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0 Introduction 

Background I n hi s tal k a t th e Edinburg h congres s in 195 8 [Gr] , A. Groth -
endieck describe d a  dualit y theor y fo r coheren t sheaves . Fo r th e specia l cas e 
of a  schem e X o f finit e typ e ove r a  field  A; , this dualit y theor y i s base d o n a 
certain canonica l complex o f quasi-coherent sheave s calle d the residue complex. 
It replace s th e shea f o f to p degre e differentia l form s whic h appear s i n Serr e 
duality o n projective space. Th e residue comple x K'x i s a  direc t su m o f sheaves 
V(X/Y), wher e Y run s ove r th e irreducibl e close d subset s o f X. Sa y Y ha s 
generic point y an d L C  Ox,y i s a field such that L/k i s separable an d k(y)/L i s 
finite. The n V(X/Y) i s canonicall y isomorphic to KomCLnt(Ox,y,№fdsL/k), wher e 
Ox,y ha s th e m^-adi c topolog y an d p =  rank ^ H ] .̂ 

The full treatment of Grothendieck's duality theory , namely the tex t "Resid -
ues an d Duality " [RD ] by R . Hartshorne , place s th e theor y i n th e abstrac t 
setting o f derived categories. Instea d o f the singl e dualizing objec t JC'X, one ha s 
a functo r f :  D + ( y ) —• D+(X) assigne d t o ever y morphis m /  :  X —• Y (i n 
a suitabl e categor y o f schemes) , and whe n /  i s proper , f i s righ t adjoin t t o 
R/*. I f X i s a  schem e o f finite  typ e ove r a  field  wit h structura l morphis m 
7r, the n th e residu e comple x i s obtaine d a s th e Cousin complex associate d t o 
7rlk €  D + ( X ) . I n [RD ] ch. V I i t i s denote d b y n A k c = E(nlk). Wha t i s los t 
in thi s general , ye t natural , approach , i s th e modul e structur e o f the residu e 
complex. Th e summands o f nAk ar e no t expresse d in a  concrete form (the y ar e 
local cohomologie s o f 7r !A;), an d a  fortiori , neithe r i s th e coboundar y operator . 
Moreover, nAk i s onl y determine d u p t o isomorphism , an d i n orde r t o mak e 
this isomorphism unique on e must introduc e a  substantial amount o f extra dat a 
(cf. [RD ] ch. VI thm. 3.1) . 

There have been many effort s sinc e then to state parts of the theor y in term s 
more accessible to computation. Al l these effort s utilize some sort o f residue ma p 
defined o n differentia l forms . Fo r curve s thi s i s a  classica l construction , use d 
by J.P . Serr e i n [Se] . Fo r highe r dimension s on e ha d Grothendieck' s residu e 

3 



A. YEKUTIEI1 

symbol ([RD ] ch. Il l §9) . Ou t o f that gre w tw o type s o f residue maps . Sa y X 

is a n n-dimensiona l variet y ove r a  perfec t field  k. Th e first  typ e i s a  residu e 
map o n local cohomology groups , Res :  HJJ(fi^fc) — • k, for close d point s x £ X. 

This i s th e approac h take n b y E . Kunz , J . Lipma n an d other s (se e [Lil] , [Li2] , 
[HK] an d [Hu]) . Th e secon d type resemble s Serre' s residu e map , i n tha t i t use s 
differential form s wit h value s i n loca l fields  (onl y thi s tim e o f dimensio n n). 

This approac h wa s develope d by A.N . Parshin an d V .G . Lomadze, wh o wer e 
influenced b y th e wor k o f F . E l Zei n [EZ] . Le t u s mentio n tha t i n [Be] , A. 
Beilinson show s (amon g othe r things ) ho w to ge t Parshin' s residu e ma p usin g 
a generalizatio n o f J. Tate' s constructio n (cf . [Ta2 ] and [AK ] ch. VIII §2) . We 
shall mak e us e o f the Parshi n residu e ma p here . 

The objectiv e o f this monograp h i s t o giv e a n explici t constructio n o f th e 
Grothendieck residu e comple x K'x whe n X i s a  reduced schem e o f finite  typ e 
over a  perfect field k. B y "explicit " w e mean a  constructio n tha t involve s con -
crete realization s o f the comple x as a n O^-modul e (differentia l form s etc. ) an d 
straightforward formula s fo r th e coboundar y operator . Thu s o n th e on e han d 
the comple x )CX should be constructed i n som e direct fashion , an d o n the othe r 
hand, a n isomorphis m K'x = 7T& i n D(X) shoul d b e exhibited . B y th e ver y 
nature o f 7r, getting suc h a n isomorphism , no t t o mentio n makin g thi s iso -
morphism canonical , requires "goin g outside o f X ", i.e. considering morphism s 
between scheme s an d th e varianc e o f K'x (cf . remark 4.5.10) . 

Outline of the construction A s in Grothendieck' s origina l description , ou r 
complex K'x i s a  direc t su m o f dual modules /C(#) , x £ X (denote d DV(X/Y) 

in [Gr]) . Fo r an y coefficien t field  a : k(x) — • O XYX (i.e . a  fc-algebra  lifting ) 
we se t K((T) : = Jiomc^j(0XiX,uw(x)), wher e OX,X ha s th e m^-adi c topology , 
d : = rankjb (a.) £l\(xyk an d u(x) : = ^k(x)/k- Ou r first  tas k i s t o find,  fo r an y tw o 
coefficient fields  a , <r' , a canonica l isomorphism Ooo, : /C(a) /C(cr') , suc h tha t 
for thre e coefficien t fields  a , 0"',cr", on e ha s Ooo = = $aty o $ay. Thi s wil l 

give u s a  modul e K(x) togethe r wit h isomorphism s $ ^ :  /C(cr ) K(x). Th e 
second tas k is , give n a  pai r o f points x , t / G l wit h y G  { # }" of codimension 1 
(i.e. y i s a n immediat e specializatio n o f x), an d give n coefficien t fields  a , r  fo r 
x,y respectively , to find a  coboundar y homomorphism 6(Xjy))<r/ r :  IC(a) — • /C(r) . 
The homomorphisms fy ^y^/r shoul d commute with th e isomorphism s $ay(rt an d 
$r>r/, thus definin g a  coboundar y homomorphism 8(XYY) :  K(x) — > /C(y) . 

It turn s ou t tha t bot h task s ax e accomplishe d simultaneously, onc e formu -
lated properly . Le t u s assum e fo r simplicit y tha t X i s integral , o f dimensio n 
n. A  saturated chain o f length /  i n X i s a  sequenc e f  =  (£<) , . . . ,# / ) o f point s 
of X wit h eac h # ¿ + 1 an d immediat e specializatio n o f xi. A pai r o f compati­

ble coefficient fields fo r £  i s a  pai r o f coefficien t fields  u : k(xo) —> 0XFXQ an d 
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A CONSTRUCTION OF THE RESIDUE COMPLEX 

T :  k{xi) — y Ox,xi suc h tha t "upo n completio n alon g f , a become s a  k(xi)-
algebra homomorphism , via r " -  see def . 4.1. 5 fo r th e precis e statement . Give n 
a saturate d chai n £  an d compatibl e coefficien t field s a/r fo r it , ther e i s a  nat -
urally define d homomorphis m 6^j(T/T whic h w e shall describ e late r o n i n th e in -
troduction. No w observe that i f x i s the generi c poin t o f X the n x ha s a  uniqu e 
coefficient fiel d p, an d K(p) = u(x) =  fi£(x)/ife-  W e prov e tha t fo r an y y 6  X 
there i s a  finit e se t o f saturated chain s S o f the for m £  =  ( x , . . . , y ) , suc h tha t 
for an y coefficien t field a fo r y,  the ma p J2{es $ttp/<r :  w(x) — • /C(cr ) i s surjectiv e 
(Internal Residu e Isomorphism , thm . 4.3.13) . Moreover , th e kerne l u ; (# )ho i :S 

of thi s ma p i s independen t o f a. Thi s provide s th e sough t afte r isomorphis m 
Q^a'. Sinc e fo r an y saturate d chai n t] =  ( j / , . . . , z) ther e ar e man y compatibl e 
coefficient field s cr/r , an d sinc e 6 (X)..,y,...,z),p/r = ^(y,...,2),<r/r 0 <5 (*,..,y),p/(r? w e ge t 
the commutatio n betwee n th e <&' s and th e <$'s . Thus th e coboundar y homomor-
phism 6{ : IC(y) —+ JC(z) i s defined . 

The collectio n ( { £ ( # ) }, {Se}  l ^ * } ) i s called a  syste m o f residue dat a o n X. 
It i s uniqu e u p t o a  uniqu e isomorphism . Th e passag e t o th e residu e comple x 
is easy . Defin e Xq := {x G  X |  d i m { : r } ~ =  q}, ICxq := ®xexq^(xm) an d 
8X : = Z)(x,y)S(x,y) (see thm . 4.3.20) . Th e fac t tha t 6 ^ =  0  i s a n immediat e 
consequence o f th e Parshin-Lomadz e theore m o n th e su m o f residue s (thm . 
4.2.15; cf . [Pal ] § 1 prop. 7  and [Lo ] §3 thm. 3) . 

Some propertie s o f the comple x K'x ca n b e deduce d directl y fro m it s con -
struction. Fo r a n ope n immersio n i : U —• X ther e i s a  canonica l isomorphis m 
7* :  fc'u i*IC'x (prop . 4.4.1) . Fo r a  finit e morphis m f : X —* Y ther e i s a 
canonical isomorphis m ^ :  K'x /b/C y (se e def . 4.4. 3 an d thm . 4.4.5) , an d 
hence a  trac e ma p Tr / :  f*ICx — » /Cy. Le t n : X —• Spec A: be th e structura l 
morphism. Ther e i s a  nonzer o homomorphis m Tr ^ :  7 r * / C ^ — • A: (cor. 4.4.13) , 
which fo r prope r 7r induces a  homomorphis m o f complexe s Tr ^ :  -K*K'X — * k 
(thm. 4.4.14) . I f X i s integra l o f dimension n the n ux : = H~n/C ^ i s th e shea f 
of regula r differentia l form s o f Kunz (thm . 4.4.16) . 

Although the comple x Kx i s canonical, i t i s somewhat difficul t t o identif y i t 
with nk i n D ( X ) . Fo r X smoot h irreducibl e o f dimension n w e sho w that th e 
fundamental clas s Cx :  ^x/fcM ~~ y XK 1S a quasi-isomorphism , thu s givin g a n 
isomorphism K'x =  nk i n D(X) (thm . 4.5.2) . Fro m thi s i t follow s tha t o n an y 
reduced X, IC'X is a residual complex (see def. 4.3.1 and cor . 4.5.6). I f n i s prope r 
and som e isomorphis m K'x = nk exists , the n ther e i s a  uniqu e isomorphis m 
Cx •  &x n'k i n D ( X ) suc h tha t ou r trac e morphis m Tr ^ :  7r*ICx — • k 
corresponds t o that o f [RD ] ch . VII cor . 3.4 b ) (thm . 4.5.9) . W e prove existenc e 
of suc h a n isomorphis m onl y whe n n factor s int o 7 r = pf wit h /  finit e an d p 
smooth (cor . 4.5.8); not e tha t thi s includes al l quasi-projectiv e varieties . I n th e 
appendix (b y P. Sastry) th e existenc e of a canonical isomorphism (x ' 1C'X nlk 
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in D(X) i s established i n genera l (se e remark 4.5.10) . A  complet e treatment of 
the identificatio n K'x = nAk shal l appea r i n [SY] , where bot h K'x an d 7rAk ar e 
considered a s sheave s o n th e sit e Vza r of [Lil] . 

