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Semiclassical expansions of the
thermodynamic limit for a
Schrodinger equation

I. The one well case

by B.Helffer and JSjostrand

§1 Presentation of the problem :

One of the motivations of the study presented here is a statistical model
introduced by M.Kac [Kal , and called the exponential bidimensional model.
This model was supposed to present phase transition. Let us just recall
here (see [Ka], or [Br-He] for details) that after some reductions M.Kac

arrive to the question of studying the spectral properties of the following

operator:
(1.1) K (h):=
(m) 2 m _2 2 (m)
=exp[-V  (x)/2).explh Z, _07/9x Jexpl-V (x)/2]
with' :
(1.2) V™ (x) =(1/4) 5, " x2 - 3, log ch(h72 (x +x, . ).

' In fact, the operator which appears in Kac is exp(—mhIZ)Km(h). It is easier w.l.0.g. in

this article to work with this modified Kac operator.

S.M.F.
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B. HELFFER, ]. SJOSTRAND

The parameter v is here the inverse of the temperature and h is a
semi-classical parameter. The two questions of interest are in this context:
(1.3) If p, (m;h,v) is the largest eigenvalue of the Kac’s operator, what is
the behavior as a function of v and h of the thermodynamic quantity :
Lim__ (-Log p, (mhyv)/m).

(1.4) If p,(m;h,v) is the second eigenvalue (which is < p, (m;h,v) by
standard results), can we study the quantity :

Lim _ (p,(m;hv) /p (m;hyv)).

From discussions with specialists in statistical mechanics (with T.Spencer
for example), we get the impression that this problem is probably well
understood and that according to the value of v with respect to a critical
value v _the answer to (1.4) will be that the limit will be <t forv<v
and will be 1 forv >V, This is a sign of a transition of phase. However, we
do not have a precise reference for that and at least the problem of
analyzing in detail the behavior of the different thermodynamic quantities
near the critical valuev  seems to remain open.

In his interesting course in Brandeis [Ka],, M. Kac explains, at least
heuristically, how to compare (in the semi-classical context) the operator
Km(h) to the exponential of (minus) a Schrodinger operator. The validity of
this approximation (for m fixed) has been studied more carefully in [He-Br]
and [He] using some results of [He-Sjl, .

If we admit this approximation, we shall find the following problems for
the Schrodinger equation :

(15) P _(h) = -=.™ h2%/0x2 +V ™ (x).
m k=1 k
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SEMICLASSICAL EXPANSIONS

(1.6) If & f m)(h,v) is the smallest eigenvalue of the Schrodinger’s operator,
study as a function of v and h the thermodynamic quantity :

Lim___ (2, (m:hv)/m).

(1.7) If & ,(m;h,v) is the second eigenvalue (which is > (m;h,v) by standard
results), study the quantity :

Lim___ (,(m;hyv) -2, (m;hv)).

Forgetting the initial Kac’s problem, we shall start to study in this article
these two questions (1.6) and (1.7). Because it is a high dimension problem,
we shall use (at least in the semi- classical context) the techniques introduced
by one of us (J.S). Most of the results which are given here :

(1) existence of the thermodynamic limit Lim_ __ (2 (m;h,v) /m)

(2) asymptotic expansion of the limit as a formal series in h

(3) rapidity of the convergence as m — oo

are given in a relatively general framework but we shall see how it can be
applied in our motivating example, in the particular case where v <v ct

This is of course just the starting point (and the easiest) of a study which
has to consider after the case where v>v , and then the transition around
v=v_. There is some hope to return later to the initial Kac’s problem. This
v, can be guessed by looking carefully to the properties of V(m). As
observed by V.Kac, for v <1/4, the potential V(m) has a unique minimum
at 0 and appears to be convex. For v >1/4, we shall observe a double well
problem which is certainly more difficult to analyze.

The principal result of this paper will be :

137



B. HELFFER, ]. SJOSTRAND

Iheorem 1.1

If v<1/4, thelimit A(hv)=Lim___ (2, (m:hyv)/m) exists and admit a
complete asymptotic expansion :

Alhy) ~ hZ, A, (v).h' as h tends to 0.

Moreover, if we denote the corresponding semiclassical expansions for

A, (m;h,v) /m by:

(, (m:hv) /m)~ b3, o A (my).n',

there exists  s.t. for each j, there exists a constant q(v), s.t.

|A,(v)- A(mv)lg Clv). exp(- £, m).

C'(v) can be chosen independently of v in a compact of [0,1/4[.

The problems, we consider here, are also connected to quantum field
theory problems and a lot of results have been obtained by other techniques

(see for example the new edition of [Gl- Ja] for a updated presentation).

The paper is organized in three parts.

The first part (§ 2 and §3) is essentially devoted to the proof of the
existence of the thermodynamic limit. This is a non-semiclassical proof but
we shall see that a control of the convergence with respect to parameters
can be useful. In §3 we give additional remarks (to [Sj],) on universal

estimates of the splitting of the two first eigenvalues .

The second part (§4 and §5) is the semi-classical part and the natural

continuation of two papers by one of us (].S) [Sj], g
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SEMICLASSICAL EXPANSIONS

In the last part (§6), we shall first recall some preliminary computations
by Kac [Ka] and then deduce the Theorem 1.1 as a particular case of the

more general results obtained in the preceding sections.

The first author (B.H) thanks V.Tchoulaevski and T.Spencer for useful

remarks and stimulating discussions.

§2 On the existence of the thermodvnamic limit 2, (m)/m

This section is inspired by the reading of the book of Ruelle [Ru] which
gives probably the necessary ideas to extend the results we present here

to more general interactions.
Let us just consider the following model :

(21) P =-n*A_ + 37 Wix.x, )

(with the convention that m+1=1)

operating on L*(R™).

Here :

(22)A, =37, @)

We forget the semi-classical problem (we take h=1) (but if needed the
proof will be sufficiently explicit to have a control with respect to h), we
assume that W is C and satisfies :

(2.3) W3o0

There exists a constant C 0 >0s.t:
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B. HELFFER, J. SJOSTRAND

(2.4) W(t,s) g C, (W(t,r) + W(u,s)+1) forall t,s,rue R

which will be called the decoupling inequality.

Moreover, we assume

(2.5) W (t,s) = oo as |t|+]s] = <o.

This last property (which is not necessary at all) permits us to work in the

simpler context where the Schrodinger equation has compact resolvent.

Remark 2.1 ;

(2.4) and (2.5) follow from the stronger assumptions, that there exists
constants C, £, >0,and C, s.t.:

(2.6) W(t,s)2(1/C,) (t*+s%) - C, forallst e R

27 W(ts)g C, (t°+s°)+C,  forallst € R

We shall denote in this section by A(m) =2, (m) the first eigenvalue of
Pm. This first eigenvalue always exists (the resolvent is compact) and we
shall denote by u | the corresponding eigenfunction uniquely determined if
we suppose that the L? norm is one and that u m 1S positive. Recall that by
standard results u _ is strictly positive.

