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APPENDIX: COXETER GROUPS AND
UNIPOTENT REPRESENTATIONS

GEORGE LUSzTIG

M. IT.

1. INTRODUCTION

1.1. Let (W, S) be a finite Coxeter group. We shall regard W as a group
generated by reflections in a real |S|-dimensional vector space E defined as in
[2, Ch.4, 4.3]; we shall write det(¢g—w) € R[g] for the characteristic polynomial
of w € W on E (q is an indeterminate).

Our objective is to attach to W a finite set /(W) together with a function
Deg which associates to each p € (W) a polynomial Deg(p) € R[g] which, in
the case where W is a Weyl group, should be the set of unipotent representa-
tions over C of a corresponding Chevalley group over a finite field, together
with the dimension of such representations, regarded as a polynomial in the
cardinal of the finite field.

The fact that our objective is reasonable, is suggested by the following
considerations:

(a) in the case where (W, S) is a Weyl group, U(W) and Deg are provided
by the results of [12];

(b) the classification and dimensions of unipotent representations of Cheval-
ley groups of type B, and C, given in [12] is the same, so that it depends
only on the underlying Coxeter group and not on the root datum; thus, one
may hope that this makes sense even when there is no root system and no
Chevalley group around, that is, in the non-crystallographic case;

(c) a crucial ingredient in the description of (W) for Weyl groups is its
partition into families; these are indexed by the two-sided cells of W and the
complexity of a family is related to the pattern of intersections of left cells
and right cells inside a fixed two-sided cell; now cells are well defined even in
the non-crystallographic case (see [7]).

We will give a description of U(W) and Deg in the general case, based on
heuristic arguments: namely, we will postulate various properties for them
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G. LUSZTIG

that are known in the crystallographic case and make sense in the general
case.

It should be noted that the "results” below (which were obtained in 1980-
1982, except for those in 4.2) are not theorems in the accepted sense; rather,
they are an indication of a not yet discovered theory. A rigorous treatment of
these matters and an explanation of their meaning remain to be found.

It would be interesting to understand the non-abelian Fourier transform
(see [10]) for families in the non-crystallographic case.

I would like to thank M. Broué and G. Malle for their help in preparing
this appendix.

1.2. We set § = 2V=17/3 ¢ = e2V=17/5 Let A = —(C?+¢H) =(1+V5)/2
(the golden ratio) and let X' = —({ +(™!) = (1 — v/5)/2. Let ®4 € Z[q] be
the d-th cyclotomic polynomial; thus, (®1,®2,®3,...) = (¢ — 1,9+ 1,¢°> +
g+1,...). For d € {5,10,15,20,30} we write &4 = ®/,®!] where

By =q¢"+M+1,85=¢"+Ng+1
Plo=¢"—Ag+1,8p=¢" - Ng+1

Bis=¢" A’ + 2" = Mg+ 1,8, =¢" - N’ + X'¢* -~ Ng+1
By =q" = A"+ 1,85 =¢* - XNg* +1

@ =g+ + A"+ Ag+1, 85 =¢" + N¢* + X" + Ng +1.

1.3. We set P(W) =3, cw ¢"*) € Z[g] where I(w) is the length of w.

Let S’ be a subset of S. Let (S’) be the subgroup of W generated by S’.
Then ((S’), S’) is a Coxeter group. Let n(S’) be the number of reflections in
(S"). Let W(S') be the Coxeter group on the generators S — S’ such that for
s #tin S — S’, the order of st in W(S’) is

2(n(S" U {s,t}) - n(5))/(n(S" U {s}) + n(S" U {t}) — 2n(5")).

Let f: S—S’" — {1,2,...} be a function such that f(s) = f(¢) whenever s # ¢
in §— S’ are such that st has odd order in W(S’) and let H(W(S’); f) be the
Iwahori-Hecke algebra over C(,/q) attached to the Coxeter group W(S’) and
to f; thus, the quadratic relation satisfied by the generator T is (T +1)(7s —
gf(*)) = 0. If x is a simple H(W(S’); f)-module, we denote by D(x) € C(q)
the formal degree of x. We extend f to a function W(S’) — {0,1,2,...} by
f(s1s2---8p) = f(s1)f(s2) -~ f(sp)
where s1, 82, - , 8p is any sequence in S — .S’ such that s;s; ... s, is a reduced
expression in W(S’).