The explici t constructio n o f th e residu e comple x show s tha t i t carrie s a 
canonical structure of a complex of right Vx-modules, regardles s o f singularitie s 
or th e characteristi c o f the fiel d k. W e indicate ho w the bigrade d Ox-modul e 
JCX := H,omx(Qx/k, K'x) o f [EZ] ch . II §2.1 can be made into a double complex , 
without havin g t o embe d X i n a  smoot h scheme. Thes e issue s ar e discusse d i n 
digressions 4.5.12 and 4.5.13 . 

Let u s briefl y explai n th e content s o f the variou s chapters . 

Semi-Topological Rings Th e topologize d ring s on e runs acros s in thi s are a 
(e.g. Beilinso n completions of C?x-algebras) usually d o not hav e adic topologies . 
Thus th e conventiona l methods (say , those o f [EG A I] ch . 0  §7 ) are no t appli -
cable. T o complicate matters eve n further, thes e aren' t topologica l ring s i n th e 
usual sens e :  th e multiplicatio n ma p A x  A —*> A i s not continuous . I t wa s no t 
at al l clea r wha t ca n b e don e wit h suc h ring s (tak e completio n for instance , 
remark 1.2.10) . Sinc e our wor k relies heavil y on topologica l considerations , we 
undertook t o develo p the theor y o f semi-topological rings . 

A semi-topological (ST ) ring i s a  rin g A , equippe d wit h a  linea r topolog y 
on it s additiv e group , suc h tha t fo r al l a € A th e multiplication s x t—• ax 
and x i—• xa ar e continuou s endomorphism s (def . 1.2.1) . Similarl y w e defin e 
ST ^-module s (def . 1.2.2) . Relaxin g th e continuit y requiremen t enable s a n 
unexpectedly ric h structure . Le t u s denot e b y STMod(A) th e categor y o f lef t 
ST A-module s and continuou s A-linea r homomorphisms . I n STMod(A) ther e 
are direc t sums , products , limit s an d tenso r products . Give n an indeterminat e 
t on e defines new ST rings A[t], A[[t]], A((t)), etc. , of polynomials, powe r series 
and Lauren t serie s respectively . (Not e that eve n if A i s a topologica l ring (i n th e 
usual sense) , A((t)) needn' t b e -  remar k 1.3.8. ) A  continuou s homomorphism 
of ST rings A — * B determine s a  base change functor STMod(A) — • STMod(B), 
M i—• B®AM, whic h is left adjoin t t o "restrictio n o f scalars" (prop . 1.2.14) . I n 
particular, i f Ad i s th e rin g A wit h th e discret e topolog y an d M d i s a  discret e 
Ad-module, the n M := A ®Ad M d i s sai d t o hav e th e fin e A-modul e topology 
(def. 1.2. 3 an d remar k 1.2.16) . 

Given a  S T rin g A an d a n idea l I C A, on e ca n defin e a  S T rin g A := 
lim<_n A/Jn+1 (havin g th e usua l /-adi c topolog y whe n A i s discrete) . Suppos e 
A i s a commutativ e noetherian S T ring an d M i s a  finitely generate d A-module 
with th e fine  A-modul e topology . Generalizin g th e /-adi c cas e w e hav e a n 
isomorphism o f ST i-module s A®AM^ l i m _ n M / / n + 1 M (prop. 1.2.20) . 

In sectio n 1. 5 w e examin e th e differentia l calculu s ove r commutativ e S T 
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rings. Le t A  b e a  commutativ e S T fc-algebra  (def . 1.2.17). It turn s ou t tha t 
continuous /^-derivations o f A int o separated S T A-modules are represented b y a 
universal derivatio n d  : A —• fi^p. On e defines topologicall y smoot h and étale 
homomorphisms relativ e t o k,  extending th e usua l notion s o f formally smoot h 
and étale homomorphisms (se e def . 1.5.7 and thm . 1.5.11). For instance , i f 
A -> B i s topologically étale relative to k then (J3® Aft^p)sep S Q)ffî. Suppose 
A i s a  noetheria n commutativ e S T fc-algebra,  differentiall y o f finite typ e ove r k 

(def. 1.5.16). Let J C  A b e an ideal and le t A b e the S T fc-algebra lim<_n A/Jn+1. 
Then A i s topologicall y étale over A relativ e t o k (thm . 1.5.18). This implie s 
that fo r suc h A , A[[t]\ i s topologicall y étale over A[t] relative t o k. 

We thin k tha t S T ring s ca n b e use d t o generaliz e th e wor k o f R. Hiib l o n 
traces o f differential form s [Hu] . Another possible application is for calculation s 
involving Beilinson' s shea f o f adeles (wit h value s i n Ox), whic h ca n b e mad e 
into a  shea f o f ST rings . 

Topological Local Fields A n n-dimensiona l loca l fiel d consist s o f a  fiel d 
AT, togethe r wit h complet e discret e valuatio n ring s Oi,..., (9n, suc h tha t fo r 
i = 1 , . . . , n — 1 the residu e fiel d AC,- o f Oi i s th e fractio n field  o f C?,-+i , an d K 

is th e fractio n fiel d o f 0\. Le t & be a  fixe d perfec t field. A  topological local 

field (TLF ) K ove r k i s a  loca l field  whic h i s als o a  S T fc-algebra.  W e requir e 
that ther e wil l be some isomorphism K = F((tn))... ( ( ¿ 1 ) ) (a parametrization ) 
with F discrete an d rank F Q1F/k < 0 0 (def. 2.1.10). The categor y o f TLFs over 
k i s denote d b y TLF(fc). Changin g th e parametrizatio n involve s continuou s 
differential operators , an d thi s proces s i s explore d i n thm . 2.1.17. We sho w 
that i f K —» L i s a  finite  morphis m i n TLF(fc) the n L ha s th e fine  if-modul e 
topology. I n characteristi c p th e topolog y is , in a  sense , superfluou s - see prop. 
2.1.21. This i s because a differentia l operato r o f order < pn — 1 is linear ove r the 
field / i (pn/fc) an d i s therefore continuou s (thm . 2.1.14). We give an exampl e of a 
TLF A ' of dimension 2 in characteristi c 0 and man y automorphism s o f it (a s a 
local field)  whic h aren't continuou s (example 2.1.22). Thus K ha s man y equall y 
"natural" topologies . Thi s exampl e refute s th e clai m mad e b y Lomadze , that 
a loca l field  ha s a  canonica l topology o n it ([Lo ] p. 502). 

At thi s poin t th e reader , accustome d t o th e classica l (i.e . 1-dimensional ) 
situation, wher e th e topolog y i s determine d b y th e valuation , ma y ask : whic h 
is the "correct " topolog y o n a  loca l field?  Th e answe r i s that th e sam e algebro-
geometric data tha t define s th e loca l field  ( a chain o f points £ = (#o, • • • ? #n) i n 
a scheme , see §3.3) also define s th e topology . 

In sectio n 2.1 we defin e a  bas e chang e operatio n fo r TLFs . T o d o thi s i t 
is necessary t o introduc e cluster s o f topological loca l fields,  whic h ar e artinia n 
ST algebra s whos e residue fields  ar e TLFs . Th e prototypica l example oi finitely 
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ramified base change i s the morphis m k((s)) — • fc((s))((t)),  whic h is gotten fro m 
the morphis m k(s) —• k(s)((t)) b y th e bas e chang e k(s) —> k((s)). I n sectio n 
2.3 w e prov e th e existenc e o f trace s o f differentia l forms , usin g result s o f E . 
Kunz [Kul] . 

Our approac h t o th e residu e functo r i s axiomati c (§2.4) . Theore m 2.4. 3 i s 
an improve d versio n o f [Lo ] thm. 1 , adapte d t o th e setu p o f topologica l local 
fields. I t say s tha t ther e i s a  contravarian t functo r Re s o n th e th e categor y 
TLF(A;), suc h tha t Re s if =  fi^  fo r a  TL F K. Give n a  morphis m K L 
the ma p KesL/K :  MPsepL/K —• QM Jk ls a  homomorphis m o f differential grade d S T 
left fi^^-modules.  Th e proo f use s th e notio n o f topologica l smoothness an d 
the separate d d e Rha m cohomolog y algebr a H*Q*£^. Th e residu e functo r i s 
actually define d o n th e categor y CTLFred(fc) of reduced cluster s o f TLFs . W e 
are abl e t o prov e the following : le t A —> B b e a  morphism i n CTLFred(A:). The n 
the residu e pairin g (— , — )B/A i s a perfec t pairin g o f semi-topological A-modules 
(Topological Duality , thm . 2.4.22) . W e also prove : th e residu e map s commut e 
with topologicall y smooth, finitely  ramifie d bas e chang e (thm . 2.4.23) . 

We wis h t o poin t ou t tha t i n characteristi c 0 , th e residu e theor y fo r loca l 
fields develope d in [Lo ] is faulty, sinc e it doe s not take the topolog y into account . 
This rathe r surprisin g fac t i s clearl y demonstrate d b y exampl e 2.4.24 . Als o 
included i n thi s sectio n ar e digression s o n residue s i n Milno r K-theory an d o n 
de Rha m cohomology . 

Beilinson Completions Give n any chai n £  = {x$, • • •»#/ ) i n X an d a  quasi -
coherent shea f .M, the Beilinson completion M{ of M. along £  i s define d (def . 
3.1.1). Th e completio n operatio n (—) ^ is a  specia l cas e o f Beilinson' s adeles, 
described in [Be ] (see [Hr] for a discussion and proofs) . W e introduce a  topology 
on the completio n M$ i n a natural way (def. 3.2.1). I f £ =  (x) an d M i s coheren t 
then ME  is just th e m^-adi c completio n of Mx wit h th e mx-adi c topology . Fo r 
chains o f length >  1  the topolog y is more complicated . 

It turn s ou t tha t give n a  chai n £  i n X , th e completio n Ox& '•=  (Px)z i s a 
commutative S T ^-algebra , an d fo r an y quasi-coheren t shea f A i , M$ i s a  S T 
Ox, E -module. An y differentia l operato r D : M, — • J\f extend s t o a  continuou s 
D O D% : M$ —> A/^ . I f rj is a face of £ (i.e . a subchain), th e fac e map Mn —» M$ 
is continuous . W e prov e tha t fo r a  saturate d chai n £  o f length n > 1  th e fac e 
map Mdn£ —• M$ i s dense (Approximatio n Theorem, thm. 3.2.11 ) and th e fac e 
map Md0z —* M$ i s stric t (thm . 3.2.14) . W e als o prov e tha t th e completio n 
Ox£ i s a  Zarisk i S T rin g (se e def . 3.2.1 0 an d thm . 3.3.8) , s o the functo r (—) ^ i s 
exact (i n th e topologica l sense). Fo r an y fac e rj of £, Ox£ i s topologicall y etale 
over Ox,n  relative t o k (cor . 3.2.8). This , wit h th e Zarisk i property , show s tha t 
the completio n (£t*x/k)z ls isomorphic , as a  S T differentia l grade d A:-algebra , t o 
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the separate d algebr a o f differentials Q*̂ o,sep/k (^ê  1-5.3) . 
Let f  =  ( # , . . . , y) b e a  saturate d chai n o f length n . The n k(£) := k(x)^ i s 

an n-dimensiona l reduce d cluste r o f TLFs, whos e spectru m i s determine d b y 
repeated normalization s (thm . 3.3.2, cor. 3.3.7). Thi s shows that Ox£ i s a semi-
local rin g wit h Jacobso n radical mE  =  ( t n ^ . O n th e othe r hand , thes e result s 
connect th e geometr y to th e theor y o f topological loca l fields  an d residues . 