The main result of this section is the following :

Theorem 2.2
Under the assumptions (2.3) - (2.5), the sequence A(m)/m is convergent

as m tends to infinity.

Maiorati : _
We get from (2.3) that :

140



SEMICLASSICAL EXPANSIONS

(2.8)2(m) >0

and (2.4) (with r=u=0) and (2.5) imply :
(2.9)2(m) <Cm

We then have :

(2.10) OgLiminf _ A(m)/mgLimsup _ A(m)/m <o
The following simple lemma will play a crucial role

Lemma 2.3

There exists a constant C, such that, for all m>1, we have, for j=1 to m:

(2.11) [IW(x;x;, )" v l” <a(m)/m <C,

Proof ;
From (2.3), we get :
W (xx, , )" 2ugl® < 2(m)

We observe now that the potential is invariant by circular permutation. By
usual arguments, we get that u m (which is strictly positive and corresponds
to an eigenvalue of multiplicity 1) has the same property.

In particular IIW(xix )'lzumll2 is independent of j. The lemma follows

j+1
immediately with C, = Sup  (A(m)/m).
Comparison between A(m). 2(p) and (m +p)
In a second step we shall prove the

Lemma 2.4
There exists a constant (;5 >0 such that, for all integers m, p s.t. 1gp,

lgm, we have :
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(2.12) -Cg +A(m) +A1(p) g A(m+p)g Cg +A(m) +a(p)

Proof
We start from the following decomposition of P m+
(m+1)
(243) P, =P, + Pp - Wix, %)+ Wik x . ) -
‘W(xm+p m+1)+’W(Xm+pX )
s . p(m+1) ~(m+1) m+ p -1

with: P =- AT B T Wlx, ) Wik X )

(m+l) m+ p 2
and A "7 =3, 000 0,)
It is then clear that the infimum of the spectrum of P( m+1) is the same

as the infimum of P p’ Sometimes we shall use the notation

P, &P, insteadas P, + 1™ ",

For the minoration of A(m+p), one writes :

Mm+p) = (P Oaep) 2 Ppln,olin,) + B0 Tuy oy, )
- Iw'? [

and we use (2.4) and Lemma 2.3.

m+p m+p
1/2 2
(x I

(x X, Ju X, JU

m+p m+pm+1" " m+p

By the definition of A(m) (and identifying P_ on L*(R™) and P, ® lon
L2(R™)®L?(R") who have the same spectrum (as a set)) we get the first
estimate :

A(m+p) 2 2(m) + A(p) -C (with C, = 2C,).

5

For the majoration of A(m+p), we proceed similarly using the fonction:

0 0 () =0 (X X )0 KXy 0)

We have :

Am+p) <Py, 0,100 ,) < (Pyby 0, ) +B" o, o, )
Al W2 0%, J0 1P+ IW 20k, %, 00
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SEMICLASSICAL EXPANSIONS

gA(m) +4(p) +C

(using the same type of arguments)

The last lemma to prove the proposition is the following :

Lemma 2.5 ;
Let Csome fixed constant (C30). Let A(m) (me ]N*) be a sequence of
real numbers such that
(2.14) A(m+p)-2(m)-A(p)| ¢ C, foreachm,p ,
then the limit of the sequence A(m)/m exists and :

(2.15) [(A(m)/m)-Lim___(2(m)/m)| ¢ C/m.

Proof

Let p(m) =2(m)/m. Let us rewrite (2.14) on the form :

(2.16) | p(m+p) - ((m/(m+p))p(m)) - ((p/(m+p))u(p))lg C/(m+p)
In particular, for p=m, we get :

lp(2m)-p(m)l ¢C/2m

and by iteration :

k2" 'm) - p*m) ¢ ¢/(2"m),

In particular p(m):= Lim,__ 1(25m) exists and

(2.17) [p(m)-p(m)| ¢C/m.

Replacing m and p in (2.16) by 2%m and 2 kp and taking the limit in kK, we
get:

(2.18) plm+p) = ((m/(m+p))p(m))+((p/(m+p))p(p)).

We now define A(m) by : 2(m) = m p(m), and rewrite (2.17) as :
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(2.19) 2(m+p) = a(m) + A(p).

This implies in particular that 2(m) = mA (1) and then :
(2.20) p(m) = p(1).

(2.17) and (2.20) give the lemma.

Examples

Example 2.6 ([Kal)

Let us consider

V(X X ) =(1/4) Ekflxkz -3, 7 log ch(A (VEx, +V1-E x,, )

where&c]o,1[,v>o0.
Then this potential can be written on the form (2.1) by taking :
W(s,t) =(1/8) (s*+t%) -log ch(» (VE t+V1-E s))

In the introduction we took and in the future we shall take g =1/2.

Examople 2.7

One gets another example by taking the quadratic approximation at a
minimum of the preceding model. Then we arrive to:

Wis,t) =(1/16) (s-t)% + p (s +t)?

where p depends on v but remains >0.

In this case, very explicit computation can be made (see [Ka] or § 6).

Example 2.8

More generally, T.Spencer indicates to one of us (B.H) that the following
more general model is interesting :

Wis,t)=g(s” +t2) +h (s-t)+ & (f(ps) +1(ut))
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where |f(v)| ¢C(ivi+1) and g>0 and h>0 are parameters.

Remark 2.9

It is important to remark that for the application to semi-classical analysis
there exists at each step of the proofs in this section a very good control

with respect to the different constants.

Remark 2.10

It will be interesting in the case of the Examples (2.6) or (2.7) to have a
control of the regularity of the limit with respect to the parameter v. It is
clear that the convergence is uniform with respect to v, on each compact of
]0,00[, so it is clear that the limit is continuous. Moreover we observe that
(@.(m;v)/av)/m is a bounded set (by the Hellman's formula) which implies
that the limit as m tends to o of A(m;v)/m is Lipschitzian in ]0,00[. But a
more interesting result would be to study the properties of analyticity
with respect to v. One suspects of course that the limit is analytic with
respect tov, forv <V in the model presented in the introduction (§ =1/2,

in Example (2.6)).

R I (stability | bation)

The limit is relatively stable by perturbation. For example, if we consider
the following operator

m-1
Pm = —Am + 2l(=| w(xkxkﬂ)

and if we denote by A’(m) the first eigenvalue of P’ ,

then it is possible to prove, under the additional assumption that
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there exists a constant Cs.t., for all 1>€ >0, we have:
(2.21) W (s,t) g (1+€) (W(s,r) +W(p,t) ) + (C/¢)
for all s,t,r,p, that :

(2.22) Limm_ml’(m)/m = Lim___ A(m)/m

§3 Additional : he solitting of tt first ei I

Let us recall the problem mentioned in (1.7). It is also interesting to have
theorems on Lim __ (A,(m)- (m))and Lim (&, (m)-2 (m)).If the
potential depends on a parameter v (typically the inverse of the temperature
in Example (2.6)), one is interested in knowing for which values of v we
have :

Lim _ . @,(mv)-2, (mv))>0

a

Lim __ @, (mv)-2, (mwv))=0.

