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The homogeneous Monge-Ampere 
equation on a pseudoconvex domain 

Victor Guillemin* 

§ 1 . Introduct ion 

Let X be a compact complex n-dimensional manifold with a smooth str ict ly-pseudoconvex 

boundary. Wi thou t loss of generality one can assume that X sits inside an open complex 

manifold, Z. A smooth function, (j) : Z — • R, is a defining function o f X if it has the 

property: 

<£(p) < l p e x 

and if it has no critical points on the boundary. There are an infinity of different ways of 

choosing such a defining function, and it is a problem of considerable interest in the theory of 

pseudoconvex domains to find ways of making canonical choices. Jack Lee proved a result in his 

thesis which sheds some light on this problem: Suppose all the data above are real-analytic. 

Let S be the boundary of X and let T —• S be the bundle of outward-pointing conormal 

vectors to 5 . Given a real-analytic section, ¡1 : S — • T, Lee proved that there exists a unique 

real-analytic defining function, <j>, which satisfies the boundary condit ion, d<f> = fi on 5 and 

satisfies the homogeneous Monge-Ampere equation 

(1 .1) (dd<f>)n = o 

on a ne ighborhood of S* One of the aims of this paper is to give a new p roo f o f this result. 

This p roof is similar to a proof that Matt Stenzel and I gave of an existence theorem for Monge-

A m p e r e with a different set of boundary conditions in [ G 5 ] i . I will give a brief description of 

this p roo f below; however, first I want to describe the other main result of this paper. Let 

X b e a compac t Riemannian manifold. Suppose that X is real-analytic, and suppose that 

/ : X — • R is a real-analytic function. Several years ago Boutet de Monvel proved the 

following surprising result: 

T h e o r e m . [B] The following are equivalent 

1. / can be extended holomorphically to a Grauert tube of radius r about X. 

2. The wave equation 

du 

dt 
• = y/Äu, u(x,0) = f(x) 

*Supported by NSF grant DMS 890771 

*See [L]. Subsequently Jerison and Lee [JL] showed that there is a canonical way of choosing fi as well 

(by solving a C R variant of the Yamabe problem). 

S. M. F. 
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V. GUILLEMIN 

can be solved backwards in time over the interval — r < t < 0 . 

In other words Boutet ' s result says that the problem of extending / to a small neighbor­

h o o d o f X inside the complexification, XQ, is equivalent to solving a diffusion p rob lem in the 

wrong direction! Mat t Stenzel and I showed in [GS]2 that this result has some interesting 

connect ions with homogeneous Monge-Ampere . In this paper I will show that there is a form 

of Boute t ' s result which is true for an arbitrary real-analytic pseudoconvex domain; and this, 

t o o , will involve homogeneous Monge-Ampere in a fundamental way. T h e statement and proof 

of this result will be given in §5 and I will give my new proof of Lee's theorem in §4. As in 

[GSh the main step in this p roof will be the complexification of a solution o f a certain real 

M o n g e - A m p e r e equation which I now want to describe: Let X and Y b e real n-dimensional 

manifolds and consider the D e R h a m complex on X x Y. By the Kunneth theorem this complex 

is a double complex with an exterior derivative, e? x, that only involves the X-var iables and 

an exterior derivative, dy, that only involves the F-variables. In particular, given a function, 

<j) = <^(x,y) , o n l x F one gets a two-form, dxdy<j), and, wedging this form with itself n times, 

a 2n-form, (dxdy<j))n. Now let 5 be a hypersurface in X x Y and <J)Q a defining function for it. 

Suppose that (f>0 satisfies: 

(1.2) (dxdy<t>0)n 1 A dx(f)Q A dy(/)Q ^ 0 

on a ne ighborhood of 5.* I will prove in §2 that, on every sufficiently small ne ighborhood of 

5 , there exists a unique function, <j>, such that <t> — </>o vanishes to second order on S and 

(1 .3) (dXdy<t>)n = 0. 

In other words given a surface, 5 , with the convexity property, (1 .2 ) , the Cauchy problem 

for ( 1 . 3 ) , with initial data on 5 , can always be solved in a ne ighborhood of 5 . T h e p roof will 

involve some ideas that have come up earlier in the work of Phong and Stein, [PS] , and in my 

own work with Sternberg ( [GS] , Chapter 6) on Radon integral transforms; and I will explain 

what M o n g e - A m p e r e has to do with this subject in §2-3. 

T o conclude I would like to mention a number of recent articles on homogeneous Monge-

A m p e r e dealing with issues that I've touched on here. These are, in addit ion to my two 

articles with Stenzel cited above, the article, [EM] , o f Epstein-Melrose and the articles, [LS] 

of Lempert-Szoke, [S] of Szoke and [Lem] of Lempert. In particular, in Lemper t ' s article, 

it is shown that for the Monge-Ampere problem discussed in [ G 5 ] i , [GS]2 the analyticity 

assumptions are necessary as well as sufficient. 