Residues on Schemes Give n a  coefficien t field  a : k(y) — • Ox,(y) = O®x,y 

the induce d map a : k(y) —> &(£ ) i s a morphism in CTLFred(&). Thu s w e obtain 
Parshin's residu e ma p 

Etes£jCr ^k(x)/k 
Q*,sep 

llk(0/k 

ResHO/Kvh<r 
nfc(y)/fc 

(def. 4.1.3). Using thm . 4.1.12 which compares completion to finitely  ramifie d 
base chang e we prove the transitivit y o f the residu e map s fo r compatibl e coef -
ficient fields.  Give n saturate d chain s (x,  . . . , y) an d ( y , . . . , z), an d compatibl e 
coefficient fields  a/r fo r ( y , . . . , z ) , on e has (cor . 4.1.16): 

R e s ^ . . . ^ . . . , ^ = Res(y)...j2)jr o ReS(x>...j2/)j(T ^k(x)/k ^k(z)/k • 

We can now define the coboundar y homomorphism 8çj(T/T. Let £ = ( x , . . . , y) 

be a  saturated chai n an d le t a/r b e compatibl e coefficient fields  fo r £. For an y 
(f> G lC(cr) consider the diagram : 

Ox, 
<t> u(x) 

loc Res£)7 

Ox* 

ResHO 
ResHO 

Since Res^ r i s a  locall y differentia l operato r (def . 3.1.8 ) i t follow s tha t 8(</>) i s 
continuous for the TOy-adic topology, an d it s completio n <S(<̂ )(y) : Ox,(y) ~" + ^(y) 

is k(y)-lmea,i (vi a r ) . Thu s w e get 8^a/T :  /C(a) —* /C(r). 
Let u s sa y a  fe w word s abou t holomorphi c forms. Sa y £  =  ( # , . . . , y) i s a 

saturated chai n an d r  i s a  coefficien t field  fo r y. Defin e 8^T :  u(x) — • /C(r ) by 
8^T(a)(a) : = Res^r(aa) , a  €  u>(z) , a  £  Ox, y.  Using a  bas e chang e argumen t 
we prov e that u >(#)hoi:£ : = ker(6^r ) C  w(x) i s independen t o f r (lemm a 4.2.1) . 
The element s o f (JJ{X\0\^E ar e sai d t o b e holomorphic along £ . Th e quotien t 
uj(x)/u(x)}i0\^e i s a  cofinit e (9x ,y-niodule, wit h socl e canonicall y isomorphic t o 
CJ(J / ) . Thi s allow s us t o defin e the orde r o f pole alon g £ of a form a G  u{x) (def . 
4.2.10). 
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Finally, w e wish to stres s the rol e o f topological considerations i n thi s work . 
Take th e Parshi n residu e ma p Reŝ j( T :  №k(xyk — • Щ,(у)/к- Even thoug h i t i s 
a ma p betwee n algebraic objects , i t i s define d usin g topological method s (viz . 
TLF's) . Moreover , it s importan t propertie s (e.g . bein g a  locall y differentia l 
operator, prop . 4.1.4 ; or transitivity , cor . 4.1.16) are prove d topologically . Th e 
main resul t o f the paper , th e interna l residue isomorphis m (thm . 4.3.13) , i s als o 
proved usin g topologica l arguments . 

Problems Her e i s a lis t o f some problems related to the presen t construction . 

1) Le t &  be a  perfec t field,  an d le t /  :  X —• Y b e a  smoot h morphism o f relativ e 
dimension n betwee n reduce d fc-schemes  o f finite  type . Describ e explicitl y th e 
derived categor y isomorphis m K'x =  ^x /y [n ] ®ox f*fcy 

2) Remov e the hypothesi s tha t X i s reduced . 

3) Remov e th e hypothesi s tha t k  is a  perfec t field.  Allo w к to b e an y field, 
or a  complet e D V R with perfec t residu e field,  o r Z . Thi s ma y requir e a  mor e 
sophisticated theor y o f topological local fields. 

4) Equivarian t case : le t /  :  X —> Y b e a n equivarian t morphis m fo r th e actio n 
of som e algebrai c grou p G ove r к (an algebraicall y close d field).  Relat e th e 
complexes o f invariants T(X,K,'X)GW an d Г(У, K,'Y)G{k\ 

5) Explor e connection s wit h d e Rha m homolog y and intersectio n homology , 
especially whe n к = С (cf. digressions 4.5.1 2 an d 4.5.13) . 

Acknowledgements Thi s wor k i s based o n my Ph.D . thesi s [Yel] . I  wish t o 
express m y dee p gratitud e t o m y adviso r M . Artin , wh o taugh t m e algebrai c 
geometry an d guide d m e throughou t thi s research . I  wis h als o t o than k th e 
Mathematics departmen t o f the Universit y o f Texas a t Austin , wher e som e of 
this wor k wa s done , an d especiall y J . Tat e an d D . Saltman . Man y thank s 
to P . Sastr y fo r hi s valuabl e suggestion s an d illuminatin g conversations . I t 
is a  pleasur e t o than k J . Lipma n an d S . Kleima n fo r thei r suggestion s an d 
encouragement. Thank s als o t o R . Hiibl , V . Lunt s an d G . Masso n fo r helpfu l 
discussions, an d t o V . Ka c wh o introduce d m e t o th e wor k o f Lomadze. 

10 



1 Semi-Topological Rings 

1.1 Preliminaries on Linearly Topologized Abelian Gr­
oups 

Let M b e a n abelia n group . Give n a nonempty collectio n {Ua}aei o f subgroup s 
of M , le t T b e th e topolog y on M generate d b y th e subbasi s {x + ^ } x e M , a e / « 

With thi s topolog y M become s a  topologica l group . W e cal l T th e Unea r 
topology generate d b y {Ua}aei, an d w e sa y tha t M i s a  hnearl y topologize d 
abelian group . Le t u s begi n with a n elementar y bu t usefu l lemm a (cf . [GT ] ch. 
I §2. 3 and §2.4) . 

Lemma 1.1.1 Let M be an abelian group, let {Na} be a collection of linearly 
topologized abelian groups, and for each a , let <j)a : M —> Na (resp. (j)a : Na —• 
M) be a homomorphism. 

a) There exists a coarsest (resp. finest) linear topology T on M such that all 
the homomorphisms (j)a are continuous. 

b) Let L be a linearly topologized abelian group and let tp : L —• M (resp. 
ip : M —> L) be a homomorphism. Suppose that all the composed homo­
morphisms (j)a o i\) : L —* Na (resp. ip o (f>a : Na —> L) are continuous. 
Then ip is continuous relative to T. 

Proof Firs t conside r homomorphism s <j)a : M —> Na. Le t {Up} b e th e collec -
tion o f subgroups o f M o f the for m Up =  ^ ^ ( K , ) , wit h Va a n ope n subgrou p 
of Na fo r som e a. Th e linea r topolog y T generate d b y {Up} ha s th e require d 
properties. 

Next conside r homomorphism s (f>a : Na —> M. Her e w e tak e fo r {Up} th e 
collection o f all subgroup s o f M suc h that fo r al l a , fa1 (Up) i s open in Na, an d 
we le t T b e th e linea r topolog y generated b y {Up}. • 

11 
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Note tha t i n th e cas e (j>a : Na —• M th e subgroup s o f th e for m Up = 
Z ) a 0 a ( K * ) > wit h Va C Na open , ar e a  fundamenta l syste m o f neighborhoods of 
0 fo r th e topolog y T. 

Denote b y TopAb th e categor y o f linearl y topologize d abelia n group s an d 
continuous homomorphisms . Thi s i s a n additiv e category , bu t no t a n abelia n 
one. 

Definition 1.1.2 A sequence of homomorphisms M' o M w M" in TopAb is 
called exact if it is exact in the category Ab of abelian groups and if <j> and tp 
are strict. 

(See [GT ] ch. Il l §2. 8 for th e definitio n o f a stric t homomorphism. ) 
It follow s fro m lemm a 1.1. 1 tha t th e categor y TopAb has direc t an d invers e 

limits; th e underlyin g abelia n group s ar e jus t th e correspondin g limit s i n Ab. I n 
particular, TopAb has infinit e direc t sum s an d products . Not e that th e topolog y 
on n< * Ma i s th e usua l produc t topology . 

Definition 1.1.3 Let M be a linearly topologized abelian group. 

a) The associated separated topological group of M is defined to be the quo­
tient Mse p : = M/{0}~, where { 0 } ~ is the closure of { 0 } in M. 

b) The completion of M is defined to be the inverse limit Mcp l : = lim<_ a 
M/Ua in TopAb, where {Ua} is the collection of open subgroups of M. 

c) M is said to be separated (resp. separated and complete) if the canonical 
homomorphism M — • Msep (resp. M —* Mcpl) is bijective. 

Note tha t th e canonica l homomorphism s M — • Msep, Mse p Mcp l an d 
M - > Mcp l are al l strict . Bot h functor s M h-> Msep and M \-> Mcpl are additiv e 
idempotent endo-functor s o n TopAb. 

Lemma 1.1.4 Let M be a linearly topologized abelian group. Then M is sep­
arated and complete in the sense of definition 1.1.3 iff every Cauchy net in M 
has a unique limit. 

Proof Thi s i s a n immediat e consequenc e o f [GT] ch. Il l §7. 3 cor. 2  to prop . 2 , 
and o f [Ko ] §2. 3 and §5.4 . • 

It turn s ou t tha t separate d module s ar e mor e interesting , from th e poin t o f 
view o f semi-topological rings, tha n complet e ones ; conside r remar k 1.2.1 0 an d 
theorem 1.5.11 . 
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A CONSTRUCTION OF THE RESIDUE COMPLEX 

Proposition 1.1.5 a ) An inverse limit of separated (resp. separated and 

complete) linearly topologized abelian groups is separated (resp. separated 

and complete). 

b) A direct sum of separated (resp. separated and complete) linearly topolo­

gized abelian groups is separated (resp. separated and complete). 

c) Let M = 0 n 6 N Mn be a countable direct sum of separated linearly topol­

ogized abelian groups and let (# , ) , €N be a Cauchy net (i.e. a Cauchy 

sequence) in M. Then there is some n 0 such that X{ G 0 " L o Mn for all i. 

Proof a ) Se e [GT ] ch. II §3. 5 cor. to prop . 10 , and ch . I §8. 2 cor. 2  to prop . 7 . 

b) Se e [Ko ] §10.2 (8 ) an d §13. 4 (2) ; the proof s ther e ar e fo r vecto r space s bu t 
work als o fo r linearl y topologize d abelian groups . 

c) Thi s i s a n eas y exercis e usin g a  "diagonal " argumen t an d th e fac t tha t th e 
subgroups o f the for m 0 C7n , with Un C Mn open , ar e a  fundamenta l syste m o f 
neighborhoods o f 0 i n 0 Mn. • 

Generalizing th e resul t o n invers e limit s i n Ab we have : 

Proposition 1.1.6 Let 

( O - + M ; 4>i Mi 
Wi M"i 

' 0)»€N 

be an inverse system of exact sequences in TopAb. Assume that M/+ 1 — > M[ is 

surjective for all i G  N. Then the sequence 

0 - > UmMj - t l imM , - t l imM/ ' 0 

is exact in TopAb. 