We shall not give an answer to the most interesting questions in this paper
but we shall recall and improve some results obtained in this context. Let

us first recall the :

p ‘s (cf [SWYY])
Ifvisac®™ positive potential tending to oo as [x/ tends to oo, then we
have :

(3.2) (&,(m)-2, (m))g 42, (m)/m
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We shall now show how to give a result which is more sensible to the

property of the Hessian of the potential V. The proposition is the following:

Proposition 3.2
Under the additional assumption that x —(Hess V)(x) is bounded, we
have:

(3.3)4,-4, ¢ V2 Infy_ e x2,(S0p, (HessV) (XX))"2

Proof
The proof is as in [SWWY] reminiscent of the proof of the Payne - Polya-

Weinberger inequality [P-P-W]. Similar ideas are used in the paper by
B.Simon [Si], who refers to [Ka-Th], §3.

Let u:n the first normalized, strictly positive eigenfunction attached to
A, (m). We forget now the reference to m. Then we have :

(3.4) (-A+V)u' =2, v/

Let :

pe=% (u') dx

and let us consider :

u|,e - (Xe‘Pe) ul

u"‘3 is orthogonal to u' and by the minimax principle we have :

(35) 4,5 <(-A+V) u"*u"5/ < u"%u"’s for Lell,....m)

Let us observe now that, as a consequence of :

(-a+v) o', ut o200,

we get :
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<(-A+V) u"elu"e> <A, < u"elu"e> + 1.

Now the incertainty principle gives :

(3.6) (1/2) <lld, u'll 1"l

and then finally :

(3.7)0<2, -4, ¢ l/<ul'e|u"e>

and

(3.8)2,-%, < 4 lla, u'll”.

Summing over £ and using the equation we obtain first Proposition 3.1.
We now observe that (because u' is real) for all £&11,....,m}, we have:
(3.9) ug:=d,u' is orthogonal to u'

Similarly to the proof of (3.5), we deduce :

(310) &, <(-A+V) uglup>/ < Uglug> for Lel,.....m)

Let us observe now that :

(-A+V) uL: A ué—(a,(ev)ul

and that :

<(-A+V) uélu:psll < uélu:p +(l/2)<(8feV)ul ' .

Finally we get

(3.1) &,-4, g (1/(2< uglug>)) Sup 2, V

Then we take the product of (3.8) and (3.11) to get :

(3.12) &,-1, ¢ VZ (Sup, a2 V)"'%,

This gives the proposition by observing that all the assumptions are invariant

by rotation in R".
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Examople 3.3 (cf Example 2.6):

Ifv, =2in(xi.xi . ,), with :

W, (s.t) = (1/8) (s*+t”) -log ch(vIv72) (t+s))

then we get :

A, -4 g1

If we introduce the semi-classical parameter h, we shall obtain :

A, <h

To finish this section let us give shortly (in the case of R") some
universal minoration for the splitting. This result was already proved in
[Sjl 2 in the case of an open bounded convex set Q and it is not difficult to
extend the result to the case of R" by taking the limit of Dirichlet
problems in balls Q  of increasing radius R and using the fact that the two
first eigenvalues of the Dirichlet problema ?(.QR) (resp.a 2D (Qg) ) converge
as R tends to oo to the corresponding eigenvalues of the global problem in

Ile.l (m) (resp.2,(m)).

E - I . 3 I [ [S-] ?L:.

Let V be a strictly convex C % positive potential tending to oo as [x| tends
to co, Then we have :
(3.13) 4,-4, >v2.Inf A . ( (Hess V)" *(x))

where A, ( (Hess V)""2(x)) is the smallest eigenvalve of (Hess V)2 (x).

To see the interest of such a result let us observe the following :
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Lemma 3.5 (Example2.6)
m
r v, =37

W, (s,t) =(1/8) (s*+t°) ~log ch(vVv72) (t+s)),

then the potential is convex iff v g 1/4.

), with :

wv(xixi +1

1/4 is consequently the good candidate to be the critical v _.

Remark 3.6

The existence of a minoration in the convex case was apparently known to
some specialists (as T.Spencer indicated to one of us (B.H.)) at least in the
framework of the field theory but surprisingly we do not know a reference

before [Sj] ,. Recall also that a semiclassical version appears in [Sj] .

Let us now sketch here a variant (in the case of R") of the proof given in
[Sj]z. The first step is the following formula for the splitting (cf for
example [Ki-Si] )
(3.14) ,-4, =Inf,{ [([IVoI* (u')*(x) dx)/[lo* (u')*(x) dx)],

0eCy o (u')(x) dx=0)

This is just a variant of the minimax principle.

The second step is the

p - (cf [BL]) :
Let us assume that V(x) = (1/2)0°¥ + U(x) with w>0and U convex.

Then
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g(x): = —Log (u')(x) = (0x’/v2) + v(x)

with v convex .

This step was also basic in the proof in [Sj], (cf also [SWYY] for a proof

based on the maximum principle).

For the last step let us introduce some notations. If ¢ is for example a
continuous bounded function we can introduce :

<0>=Jo (u')’(x) dx, var(0) = <(0-<0>)">.

Then Brascamp and Lieb give in [Bra-Li] the following inequality :

(3.15) var (¢) < < (Volg" ,~ 'IVe)>.

The proof is then easy by combining the results of the three steps.

As seen in Lemma 3.5, Example (2.6) satisfies all the assumptions. In
particular we get for all m, and all v<1/4:

(3.16) BLZ(m;v)-ll (m;v) ;\/ﬁ———m

This gives us an interesting control with respect to the temperature. Of
course, this result is not astonishing for the specialists in statistical physics.
If the semi-classical parameter h is introduced we get :

(3.17) &, (m;h,v) -2 (m;h,v)>v({1-4v) h.

The most interesting result would be to prove that, for v >1/4, the splitting
@ ,(m;h,v)-4 (m;,h,v)) tends to 0 as m tends to infinity. On the other
hand we do not know if, for v<1/4, the limit (A ,(m;hv)-2, (m;hv))

exists .
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In this section, we shall develop some complements to the results in
i),

To come back to the notations used in these papers, we shall now work
with the operator - (h?/ 2)A, +V. Let us introduce a set & as the disjoint
union over N of sets & _

A=uv, S,

where &_c V xR,V is thesetof c” potentials on R and R, is
the set of applications from {1,....m} in R .

Let us make on & the following assumptions :

Forall (Vp)in &

(4.1) V is holomorphic in B(0,1) with [VV(x)|_=0(1) uniformly in & and
B(0,1), (Here B(0,1) is the open unit ball in C™ with respect to the norm
|x|,,= suplx;|)

(4.2) V(0)=0,V’'(0) =0,

V”(0) =D+A, where D is diagonal (positive definite) and

(4.3) There exists r, and r; (independent of (V) in &) such that:

D)

Il 2en <7y <ro <R pig
forallps.t.1gpgoo.
We also assume :

(4.4) [V Vg = O1)
uniformly in & and p.
Here we write :

Ixl,, , = loxl, = (Zp()x")""® for tgp<eo
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and

lxloo,p = IpXIoo= Sup' b(])x’l

Because A and V2V are symmetric, we deduce from (4.3) and (4.4) that
we have the same estimates with p replaced by (1/p), so we may assume

that :

(4.5) (VplesS = (V,1/p)e A.

