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Resolvent Estimates and Time-Decay
in the Semiclassical Limit

SHU NAKAMURA

1. Introduction.
In this note we study the Schrédinger operator :

H=-R*/2)A+V(z), on L*R%, h>0

in the semiclassical limit: A — 0. In particular, we are interested in the scatter-
ing theory and long time behaviors of the time evolution: e~*#/*p. Boundary
value of the resolvent: lim._ 4o (H — A £ €)1 = (H — XA £:0)~! plays essential
roles in the scattering theory, and various observable quantities, e.g., scattering
amplitude, time-delay, etc., are represented by it ([RS]). In studying the bound-
ary value of the resolvent, the theory of Mourre is quite powerful and has been
applied to many problems (e.g., [M], [PSS], [CFKS]). Jensen, Mourre and Perry
extended the theory using multiple commutators, and proved the existence of
boundary values of powers of the resolvent ([JMP]). Using the result they also
obtained time-decay results (see also [J1]).

In a series of papers [RT1]-[RT4], Robert and Tamura systematically studied
the semiclassical limit of the scattering process for nontrapping energies. In
their arguments, an estimate of the form:

”(x)“‘ (H-X+i0)"(2)*| < Cat™?,  h>0,a>1/2

which is called semiclassical resolvent estimate, plays a crucial role. Here we

have used the standard notation: (z) = (1+ |:1;|2)1/2. They proved it using a
parametrix for the time evolution. The proof was simplified and generalized by
several authors with the aid of the Mourre theory (|[GM], [HN], [G], [W2], etc.).
Moreover, Wang proved semiclassical estimates for powers of the resolvent ([W1],

[W2]):

(@)™ (H = A £ i0)™" (2)~

< Cuh™", h>0,a>n—-1/2.
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We also want to mention works on semiclassical resolvent estimates for high
energies ([Y], [J2]).

On the other hand, motivated by works on the barrier top resonances ([BCD],
[S]), the author generalized the semiclassical resolvent estimate to the simplest
trapping energy, namely the barrier top energy ([N1]). In this case, the estimate
has the form:

H<x)—" (H-X+i0)"(2) | < a2,  w>0,a>1/2,

where A is the barrier top energy.

The aim of this note is to construct a semiclassical analogue of the multiple
commutator method of Jensen, Mourre and Perry, and apply it to the barrier
top energy and nontrapping energies. We note that for the nontrapping energy
case, this was done by Wang ([W2]). Roughly speaking, our abstract result is
as follows: Let A and H be a pair of self-adjoint operators satisfying certain
regularity conditions (cf. (H1)-(H4) in Section 2). If, in addition, they satisfy

En(H)[H,iAlEx(H) > chPEp(H), Hh>0,

for some 1 < B < 2, where A is a neighborhood of an energy E, then we can
show

'l(A)“’ (H—E+i0)""(4)°| < Cai™™,  #£>0,a>n-1/2

B = 1 corresponds to the nontrapping case, and 8 = 2 to the barrier top
case. We don’t know any concrete examples with 1 < § < 2. Even though
the restriction § < 2 doesn’t seem crucial, our proof dosn’t work for the case
B > 2. Time-decay results in the semiclassical limit follow from the above
result (Theorem 3). In particular, it follows that if f € C§°(R) is supported in
a small neighborhood of the barrier top energy, then

[y et sy @) | < onmrw ™, ter,

for s > s' > 0.

This note is organized as follows: In Section 2 we state the abstract results,

and it is proved in Section 4. Applications to Schrodinger operators are discussed
in Section 3.
Acknowledgement: The work was motivated by a comment by Professor D.
Robert on the author’s talk in the Nantes conference. The author is grateful
to Professor Robert for the constructive comment, as well as for organizing the
wonderful conference. He is also grateful to Professor C. Gérard and Professor
X. P. Wang for valuable comments.
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2. Abstract Results.
Let H and A be h-dependent self-adjoint operators on a Hilbert space H

(h € (0,00)). We first suppose
(H1) D(A)N D(H) is dense in D(H) with respect to the graph norm.
Let By = H. We wish to define B; inductively by
Bj =[Bj_1,i4], j=12,---,
at least formally. In order that we suppose

(H2) B; = [H,iA], defined as a form on D(H)ND(A), is extended to a bounded
operator from D(H) to H. Inductively, Bjy, = [Bj,1A], defined as a form
on D(H) N D(A), is extended to a bounded operator from D(H) to H
for any 5 > 1.
In this sense, H is C'*°-smooth with respect to A. We suppose the following
h-dependence of these commutators:

(H3) For each j > 1 there is C; > 0 such that
|B;(H +49)7|| < C;w/,  h>0.
(H4) There is C' > 0 such that
|(H +4)7'[H,[H,iA](H +4)7'|| < CR*,  h>0.

