

Proposition 35 The map lndGjKo is a cochain map of parity degree equal to 
dimG/K from the Z/2 -cochain complex (A^™, f/t) to the Z/2-cochain complex 
(7nd-^A,c0). 

Proof: Let L = C~°°(g,j4) and let Ltlet C L be the subset of éléments 
F e L satisfying k • F = (detrÀ;)F. If F e L, define hK(F) G L ® Aï' by 
hK(F)(X) = hK(F(X)). The map F -> hK(F)/\v' sends L to (L® Ar),lorA- Ai/. 
It sends Ldet to (L ® Ag')6rl.sA- = Ind'^A. 

Lemma 36 For everj/ F G Ldet, we /m?;e cA(hKF A //) = hK(dAF) A i/, w/iere 
is £/&e operator on Ind^°?KA defined in Lemma 31. 
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Proof: We compute cA(hK(F) A //) for F G LDET. Let K* be a basis of t with 
dual basis A't. It is easy to see that c(//) = - T,i(Tr (adt K{))Ki A v'. Thus, by 
Leibniz's rule, 

cA(hK(F) Av')eL® (Ag' Av') = L® (At7 A u'). 

As cA préserves AT-basic éléments (cf. Lemma 31) , cA(hK(F)Av') is AT-basic, 
in particular is horizontal. The space (L ® (Ag' A v'))horK is isomorphic with 
L by the map a A v' —• a[0] G L for a G L ® Ag', where a[0] is the component 
of a in the zeroth exterior degree. Thus, if CA(1IK(F) A v') = G A i/, then 
c ^ ( M ^ ) A i/) = MG[o]) Ai/ . 

We have G = dA(hK(F))+c(hKF) + (-l)lFl+1hKFAZiiTradJC)^. Look-
ing at the term of zeroth-exterior degree, it follows that G[o] = dAF. This proves 
the lemma. | 

For / G C-°° (M)* , the élément F G G-°°(g,A) defined by (F,$dX) = 
/ t / ( y ) $ ( y ) d y belongs to Ldet and IndG/K,0f = hK(F) A i/. The preceding 
lemma implies cAIndG/K,of = TndG/KodAf. Proposition 3 5 is now a consé­
quence of the following 

Lemma 37 
j{IndG/Ki0f) = -Inda/K^ttf). 

Proof: Let E1 be a basis of g such that the first éléments form a basis of 
t. Let E{ be the dual basis. Then the last n coordinates vanish on t. We 
dénote by y,-, 1 < i < dimt the coordinates on É corresponding to the basis of 
ï' dual to the basis E1 of E. We have then 

dim f -
(j(IndG/KJ)^dX) = £ (/.A(£'")M / / ( F ) ^ ( 1 W ) A i/. 

«•=i ^ 

As hK is a projector on the A'-horizontal éléments for the tensor product con­
traction, it satisfies for E1 e t and a G A, i\(Ei)(hKa) + i^E^foxa) = 0. But 
La(E1)IIK = hKiA(El), and we obtain the lemma. | 
The proof of this lemma complètes the proof of Proposition 35. | 

If A is a A'-differential algebra, then C"°°(l, A)x is a module over G°°(É, A)K. 
Similarly Ind^KA is a module over Ind^KA. Remark the following relation 
between the maps rt and IndG/Ko 

Lemma 38 If a G Ind™/KA and s G C"°°(É, A)x, then 

aIndG/Ki0s = IndG/Ki0((rta)s). 

The main resuit of this section is the following 
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Theorem 39 Assume that the group K is compact Then the map IndGjKo : 
(Ax^idt) —• (/nd^^A, cg) induces an isom,orphism, in cohomology. 

Proof: We can choose a A'-invariant décomposition: 

0 = 10 r. 

To this direct sum décomposition is associated the tensor product décomposi­
tion Ag' = Af ® At7. 

Let hjc : L —• L ® At' be the projection on AT-horizontal vectors for the 
tensor product contraction (see définition 28). The map 

W(v®t) = hK(v)At 

for v G L and £ G At7 is an isomorphism from the space L ® Ar7 to the space 
(L ® Aĝ /jorA'. The map W commutes with the action of K and allows us to 
identify the space 

TK:= (L®Ax')K 

with the space 
IndâfKA = (C-°°(g,.4) ® A g V * • 

On the space T/<-, we will use the Z+-gradation given by the exterior degree 
TK = e£=0T£ = ®;=0(L 0 A'V)A'. 

Let i?1 be a basis of r with dual basis i?, and let A'-' be a basis of 6 with dual 
basis Kj. We write X G g as X = F + /?, with B = Y = ^ A'. 

The operator tt = Ej?7jM(A'J') is defined on L = C~°°(Q,A). Let jt : 
L ® A*!/ —• L (g) A*-1!7 be given by jv = xifA{R1)- ^ is easY to see *hat /t 
and 7r commute with the action of A' on L 0 Ar7. 

Lemma 40 For ail a G L 0 Ai/, 

jW((y) = W(yrrv — IPCV). 

Proof: We have, for v G L and £ G Ar7, 

j(hKvA£) = 
i 

Xii.A(I?)(hKvAZ) + 
J 

%-(/-A(A- ' )M ÎO A*. 

Further, for Kj G É, t,A{Kj)liK{v) + hh-(i.A(Kj)v) = 0, and we obtain the 
lemma. | 

Lemma 41 J/c* G T & , then W-{cAW(a) G ^ e * T ^ 2 -
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Proof: This is obvious since, t being a subalgebra, c(Aqt' ® A*Y) C (Aq+1V ® 
A*Y) 0 (A*? <g> A^+V) 0 (A*-1? ® A^+V). | 

Let us now prove Theorem 39. By the map W, we identify Ind^KA with 
TK and write still c0 for the operator W~lcGW on T*. As we have seen in 
Proposition 22 and Remark 23 ( of section 3 ), the homology groups of the 
operator jv : T£ —• T*-1 are equal to zéro except in maximal degree n = dimr. 
Furthermore, if a G T% is such that jta = 0, then a = 6v^0(x) ® f(y) for some 
/ G C"°°(e, A)* by Lemma 21 and Remark 23 ( of section 3). But then, by 
définition of IndG/Ko, we obtain a = IndG/Kof. 

Now, if a G T% is such that cga = 0, writing this équation componentwise, 
we see that a satisfies the relation jza = 0 . Thus a is of the form IndG/K,of 
. As c2IndG/Kj0f = IndG/KQdif ( by Proposition 35), we see that / G Kerdi, 
since IndG/K^0 is an injective map. Consider now an élément & — l^k>k0 m 
the kernel of cg. From the degree considération, we see that its component of 
minimal exterior degree k0 is annihilâted by jx. If k0 is less than n, there exists 
an élément (3 G T*4"1 such that o .̂,,] = jv(3. The élément a — cg(3 is in the same 
cohomology class as a and ail its non-zero exterior degree components are of 
degree strictly greater than k0. By induction, a has a représentative in T£ and 
we see that the map IndG/Ko is surjective in cohomology. 

Suppose now that IndG/K^0f = cg{3 with (3 = Writing this 
équation component wise, we see that jr/%„] = 0. If k0 < n, changing (3 to 
(3' = (3- c07 with 7 G T£,+1 and jtj = (3[h{)h we still have IndG/Kt0f = cg(3'. 
By choice, (3' = J2k>klt P[k]- Hence, by induction, we obtain an élément (3 G T% 
such that IndG/Kof = cgfi. From degree considération, jt$ = 0. But then /? = 
IndGfKog for some g G C~°°(t,A)x. The équation c$IndG/Kog = IndG/Ki0f 
reads as Inda/K,od>tg = IfidG/Kof. But IndG/K,o being an injective map, we get 
dtg = /• This proves that the map IndG/Ko is injective in cohomology, thereby 
completing the proof of Theorem 39. | 

As a particular case, if A' is compact and if (A, dA) = (R , 0), we obtain that 
the map IndG/K 0 indurés an isomorphism from C~°°(t)x to the cohomology of 
the complex ((C'°°{o) ® A(g/ê)')7\ j + c). 

We apply thèse calculatious in the next section to the calculation of the 
equivariant cohomology of fiber bundles over homogeneous spaces. 

5 Equivar iant c o h o m o l o g y of h o m o g e n e o u s 
s p a c e s 

Let G be a Lie group and let A' be a closed subgroup of G. Let D = G/K. 
Let e £ D be the base point of D. We identify the tangent space of G at 
a point g G G with g by sending À' G g to the tangent vector to the curve 
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gexpeX in G. Let n = dimD. Let r = g/1. The tangent space TeD 
at e G -D is identified with r. If </ G G, we again dénote by Lg the map 
TED —> TGED induced from the left multiplication map LG : D —+ D. For 
a G Gioo(g, .4(0)) := C±oo(0, ̂ W ) , is the j,-th component of a. 
If x G and fi,---,£p G Ï^D, then (a[p])x(£i, • • • ,£p) is a function (maybe 
generalized) on 9 given b y l i - ^ (aw(X))x(£i, • • • ,£p). 

Let a G A%°°{D) = C±00(g,A(D))G. Let R\..,R? G r, X G g and g G G. 
As a iz an equivariant form 

ab]{Ad{g)(X))g.e{L9R\ • • •, A,*P) = «[p](*)e(#\ - , 

Let à(X) = a(X)e. Thus â is a function on g with values in Ar7 and the 
map a H à is an isomorphism from the space AQ°°(D) to the space TK = 

(G±00(g) ® At7)*, where the action of AT on both G±00(g) and Ar7 is induced 
from the adjoint représentation. 

Let R1 be a basis of r = g/É, with dual basis i?t G r7. Let = i?;(X). Let 
?r be the operator on TK eiven by 

h = 
i 

XUA(IV). 

Let c be the Koszul differential on TK (see Formula 15 of section 3). From 
[13], we have 

Lemma 42 For a G A%°°(D), {L9R\ • • •, A,*P) = «[p](*)e(#\ -,(c+j)n 

For example, the complex AQ°°{G) becomes isomorphic, under évaluation 
at e, to G~°°(g) ® Ag7 and the differential dQ becomes the perturbed differential 
c + j . 

In the notation of the preceeding section, if (A,dA) = (R , 0), we have 
AQ°°(D) = J n d ^ ( R ) , as cochain complexes. 

Let XG/K(^) := sign(detxk). As G and A' are fixed in this section, we dénote 
XG/K by x- Recall the définition ( see Theorem 33 and Définition 34 of section 
4) of the maps 

rt : ITU%,K(R) - C~(t)A 

and 
IndG/K,o : C-°°(ty - Indâ%(R). 

Using the identification « H à, we get maps again denoted by rt and 
IndG/Ki0: 

rt : AG(D) - G°°(É)A' 

and 
J n r W „ : C-°°(t)* - ^°° ( I>) . 
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Let us describe explicitly thèse maps. 
The point e is a /^-stable submanifold of D. The successive restriction maps 

<AG (D) -> A%(D) -+ A%(e) are well defined. The composed map A%(D) -> 
Ax(e) = C°°(Ï)R coincides obviously with the map rt: 

(rta)(Y) = (a[0])e(Y) 

for Y et. 
We now describe the map IndG/K,o from C~°°(t)x to AG°°(G/K). Let v' e 

AV be a non-zero élément. The élément v' détermines an orientation o and an 
Euclidean measure \dv'\ on g/t. If dX is an Euclidean measure on g, we dénote 
by dY the Euclidean measure on t such that dX = \dv'\dY. 

We identify the space A(G/K) with C°°{G,Kx!)K. 

Proposition 43 The map IndG/Ko : C~°°(t)x —• AG°°(G/K) is given, for 
f e C - ~ ( t ) * , 62/ 

(16) (JyndG/K}0f)(X)<f>(X)dX)(g) = \det,{g)\{jj{Y)4>{gY)dYy, 

where (f) is any test function on g and g £ G. 
Moreover, for any f G C~°°(ï)x, the equivariant form Indo/K^if) is ^g-

closed. 

Proof: It is easy to verify that Indo/K,of defined by the Formula 16 is indeed 
an élément of AQ°°(D). It obviously coincides with the map given in Définition 
34 of section 4 (denoted also by Indo/K,o) at 5 = e. The fact that Indo/K,of 
is dQ closed follows from Proposition 35 of section 4. It is also easy to check it 
directly. | 

Assume that G/K is compact and G-oriented. Thus \ = 1- We can in-
tegrate over G/K an equivariant cohomology class and we obtain then a G-
invariant generalized function on g. The next formula is just the intégration 
over G/K of the formula given in Proposition 43 for Tndo/K.of- However, it 
indicates the analogy between j'GjK IndG/K,of and characters of induced repré­
sentations. 

Proposition 44 Assume G/K compact and G-oriented. Let f G C~°°(t)K. 
Then 

f (IndG/Kt0f,9dX)= f \det2(g)\([f(Y)*(gY)dY)dg/dk. 
JG/K,o JG/K,o Jï 

for any test function $ on g and compatible choices of the left-invariant Haar 
measure dg on G, of the G-invariant measure dg/dk on G/K and of the Eu­
clidean measure dY on t. 
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We still dénote by rt the map HQ(G/K) —» C°°(6)A induced from the map 
rt at the cohomology level and by IndG/Ko the map C~°°(t)x —» HQ°°(G/K) 
induced from the map IndG/Ko at the cohomology level. 

As a particular case of [13] (see Theorem 33 of section 4), we have the 
following 

Proposition 45 Assume that K is compact. Then the map rt gives an iso­
morphism from Hg>(G/K) with C°°(t)K. 

Further Theorem 39 of section 4 gives as an immédiate corollary the follow­
ing 

Theorem 46 Assume that K is compact. Then the map IndG/Ko gives an 
isomorphism from C~°°(t)x with HG°°(G/K). The map IndG/K,o is °f even 
(resp. odd) degree if àîmG/K is even (resp. odd). 

When K is compact, let us give a formula for the map IndG/K,o m terms of 
generalized functions. 

Choose a AT-invariant décomposition 

g = É 0 r 

and let prt (resp. prz) be the projection of g on t (resp. on r) determined by 
this décomposition. 

With the notation of Formula 10 of section 2, we have (by Proposition 43), 
for / G C-°°(t)x, 

(17) (IndG,K,of(X))(e) = W-^faXVlprtXy, 

where we have identified the space A(G/K) with C°°(G, Ax')K. 
Consider the case where K is the trivial subgroup. Recall that we have 

defined the élément 

aGt0(X) = \u'\-1MX)®\deteg\dg 

in Lemma 13 of section 2. From Formula 17, we see that it is also equal to the 
élément lndGo\. Thus we obtain from Theorem 46: 

Lemma 47 Let G be a Lie group acting on itself by left translations, then 

Hô°°(G) == RaG,0. 
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A more gênerai resuit is proved in Theorem 89 in section 9. 

Now we are going to generalize Proposition 45 and Theorem 46 as follows. 
Let M be a K-manifold. Consider the product manifold G x M . The group K 
acts freely on the right on G x M by (g, m)k = (gk, k~lm). Consider the fiber 
space Ai = G x K M of orbits of the A'-action. The group G acts on the left on 
M. When M is a point, the space M is D = G/K. The projection (p, m) i—• g 
induces a map A4 —• D. Thus the space M is a fiber space over D with fiber 
M. 

If a G A(M) C A(G x M), and g e G, then is an élément of (Ag7 (g) 
A(M))horK, where g' is identified with left invariant 1-forms on G. 

Thus 
A(M) = G°°(G, (Ag7 ® ,4(M))/l0Pir)* 

where /v-invariants are taken with respect to the action of K by right multipli­
cation on G, left action on M and adjoint action on Ag7. 

If a(X) G A(M), then A{X) := a(X)e G (Ag7 ® ^ ( M ) ) , ^ . 
By G-invariance, the space ^ ^ ( A ' f ) is thus identified with 

Ind%?K(A(M)) := (C±°°(9,A(M))®A9')basK. 

Let A = A(M) be our A'-differential complex, then Ind^K(A) is provided 
with a differential cg. As before, the map a K à is an isomorphism from 
AQ°°(G X K M) to Ind^K(A) and the following lemma ([13]) iz a generalization 
of Lemma 42. 

Lemma 48 For any a G AQ°°(M), 

daa = caà. 

Thus {AG°°(M),dQ) is identified with the complex (Ind%fK(A(M)), c0) of 
section 4. The complex (G°°(É, ,4)A, f/t) defined in section 4 is the complex 
(Ax(M),dt) of the A'-equivariant cohomology of M. As x is trivial on the 
connected component of A', the operator d* on G"°°(t, A(M))X still satisfies 
d\ = 0, as follows from Lemma 29 of section 4. 

Définition 49 Le* us dénote by Aj^(M) the space C-°°(t,A(M))x. We de-
fine HK™(M) to be the cohom,ology of the complex (G"°°(É, A(M))X, dt). 

Recall the définition of the maps 

rt : Ind%/K(A(M)) - A%(M) 
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and 

IndG/K,o : -4Â~(M) - /n^~, ( .4 (M)) 
from section 4. Using the identification a H à, we get maps again denoted by 
rt and IndG/Ky. 

rt : ^ ( . M ) - -4£(M) 

and 
IndG,K%0 : >4i~(M) - AG°°(M). 

Let us describe explicitly thèse maps. 
The fiber of M —> D over the point e £ D is canonically identified with 

M and is a AT-stable submanifold of M. The successive restriction maps 
AG C^O ~• - ^ x ( ^ ) —* ^ x ( ^ 0 are weU defined. Obviously, the composed 
map *4£?(AI) —• (M) coincides with the map rt. 