From this, we get by interpolation that we may assume without loss of
generality :

(4.6)If (Vp)isin & , (V1) isin & where "1" is the constant weight
defined by p(j) =1for 1gjgm.

Asin [Sj], (Lemma 1.1), we see that :

(4.7), (V’(0)"?=D + A
with D diagonal and

(4.7), I Allg gen <, <Tq <R i (D)

for all p s.t. 1 ¢ p g oo and uniformly in .

The property (4.6) permits to apply the results of [Sj],. In particular, let
¢, be the solution of the eikonal equation :

(4.8) (1/2) Vo |5 = V

constructed in [Sj], , §2 for |x|_<r. Then we have the following :

Lemma 4.1

If r is sufficiently small, then we have :

(4.9) ||¢0"(X)||w:,en;,=0(l)

uniformly for (V,p) in & and for [x| <r.
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Proof,

We recall first thato ,”(0) = V"(0)"?

and that [V¢ ;" (x)|_, = O(1). Contrary
to the situation in [Sj] |, 2 it seems that we will have to work with 0"
directly (and not just with the Cauchy inequalities to estimate the Hessian
from the gradient as in [Sj], §1). Let q = £2/2 - V. If we differentiate
the Hq flow, we get?:

(4.10) 3,(5x) =8¢ ,3,(88) = V"(x). 8x

Consider an integral curve ] -o0,0] 3 t = (x(t),&(t)) of H, with:
(x(t).&(t)) - (0,0) when t - -o0, x(0) =%, &(0) = V¢ (x), Ix|<r with r
small. Recall from [Sj], (§2, 2.16) that *

(4.11) |x(t)l, < exp(-[tl/C) IxI_,

Let A(t)=0,"(x(t)). Let A, be the lagrangian manifold defined by {(x.£),
§ = V¢,(x)). Then the tangent space T(x(t)'g(t))(A.n) is given by :

(4.12) 88 = A(t).8x

and if we use that the tangent bundle T(A%) is invariant under the
differentiated H -flow we get by taking the t-derivative of (4.12) and
using (4.10) :

3,88 =a A(t).8x + A(t) 3,8x =9 A(t).5x + A(t)® 8x =V"(x) 8%, and

consequently:

2 If we denote by x(t,y,n), &(t,y,n) the solution starting of the point (y,n) att =0, the

equation means :
kg Ay, =8e/dy;, GOy, =33 V/AX@X,. 3K /3y,
azxe/at&ni =3/, a’ge/emmi =2m32V/3xeaxm-axm/3ﬂ,-

* we recall that x(t) is an integral curve of Vo,
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(4.13) 3 AL+ A()? = V'(x(2).
Put A(t) = V'(0)"/?
(4.16) 3 B(t) + W(B(t)) = V" (x(t)-V"(0) -B(t)*
where

(4.17) P(B) =V"(0)

+ B(t). Then (4.13) becomes :

1/2 1/2

B+B.vV"(0)
Here we notice that by the Cauchy inequalities :

(4.18) | V" (x(1)) - V" (x(0))lly 0 = O(x(t),) = O(1) exp (~Itl/C).
Moreover

(4.19) exp(t9) (B) =exp(tV"(0)'/2).B.exp(tV"(o)'/2)

and as in [Sjl, (Proposition 1.2) we see that :

(4.20) Il exp(tV"(0)"?)]

z@nen exp(-|tl/C), for t<o0.
Hence :

(4.21) 1| exp(tPI(BMlgerens exp(-21tl/C) [Bllg s, for t<0.
From (4.16) we get :

(4.22) B(t) =] _ exp(- (t-5)9") (V"(x(s))-V"(0)-B(s)?) ds

If M(t)= Sup__, .,
(4.23) M(t) g C(M(t)®+exp (-[t/C)IxI_)

”B(s )" x(gz_e:) ’ then

and it follows that M(0) <1/2 if |x|__ is small enough.
BB

Using Lemma 4.1 and the Cauchy inequalities, we see that
(4.24) 105" (x)-0," (05, = O(1x],)
Noticing that v(t) =d xexp(tV%(x).ax)(x)(v(o)) satisfies :

(4.25) av(t) = 0" (x(t)v(t), where x(t) = exp(tVo,(x).d, )(x),
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using the arguments around the proof of (4.21)-(4.23), it is then easy to
prove that

(4.26) |Id xexp(tVoo(x).ax)(x)llx(e:w =0(1) exp (-|t|/C), tgo0

Let¢ - 0o + ¢|h +¢2h2+....,

be the (asymptotic) solution of the (complete) eiconal equation with

E~ E +E h+E,h’+...:

(4.27) V(x) - (1/2) [Vo(x)I; + h( (A0(x)/2)-E) = o,

ie.:

(E) V(x) - (1/2) [Ve |2 =0,

(T, )Vo,(x)9,0, (x) = (A0,(x)/2)-E,

(T,) Vo,(x)2.0,(x) =
= (A0, _,(x)/2)- (1/2) £, " V6,(x).V0, _(x)-E, _,.
Here recall thatE ......., E, _,....are defined by the condition that the r.h.s.
of (T, ),.......(T, ), vanish for x=0.
Let us recall that u = exp(-¢/h) is the approximate solution of :

(-(h2A/2)+V-hE)(u)=0

P ‘s .
There exists r >0 independent of & and of j such that
(4.28) V%0, (X)llg 227 = 0,(1)

for [x| <r, 15p g oo

Proof ;
We recall from [Sj], that we already know that [Ve,l, = 0,1) and
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combining this with the Cauchy inequalities we obtain (4.28) in the special
case when p=1. In the general case we have apparently to work with the
Hessian directly, and we shall therefore take the Hessians of the r.h.s. of
(T, ),(T,)....

Knowing (by Lemma (4.1)) that

|<0,"(x).t®s>] = 0(1) Itl sl , with (1/p) +(1/q) =1,

q.1/p "’
we get by the Cauchy mequalmes :

1< V*<0,"(x),t®s>vep>| = 00 It Jsl, . Wl lul,

q,1/p°
and Lemma 1.2 of [Sj], *implies that
A<0,"(x)t®s> = O() It ) Isl, /)

Hence
(4.29) 1A 04" (%) g g2 = O(1).
We now differentiate (T, ) twice and get :
(4.30) Vo, (x)3,(V0,) + 0," 0," +0,"0,"
= (1/2)80," - V70 ,(x) L Vo, (x)
where "L" means contraction of tensors :
< V3,(x) L Vo, (x).t8s> = <V’0 (%) Vo, (Xx)Bt®s>.
By the Cauchy inequalities, Lemma (4.1) and the fact that [V¢ | _=0(1),

we get that this expression is O(1) ItI | | and so we have :

q.1/p
(4.31) The norm in .‘EE,(P,::) of V ¢0(x) L Vo, (x) is 0(1).

Consider (4.30) along an integral curve x = x(t) = exp(tVe ,2,) (x).