In applications, (H1)—(H4) follow easily from the symbol calculus. See Section 3.
Now let us fix an energy Ey € R. The next inequality, a semiclassical variation
of the Mourre estimate, is essential. Let 8 > 1.

(H5:8) There is an interval A 3 Ep and C > 0 such that
EAn(H)[H,iAlEA(H) > ChPEs(H), k>0,
where Ea(H) is the spectral projection of H and A.
We prove the next theorem in Section 4.

THEOREM 1. Suppose (H1)-(H5:3) with 1 < 3 < 2. Then there is an interval
A > Ey satisfying the following: Let n > 1 an integer, and let s > n—1/2, then
for any X € A,

6lir20 (A)"’ (H-X2i)™™(A)"°=(A)"°(H-X£i0)™" (A)~°
exists and satisfies
[<ay= (& =2+ i0)7 (4)7°

REMARK: Condition (H4) is missing in Lemma 2.3 of [N2], but we need it even
for n =1 if 8 > 1. On the other hand, it is not necessary if 8 = 1 (cf. Proof of
Lemma 6).

<Ch™™,  Km>0)€A. 1)

The next result on time-decay is a direct consequence of Theorem 1.
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THEOREM2. Suppose (H1)-(H5:3) with 1 < 8 < 2. Then there is an interval
A > Ey such that for any f € C§°(A) and for any constants s > s' > 0,
"> $8(B-1),

”(A)" e A <or @1y, R>0teR. (2)

ProoF: We follow the argument of Theorem 4.2 in [JMP)]. Since

(%)j () = (%)J ((H = X—i0)™ — (H — X +i0)™")

2mi
J! . —j—1 sy —f—1
A — )= -1 _ — j
o ((H i0) (H — X +10) ) ,
it follows from Theorem 1 that

W= (5) B

< Ch"ﬁ(j‘l‘l)

if s > j + 1/2. By integration by parts and the functional calculus, we have

te A/ f(H) = / " (tje“"\/") F(N)ESdA

= /_oo eI (—ztha> (F(NES) dA.

o ||y =/ g () (4)°

Thus
< Ch=Ppr—(B-1); ,

and hence

<C (t>_j BBR—(B-1)j

|cay= e=start gy ¢4y~
if s > j +1/2. Now (2) follows by interpolation. [

3. Applications.
Here we apply the results of Section 2 to Schrodinger operators:

H= -%nm +V(z) on H=IL*R%

with d > 1, A > 0. Throughout this section we assume the potential V(z)
satisfies the following condition:

(P) V € C*(R?) and for any multi-index o,

() v

<Cofz)™,  zeRL
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Let h(z,p) = 3p° + V(z) be the corresponding classical Hamiltonian. We
denote the solutions of the Newton equation:

J0)=pl), P =~ I (alt)

with the initial condition: z(0) = zg, p(0) = po by z(zo, po;t) and p(zo, po;t).
We write the w-limit set as

[o o]

w-lim(zo,po) = ﬂ {(z(z0,p0; t), p(x0, Po;t)) [t > M}.
M=1

Now we fix an energy Ey € R. Ej is called nontrapping if the following
condition is satisfied:

(NT) There is ¢ > 0 such that for any (z,p) € R? x R? satisfying h(z,p) €
[Eo — ¢, Eo + €], w-lim(z,p) = 0.
We also suppose that V(z) satisfies the virial condition near z = oo, i.e.,
(V) There are R > 0 and 6 > 0 such that

1 oV
(Eo —V(z)) — 3¢ G_x(w) >4 for |z| > R.

THEOREM 3. Suppose (P), (NT) and (V). Then there is A : a neighborhood of
Ey, such that:

(i) For any n > 1 and s > n — 1/2, the limit

6lir_r|30 ()P (H—=XA£i)™(z) " =(2) " (H-Ax:0)""(z)"°
exists for A € A and sufficiently small h > 0. Moreover it satisfies

@~ (1 =220y ()

<Ch™,  AeAh>0. (3)

(i1) For any f € C§°(A) and s > s' > 0,¢ >0,

!