§2. D o u b l e fibrations. 

*This condition depends only on 5 not on the choice of <f>o. It is the analogue in this "Kiinneth" theory 
of the Levi condition. 
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Let X and Y be n-dimensional manifolds and S a closed (2n — 1)-dimensional submanifold 

o f X x Y. Let 7T and p be the restrictions to S of the project ion maps of X x Y on to X and K 

T h e triple ( S , 7r, /0) is called a double fibration if bo th 7r and p are fiber mappings. I will assume 

that the conormal bundle of S is oriented and will denote by T the set o f its positively-oriented 

vectors. Compos ing the inclusion, T —• T*(X x F ) , with the project ions o f T * ( X x Y) and 

T*X and T*Y one gets maps 

(2 .1) 7T! : r — * T 0 *X and P l : r —> T0*F 

of T on to the punctured cotangent bundles of X and Y* The data, ( 5 , 7 r , p), are said to satisfy 

the Bolker condit ion if TTI and pi are diffeomorphisms, in which case the compos i te mapping, 

pi o TTT1 is well-defined. Compos ing this mapping with the involution: 

a: T ; Y ^ T ; Y , <r(y,ti) = (y,-T,) 

one gets a canonical transformation 

(2 .2) 7 : T;X —> T;Y 

which I will call the canonical transformation associated with the double fibration ( 5 , 7 r , p ) . 

T o check that the Bolker condition is satisfied, one has to check first that TTI and p\ are 

diffeomorphisms locally in the neighborhood of each point of T, and then check that they are 

one-one and onto . Often the second criterion is implied by the first. (This is so, for instance, 

if bo th X and Y are compac t . ) As for the first criterion, it is easy to see that if TTI is locally a 

diffeomorphism at a point of T, p\ is as well. This criterion can also b e checked rather easily 

by the following means. Let 0 = <j>(x,y) be a defining function of S i.e. let S b e the subset 

of X x Y defined by the equation, <j>(x,y) — 1; and assume dcj)p ^ 0 at all points, p £ 5. Let 

dxdv<t> be the two-form 
n 

E t,y=\ 

d2é 

dxidyi 
-dxx A dyj 

L e m m a . For wi and pi to be local diffeomorphisms at all points of T it is necessary and 

sufficient that the 2n-form 

(2 .3) {djcdyd))1*'1 A dj-eAdyCp 

be non-vanishing on a neighborhood of S. 

I will leave the proof of this as an easy exercise. M y goal in this section is to prove that if 

S satisfies the Bolker condit ion it has a defining function which satisfies, in addition to (2 .3) , 

the homogeneous Monge-Ampere equation described in the introduction: 

*Given a manifold, M, we will denote by T 0 *(M) the cotangent bundle of M with its zero section deleted. 
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T h e o r e m 1. Let /i : S • V be a section ofT. Then there exists a unique defining function, 

<j>, of S such that 

(2 .4) (dxdy<p)n = 0 

on a neighborhood of S,* and such that, in addition, d(j)p = pp at all points, p G 5 . 

Proof. Existence: There exists a unique homogeneous function of degree one on T which 

is identically equal to one on the image of p. Lets denote this function by HQ. Under the 

diffeomorphism T 0 *X — • T this pulls back to a homogeneous function of degree one, H, on 

TQX. Since ( 5 , 7 r , p) is a double fibration the fibers, Sy = p~1(y), above points o f Y are (n — 1)-

dimensional submanifolds of X. Now, with y fixed, solve the Hamilton-Jacobi equation: 

(2 .5 ) H{d<j>) = H ( X , 
oQ 
ds , . . . , 

d<j> 

dxn ) = 1 

with the initial condit ion (j) = 1 on S y . * This solution depends parametrically on y so it 

is really a function, <t> = <j)(x,y), of both the x and the y variables and is well-defined in 

a ne ighborhood , U, of 5. Let 's show that it satisfies the Monge-Ampere equation and the 

required initial condit ions. That it satisfies the initial conditions is equivalent to the assertion 

that Ho(d<j>) — 1 on S and this is equivalent to the assertion that, for y fixed, the equation 

H(d(j>) = 1 holds on X. T o check that <j> satisfies Monge-Ampere , we note that because H 

doesn' t depend on y we can differentiate the identify 

H 
( d<t> 

dr ,....., 
d(t> 

drn ,x ) = 1 

with respect to yi getting: 
n 

E 
0=1 

dB_ 

di3 

[dx(j), x) 
d2<t> 

dxjdyi 
= 0 

Since dH 
26 

(x,£) ^ 0 when <f 0 this implies that 

det ( d2<t> 

dx,dyj ) = 0. 