The following proposition gives an explicit description of the map IndG/Ko 
generalizing Proposition 43, whose proof is identical (and hence is omitted). 

Proposition 50 For any f E Aj^M), IndG/K)Qf E AG°°(M) is given by 

(IndG/Kj0f^dX)(g) = \det%g\hK{J f(Y)*(gY)àY) A i/ 

where $ is any test function on g and dX = r/F|r/z/|. 

We still dénote by rt the map from HG(M>) to H^(M) induced from the map 
ri at the cohomology level. As a generalization of Proposition 45, we have the 
following Theorem ([13]), (got from Theorem 33 of section 4 ): 

Theorem 51 Let K be a compact subgroup of a Lie group G and let M be a K-
manifold. Then the map gives an isomorphism from HG(M) with H^(M). 

We still dénote by IndG/Kj0 the map from Hj^(M) to HQ°°(G Xk M) induced 
from the map lndGjKo at the cohomology level. As a corollary of Theorem 39 
of section 4, we get the main resuit of this section which gêner alizés Theorem 
46. 

Theorem 52 Let K be a compact subgroup of a Lie group G and let M be 
a K-manifold. Then the map IndG/Ko gives an isomorphism in cohomology 
from HK^(M) to HG°°(G xK M). This map is of even (resp. odd) degree, if 
dim(G/K) is even (resp. odd). 

When K is compact, let us write the map Indo/K,o m terms of generalized 
functions. We identify A(M) with the subspace of A"-basic éléments of A(G x 
M). 
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Choose a /^-invariant décomposition 

g = t 0 r 

and let pr^ (resp. prT) be the projection of g on t (resp. on r) determined 
by this décomposition. Let v1 G Anx! be a positive élément. With the help of 
the décomposition g = t © r, we consider v' as an élément of Ang'. With the 
notation of Formula 10 of section 2, we have by Proposition 50, for any m G M 
and / G Al~(M), 

(18) ((IndG/Ki0f)(X))(e,m) = W-^faXXhKiflprtX)))^ A *A 

Assume that K is compact. Choose an orientation o on r. Then there are 
canonical isomorphisms 

rt : H£(G/K) S C°°(L)K 

and 
IndG/K,o • C~°°(ty S Hô°°(G/K) 

guaranteed by Proposition 45 and Theorem 46 respectively. 
The natural map HQ(G/K) —y HQ°°(G/K) thus gives rise (using the above 

two identifications) to a map 

M0 : C°°(t)K -+ C-°°(t)x. 

Comparing the Z/2 degree of the maps, we see that this map is identically zéro 
if G/K is not of even dimension. The orientation o détermines a polynomial 
square root Y h-> detlJj\o(Y) of the polynomial function Y i-> detg/i(Y) on t . 
The normalization of this square root is as in ([12], Formula 12). 

Proposition 53 / / / G C°°(t)K, then 

M0(f)(Y) = ( - 2 7 r ) « / ^ ) / 2 r / e ^ o ( y ) / ( F ) 

for Y et 

(If dimG/Ji is odd, then the function det2/t is identically 0.) 
Proof: The map MQ is a morphism of C°°(t)A-modules by Lemma 38 of 

section 4. It is thus sufficient to prove that 

1 = I n d a ï K A i - ^ t d i m G/K/2 det W ^ ' ^ d e t ^ ) 
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in Hâ°°(G/K). 
We will prove this relation using the method of the proof of Proposition 31 of 

[12]. As K is compact, we can choose a G-invariant metric < , . > on D — G/K. 
Let X G g. Let u(X) be the 1-form on D given by u(X)(£) =< XD,£ > for 
any vector field ( o n D . We dénote by LU the G-equivariant form on D given by 
X^UJ(X). Wehave 

d 
dt 

ss s = d u;etd»"d 

Inteerating this relation from t = 0 to T, we obtain 

e™»" - 1 = f/ e, 
d 

/o 
u;etd»"dt) 

Let n = dimG/K. Let us show that, when T —» oc, the form eTd*u tends 
to /nd G / A > ( ( -27r ) n / 2 r / e^j o ) in AG°°(D) while = J 0

Tue i d*"dt also has a 
limit in the space AG°°{D). 

By G-invariance, it is sufficient to compute at the base point e G G/K. 
Choose a if-invariant décomposition g = 6© r (as in the proof of Theorem 52). 
The éléments etd^ and u)eul*" evaluated at the base point e are éléments of 
G°°(g) ® Ar7. The G-invariant Riemannian metric on D gives us a AT-invariant 
scalar product < , . > on r. We choose an oriented orthonormal basis Ea of 
r with dual basis Ea G r7. Let us write any X G g as X = X0 + X\ with 
X0 G 6 and XX G r. We write XX G r as X1 = E f l s a ( X ) J 5 a . The function 
X i—• # a ( ^0 is a linear function on g. Let P/ be the homogeneous basis of Ar7 

indexed by subsets / of {1,2, . . . ,n}. In particular, P{i,2,...,n} = El A • • • A En. 
Then u;c G G 0 0(g)®Ar / is given by the formula ue = — xa®Ea. We compute 
dga; using Lemma 42 of Section 5. For any X G g, we have j r(cj e)(X) = ||Xi|| 2 

and c(uE)(X) = /c(X) where K.(X) is the élément of AV given by 

K(X)(V,V') =< [v,X\uv' > - < [v',X]uv > + < Xu[v,v'] > . 

In particular, if X0 G t, K,(X0)(V,V') = - 2 < (arfrX0) • >• We write 
f(t) = (etd»")e. We have 

/(t,Xo,X1) = e -^l la ;P7(X0,Xi)tm/2£j 

where P/ is a homogeneous polynomial of degree \I\/2 on g. It is easy to see 

that P{i,2,...,n}(*o) = (-2)n/2de*j£o(X0). Let us show that / ( t ,X0 ,* i ) has a 
limit when t —• oo, as a généralisée! function on g with values in Ar7. For a test 
function 0 on g 

's 
f(t,X)</>(X)dX = 

i 0 
e-'l|Xll|2<|/|/2P/(Xo,X1)^(Xo,X1)rfX0f/X1 
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The change of variable X\ *—• / XI2X\ shows that this is also equal to: 

b 

T\I\/2-n/2 
•h 

' E-"-VLl|2P/(X0, t~1/2 X^X,, r 1/2Xl)dX0dXl) 

Thus the limit when / —• oo of Jg f(t, X)</>(X)dX G Ar7 exists. Furthermore, 
when t —» oc, the coefficient of Ej tends to zéro except when I = {1,2, ...n}, and 
the coefficient of £{i,2,...,n} tends to /gc-lljrillaP{iI2l..Mn}(-yo,O)0(Xo,O)d-YodXi. 
Computing the constants, we obtain that the form eid*" tends to 

Indans Ji^n^W'WdetVL) 

when t —•> oc. 
It remains to show that a(T) = JQ uetd&UJdt also has a limit in the space 

Aô°°(D). 
Remark that u(X) is homogeneous of degree 1 in the variable X\. Let 

g(t) = {uetd^)e. We have 

9(t,X) = 
b 

( e - ' ^ t ^ x u P I ( X 0 , X 1 ) ) E a A d sdEI. 

Here ail the svibsets / occnriiig in this sum are such that | / | < n — 2. Now 

d 
g(t,XU(X)dX = 

a,I '0 
%-'l|A'll|:'*|/|/2a:aP/(Xo,X1)0(Xo,X1)(iXorfX1)£;aAf7,. 

The same change of variable (as earlier) shows that this is equal to 

a,I 

j|/|/2-l/2-n/2 

W0 
e-"*'" *„P,(A'0,t-l'2X,U(X0,tr1/2X1)dX0dX1 EA A £/ . 

In particular, as | / | < (n — 2), this function of t is uniformly bounded when 
t -* oc by 0(r3/2). Thus the function / h-> J^g(t,X)(/>(X)dX is integrable on 
[0,oc]. This shows that n(T) = J0Tuetd*"dt lias a limit in AG°°(G/K) when 
T —• oc. This concludes the proof. | 

We now turn to the question of the explicit détermination of the inverse of 
the map Indo/K^-

Définition 54 Define the Chern- Weil map 

WG/K • C°°(t)K - HÏÏIG/K) 

as the inverse of the map \\. 
Define the map 

S0 : Hâ°°{G/K) - C-°°(ê)* 

as the inverse of the map Inda/K,o-
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We dénote WQ/K simply by w if G and K are understood. An explicit formula for 
WG/K can be given in terms of the curvature of the principal bundle G —• G/K, 
see [21]. On the other hand we are not able to give an explicit expression for 
SQ in gênerai. We are able to do it only under some restrictive assumptions 
or on some particular subspaces. Lemma 38 of section 4 implies that, if a 6 
Hâ°°(G/K) andp G C°°(t)K, 

(19) S0(w(p)a) =pS0(a). 

It follows from proposition 53 that SQa = (-27r)dim^G//^/2(de^o) rta for a G 
mG/K). 

We can improve this resuit as follows. Let a G AG°°(G/K). Then ae G 
C~°°(fl) ® At*. We say that ae admits a restriction to ï if each component 
of ae admits a restriction to t (see [12]). We can then define r^a = (ae)[0]|ç. 
Then rta G C~°°(t)K is a generalized function on É. Tins définition extends the 
définition of rt : AG(G/K) -+ C°°(t)K. 

Proposition 55 Let a G AQ°°(G/K) be a closed equivariant differential form 
on G/K. Assume that ae admits a restriction to t. Then 

So n = (-2n)dim{G/K)/2(de^ 

Proof: Using notation of the proof of Proposition 53, we have a = aetda<v. 
Then using the same arguments as in the proof of Proposition 53, we obtain the 
desired resuit. Indeed, if / is a generalized function on g admitting a restriction 
rif to t, then for any test function (f) on g, the limit when / —> oc of 

t\H/2 
r0 
V'HXill2 f(Xo,X1)c(>(Xo,X1)dXodXl 

is 0 if | / | < n while for \I\ = n tins is (TT)"/2 fî{rîf)(X0)^(X0)dX0. 

Remark 56 Proposition 31 of [12] becom.es then a conséquence of Proposition 
44 and Proposition 55 above. 

Let q* : C-°°(g)G -* HG°°(G/K) be induced from the map q : G/K 

point. Thus we get a map (still denoted by) SQ 

So : C-°°(g)G - C-°°(l)x 

taking / to SQ((/*/)• The map S„ exists under the only assumption that K 
is compact, and extends the map / h-> (-27r)thm(G/A)/2(r/e^o) r t / , defined on 
generalised functions / admitting a restriction r\f to t. On the open set where 
detg/çF ^ 0, the G-orbits are transverse to t. Thus the restriction to 6 of an 
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invariant generalized function on g lias a meaning on this open set. By the 
same proof as Proposition 36, we see that SQ(f) coïncides with 

(_27r)dim(O//0/2(f/eil/2 )rt / 

on this open set, for any / G G~°°(g) . However, we are able to compute the 
map S0 : C~°°(g)G —» C~°°(t)x on arbitrary invariant generalised functions and 
on the full space t explicitly only when G itself is compact. 

Let G be a compact connected Lie group. We also assume that x = 1 so 
that GjK is orientable (this is only for convenience). We choose the orientation 
on G/K given by o. 

Définition 57 / / $ G C°°(l)K, define G0($) G C°°{g)G by 

Co(*)(X) = 
JG/K,o 

u;etd»" 

where w is the Chern- Weil hom,omorphism,. 
Define 

FG : G-°°(g)G - C'°°(l)K 

as the transpose of the map Ca: 

vol(G/K,d(//dk) 
b 

F„(f)(Y)$(Y)dY = 
•>9 

f(x)c0m(x)dx 

for any $ G C™t(l)R, and where the measures dX on g, dY on t and dg/dk on 
G/K are chosen in a compatible way. 

It is easy to see that C0 sends invariant compactly supported functions on 6 to 
invariant compactly supported functions on g, hence the map FQ is well defined. 

Lemma 58 / / / G C°°{B)G, then Fa(f)(Y) = (-27r)dW>/2<Ze$20(Y)f(Y), 
for Y e t 

Proof: The intégral formula ([12], page 43) for equivariant cohomology 
classes gives the lemma. | 

Proposition 59 Assume that G is a compact connected Lie group and K a 
closed subgroup of G such that G/K is oriented. Then for every f € C-00(g)G 
andn G C°°(V\K. 

fw(p) ~ IndG/Kt0(F0(f)p) 

in Hâ°°(GlK). 
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Proof: Using Formula 19, it is sufficient to prove the formula of tins proposi­
tion when p = 1. 

Let $ be a G-invariant test function on g and let // G C°°(t)K. Let us 
compute 

JQ JG/K,O 
*(X)f(X)w(j/)(X)dX = $(X)f(X)C0(p')(X)dX. 

If q*f â IndG/K,0u, for u € C_0Q(t)*, then fw{p') IndG/I<i0(p'u) by Lemma 
38 of section 4. Thus, using Proposition 44, we have: 

Je JG/K,O 
$(X)f(X)iu(p')(X)dX = 

JG/K,o 
9(X)(IndG/K.o(p'u))(X)dX 

= 
JG/K,o '9 

$(X)/nr/GVA>(//i/,)(X)rfX) 

= 
JG/K,o Jî 

*(gY)p'(Y)u(Y)dY)dg/dk 

Let p' be compactly supportée!. Takiug $ with sufnciently large support, 
we obtain 

'8 
f(X)C0(p')(X)dX = vol(G/K,dg/dk) / P'(Y)u(Y)dY 

which is what we needecl to prove. | 
The preceding proposition détermines the inverse SQ of the map IndG/Ko 

on the subspace of HQ°°(G/K) spanned by éléments of the form fa where 
/ G C~°°(g)G and a G H£?(G/K). We will see in section 6 that this space is 
equal to HQ°°(G/K) provided that G and A' have equal rank. 

We compute even more explicitly the map F0 when G is a compact connected 
Lie group and K = T is a maximal torus of G. 

Let W be the Weyl group of the pair (g,t). Let C±oc(t)f be the space of 
VF-anti-invariant smooth functions (resp. anti-invariant generalized functions ) 
on t. Recall the définitions of the maps CQ and FQ from Définition 57. 

Lemma 60 The restriction of the map C0 to C°°(iy gives an isornorphism, 
between C°°{ty and C°°(g)r\ 

Furtherm,ore the image of F0 is contained in C~°°(t)'f and the map FG gives 
an isornorphism between C~°°(Q)g and Cf~°°(t)f. 

Proof: If 0 G C°°(t)f, then </> is divisible by det 2/it0(Y)i/2 and the restriction 
of C0</> to t is equal to |W|(-27r)n/2 det 2,UY)-1/2(I>{Y), where n := dim(G/T). 
Thus the first assertion follows from Chevalley's theorem for C°°-functions, see 
for example [12]. The second is a conséquence of the first, as CG préserves the 
subspace of compactly supportée! functions. | 
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Let us describe F„f, when / is the 6-function: Let 6g{X) (resp. S{{Y)) be 
the 6 function on g (resp. on t), given with respect to the Euclidean measure 
on g (resp. t) associated to the Killing form. Let a G it' be a root . Using 
the identification of t with t' determined by the Killing form, we can consider 
the differential operator FL>o dia on t, where the product is taken over ail the 
positive roots of g for an order compatible with the orientation o as defined in 
[12]. ThenFo«B = nff>09.'A 

6 K ü n n e t h formula a n d app l i ca t ions 

Let K be a Lie group. Let D and M be A'-manifolds. Consider the com­
plex AR(D) of /v-equivariant forms on D with polynomial coefficients and its 
cohomology HK{D) = ZK{D)/BK{D) defined in section 2, Définition 1. Re-
call that thèse spaces are Z+-graded. The évaluation map E at zéro taking 
a \—> a{0) gives a map from H^{D) to the usual De Rham cohomology H{D) 
of D. Consider the map m from AK(D) ® AK(M) to AR{D X M) given by 
m(a g) f3){X) = a(X) A /3(X). It induces a map (still denoted by m) from 
HK(D) <g> HK(M) to HK{D x M). 

Similarly, we can also consider the map m~°° from AK{D) ® Aj<°°(M) to 
^ ° ° (Z ) x M) given by m-°°{a ® /3)(À") = a(Ar) A /?(Ar): this is well defined as 
we can multiply a generalized function by a polynomial function. It induces a 
map (still denoted by nr00) from HK{D) ® H^°°{M) to HJc°°{D x M). 

Theorem 61 Let K be a compact Lie group. Let D be a compact K-manifold. 
Assume that the eva.lua,Uon m.a.p E : Hj^(D) —> H(D) is surjective. Then, for 
any K-manifold M, the multiplication map m~°° induces an isomorphism 

m-°° : HK{D) ®„K{VOINL) HJT(M) HJT(D x M). 

Remark 62 Proposition 5 implies that HK(D) is free over H K {point). As is 
well known, from. the Kùnneth spectral séquence (see [16]; Proposition 6.1, page 
50), the map m induces an isom.orphism 

m : HK(D) nni<{p(nnt) HK{M) * HK(D x M) 

under the hypothesis of the theorem. (This also foliows from the same argument 
as that for m~°° given below.) 