Proof Conside r th e commutativ e diagra m i n TopAb 

0 Y[M\ . M l n Mi 
(Wi) 

Il M? 0 

0 • l i m _ M i Ø l im^ Mi 
W 

l im^ M'I I 
The to p ro w is exact i n TopAb and th e vertica l map s ar e stric t monomorphisms . 
Also, th e botto m ro w i s exac t i n Ab by [Ha ] ch. II prop . 9.1. Hence </> is a  stric t 
monomorphism. 
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In orde r t o sho w tha t I/J is stric t i t suffice s t o chec k tha t fo r ever y ope n 
subgroup V C  lim<_ Mj, ip(V) i s open i n lim<_ M". Le t 7^ : Mj —• Mi b e the 
maps in the syste m (Mi). W e may assume tha t 

V = (limMi) H (Vo x • • • x Vn x Mn+i x Mn+2 x • • •) 

where V * C M,- are open subgroup s an d 7j,t(V}) C  tyj for 0 < 1 < j  <  n . Let 

W := (UmMf) n (^o(Vo) x • • • x ^n(Vn) x Al^+i * M;'+2 * • • •) 

which i s ope n i n lim^ _ M". W e claim tha t ^(V) =  W . Clearl y ip(V) C  W. 
Given x" = ( ^ o , ^ / , . . . ) G  W, choose any z G  ^ " H ^ " ) - No w x n EK +  (j)n(M'n), 
so ther e i s som e x' G l im^ M[ wit h x n —  ^nO^'n) G  Vn. Settin g y := x —  <f> 
we get y_ G V fl ip'1(x"). 

Proposition 1.1.7 Let f (M t-),-GN &e a direct system in TopAb s.t. all the homo-
morphisms M, - —» M,-+i are 5^nc ^ monomorphisms, and let M : = l im^M,- . 
Then for all i, Mi —> M is a strict monomorphism. If moreover all the groups 
Mi are separated, then so is M. 

Proof W e may assume i = 0 . Th e injectivity o f M0 —* M i s known . Le t 
Uo C Mo be any open subgroup . B y hypothesis w e can choose for every j > 1 
an ope n subgrou p Uj C Mj s.t . Uj_i = Uj fl Mj__\. The n [ 7 := UUj  i s an ope n 
subgroup o f M an d Uo = U C\ Mo. 

Now suppos e al l the Mt - are separated, and let # G M, a; ^ 0 . The n x € Mi 
for som e i,  and there is an ope n subgrou p [/ , C  M,- s.t. x £ Ui. Let U C M be 
an ope n subgrou p s.t . [/ j = U fl M,-; then x £ U. Henc e M  i s separated. • 

Proposition 1.1.8 (Sufficient Conditions for Density) 

a) Let M ' =  ( 0 - 4 M ° - 4 M U M 2 ^ 0 ) an d iV" =  ( 0 —• iV° — • iV1 — • 
iV2 — • 0) &e too complexes in TopAb, tm'tf/ i N' exact, and let <j>' : M' —> N' 
be a homomorphism of complexes. Suppose (f>° :  M° —• № and (j>2 : M2 —• 
N2 are dense. Then (j)1 : M1 —* N1 is dense too. 

b) Let (cj>i : Mi — » iVt-)t-€N 6e an inverse system of dense homomorphisms 
in TopAb, with Mi+i —• Mi surjective for all i. Then <j> :  l im^ jM j —• 
lim<_t- Ni is dense. 

c) Let (<f)a :  Ma —• Na)aej be a direct system of dense homomorphisms in 
TopAb. Then (j): lima_> Ma —• lima_> 7Va ¿ 5 dense. 
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Proof a ) Give n an y ope n subgrou p U C  AT1 , let N1 := Nl/U an d le t <\> x : 
M1 — • N1 b e th e induce d homomorphism . W e must sho w that w1 is surjective . 
Set N° : = №/№ f l U an d N2 := N2/im(U -> AT2) . S o N' i s an exac t complex 
of discret e groups . B y assumptio n (f>° : M ° — • № an d 0 2 :  M 2 — > N2 ar e 
surjective; henc e s o i s 0 1 . 

b) Le t J 7 C  hm^_ i AT,- be an y ope n subgroup . The n U i s th e preimag e o f a n 
open subgrou p Uj C  Nj fo r som e j . Thu s (lim*_ ; Ni)/U — • Aj / t /j i s injective . 
By assumptio n lim._t - M2 — • Mj an d ^ - :  Mj — • A^/t/j ar e surjective . Henc e 
0 :  lim*_j Mi — • (lim -̂ Ni)/U i s surjectiv e too . 

c) Le t U C  limo,_ + iVa b e an y ope n subgroup . Fo r /3 G  I le t Up C  Np b e th e 
preimage o f ¡7. The n (lima_ ^ Na)/U = ]ima^(Na/Ua). Sinc e 0 a :  Ma Na/Ua 

are assume d t o b e surjective , s o i s ^  :  lima_> Ma — • (Uma_, Na)/U. • 

1 .2 Semi-Topological Rings 

We wil l be considerin g topologize d rings i n whic h multiplicatio n i s continuou s 
only i n on e argument . T o distinguis h thes e ring s fro m ordinar y topologica l 
rings w e adop t th e nam e "semi-topologica l ring". Th e followin g notation wil l 
be use d throughou t thi s section . Give n a  rin g A an d a n elemen t a G  A, lef t 
and righ t multiplicatio n b y a wil l b e denote d b y A a :  b i—• ab and pa : b \-> 6a, 
b G  A. Similarl y give n a  lef t A-modul e M an d element s a G  A an d x G  M, w e 
set \a : y \-> ay, y € M , and /9X : b h-> bx, 6 G A. I n orde r t o emphasiz e wher e 
a £ A act s w e may indicat e th e modul e i n superscript , e.g. : Aam : M —• M. Al l 
rings unde r consideratio n hav e 1 . 

Definition 1.2.1 A semi-topological (ST) ring is a ring A together with a 

topology on it satisfying the following conditions: 

i) The additive group of A is a linearly topologized abelian group. 

ii) For every a € A the multiplications Aa,p a :  A —• A are continuous. 

Definition 1.2.2 Let A be a semi-topological ring. A semi-topological (ST) 

left A-module is a left A module M together with a topology on it satisfying the 

following conditions: 

i) M is a linearly topologized abelian group. 

ii) For every a £ A and every x G  M the multiplications Xa : M —• M and 

px : A —• M are continuous. 

Similarly one defines semi-topological right modules and bimodules. 
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Denote b y STMod(A) the categor y o f semi-topological left A-module s an d 
continuous A-linea r homomorphism . I t i s a n additiv e subcategor y o f TopAb, 
closed under direc t an d invers e limits . W e define exac t sequence s i n STMod(A) 
to b e thos e whic h ar e exac t i n TopAb(A) (se e def . 1.1.2) . Give n M , N G 
STMod(A), w e denot e th e grou p o f morphisms betwee n the m b y Hom^nt(M , 
N). (Th e categor y o f right module s w e denote b y STMod(A°).) 

Suppose M i s a  lef t A-module . Conside r i t a s a n abelia n grou p wit h homo -
morphisms px :  A —> M , x G  M. Le t T b e th e fines t topolog y on M makin g 
all th e px continuou s (se e lemm a 1.1.1) . W e clai m tha t wit h thi s topolog y M 
becomes a  semi-topologica l A-module. I t suffice s t o sho w that fo r ever y a £ A 
the endomorphis m A ^ :  M —• M i s continuous . Choos e suc h a. Fo r eac h 
x G  M w e have A ^ o  px — px o A^ :  A — • M, whic h is continuou s b y definition . 
From lemm a 1.1. 1 i t follow s tha t A ^ i s continuous . 

Definition 1.2.3 The above topology on M is called the fine A-module topol­
ogy-

The nex t propositio n give s a  characterizatio n o f this topology. 

Proposition 1.2.4 Let A be a semi-topological ring and let M be a semi-
topological A-module. Then M has the fine A-module topology iff for every 
semi-topological A-module N 

Hom^ont(M, AT) = HomA(M , N). (1.2.5 ) 

Proof Suppos e M ha s th e fine  A-modul e topology . Le t tp : M —• N b e a n 
A-linear homomorphism ; w e must sho w that i t i s continuous . Fo r an y x G  M, 
one has ipopx =  p^x) : A — » AT, which is continuous b y definition. Accordin g to 
lemma 1.1. 1 ip is also continuous. I n particular, Taking N t o be the sam e modul e 
as M bu t wit h variou s topologie s (satisfyin g th e condition s o f def . 1.2.2) , an d 
taking V  M —> N t o b e th e identit y map , w e se e tha t th e fine  A-modul e 
topology i s indee d th e fines t o f them all . 

Conversely, suppos e tha t equalit y hold s i n (1.2.5) . The n usin g th e sam e 
setup as above , but thi s time N i s the modul e M wit h th e fine  A-modul e topol-
ogy, w e se e tha t th e topolog y on M i s fine r tha n th e fine  A-modul e topology, 
and henc e equa l t o it . • 

Corollary 1.2.6 Let {Ma} be a direct system of ST A-modules. If every Ma 
has the fine A-module topology then so does lima _ Ma. 
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Definition 1.2.7 Let M be a semi-topological left A-module and let {ma} be 
a subset of M. M is said to be free with basis {ma} if for any semi-topological 
A-module N and any subset {na} C N there is a unique continuous A-linear 
homomorphism </> : M —• N with (j>(ma) = na. Similarly for right modules. 

Clearly M i s fre e if f M = ©a A i n STMod(A). W e have anothe r corollar y 
to prop . 1.2.4 : 

Corollary 1.2.8 Suppose (f> : M —> N is a continuous surjective homomor­
phism of semi-topological A-modules, where M has the fine A-module topology. 
Then (j) is a strict epimorphism iff N has the fine A-module topology. In par­
ticular, this is the case when M is free. 

A ring homomorphism /  :  A —» B i s called centralizing i f B =  / ( A ) •  C g ( A ), 
where CB{A) i s th e centralize r o f A i n B. 

Proposition 1.2.9 Let A be a semi-topological ring and let f : A —> B be a 
centralizing ring homomorphism. Put on B, considered as a left A-module via 
f, the fine A-module topology. Then the following hold: 

a) As a right A-module via f, B has the fine A-module topology. In partic­
ular, B is a semi-topological A-A-bimodule. 

b) B is a semi-topological ring. 

c) Let M be a left B-module. The fine B-module topology on M coincides 
with the fine A-module topology on it. 

Proof a ) Choos e a  subse t {ca} C  CB(A) suc h tha t th e bimodul e homomor -
phism (j) : @aA — > J9, (j>(Y^aot) = Y,aaca = Y*caaon, is surjective . B y corollar y 
1.2.8, use d twice , 0 i s a  stric t epimorphis m an d B ha s th e fin e A-modul e topol-
ogy a s a  righ t A-module . 

b) Fo r ever y b G  B th e ma p Ab  (resp. pb)  is a n endomorphis m o f th e righ t 
(resp. left ) A-modul e B. B y par t a ) an d propositio n 1.2. 4 bot h A t an d pi ar e 
continuous. 

c) Thi s follow s fro m cor . 1.2. 8 an d th e fac t tha t a  direc t su m o f strict homo -
morphisms i s strict . • 

Observe tha t th e propositio n include s th e cas e o f a  surjectiv e rin g homo -
morphism. Give n a  semi-topologica l ring A , le t J  b e th e closur e o f 0 . The n 
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I i s a n idea l an d Ase p =  A/1 i s a  semi-topologica l ring. Similarly , i f M i s a 
semi-topological lef t A-module , then Mse p is an Asep-module . Thus M H-> Msep 
is a  functo r STMod(A) — » STMod(Asep) and A  i-> Asep is a  functo r o n semi -
topological rings . 

Suppose A  i s a  semi-topologica l ring an d B c i a subring . The n B i s als o 
a semi-topologica l ring, an d th e sam e i s true o f its closur e B~. Similarl y fo r a 
submodule. 