Uniqueness: Let <p be a defining function of S satisfying the given initial condit ions. By 

assumption the m a p 

7T! : S x R + — • T^X 

*In local coordinates this is just the Monge-Ampere equation det ( 
d26 

dy ; ) = 0. 
*Let's briefly review how this is done. The equation, H = 1, cuts out a hypersurface in the conormal 

bundle of Sy. This hypersurface is an isotropic submanifold of T*X of dimension n — 1, so if we take its flow-out 
with respect to the Hamiltonian flow, exptfE//, we get an n-dimensional Lagrangian submanifold, A, of T*X. 
In the vicinity of Sy A is the graph of an exact one form, d<f>, and if we normalize <t> to be one on Sy this 
determines it uniquely. 
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sending (x,y,s) to (x,sdx<f>) is a diffeomorphism; and, by our definition of H, it embeds S 

on to the hypersurface, H = 1. Suppose now that <j) satisfies the Monge -Ampere equation on a 

ne ighborhood of S. This says that the map 

(2 .6) p ; 1 x 7 ^ T 0 *X, p{x,y) = (x,d<l>x), 

is o f rank 2n — 1 in a neighborhood of 5, and hence is a fibering of a ne ighborhood, U, of 5 

on to the hypersurface, H = 1. In particular, for y fixed, <j)(x,y) satisfies the Hamilton-Jacobi 

equation 

H ( = 
dQ 
eta 

°• 

= 1. 

Moreover, since 0 is a defining function of 5 , it takes the value, <j> = 1, on 5 . Therefore, if one 

fixes y and regards it as a function of x alone, it takes the initial value, <j> = 1 on Sy. Hence 

the uniqueness of <f> follows from standard uniqueness results in the Hamilton-Jacobi theory. 

Q.E .D. 

R e m a r k . If (p satisfies Monge-Ampere , the function, xjj = <j)2 satisfies 

(2 .7 ) det ( d
2%l> 

dxidyj ) ¿ 0 

everywhere on a ne ighborhood of 5. T o see this, note that since 

dxdyip = 2((j)dxdy(j) + dx<f> A dy<j)), 

Monge-Ampere implies that 

{dxdy^)n = n2n<t>n-l(dxdy<t>)n-1 A dx$ A dy(t> 

and the expression on the right is non-zero on a neighborhood of S in view of (2 .3 ) . (Recall 

that <f> = 1 on 5 . ) Therefore, by specifying a section, of T —> S one gets, not only a solution 

of Monge -Ampere on a neighborhood of 5 , but also a symplectic form on that neighborhood, 

(i .e. dxdvxp) and a pseudo-Riemannian metric of signature (n,n) : 

(2.8) E 
d2é 

dxidyj 
dxi o dyj. 

§ 3 . A dynamical interpretation at the M o n g e - A m p e r e equation ( 2 . 4 ) . 

For simplicity I will assume in this section that X , Y and 5 are compac t . Let 0 be a 

defining function of 5 and let St be the subset of l x F defined by the equation, <j> = 1 — t. 
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(In particular, So = 5 . ) For t sufficiently small, St will also satisfy the Bolker condi t ion and 

hence give rise to a canonical transformation 

7t : T;X — » T0*F. 

I will prove be low that if <j> satisfies Monge-Ampere the canonical transformations, 7*, are 

related to one another in a very simple way: As we saw in the preceding section, the initial 

data, p, : S — • T, determine a homogeneous function of degree one, H, o n TQ*X. Let Eh be 

the Hamiltonian vector field corresponding to H. Because of the homogenei ty of H the group of 

symplec tomorphisms generated by S h is a one-parameter group of canonical transformations. 

Lets denote this one-parameter group by expfEnH, —00 < t < 00. 

T h e o r e m 2 . The following are equivalent: 

1. <j> satisfies Monge-Ampere. 

2. 7 t = 7 o e x p * E / / . 

Proof that 1 implies 2:. Suppose <j> satisfies Monge-Ampere . For the moment lets fix y 6 Y 

and think of <t>(x, y) as a function of x alone. 

L e m m a . There exists a neighborhood, U, of Sy and, for every point, x € U, a unique point, 

x0 € Sy such that 

(3 .1) exptZH(xo,£o) = (x,Ç) 

where £ 0 = d<f>XQi £ = d<j>x and <t>(x) = 1 + t. 

Proof. Let Ao b e the set 

{(zo,£o); x0 e Syì £0 = d(j)Xo}. 