Proof: We can assume D to be oriented. Indeed let us consider the two-fold 
cover DT of D defined in section 2 before Proposition 5. An élément of DT 
is a couple (m,o), where m G D and o is an orientation of TMD. Thus the 
manifold Dt is canonically oriented. Consider the map e(m,o) = (m, — o) and 
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its action on HK(Dt). We have HK(Dt) = HK(D) 0 HK(D)U where HK(D) 
is isomorphic to the eigenspace with eigenvalue 1 for the action of €, while 
HK{D)I is by définition the eigenspace of eigenvalue —1 for the action of e. 
Furthermore by Proposition 5, the manifold Dt also satisfies the hypothesis 
that the évaluation map HxiDt) —• H(Dt) is surjective. The map 

m"00 : HK(Dt) ®HK{Point) H^(M) - HjTiPt * M) 

clearly commutes with the action of e. So if we show that m~°° is an isornor­
phism for the oriented manifold Du by taking the eigenspace of eigenvalue 1 
for 6 we will obtain the desired isornorphism 

m"00 : HK(D) ®HK(Point) H?°(M) S H^°°(D x M). 

Let A{p)(D x M) = T(D x M, APTD <g> AT M), where T dénotes the space 
of smooth sections and T'M dénotes the cotangent bundle of M. 

We write A(D x M) = ®*™0DAip)(D x M). The total exterior differen­
tial dpxM on A(D x M) breaks up into the sum dD + dM of partial exterior 
differential dn along D 

dD : A{p\D x M) —• .4(p+1)(£> x M) 

and partial exterior differential r/^ along M 

dM : *4W(Z) x M) - A{p)(D x M). 

Let us consider the complex Aj^iD x M) = C-°°(t,A(D x M))7<\ We 
write 

Bp = C-°°(t,A{p)(D x M))K. 

The operator dt can be written as a sum of homogeneous operators d% = 
d\ + r0 + r_!, with 

dl:Bp -* 5p+1,r0 : Bp Bp1r.1 : Bp -* Bp~l. 

We have di = dD, r0 = dM — ^ ( - ^M )? an^ r-i = ~ S i xit(EîD), where is 
a basis of t. We write d = d^. 

Let us choose a À^-invariant metric on D and consider D as a Rieman-
nian manifold. This endows the space A(D) with an inner product. Let 
d* : AP(D) -> ^ - ^ Z ? ) be the adjoint operator to d = cfo. Let W(JD) = 
Ker(d) fl Ker(d*) be the space of harmonie forms on D. It is a A'-invariant 
finite dimensional space of d-closed forms on D. The map 7ï(D) —» H(D) is 
an isornorphism. Recall that we do not necessarily assume K to be connected. 
However as the évaluation map at 0 is surjective, K acts trivially on H(D) 
(this would be automatic if K were connected ). Thus every élément of W(-D) 
is if-invariant. 
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Lemma 63 For any aQ G 'HP(D), there exists a G ZK(D) such that 

a0 - «(-Y) G ]T AJ(D), for every X G t 
j<p 

Proof: Our hypothesis implies that if aQ G AP(D) is d-closed, we can find 
7 G ,4P-1(.D) and À G Zj<(D) such that a0 — cfy = A(0). If a0 is /^-invariant, we 
may assume (eventually after averaging this équation by the action of K) that 7 
is AT-invariant. Take a = À+dt7, then a G Zj<(D) and o?(0) = a0. The complex 
,/4.tf(D) is Z+-graded by its total equivariant degree. We may thus assume that 
a is of total degree p. Thus a(X) - a(0) G AP~2(D) 0 AP~4(D) 0 • • •. This 
proves the lemma. | 

We continue with the proof of Theorem 61. 
Let P be the orthogonal projection of A(D) onto 7{(D). We have Pd = 

dP = 0. Let G : AP(D) -> AP'\D) be the Green kernel. It satisfies Gd + dG = 
I — P. We can extend the operator P , by the formula P(a)(X) = P(a(X)) , to 
an operator still denoted by P, 

P:Bp-+Hp(D)®Aï°°(M). 

Similarly we can extend pointwise the operator G 

G:Bp^Bp~1. 

Let r = r0 + r_i and let N = Gr + rG. The operator N decreases strictly the 
exterior degree in D . Let v G B — ^ The équation Gd + dG = I — P 
gives the perturbed équation 

Gdtv + àtGv = 1/ — (P — JV)i/. 

Assume = 0. Let us write z/ = Y,j<P Vj> with z/j G Bj. We will prove by 
induction on j> that v has a représentative in ZK(D) ® Zj<°°{M). The équation 
above implies that 1/ ̂  1/ := (P-N)v. We have z/ = Pz/p G Wp(2?)(g)^00(M). 
Let us write the équation dx}/ = 0 component by component. We obtain, 
in particular, the équation r0i/p + du^ = 0. Applying P , we get Pr0z/ + 
Pdv'p_x = 0. As Pd = 0, this implies that Pr0z/ = r0Pu'p = r0v'p = 0. Thus 
vp G 7ip(D) ® Zj<00(M). The preceding lemma allows us to find an élément 
£ G Zjr(Z?) ® ZJ<°°(M) such that 1/ - £ G Ej<pBj. Thus the map m"00 is 
surjective. 

Let us prove that m~°° is an isomorphism. It suffices to show that m~°° 
is injective: Recall from Proposition 5 that HK(D) is free over HK(point). 
Furthermore we can find a basis Pp for the HK(point)-module HK(D) and a 
basis Pq for the HK(point)-mod\ùe HK(D)T such that fMPpPq = 6*. We can 
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write an élément a G HK(D) ®HK{Point) HK°°(M) uniquely as a = £a Pa ® va. 
Let v G HK°°(D x M). For any fixed a, consider the map v i-+ JD Pa(X)v(X) 
. This is a well defined map from HK°°(D x M) —• H^°°(M). We have 

/ Pa(X)(m-°°a)(X) = ua(X). 
JD 

Thus if m 00(a) = 0, va(X) = 0, for ail a, and hence m 00 is injective | 

Applying Theorem 61 to the case where M is a point, we obtain the following 

Corollary 64 Let K be a compact Lie group. Let D be a compact K-manifold 
. Assume that HK(D) surjects on H K (point). Then 

HK°°(D) S C~°°(l)K ®slvyc HK(D). 

Recall from [14] that if K is a compact connected Lie group acting on a 
compact symplectic manifold D in an Hamiltonian way, then HK(D) is free over 
H K (point). In particular, the following well-known lemma gives some examples 
of compact if-manifolds D such that HK(D) is free over HK(point) = S(t')K. 

Lemma 65 Let K be a compact connected Lie group and let L be a closed 
subgroup of K. Then HK(K/L) is free over H K (point) if and only if K and L 
have the same rank. 

Proof: Let D = K/L. Recall that the equivariant cohomology HK(D) is iso-
morphic to Hi(point) = S(l')L by the map r{, induced from the inclusion of the 
base point e G K/L. The restriction of polynomial functions on 6 to polynomial 
functions on l gives a homomorphism from S(V)K to S(l')L. If HK(K/L) is free 
over HK(point), then in particular the homomorphism S(t')K —» S(l')L is injec­
tive. This implies that K and L have the same rank. Conversely, suppose now 
that L is a closed subgroup of K with equal rank. Let T be a maximal torus of 
L (and hence of K. Let W = NK(T)/T, WL = NL(T)/T be the respective Weyl 
groups of (K,T) and (L,T). By Chevalley's theorem, S(l')L is isomorphic to 
S(V)WL, while the ground ring S(t')K is isomorphic to S(i')w. Further S(Ï')WL 

is a free module over H^point) = S(t')w. I 
The case where D = K/T is a particularly important example. Considering this 
case we will see that we obtain as a conséquence of Theorem 61 the following: 

Proposition 66 Let K be a compact connected Lie group with maximal torus 
T and Weyl group W. Let C~°°(t)€ be the space ofW-anti-invariant generalized 
functions on t. Then the map from 

given by P ® / 1—• Pf, for P G 5(1'), / G C °°(t)% is an isomorphism. 

s(t') ®s(v)w c-°°(ty - C-°°(t) 
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Proof: Let us consider D = K/T and M = point in Theorem 61. We thus 
obtain an isomorphism 

(20) m — : HK(K/T) ®Hl<(point) C-°°{Ï)K - H^{K/T). 

We have HK(point) = S(i')w. Recall the isomorphisms 

(21) wK/T : S(t') - HK(K/T) 

where WK/T is the Chern-Weil homomorphism (see Définition 54 of section 5), 
the isomorphism F0 proved in Lemma 60 

(22) F0 : C-°°(t)K -+ C-°°(i)€, 

and the isomorphism (cf. Theorem 46) 

(23) IndK/Tt0 : C-°°(t) - H^°°(K/T). 

Using the above identifications, the isomorphism (20) gives an isomorphism, 
again denoted by 

(24) m"00 : S(t') ®5(t,)W C-°°(t)e -> C-°°(t). 

By Proposition 59 of section 5, we have for a G S(t'), / G C-°°(6)/lf 

ivK/T(a)f = IndG/K,0(aF0f). 

Hence we obtain our proposition. | 

7 Equivar iant c o h o m o l o g y a n d s u b g r o u p s 

Let K be a compact connected Lie group and let M be a /v-manifold. If L is 
a compact subgroup of K of equal rank, then HK(K/L) is free over HK (point) 
. In this section, we will use Theorem 61 to compare Hj<°°(M) and Hï°°(M) 
(and also HK(M) and HL(M)). 

Let D = K/L. The space H^(D) is isomorphic to Hi(point) = 5([/)L by 
the Chern-Weil isomorphism: 

(25) wD : HL(point) = S(Ï)L #A-(L>). 

Consider the natural restriction map : HK(M) —• HL(M) of a A"-
equivariant form on M to a L-equivariant form on M. 

Let us recall the following proposition (see [16]; page 38). We include a 
proof for completeness. 
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Proposition 67 Let K be a compact connected Lie group and let M be a K-
manifold. Let L be a compact subgroup of K of equal rank. Then the map 

IM : HL(point) ®HK{Point) HK(M) HL(M) 

given by 

P®u h-> P(rLu) 

for P G H^poini) and u G HK(M) is an isomorphism. 

In particular, Hi(M) is generated by TIHK(M) over Hi(point) = S(l')L. 
Proof: Consider the manifold M = K xL M. By Theorem (51), the 

restriction map induced from the inclusion iLjM of the fiber M at e G D in the 
fibered space 7r : M —• D induces an isomorphism 

(26) ÏLM : HK(M) - HL(M) 

Consider the map // : [k, m] \-> km from K xLM to M. The map t = (n x p) 
given by tf([fc,ra]) = (k,L,k • m) is a A'-equivariant isomorphism from M to 
D x M, where K acts on D x M as the diagonal action. Thus we have an 
isomorphism 
(27) t* : HK(D x M) —• HK(M). 

As follows from Theorem 61 and Lemma 65, the multiplication map m is 
an isomorphism: 

(28) m : HK(D) ®ffK(poini) HK(M) - HK(D x M). 

Using the isomorphisms (25) -( 28), we obtain an isomorphism 

(29) / : HL(point) ®Hl<(point) HK(M) -+ HL(M). 

It remains to show that / is equal to IM- For this, we have to compute for 
PeS(l')L and UJ G HK(M) 

HM^^DP) A = Hm^{'WDP) A i*LtMn*v 

= PArLu. 

This proves the proposition. | 
In particular, consider M — K/U for a closed subgroup U of K. Then the 

equivariant cohomology space HK(M) is equal to H u (point) via the Chern-Weil 
homomorphism ivM and we obtain : 

160 



EQUIVARIANT COHOMOLOGY WITH GENERALIZED COEFFICIENTS 

Proposition 68 Let K be a compact connected Lie group. Let L be a closed 
subgroup of K of same rank. Let U be a closed subgroup of K . Then the map 
P®A*-> P(rL(wMA)) for P G S(l')L, A G S(u')u détermines an isornorphism: 

(30) S ( ( ) L ®sw)* S(u')u S H L ( K / U ) 

Remark that by our hypothesis, HK{K /L) = S(l')L is free over 5(É/)A: with 
rank equal to dim H ( K / L ) . Thus as a vector space 

HL(K /U) = H(K/L) ®K S (u ' f . 

Corollary 69 If U also has the same rank as K , then H L { K / U ) is a free ( 
finitely generated) B.i{jpoinï)-modxde. 

Proof: As S(u')u is free over S(V)K, the S(l')L -module S(l')L ®sp)K S(U')U 

is free with rank equal to dim H ( K / U ) . | 

We turn now to the détermination of the equivariant cohomology H ^ ° ° ( M ) 

in the case where M is a K-manifold. We dénote by XK/L ^he character of L 
with values in ±1 given by 7 —> det ^7 . Recall the définition of H ^ K / L { M ) 
from Définition 49 of section 5. 

Theorem 70 Let K be a compact connected Lie group and let M be a K -
manifold. Let L be a compact subgroup of K of equal rank. Choose an orienta­
tion o on t/l . Then, there is a natural isornorphism of Hi(point)-modules: 

Ijft : HL(point) ®flKil>oint) H û ° ° ( M ) - H ^ K / L ( M ) . 

In particular, for M = K / U , we obtain 

H7Z..AM) S S(l')L ® s w C-°°(uY«'v. 

Proof: The proof is almost the same as the proof of Proposition 67. Using 
the same notation, we use the chain of isomorphisms: 

(31) IndK/L,0 : HZ~ (M) - H ^ ( M ) . 

The isornorphism t of M with D x M induces an isornorphism 

(32) f : H K ° ° ( D x M) —y H J ^ ° { M ) . 

As follows from Theorem 61 and Lemma 65, the multiplication map m 00 
is an isornorphism: 

(33) m-°° : HK(D) ®HKiPoint) Hï°°(M) - Hï°°(D x M). 
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Using the isomorphisms (25), (31)-( 33), we obtain an isomorphism 

(34) IJ% : HL(point) ®HL<{POINT) H^M) - /L(M). 

The description of is as follows: for P G HL(point) = S(l')L and LU G 
HK°°(M), the élément a = I]^0(P ® u) is the unique élément in Hî™ (M) 

such that IndK/Loa = 7T*(WDP) A //*u;. It follows from Lemma 38 of section 4 
that 

^*(iuDQ)IndK/Lj0a = IndK/Li0Qa 

for any Q G Hi(point). Hence is an isomorphism of Hi(point)-modules. 
The last statement in Theorem 70 follows easily from Theorem 46. I 

The isomorphism is not so easy to détermine explicitly as the isomor­
phism IM- We détermine it as much as we can. 

Consider fl^°°(Af) as a tfx(M)-module and H^K/L(M) as a HL(M)-
module. 

Lemma 71 If a e HK(M) and fi G H^°°(M), then 

1^(1 ® a(3) = IM(1 ® a )J i£( l ® /?). 

Proof: If 7m°°(1 ® /?) = u;, we have //*/? = IndK/Lt0u. Then //*a A ^*/? = 
IndK/Lo(ria)uj by Lemma 38 of section 4. This proves the lemma. | 

We assume that K/L is orientable so that XK/L = 1- Recall the map 
F0 : C-°°(6)/c -> C-°°(0L given in Définition 57 of section 5. Then 

Lemma 72 Let f G C-°°(l)K, a G ff*(Af), tfcen 1^(1 (g) / a ) = (FQf)rLa. 

Proof: This follows immediately from Proposition 59 of section 5. I 
Thus we know J^°° on the subspace S(l')L ®HK(Point) C-°°(t)K HK(M) of 

S(V)L®HK{point)Hj~(M). 
If M is compact and HK(M) is a free module over H K (point), then HK°°(M) 

is equal to C~°°(t)K ®HK{Point) HK(M) (cf. Corollary 64 of section 6). Thus in 
this case, the isomorphism Jjj}~ is entirely determined by the knowledge of F. 

8 R é d u c t i o n t o t h e m a x i m a l t o r u s 

Let K be a compact connected Lie group and let T be its maximal torus. Let 
W = N(T)/T be the Weyl group. 

Let M be a A^-manifold. It is well known (cf. [16]; chapter 3, section 1, 
Proposition 1) that the natural restriction map AK(M) —> AT(M) induces an 
isomorphism between HK(M) and HT(M)W. In this section, we prove a similar 
statement for the generalized K -cohomology H^oc(M). 
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We first need to define a map from H^°°(M) to HJ^^M): Choose a non-
zero /i-invariant form // on K/T of maximal exterior degree. In particular, 
v1 détermines an Euclidean measure \dv'\ on ï/i and an orientation o. For 
/ G C - ° ° ( U ( M ) ) , define AQ(f) G C-°°(t,A(K x M)) by: If $ is a test 
function on t 

(A0(f), $dX)(k,m) := v' A (fe • (jj(Y)*(k • Y)dY))m 

where dY is the Euclidean measure on t which is quotient of dX by \dv'\ on t/t. 
In particular A0 dépends only on the orientation o on K/T associated to z/. 

Lemma 73 Let D = K/T. Consider D x M as a K-manifold under the 
diagonal action. Then the map AQ defines a cochain map from (A^°°(M)^di) 
to (AjTiDxM^dt). 

Proof: It is not difficulté to check that if f is T -invariant, then AQ(f) is in 
*4^°°(jD x M). Now, as v1 is of maximal degree, we see that dDxM(AQ(f)) = 
A0(d,Mf)- It is also easy to prove that t^A0(f) = A0(tif). | 

Consider the projection n : D x M —• M with fiber D. We dénote the map 
7T* : AK°°(D X M) -> AK°°(M) by fD (cf. Formula 8 of section 2). 

Define B(f) G Aj^°(M) by 

B{f) = / Mf), 
JD,o 

where the orientation on D is the orientation o. In particular, we see that B 
does not dépend on o. If we dénote by dk/dt the positive density on K/T 
associated to i/, we have for / G A?00 (M) and $ a test function on 6, 

/B(f)(X)$(X)dX = / k • ( / / (y)$(fc • Y)dY)dk/dt. 