”(@*s et (Y ()| < Chme ()™, te R,k > 0. (4)

REMARK: Theorem 3 was first proved by Wang ([W1] Theorem 2) using dif-
ferent methods. See also [W2], where the estimate (3) is proved for N-body
Schrédinger operators. We note (4) is not optimum. In fact Wang showed that
if V(z) is short range then the estimate holds with s = s’ and ¢ = 0 ([W1]
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Theorem 1). It seems difficult to obtain such an estimate from (3). We expect
that the optimum estimate can be proved by more direct method.

Now we turn to the barrier top energy case. If V attain its maximum at a
point, then FEq = sup V is clearly trapping energy in the classical sense. We call
it the barrier top energy, and we suppose:

(BT-i) The origin is the unique nondegenerate maximum of V (z), i.e.,

2
Ey = sup V(z) = V(0), det (;ﬂ;; (0)) # 0.

(BT-ii) There is ¢ > 0 such that any classical particle with the energy in [Fy — ¢,
Ey + €] has no w-limit set except for (0,0), i.e.,

U  wlim@s) ={0,0)}.
h(m’p)E[E0—57E0+5]

(BT-iii) There are no homoclinic orbits with the energy Ey, i.e., if z(t) — 0 as
t — Foo then z(t) = 0.

THEOREM 4. Let Egy be the barrier top energy and suppose (P), (V) and (BT).
Then there is A : a neighborhood of Ey, such that:

(i) For any n > 1 and s > n — 1/2, the limit
6liri10 () (H-A£i6) " (z) = (z) " (H-Xxi0)™"(z)"°
exists for A € A and sufficiently small h > 0. Moreover it satisfies

”(@‘s (H—-X+i0)"(z)*|| < Cr™2, AxeA,h>0. (5)

ii) For any f € C§°(A) and s > s' > 0,
(ii) Ly 0

”(:c)—’ e ()| <ot @), teR,m>0. (6)

REMARK: (6) implies that it takes at most time of order O(h*/ *') for a quan-
tum particle with the energy near Ey to escape from a bounded region. As in
Theorem 3, we expect that (6) holds with s = s'.

In the proof, we use the symbol class S(m,g) with m = m(h;z,€), g =
dz? [(z)? + de?/(€)?. S(m,g) is the set of functions: f(h;z,¢) € C®°(R™ x R")
with a parameter /i > 0 such that for any o and 3,

(%)ag—f)ﬂf(h;w,f) < Copm(tiz, &) ()17, 26 R
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The Weyl operator with the symbol b(%; z,€) (or the h-pseudodifferential oper-
ator with the Weyl symbol b(k;x,€) ) is defined (formally) by

rT+y
2 b

b*(h; z, AD)y(x) = (2rh) " / el==)t/hp (h; 5) P (y) dyde.

Conversely, we denote the Weyl symbol of an h-pseudodifferential operator by
a¥(-), i.e., ¥ (b*(h;z,hD)) = b(h; z,£). (cf. [H]; see also [R], [G], [N1] for the
calculus of h-pseudodifferential operators.)

It is easy to see that h(z,{) = 3E2 + V(z) € S((€)?, g) is the symbol of H.

LEMMA 1. Let a € S({z)(£),9) and suppose A = a*(h;z,hD) is essentially
self-adjoint on the Schwartz space S. Then the pair of operators H and A
satisfies the conditions (H1)-(H4).

ProOF: (H1) is clear since S is dense in D(H) = H?(R?). For any B =
b*(h; z,hD), b € S((€)*,g), we have

a*([B,iA]) € S((2) (€) - ()" - h(a) T ()", 9) = S(R(€)",9),
and hence ||[B,iA](H +4)~!|| < Ch. In particular,
o®(By) = o®([H,iAl(H +4)7") € S(h(€)*,g); || B:i(H +i)7!|| < Ch.
Inductively, we have
a¥(B;) = o*([Bj-1,i4]) € S(W (¢)*,9);  ||B;(H +i)7"| < CW,
for j > 2. This proves (H2) and (H3). Similarly, we have
o¥([H,[H,iA]]) € S(h* (z)™" (¢)°, 9),

and hence

|(H + &)~ '[H, [H,iA]|(H +49)7|| < CR®. 1§

In order to prove Theorems 3 and 4, it remains to show that there is a €
S({z)(€),g) such that (H5:8) holds with 3 = 1 and 2, respectively. For the
nontrapping case, such a(z,{) was constructed by Gérard and Martinez [GM]:

LEMMA 2. Suppose (P), (NT) and (V). Then there is a real-valued symbol:
a € C&(R? x R?) such that:

(i) a(z,8) — z- € € Cg°(R? x RY);
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(ii) There are ¢ > 0 and 6§ > 0 such that for any (z,£) € R% x R? with
h(z,€) € [Fo — ¢, Eo + ),

{h,a} (z,8) > 6, (7)

where {-,-} is the Poisson bracket:
d
_ Oa 0b  Oa Ob
=3 (5am  5e)

Let ao(z,£) = z - €. then Ao = af(z,hD) is the generator of the dilation
group, and hence it is essentially self-adjoint on S. It follows from Lemma 2-(i)
that a € S({z) (€),9) and A = a¥(z,hD) is also essentially self-adjoint. Thus
A satisfies the conditions of Lemma 1. The next lemma follows from (7) and
the functional calculus:

LEMMA 3. Let a(z,£), ¢ and é as in Lemma le:a2. Then for any § > ¢' > 0 and
feCs (Eo—¢,Eg+¢),

f(H)[H,iAlf(H) > 6'hf(H)*,  h>0. (8)
For the detail, we refer [GM)]. See [G] for the 3-body case, and [W2] for the

N-body case. See also [HN] and [N2] for similar discussions.

PROOF OF THEOREM 3: By these lemmas, H and A satisfy (H1)-(H5:1). Thus
Theorems 1 and 2 apply to obtain (3) and (4), respectively, with the weight
(A)™° instead of (z)~°. We note that

(@ &+ <c

if s < 2n. If s = 2n, the above estimate follows from the observation:
o (&) (H +)7(A") € 8 ((@) 7" (&)™ (2) (€))*"..9) = S(1,9),

and it is extended to 0 < s < 2n by complex interpolation (cf. [PSS], Lemma 8.2).
Combining these we obtain the conclusion. i

For the barrier top energy case, such a(z,£) was constructed in [N2]:

LEMMA 4. Suppose (P), (V) and (BT). Then there is a real-valued symbol:
a(z, &) € C°(R? x RY) such that:
(i) a(z,€) - z- € € C°(R? x RY);
(ii) There are ¢,a,3 > 0 such that for any (z,£) € R? x R? with h(z,£) €
[EO - €aE0 + 6]7

{h,a} (z,€) > min (a(|a]* + [¢]*). B) - 9)
The next lemma follows from (9) analogously to Lemma 3:
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LEMMA 5. Let a(z,£), ¢ as in Lemma 4. Then for any f € C§°(Ep — ¢, Eg +¢),
there is ¢ > 0 such that
F(H)[H,iAlf(H) > ch®f(H)*,  h>0. (10)

For the detail, we refer [N2]. Now Theorem 4 follows from Lemmas 1 and 5,
analogously to Theorem 3.

4. Proof of Theorem 1.

Throughout this section we assume (H1)-(H5:3) hold with 1 < 8 < 2. We
trace arguments in [JMP] and [CFKS], Section 4.3. Let f € C§°(R) be sup-
ported in A of (H5:8), and f = 1 in a neighborhood of Ey. Then (H5:8) implies

F(H)[H,iAlf(H) > b’ f(H)*. (11)

We often write f = f(H) and f =1— f for simplicity. We also write p= (A)_l.
For ¢ > 0 and z € C\ R, we let

Gl(2) = G = (H —ieM* —2)™';  M* = f(H)[H,iAlf(H) > 0.
We fix a neighborhood of Eg: A’ cC {A|f()A) = 1}, and let
N1 ={2€C|Re z€ A',£Im 2z > 0}.
LEMMA 6. Fore > 0, Im z > 0, (H —ieM? — z) is invertible. The inverse is

continuous in € for ¢ > 0 and smooth for ¢ > 0. Moreover, there are ¢g > 0 and
C > 0 such that

1FGM || < Ch12e=112 (o, GM )|, (12)
IfGH || +[|HfG | < Ch™Pe, (13)
|7c| +|aic| <c (14)

for0<e<eg,0<h<1andze€N.