For e sufficiently small the map of A 0 x(—e, e) into T*X which sends (xo,£0,t) on to ( exp t S / / ) ( x 0 , £ 0 ) 

is a diffeomorphism o f A 0 x (—e, e) onto a Lagrangian submanifold, A, o f T*X. Moreover , A is 

also the image of a neighborhood, U of Sy in X with respect to the mapping 

d<j>: U—>T*X, x—zV(x,d<l>x).* 

Thus , if x is in U, there is a unique xQ G Sv and a unique t on the interval (—e, c ) such that 

e x p £ E t f ( z 0 , £ o ) =(x,e) 

with £0 = d<t>x0

 a n d £ = d<f>x. Thus all that is left to prove is that t = <j)(x). This , however, 

follows easily from the homogenei ty of H. Namely, by Euler's identity 

H ( x , 0 ) = E 
dH 
df 

(df) e i, 

*See the footnote following the display (2.4) in§2. 
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THE HOMOGENEOUS MONGE-AMPÈRE EQUATION 

so, if £ = dcj)x : 

(3 .2) 1 = H(x,dòx) = E 
dH 

de (x, e= 
d<f> 

dxi ' 

Let (x(t),£(t)), 0 < t < e, be the integral curve of starting at ( x 0 , £ o ) - Then by (3 .2) 

d 
dt 

Mx(t)) = 1. 

Hence since <f> = 1 at XQ, <j> = 1 -f-1 at #(£) . Q.E .D. 

Let 's now compare the canonical transformations, j t o e x p ( — Ï E h ) and 7 . Because of the 

homogenei ty properties of 7 , 7 * and H it suffices to check that they are equal at all points, 

( # o , £ o ) , on the hypersurface, H = 1. However, each point on this hypersurface is the image 

under the mapping (2 .6) of a point, (xo,y) G 5. In other words there is a unique y € F such 

that (dx(/))(xQ.y) = £o- Thus, by definition 

(3 .3) 7 ( ^ 0 , £ 0 ) = (y,dy(/)(xo,y)). 

On the other hand, by the lemma 

e x p ( - ^ n t ( 1 ) H)(;ro,£o) = (s ,0 

with £ = (dx<f>)(x,y) and <f>(x,y) = 1 — t. Thus ( x , y ) G S* and, hence 

7t(s,0 = (y,dy<t>{x,y)) = 7< oexp(-te,H)(zo,£o). 

Therefore, if we denote by /? the projection of T0* onto F, we conclude from (3 .3) and (3.4) 

that 

/ ? o 7 < oexp(-tEH) = £ 0 7 , 

and hence that the canonical transforms, 7 and 7* o exp(— t^n) are themselves the same.* 

Proof that 2 implies 1:. Not only does the hypersurface St determine the canonical transfor­

mation, 7<, but it is clear from the definition of ~ft that the reverse is true: The canonical 

transformation, 7*, determines the hypersurface, St. Thus if 2 holds, (j> has the same level sur­

faces as does the corresponding solution of Monge-Ampere and hence has to be equal to this 

solution. Q .E .D. 

I will conclude with a few words about the "quantum picture" that goes along with 

the result above. Let Ft be an elliptic Fourier integral operator whose underlying canonical 

transformation is 7*. then by Theorem 2 

(3 .4) Ft = F0U(t)Q + K 

*Fact: If 7,: : T£X — • T Q *F, i = 1,2, are canonical transforms, then 0 o 7J = /3 o 7 2 implies 7 1 = 7 2 . 

(see, for instance [AM].) 
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K be ing a smoothing operator, Q an invertible elliptic pseudodifferential operator and U(t) a 

one-parameter unitary group of the form 

(3 .5) U(t) = exp yJ-ltP 

where P is a pseudodifferential operator with the function, H, as its leading symbol . W e 

will see in section 5 that for he Monge-Ampere equation on a complex manifold there is no 

analogue of Theo rem 2 per se, but there is an analogue of the statements (3 .4) and (3 .5 ) . In the 

analogue of (3 .5 ) , however, the unitary group, exp yf^ltP, gets replaced by the corresponding 

heat semi-group, exp(— tP) . 

§ 4 . T h e proof of Lee's theorem. 

First o f all note that if one replaces real C°° data by complex ho lomorphic data the 

existence theorem of §2 is still true and can be proved, with a few small changes, in exactly 

the same way. More explicitly, suppose Z and W are complex n-dimensional manifolds, 5c 

a complex hypersurface in Z x W and 0c = <f>£(z,w) a holomorphic defining function of 5c 

which satisfies the complex analogue o f (2 .3 ) . Then one can modify 0c, without changing d<f>£ 

at points o f 5c, so that it also satisfies 

(4 .1) det (d20C|dztdwj) = 0 

on a ne ighborhood of 5. Moreover, this modified 0c is unique. 