The map B is a cochain map from (A?00(M), d{) to (A^00(M), dt). The 
Weyl group W canonically acts on AT°°(M) = C-°°(t, ^4(M)T). 

Theorem 74 Letf iîf 6e a compact connected, Lie group and let T be its maximal 
torus. Let W be the Weyl group of K. 

The restriction of the cochain map B to A^°°(M)W induces an isomorphism 
in cohomology 

h : HT°°(M)W -+ HK°°(M). 

Proof: Agàin, this theorem is an easy conséquence of Theorem 61 of 
section 6. As in the proof of Theorem 70, we consider M = K x j M and we 
use the isomorphism (cf. Theorem 52 of section 5): 
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(35) IndK/Tt0 : fff - HJT{M). 

Composing this with the isomorphism (see Formula 32 of section 7): 

(36) t* : Hï°°(D x M) —• 

we obtain an isomorphism 

(37) (t*)"1 o indK/T,O ' Hf°°(M) -» HJ?°{D x M). 

It is not difficult to see that (t*YlIndK/Tj0f = A0f, for / G #f°°(M), 
Let e be the character of VF given by e(w) = det^w). Let r be the action 

of W on iiT/T x M given by w • (kT,m) = (kw~lT,m). This action commutes 
with the diagonal action of K and hence induces an action still denoted by r 
on Hjc°°(D x M). Under the isomorphism (37), the natural action of W on 
H^°°(M) becomes the action r g e . 

The Jf-equivariant cohomology HK(D) = S(t') of D is free over 
H K (point) = S(t')w. Hence, as follows from Theorem 61, the multiplication 
map râ~°° is an isomorphism: 

(38) m"00 : HK(D) ®HKipoint) H^(M) -» H^°°(D x M). 

For the action of the group W on HK(D), induced by the action of W 
by right translation on D = K/T, the subspace HK(D)€ of HK(D) is a free 
H K (point) -module of rank one, in fact HK(D)€ = HK(point)IVF)(x), where 
WD(x) £ HK(D)€ is the image under the Chern-Weil homomorphism W£> of the 
W-anti-invariant polynomial function 

X(Y) = (27r)-dim(°)/2|W|-1dett1//t2o(F),F G t. 

We have jDwD(x)(X) = 1, for ail X G t. The space HK(D)€ is isomorphic to 
H K (point) under a i—> fDa(X). Thus, by (38), the map a y—y JD a induces an 
isomorphism (depending on the choice of an orientation on D) 

HK°°(D x M)f = HK°°(M). 

and hence, by (37), 
Hj°°(M)w = Hû°°(M). 

The above isomorphism is given by the restriction to H^°°(M)W of the map 
B = JDoA0. Thus we obtain the formula of the theorem. | 

In particular, when M = point, the isomorphism given by Theorem 74 is 
the well known isomorphism b : C~°°(i)w —> C~°°(t)K given by: 

(b(f)^dX) = vol(K/T,dk/di)(Jj\Y)^Y)d,Y) 

if $ is a if-invariant test function on t. 
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9 T h e case of a free a c t i o n 

Let G be a Lie group. Let P be a right G-manifold (i.e. G acts on P from the 
right). (Of course any left G-manifold can be thought of as a right G-manifold 
under x • g := g~l • for x G P and g G G.) 

Définition 75 Let P be a right G-manifold. We will say that the action of G 
on P is principal (or that G acts principally on P) if the orbit space P/G is a 
smooth manifold such that P —•> P/G is a smooth principal G-bundle. 

If G is compact, then a right action is principal if and only if the action is free. 
Let P be a right G-manifold. If G acts principally on P , it is known [11] that 

the G- equivariant de Rham cohomology of P is isomorphic to the de Rham 
cohomology of the quotient space P/G. In this section, we prove similarly that 
the space HQ°°(P) is isomorphic to H (P/G). We also consider the following 
more gênerai situation: 

(S):Let G be a Lie group and let N be a closed normal subgroup of G. Let 
P be a right G-manifold. Assume that the subgroup N acts principally on P. 

We ask the question: Under what hypothesis are HQ°°(P) and HQJ^(P/N) 

isomorphic. In this section, we prove tins affirmatively when G is compact 
connected. On the other hand when N = G, we need no compactness hypothesis 
on G to prove the isomorphism HQ°°(P) = H (P/G) and the proof for this case 
is comparatively easy. The reader only interested in the case where N = G can 
go directly to the proof of Theorem 89. 

An important example of this situation (S) is the following: 

Example 76 Let U and K be two Lie groups and let G := U x K be the direct 
product. Let L be a U x K- manifold. For convenience, we assume that U acts 
on the left and K on the right. Assume the right action of K on L is principal. 
Let M be a K-manifold and let P := L x M. Define the action of an élément 
g = (u,k) G G = U x K on P by :(x,m) • (M, k) = (u~lxk,k~lm), for x G L, 
m G M. Then the action of the (normal) subgroup K of G is principal on P. 
The quotient manifold (L x M)/K is the left U-space A4 = L XR M fibered 
over L/K with fiber M. 

Consider the quotient map q : P —» P/N under the situation (S). Recall 
Définition 4 of a G-equivariant fibration with G-oriented fibers. Later in the 
section, we will need to impose the following conditions (77) and (78) 

Condition 77 There exists a G-orientation o for the fibers of q. 

This condition (77) is satisfied, for example, when det ng > 0, for ail g e G. In 
particular this is satisfied if G is connected. 
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Condition 78 There exists a G-invariant connection u for the principal N-
bundle q : P P/N. 

This condition (78) is always satisfied when G is compact. 
It is proved in [13] that the canonical map q* : HQ/N(P/N) —• HQ(P) is 

an isomorphism, when the condition (78) is satisfied. Furthermore, an explicit 
formula for the inverse of q* is given in terms of the equivariant curvature of 
u. The reader should however be warned that the natural map q* is sometimes 
equal to zéro when applied to the equivariant cohomology with generalized 
coefficients. 

Whenever the conditions (77) and (78) are satisfied, we will construct a 
natural map (cf. Proposition 82) 

m0 : Hâ]°N{P/N) - Hâ°°(P) 

and will show that mQ is an isomorphism, if either N = G or G is compact. 

We begin by constructing a natural élément j0 G HQ°°(P) (assuming the 
validity of conditions (77) and (78)): 

Let B := P/N be the space of JV-orbits. Consider the projection q : P —• B 
. The vertical tangent bundle V is a G-equivariant real vector bundle over P . 
By assumption, the bundle V is a G-orientable vector bundle. As the group N 
acts principally, the bundle V is a trivial bundle over P canonically isomorphic 
to P x n. The isomorphism is obtained by sending (.t;, Ar) G P x n to the vertical 
tangent vector (Xp)x . The action of an élément g £ G on V = P x n is given 
by (x,F) • g = {xg,g~l • Y) for x G P,Y G n. (Observe that if detn(g) > 0, for 
ail g G G, then any choice of orientation of n gives rise to a G-orientation of 
the vector bundle Vi.e., in this case the condition (77) is satisfied.) 

Let us choose a G-invariant connection form u G (Al(P) ® n)G. Using u;, 
we obtain a G-invariant décomposition 

TP = V 0 H 

of the tangent bundle as suni of vertical and horizontal subbundles. 
Similarly, using a;, we have an isomorphism 

(39) J 7 : P x 0 - > P x n x g / n 

given by U(x,X) = (x,Y,Q), where Q G g/n is the projection of X G 0 and 
where Y = ux(Xp) G n. 

Consider the dual bundle V = P x n' to the vertical tangent bundle V. 
The projection TP —• V, given by the connection UJ, détermines a G-invariant 
injection of V in the cotangent bundle T'P. Consider the canonical 1-form 
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a on the manifold T'P. Let aw := s* a G Al(V). It is a G-invariant differential 
form on V. The form 

f3„ := ew»«« G ̂ ( V ' ) ®M C 

is a closed G-equivariant differential form. Consider the projection p : V —• P. 
We will prove below that if $ is a test function on g, then / f3uf(X)^(X)dX is 
a differential form on V1 = P x n' rapidly decreasing in the direction n'. Thus, 
as the vector bundle V is G-oriented, we may define p*j3u as an élément of 
G-°°(g,^l(P)) ®R C by setting: 

/{pJJ)(X)*{X)dX=p+{ ( f3„{X)$(X)dX) 

(the map p* dépends on the choice of o). 
A représentative of the élément jQ will be defined as the intégral of (3^ over 

the fibers of p, normalized in order that ^0{X) is a differential form on P with 
real coefficients. 

Proposition 79 Let p : V —> P be the projection as above. Let us choose a 
G-orientation o on the vector bundle V. Let n = dimn. Let cn = 1, if n is 
even, and cn = —i if n is odd. Define 

7w,o :=cf l (27r)->.(e"^) . 

Then 7 ^ is an élément of AQ°°(P) and is dg-closed. 
The cohomology class of 7 ^ in HQ°°(P) is indépendant of the choice of the 

G-invariant connection u. It dépends only on the G-orientation o. We dénote 
it by j0. 

Proof: Writing (3» = eul&CVuJ, we compute p*/?^. 
Let E* be a basis of n with dual basis Ej. We write an élément of n' as 

v = Y^vjE<. Let 
LU = 

J 
uj]Ej G (A1(P)^xx)G 

be the connection form. By définition (a;*., EJP) = 6Jk and u of course by défini­
tion vanishes on the horizontal vectors. Under the identification V = P x n', 
the 1-form 

a = 
j 

yJujj. 

Define, as in ([3], chapter 7), the moment // G g' ® C°°(P) 0 n of the 
connection u by setting, for any À' G g 

- -u(XP). 
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Thus p,(X)x is an élément of n and ft,(X + Y)x — fi(X)x — Y for ail Y G n and 
x G P . Let us compute 

dx<*u> •= (dn®u;)(X). 
We obtain 

axa» = (y,»(X)) + 
J 

(dyJUj + yJduj). 

We have ëdxQl" = e^y^x^A(y,dy,Lo,du), where A is a polynomial expression 
in y-7, dy*,ujj,dujj. If $ is a test function on g, the intégral 

'0 
e<(y,MX))$(x)dX 

is a function on V rapidly decreasing over the fiber n'. This can be seen as 
follows: Consider the isornorphism (39) of P x g with P x n x g/n. 

For x G P , let 
q. :={X eg;cvx(XP) = 0}. 

Thus qx is isomorphic to g/n under the natural projection a —» a/n and 

(40) g = n 0 qx. 

We fix x G P , and write qx = q. Let À' G g. Using the décomposition g = 
n © q, we write X = Y + Q, with F G n, Q G q. We have (y, //(X)) = -(y, Y). 
Writing $(X)dX = $(F,Q)rZQf/y, we get 

9 
e.-(y,/«(X))$rYV/X = 

Jn 
e-*y>Y)V(Y)dY, 

where * ( F ) = Jq$(Y,Q)dQ. Clearly * ( y ) is a C°°-function with compact 
support on n. As Fourier transform of test functions are rapidly decreasing, it 
follows that 

eidxau$(X)dX = A(y,dy^dw) e-i^Y^(Y)dY 

is a form on V rapidly decreasing over the fiber n' of the projection V —+ P. 
This proves that p*/3u exists, as an élément of C~00(g, A(P)) ®M C. It is 

clearly G-invariant, so that p*flu G AQ°°(P) 0R C. Furthermore p*(5u is dg-
closed: 

(d4p.pu,$dX)=p.(dapu,$dX) = 0. 

If u>t is a one-parameter smooth family of G-invariant connections, we dénote 
<Xu>t,0wt by ai,Pt respectively. We have 

d 
dth 

d 
dt. 

(ew»"' ) = id. 
js 
sssd ai) A A.). 
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The intégral of (j^ott A j3t) over the fiber n' exists in the sensé of generalized 
functions and 

(41) jflhPt = idgp*(—at A (3t). 

Thus the cohomology class of p*/3t is independent of the choice of the connection 
Wl 

We now compute explicitly the élément 7 ^ defined in Proposition 79 and 
show, in particular, that 7u>j0(X) is a differential form with real coefficients. 

Let us fix x G P . The orientation 0 on the vector bundle V gives rise to an 
orientation ox on n (which may dépend on the connected component of x G P). 
Let E* be an ordered basis of n. We will say that this order is o-compatible, 
if this basis is of orientation ox. The exterior product uu\ A CJ2 A • • • A cun of 
the components UU{ of the connection u; is a vertical form on P of maximum 
dimension. 

Let 1/ G A V be such that {y',El A • • • A En) = 1. The élément 1/ also 
détermines an Euclidean measure dY on n and a 6- function |z//|~16n(y) G 
C-°°(n) (cf Section 2, Formula 10 ). 

We can also write 
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\v'\-l6JY) = (27r)-dimn 
Jn' 

é{y'Y)dy, 

where dy is the measure on n' dual to the Euclidean measure dY on n. Let 
Çl = dw+ |[c<;,£j] be the curvature of the connection UJ. Thus Q G (A2(P)®n)G. 
We write 

Q = O Ej. 

Define the equivariant curvature of LU (as in [3], chap 7) by 

Q(X) = ti(X) + Q. 

To simplify notation, we will use v1 to identify generalized functions and 
distributions and write <SN instead of | / / | -15N. 

Let us show that the generalized function 6n(Q(X)) G C~°°(g,A(P)) is well 
defined. We describe, at each point x G P, 6n(Q(X))T as a generalized function 
on g with values in the vector space hT'xP. In the décomposition g = n © qx 
given by formula 40, we write X = Y + Q. Then Q(Y + Q)x = -Y + QX and 
we define 6n(Q(X))x by its Taylor expansion: 

6n(Q(X))x = 6n(-Y) + 
J 

]nj(dEi6n)(-Y) + .--
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Proposition 80 Let x G P and let be an ordered basis of n, with an order 
compatible with the orientation ox. Then 

7u,,o(A% = W\-lK{ïl{X))x A (ux A u2 A • • • A un)x. 

Proof: The highest degree component of etdotu = e<dy^)+<y,d") 'm dy^s is equal 
to 

cnldyi A dy2 A • • • A dyn A u\ A LO2 A • • • A cune^y,d^. 

The curvature fî is equal to du modulo terms in Uj. Thus 

ui A u2 A • • • A unei{y'duj) = ux A u2 A • • • A un A el(2/'fi) 

and 

PMX)X = c-\ e.-(y,/i(A-)+n)dî/j A (ui Au2 A - - - A un)x 

= c-1(27r)n|i/#|-1*n(n(X))ÏP(o;1 A ĉ 2 A • • • A u>n)x. 

This proves the proposition. | 
In particular, we see that 7 ^ indeed belongs to AQ°°(P) and we obtain Propo­
sition 79. | 

Remark 81 It is easy to check directly from the formula of the above proposi­
tion that 7 ^ is dg closed. 

Fix x E P and consider the décomposition g = n © q given by (40). The 
space q is isomorphic to g/n. The generalized function ju,i0(X)x iz constant in 
the direction q: JUJ,OÇY + Q)X = Tw.oPO*. Thus, if f(Q) is a generalized function 
on g/n, we can multiply ^0{X)x by f(Q) ai*d we obtain a generalized function 
on g with values in AT'XP. 

Define the map 
mu<0 : AâTN(P/N) - A7r(P) 

by setting 
m^0{oi) = q*{or) A 7^,, 

for a G A-G%(P/N). 

The above discussion shows that mwo is well defined. It is a cochain map 
of differential complexes 

mw,0 : (A^N(P/N),dB/n) -> M«°°(P),d9). 
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Proposition 82 The induced map in cohomology 

HârN(P/N) - Hâ°°(P), 

from the cochain map 
m^0{pt) = q*(a) A 7 ^ , 

does not dépend upon the choice ofthe G-invariant connection eu on the principal 
N-bundle q : P —> P/N. We will dénote it by mQ. 

Proof: This follows easily from Formula 41 on the variation of p*/3u. I 

We describe now the properties of mW)0 in relation to the .4g5 (P)-module 
structure on AQ°°(P). 

lia e A%(P), we can define (3 G A%(P), by setting 

(3(X) := a(X + Q(X)). 

Explicitly, for x G P , Y E n, Q G q, X = Y + Q, then X + Q(X) = Y + Q + 
Qx — Y = Q + Qx, thus /3(X)X = a(Q + Q)x is defined by its Taylor expansion 

a(V + Q)x = a(Q)x + £ nj(dEJa)(Q)x + • • • 
3 

Thus f}(X + Y)x = (3{X)X, for X G g, Y G n. Hence /? G G°°(g/n, *4(P)). 
Let T C A(P) be the subspace of horizontal forms. The group G acts on T. 

The connection ou defines a horizontal projector h : A(P) —• T which commutes 
with the action of G. Define, for a G *4£?(P), 

WL,(*)(-Y) : = / i ( a ( X + « (* ) ) ) . 

As W„a = h(P), Wu{a) G C°°(g/n,r). The G-invariance implies that 
Ww(«) G G°°(g/n, As N is a normal subgroup of G, TV acts trivially on 
g/n, in particular Ww(a) G C°°(g/n, T^). The space is the space of forms 
on B := P/N, and we think of W„(a) as an élément of G°°(g/n, A(B)). The 
G-invariance implies that W^rv) G AQ/N(P/N). Thus we have obtained a map 

Ww : A%(P) - A%/N{P/N). 