We set P(W(S'); f) = Zwew(s,)qf(“’) € Z[g]. Taking S’ =0 and f=1,
this specializes to P(W) € Z[q]. Replacing W by (S’), we obtain P((S’)) €
Z[q).
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COXETER GROUPS AND UNIPOTENT REPRESENTATIONS

2. POSTULATES

In this section we postulate a number of properties of (W) and Deg.

2.1. Deg(p) divides the polynomial ¢"(5) P(W)(g —1)!%! and the coefficient
of the highest power of q appearing in Deg(p) is a real algebraic number > 0.
(Hence all coefficients of Deg(p) are real algebraic numbers.)

2.2. Let o be an automorphism of the field of real algebraic numbers. There
exists a bijection & : U(W) — U(W) such that, for any p, the polynomial
Deg(d(p)) is equal up to sign to the polynomial obtained by applying o to
each coefficient of Deg(p).

2.3. If W' is another finite Coxeter group, then
(a) UW x W') = U(W) x U(W") and Deg(p, o') = Deg(p) Deg(s)
for p e UW),p' e U(W').

2.4. Let U°(W) be the subset of U(W) consisting of those p such that
the highest power of (¢ — 1) dividing Deg(p) is (¢ — 1)!SI. The elements in
this subset are said to be cuspidal. Then U(W) is naturally partitioned into
subsets U(W; S’; p') indexed by pairs (S’, p’), where S’ C S and p’ € U°((S"))
such that

(a) U(W;W; p) = {p} for any p € U°(W) and

(b) U(W; S’; p') is naturally in bijection with the set of isomorphism classes
of simple modules of the algebra H(W(S'); f) for a well defined function f as
in 1.3.

Let x be a simple H(W(S’); f)-module and let S’[p’, x| be the correspond-
ing eclement of U(W;S’; p’). Then

(c) Deg(S'[¢', x) = Deg(p') D(x) prsm MW7y

(It follows that, if p € U(W;S’;p’), then the highest power of (¢ — 1)
dividing Deg(p) is (¢ — 1)!5'.) Further,

(d) if s € S — 5’, then the function f: S —S" — {1,2,...} takes the same
value at s as the analogous function {s} — {1,2,...}, defined like f, in terms

of S"U {s}, S’ instead of S, S’.

2.5. In the case where the longest element of W is central in W, there
exists an involution p +— p of U(W) such that Deg(p) is + the polynomial
obtained from Deg(p) by the change of variable g — —q.

2.6. Let w € W be a regular element in the sense of Springer [13]. Let
d > 1 be the order of w and let w € C* be a primitive root of 1 of order d
which is a root of det(q — w). Let Z(w) be the centralizer of w in W. Let
UW ) = {p € U(W)| Deg(p)|q=w # 0}. Then
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(a) there exists a 1—1 correspondence ¢ « py between the set of irreducible
characters of Z(w) and the set U(W),, such that Deg(p¢)|q=w = £#(1) for all
b.

Moreover, we have

(b) 3=, Deg(pg)lq=w Deg(ps) = (1)) P(W)q™(5) (g — 1)I51 det(q — w) .

2.7. In the setup of 2.6, assume in addition that the centralizer of w in W
consists precisely of the powers of w. Then

(a) there exist distinct elements A, Ao, ..., Aq of C[,/q] (each ); is a root
of 1 times a power of \/g) and distinct elements py, p,. .., pg of U(W) such
that

Deg(p;) = £P(W)q™%) (¢ — 1)1¥! det(q — w) 7?27 [1
71=12,...,d;

(b) we have A\; = 1 and Deg(p;) = ¢"(9;

(C) U(W)w = {plv P25---, Pd}

If W is irreducible or 1 and w is a Coxeter element, then the corresponding
set T(W) = {A1,A2,...,Aq} (d=Coxeter number) can be determined induc-
tively as follows. There is a subset 7°(W) of 7(W) such that

(d) T(W) = Us {Aq™ A € TO((8)),0 < m < IS — S']}

(here S’ runs over the subsets of S such that (S’) is irreducible or 1;

(e) if X € T°(W) then X is (,/g)!°! times a root of 1;

(f) if W =1 then T(W) = {1};

() [Trerwy—(1y (1 =) = (-1)SIP(W)(q — 1)1 det(q — w)~".