N o w let X be a compact complex n-dimensional manifold with a real-analytic strictly 

pseudoconvex boundary and let Z be an open complex manifold containing it. Let 5 be the 

boundary o f X and let 0 be a real-analytic defining function o f 5. I will denote b y W the 

manifold, Z , equipped with its conjugate complex structure, and by i the diagonal imbedding 

of Z into Z x W. It is clear that there exists an open neighborhood, U, o f the image of 5 in 

Z x W and a (unique) holomorphic function, 0c, on U such that i*<j>£ — 0. Let 5c b e defined 

by the equation, 0c = 1. Then the Levi condition implies that 0c satisfies the holomorphic 

analogue of (2 .3) at all points t(p),p € 5; and, therefore, if U is chosen small enough, this 

condi t ion is satisfied at all points of 5c- Therefore, by the holomorphic version of Theorem 1, 

one can modify 0c, without changing the first derivatives of 0c along 5c, so that it satisfies 

(4 .1 ) . This , however, implies that di*</)£ = c?0 at points of 5 and, in addit ion, 

(4 .2 ) det (d2L*(t)C/dzidzJ) = 0. 

Moreover , ¿*0c is the unique real-analytic solution of (4.2) satisfying the given initial condit ion. 

However, since the initial data are real-valued, ¿*0c is another solution o f (4 .2 ) with these initial 

data; so t*(pc = ¿*0c • i- e- *̂0C is itself real-valued. 

§5. H o m o g e n e o u s M o n g e - A m p e r e and the extendibility prob lem. 
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Let X be a compac t , complex n-dimensional manifold with a real-analytic strictly pseu­

doconvex boundary. As above I will assume that X is sitting inside an open complex manifold, 

Z , and that <j> : Z — > E is a real analytic defining function of X. B y choosing e sufficiently 

small one can arrange that for all t on the interval, (—e, e) , <j> — t is the defining function for a 

strictly pseudoconvex domain, Xt+\ defined by the inequality, <j>(z) < 1 + t. 

T h e problem I want to consider below is the extendibility problem: Given s < t and given 

a holomorphic function, / , on Xa, can one extend / to a holomorphic function on Xt? I would 

like an answer to this question which is similar in spirit to the result o f Boutet de Monvel that 

I quoted in the introduction: namely / can be extended providing one can solve some kind of 

diffusion process, with / as initial data, backwards in time over the interval [s — £, 0] . I will show 

that one can find a characterization of extendibility, in these terms, if <f> satisfies homogeneous 

Monge-Ampere .* First of all, however, let me formulate the extendibility p rob lem in a way 

that only involves the behavior of (f> on the annulus 

Z€ = {z G Z, 1 - e < <f)(z) < 1 + e} 

Let St be the boundary of the region, Xt, and i t the inclusion m a p of St into Z. Let 0(Xt) 

be the space of functions which are holomorphic on lnt(Xt) and smooth up to the boundary. 

Then the restriction map 

i* : 0(Xt)—> C°°(St) 

is injective, and its image is the space of Cauchy-Riemann functions on 5«. I will denote this 

space by C R ( 5 ( ) . Thus for s < t one gets a diagram: 

15.1) 

O(Xt) 
z 

<CR(St) 

0(XS) C R ( 5 S ) 

the left hand arrow being the restriction map and R 3 t being, by definition, the right hand 

arrow. Note that, for —e<s<t<p<e: 

(5 .2) Rsj Rt,u = R3,w 

It is clear that the extendibility problem is equivalent to the problem of characterizing the 

ranges of the mappings, Rsj. 

T o formulate my main result I will have to discuss some geometric properties of the 

annulus, Z 6 , associated with the function, <j>. I will think of the complex structure on Z as 

being given by a morphisin, J, of the tangent bundle of Z , with J2 — —I. Since d(j)p ^ 0 at all 

points, p G Z( the one-forms: 

(5 .3) d4> and a = : — dcj) o J 

are non-vanishing and linearly independent everywhere. Corresponding to these one forms are 

a dual pair o f vector fields, 0 and ro, which I will define by means of the following: 

*And, in some sense, only if (f> satisfies homogeneous Monge-Ampere. 
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Propos i t ion . There exists a unique vector field, ro, on Z€ with the following three properties 

(5.4) 

i. t(tv)a = 1 

it. i(xo)dò = 0 

Hi. i(tv)da is the product of d<f> with a C°° function. 