PROOF: For z =pu+ié, p € A, 6 > 0,

|(H —ieM? = 2) o* = ||(H — ieM? — ) | + 82 llgll” + 2¢6 || M|
> 8 lel*, @€ D(H).
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Hence GM(z) exists and it is easy to see that it is smooth in ¢ if ¢ > 0 because
M? is bounded. Now we use the Mourre estimate (11):

1£G¥o|” = (0, GM*12GM o)

< CR™P(p,GY*"M*G )

< ChPe (p,GM* (2 M? + 2Im z) GMp)

=Ch Pe! (p,i (Gf’“ - GM) )

<2Ch P [(p,GM o).
This proves (12). Estimate (12) implies

52 < on-remr G, 05)
Now we decompose GM as

e < ra) + | o

< ChPle | GH|M 4 || - )7 | + |l - 2t emPGM

< Ch=P2e12 | GM|* 1 ¢ (1 + he | GM]) .
By solving the quadratic inequality in ||G£’I ”1/2, we obtain
[GM]|| < ch=Fe? (16)

if he is sufficiently small. We set g9 > 0 so small that it holds for any 0 < h < 1.
(13) follows immediately from (16).
In order to prove (14), we first note that by the resolvent equation,

|7e| < ||Fom - 27|+ |7e - 27" Genr?) G2

<C(1+he-ChPet) <O, (17)
We take g € Cg°(R) so that g = 0 in a neighborhood of A’ and Gf = f. Then
(17) holds for gGM also. We decompose fGM as
FG¥ = J(H - 2)7" (ieM®) GUH)GY + f(H ~ =)' [g(H),ieM?] G2
Since (H4) implies
1[G, ied?] || = €15 (g, [H,iA) £
<elll(1-79),[H,iA]ll < Chr’,
and B < 2, we have
Hfay < C+Che-CR P 4+ Cr2e - hPe~l < C (1 + h2‘ﬂ> <C.

HH fGi” < (C easily follows from this. i
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LEMMA 7. Let ¢g as in Lemma 6. Then

0G| < CR7P,
IG& 0|l < Ch™Pet/2

for0<e<¢€y,0<h<1andze .

(18)
(19)

ProOOF: Let FM = pGMp. Substituting ¢ = py to (12) and using (14), we

obtain
|GMpw)| < |[FGMop | + 1 7GHpu|
< Cllll + Ch™P/2712 (3, pGM pp) [ */*
<€ (14+n7PRe2 | FM|Y2) .
Thus

|[GMp|| < C (1 + pB2g-1)2 ”F:\/IHI/Z) .
On the other hand, as in the proof of Lemma 4.15 of [CFKS]|, we have

1d
?EEFEM = pGMM*GYp = Q1+ Q2 + Qs,

Q= —PGnylfGin,
Q2= —pGM B fGMp — pGM f B, fGMp,
Qs = pGY[H,iA]GY p.

By (13), (14) and (20), @1 and Q2 are estimated as follows:

@il < G2 7| 1By + )7 || +)Fa | < e,
1Qell < 2| GY 7| By (a + ) |G + ) 111 | G2

< 0n (1 a7 M)

We decompose Q3 = @4 + Q5 where

Q4 = pGM [H —ieM? — 2,iA] GMp,
Qs = pGM [ieM?,iA] GMp.

Using (20) again, we have

1Qall < 2||pGY 4p|| < 2|pG¥ || < C (1 +HoBRe | FGMII) .
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Since
| (042,41 < 2117, AN N 6 AL 11+ [ 6 AL i AL < CR2,
Qs is estimated as
1Qsll < 2¢ [loG2|* - CA* < C*~* | FM|| < ¢ | M)
Combining these, we obtain

d _ _ 1/2
Ha—e-FeM < (14 nmPre 1 M M) (21)

By (13) and (14), we learn

1F2]| < |G| < CA™Pet. (22)
(21) and (22) imply ||%F£’I” <C (1 + h*ﬂs'l) . Integrating this, we obtain
|[FM| < Cr=Pegt + C / (1 + h_ﬂl/"l) dv

< Ch™P(1 4 |loge)).

We substitute this to (21) and integrate again:
[P < on 4 cn? [ 1+ logel)ds < Ch".
0

This proves (18) and (19) follows from (18) and (20). R

For m > 2 we set

Cm(g):Z( ]’f) Bj, >0,
=1 7

which is bounded from D(H) to M.