Let ®(t,s) be the fundamental matrix for the corresponding problem:

a(t) = - 0" (x(t) w(t),

“If A is a complex NxN matrix, then ITrAl <[lAllg @)
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that is the solution of :
(4.32) 3,0(t,s)) = - 0,"(x(t))(t,s) ; (s,s) =1
Then (see the proof of (4.26))

(4.33) [10(t,8)llg e = O(1) exp (- (t-5)/C), —co<sgtg0

0(1) exp (Clt-sl), —oco<tgsg0
If B is a matrix, put :
#(t.5) (B) = ®(t.:s).B. ‘@(t.s) .
Then ®(s,s) B= Band (t,s) is a solution of :
3,8(t,5)(B) + 0,"(x(t) ®(t,s) (B) + (t,s) (B) o,"(x(t) =0
(using that ¢, "(x(t)) is symmetric). Notice that all non- trivial solutions of
this equation explode as t = - o0, The non-exploding solution to (4.30) is
then :
(4.34)) 0, "x)=[", ®(t,s) ((1/2)A0 " - V3¢0(X) L Vo, )(x(s))ds
which is (using (4.29), (4.31) and (4.33)) O(1) in &P,(Bs) )
Assume by induction that we have established (4.28) for 1gjgk-1.
Taking the Hessian of (T, ) we get :
(4.35) Vo (x)a,(0,") +0," 0," +0," 0," =

=- Vi,(x) L Vo, (x)+f,"
where f,_is the r.h.s. of (T ).
Here llo," L ¢k’||$(e:) = 0(1) by the same argument as before. Observe now
that f " contains terms of the form :
(1/2) Aoy " 0" 0, " 0, Lo,/
which are all O(1) in 5&(8::). The solution of (4.35) is given by a formula
analogous to (4.34) and it follows that (4.28) holds for j=k.
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We shall next analyze the influence of a perturbationtd on V. Let us
attach to the set 8 the set B defined again as a disjoint union over IN:
B=u_ B whereB c V x4
and let us assume that for all ( €3,9°p) in B, we have :
(4.36), IVW(x)l _, = O1), uniformly in x and B
and :
(4.36), (V,p) (with V = V +t ) belongs to & for all t € [0,1]
(in particular we must have 19(0)=0,8(0) = 0, | T8" (x) 4 = OC1)
uniformly).
Let
0=0,~ 0, ,+0, ht...
be the phase associated to V=V .
Differentiating the eiconal equation with respect to t we get
(4.37) (V 0,9,) 0,0,) = T8
(here we take the notation ¢ (t,x) =¢['0(x))
and hence :
(4.38) (3,0,)(t.x)= [ 7 tlexp (sV 0, (tx)d,)(x))ds .
We now observe that :
d(C(exp (sV 0 ,(t,x)9,)(x))) =d TY. dlexp (sV 0,(t.x).d,)(x)).
Using (4.5), (4.26) (with p =1 and p replaced by 1/p) and (4.36), we see
that :
(4.39) IV, 9,0,l,,,= 0().
Assume by induction that we have proved that :

|Vx8t¢)i|°°p= O(1) for 0gjgk-1.

1569



B. HELFFER, ]. SJOSTRAND

Differentiating T, with respect to t, we get :
(4.40)V 0 ,(t,x)9,9,0, (t,X) = -V 0,(tx).V o, +(A0, _,(t,x)/2)-
k-1
-Z., V20,ux).V. e, (tx) -3 E (1),
The x-gradient of the Lh.s. is
V. 0,tx)3, (V 3.0, (tx) +0,"(tx).V 3.0, (tx)
and the x-gradient of the r.h.s. is a sum of terms of the form :
a= V) (V, g),p= V(g (V D), y= AV [
for various functions f and g satisfying
2
(4.41) IV 0 .1V 8, IV 8lee-,=00).
(a) f=30,(tx), g=0, (the verification of (4.41) is obtained through
(4.39), Proposition 3.1 in [Sj], , and Proposition (4.2)).
(b)f= 2,0, _, ((4.41) is satisfied by the induction assumption)
(c)f= 9,0, 8=0, ; With1gjgk-1.
We have by Cauchy (and (4.40)) :
<V if. veu> = 0(1) |"ul"||,|/p
0
2
“v xfllx(gw’g‘:) = O(l)
and hence | = O(1).
That |l,,, = O1) is immediate.
Finally we get hdoop = 0(1), by starting from <V fv>= 0(')|"|1,n/p ,
taking the Hessian , using the Cauchy inequalities :
2
<V <V, fv>t®s> = 0, ,, Itl sl
and finally Lemma 1.2 of [Sj], to get:

<V Afv>= 0(l)|"||,|/p-

160



SEMICLASSICAL EXPANSIONS

Then using the analog of (4.38) for V 3,0, with T8 replaced by the r.h.s.

of (4.40) we get the control of [V 9,0, |, . Then we have proved:

P ‘s .
Under the assumptions (4.36), let ¢, be the phase associated to the

perturbation V, = V+t T8. Writing

we have for every j, and uniformly for (€8, Vp,t) in Bx[0,1] :
(4.42) IV 9.0,.|. =00) for |x|_gr.

We shall apply the above estimates to show the exponential convergence
of the WKB ground state energy divided by the dimension, for a certain
sequence of potentials : V (m)(xl X )y M=12,000

Let us describe & and 3B in this case.

We start with this family V (m) defined for each m. For a given m, &Sl,m

will be parametrized by n (with1gngm-1): & = v (<ncm Aléﬂ::l .

For given n this is the set of pairs (V p) where (using a notation introduced
in the proof of Lemma 2.4)

(4.43) V=(1-t) (V™ & V" ™) 4 ¢ v™ for some Ogtgl

and

(4.44) p belongs to 5‘2,::1(&) defined as a set of applications on {1,....,m}
and satisfying> :

exp(-R) g p(j+1)/p(j) < exp(R)

®We can (if necessary) reduce ourselves to a smaller class with the additional

assumption that p(j) =1 for jen.
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(with the convention that if p is defined on {1,....m}, p(m+1) =p(1))
exp(- &) < p(n)/p(1) < exp(R)
exp(-R) g p(m)/p(n+1) g exp(R)
Notice that (4.44) gives bounds for p(j)/p(k) when (j,k) is a pair of

nearest neighbors in the graph :

GRAPH :

Similarly the set 3 is defined by describing B as U | %" where :
(4.45) % is the set{°&9m} xéﬂ , with °&9 —(v(m)_v(“) y(m-n)y

Let us assume that, for a suitable &, the assumptions of Proposition (4.3)
are satisfied for the set B associated to the sequence V (m) (we shall give in
§6 examples where this is true). Then if ¢ (m) denotes the phase associated

to v(m)

we obtain by integrating

(4.42) with respect to t :

(4.46) 190, ™"~ 0, 6 6, = 0(1), Ixi<r.