Proof. T o say that the hypersurfaces, 0 = 1 -f t, are strictly pseudoconvex for — e < t < e is 

equivalent to saying that 

(5 .5) (da)71'1 A a A d ^ O 

at all points o f Ze, and the existence of a unique vector field, to, satisfying (5 .4) can b e deduced 

from (5 .5) by elementary linear algebra. Q .E .D. 

I will n o w define U to be the vector field, 

(5 .6) t> = Jm. 

From (5 .3) and (5 .4) one deduces 

(5 .7) i(t)W0 = 1 and t(x>)a = 0. 

Next I want to recall a standard criterion for the function, 0, to satisfy homogeneous 

M o n g e - A m p e r e : 

L e m m a . <j> satisfies homogeneous Monge-Ampere if and only if the condition, (5.4) in., can 

be replaced by the stronger condition 

(5 .8) t(w)da = 0. 

Proof. <f> satisfies homogeneous Monge-Ampere if and only if the two-form, da, is of rank n — 1 

at all points o f Ze, or in other words, if and only if there exists a nowhere vanishing vector 

field, ro, satisfying (5 .8 ) . However, because of (5 .5) , if such a vector field exists, it can always 

be chosen to satisfy (5 .4 ) , i. and ii., as well. Q .E .D. 

Corol lary , (j) satisfies homogeneous Monge-Ampere if and only i f [u, to] = 0. 

Proof. Since t(xo)da is a multiple of dcj) the condition (5 .8) holds if and only if da(v,to) — 0. 

Note , however, that 

(5 .9 ) da(x), to) = A , (a (m) ) = AoM*)) ~ <*([*, *>]) = - a ([v*>m]). 

Therefore, if [t>,ro] = 0, 0 satisfies Monge-Ampere . Conversely, suppose 0 satisfies Monge-

A m p e r e . T h e n t(to)da = 0 by the Lemma. Moreover, since da = (l/2i)dd(t>, da is J-invariant; 
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so i(xo)da = 0. As we have just remarked, <j> satisfies Monge-Ampere if and only if da is of 

rank n — 1 everywhere, in which case the annihilator of da is an integrable two-dimensional 

subbundle of the tangent bundle of Z€. Since t) and ro are sections of the subbundle it follows 

from the Frobenius condit ion that 

[v,w]=/lt>+/ 2tt> 

for appropriately chosen C°° functions, / 1 and / 2 . However, by (5 .9 ) , /2 = 0, and / 1 is zero ir 

view o f the identity: 

<ty([t>, to]) = A,(Ao¿) " ADAP¿ = 0. 

Q.E.D. 

Since ro = Jt> this result can be interpreted as saying that there is a ( loca l ) action of the 

complex , group, C , on Z€ generated by the complex vector field, U + y/—lxo. This action of C 

does not preserve the complex structure of Z € ; however, the fact that tt) = Jt) implies that the 

orbits o f C are one-dimensional complex submanifolds of Z€. T h e existence of a C-action with 

this property is probably the single most important consequence of the fact that <f> satisfies 

Monge- Ampere . * 

From now on I will assume that (f> satisfies homogeneous Monge -Ampere and will describe 

some o f the implications this has for the extendibility problem. Using the results above I will 

derive a formula for the restriction operator 

Rs>u : CR(SU) —>CR(SS) 

in terms of an infinite series which will, in general, not converge; however, I will extract from 

this formula a meaningful expression by the insertion of Szego projectors, and the main theorem 

of this paper will say that what I get is still a g o o d approximation to RSlU> 

Let / be in 0(XU) and let t = u — s. Since t) — yj — lro is an anti-holomorphic vector field, 

(Dv - V=ÏDn) f = 0 

and hence, formally, 

f = expt(D0-V^ÏDn)f. 

Since Dv and Dn commute one can formally rewrite this equation in the form, 

/ = exp(-v / Z TtZ) n , ) (exp<t))*/ , 

hence if g is the restriction of / to the surface, 5 U , we get for RS}Ug the following formal 

expression 

[5.10) Rs,u9 = exp (—V—ItfAx,) (exp to)*g. 

*For some of its implications see Dan Burn's article [Bu]. This C-action also plays an important role in 

the articles of Lempert and Szôke mentioned in the introduction. 
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Let's see to what extent this formula makes sense as a representation o f R3,u. Since exptft) is a 

diffeomorphism o f S3 on to Su, the operator 

(5.11) ( e x p t o ) * : C R ( 5 « ) — C°°(Sa) 

makes perfectly g o o d sense. As for the operator, exp( — \J— ItD^,), if we substitute for it the 

infinite series 

(5.12) I + (-JZitD,,,) + 
1 

2! 
(sf=ltDm)2 • • • 

each of the terms in this series is well defined as an operator on C°°(S3) since the vector field, 

ro, is tangent to S3. Indeed, if h is a real-analytic function on 5 5 , then 

(exptD^h = (exptro)*h 

and the term on the left is real analytic in t as well as in the manifold variables, so it can be 

analytically continued to a small neighborhood of the origin on the imaginary tf-axis. Thus, 

exp( — \J — ItDft) is well-defined as an operator, but its domain of definition is a rather small 

subspace of C ° ° ( 5 a ) . 