Remark 1.2.10 Th e autho r doe s no t kno w whethe r th e completio n Mcp l is , 
in general , a  semi-topologica l A-module. Th e difficult y i s i n establishin g th e 
continuity o f px :  A — • Mcpl fo r x i n th e "boundary " Mcp l -  M . O f course , if 
the topolog y o n M i s generate d b y A-submodule s there i s n o difficulty . 

Definition 1.2.11 Let A be a semi-topological ring and let M and N be right 
and left semi-topological A-modules, respectively. The tensor product topology 
on M®A N is by definition the finest linear topology such that for every x £ M 
and every y £ N the homomorphisms \x : N —• M ®A N, y' \—• x (g ) y', and 
py : M —> M ®A N, x' \—• xf 0 y, are continuous (see lemma 1.1.1). 

Whenever a  tenso r produc t o f semi-topologica l modules i s encountered , i t 
will b e endowe d with thi s topolog y b y default . W e state th e followin g lemm a 
whose proo f i s a n applicatio n o f lemma 1.1.1 . 

Lemma 1.2.12 Suppose L is a linearly topologized abelian group and <p :  M®A 
N —> L is a homomorphism such that for every x £ M, y £  T V the composed 
homomorphisms <j> o Xx : N — • L and <j> o py : M —* L are continuous. Then 
is continuous relative to the tensor product topology on M (g u N. 

Suppose A i , . . . , An ar e semi-topologica l rings an d M o , . . . , Mn ar e semi -
topological bimodule s suc h tha t th e tenso r produc t M : = M 0 ®AL *  *  *  ®  AN M 
makes sense . The n th e tenso r produc t topolog y o n M i s independen t o f th e 
binary groupin g o f th e factor s (associativit y o f the tenso r produc t topology) . 
It i s describe d directl y a s bein g th e fines t linea r topolog y suc h tha t fo r ever y 
i, 0  <  i < n , an d ever y Xj £ Mj, j ^ i, th e homomorphis m Mi —> M, 
y »— • XQ ® •  • • ® Xi_i ®y® Xi+i (g ) • • • ® xn i s continuous . 

Another observation is that taking tensor product s o f semi-topological mod-
ules commute s with passin g t o th e associate d separate d module . T o be precise , 

(M ®A A0sep =  (Mse p (g)Asep ATsep)sep (1.2.13 ) 

as quotient s o f M ® A N. 
Semi-topological module s admi t a  usefu l base-chang e operation . 
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Proposition 1.2.14 Let A —+ B be a continuous homomorphism of semi-
topological rings and let M be a semi-topological left A-module. Then the tensor 
product topology on B®AM makes it into a semi-topological left B-module. This 
topology is characterized by the following properties: 

i) The canonical homomorphism of A-modules A f — • B®AM is continuous. 

ii) (Adjunction) For any N G  STMod(i?) the canonical homomorphism 

Hom£nt(£ ®  A Af, N) HomXnt(M, N) 

is bijective. 

Proof Firs t w e must verif y that th e map s Af ®M : B®A M B®AM, b € B, 
and pu : B —• B ®A Af , u G  B ®A Af , ar e continuous . Th e continuit y o f 
Af ®M follow s fro m lemm a 1.2.12 . A s fo r pw , we ma y assum e tha t u = b ® x, 
so pu = px 0 Pb i whic h i s continuou s b y definition . Therefor e B ®A M  i s a 
semi-topological 2?-module . Propertie s i ) an d ii ) are similarl y checked . 

Finally, w e show that th e tw o properties determin e th e topolog y on B®AM. 
Let N\ an d N2 b e tw o S T B-module s wit h th e sam e underlyin g 5-modul e 
B ®A Af, and bot h enjoyin g propertie s i ) an d ii) . The n th e identit y ma p N\ —+ 
N2 i s a  homeomorphism . • 

Corollary 1.2.15 If A f has the fine A-module topology then B ®A M has the 
fine B-module topology. 

Remark 1.2.16 Th e S T A-module s wit h th e fin e A-modul e topologie s ar e 
precisely thos e induce d fro m discret e modules . T o se e this , le t M b e a n A -
module wit h th e fin e topology . Define A d and Af d to b e A  and Af , respectively , 
with th e discret e topologies . The n A  (g )Ad Afd — • Af is a  homeomorphism . 

Definition 1.2.17 Let k be a commutative semi-topological ring. A semi-
topological k-algebra is a semi-topological ring A together with a continuous 
centralizing homomorphism k —> A. 

Given tw o semi-topologica l fc-algebras A  an d B thei r tenso r produc t A  (g)* 
B i s agai n a  semi-topologica l fc-algebra.  Le t u s denot e b y STComAlg(A:) th e 
category o f commutative semi-topologica l A;-algebras an d continuou s A:-algebr a 
homomorphisms. A n immediat e consequenc e of prop. 1.2.1 4 is : 
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Corollary 1.2.18 Let A and B be commutative ST k-algebras. Then A®kB 
is the fibred coproduct of A and B in the category STComAlg(fc). 

Discrete rings an d module s are semi-topological . A  more interesting example 
is provided by : 

Lemma 1.2.19 Let A be a ST ring and let I C  A be an ideal. For each n > 0 
put on A/I"*1 the fine A-module topology, and put on A : = lim^ n A/In+1 the 
lim<_ topology. Then A is a ST ring. 

Proof Accordin g to prop . 1.2.9 , ever y A/Jn+ 1 i s a  S T ring . Le t a G  A. The n 
for ever y n th e homomorphism s Aa,p a :  A/Jn+ 1 — • A/Jn+1 ar e continuous . 
Passing t o th e invers e limi t i t follow s tha t \a,pa : A —• A ar e continuous . 
Therefore A i s a  S T ring . • 

Of cours e i f A i s discret e w e recove r th e J-adi c topolog y on i . I n genera l 
A nee d no t b e separate d no r complet e topologically . Extendin g th e standar d 
result o n J-adi c completion s o f finitely  generate d module s ove r a  noetheria n 
commutative ring , w e have : 

Proposition 1.2.20 Let A be a noetherian commutative ST ring and let I C A 
be an ideal. Put on A : = lim<_ n A/Jn+1 the topology of the previous lemma. Let 
M be a finitely generated A-module. For each n > 0 put on M/In~*~lM the fine 
A-module topology, and put on M = l i m ^ n M / / n + 1 M the lim< _ topology. Then 
the topology on M is the fine A-module topology. 

Proof A s i n th e proo f o f lemma 1.2.19 , M i s a  S T A-module . B y corollar y 
1.2.8 i t suffice s t o produc e a  stric t epimorphis m Ar—»M . Choos e an y exac t 
sequence o f A-modules 

0 —  £ - + A r X M - + 0 . 

For ever y n w e get , i n virtu e o f cor. 1.2.8 , a n exac t sequenc e i n STMod(A) 

0 Kn ^  (A//n+1) r ^ M / / n + 1 M -> 0 , 

where Kn := im(K — » (A//n+1)r ) with th e subspac e topology . B y prop . 1.1.6 , 
ip = Um^ _ V>n is strict . • 

Corollary 1.2.21 Suppose M has the fine A-module topology. Then the natu­
ral homomorphism A (g u M —> M is an isomorphism in STMod(A). 
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Observe tha t i f 7n+1M =  0  for som e n > 0 , then the fine  A-modul e topology 
on M = M an d th e fine  A-modul e topolog y o n i t coincide . 

Proposition 1.2.22 Let A be a ST ring, let M and N be ST A-modules and 

let <j> : M —• N be a continuous A-linear homomorphism. Suppose that M = 

lim_a Ma in STMod(A) for some inverse system (Ma)aej. Suppose also that N 

is finitely generated, separated and semi-simple in STMod(A). Then (j) factors 

through some Ma. 

Proof W e hav e N =  ©J= i Nj, wher e eac h Nj i s a  separated , simple , S T 
A-module. Fo r eac h j le t Uj C  Nj b e a  prope r ope n subgroup , an d defin e 
U : = ©y= 1 Uj. The n U C  N i s a n ope n subgroup , bu t th e onl y A-submodul e 
contained i n U i s 0 . Fo r a £ I set Ka : = ker( M — • Ma). B y th e definitio n o f 
the lim< _ topolog y ther e i s som e a0 s.t . Kao C  (f>~l(U). S o (¡>(Kao) C U, an d 
being a n A-modul e i t mus t b e 0 . • 

Let A  b e a  S T rin g an d le t A 0 C  A  b e a  subring . A  S T A-modul e i s said t o 
have a n A0-linea r topolog y i f ther e i s a  basi s o f neighborhoods o f 0  consistin g 
of Ao-submodule s (e.g . take fo r A 0 the imag e o f Z ). 

Proposition 1.2.23 Let A be a ST ring and let A 0 C  A  be a subring. The 

full subcategory of STMod(A) consisting of modules with Ao-linear topologies 

is closed under quotients, subobjects, sums, products, direct limits and inverse 

limits. 

Proof Immediat e fro m lemm a 1.1.1 , sinc e th e map s ar e Ao-linear . • 

1 .3 Rings of Laurent Series 

An importan t clas s o f semi-topological ring s i s that o f rings o f iterated Lauren t 
series, whic h w e wil l examin e i n thi s section . 

Definition 1.3.1 Let A be a commutative semi-topological ring and let t = 

( ¿ i , . . . ,¿n) be a sequence of indeterminates. We put on the A-algebras A[t\ := 

A[tu, ...,tn], A[í]/(í)í+1, i > 0  and Afar1] := A[tu ..., tn , i f 1 , . . . , t~l] the 

fine A-module topologies. We put on A[[t¡] := lim^¿ A[í]/(í)l+1 the inverse 

limit topology. 

Lemma 1.3.2 A[t], A[t]/(t)i+l, A[í,í_1] and A[[t]] are all semi-topological A-

algebras. 
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Proof Immediate from prop. 1.2. 9 and lemma 1.2.19 . • 

Definition 1.3.3 Let A be a commutative ST ring and let t be an indetermi­

nate. For every j > 0  put on t~^A[[t]] the fine A[[t]]-module topology. Put on 

A((t)) : = ¿[[í]]!*-1] = l i m ^ j t-jA[[t]] the direct limit topology. 

Lemma 1.3.4 The topology on A((t)) is the fine A[[t]]-module topology. There­

fore A((t)) is a semi-topological A-algebra. 

Proof This follows from cor. 1.2. 6 and prop. 1.2.9 . • 

Proposition 1.3.5 The homomorphisms A A[[i\], A[[t]]—»A and A[[i\] «-> 
A((t)) are all continuous and strict. If A is separated (resp. separated and 
complete) then so are A[t], A[t]/(t)i+\ A%t~l], A[[t]] and A((t)). 

Proof Fo r ever y i , h > 0  conside r th e exac t sequenc e o f semi-topologica l A-
modules 

h 

0 A[t]/ti+1A[t] -> rhA[t]/twA[t] -+@rjA -> 0 
i=i 

with it s obviou s splittin g (i n STMod(A)) . Passing t o th e invers e limi t i n i an d 
then t o th e direc t limi t i n h we ge t 

A((t)) S 
oo 

X t-jAA 
i = l 

®A[[t]]. (1.3.6 ) 

Therefore A[[i\] <—• A((t)) i s strict . A  simila r consideratio n show s tha t A[[t\] = 

A®tA[[t]\, s o th e othe r tw o homomorphism s ar e strict . 
The statement s regardin g separatednes s an d completenes s follo w from for -

mula (1.3.6 ) an d prop . 1.1.5 . • 

The topolog y on the rin g of iterated Lauren t series defined belo w generalize s 
Parshin's topolog y o n a  loca l field,  se e [Pa3] §1 def . 2 . 