2.8. We have

(2) 3, Deg(p)® = [W|"'P(W)*(qg = 1?11 I, ey det(g — w) 2.
(p runs over U(W).)

jrariAg = Ajr) " for

2.9. We now comment on the postulates above assuming that W is a Weyl
group. Let G be the group of rational points of a split reductive algebraic
group over a finite field with Weyl group W.

The property in 2.1 comes from the fact that the dimension of an irre-
ducible representation of G divides |G|. The bijection in 2.2 is the identity
map. The bijection in 2.3(a) is given by external tensor product of unipotent
representations.

For the properties in 2.4, see [9, 3.25, 3.26]. The property in 2.5 is stated
in 10, no.8].

For w € W, let R,, be the virtual representation of G attached in [5] to
the maximal torus of type w and the unit character.

It is reasonable to expect that the non-zero numbers (p, R,,) (multiplicities
of unipotent representations p) are the same up to sign as the degrees of the
irreducible characters of Z(w) for good enough w (both sets of numbers have
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the sum of squares equal to |Z(w)|). (Whether such a property holds was a
question that C. W. Curtis and J. Bernstein separately asked the author in the
early 1980’s.) This had been checked in some examples, but not in general; it
was reasonable to use it as a heuristic tool (this has been now checked for all
regular w in [5], thm. 3.2).

In the setup of 2.6, the multiplicity (p, R,,) is given by setting ¢ = w in the
polynomial in g which gives the dimension of p (see [9, 3.30]). This justifies
2.6(a).

The properties in 2.7 appeared for w a Coxeter element in [8, 6.1], where
the A; were the eigenvalues of Frobenius. The analogous properties for w as
in 2.7, were known in exceptional groups (the example of the element of order
24 in the Weyl group of type Fjg is discussed in [12, 11.6]) (these have been
now checked in all cases in [6], §2).

The property 2.8(a) appeared in [9, 3.13].

2.10. Since the case where W is a Weyl group is understood, we see using
2.3 that it is enough to define /(W) and Deg in the case where W is irreducible
and non-crystallographic, hence a dihedral group I2(p) of order 2p (p = 5 or
p > 7) or a Coxeter group of type Hs or Hj.

3. TyprEs Hy,H3,H,

3.1. We consider the case where W is a dihedral group of order 10; we
say that W has type H,. By 2.4, the subset U(W;0;1) may be identified
with the set of irreducible representations (up to isomorphism) of the Hecke
algebra H(W(0);1) (1 is the function with constant value 1 on S); since
the corresponding formal degrees are known from [6], we see that U/(W; ;1)
consists of 4 elements, with Deg() given by

5-V5 5+V5

AT 10

q(qg+ 1)®;; q(g+1)®5;4°,

respectively.

With the notation of 2.7, we have T(W) = {1,q,4?%,(%q,{"%q}; the two
elements of U(W) corresponding to (%q,(~?q have Deg() given by the same
polynomial %q(q — 1)(¢®> — 1), hence are cuspidal. The six objects of U(W)

constructed above exhaust (W) by 2.8(a).