Remark 83 . The map W^ is a generalization ofthe Chern-Weil map: If N = 
G, let (j) G G°°(g)G and consider <j>(X)\ G A%(P). Then W»{<I>{X)\) = </>(Q) 
is the characteristic form, on P/G associated to (j) by the classical Chern-Weil 
homomorphism. 
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Proposition 84 If a G A%(P), then 

a A 7^0 = q*(WLJa) A 7W>0 = m^W^a)). 

In particular, for f3 G AQ^N(P/N), 

a A mUi0(/3) = mW;0(Wu;Q' A /?). 

Proof: The proof follows easily from our formula given in Proposition 80 for 
7W|0. We have, for x G P , X = Y + Q, Y G n, Q G q 

a(X)x A 7o,,o(*)* = a (y + g ) A ( n - ^ ( w i A w 2 A . . . A o ; n ) ï 

= a((] + ( ? ) A ( l î - ^ i A w 2 A - A 4 

= a(X + Q(X))xA^i0(X)x. 

As 7̂ ,0 is already of top degree in the vertical directions, we see that 

a(X + tt(X))x A YUt0(X)x = h(a(X + Q(X)))S A lu,0(X)x 

which is the formula we want. | 
The following proposition is proved in [13]. We give another proof, which is 

an easy application of Proposition 84. 

Proposition 85 Let G be a Lie group and let N C G be a closed normal 
subgroup of G. Let P be a right G-manifold such that the action of N is prin­
cipal. Assume that the principal N-bundle q : P —> P/N admits a G-invariant 
connection u. Then the map 

WU:A%(P)^AG/N%/N(P/N) 

defined above is a cochain map: 

W„dg = d2/nWu. 

Furthermore, if P e A%/N{P/N) then 

W„q*(5 = P. 

Proof: The last équation follows from the définition of Ww, as a(Y + Q)x = 
(q*(3)(Q) is independent of the variable Y G n, thus a(Q + Q)x = ax(Q) and is 
horizontal. 

Let us prove that Ww commutes with differentials. Let a G AQ(P) and 
write 7 instead of 7 ^ and W instead of W^. Let us compute dg(a A 7): 
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As 7 is dg-closed, we obtain from Proposition 84, 

dQ(a A 7) = dQa A 7 = q*(W(d2a)) A 7. 

We also have 

de(aAj) = dB(q*W(a)A7) 
= da(q*W(a))A7 
= q*(ds/nW(a))A7. 

Thus 
mu,0(W(dga)) = mul>0{di/nW{a)). 

But the map muo is easily seen to be injective and hence we obtain 

W(dta) = d9/nW(a). 

• 
We also have ([13]) 

Theorem 86 Let the notation and as.wmpti.ons be as in the above proposition 
(85). Then the cochain map 

<1* : A%/N(P/N) - A%(P) 

induces an isornorphism in cohomology. 
As W^q* = where I is the identity operator, the map Ww provides an 

explicit inverse for q* in cohom.ology. 

Let us consider example 76 for the following spécial case: The manifold A is 
equal to the Lie group U and A' is a closed subgroup of U. The manifold L = U 
is & U x K manifold, where the action of (u,k) G U x K on x G A is given by 
x • (w, A:) = u~lxk. Let G = U x K and P = U x M, for a A'-manifold M. The 
action of both of the (normal) subgroups U and A' of G on P are principal. 

Consider first the action of U. The space P/U is our A'-manifold M we 
started with. Consider the canonical Marner-Cartan connection uu G (Al{U)® 
u)u defined by UJU(XU) = X for every X G u. Here Xu is the vector field 
associated to the action of U on A by left translation, i.e (Xu)x ls the tangent 
vector to the curve exp(—f-Y).r. We have UJU(Yl)x = -x • Y, for x G A, Y G t, 
as A' acts by right translations on A. The connection uv extends trivially to a 
(Ux A')-invariant connection uu®l for the principal [/-bundle qu : UxM —> M. 

As before, trivialize the vertical bundle Vu = P x u ( for qu) by the map 
defined by sending the vertical tangent vector (XuXM)x,m to (x,m,X), for x G 
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[/, m G M,X G u. Choose an orientation ou on u. We obtain a {/-invariant 
orientation ou on Vu, by setting (ou)X}M = sign(detux)ou. This orientation is 
U x K invariant, if and only if detufc > 0, for every k G J\. Thus, under this 
condition, we get a map 

mou : HJT{M) - H^K(U x M). 

Consider now the action of K. The quotient space U x M by the action of 
K is the induced space 

M = U xK M 

with left action of [/, that we considered in section 5. Assume there exists a U-
invariant connection u G (Al(U)u (g) Ï)K for the principal iïT-bundle U —• U/K. 
Then the form cj(g) 1 on(7xMisaî7-invariant connection form for the principal 
if-bundle qi< : U x M —> U xK M. Assume that dettA: > 0 for every k e K. 
Choose an orientation ot on É, then the fibration qx has a unique U x A'-invariant 
orientation OK given by oem = ot for each point m G M, where e is the identity 
of U. Thus, under thèse conditions, there exists a map 

mOK : Hû°°(U xK M) -» H^K(U x M). 

Given orientations ou, of u, 6 respectively, they détermine an orientation o on 
u/É. We have detu/tA: > 0 for ail k G A', as both numbers detuA? and dettA: are 
> 0, by assumption. Recall the map 

Indu/K<0 : HJT{M) -f ^°°(C7 x * M) 

from Section 5, Proposition 50 

Lemma 87 Let U be a Lie group and let K be a closed subgroup ofU, such that 
the principal K-bundle U —• U/K admits a U-invariant connection. Assume 
det^k > 0, detuk > 0 for ail k G A\ Let ou,ot,o be compatible orientations on 
u,l,u/ï, then 

mQu — mOKIndu/K,0-

Proof: First, we explicitly compute the map m0[/. Consider the canonical 
connection uu- Its curvature is 0. The equivariant curvature of uu is given, for 
the identity élément e of t/, m G M, X G u, Y G by 

n^x,y)(eim) = - x + y. 

Let ^ = dimC/. Let ^ G AV be a positive élément (with respect to the 
orientation ou). Let dx be the unique left [/"-invariant form on [/", such that 
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(dx)e = v'. Then v'v détermines a 5-function \v'v\ 16U on u, and for X G u, 
Y G t 

7^,oc,(A',F)(eifn) = \v'v\ 16U(Y - X)(dx)e. 

Thus, for a G ^ ° ° ( M ) , 

{muu,0ua)(X,Y)(etm) = Wv\-l8»{Y - X)(a(Y) A dx\e,m). 

More explicitly, for 3>i a test function on u, $ 2 a test function on É, 

uxt 
(mW[/,0[/a)(X,F)$1(X)$2(y)^dr)(e,m) = 

f 
a(Y)91(Y)92(Y)dY) Adx)(e,m) 

where dX is the Euclidean density on u determined by u'. 
Now let us analyse the action of K on U x M. Let k = dim AT, n = 

dim(U/K). Let A1 be an oriented basis of t with dual basis At G Let 
v'K = Ai A • • • A Ek- The connection LU détermines a A'-invariant décomposition 
u = t © r. Thus E{ can be thought of as an élément of u' vanishing on r. 
If LU = ^2{C0iE\ the form LU{ is the unique left [/-invariant 1-form on U such 
that (u>i)e = E{. Let pr'i (resp. prr) be the projection from u to t (resp. r) 
determined by LU. 

Consider the connection LU := a;(8)1 for the principal A'-bundle qK :UxM —> 
U xK M. Let fi G .42(Î7) <g> É be the curvature of LU. The equivariant curvature 
of LU at the point (e, m) £ U x M is given, for X G u, y G t by 

n(-Y,y)(efm) = ( p r e x - y ) + ne. 

Thus the élément 7^ 0 is given by 

(7^,OK)(x,y)(e,m) = K r % ( ( F v Y - y ) + A . . . A uh)e. 

Let // G A"!/ be such that /// A u'K = v'v. Let dr be the unique left U-
invariant n-form on U such that (dr)e = ///. The élément // détermines also 
a 6-function |//|_1<!>r on the vector space r. Let a G AK°°(M). By définition, 
for JY G u, (Indu/Ki0<y)(X)(eiTn) is the projection (on the horizontal éléments for 
the diagonal Ji-action) of \ft,\~ièT(prxX)(a(prîX) Adr)(Cjm). As ^Û,OK is already 
of top vertical dimension in the direction A', we have 

{{m^0KIndu/K}0a){X,Y)){^m) = 

%(prtX)(a(pr»X) A dr A K I _ 1 M ( F V Y - Y) + Q) A ^ A . . . A ^ ) ( E M ) . 
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Now dr Auj\ ... Aouk is the form dx of top degree on U and fi is a form on 
17, so that dx A ô^p^X - Y) + Q) = rte A 6t(j;rtX - y ) . Thus, if $x is a test 
function on u and $2 a test function on É, we obtain 

( / (mct0KIndu/Ki0a)(X, Y)^1(X)92(Y)dXdY)e,m = 
Juxî 

( (J ta (Y)^ (Y)ys O d^2(Y)dY) A dx\e<m). 

Comparing with the preceding calculation, we obtain the equality, for X G 
u , y G É,m G M, 

(^c/,oc/»)(AT,y)(e,m) = (mû}0KIndu/K)0a)(X,Y){e}rn). 

By [/-invariance we obtain the equality at each point (#,ra) G U x M and the 
lemma is proved. | 

Proposition 88 Let U be a Lie group. Let K be a compact subgroup of U such 
that detufc = 1, dettfc = 1 for ail k G A\ Then for any K-manifold M, the 
maps 

m0u : HJT{M) -f H^K{U x M) 

and 

mOK : Hï°°(U xK M) - H^K(U x M), 

(defined earlier) are both isomorphisms. 

Proof: Let G = U x K. The space P = U x M is also the induced space 
G X&(K) M, where K is embedded in G = U x K by the diagonal map A. It 
is easy to see from the explicit calculation above that the map m0jJ coincides 
with the map Indo/K,o- As K is compact, Theorem 52 of section 5 implies that 
m0u is an isomorphism. As Indu/Ko is also an isomorphism, Lemma 87 gives 
us the proposition. | 

Let us return to the gênerai situation (S) of a right G-manifold P , with 
principal action of a normal subgroup N of G, satisfying Conditions (77) and 
(78). Then the map mQ : H'^P/N) -> Hâ°°(P) is defined. Although it 
would be désirable to know that mQ is always an isomorphism, we are able to 
prove it only under additional hypothèses. 

First consider the case where G = N. Thus HQJ^(P/N) is simply equal to 
H(P/G) = H(B). As P -> B = P/G is a principal bundle with group G, we 
can find a (G-invariant) connection u for the bundle P B. We assume that 
this fibration has G-oriented-fibers. Thus we can construct a canonical élément 
(up to the G-orientation o) % G HQ°°(P) and the map raG. 
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Let fi be the curvature of the connection u for P —• P/G. If </>(X) G 
C°°(g)G, then </>(fi) G and is independent of the choice of u. We thus 
define a structure of G°°(g)G-module on H(B) via the Chern -Weil homomor-
phism: = 0(fi) A /?, for <f> G G°°(g)G and /? G # ( P ) . 

Theorem 89 Le£ G be a Lie group acting principally (from the right) on a 
manifold P. Assume further that the quotient map q : P —» P/G has G-oriented 
fibers under an orientation o. Then the map 

mQ : H(P/G) - Hâ°°(P) 

given by mQ(a) = q*a A jQ is an isornorphism of C°°(g)G-modules. 

Proof: The fact that mQ is a morphism of G°°(g)G-modules, follows readily 
from Proposition 84. 

It remains to see that mQ is an isornorphism of vector spaces: 
If P = G x B is the direct product of G and P , with the action of an 

élément g0 G G given by (g, m) • g0 = (gô^âsra), for g G G, m G P , then by 
Proposition 88 (for U = G, K = e, M = P) , the equivariant cohomology 
HQ°°(P) is isomorphic with P^(P) under the map raG. Thus our theorem is 
true when the fibration P —• B is trivial. (Remark: a trivial principal G-
bundle is usually trivialized as G x P , where the action of G is on the right 
(<7? m)'9o — (<7<7o, wi). We can use the isornorphism (g, m) —y (g~l, m) to change 
this usual trivialization to the trivialization used above.) 

Let us now return to the gênerai situation . Choose a (G-invariant) connec­
tion form eu for the principal G-bundle q. Consider the élément jQ G P^^°°(P) 
given in Proposition 79 (with respect to the given G-orientation o). Let U 
be an open subset of B. Dénote by ju the restriction of jQ to g-1 (U). We 
dénote by : H(U) —• HQ°°(q~'1(U)) the map mQ restricted to q~l(U): 
mt/(Q/) = Q*a A 7f/-

Lemma 90 Let U and V be two open subsets of B. Assume that the maps mu, 
my, munv are isom,orphism.s, then muuv i-s an isornorphism. 

Proof: This lemma is proved by a standard Mayer-Vietoris argument: Both 
the séquences 

0 -+ A(U U V)) -+ A{U) © A(V) -> A(U n V) 0, 

0 - Ac°°(q-l(U U V)) - Ac°°(q-HU)) © Aâ^q-'iV)) 
Ac°°(q-l(U U V)) - 0 
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are exact. The surjectivity of the last map can be seen as follows: Choose a 
partition of unity /(/, fy for U U V subordinate to 17, V. Then the functions 
q*fu,q*fv are G-invariant functions. If (3 G AQ°°(q~1(U 0 V))-> t^en (3 is the 
image of (-(q* fv)P,(l* fu)P) G ̂ ° ° ( < T W ) © - ^ ( « r W ) ) -

Thus the above Mayer-Vietoris séquences induce the long exact séquences 
in cohomology. The lemma follows from the five lemma. | 

Now Theorem 8 9 follows by recalling that there is a finite open cover [/,• of 
the base B such that the bundle q~l(U{) —• U{ is trivial. | 

We now return to the gênerai situation (S) . Assume now that G is compact. 
Then the condition (78) on the existence of a G-invariant connection for the 
map q : P —• P/N is always satisfied. We prove the following theorem 

Theorem 91 Let G be a compact Lie group and let P be a right G-manifold. 
G. Let N be a closed normal subgroup of G acting freely on P. We assume 
furthermore that the fibers of q : P —• P/N admit a G-orientation o. Then the 
map 

m0 : H-~{PIN) - H^{P) 

is an isomorphism. 

Proof: We choose a G-invariant connection form LU G {Al(P) ® n)G and 
use notation of the proof of Proposition 79. Let T C A(P) be the space of 
horizontal forms. The action of G on A(P) préserves the subspace T. Let us 
consider the algebra homomorphism C : An7 —» A(P), determined by sending 
Ej G n' to LU j . We still dénote by 

C : T ® An' A(P) 

the map given by C(a 0 ( ) = «A C*(£), for a G T,£ G An'. The map C is an 
isomorphism. Furthermore C commutes with the action of G. 

Recall the isomorphism (11) : P x g — » P x n x g / n . Let us explicitly write 
Î7, using coordinates. Let n = dimn. Choose a basis Qa, n < a < dimg, of 
g/n. We choose a basis G-7 of g such that the first n-vectors are the vectors E* 
and the last ones are représentatives of Qa. Let Q = ^2i>n xiQ1 be an élément 
of g/n. Define, for p G P , 

kj(P,Q) = (iv„(Y:xiGi)P,Ej). 

Then Q t—• kj(p,Q) is a linear function in Q varying smoothly in p. Let X = 
J^iXiG1. In thèse coordinates x — (.Tj), we have 

U(p,X) = (P,Y(x),Q(x)) 
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with 

Q(x) = ^xiQi,Y(x) = J2(*s + kj(p,Q(x))Ej. 
i>n j—l 

We dénote by U* the isomorphism 

IT : C-°°(n © g/n, G°°(P)) G-°°(g, G°°(P)) 

given by (J7*s)(X,p) = s(£7(p,X)), for s G G-°°(n © g/n, G°°(P)). 
Formula above shows that U*s is indeed smooth in p and generalized in X. 
Let 

A = C-°°(nffig/n,r)® An'. 

With the help of U and C, we can define an isomorphism 

T:A-+C-°°(b,A(P)) 

by the following formula: For s G C-°°(n © g/n, G°°(P)), a G T ® An', 

T(.sa) = (C7*5)C(a). 

The group G acts on A by the action induced by the adjoint représentation 
of G on n, g/n, and its natural action on T. We dénote by AQ the space of 
G-invariants in A . Then T commutes with the action of G and induces an 
isomorphism still denoted by T between AQ and ^4^°°(P). 

Consider the Z+-gradation on A 

A* = G"°°(n © g/n, T) ® AV. 

We still dénote by dQ the operator on the space obtained from the operator 
dQ on G~°°(g, A(P)) under the isomorphism T. 

We write Y G n as Y = ]£?7j^. Let t(JE )̂ be the contraction on An' by the 
vector EK Let jn be the operator of degree —1 on A given by 

j„ = £!/>'•(£'')• 

The components fij of the curvature Q are horizontal forms. Thus exterior 
multiplication by Qj is an operator on T. We can consider the operator / acting 
on G"°°(n © g/n, T) ® An' given by 

/ = £ f i ; ® 
i 

The operator / is homogeneous of degree — 1. 
Let us write, using the Z+-grading of A, the operator dQ on A as a sum of 

homogeneous operators di of degree i. 
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Lemma 92 We have 
dç = d_i + d0 + di 

with d_i = — jn + f. 