LEMMA 8. There is g > 0 such that (H 4+ C,(¢) — z) has a bounded inverse
Ge(z) for 0 < e < ¢g and z € Q4. G(z) is continuous in € for 0 < ¢ < gy and
smooth for 0 < € < gg. Moreover, it satisfies

|Gell + || HG.|| < Ch~Pe, (23)
|Gepll + I|IHG:p|| < CR™Pe™1/2, (24)
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ProOF: We construct G, following [JMP]. (14) implies ”z-:B]fGi”fH < Che.
Hence

o) = GM - GMF (1 ieBy fGM]) (mieBy) SO

is bounded, and it is an inverse to (H —ie B f) if ¢ is sufficiently small. More-
over, by (13), (14) and (19), we learn that estimates (23)—(24) hold for G? and

| 7ee <c. (25)

+ ”HfGS

Now (25) implies ”zstgBll‘ < Che, and hence

Gl = G2 - G (iehy) (14 FG2 (—ieBr)) G2

is bounded, and it is an inverse to (H — ie By — z). Moreover, estimates (23)-
(25) hold for G1.
At last, noting
[(Crn(2) = (=ie)B1) G2|| < [[(Com = (i) By) (H +8) 7| |(H + i) G|
< Ch*? - Ch P! < CR?Pe < Ck,

we learn that
G.=G' = G (14 (Cm — (—i£)B1) G2) ™ (Cp — (—i€)B1) G}

is bounded and it is an inverse to (H + Cy, — 2). Now (23)-(24) follow easily
from the corresponding estimates for G1. The smoothness in € > 0 follows from
the H-boundedness of B;. 1

LLEMMA 9. Let (G.(z) as in Lemmma 8. Then

d . N L S
d,_:;"('e = (—-1) [(15,244] + ZTGeBm—}—lGe‘- (26)

ProoOF: We first note d—"g(}'e = -G, (d—dECm(f)) G., and

= (=i) [H + Cp, — 2,i4] + i%BmH.
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(23) follows from this and [Ge,i4] = —G.[H + Cp, — 2,1A]G.. 1

PRrROOF OF THEOREM 1: Since the case n = 1 is already known, we may suppose
n > 2 and hence s > n—1/2 > 1. Let m > f(n+ 1) — 1 and let G. =
(H-Cm — z)7, F. = p*(G.)"p*. We compute its derivative in ¢:

d d n—1 ) d ‘
—_— — 8 __ n 8 — 8 J il n—]—] s
deFc p de(Ge) p=r = Ge (dsGe) Ge p
n—1 ) - (-i&)m n—1 ) )
=i p'GIGe,iA|G." T T p +i—— " p*G ! By G
j=0 m j=0
__-s[Gn A] s+-(_i5)mnz_:l st+lB Gn—j s
=-p e sl P ? m! p L. m+1Ye P
Jj=0
=141
We estimate II using Lemma 8:
n—1 ) '
1)l < Ce™ 3 11pGell |G || | B (B + )7 | [ (H +)G"=7=]| [ Gepl
j=0

n-l ) n—j—1

< Ce™ Z RPe—1/2 (h_ﬂe_l)J Rt (h_ﬂs_l) R
Jj=1

< Cch(mt)—(n+1)B . m—n <C.

In the last step we have used the condition: m + 1 > (n + 1)3. The other term
is

]| < 2[1p°G™Ap*|| < 2||0* 1 Ge™p? | < 2]Ip°Ge™p? || /2 |G 0%/

< CHFEHI—I/S ((h—ﬁs—l)"°l (h—ﬁ€—1/2>)1/

< CR™ el | |1

Combining these we have

B

—nfB/s_.—(n—-1/2)/s 1-1/s \
- SC(1+h e I1E| ) @7)

On the other hand, Lemma 8 implies
[Fell < C PG NG |Gepl| < CRPe=(n=1),

260


http://IIF.II

RESOLVENT ESTIMATES AND TIME DECAY

If we substitute ||F.]] < Ch™™e~7, 4 > 0, to (27), by integration by parts we
obtain

.|| < Ch="e=10=1/9=(n=1/D/s+1 < CR=nBe=r+(=(n=1/2)/2),

Since 1 > (n — 1/2)/s, finitely many iterations give us ||Fe|| < Ch™™® for any
0 < ¢ <¢g. Hence

sup ||p*(H — 2)™"p*|| < sup sup [|p*G."p’|| < CA™™.
2€EN 2€Q+ €€(0,e0]

Since the existence of the boundary value is proved in [JMP], this completes the
proof. i
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