3.2. We consider the case where W is of type Hs.

By 2.4, the subset U(W; ;1) may be identified with the set of irreducible
representations (up to isomorphism) of the Hecke algebra H(W(0);1) (1 is the
function with constant value 1 on S); since the corresponding formal degrees
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are known from [11], we see that U(W;0; 1) consists of 10 elements, with the
Deg-function given by

5+5 , L 5=V5

1
1; 10 ———qP3 DD D)y ; 0 q<I>3<I>s‘I>”<I>'1'o;q2‘I>5<I>1o;§q3<1>§<1>e<1>1o;
1 5+v5 -5

5q3<1>g<1>6<1>m;q5<1>5<1>m; T ? B3P DLD, ) ; 10‘/_ 60, 06D DY, ; ¢

respectively. With the notation of 2.7, we have

TW) ={1,9,¢% ¢% (%9, C*¢*, (%4, (¢, V=1¢"/?, —/=1¢*/?};
the four elements of U(W) corresponding to (g, (?¢?,(~2?q,{~2¢? have Deg()
given by
1 1 22 1 6q2a2
E \/_q \/gq<1>1<1)2<1>3<1>6; Eq P19;P3%6
respectively; the two elements of (W) corresponding to v/—1¢%/2, —/—1¢°/?
have Deg() given by

qPID2P3 %5 ; 5225, P6 ;

1
57 218355 5¢°B1B3%s

respectively (the last two objects are cuspidal). The 16 objects of U(W)
constructed above exhaust U (W) by 2.8(a).

3.3. We consider the case where W is of type Hy. By 2.4, the subset
U(W;0; 1) may be identified with the set of irreducible representations (up to
isomorphism) of the Hecke algebra H(W(0); 1) (1 is the function with constant
value 1 on S); since the corresponding formal degrees are known from [1], we
see that U(W;0; 1) consists of 34 elements, with explicitly known Deg().

Let S’ C S be such that (S’) is of type Ho. The corresponding Coxeter
group W(S’) (see 1.3) is a dihedral group of order 20, and the function f :
S—S"— {1,2,...} attached to one of the two cuspidal objects p’, p” of U((S"))
takes the values 1 and 5 on the two elements of S — S’ (this can be deduced
from the analysis of the case H3). The formal degrees of the simple modules
of the corresponding Iwahori-Hecke algebra H(W(S’); f) are known from [6].
Using 2.4, we obtain the classification of objects of U(W; S’; p"YUU(W; S’; p").
We thus obtain 16 new objects of U(W') with explicitly known Degy().

With the notation of 2.7, we have

TW) ={1,q,¢% ¢%,¢*,¢*¢,*¢*,¢*¢*, (%4, %%, (2,
\/__1q3/2, \/__1q5/2’ _\/__1q3/2 \/_q5/2 Cq ) C2 2, C3 2, C
0¢q*,0¢ " ¢%,6%¢*,0°C " ¢*,(q?, ¢

_q2,9q2’02 2,_0(12,_02(]2};
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the four elements of (W) corresponding to V=1¢3/2,\/=1¢%/2, —/=1¢%/2,
—+/—1¢°/? have Deg() computable as in 2.4 and are seen to be new (non-
cuspidal) objects; the 15 elements of (W) corresponding to the last 15 el-
ements of 7(W) have Deg() computable as in 2.4 and are seen to be new
(cuspidal) objects.

Applying 2.2 (with o such that o(v/5) = —V/5) to the objects known so
far, we obtain 6 new cuspidal objects with explicitly known value of Deg().

Applying property 2.5 (¢ — —gq) to the objects known so far, we obtain
further 26 cuspidal objects of 7(W) with explicitly known values of Deg().

We now use 2.7 for an element of order 20 in W with an eigenvalue w on
E. Using the definition and the known values of Deg(), we can check that 18
of the objects of U(W') known so far belong to U(W),,. Using 2.7(a) and the
known values of Deg()-function for these 18 objects, we can determine the
set A1, A2,..., Az in our case. From this we can compute the value of Deg()
for the two missing objects of U(W),, and we find two new cuspidal objects
of U(W) with explicitly known value of Deg().

We now use 2.6 for a regular element w of order 5 in W. Let w be an
eigenvalue of w on E. The centralizer of w in W is isomorphic to the binary
icosahedral group times a cyclic group of order 5; this has 45 irreducible
characters. Using the definitions we see that from the objects of (W) known
so far, 44 belong to U(W),. By 2.6(a), there is one new object p of U(W)
which appears in U(W),, and we have Deg(p)|q=. = £2. Using 2.6(b) we can
determine Deg(p) and we see that we have found a new cuspidal object of
UWw).