Proof: Let Qa be a basis of g/n. Let p e P. At the point p E P, consider the 
décomposition 

g = n © qp 

given in ( 40). We write Qap G qp for the unique élément of qp above Qa G g/n. 
We have wp(Qp) = 0. The contraction by Qp produces an operator ta on 
the space of horizontal forms T. Let Q = J2aqaQa € g/n. The coordinate 
function qa acts on C ' ^ g / n ) by multiplication. The operator t^/n = YlQa^a is 
an operator of degree 0 on C~°°(n © g/n, T) ® An'. 

It is easy to see that the operator t = iQ on C"°°(g, A(P)) becomes the 
operator £g/n © jn on A under the isomorphism T. 

Let us now analyse the differential dp under the isomorphism T. If / = {1 < 
il < i2 ... < ik ^ n) is an ordered multiindex, we write uj = OJ^ A . . . A ojik. 
Let 5 G C-°°(n© g/n, C°°(P)), a G T. We compute dp((U*s)a A a;/). As dP is 
a dérivation, we analyse the exterior differential of each term of this product. 

As du + |[tt>,u>] = fî, where fi is horizontal, we see that the differential dujj 
of the component cjj of the connection LU is the sum of an élément of C(A2n') 
and of Qj G T. 

The differential dp does not necessarily keep the space T of horizontal forms 
stable, but dP(a) G T © T ® n', for a G T. 

Finally, for s(V, Q,p) G C-°°(n© g/n, C°°(P)), we have, with Y = J2j VjEj, 

T-'dpTs = dPs + YJdyjs(Y,Q,p)dPkj(p,Q). 
j 

Combining ail thèse observations, we see that dp becomes a sum of the 
homogeneous operators /_i + /o + /i under the isomorphism T. Furthermore 
the term /_i is the operator / . Hence we obtain the lemma. | 

We now prove Theorem 91 by an induction argument similar to the argument 
of the proof of Theorem 39. Actually we will make use of the bigrading 

Ak,q = C-oo(n 0 pçj ^ Akn,^ 

where Tq refers to the Z+-grading on T given by the exterior degree. 
Each of the spaces Ak'" is stable by G, since A" is a normal subgroup of G. 

As the group G is compact, the proof of Proposition 22 and Remark 23 (of 
section 3) implies that the homology groups of the operator jn : AQ9 —> A*(f1,q 
are equal to zéro, except in maximal degree n = dimn. 
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Let a G AQ°°(P) be such. that dQa = 0. We first show that a is homologous 
to an élément f3 divisible by 7 ^ . We work with AQ and write again a for the 
élément T~1(a) G AG. Let a = T,k>k0ak with G AkG. From the degree 
considération (cf. Lemma 92), we see that (jn — f)&k0 = 0. 

Write now ako = Y,q>qo a(kiuq) with a(k0,q) G Ako,q- Tlie operator / sends 
Ako,q to ^4*0-1,9+2 Thus, we see again from degree considérations in q that 
Jn(^0,go) = 0- So if A:0 < there exists /? G A 0̂+1'90 such that â 0)9o = jn(5. The 
élément a + dQ(3 is homologous to a and its term of degree k0 is in ^2q>qo 
(Of course a + dg/3 has no term of degree strictly less than k0.) By successive 
approximations, we thus see that we can construct a représentative of a in 
AQ. NOW, let a G AQ be such that d$a = 0. In particular, (jn — f)(ct) = 0. 
We can write at the point p E P a(Y,Q)p = \(Y,Q,p)(uJi A . . . A u;n)p where 
À(y, Q,p) G G~°°(n ©g/n) (g) Ai/*, where Pp is the space of horizontal vectors. 
Let us write Y = ^ UjE*. For every j , 1 < j < n, the équation (jn — / ) a = 0 
implies 

(yj-nj)\(Y,Q,P)=0. 

It is not difficult to see (using for example the translation À(Y, Q,p) i-> \(Y+ 
Q,Q,p)) that A(y,Q,/;) = *n(-y + Q)/3(Q,p) where /3(Q,p) is a generalized 
function on g/n with values in AH*. This way, we construct an élément (3 G 
C~°°(g/n,T). As a G AQ is G-invariant, /? G (G"°°(g/n,T))G. As N is normal, 
the group N acts trivially on g/n. Thus, we see that /? G (G_00(g/n, TN))G/N = 
A^N(P/N) and a = g*/? A 7w,0. 

The équation dQa = 0 and the injectivity of the map m^^ at the cochain 
level (cf. Proof of Proposition 85) implies that dg/n(3 = 0. Thus (5 is closed and 
the map m0 is surjective. The injectivity is proved by a similar argument. | 

Let K and U be compact subgroups of a Lie group A. Then A can be 
thought of as a U x A'-manifold under x • (u, k) = u~lxk, for x G A, w G Î7 and 
A: G AT. If M is a A'-manifold, we consider the U x AT manifold P = A x M, 
with twisted action as in Example 76. 

Thus, specializing Theorem 91 to this example, we obtain 

Proposition 93 Let A", U be compact subgroups of a Lie group A. Assume 
that there exists a U x K-invariant orientation OR for the principal K-bundle 
qK : A x M —> A xK M . Then the map 

mOK : i V ° ( A x * M) - i^~A (A x M) 

w an isornorphism. In particular, when M = point, 

Hn°°(L/K) a< Hû°?AD. 
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In the case of a free action, we have seen that HQ°°(M) is isomorphic to 
HQ(M) under the multiplication by yQ. However it may happen that the natural 
inclusion HQ{M) —• HQ°°(M) is identically 0. This is for example the case for 
the action of G on itself, at least when G is compact: The élément 1 G HG(G) = 
R has intégral zéro over G, while the intégral of % G HQ°°(G) is equal to 
vol(G,dg)69(X), as follows from the explicit formula for 7G given above. 

Assume that M is compact and oriented. Thus JM defines a map from 
HQ°°(M) to C~°°(g)G. It is clear from the formula, given in Proposition 80 for 
the generator yQ that if a = (3 A jQ with (3 G HQ(M), then JM a is a derivative 
P(d)6Q of the 6Q- function on g. Moreover, the order of the derivative is less 
or equal that of dim(i?)/2. We will détermine explicitly this map in a spécial 
case. 

Let K be a compact connected semi-simple Lie group and let T be its maxi­
mal torus. Let W be the Weyl group of (K,T). Let S(t)w be the subalgebra of 
W-invariants in 5(t). Let J be the idéal in 5(t) generated by ail the invariants 
of positive degree. Similarly, let S(t')w be the subalgebra of W-invariants in 
S(i')w and let J be the idéal in S(t') generated by ail the invariants of positive 
degree. Let <$t be the 6 function on t determined by the Euclidean measure on 
t associated to the Killing form. 

If / G C"°°(t) and Q G 5(t), then the derivative Q(d)f of / by the constant 
coefficient differential operator Q(d) is well defined. 

Similarly, if P G S(i) is a polynomial function on t; and Q G *5(t'), we can 
define Q(6)P. An élément P G 5(t) is called harmonie, if Q(6)P = 0, for ail 
Q G J. We dénote by 7ï the set of harmonie éléments of 5(t). 

Lemma 94 Let 

J:={f G C-°°( t ) ,P/ = 0, for ail P G J } 

be the set of generalized functions on t annihilated by ail the W-invariant func­
tions P without constant terms under multiplications. Then J is equal to 

j = {Q(d)6i-,Qen}. 

Proof: Choose a ^-invariant norm |x| on t. If / G <7, then / is annihilated 
by the invariant polynomial function \x\2. Hence / is supported at the origin 
and there exists a Q G 5(t) such that / = Q(d)-6i. The équation J-Q(d) -<5t = 0 
implies, by Fourier transform, that Q is harmonie. | 

Let t = t © r be the T-invariant décomposition of 6, and let n = dimr. 
Choose compatible orientations ot,ot,ot on t, r, t. Let K!,P',v' be the forms of 
maximal degree on É, r, t respectively, associated to the Killing form (, ) and our 
choice of orientations . We dénote also by K! the left AT-invariant form on K 
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coinciding with K! at the iclentity e of A\ Similarly, we extend v1 (resp. p!) as 
a left K-invariant dimt-form (resp. dimr-form) on K coinciding with 1/ (resp 
p!) at e. 

Let A G t'. The bilinear form on r given by B\(X,Y) = (A, [X,F]) is an 
élément of AV. Let A = {a G it'} be the set of roots of (6, t). Choose an 
order on A compatible with the orientation ot, as in ([12], page 40). Let U 
be the polynomial function U(X) = Ha>Q(\,ia). Then U G T~L and the map 
P G S(t') »—• P(d)U induces an isornorphism from S(t')/J to 7Y. Furthermore 
it is easy to see that P"/2 = ((n/2)!)£/(A)//. 

Consider the free action of T on M = K by k • £ = H. The space HT{K) is 
isomorphic to H(K/T). The Chern-Weil map VT : S(t') H(K/T) is surjec­
tive, with kernel J. Thus we identify #r(Ar) with the S(t')-module S(t')/J. 

Proposition 95 The map 

IK 
: Hr°°(K) -> C-°°(t) 

25 an isornorphism from, HT°°(K) to J. Furtherm,ore, we have 

IK 
lo = (-l)"/2vol(K)U(d).6u 

where n = dim A\ 

Proof: Consider the curvature Q of /i —• A'/T, determined by the T-invariant 
décomposition 6 = t©r. It is an élément of A2)/®t. Let us compute exp Q in the 
algebra Ar7 (g) 5(t). The component of exp Q of exterior degree n is given by the 
formula (exp Q)[n] = ® C/. The term of exterior degree n of <5t(fi — X) is thus 
equal to (-1)"/2//' <g> C7(3)6t. Formula for 7o G g i v e n in Proposition 80 
shows that the term of maximal exterior degree of jQ is 

( 7 0 W i ( A - ) = {-\r'\U(d) • *t)(A>'. 

Integrating over A", we obtain the formula for JK jQ given in the proposition. 
As HT(K) is generated by 1 over £(t'), we obtain the equality H^°°{K) = 

(S(i')/J)j0. Furthermore, as seen by Fourier transform, the map P i—• P(U(d) • 
8i) induces an isornorphism from S(t')/ J to J and we obtain our proposition. | 

Corollary 96 The natural map HT(K) —• Hf°°(K) is identicalhj 0. 

Proof: Eléments of HT(K) = H(K/T) corne from the base, thus have intégral 
zéro on K. | 
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Remark 97 If a torus acts on a compact oriented manifold M without fixed 
points, every ( equivariant) cohomology class in HT(M) is of intégral equal to 
zéro, as follows from the loca.liza.tion formula (see [3], chap 7). The preceding 
example (i.e T acting on K by right translations) gives a striking case of an 
action of T without fixed points, where any non-zero equivariant cohomology 
class with generalized coefficients has a non-zero intégral. 

10 A s p e c t r a l s é q u e n c e for T-equivar iant co ­
h o m o l o g y 

Let K be a compact connected Lie group and M a K- manifold. Let T be 
a maximal torus of K. In section 8, we have seen that the A^-equivariant 
cohomology H]C°°(M) of M can be computed in terms of the T-equivariant 
cohomology of M. In this section, we will establish a spectral séquence relating 
the S(t')- modules HT(M) and # f °°(Af). 

Let T be an abelian Lie group (not necessarily compact) and let M be a 
T-manifold Let t be the Lie algebra of T. Then, as T is abelian, 

AT(M) = S(t') ® A(M)T'. 

Similarly 
AT°°(M) = C-°°(i,A(M)T).s 

We can then consider A^°°(M) as obtained from the space AT{M) by "ex­
tension" of coefficients. 

Let us consider the space: 

Q = C-°°(t, A(M)T) ® S(t') <g> At; 

Z-graded by its exterior degree with respect to Atr, i.e. 

W = C-°°(t, A(M)T) ® S(t') <8> An'. 

Let E1 be a basis of t with dual basis E{ of t'. An élément X G t is written as 
X = J2i %iEl. We can consider an élément of 

V = C-00(t,^(M)^)®5(t,) 

as a form a(X, Y) G A(M)T depending in a generalized way on the first 
variable X G t and in a polynomial way on the second variable F G t. 

We consider on V the Z/2-grading given by the parity of an élément in 
A(M)T. Consider the 5(t')-module structure on the space V defined by (E{ • 
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a)(X,Y) = (x{ - yi)a(X,Y), i.e. E{{0 ® P) = x{0 ® P - 0 ® y.-P, for 0 G 
C-°°(t,^(M)T) and P G S(t'). 

Let j be the Koszul differential of degree - 1 on Q = V ® At', got from the 
S(t')-module V (cf. Formula 12 of section 3), i.e. 

3 = \(xi - yi) ® iA(E*). 

(As usual, in extending IA(E1) to the tensor product of the two superspaces 
V and At7, we respect the sign rules (2) and (3) of section 1). 

If a(X,Y) = 0(X) ® P(Y) G V, the restriction a(J t ,X) = 0(X)P(X) of a 
to the diagonal is well defined. Thus, for any (3 G 0, the restriction (3(X,X) of 
/? to the diagonal is an élément of C~°°(t, ^4(M)T) ® At'. Let us dénote by r(/?) 
the component of exterior degree zéro of /3(X,X). Thus the map r is a map 
from Q to AT°°{M). 

We can also write 

n = C-°°(t,AT(M))(g) At7, 

where by définition 

C-°°(Mr(M)) = 
p>0 

C-°°(i,AUM)) 

and ,4J(M) refers to the Z+-grading of AT{M) defined in section 2. 
We extend pointwise the differential r/t of AT(M) to C~°°(t, ^T(M)) by 

defining (dt/)(X) = rZt(/(Àr)). Consider the operator 

d0 = di ® J 

of degree 0 (with respect to the Z-grading of At7) on Q. 
The operators j and <70 satisfy j2 — 0, r/g = 0, jdo + doj = 0. 
Consider the Z/2 grading on Q given by the parity of forms on A(M)T 

together with the Z-grading of At7. Then d0 and j are odd operators. Define 
the operator 

D = j + d0. 
The operator D is an odd operator on Q of square equal to 0. 

Let H(Q, D) be the cohomology space of D. It is a Z/2-graded space. 

Proposition 98 The m.ap r : Q —• A?00 (M) satisfies rD = d{r. Moreover r 
induces an isom.orphism, in cohomology. Thus the cohomology of the complex 
(fi,Z?) is isomorphic to Hf°°(M). 
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Proof: Since rj = 0, and r(0(X) ® yii{EiM)P(Y)) = xii{EiM)(6(X)P(X)) 
if 0(X) G C-°°(t) and P(Y) G ^ r ( M ) , the first assertion is immédiate,. Let 
n = dim t. As V is a tensor product of the free module S(t') by C~°°(t, A(M)T), 
the space F is a free S(t')-module (cf. Corollary 16 of section 3). Thus by 
Proposition 14 the Koszul complex 

0 _+ fi» -4 ^ fi1 i A ^ ° ° ( M ) -+ 0 

is exact at ail the levels fi1, for ail i > 0. Exactness at fi° is easy to check. 
Let fi' be the exact complex for j defined by fi'1 = fi1 if i > 0 and fi'° = 

Kerr. Choose any homotopy h of fi' of degree 1 i.e. hj + jh = J^/. Consider 
N = Mo + d0/i. Then N is an operator of degree 1 on fi'. We have hD + Dh = 
I+N on fi', and is a nilpotent operator commuting with D. Let us prove that 
r is surjective in cohomology: Let 0 G A^°°(M) be such that d{0 = 0. We lift 6 
as a form in two variables Q(X,Y) = 0(X) constant in F , i.e 0 = 0 ® 1. Then 
r(DQ) = 0 i.e DQ = d0G G fi'. Thus (/ + N)DQ = (hD + Dh)DQ = DhDQ 
i.e. D(Q-(I + N)~1hDQ) = 0. The élément w(Q) := 6 - (I + N^hDe still 
satisfies r(w(Q)) = 0, and is a cocycle for D. 

Similarly, we prove that r is injective: Let a G fi be such that Da = 0 
and r(a) = e/t#. Then a' := a — DQ satisfies Da' = 0 and roi = 0. Then 
a' = D(I + N)~1ha' is a boundary. This proves the proposition. | 

We give below a more explicit way to construct a représentative in P(fi, D) 
of an élément in H^°°(M). 

If y G t, we define as in section 4 the tensor product contraction it(Y) = 
L(YM) + LA(Y) on fi. The horizontal space fi/tor is then defined as 

fî/.or = {a e Q,h(Y)a = OforallY G t}. 

The space fi/lor is stable by D. There is a canonical projection map (see Défi­
nition 28 of section 4) from fi to fi/tor given by 

h = 
i 

(I - eu, E')) 

where 6; dénotes the multiplication by P, on At'. 
We dénote by w : A?00(M) fi the map w(0) = /i(0), where 9 is the lift 

of 6 constant in Y. 
We have 

W(0) = e + (-i)W 
i 

',.(El)e®E;-
1<x 

i(EiM)t.(E>M)e®EiAEi + ---

Lemma 99 The map w satisfies: wdt0 = DwO. Further w induces an isornor­
phism in cohomology, inverse to the map in cohom,ology induced by r. 
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Proof: Both terms of tins équation belong to Qhor- Thus, to prove that 
they are equal, we need only to compute their terms of zeroth exterior degree. 
The élément tudiO has zero-exterior degree term equal to the lift of (di6)(X) = 
dM6(X) - £ tx^ (P^)0 (X) , constant in Y. 

The élément Dw6 has zero-exterior degree term 

dM0(X) • 

i 
yil(E'M)d(X) + 

b 
(«,• - Xi W E' 6,-U EL)e X))) 

which is equal to 
dM0{X) -

i 
XAE'MDDMX). 