Definition 1.3.7 Let A be a commutative semi-topological ring and let t = 

( ¿ i , . . . , tn) be a sequence of indeterminates. The Laurent series ring in t over 

A is the semi-topological A-algebra A((t)) = A((t\,..., tn)) defined recursively 

by 

A(( tu , ...,tn)) : = i 4 ( ( * 2 , - . . , í n ) ) ( ( í i ) ) . 
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From propositio n 1.3. 5 i t follow s tha t th e inclusio n A  «— • A((t)) i s a  stric t 
monomorphism. Evidentl y th e operation s A »- » A[t], A i—• A[£]/(i)t+1, etc . ar e 
functors o n th e categor y STComAlg(Z) of commutative S T rings , sendin g th e 
full subcategor y o f separated (resp . separate d an d complete ) rings int o itself . 

Remark 1.3.8 A s notice d b y Parshin , i f A ; is a  discret e field  an d n > 2 , th e 
field o f Lauren t serie s k((t)) =  fc ((*I,..., *„) ) is not a  topologica l ring ; i.e. , 
multiplication i s no t a  continuou s functio n k((t)) x k((t)) —• k((t)) (se e [Pa3 ] 
remark 1) . Also , i n thi s cas e &((£) ) i s no t a  metrizeabl e topologica l space. 

Lemma 1.3.9 The image of A[t,t~l] in A(( t ) ) is dense. 

Proof Le t f : = ( i 2 , . . . , tn). B y induction fo r every i > 0  the ma p A[f ,, t'-1][t'1][t1] 

i4((í ,))[*I]/(<Í+1) is dense , s o by prop . 1.1. 8 b ) w e have tha t Ají ' , ¿ ' -^ [¿I ]  

^ ( ( R Í M I ' I ] ] is dense - Henc e fo r ever y J ^ ° I *R i^[ í , , í ,~1][*I] - + < R I ^ ( ( * / ) ) [ [ ' I ] ] IS 
dense, an d finally  b y prop . 1.1. 8 c ) , A[i, t~l] — • A ( ( | )) i s dense . • 

Suppose A i s separated an d complete . A n elemen t a(t) G  A((t)) determine s 
a functio n a : Z — • A, i i—• a¿, in th e usua l way . Th e suppor t o f the functio n 
a :  Z — • A i s bounde d below , an d a(¿) = £¿GZaatf i n th e sens e o f [GT ] ch. Il l 
§5.1. Fro m th e recursiv e definitio n o f the rin g A((¿) ) one see s tha t an y a(t) G 
A( ( i ) ) determine s a  functio n a : Zn — » A, ¿  i—> a¿, such tha t a(í) = S¿ezn a«íi -
There ar e certai n condition s o n the suppor t o f a : Zn — + A, and i n fac t on e ca n 
show tha t thes e condition s ar e precisel y equivalen t t o th e summabilit y o f th e 
collection o f monomials (a¡tL)iezn-

Given anothe r sequenc e s  =  ( s1? . . . , sn) o f indeterminates an d a  sequenc e 
e = ( e i , . . . , en) o f positiv e integers , th e homomorphis m o f S T A-algebra s 
A((s)) — > ^ ( ( í ) ) j sj ^  *¿'\ makes A ( ( i ) ) int o a  fre e S T A((s))-module , with 
basis {tf1}, 0 < ij < Cj. By abuse of notation we denote the image of A((s)) byfqmjfmjfmgfd 

A((te)) . 

1 .4 Preliminaries on Differential Operators 

Let A : be a  commutativ e rin g an d le t A  b e a  commutativ e fc-algebra.  Give n 
A-modules M an d iV , w e us e th e followin g notation fo r th e actio n o f A  o n 
Homz(M, N): fo r a , 6 G  A, (j> G  Homz(M,iV) an d x  G  M, w e se t (a<f>b)(x) = 

a^(6ar) G  iV. 
Recall th e definitio n o f differentia l operator s (DOs ) ove r A  fro m M to N 

([EGA IV ] §16.8). Give n D G  Homz(M, TV ) and a G A, set [D,a ] := Da -aDe 

Homz(M, TV) . W e sa y tha t D  i s a  differentia l operato r o f orde r <  n  ove r 
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A, and denot e thi s b y ord^(Z?) <  n , i f fo r ai l a0 , • • •, an G  A  it hold s tha t 
[... [D, a0], •  - •, «n] = 0 . (We set ordx(O ) : = —1. ) If D i s fc-linear,  i t i s sai d t o 
be a  differentia l operato r relativ e t o k. Se t 

Di«nA/k(M,N) := {D G  Hom*(M, AT ) \ ovdA(D) < n} 

DiSA/k(M,NN) := U 
n 

DilFiA(M,iV). 

Evidently, fo r any n  >  0 , ord^Z?) <  n  if f ordA([D, a]) <n — l fo r every a  G  A. 
Let IA b e the kerne l o f the multiplicatio n map A®k A  — • A , a ® 6 i— • a&, an d 

define PnA/k : = A ® * A/J^+1 . Conside r VAjk a s an A-algebr a via the firs t factor : 
a n a g l , an d se t dn(a) : = 1  ® a (  mo d In+1A).  dn define s a  righ t A-modul e 
structure o n VnA/k. Given a n A-modul e M se t VnAjk(M) : = 7^/i b ®A Af. Th e 
map d^M  :  M —• VA/k(M), x i— • (1 ® 1) ® x, i s a  universa l differentia l operato r 
of orde r <  n ; fo r an y A-modul e N i t induce s a n isomorphis m 

RomA(V1/k(M),NN) 5 DiSnA/k(M,N) (1.4.1) 

If A  = k[i\ = k[t1,  . . . , <m] i s a  polynomia l ring the n IA i s generate d a s a n 
A ®f c A-modul e by <t - ® 1 — 1 ®ti, «i =  1 , . . . , m. Therefor e 

Pnkt/k = ++ 
0<t*i,...,tm<n 

k[t].dn(ti)(ti) (1.4.2) 

and thi s implie s 

Proposition 1.4.3 If A is a finitely generated k-algebra and M is a finitely 

generated A-module, then VA/k(M) is a finitely generated A-module. 

Proposition 1.4.4 Suppose that the k-algebra A admits an augmentation rj : 

A —> k, and let J =  ker (7/) be the augmentation ideal. Let M and N be A-

modules which are annihilated by Jm+1 and Jn+ 1 respectively. Then 

Differ (Af , N) =  Hom*(M, N). 

Proof W e have a  A:-modul e decomposition A =  k © J induce d by 77. Writ e an y 
a G A a s a  =  A  + x , A  G k, #  G  J. Le t D G  Homj.(M, N). Fo r an y a G  A on e 
has 

[£>, a] = [L>, A ] + [D , s] = [D, x] G  Horn*(M, AT). 

Choose arbitrar y a 0 , . . . , am+n G  A an d defin e Z? o := D, Z}t+ i • = [ A , «¿1- I f we 
write a ; =  Xi + Xi as above , w e also ge t Dj+ i =  [D,- , X j ] . S o for i  = m + n +  1 , 

Z)m+n+1 = . . . ± ( z i o . . . Xi.Dxij+1, ... xirn.) ± ... . 
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But eithe r j > n  or m  +  n - j - 1 >  m . Therefor e al l th e term s i n th e su m ar e 
0 an d Z?m+n+ 1 = 0 . Workin g backwards w e see that fo r al l z , 0 < i < m + n +1, 
Di G  Dif f^n-* ' (M, N) (cf . [EG A IV] prop. 16.8.8) . • 

The propositio n ha s a  noteworth y corollary : 

Corollary 1.4.5 Assume that k is a perfect field and that A is a local k-algebra. 
Then any short exact sequence of finite length A-modules can be split by a 
differential operator over A relative to k. 

Proof Le t m be th e maxima l idea l o f A an d le t K b e it s residu e field.  Sa y we 
are give n an exac t sequenc e 

0 - » M' — • M - » M" — • 0 

of finite  lengt h A-modules . The n thes e ar e A/m'-module s for sufficientl y larg e 
/. Sinc e K i s formally smoot h ove r k, ther e exist s a  fc-algebra  liftin g o f K int o 
A/ml (se e [Ma ] theorem 62) . Le t D : M" —• M b e an y X-linea r splittin g o f th e 
exact sequence . B y th e proposition , D i s a  differentia l operato r ove r A relativ e 
to K (an d henc e relativ e t o k). I n fact , i f m,+1M = 0  an d mj+lM" =  0 , the n 
ovdA(D) < i+ j . • 

The nex t propositio n i s probably wel l known, bu t fo r lac k o f suitable refer -
ence we supply a  proo f here . 

Proposition 1.4.6 Let M and N be A-modules, let D G  DiSA/k(M, N), and 
let J C  A  be an ideal. Then for every i > 0 

D(J(+nM) C  J{D{M) C  N. 

Proof I t suffice s t o chec k th e universa l D O d n :  A  — • VA/k. W e prov e b y 
induction o n i tha t d1^./""*"' ) C J ^ A / k - . Fo r *  = 0  there i s nothin g t o prove , so 
let i > 1 . Choos e a i , . . ., an+J - G J. Sinc e each of its factor s i s in IA th e produc t 
(1 ® a\ — a\ ® 1) • • • (1 ® an+i — an+t- ® 1) =  0  in VAjk. Expandin g thi s produc t 
we ge t 

dn(ai •  • • an+i) = 1  ® ai •  • •  an+t- G 
i 

E 
j=1 

Jidn(Jrn+,w). 

But b y th e inductio n hypothesi s dn ( Jn+{-j) C  J^VAM/k fo r 1  <  j < i. 

Suppose th e rin g k ha s characteristi c p ( a prime number) . Le t F  :  k —+ k b e 
the absolut e Frobeniu s homomorphism , F(A ) = \p . Defin e 

A(p/*> : = k ®kA, (1.4.7) 
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where k act s on the firs t facto r vi a F ; thu s 1 ® Xa = Xp ® a in A.(p/*) for al l A E & 

(see diagra m below ; cf . [II ] §2.1). Le t FA/k : A(p/k) - > A , A ® a h-> Aap, b e th e 
relative Frobeniu s homomorphism . W e make A^l^ int o a  fc-algebra  vi a A i—• A ® 
1. Henc e FA/k i s a  fc-algebra  homomorphis m an d it s imag e i s th e fc-subalgebra 
of A generate d b y {ap \ a E A}. Recursivel y defin e A(pn+1/V := (A^n'k^plk\ 
Observe tha t i f k i s a  perfec t fiel d the n th e homomorphis m W : a i-» 1 ® a i s 
a rin g isomorphis m A A^k\ Fo r A : = F D we simpl y writ e A^ instea d o f 
A(P/*). 

A W A(p/*) 
FA/k 

A 

F 
]fc •  k 

The nex t lemm a generahze s a  resul t o f Chase (se e [Ch ] lemma 3 . 3 ) . 

Lemma 1.4.8 Suppose k has characteristic p. Let M and N be A-modules and 
letDe Horn*(M , TV). 

a) If ovdA(D) < pn — 1 for some n > 0 then D is Aton№-linear. 

b) Assume that A is generated by r elements as an A^^ -a lgebra . If D is 
A^nIk^-linear for some n then ord A ̂ ^ ) <  r(pn — 1). 

Proof a ) Se t B : = A^n^k\ Fo r an y ra >  0 conside r th e homomorphis m o f B-
bimodules ip™ : V%/k —» VA/k induce d b y the fc-algebra  homomorphis m B —• A 
(the iteratio n o f the relativ e Frobenius) . I f t/>m factors throug h V^/k = B the n 
every D G  DiSA/k(M, N) ha s ovdB(D) = 0, i.e . i t i s B-linear . 