Applying 2.5 (g — —q) to this cuspidal object gives us yet another (cuspi-
dal) object of U(W') with explicitly known value of Deg() (which differs from
that of the previous cuspidal object).

The 104 objects of (W) constructed above exhaust U(W) by 28(a). They
are listed (by specifying the values of Deg() on them) in the Table. Note
that 50 out of the 104 objects are cuspidal. They all belong to one family
consisting of the 74 objects p such that the highest power of g dividing Deg(p)
is 6.

4. DIHEDRAL GROUPS

4.1. We now assume that W is a dihedral group of order 2p where p > 3.
Let £ = e2V=17/p We define an integer £ > 1 by p = 2k + 1 if p is odd and
by p =2k + 2 if p is even.

By methods similar to those in §3 we see that, if p = 2k + 1, then U(W)
consists of two objects 1,5 and of k? other objects denoted p; (1 < i < k)
and p;j,p;; (1 <4< j < k) if p=2k+2, then U(W) consists of two
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objects 1,S and of k% + k + 2 other objects denoted p;,pi (1 < i < k),
pij,Pij (1<i<j<k)andée, e

The values of Deg() are given as follows.

Deg(1) = 1, Deg(S) = ¢?,

y= 4= )1-€67) q(1-¢5)(1—gP)

Deglps P (-0a@-e)@-&

(o) = AHEA+HET)  9(1-¢*)(1-¢?)
Peglp) p (+aP@-&)a-&7’

ool ) = Dea(o ) = ETET=E €7 9(1-¢*)(1 - ¢”)
Deglpi) = Deglpi,) P @@ e
De(¢) = Deg(e") = 2L T),

4.2. The objectives stated in 1.1 can be extended to include Coxeter groups
(W, S) with a given automorphism 1. We can again seek to define a set
U(W, ¢) with a function Deg on it which should reduce to the case discussed
earlier for ¢ = 1 and which, for ¢ # 1, should mimic as closely as possible
the theory of unipotent representations of non-split reductive groups over a
finite field. We can again assume that W is irreducible. The only case which
is not covered by the known theory is the dihedral group of order 2p with a
non-trivial .

Let £ = ez‘/:T"/",é = eV~I/P, With the notation of 4.1, we see that,
if p = 2k + 1, then U(W, ) consists of two non-cuspidal objects 1,.S and of
k? cuspidal objects denoted p; (1 < i< k)and p;j,pi; (1<i<j<k)
if p = 2k + 2, then U(W,9) consists of two non-cuspidal objects 1,.S and of
k? + k cuspidal objects denoted Pi,j» P:; (i < j odd in the interval [1,p — 1]).

The values of the Deg—function are given as follows.

Deg(1) = 1, Deg(S) = ¢?,

Deg(p) = L= =E7) @~ D@ +1)

P (@+1)2(g+&)(g+&77)
oy p oy EHETI- ¢ (¢ = 1)(¢” +1)
DeBlPia) = Deslens) = T g e (e N E)’
S i e S a(¢® - 1)(¢" + 1)

Deg(ps 5) = Deg(#,;) = )Lt )
’ ™ P (4-E)(a—€)(g—E) (g€
For p = 3,4, 6 we recover the classification and degrees of unipotent repre-

sentations of the unitary group in three variables, the Suzuki groups of type
2B, and the Ree groups of type 2Gs.
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Table for Hy.

1

gt @2 B2 @15 P20 P30

q® @2 3% B P12 P15 P20 P30
q'> @2 & BZ P12 P15 P20 P30
q'® ®% 8%, P15 P20 P30

q60

8=48 ¢ 83 @} B D12 B5 20 Bho
2 10 2 q @i (DISI Q,1,0 q)12 ¢,1,5 on ng
715 q®? 33 @3 ®F B 12 P20
',}—3 q ©% @} 83 @5 3Z 12 P20

5_—1%5 g% ®% &, BZ By D12 P15 D3 P30
5445 42 32 BY B2 DYy @15 815 8o B30
1 ¢? 8} 03 83 03 87 B1o P15 Pao
715 q* 92 &% @3 8% B D12 D15 P30