It is clear that rw = 1. But since the map r induces an isornorphism in 
cohomology, we get that w also induces isornorphism in cohomology inverse to 
that of r. | 

The complex ($l,D) admits an increasing filtration T — {^7i}o<p<dimt by 
the exterior degree in At' i.e . Tv = ®k<Pttk- This canonically gives rise to a 
convergent homology spectral séquence Er converging to H(Q,D). 

Lemma 100 Assume that T is com,pact abelian and M is a paracompact T-
manifold, such that H^(M) is fi,nite dimensional in each degree. Then 

El=C-00(t)®HT(M)®An'. 

Proof: By définition 

E' = H(TP/?P-UD) 

= H(TvlTv-Xldo) sincej(^>) C Tv-\ 

* P(C-oo(tMr(M))®An,,d0) 
^ P(C"°°(t, AT(M)), d{) (g) Apt'. 

It is easy to see that A>r(<7t) = C"°°(t, ZT{M)) and moreover 7ra(dt) C 
C"°°(t,Pr(M)). Further, by Theorem 117 (of the Appendix), we get a contin­
uons splitting of the map 

Aï (M) -A H" M). 

and hence Jra(dt) = C"°°(t, BT(M)). Also H%(M) being finite dimensional, 
the projection Z^(M) —> Hj,(M) admits a continuons splitting. From this we 
easily conclude that 

P(C-°°(t, A*T(M)), rft) ¥ C-°°(t, H*T(M)). 

This proves the lemma. 
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Remark 101 IfT is compact and H* (M) is finite d,im,ensional in each degree 
then so is H^(M). This follows from. the Serre spectral séquence for the fibration 
M —• E(T) xT M —• B(T). In particular, for compact M, H^(M) is finite 
dimensional in each degree. 

The differential d1 : E* —» ̂ p-i °f degree —1 induced by D = d0 + j on 
E1 = C"°°(t) (g) HT(M) ® At' is the Koszul differential j associated to the 
canonical 5(t')-module stuctures on C~°°(t) and HT{M). Hence, combining 
Proposition 98, Lemma 100 and Lemma 17 we obtain the main resuit of this 
section. 

Theorem 102 Let T be a compact abelian Lie group and let M be a manifold 
such that HT(M) is finite dimensional in each degree. Then the cohomology 
group HT°°(M) has an increasing Z+-fi,ltra,tion HP, and a convergent homology 
spectral séquence with 

E% = Torf\C-°°(i),HT(M)) 

and 
= Hp/Hp-i, 

where C~°°(i) and HT(M) have their canonical S (i')-module structures. 

This spectral séquence is functorial with respect to the T-equivariant smooth 
maps. Further the total Z/2-grading given by the standard Z + degree on 
HT(M) together with the p index in Tor is compatible with the Z/2-grading of 
Hy (M) 

We obtain a number of corollaries: 

Corollary 103 Let M,N be T-manifolds such that H^(M) is finite dimen­
sional in each degree, with a T- equivariant smooth map f : M —• N. Assume 
that the induced map f* : H^(N) —• H^(M) is an isomorphism in T- equivari­
ant cohomology . Then the induced map 

/* : HT°°(N) -+ Hf00(M) 

is also an isomorphism.. 

Proof: It follows immediately from the above spectral séquence. | 
The following corollary was obtained in section 6 for compact T- manifolds 

as a conséquence of Theorem 01 (cf. Corollary 64). 

Corollary 104 For any T-manifold M such that H^(M) is a projective finitely 
generated S(t')- module, the canonical map 

PTM • C-°°(t) ®.v(t') HT(M) - HT°°(M) 

is an isomorphism. 
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Proof: Since HT(M) is S(t')-projective, the spectral séquence of Theorem 
102 has Ep = 0, unless = 0. In particular the spectral séquence dégénérâtes 
at the E^-term itself. Also 

El = Tors0(t'\C-~(t),HT(M)) « C-°°(t) ®s(t,} HT(M). 

This proves the corollary. | 
Let T be an abelian Lie group and let M be a T-manifold. The T-equivariant 

de Rham complex with generalized coefficients admits a graded subcomplex 
obtained by forming the algebraic tensor product 

ÂT°°(M) := C-°°(t) ® A(M)T. 

This subcomplex is stable by the action of S(t'). We dénote the cohomology of 
this subcomplex by Hf°°(M). We have the following comparison: 

Proposition 105 Let T be a compact abelian Lie group and let M be a T-
manifold such that H^(M) is finite dimensional in each degree. Then the 
canonical map H^°°(M) —• H^°°(M), induced from the inclusion AT°°(M) —• 

AT°°(M), is an isomorphism,. 

Proof: Recall the définition of the complex (fi, D) and define a subcomplex 

fi := C-°°(t) <g> A(Mf ® 5(t') ® At;. 

The cochain map r : fi —+ C"°°(t, A(M)T) restricts to a cochain map (de­
noted by) f : fi —• C~°°(i) ® A(M)T. By the same proof as that of Proposition 
98, we can easily see that f induces isomorphism in cohomology. 

Thus the augmented complex 

fi ±* ÀT°°(M) 

maps by the natural inclusion i into the augmented complex 

fi A AT°°(M). 

The filtration {Tp} of fi gives rise to the filtration {Tv := Tv fl fi} of fi. In 
particular, we get the induced map Erv —• E^, where Erv is the spectral séquence 
corresponding to the filtration {Tv}. We have È\ = C-°°(t)®HT(M)®Apt'. In 
particular, Elp —> Exp is an isomorphism, and hence the inclusion fi —• fi induces 
isomorphism in cohomology. But then the map i : AT°°(M) —• A?00(M) also 
induces an isomorphism in cohomology. | 

The spectral séquence obtained in Theorem 102 may sometimes be used to 
détermine the torsion groups Tor^'^C'00(t), HT(M)). For example, if K is a 
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compact connected Lie group with maximal torus T and if M is a A'-manifold 
such that Torf^\C~°°(i),HT(M)) is equal to zéro except for i = i0 (for some 
io), then from the degenerate spectral séquence of Theorem 102 and Theorem 
70, 

F o r f \C-°°(t),HT(M)) = S(t') ® w ff,r(M). 
As we next show, this hypothesis is valid when M is homogeneous under K. 

Let U be a closed subgroup of K. Let us choose a maximal torus Tu of U and 
let T be a maximal torus of K containing Tu. 

Proposition 106 Let M = K/U, where K is a compact connected Lie group 
and U a closed subgroup. Let x '• U —> ±1 be the character x(u) •= dett/uu. 
Then the group 

Torf(t,)(C-°°(t), HT(M)) = 0 for i ^ d := dim(T/Tu) 

and 
TorS/\c-~{ï),HT(M)) S S(t') ® w C'°°(u)\ 

Proof: Let tu be the Lie algebra of Tu- Let Wu C GL(tc/) be the Weyl group 
of the pair (U,Tu) (i.e.Wu = Nu(Tu)/Tu ). If P G S(t')w is a ^-invariant 
function, its restriction to tu is Wu invariant (to see this, use Chevalley's the­
orem to conclude that P is the restriction to t of a A'-invariant polynomial on 
t) . From Proposition 68 of section 7, we have HT(M) S 5(t') ®S(t')w S^)™". 
Thus 

Tor5<t,)(C-°°(t), HT(M)) S T 0 r 5 ^ - ° ° ( t ) , S ( t ' ) ®5(t,r S ( O ^ ) . 

Consider AT := 5(t') ®s(t,)w 5(1'̂ ) as a (S(t'), W^-module by the action of 
5(t') on the left and the action of Wu on the right factor. Then NWu = 
S(t,)®5(t/)w (5(t^)Wl/). The space ror5^t^(C"oc(t), A") thus carries a canonical 
structure of (5(t'), VT(/)-module and moreover by the standard averaging process 

Tors^(C-°°(t),HT(M)) * TorsW(C-°°(l),N)Wu. 

Thus, to prove the vanishing part, we prove that Torf^ \C~°°(t), N) = 0 except 
for i = d. 

Let ti = t/tc/, so that t[ C t'. Consider the partial Koszul complex ji = 
jtl : S(t') ® A^ -> 5(t'c/). This gives a S(t')-free resolution of S(t£,). As S(t') is 
free over S(i')w, the complex S(t') ®s(t')w W ) ® Ati) with differential J ® jx 
gives a S(t')-free resolution of S(t') ®S(t>r 5(t^). Thus Tor5^^(C"00(t), A") is 
the homology of the complex 

C-°°(i) ®5(to ( S ( 0 ®5(to^ W ) ® At'i)) = C-°°(t) ®5(to^ ( S ( 0 ® A«i) 
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i.e. of the complex 
(42) 

0 - C"~(t) ®S{IL)W (S(t') ® A''ti) À C"~(t) ®s(t0w (S(t') ® a^-h;) 

• • • À C"~(t) ®s(l,r (S(t') ® t'O À C"~(t) ®s(t/)^ S(tf) 0. 

Consider the isomorphism obtained in Proposition 66 of section 6 

C-^itYQsww 5 ( 0 = C-°°(t) 

induced from the multiplication map. Hence, the map Pi ® F ® P2 Pi ® PP2 
gives an isomorphism of 

5(t')®5(iow C-°°(t)C®5(to^ 5 ( 0 

with 
S(t') ®s(to^ 

Thus we obtain an isomorphism of the complex (42) with the complex 

s(ï)®S(t>r (C"°°(t)® Ati) 

under the differential I ® j f °°. By Proposition 22 of section 3, the homology of 
the complex (C~°°(t) ® At'1? jï°°) is non-zero only in degree d. As S(t') is free 
over S(t')w, we obtain the vanishing part of the proposition. Furthermore, by 
the remark just before this proposition and Theorem 46 of section 5, we obtain 
the assertion regarding Torj. | 

11 Loca l i za t ion formula 

Let T be a torus, i.e. a compact connected abelian Lie group, acting on a 
compact oriented manifold M. Let a E H^°°(M). The intégral Q(X) := 
JM a(X) of a is a generalized function on t. When a 6 H^(M), the localization 
formula (see [3], chapter 7) gives 6(Ar) in terms of the restriction of a to the 
fixed submanifold MT of M. As shown by Proposition 95 of section 9 ( where 
MT is empty but the map JM is not zéro), it is not possible to détermine fM a 
in terms of a\MT in the generalized case. The main reason for the différence 
between the C±00-cases is that the space H?00(point) = C~°°(t) is not torsion 
free over S(t'). Indeed, for a G J3"f°°(M), we will find a non-zero polynomial 
P G S(t') and détermine P(X) JM a(X) in terms of a|MT, as in the C°°-case. 

The localization formula, we are going to give in the generalized case, in­
volves choosing a T-equivariant embedding of M in a real représentation space 
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V of T. This is always possible, see ([9], Chap 6, Theorem 4.1). Let V0 be the 
subspace of T-fixed vectors and let 

V = V0 0 Vx 

be the T-invariant décomposition. Thus detvi(X) is a non zéro polynomial 
on t. The fixed submanifold M0 = MT of M is given by M fl V0. The space 
V\ is even dimensional. Let us choose an orientation on V\. This orientation 
détermines a polynomial square root of detvi(X). Using a T-invariant metric 
on V, we view the normal bundle M of M0 in M as a T-equivariant subbundle 
of the trivial bundle Mo x V\. The bundle J\f is T-orientable and is of even 
rank. Let us dénote by Q the supplementary bundle: 

M0 x Vl = N® Q. 

The bundle Q is a T-equivariant bundle over M0. We choose orientations 
of Vi,AT, Q in a compatible way. Let ujsf G Hcptj(J\f), UQ G #c^ , r (ô) be the 
T-equivariant Thom classes (see Définition 10 section 2 ) of A/", Q respectively. 
Let x(N) G HT(MO) (resp.x(ô) ) be the equivariant Euler class of the bundle 
J\f —• M0 (resp. Q). By définition (we differ hère from the définition of [3], 
chapter 7), the restriction of u^- (resp. UQ) to M0 via the zéro section is equal 
to xCA/") (resp. x (2)) . We have the following equality in HT(M0): 

(43) (_27r)-dimvV2deti/2(x) s x{Af){X)x(Q)(X). 

Let us fix an orientation of M and consider the compatible orientation of M0. 
Following is the localization formula in generalized cohomology. 

Theorem 107 Let T be a torus acting on a compact oriented manifold M. For 
a G HT°°(M), we have the equality 

^2^-dimVa/2detl/2(x) 
J M 

cy(X) = 
JM1 a(XMQ)(X) 

as éléments of C 00(t). 

Proof: The proof is obtained by imitating the proof in the C°°-case given 
in [2]. Consider the Thom class U\(X) G HCPT}T(V\) of the T-vector space Vi, 
thought of as a T-equivariant vector bundle q : Vi —• point. We have 

(-27r)-dimV'/y(det}f (X)) ~ Ul(X) 

as éléments of HT{V\). Consider the map p : M —• V\ induced by the projection 
of V = VoQVi to Vx. Thus 

(_27r)-dimV1/2detl/2(X) 
IM 

a(X) = 
JM 

a(X)p*Ul(X). 
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We can take a représentative of u\ ( as a cohomology class in iîCp*,r(^i)) 
supported in a sufficiently small neighborhood of 0 in V\. Thus we may assume 
that p*u\ is compactly supported in a T-stable tubular neighborhood U of 
M0 = p_1(0). Let 7r be the T-equivariant projection of U —• M0. Let i be 
the inclusion of M0 in M. We have seen in section 2, Proposition 8, that 
the restriction a\U of a to U is équivalent to n*i*a in H^°°(U). As p*U\ is 
compactly supported in 17, we obtain 

/ a(X)p*Ul(X) = f a(X)p*Ul(X) 
J M JU 

= f TT*i*a{X)p*Ul(X) 
J u 

= f a(X)n*p*Ul(X). 
JMq 

Let (3 = p*ui G Hcptj(U). It remains to show that 7r*/3(X) = x(Q)(X) m 
HT(M0). 

The restriction of 0(X) to M0 is equal to (—2?r)-dimVl/2 det ]f*(X). The 
tubular neighborhood U of M0 in M is T- equivariantly diffeomorphic to the 
normal bundle J\f —* M0. Let be the equivariant Thom class of AT. Then, it 
is well known (see the proof of Proposition 11 of section 2) that j3 = (tt*^/?)^ 
in HcpTJT(U). By restricting this equality to M0, we obtain 

(_27r)-cH„1V1/2detl/2(x) ^ ^p(X)x{M){X) 

in HT(MO). AS dety^À") is a non zéro polynomial, x(A/")(AT) is invertible on 
the open set det y1 (X) ^ 0. By Formula (43), we obtain the equality 7r*/3(X) = 
x(Q)(X). This proves the theorem. | 

Let us illustrate the localization formula in the simple example of M = 
P1(C) 
Let pi be the point at infiiiity of M. Then U = M — {pi} is isomorphic 

to C. We consider the action of T = {ew} on Pi(C) given by z ei9z . This 
action has two fixed points p0 = 0 and pi = oo. We write still Pi for the 
injections of p0 and pi in M. 

We write an élément of t as X = #J, with exp27rJ = 1. Let us first 
describe the T-equivariant cohomology of M. It is a free S(t')-module with two 
generators Qf,/3. We can normalize thèse two generators, by requiring 

K(«) = l, f a = 0 
JM 

while 
K,(/3) = o, / p = 

JM 
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Identifying X = 6 J with some spécifie représentatives of a and (3 are 

a = 1 

(3(0) = (27r)-1(#|2|2(l + H2)-1 + i(l + \z\2y2dz A dz). 

The restriction maps p*0,p\ : Hj(M) —• S(t') satisfy 

MPI-PZ) = O [ • 
JM 

Consider now H^°°(M). Let 6(5) be the 6 function at 0. The élément 

v(0) = «(*)/?(«>) 

is in Hf00(M). 
As 0<5(<9) = 0, we have 

v(0) = (-2in)-16(0)(l + \z\2)~2dz A 

Thus, the élément v does not have component in zéro exterior degree, in par­
ticular its restriction to MT = {p0} U {pi} is zéro. The intégral jM v(0) is equal 
to 8(0) and is supported at 0. This is compatible with the localization theorem 
which asserts that 0 JM v(0) = 0. 

Let P = pl ® p\ be the map: 

P : HT°°(M) C-°°(t) 0 C-°°(t). 

Thus is in the kernel of P. 
In fact, we have the exact séquence 

0 O; Hï°°(M) C1-°°(t) © C"°°(t) -> 0. 

The exaetness of this séquence can be seen as follows: As HT(M) is free 
over 5(t'), we have 

Hf00 (M) = C-°°(i)a + C-°°(t)/3. 

Writing v = fa + g/3, we see that if Pv = 0, then / = 0 and 0g = 0. Thus 
v is proportional to v. Let us see that P is surjective. The restriction maps 
plpl : Hf°°(M) C-°°(t) still satisfy 

(27r)(pî-rf) = 0 / . 
./M 

Thus we have /̂ /y = / and (2n)p\u = 0g + (2n)f. As it is always possible 
to divide by 0 in the space C~°°(t), we see that P = pl ® p\ is surjective. 
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12 A p p e n d i x — A sp l i t t ing for dQ 

Recall from section 1 that, for a manifold M, A*(M) dénotes the Z+-graded 
space of smooth forms on M and d = d^ dénotes the exterior derivative. Let 
B*(M) (resp. Z*(M)) dénote the space of exact (resp. closed) forms. As in the 
earlier part of this article, we assume M to be paracompact and equip A(M) 
with the C°°-topology and B(M),Z(M) are given the subspace topology. We 
make the following 

Définition 108 The exterior derivative d is said to admit a continuous split­
ting on M, if there exists a continuous graded linear map s : B*(M) —• A*~l(M) 
(of degree — 1) such that do s = I. 