We choose p(s) = exp(£ min(s,m+1-s)) (for 1gsgm+1) and =1 for
sxm+1.We add one more assumption :

(4.47) For every m, V(m) is invariant under cyclic permutations of the
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=V (m) (xl ,....,xm).

a-o)
Then ¢ (m) will have the same property. Let
hE(m) ~. h(E,(m)+E, (m) h+.....)

be the WKB ground state of - (h2/2)A+V(m).

We recall that we have seen just before the Proposition (4.2) the following
equality :

(4.48) E,(m) = (a0, ™(0)/2)- (1/2) 5%,

Vaﬁ"‘)(o).wi‘ff_i(o)

and using the cyclic invariance of 0('") we get for any se{1,.....,.m} :
k

(4.49) (E,(m)/m) =33 0,™ (0) - (1/2) Z.X 3,01 (0).0,0,™) .(0).
Choosing s with [s- (m/2)| g1, we obtain from (4.46) that :

(m+p) (m)
9,0, (x, - ) -9, 0, (%, X ) = Olexp (- £m/2))
By Cauchy’s inequality, we can replace ax’ by 9 ,2( . Using these estimates
with (4.49), we get :
(4.50) (E, (m+p)/(m+p))-(E (m)/m) = O, (exp(-&m/2)).
which gives for each k the exponential convergence of the Ek(m)/ m
as m tends to oo,
To summarize, we have proved the
Iheorem 4.4
If the sequence of potentials V ) s atisties uniformly (4.1),(4.2),(4.3),(4.4)
and (4.36) for the family of p € R (R) introduced in (4.44)°, then the

first eigenvalue of the Schrédinger operator : - (h?/2) Ag+ V (m)

% More precisely, we have associated to the sequence V (m) and to a set of weights
SR,:,(&) aset & and aset B. The exact assumption is that we can find &

s.t. all the assumptions concerning & and B are satisfied.
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admits an asymptotic expansion of the form : h2, o E, (m).hk.
The sequence E, (m)/m is convergent to a limit E:’and we have the
following inequality :
For all k, there exists C, s.t.
(4.51) [E_ -(E, (m)/m)| g C, exp(- &m/2).

g1 ducti

In [S], , the semi- classical study of the fundamental level of the Dirichlet
realization in a sufficiently small box was achieved. The validity of the
results was subsequently extended in [Sj] 2 .We are here in the apparently
very simple case of a one well problem, and it is natural to think (but
difficult to control with respect to m) that the first eigenvalue of the
Dirichlet problem in a box containing the unique minimum of the potential
will be in the semi-classical limit quite near of the first eigenvalue of the
global problem in R™. We shall prove, following essentially the ideas of
[Sj] ) § 5-6, that it is effectively the case under the restrictive condition on
the dimension that :

(5.1.1) m = O(h~™) for some fixed N .

This is naturally not completely satisfactory for our purpose but we shall
see how to circumvent this problem in §6. In the two next sections, we

shall construct as a preliminary step for a procedure of localization of
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estimates a suitable family of boxes covering R"™ . The idea behind this
construction is to compare (more precisely to minorize) by a suitable
translation the potential in any box of the family and the potential in a

box centered at the minimum of the potential.

§5.2 C { (rati ial -
Let us consider
Vix) = (1/2) <V"(0)x,x>
with (see the stronger assumptions we make in §4)
(5.2.1) V"(0) = D+A, with D diagonal,
Al g < ) <rg 20 D)ghg,, D)<C
f,.fg C are fixed and independent of the dimension m.
These assumptions were introduced in [Sj],,.
Then we know from [Sj], (and we have already used in (4.7) ) that
(5.2.2) V"(0)"/? = D+A, with D diagonal,
uAum £, <0 o€ gin(D) ghgy, (D)< Cy
rl ,ro, C0 are fixed and independent of the dimension m.
It will be easier to work in the Morse coordinates :
(5.2.3) y=V"(0)""?x
since we get in the new coordinates :
(5.2.4) V(x)=y*/2.
As in [Sj], 85,6, we consider then the following family of boxes, which
depends on 2 parameters Cand ¢ . The center of the box @ isp = @y )

and Q = I x... ><lp in the new coordinates. Here for each j, we have
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p;=0o0rp,>Ce and in thefirstcasel = [- Ce,Ce] while in the second case
Ioi= [pi—e,pi+s]. Here C31,¢£>0.

Using (5.2.4) it is easy to see that :

(5.2.5) V(x)-V(x-p) » (1-n(C)) V(p), x€ @,

where n(C) is independent of ¢ and tends to 0 when C tends to co.

The Q pare somewhat distorted boxes, but since

(5.2.7) Iyl ~Ixl ), 15p go0,

the £°- diameter of Q, is O(g) when C is fixed.

§5.3 The general case,

Let V : R"~ R be smooth with :

(5.3.1) V(0) =0, V’(0) = 0 and V"(0) satisfying (5.2.1).

(5.3.2) <V"(x), t,®,> = 0() [t,| It |

uniformly inx.t, L, and fora.llplp2 s.t.1=1/p, + 1/p,.

(5.3.3) < V"(x), t, @, @, > = 0(1) |t | It | It ]

uniformly in x,t, Loty and for‘allp|,p2,p3 st.1=1/p, +1/p, + 1/p3.

We write

(5.3.4) V(x) =V (x) + W(x) with V (x) = (1/2) <V"(0)x,x>.
So we have the property (5.2.6) for V  :

(5.3.5) Vy(x)-V (x-p) 3 (1-0(C)) V lp), x€ Q,

and €9 vanishes to the third order at 0 and satisfies (5.3.3).

Letp+x€Q, (so that x €Q,). Then:
Wip+x) - Tx) = Wp)- T0) + <VW(p)-VTo0)x>

166



SEMICLASSICAL EXPANSIONS

# [5(1-1) <« V2 0(p + tx) - V18(1x),x®x > dt
=W(p)+ [L]; < V> td(tsp).p@p@x >t dt ds
+I:,J:,(l _t) < V3 t(sp +tx) p®x®x > dt ds

(5.3.6) C8(p+x) - TH(x) = () + Ol lpl >+ O(1)IxI 2ol .
For the particular choices of p which are allowed, we see that

(5.3.7) Celpl, < Clel>

where C and ¢ appear in the choice of Qp and EO only depends on the
constants appearing in (5.2.1) (see 5.2.7)).

On the other hand

(5.3.8) Ixl_ = O(Ce)

so, with a new constant (with the same properties as the first one), we
get:

(5.3.9) Ixl Jol, <C, lpl2

Finally we get from (5.3.6)-(5.3.9) that :

(5.3.10) W(p+x) - W(x)= W) + O(1) Ce lpl?

If we combine with the properties of VO, we get for each x in Qp :

(5.3.11) V(x)-V(x-p) > V(p) - n(C) V,(p) - O(1) Ce lpl.

For every 8 >0, we get by chosing first C sufficiently large and then ¢
sufficiently small :

(5.3.12) V(x)-V(x-p) 2 V(p) -8 Ipli, forx € @,

(Here we have used (5.3.2) for the first time).