Let m e next recall the definition of the Szego projector on C°°(SS). Restricting to S3 the 

(2n — l ) - fo rm, aA(da)n~1, it becomes a volume form and provides L2(SS) wi th a Hilbert space 

structure. Let H2(S3) be the L2 complet ion of C E ( 5 a ) in L2(S3) and let 7r3 be the orthogonal 

project ion of L2(SS) onto H2(S3). This projection maps C°°(S3) on to C°°(S3) fl H2(S3); and 

the latter space is <CR(SS); so, by restricting 7rs to C°°(SS) one gets an operator: 

ns C ° ° ( 5 a ) — . CR(SS); 

and this is, by definition, the Szego projector. I will now modify the right hand side of (5.12) 

by replacing the operator , -D D , wherever it occurs, by its Szego cut-off: -KgD^s. W i t h this 

modif icat ion the right hand side of (5.12) becomes exp (K—\f^lt-KsDt0'K3) and since t = u — s, 

the right hand side of the formula, (5 .10) , for R 3 U becomes 

(5 .13) e x p ( - ( u - s)T9)F3tU 

where 

(5.14) T3 = 7 T S \ / — l D t 0 7 T 3 

and 

(5 .15) Fa,u = 7r3(exp(u - s)t>)*. 

For the following I will refer to [BG]: 
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Propos i t ion A . T3 is a positive Erst order self-adjoint elliptic Toeplitz operator. In particular 

it has real discrete spectrum: 

A 0 < A a < A 2 < . . . , 

with the Aj's tending to +oc and satisfying the Weyl asymptotics: 

N(\)= volume ( 5 5 ) A n + 0 ( A n " 1 ) 

where N(X) = #{Xt < A } . 

For the p roof of this see §1 of [BG] . T h e point of the proposit ion is that Ts has exactly 

the same kind of spectral behavior as a positive definite elliptic pseudodifferential operator of 

order one on a compac t n-dimensional manifold. 

As for F3,u one has: 

Proposi t ion B . The operator, F3,u : CR(SU) — • C R ( 5 S ) is an elliptic Fourier-Toeplitz 

operator of order zero with exp(u — s)t) : S3 —• Su as its underlying canonical transformation. 

Moreover, for u — s sufficiently small, it is invertible. 

This also follows easily from the theory of Fourier-Toeplitz operators developed in [BG] 

or from the more general theory of Fourier integral operators with positive phase function 

developed in [MS]. I won ' t bother to give a proof of it here. 

Thanks to these two propositions, the operator, (5 .13) , has very nice analytic properties, 

and this brings up the question: T o what extent is it still a g o o d approximation to RSlU- The 

main result of this paper is that it is still a g o o d approximation in the following sense. 

T h e o r e m 4. For n and s close to one and u — s small there exists an invertible zeroth order 

elliptic Toeplitz operator 

Q8iU : CR(S3) —> CR(S3) 

which depends real-analytically on u and s and satisfies: 

(5 .16) R3,u = exp(-(u - s)T9)QaittF8iU. 

This theorem says, in particular, that for u — s small the range of R3jU agrees with the 

range of exp(—(u — s)T3) so, in particular, one obtains from Theorem 4 the following result on 

extendibility. 

T h e o r e m 5. Let f be a holomorphic function on X3, which is smooth up to the boundary. 

Then it extends to a holomorphic function on Xu, which is smooth up to the boundary, iff the 

restriction of f to the boundary of X3 is in the range of exp(—(u — s)T3). 

§6 . T h e proof of the extendibility theorem. 
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Let u > s > 1 and let Si = 5 , TTI = n and T\ = T. For u < 1 + e consider the operator 

(6.i) W — F, B F~l 

This opera tor maps C E ( 5 ) onto C R ( 5 ) and, for s < t < u, satisfies the semigroup property 

(6.2; Wa,tWttU = WSiU 

In particular 

(6.3) 
d 

ds 
WSiU = P9W.,U 

where 

(6.4) P, = - ( 
d 

16 ) + 
Ws-€ s at € = 0. 

we will prove: 

L e m m a . Ps is a first order Toeplitz operator with the same leading symbol as T. 