Observe that, by virtue of Hodge theorem, d admits a continuous splitting on 
any compact manifold M. In fact, we will prove in an elementary way the 
following 

Theorem 109 Let M be any (paracompact) manifold. Then d admits a con­
tinuous splitting on M. 

Proof: The proof of the theorem will be broken into the following lemmas. 

Lemma 110 For any manifold M, Z(M) and B(M) are closed subspaces of 
A(M). 

Proof: Being the kernel of r/, Z(M) C A(M) is clearly a closed subspace. By 
Poincaré duality, we have 

B(M) = {a G Z(M); f aj = 0 } 
J M 

for ail 7 G Zcpt(M)t. Thus B(M) is a closed subspace of A(M). | 

Lemma 111 Let M be any contractible mxmifold. Then d admits a continuous 
splitting on M. 

Proof: Choose a C^-contraction (f) : R x M —> M, i.e. </>|{o}*m = IM a^d 
0|{i}xM = ^(b f°r some fixed point m0 G M. Define the map H : A*(M) —• 
A*-1 (M) by 

H{u) = f' (T>*u 
Jo 

for u G A*(M). Then H is a homotopy operator, i.e. 

dHuj + H du = u — <j)\u 

for u G *4*(M), where : M —> M is defined by <\>X :— (/>\{I}XM- Now define 
s : B*(M) A*~\M), by s = H\B*{M). Then s gives a splitting for d. | 
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Lemma 112 Let M be a manifold, and W C U be two open subsets satisfying 
W C U, where W is the closure of'W. Let [u] G H(M) be a cohomology class 
such that [cu]^ = 0, as an élément of H(U). Then there exists a form Cu G Z(M) 
which satisfies: 

L CJ\W is identically zéro, and 

2. [û] = [u] as éléments of H (M). 

Proof: Choose an open subset V of M such that W C V C V C U. Write 
u\u = dO, for some 0 G A*(U). Choose a C^-function f on M such that / = 1 
on W and / = 0 on M\V. Then f6 is a smooth form on the whole of M . Now 
set £u = eu — d(f6). Then û; satisfies the requirements of the lemma. | 

Lemma 113 Let U and V be two open subsets of a manifold M, such that 
the exterior derivative d admits a continuous splitting on U,V and U fi V. 
Assume further that H(UDV) is finite dimensional. Then d admits a continuous 
splitting on the union W := U UV. 

Proof: Choose a continuous splitting si (resp. s2) of d on U (resp. F) , and 
define a splitting s : P*(J7)0P*(V) -+ A*~\U)® A*~\V) by s = Sl@s2 (i.e, 
8(ux + cu2) := sifa) + s2(cu2), for uol G B*(U) and LU2 G B*(V)). 

Consider the commutative diagram (where the upper horizontal séquence is 
exact): 

0 - A-HW) 7 1 A*-l(U)&A*-l(V) 7 2 A*-\UCiV) > 0 

dw du <lv <hjnv 

0 B*{W) 
71 

B*( [ f )©B*(V) 
7 2 

B*(unv) 

where 71,72?71 and % are the canonical maps. From the commutativity of the 
above diagram, /y2s/y1(u) £ Z*~l(U fi V), for any u G P*(W); and moreover, 
from the définition of the coboundary map 6 : H*~l(U DV) —> i/*(W), we get 
^b^TiC^)] = M = 0- In particular, the cohomology class fr^s^u;)] lies in the 
image F C H(U H V) of (£7) 0 P( V) under 7,. 

Now choose any linear map fi : P*"1 -> Z*'l{U) 0 Z*_1(y) such that 
[72/?(x)] = x, for ail x G P*"1. Since F is finite dimensional (H(U D V) being 
finite dimensional by assumption), any such fi is automatically continuous. 
With the help of /?, we define the continuous linear map 

s. : B*(W) — A-l(U) (B A*~HV), 
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by Sp(uj) =sy (W) — (3[y2s71(uj)], for u G B*(W). It can be easily seen that 
j2Sp(u>) G B*~l(UC\V). Choose a partition of unity {/[/, fv} subordinate to the 
cover {Î7, V} of W and choose a continuous splitting s3 of d on the intersection 
C/ n V. Then /v • ( W > ) ) 6 ^-2(i7) and fu ssfksf(w)) € -4*-2(n for 
any o; G B*(W). Finally, define the continuous map 0 : 5*(W) -+ .4*-1(*7) © 
- 4 * ~ W by 

0(u) = s Au) - (dulfv • (s^sAu))) © dv(-fu • (s^sAu)))) , 

for w G (W) 
It is easy to see that 72 o# = 0, in particular, the map 9 lifts to a (continuous) 

map 9 : B*(W) —• A*~l(W) and moreover the map 9 provides a continuous 
splitting for dw, i.e., dw o 9 = / . This complètes the proof of the lemma. | 

Let us now prove a stabilization lemma for splittings. 

Proposition 114 Let {K}i=i,2,... be an open and locally finite cover of M. Set, 
for any k = 1, 2, . . 

uk = \Jv{. 
1=1 

Also set Uo = 0. Assume that d admits a continuous splitting on Vk and Uk H 
14+i and assume that P(14) and H(Uk H 14+i) are finite dimensional for ail 
k > 1. T/ien dM admits a continuous splitting. 

Proof: We proceed as in the above lemma with the pair U = Uk and V = 14+i, 
but with a spécial choice of the map (3. Mayer-Vietoris long exact séquence 
implies that H{Uk) is finite dimensional. Let Fk C H(Uk Ci 14+i) be the image 
of H{Uk) © #(14+1 ) under the map y2 := 7.̂ . For i < k, let H(Uk)i be the 
subspace of éléments of H(Uk) which restrict to 0 in H(Ui). We have the 
following 

Lemma 115 For any i, there exists k[i) > i such that for ail k > k(i), 

l2(H(Uk)i®H(VM)) = Fk. 

Proof: For any k > i, let Bk C H(U{) be the image of H(Uk) under the natural 
restriction. As H(Ui) is finite dimensional, the decreasing séquence of subspaces 
Rk of H(Ui) is stationary. Thus there exists an index k(i) such that for k > k(i), 
Rk = B.k(i). Let us show that for k > k(i), 72 (#(£4),- © #(14+i)) = Fk. Indeed 
let a = v — K G Fk where 7/ (resp. K) is the restriction to C4H14+1 of an élément 
still denoted by v G H(Uk) (resp. K, G #(14+i))- As P& = Pjt+i, we may write 
v = i/0 + with /v0 G H(Uk)i and 7/ G H(Uk+1). Thus a = i/0 - (/c - i/'|vk+i) 
i s i n 7 2 ( # ( ^ ) l + #(l/,+1)). | 
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We continue with the proof of Proposition 114. We fix an open refinement 
{W{} of {Vi}, i.e., W{ C Vi and UiWi = M. Let us choose more carefully 
the map /3k : Fk -> Z(Uk) © Z(I4+i). Let b(k) be the largest integer i > 0 
such that j2(H(Uk)i © H(Vk+i)) = F* and choose (3k = (3°k © valued in 
Z(Uk)b(k) © Z(T4+i), where Z(Uk)i is the space of closed differential forms 0 on 
C4 such that [0]\ui = 0 as an élément of H{Ui). Furthermore with the help of 
Lemma 112, we can assume that for any u G Fk the component (3k(u)) vanishes 
identically on the open subset U?=i WÎ. 

With this choice of we get a continuous splitting sk+i of d on the manifold 
t/îfe+i. This complètes the inductive procédure to construct a splitting sk of d on 
the manifold C4, for ail values of k. Now define a map s : B*(M) —> A*-1 (M) 
by 

s(u) = lira w k i k ), for u e 5 ( M ) . 

Observe that for any relatively compact open subset V of M, there exists a 
large enough k0 (depending only upon V) such that {sk{^\Uk))\v = ( ^ 0 ( ^ 1 ^ ) ) ^ 
for ail k > k0. In particular, the map s is well defined and continuous. It is 
clear that s provides a splitting of d on the whole of M. | 

To prove Theorem 109, it is then sufficient to prove the existence of a cov-
ering of M satisfying the conditions of Proposition 114. 

Lemma 116 Consider a locally finite covering of M by geodesically convex 
open subsets with respect to a fixed Riemannian metric on M, then this covering 
satisfies the conditions of Proposition 114-

Proof: For any open subset U of M, let n(U) be the smallest number of 
geodesically convex open subsets of U required to cover U (if no such finite 
cover exists, we decree n(U) = 00). We first prove by induction on n(U) that 
du admits a continuous splitting 011 any open subset U C M with n(U) < 00: 
The case n(U) = 1 is taken care of by Lemma 111. Observe that for any 
two convex open subsets of M, their intersection is also convex, so the gênerai 
case follows by induction on n(U) and Lemma 113 (together with [8], Chapter 
1, Proposition 5.3.1). Thus a locally finite open cover M = [JVi, 1; > 1 by 
geodesically convex open subsets of M satisfies the hypothesis of Proposition 
114. | 

This complètes the proof of Theorem 109. | 

Let us generalize Theorem 109 to the equivariant case. 

Theorem 117 Let G be a compact Lie group acting on a paracompact manifold 
M. Then, for allp G Z+, the subspaces ZVG(M) and BQ(M) are closed subspaces 
of AQ(M). Furthermore the equivariant de Rham differential dQ : APG(M) —• 

B1Q~1(M), where g := Lie G, admits a continuous splitting for ail p > 0. 
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Proof: We start with the following preliminary lemmas. 

Lemma 118 Let G be a compact group acting on a manifold M. If H (M) is 
finite dimensional, then HQ(M) is finite dimensional, for ail p G Z+. 

Proof: Consider the filtration of AG(M) by the subspaces 

AG(M)k = S(fl') ® 
k 

i=0 
A\M) 

of AG(M) consisting of equivariant differential forms of exterior degree less 
or equal to k. Consider the space ZG(M)k of closed equivariant differential 
forms with exterior degree less or equal io k. It is easy to see (as in the 
proof of Proposition 5) that the map a H-» a[k] induces an injective map from 
Vh = ZG(M)k/ {ZG(M)k.x + (d,AG(M)k.^ to (5(0') ® Hk(M))G. Clearly 
Vk surjects on HG(M)k/HG(M)k-U where HG(M)k is the subspace of HG(M) 
consisting of those cohomology classes with a représentative in ZG(M)k. This, 
in particular gives that HG(M)k is finite dimensional in each Z-graded degree 
and for ail k. This proves the lemma. 

Lemma 119 Let f : V —• W be a continuous linear map between Fréchet 
spaces such that I m / is of finite codimension in W. Then I m / is a closed 
subspace ofW. 

Proof: Let us take a vector space complément U of Im / in W', which is finite 
dimensional by assumption. Also let A' be the kernel of / . Consider the direct 
sum V © U and define a continuous linear map f :V ®U —> W hy f\v = f and 
f\u is the inclusion. It is a surjective linear map between Fréchet spaces, so it 
is an open map (by the open map theorem). In particular, the map / gives a 
( linear) homeomorphism (V/K) © U —> W. But V/K is closed in the direct 
sum (V/K) © U, and hence its image Im / is closed in W. | 

Thus we obtain 

Lemma 120 If H^(M) is finite dimensional, the space BPG(M) C APG(M) is a 
closed subspace, for ail p G Z+. 

Lemma 121 Let p : V —• M be a G-equivariant real vector bundle over a G-
manifold M. Ifdg has a continuous splitting on M, then dg admits a continuous 
splitting on V. 

Proof: Consider the map v) = tv from R x V to V. This map commutes 
with the action of G. Keeping the same notation for the operator H as in 
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Lemma 32, and denoting by i the inclusion of M as the zéro section of V, we 
obtain 

u - p*i*u = (dgH + dQH)u 

for ail u G AG(V). Thus if s is a continuous splitting for dg on M, then 
sv = (H + P*SÎ*)\BG(V) is a continuous splitting for dB on V. I 

Lemma 122 Let N be a contractible manifold. Let K C G be a closed subgroup 
ofG. Consider the G-manifold M = (G/K) x N, where G acts by left action on 
the first factor and trivially on the second factor. Then d& admits a continuous 
splitting on the G-manifold M. 

Proof: Note first that if N = point, i.e., M = G/K is homogeneous, then 
(see section 5) AG(M) = (S(g')(g) A(g/É)')K is finite-dimensional in each degree, 
thus dQ admits a continuous splitting on M. Proceeding as in Lemma 121, we 
obtain a continuous splitting for the product (G/K) x N. | 

We will also use the following equivariant analogue of Lemma 113, which 
follows by the same proof (using a G-invariant partition of unity, which exists 
since G is compact). 

Lemma 123 Let G be a compact Lie group and let M be a G-manifold with 
G-stable open subsets U and V. Assume that dQ admits a continuous splitting 
on U,V and U fl V. Assume further that HQ(U fl V) is fi,nite dimensional in 
each degree p. Then dQ admits a continuous splitting on the union W := UUV. 

Proposition 124 Let G be a compact Lie group and let M be a, G-manifold 
with a locally finite covering by G-stable open subsets Vi, i > 1. Let Uk = 
Uf=i Vi. Assume that r/0 admits a continuous splitting on Vk and Uk f!l4+i, for 
allk > 1. Assume fiirther that HaCUkClVk+i) and H Q (Vf?) are finite dimensional 
in each degree p. Then 

(1) d0 admits a continuous splitting on M, 
(2) BQ(M) IS a closed subspace of APG(M). 

Proof: Mayer-Vietoris long exact séquence implies that H^Ui) is finite-
dimensional. We construct a continuous splitting s,- for r/0 on [/,- as in the 
proof of Proposition 114. Then the splittings .s; stabilize to give rise to a 
continuous splitting s on M. Let us prove the assertion (2). Let a G BQ(M). 
Since Bc(Ui) is a closed subspace of Aa(Ui) by Lemma 120, a\U{ = d^s^a]^). 
By construction of 6' we see that 5i(cv|f/t.) G A*Ql(Ui) stabilizes in an élément 
(3 G A*Q1(M) such that dg(3 = a. | 

Lemma 125 Let X be a G-manifold with exactly one orbit type. Then dQ 
admits a continuous splitting on X. 
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Proof: Since G is compact, our assumption implies that the space of orbits 
M := X/G is a manifold and that the quotient map q : X —• X/G is a locally 
trivial fibration (see [9], Chapter 2, Theorem 5.8). Take a locally finite open 
covering of M by convex open subsets V{ (in particular V{ being contractible, q 
is trivial over VI) and set V{ := q~l{Vi). Now take any x0 G K, then V{ is G-
diffeomorphic to G • x0 x K, where G acts trivially on V{ and G acts canonically 
on the orbit G • x0. Thus r/0 admits a continuous splitting on V{ by Lemma 
122. Arguing as in the proof of Lemma 116, we see that the covering X = (Jt- V{ 
satisfies the hypothesis of Proposition 124. Thus we obtain our lemma. | 

Let M be a compact G-manifold with boundary 6(M). Observe that 6(M) 
is automatically G-stable. Let M° = M\6(M). We call M° the interior of M. 

Lemma 126 Let M be a compact G-manifold possibly with boundary. Then dQ 
admits a continuous splitting on the interior M° of M. 

Proof: By [9], chapter 8, Theorem 3.13, any compact manifold has finitely 
many orbit types. Let us assume by induction on the number of orbit types 
rj(M°) of M° that the lemma is true for ail compact manifolds M ( possibly with 
boundary) with rj(M°) < n and take a compact manifold M with r/(M°) = n+1. 
The case where r](M°) = 1 is taken care of by Lemma 125. Let G\ be an 
isotropy subgroup such that G\ is not properly contained in any other isotropy 
subgroup and let N be the set of ail the éléments of M° with isotropy group 
Gi. Then N = (M°)Gl by the maximality property of Gi. Thus N is a closed 
submanifold of M°. Let K be the normalizer of G\ in G. The map (g, x) i—• g • x 
induces an isomorphism of G XK N on its image F. Thus P is a G-invariant 
closed submanifold of M°. Cover M° as M° = U U V where U is a G-stable 
open tubular neighborhood of F and V = M°\F. Clearly rj(V) = n and 
TJ(F) = 1. Also C/, U fi V and V are interiors of compact G-manifolds with 
boundary. Further the existence of a continuous splitting for the operator dg on 
F (guaranteed by Lemma 125) gives rise to a splitting of dQ on Uy by Lemma 
121. By induction hypothesis, f/0 admits a continuous splitting on V and UDV. 
Further UDV being the interior of a compact manifold with boundary, H(UC\V) 
is finite dimensional and so is HQ(U DV) for every p. Now the lemma follows 
by applying Lemma 123 to the open cover M° = U U V. | 

Let us now prove Theorem 117. Choose a G-invariant Morse function 

/ : M - + [ 0 , o o ) 

for the G-manifold M in the sensé of ([22], par. 4). We further assume that 
/ is a proper map. Let 0 < Ai < À2 < A3 < ... be the complète list (possibly 
infinité) of critical values of / . Choose real numbers fi{ < such that A,- < 
fii < ~pTi < A,+i. Define V{ := / - 1 (//,•_!,~p{) (//0 is set as —oo) and Uk = Ui=i 
Then 14, £4, £4 fl 14+i are interiors of compact G-manifolds with boundaries 
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and the open cover Vi of M satisfies the hypothesis of Proposition 124. This 
complètes the proof of Theorem 117. | 
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