If we have the additional property that :

(5.3.13) V"'(x) z @ >0,
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there is a choice of £ and C in the construction of the ball s.t., for some 3,
>0, we have :

2
(5.3.14) V(x)-V(x-p) 28, lpl, . forx € Q.

(compare this estimate with (6.2) in [Sj], )
§5.4 Statement of the result and end of the proof ;

Theorem 5.4.1

Let V satisfy (5.2.1), (5.3.1)-(5.3.3), (5.3.13) and

(5.4.1) V extends holomorphically to {xe C"x|_<r,} and |1VVI|_= 0(1)
in this polydisc.

We assume that the condition m = O(h ") is satisfied. Then the first
eigenvalue of the Schrédinger equation in R™ 2 , (m,h) is of the form hE(m)
+ 0(h *°) (where hE(m) is the WKB eigenvalue constructed in [Sj], , see
also §4).

t 00

This is essentially the same proof as in [Sj], using the improvements in
[Sj],, and the new construction of boxes we give in sections 5.1-5.3. Let
us recall some of the steps.

We choose ¢ >0 so that Ce < <r . Let us first consider the Dirichlet realization
P, of - (h®A/2)+V in the "twisted" box Q,. In view of (5.4.1), we can
construct as in [Sj], (see our section 4) a WKB-candidate hE(h) for the
lowest eigenvalue of PQo with :

(5.4.2) E(h) ~ Ej+E h+... ,Ej.~m,E; = 0,(m)
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and modifying E(h) by O(mh ") we also know from the arguments of [Sj] )
that hE(h) is exactly equal to the lowest eigenvalue of sz.,' when h is small
enough. The only slightly new point here is that Q  is not exactly a
2% _ball in the x- coordinates. However, it is enough to notice according to
(5.2.7) that

(5.4.3) B(0, C¢/C,) c @, < B(0,C, &)

with B(x,r) ={x¢ R"; Ix-xl<r}.

Let us now observe that by monotonicity we have :

(5.4.4) 4, (m,h) g hE(h).

In order to get a lower bound, we follow the general strategy of [Sj], (sections
5, 6) and start by establishing some exponentially weighted estimates in
Q,. Lemma 5.1 of [Sj], remains valid in the present context and we
conclude that if V=V-3 xiZM, and if hE is the lowest eigenvalue of the
Dirichlet realization of - (h®A/2)+ V in Q,, then

(5.4.5) E-E= 0(1) m.n" ™",

As in the end of section 5 of [Sj], we then obtain the estimate

(5.4.6) (hE-O(1)mh ™ ~")lul® < (exp(y/h)(-(h%A/2)+V) exp(-y/h)ulu),
for each ue C?(Qo), provided that y is a real valued smooth function,
defined on Q ) with

(5.4.7) (1/2) [Vy(x)I* < 5,7 %, xe 2.

Replacing u by exp(y/h)u, we can rewrite (5.4.6) as

(5.4.8) (hE-O(1)mh" ~")llexp(y/h)ull®

< (exp(y/h)(-(h®A/2)+V) ulexp(y/h)u), for each ue Cole,).

Using now (5.3.14), we deduce from (5.4.8)
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(5.4.9) (hE-O(1)mh"™ ~")llexp(y/h)ul’

g (exp(y/h)(- (h>A/2)+V) ulexp(y/h)u), for each ue C:;(Qp), provided
that y is a real valued smooth function, defined on Q 0 with

(5.4.10) (1/2) [Vy(x)* ¢ 57 (x,-p)™", x€ Q.

Then we have just to control the patching procedure which appears in the
estimate (6.18) in [Sj] , - The patching procedure is based on a resolution of
the ideatity. We just take the same one but in the y variables. The only
new problem occurs in the control of the commutators.

For that, we only need to observe that (with the notations of § 5.2), if we
introduce cutoff functions of the form

(5.4.11) % (x) = ;' %0y,

where :

(5.4.12) [x,(t)l <1

and

(5.4.13) %/ () +1,"(t)l ¢ D

(where D is independent of j),

then :

(5.4.14) IV _x(x)|_ <C(D)

(5.4.15) |A x(x)| ¢ C(D) m*”

Let us prove for instance (5.4.14) :

0% = IV v )Xy by, ) @ (X 0 )X Ly, e X ()

with (0, (X, v,) = 1,y )@, v, ) = (V'(0)"?) x by,

" In fact using lemma 1.2 in [Sj], we can get O(m) but this improvement is of no use

here.
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This gives us :
3% =25 (V0 ) 1, )Xy ) XX X )
=30 (v'(0) %), 1, )
witht (y) =%, v, )Xy 0 )0 % ) X ).
According to (5.4.12) and (5.4.13), (t, (y)), is ina bounded ball of 2% and
using (5.2.2), we get (5.4.14).
The control of cut off terms occurs in the proof in §6 of [Sj], only in passing
from (6.18) to (6.19). These terms are multiplied by an exponentially
small (w.r.to h) term and as in [Sj], we get
(5.4.15)(hE-0(1)mh"™ ~")(1 + O(exp(-1/Ch)))llul®
< J(1 + O(exp(~1/Ch))) (- (h®A/2)+V) u)udx
+/( O(exp(-1/Ch)) lul|Vul,dx.
Since V >0, we have
(h*/2)]|Vul%dx <J(-(h*A/2)+V) v)udx,
so we end up with
(5.4.16) (RE-O()mh"™ ~")llu)/
< [(1 + O(exp(~1/Ch))(- (h®A/2)+V) u)udx.
Taking for u a sequence of truncations of the first eigenfunction, we get in
the limit : hE-O()mh™ ~'< (1+0(exp(-1/ Ch)RA , (m,h)
and combining with (5.4.4) :
(5.4.17) hE-0(1)mh" ™' <&, (m,h) <hE.
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§6. Complete study of the model forv<1/4 . proof of Theorem 1.1,

We return in this section to the initial conventions to work with

-hZA+ v,

(Note that it is easy to go from one convention to the other by a change of
h: h=h/v2).

§6.1 Summary of the different steps :

As we have seen in Theorem 5.4.1 :

(6.1.1) &, (m; h) ~hZ, o A(m)h’ ifm= O(h %)
(with A(m) = E,(m).2~*"'2),

But we have seen in §2, that :

(6.1.2) | &, (m;h)/m)-Lim___ (& (m;h)/m)| ¢ Ch/m

Takingm= h 'M, we get (using Theorem 4.4) the existence of a sequence

Ai s.t. :

(6.1.3) | h(= M

j . .
Majs0 Aj - D ) -Lim @, (m;h)/m) [ g Cyp.h
as h tends to 0, where :

(6.1.4) A= Lim (Ai(m)/m)

Of course we have to verify that all the conditions of the different theorems

we use are satisfied for Example 2.6.