Proof. Given a CR-funct ion, h G C R ( 5 ) , let g — F^Jh and let / b e the unique element of 

0(XS) whose restriction to Ss is g. Finally let ¿ : S —• Z be the inclusion map . Then 

Ws-t .h = FlìS-€Rs-€ì3g 

= IRE* ( exp(s — e)t)) / 

= 7™*(exps t ï )* ( exp -e t ) )* / 

Thus , if we take the right hand derivative with respect to e we get, at e = 0 : 

( 
d 

de ) 
+ 

Ws-€i9h = -7u*(expst>)*Dxtf. 

Since / is ho lomorphic on the interior of Xs and smooth up to the boundary, and t) — \ ^ - T r o 

is an ant i -holomorphic vector field, Dvf = y/^lD^f. Moreover, since tv is tangent to 5 5 , 

\f^\Dtof is equal to yJ—lD^g on 5 S ; so the right hand side of the equation above is equal to 

?r(exp s\))*(-y/^ÏDto)g 

or 

F1, s (- V-1Dm) F-1hl,s 

Thus we obtain for Ps the formula 

(6.5) P. = F1,.(V=ÎD№)F{-ti. 
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B y proposi t ion B of §5 FifS is a Fourier-Toeplitz operator whose underlying canonical trans­

formation is exp(s — l)t) . Since [t», to] = 0 

(6 .6) (exptt>)*Ao = Dto(exptt>)* 

for all t. Thus , by the composi t ion formula for Fourier-Toeplitz operators described in [BG] 

§7, the operator (6 .5) is a Toeplitz operator, and has the same leading symbol as the Toeplitz 

operator, 7 r ( \ / — ID^TT. Q .E .D. 

Let A(s) = P9—T. This operator is a zeroth order Toeplitz operator depending analytically 

on the parameter, s, and, by (6 .3) , it satisfies the operator equation 

d 
ds 

Ws,u = TW3,u + A (s) W s, u 

W i t h u fixed, let s = u - t, and let W(t) = Wu-t,u and B(t) = —A(u — t). Then the equation 

above can be rewritten in the form 

(6 .7) 
d 
dt 

W(t) = -TW(t) + B(t)W(t), 

on the interval 0 < t < u — 1, with W(0) = I. Formally one can solve this equation by "variation 

of constants": i.e. setting 

(6 .8) B*(t) = (exp tT)B(t) e x p ( - t T ) , 

one can express the solution of (6.7) in the form: 

(6 .9) W{t) = exp{-tT)Q(t), 

where Q(t) is the solution of the operator equation, 

(6 .10) 
dQ(t) 

dt 
= B#(t)Q(t) with Q ( 0 ) = / . 

T o make sense of this formal solution we must first make sense o f (6 .8 ) , and this we will 

d o as follows: Since B(t) depends real-analytically on tf, it extends to a holomorphic function 

of t on a small ne ighborhood of the origin in the complex t-plane. Thus in particular B(y/^lt) 

is well defined, by analytic continuation, for real values of t close to zero. Now notice that 

when we replace t by \f^\t in (6 .8) , (6.8) becomes: 

(6 .11) B*(s/^lt) = e x p s/^ltT B{sV-1-^lt)exp(-y/-ltT). 

Since exp yf^XtT is an elliptic zeroth order Fourier-Toeplitz operator, it follows from Egorov 's 

theorem that (6 .11) is a zeroth order Toeplitz operator, also depending in a real analytic fashion 

on t. Thus we can again, for \t\ small, replace t by —y/^lt in (6 .11) , and we end up with a 
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well-defined zeroth order Toepli tz operator which is, formally, the operator ( 6 . 8 ) . This we will 

now define to b e the operator, B#(i). W i t h this definition of B&(t) the equation (6 .8) holds 

in the sense that for all a > t 

(6 .12) exp(-aT)B#(t) = exp(t - a)TB(t)exp(-tT). 

Plugging this Toepli tz operator, B#(t), that we have just defined, into (6 .10) and solving 

for Q{t) we end up with a putative solution, W(t) = exp(— tT)Q(t) , to the equation, (6 .7 ) . T o 

show, b y means o f (6 .12) , that this is an actual solution is not hard. W e leave details to the 

reader.* 

Inserting (6 .10) into (6 .1) and remembering that Q(t) depends analytically on the param­

eter, / / , as well as on t we get 

exp -(u - s)Qu(u - s ) = F l i S R S i U F 1 ; 

or, in particular, setting 5 = 1, 

Ri,u = exp(-(u - l)T)Qu(u - 1)F1>U 

for 1 < u < e. This proves Theorem 4 for s = 1; and the theorem, for arbitrary s, can be 

deduced from this special case by replacing <̂>, in the discussion above, by (j) — (s — 1 ) . 
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