Set IA := ker( A ®i b A — • A) an d 7 5 : = ker (2? ®k B ^> B). No w 7 B is 
generated a s a  lef t B-modul e b y {6 ® 1 — 1 ® 6 | 6 G 5 } , and henc e b y element s 
of th e for m (1 ® a) ® 1 - 1 ® (1 ® a), a  G  A (writ e 6 = £  At - ® a; an d facto r ou t 
A,- G &). W e ge t 

V > m ( ( l ®  a) ®  1 - 1 ® (1 ® a)) =  apn ® 1 - 1 ® aPn =  ( a ®  1 - 1 ® afln 

so ipm(IB) C  IA^A/IC (idea l Power) . Takin g ra =  p n -  1 w e have IAVA/k = 0 
and ^ m factor s throug h V\jk. 

b) Sa y A  i s generate d a s a n A(p/k) -algebra b y a i , . . . ,ar . The n thes e element s 
also generat e A  a s a n A^nlk^-algebra fo r al l n > 0. Choos e n > 1 an d se t 
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I := r(pn - 1) , B := A^pn/k\ Th e idea l J : = ker( A ®# A — • A) is generate d a s 
a lef t A-modul e by {a{ ® 1 — 1  ® a J L i - Sinc e 

(a,- ® 1 - 1  ® ai)pn = a f ® 1  - 1  ® a f = 0 

we ge t J/+ 1 =  0 . Therefor e P'A/B =  A ®B A an d 

H o m B ( M , A 0 S H o m A ( A ® B M , i V ) 
S H o m A ( ^ / B ( M ) , i V ) 

- Diff'A/B(M,iV) . 

• 
As a n immediat e consequenc e o f the lemm a w e obtain : 

Theorem 1.4.9 Assume that k has characteristic p and that the relative Frobe-
nius homomorphism F A/k • A^k^ —• A is finite. Then for any pair of A-modules 
M and N 

OO 
T>iBA/k(M,N) = ( J HomA(,v*)(M, TV). 

n = 0 

This is the so-calle d j9-filtration on Dif f A/k(M, TV) , cf. [Wo] , proof o f theorem 
1. 

1 .5 Differential Properties of Semi-Topological Rings 

Throughout thi s sectio n A : is a  commutativ e semi-topologica l ring an d A  i s a 
commutative semi-topologica l fc-algebra.  Recal l tha t a  derivatio n o f degre e i 
of a  grade d rin g Q* = ® ^ L 0 f2 n i s a n additiv e homomorphis m d  :  Q* —• Q* 
of degre e i satisfyin g d(a(3) = d(a)(3 + (-l)8'l*lad(/? ) for al l a,/ ? 6  Q* with a 
homogeneous o f degree |a| . 

Definition 1.5.1 A differential graded (DG) semi-topological k-algebra is a 
graded k-algebra Q* = 0 ^ o n̂ (where k —• Q0), together with: 

i) A linear topology on each homogeneous component Qn, such that Q* with 
the direct sum topology is a semi-topological k-algebra. 

ii) A continuous k-derivation of degree 1  of Q* satisfying d 2 =  0 . 
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We denot e by STDGA(fc) th e category of semi-topological differentia l grade d 
algebras ove r fc, with th e obvious morphisms. 

Let TkA =  ® ^ - o TkA b e the tensor algebr a o f A considere d as a k-module. 
Put o n TkA = A ®k • • • ®k A (n times ) th e tensor produc t topolog y an d put on 
Tk A th e direct su m topology. Th e associativity o f the tensor produc t topolog y 
shows that TIA i s a semi-topological fc-algebra.  Therefor e A®k T£ A is a semi -
topological A-algebra (the multiplication is (ao®ai®- •  '®am)(&D®&i®- • '®&n) = 
(a06o®fli® • •  '®am®&i®• •  ' ® 6 n ) ) - Defin e a continuous fc-linear  homomorphism 
of degre e 1 , d :  a0 ® •  • • ® an i-> 1 ® a0 ® • • • ® an. 

Now le t £l*A/k =  A A ^ A / * b e the algebra o f differential form s ove r A relativ e 
to k, als o known as the de Rham complex , and let d be the exterior derivative . 
The map A®kTkA — • to*A/k given by a0®ai®- •  -®an *- > a0d(ai)A- • - Ad(an) i s a 
surjective A-algebr a homomorphism, sending d  to d. Pu t on Q\/k th e quotien t 
topology. Recal l the notation Aa , pa used in §1.2 for left an d right multiplicatio n 
by a e A. 

Lemma 1.5.2 £l*A/k is a differential graded semi-topological k-algebra. The 
homomorphism A —• £lA/k is an isomorphism of semi-topological k-algebras. 
The topology on £l\/k is the finest linear topology such that for every a € A the 
homomorphisms Xa o d, p^a) : A —• Sl\/k are continuous. 

Proof Accordin g to prop . 1.2.9 , Sl*A/k i s a  semi-topologica l fc-algebra.  Sinc e 
QA/k i s the quotien t o f A ®k TkA i t follow s tha t Sl*A/k i s the direc t su m of the 
ftA/k i n STMod(A). Th e continuity o f d is due to the continuity o f d. 

Now le t N b e th e modul e QA/k with an y linea r topolog y suc h tha t th e 
homomorphisms Aaod , p<i(a) ' A —* £l\/k ar e continuous. Thes e homomorphisms 
factor throug h A ®k A a s a' i— • a ® a' an d a' \—• a' ® a. B y lemma 1.2.1 2 
the homomorphis m A ®k A —• N i s continuous relativ e t o the tenso r produc t 
topology, s o the identity ma p Sl\/k —> N i s continuous. • 

Definition 1.5.3 The separated algebra of differentials of A relative to k is the 
semi-topological differential graded k-algebra 

Q*,sep 
lLA/k ResHO ResHO iseP 

oo 
++ 
n = 0 

Qn 
A/k 

sep 

(We ar e using th e fac t tha t th e functor M i— > Mse p commutes wit h infinit e 
direct sums , whic h is a consequenc e of prop. 1.1. 5 b) . ) 
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Proposition 1.5.4 The continuous derivation d  : A —• Çljyk has the following 

universal property: given any separated semi-topological A-module M, the map 

HomAcont(Q1,sep,M) Derk0cont (A,M) 

induced by d  is bijective. 

Proof Th e injectivit y i s tru e becaus e fi^p  i s generate d a s a n A-modul e 
by d(a) , a € A. Give n a  continuou s derivatio n D : A —> M, ther e i s a 
corresponding A-linea r homomorphis m (/> : £l\/k —• M. Fo r an y a E A , 
0 o A a o d =  A a o D : A —> M an d <f> o  pd^ = pr>(a) : A —• M ar e contin -
uous. B y lemma s 1.5. 2 an d 1.1. 1 i t follow s tha t (j> i s continuous . Bu t M i s 
separated, so </ > factors throug h f i ^ p . • 

By universality , A K-> fi^p  i s a  functo r STComAlg(fc) STDGA(fc). Give n 
a homomorphis m /  :  A — > B i n STComAlg(A:) we us e th e sam e nam e fo r th e 
induced DG A homomorphism . 

For n > 0  th e tenso r produc t topolog y on A ®f c A induce s a  topolog y on 
VnA/k = A ®k A/JJ+1 . Se t V%JlP : = (^/*)sep . Thi s i s a  semi-topologica l A-

algebra. Give n a  semi-topologica l A-modul e M se t V^JlP(M) := (V^/k ® A 

M)sep. 

Proposition 1.5.5 Let M be a semi-topological A-module and let n > 0 . TTie 
continuous differential operator of order < n, d ^ : M —• ^/jfcP(M) /&a s £/i e 
following universal property: given any separated semi-topological A-module N 

the map 

Homcrt 7}fi,sep 
yAlk 

(M) V) Differ [M,N) 

induced by d^ is bijective. 

Proof Thi s i s a  consequenc e of the universa l property o f V^j^M) an d lemm a 
1.2.12 (cf . previous proposition) . • 

For n = 1  we ge t a n isomorphis m o f semi-topological A-algebras 

T)l,sep Asep Ql,sep 
llA/k (1.5.6) 

the latte r bein g a  quotien t o f 11 Alk • The formul a i s d*(a ) = 1  ® a i-* a + d(a) . 

Definition 1.5.7 Let u : A —> B be a homomorphism in STComAlg(fc). We 

say that B is topologically smooth (resp. topologically étale) over A relative to 

k (or equivalently, u is topologically smooth relative to k, or u is smooth in 

STComAlg(fc), etc.) if, given any commutative diagram in STComAlg(A) 
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A 
f 

С 

и 
•g r 

B g Co 

with C and Co separated and n a surjection such that ker(7r) 2 =  0 , the homo­
morphism g : B —• Co can be lifted (resp. lifted uniquely) to a homomorphism 
g : B —+ C in STComAlg(A) whenever it can be lifted to a homomorphism 
~g.B-+ Cin STComAlg(A:). 

When thes e algebra s hav e discret e topologie s this definitio n coincide s wit h 
that o f formall y smoot h an d formall y étale algebras relativ e t o k (cf . [Ma] 
§30.A). Moreover , we have : 

Proposition 1.5.8 If B has the fine A-module topology and is formally smooth 
(resp. formally étale) over A relative to k for the discrete topologies, then it is 
also topologically smooth (resp. topologically étale). 

Proof An y A-algebra homomorphis m g : B —> C i s automaticall y continuou s 
(see prop . 1.2.4). • 

Proposition 1.5.9 a) (Transitivity of topological smoothness) Let A A  B 
A C be homomorphisms in STComAlg(&). If u and v are smooth (resp. 
étale) in STComAlg(fc), then so is v o u : A —» C'. 

b) (Base change) Let A —• B and A —> A' be homomorphisms in 
STComAlg(fc). If A —» A' is smooth (resp. étale) in STComAlg(A;), then 
so is B —• B ®A A1. 

Proof Jus t lik e th e proof s fo r formall y smoot h an d formall y étale homomor-
phisms (se e [Ma ] §28.E - 28. G) plus, i n par t b ) , the universa l propert y o f base 
change (cor . 1.2.18). • 

Lemma 1.5.10 Let u : A —+ B be a homomorphism in STComAlg(A:). Then u 
is smooth (resp. étale) in STComAlg(fc) iff the conditions of definition 1.5.7 are 
satisfied for all diagrams with ker(7r ) nilpotent (not necessarily of square 0). 
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Proof On e direction i s trivial. Fo r the othe r direction , suppose that u is smooth 
(resp. étale) and tha t w e ar e give n a  diagra m o f continuou s homomorphism s 
with 7Vn+ 1 = 0 , where N = ker(Tr). Fo r 1 <  i < n defin e d := (C/7Vt+1)sep (so 
Cn = C). Th e intermediat e diagram s involvin g 7r, - : Ct+i —• C, hav e ker(7r,) 2 = 
0, so g can b e lifte d (resp . uniquel y lifted ) ste p b y step . • 

The followin g theorem i s a n adaptatio n o f well known results to th e contex t 
of semi-topologica l rings. 

Theorem 1.5.11 Given a homomorphism A  —• B in STComAlg(fc) the follow­

ing are equivalent: 

i) B is topologically smooth (resp. topologically étale) over A relative to k. 

ii) For every separated semi-topological B-module N the natural map Der£on t 
(B,N) —* Der£ont(A, N) is surjective (resp. bijective). 

iii) The natural homomorphism (B (gu fî^p)sep — » ^B/k in STMod(E) has 

a left inverse (resp. is an isomorphism). 

iv) For every separated semi-topological B-module N, for every semi-topo­

logical A-module M and for every n > 0  the natural map D i f f^n t (B ®A 

M,N) —• D i f f ^ n t ( M , N) is surjective (resp. bijective). 

v) For every n > 0  the natural homomorphism (B ®A ^A/fcP)sep ^B/1P în 
STMod(J3) has a left inverse (resp. is an isomorphism). 