% qz @3 &3 37 07 P12 P20 P30

3 ¢° 83 ¢ 03 P2, D12 P20 P30

1 ¢® 83 33 @3 0% @12 P15 P20

1 q° 03 83 3% B @15 P15 P20

1 ¢'8 @3 @ ®Z 3, P12 P20 P30

1 ¢'8 @3 3% % B3 P12 P20 P30

% q18 (I)? q)g CI)Z ‘I>§ <I)12 (1)15 ‘1)20

1'% ®} ©5 % % P12 P15 D20

i?oé q*% 83 &5 B 2o P12 P15 P20 P30
54—1(@1(122 3 Bf D2 By P12 P15 Doy P30
V5 g% 82 33 @3 3% B P12 P15 P30

2= 72 3% 83 83 8% 8% 81> 15 30

S_tfc’)é g°! @2 &Y Yy P12 BY5 D20 D5
5__13/_3 q31 (1)3 ¢,5 Qllo 12 Qllg, q’zo <I)I30
’% ¢! @} 83 83 85 BF 12 D20
'ﬁ ¢! ®7 @3 % ®F 0F P12 D20
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15¢° B2 BF B P10 P12 D15 P20 P30

%q <I>4 <I>2 <I>2 B3 @12 P15 P20 P30

¢ B B5 BF D%y D12 P15 P20 P30

30 222 46 332 93 <I>"2 32 @2, B12 815 Poo P
q6 o232 o 2 o2 (I)lo P12 P15 P20 D3

2=q° @3 <1>2 5 B2, P12 P15 P20 P30

ey L.q% 05 P2 <I>"2 2 B3 D12 15 B a0
20 +q% 3 &2 o 2 B2 B2 P12 P15 Py P30
120 1382 16 32 92 B2 B, 2, ‘I>" K ‘1’12 @15 P20 P30
KH @2 2 <I>"2 o> D12 15 P20 P30
8232 46 4 33 <I>’2 P2 <f[>10 B 15 B Bao Bo
—3"—q6 o5 P2 <I>"2 o2 (I>10 D15 P5 Do P30
q6 o2 2 32 92 P, 28,5 @5 Bao P30

30 q6 P2 92 B2 B2 31 2 B9 @5 Poo P30

6 o2 <I>2 2 BZ 12 P15 oo P30
154° 5 93 % @2 %) 15 P20 P30

1246 82 &3 B3 B D5 B DY ‘I)lz P15 Pa0 D3
l1__(]>"‘16 % ‘I)% <I>§ 3 P q’% <I>%0 @12 P15 3 P30
g8 37 &4 &3 03 Y B3 B/y” 12 D15 P20 B
T’\aq6 (I)% (I’% @% @i @’5, @(2; @%0 @12 ,1/5 (I>,2() (1)30
¢° 32 @ B3 @2 @} B3 D) ” B12 P1s P20 Do

10 q6 &3 <I’4 33 @5 o ©F % ‘I’m 15 @30 P30
#54° 3 ‘1’4 3 <I>2 3! 32 &'/° B12 15 P20 Dl
1—’\0q6 o2 33 92 37 Y <I>§ (I)%O D1 B5 Pho P30
1¢° 8% 3 ®F B2 D12 D15 P20 P30

+4° @1 <I>2 ‘1’2 ‘I>10 @12 15 P20 P30

210 q6 @4 <I>2 @2 <I)2 oY, (1’12 @5 D5y Pao

120 g

40‘1

=q° B} 83 9% 9% B ‘1)12 D15 Py P30
12§Aq6 @4 Qz @”2 @2 @ @12 @15 @20 @30
m 518X 06 §4 §2 B’ <1>2 @, <1>12 ®15 Do D30

5332 ¢° @1 @5 93 ‘I’Z 8157 @12 P15 P20 D5y
24326 91 @3 <I>§ ‘I’ezs ‘I"{oz D15 15 Boo B3
40q6 &1 82 3 B3 D12 P15 P20 P30

¢ 8% @7 0 &2 &7 P15 P20 P30

10 ‘16 3t 2 02 B2 B} @3 D)y D12 Bh5 B0 Do
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