But before let us give a weaker result which can be obtained easier and
some explicit computations on the harmonic approximation permitting to

determine A,
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Lemma 6.1.1

There exists a constant C such that, for all he ]o,ho ] and all m »1, we
have :

(6.1.5) 0g2, (m;hw) -(0h/2) 2, 7' (Vo (m;v) )g Cm.h®

where the o, (m;v) are given by :

(6.1.6) cok(m;v) =1-4v cos’(nk/m) : k = 0,L1,...m-1

Proof

The (o, (m;v)/2) are just the eigenvalues of the Hessian of the potential
V(m) at 0. An easy computation (cf [Ka],) gives (6.1.5) (see § 6.2).
The minoration is just that in this case the potential V(m) dominates
everywhere its quadratic approximation in view of

(6.1.7) —log ch's 3-s2/2
so we get immediately the lower bound in (6.1.5).
For the upper bound, it is sufficient to use the eigenfunction corresponding
to the harmonic approximation and to estimate carefully the error using
the inequality :

(6.1.8) |-log chs +s°/2| ¢ Cs*
The details are for example computed in [Ka] , (p.293-294).
We just give now for completeness some of the computations relative to
the harmonic oscillator.
The harmonic approximation at 0 is given in the case of Example (2.6) by
the potential :

(6.1.9) Q(x) = (1/4) 5, T x.° - (v/4) (£, T (x +x, , )*)
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Let us now remark that :

. m-1
(6.1.10) Lim __ [(1/2m) 2, _ " (Vo )=

=(1/2r) [T VI-4v.cos 6 do
Using directly the Mac - Laurin formula (cf for example [Di], p.302) or
Fourier series and Parseval, we get :

. m-1

(6.1.11) [[Lim__ [(1/2m) 2, Yo, 11 -

~[(t/25) I* Vi~ 4v.cos?0 de ] ¢ [(Cc/m)* ™"
for all r. By chosing correctly r ( =am) we get the exponential convergence
which was proved in the general case in §4. We have used here the n -

periodicity and the analyticity of the function 8 = v1-4v.cos 0.

$6.2 Verification of tt litions for the Example 2.6
We shall verify the following properties for the potential V=V (m) which is
given by

(6.20) V'™ (x) =(1/4) 2, T x,” - 3,7 log ch(Wo72 (x,+x, ,,)).
(6.2.2) V is holomorphic in B_(0,1) with |[VV(x)| =0(1),

(6.2.3) V(0)=0,V’(0) =0,

(m)

(6.2.4) V’(0) =D +A, where D is diagonal (positive definite) and
IAN g g2g5 ST, <rg <A i (D) for all p s.t. 1gpgooand for all p with :
(*) exp(-&) < p(j+1)/p(j) < exp(R).

(6.2.5) 1V*Vllgren = O(1)

uniformty in B_(0,1) for p satisfying (*).

(6.2.6) V™ '(x) 3 ((1-4v)/2). I,

and in particular V is convex for v<i1/4 .
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with W™ =v™_ (v g v ™) (1<n¢m-1) , we must have :

(6.2.7) For all m, for all n ((1gngm-1)), for all p defined on {1,....,m}
and satisfying (*) and

(**) p(j) =1for jen+1, and p(1) =1,

we have uniformly with respect top, m, n:

1V 8- = O(1) in a complex ball B(0,1).

(6.2.8) V(m) and more generally (1-t) (V(") ® V(m_n)) +t V(m) for
0 g tgt satisfy (6.2.2)-(6.2.4) uniformly for the p satisfying (*) and

( ** (more generally ( *) and

exp(- &) < p(n)/p(1) < exp(R)

(***)

exp(-&) g p(m)/p(n+1) g exp(R))

(6.2.9) <V"(x), 1, ®t,> = 0(1) ¢, It ]

uniformly inx.tl t, and for allp p, s.t.1= l/pl + 1/p2.

(6.2.10) < V'(x), t, @, 8t,> = O(1) [t | [t ], It |

uniformly in x,t, Lty and fora.llpl,pz.p3 s.t.1= l/p' +1/p, + l/ps.
(6.2.11) For every m, V(m) is invariant under cyclic permutations of the

= V(m)(xl X ).

m

The verification of (6.2.2) is easy. We just observe (always with the

convention that x  , =x ) that:

(6.242) 3, V'™ (x) =

= (xi/z) -vv/2 th (Vv/2 (xi+x

and that if [x|_is <1,

N-Vv/2th (Vv/2 (x4, )

j+1
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Vv/2 (xi+x )l gv2v gV1/2 <=n/2

which implies that o y® (x) is bounded independently of m.

j+1

Let us observe for future use that :

(6.2.13) (02V™)(x) =

=((1/2) -v) + (v/2)[th* (V¥72 (x;+x, , ) +th® (V¥7Z (x,+x
(6.2.14) 3, axiﬂv(m)(x) =

= -v/2 (1-th® (W72 (x;+x;, ) = -v/(2 ch® (A7Z (x 4%, , )
(6.2.15) 9, axkv('“)(x)= 0 if |j-k| =0,-1,+1 modulo m.

))

j-1

j+1

For (6.2.4) we deduce from (6.2.13) :
(6.2.16) D=((1/2) -v) I,

where |_ is the identity in R", so we have :
(D) =((172) -v).

If we denote by 1 the operator of translation (by 1) on R™ defined by:

(6.2.17) r =2

min

(':x)i =X we can write :

i-1

(6.2.18) A= -(v/2) (t +¢ )

The eigenvalues of A are easily computed as -v . cos(2ak/m) for

It is then easy to verify that for p satisfying to (*) :
(6.2.19) llAll ¢ g o < v-£XP(R)

If v <1/4, we observe that one can choose & such that :
(6.2.20) r, = v.exp(&) <((1/2) -v)

and we shall make this choice now.

The proof of (6.2.5) is immediate if we observe that all the second derivatives
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are bounded and that we have (6.2.15). (6.2.6) is a consequence of
(6.2.13)-(6.2.15) .Let us now verify (6.2.7). We just observe (with the
notation of §2) that :

‘w:=W(xmxl ) + Wix x|
=log ch(v&/2 (x_ +x,))+log ch(vv/2 (x_+x_ . )
~log ch(v%/2 (x_+x,))-log ch(*o/2 (x_+x_, )

The only j for which axm: are not 0 are j=1,n,n+1,m

)—W(anl )_W(xm’ X0+ I)

n+1

n+1

and one has for each of these terms :
lo, T (x)| ¢ 4Vv/2 Sup

m
forxeC", x| _g1.

(th(v2v 1)

te €.zt

As in the proof of (6.2.12), Sup (th(v2v ) is finite.

teC.|tg1

According to the (™), the property (6.2.7) is clear.

Let us verify now (6.2.8). We first observe that :
‘""- -0 DM@ ™™, tA™ and :

A™ - -y APea™ ™ A

All the properties we need are stable by arithmetical means, so it is

t

(n) (m n)

sufficient to treat the case (V ) for p satisfying ( ™) and
( *) which can be reduced by separation of variables to the study of
V=V (m)

that [All gv.exp(x).

for p satisfying ( *).We now observe that & . (D) =(1/2)-v) and

If v<1/4, it is easy to choose x >0 s.t:
vexp(x)<(1/2)-v) .
(6.2.9) and (6.2.10) are then easy to verify by using (6.2.13)-(6.2.15).

Finally, (6.2.11) is clear from the definition.
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