Proof 
ii) = ^ i) : Say we are give n the dat a of definition 1.5.7 and a  continuous fc-algebra 
lifting h : B —» C o f g. The n 6 := f — h : A —* N = ker(7r) i s a  continuou s 
/^-derivation. Le t 6 : B —> N be a n extensio n o f 6. Define g := h + 6 : B — • C; 
this i s a  continuou s A-algebr a liftin g o f g. Th e uniquenes s o f g comes from th e 
uniqueness o f 6. 

iii) =f r ii): W e first  observ e tha t (B ®A fi^p)sep  represent s De4°nt(A,iV ) fo r 
separated semi-topologica l S-module s N. So a n isomorphis m i n iii ) implie s 
a bijectio n i n ii) , an d a  lef t invers e allow s th e extensio n o f an y continuou s 
fc-derivation 6 : A —> N to a  derivatio n 6 : B —» N. 

iv) ii) : Trivial , tak e n = 1  and M =  A, an d mak e us e o f th e canonica l 
splitting o f Dercont Diff1,cont . 

v) = » iii): Trivial, tak e n = 1  and us e th e splittin g (1.5.6). 

v) = » iv): Use prop . 1.5.5 and formul a (1.2.13). 
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i) v ) : See [Sw], proof o f theorem 13.12. In [Sw ] the assumptio n i s that B i s a 
finite separabl e A-algebra , and ther e is no topology involved . Howeve r the sam e 
arguments ca n b e applie d t o ou r mor e genera l an d topologize d setup , becaus e 
the bimodule s P"'^ hav e th e appropriat e universa l properties . • 

Condition hi ) implie s tha t whe n A  —» B i s smoot h i n STComAlg(/:), th e 
canonical sequence 

0-+(B®A tï/pysep - > fi^p -> ÇÏffî -  0  (1.5.12 ) 

is split-exact i n STMod(JB). 

Corollary 1.5.13 If B is topologically étale over A relative to k then the nat­

ural homomorphism of semi-topological B-algebras (B (S)A ^A/*P)SEP "~* ^B/JT Ŝ 
an isomorphism. 

Proof B y the theore m w e have an isomorphis m in degrees < 1 . The homomor-
phism i s surjective becaus e fi^p  i s generated a s a  Bsep-algebra by f î ^ j ? . Since 

£l*B/k i s an exterio r algebr a th e B-linea r homomorphis m ftB/k—w^BJk ̂  (B®A 

^AfcY* induce s a  grade d J5-algebr a homomorphis m Q*B/k -> (B ® A ft^p)sep. 
By lemm a 1.2.12 this homomorphis m is continuous , s o i t passe s t o fi^p,  pro -
viding a  continuou s lef t invers e t o th e natura l homomorphism . • 

Corollary 1.5.14 (Cancellation) Let A A  B A C be homomorphisms in 

STComAlg(A:). If u and v ou are étale then so is v. 

Proof Us e conditio n hi) o f the theore m an d th e fac t tha t C ®B B = C. • 

If B happen s t o b e separated an d ^t*J^k happens t o b e a  fre e S T A-module, 
we hav e th e simpl e formula : 

(B ®A Qffî) -» = B ®A 0^p (1.5.15) 

and th e sam e fo r VAJlP. 

Definition 1.5.16 Let A be a ST k-algebra. If^i]^k is a finitely generated A-

module with the fine A-module topology, we say that A is differentially of finite 

type over k. If moreover fiA^p is free over A, its rank is called the differential 

degree of A over k. 
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Here ar e a  fe w examples o f topological smoothness . 

Example 1.5.17 Le t A G  STComAlg(fc) and le t t = (t1, ..., tn) b e a  sequenc e 
of indeterminates . Pu t o n A[t\ an d o n A[£,£_1 ] th e fine  A-modul e topologies. 
Then A[t\ —> A[tf , i s etale an d A —> A[t\ i s smooth in STComAlg(fc). I n fact , 

Ql , sep 
llA\t\/k 

sep sepA 
A A/k à 

,sep n 

i=1 
A[t]sepdti . 

(Of cours e k i s unimportan t here. ) 

A usefu l resul t is : 

Theorem 1.5.18 Let A G  STComAlg(fc). Assume that A is noetherian and dif­

ferentially of finite type over k. Given an ideal I C A, put on A  = lim<_n A/In 

the topology of lemma 1.2.19. Then A —• A is étale in STComAlg(fc). 

Proof Le t N be a separated S T A-module and le t 8 : A —» N be a continuous k-

derivation. The n 6 factors throug h som e finitely  generate d A-module M which 
we ma y assum e ha s th e fine  A-modul e topology. 

By prop . 1.4.6, for ever y n > 0  we get a  derivatio n 6n : A/Jn+1 - » M/InM. 

Since th e projectio n A—^A//n+ 1 is strict , 6n i s continuous . Passin g t o th e 
inverse limi t ther e i s a  continuou s derivatio n 6 : A —* M = A ® A M —> N (see 
cor. 1.2.21). Since N is separate d an d A  C A i s dens e (prop . 1.1.8), this 6 is 
unique. • 

Corollary 1.5.19 Let A be as in the theorem and let t = ( * i , . . . , * n ) be a 
sequence of indeterminates. Then A[t\ —• A[[t\] and A[t\ —> A((t)) are étale in 

STComAlg(Jfc). 

Proof Th e S T fc-algebra  A[t\ als o satisfie s th e assumption s o f th e theorem , 
so A[t\ —• A[[t\] i s étale. Now take n = 1 . By prop . 1.5.8 and lemm a 1.3.4, 
A[[t]] —» A((t)) i s étale, so b y transitivit y (prop . 1.5.9) A[t] —> A((t)) i s als o 
étale in STComAlg(fc). 

Therefore fo r ever y 1 <  i < n th e homomorphis m 

A ( ( * m , . . . ,«„))[«,- ] - + A((*i+1, . . . ,*„))((*,•) ) =  A( (* , - , . . . , tn)) 

is étale. By bas e chang e 

i4((ti.+1,...,tn))[t1,...,ti-] 

A((t,- , . . . , * „ ) ) ®A№,+1,...,tn))M A((U+U.. .,*„))[«!,.. .,*,•] 
= A((th, ...,tn))[tU...,ti-1] 
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is étale, and finall y b y transitivit y A[i\ —• A((t)) is als o étale in 
STComAlg(fc). • 

A fact t o b e use d late r is : 

Proposition 1.5.20 Let u : A —• B and f : B —• C be homomorphisms in 
STComAlg(fc), with u étale. Suppose C is separated, and consider it as a ST 
B-module via f. Let g : B —> C be a continuous DO over B relative to k, s.t. 
gou:A—> C is a ring homomorphism. Then g is also a ring homomorphism. 

Proof Fo r an y a , 6 G  B se t Da(b) := g(ab) — g(a)g(b). W e mus t sho w tha t 
Da(b) = 0. No w for an y a € B, Da : B —> C i s a  continuou s D O ove r B. Firs t 
fix som e a G  A. The n Du(a) o u = 0, an d b y th e uniquenes s o f extensio n o f 
DOs, Du(a) = 0. Nex t fi x som e b G B. B y symmetr y Di o  u = 0, an d agai n b y 
invoking uniquenes s w e ge t Di = 0. • 
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2 Topological Local Fields 

2 . 1 Definitions and Basic Properties 
In thi s sectio n w e defin e topologica l local fields  an d examin e thei r structure . 
The definitio n belo w i s due t o Parshi n (se e [Pal ] p. 697, [Pa3] §1 def. 1  and als o 
[Ka] part I I §3.1) . 

Definition 2.1.1 An n-dimensional local field is a field K, together with com­
plete discrete valuation rings (DVRs) 0\,..., On, such that: 

i) For i  =  1, . . . , n —  1, the residue field of Oi equals the fraction field of 
oi+1. 

ii) The fraction field of 0\ equals K. 

The fractio n field  (resp . residu e field)  o f Oi i s denote d b y ki-1  (resp. « j ). 
The numbe r n i s calle d th e dimensio n o f K an d i s denote d b y dim(iiT) . Fo r 
1 <  i < n th e fibred  produc t 0\ xKl • • • xKil Oi i s th e larges t subrin g o f K 
on whic h th e projectio n t o /c, - is defined . Le t O : = 0\ xKl •  • • xKn_1 On. Whe n 
dealing wit h a  fe w loca l fields  K, L,... w e wil l write 0\(K), 0\(L),... etc . 

Remark 2.1.2 Th e rin g O, bein g a  valuatio n ring , i s integrall y closed , bu t 
unless n =  1  it i s no t noetheria n (se e [CA ] ch. VI §1. 4 cor. 1  and §3. 6 prop. 9). 

Example 2.1.3 Le t F b e a  field  an d le t K := F((t)) b e th e field  o f Laurent 
series ove r F i n th e sequenc e o f indeterminates t = (t1, ..., tn) (se e §1.3) . The n 
K i s a n n-dimensiona l loca l field  wit h 

Oi = F ((ti + u...,tn))[[ti}} 
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K{ = F((t,-+i,...,tn)). 

By the Cohe n structure theorem ([Ma ] thm . 60) , this is the genera l situatio n 
in th e equa l characteristic s case , i.e . whe n cha r K =  cha r K\ =  . . . =  cha r KN 

(or equivalently , whe n O contain s a  field). 

Example 2.1,4 Le t p b e a  prim e numbe r an d conside r th e complet e D VR 
with p-adi c valuatio n A : = lim«_,-(Z/(p*))((t)) . Le t K b e th e fractio n field  o f 
A. The n K i s a  2-dimensiona l loca l field with Oi(K) = A an d m(K) =  Fp((t)) 

(where Fp := Z / ( p ) ) . 

Definition 2.1.5 Let K be an n-dimensional local field. A sequence a = 

( a ! , . . . , a n ) of elements of O is called a system of parameters (resp. a regu­

lar system of parameters) in K if for all i the image of a, - in Oi is a parameter 

(resp. a regular parameter) in this DVR. A subsequence ( a i , . . . , aj) of a system 

of parameters (a i , . . . ,an) is called an initial system of parameters of length j . 

Choose a  regula r syste m o f parameters a in K. Ever y a £ Kx (unit s o f K) 

can b e writte n uniquel y a s 

a = ua1 := ua% • •ainn 

with i  =  ( ¿ 1 , . . . ,in ) G  Zn an d u E  C?x . Thus a gives rise t o a n isomorphis m of 
ordered group s Kx/Ox ^  (Zn,lex) . 

Let L/Kbea, finite  extensio n o f fields.  The n an y structure o f n-dimensiona l 
local field  o n K extend s uniquel y t o on e o n L. Conversely , any n-dimensiona l 
local field  structur e o n L restrict s t o on e o n K. Thes e statement s follo w fro m 
repeated application s o f [CA ] ch. V I §8. 5 cor . 2 , an d §8. 1 lemm a 2  (cf . [Lo ] 
§1.2). 

Definition 2.1.6 A finite homomorphism of local fields between the n-dimen­

sional local fields K and L is a ring homomorphism f : K —> L such that 

[L : K] < oo and f respects the local field structures. 

Let /  :  K —• L b e a  finite  homomorphis m o f n-dimensiona l loca l fields. 
Then fo r every 1  <  i < n , Oi{L) i s a  free 0,(iir)-modul e o f finite  rank . On e ha s 
the followin g identity : 

[L: K] = [Kn(L) :  Kn(K)} e(L/K) (2.1.7 ) 

where 
e(L/K) -- \(L*IO{L)*) : (K*/0(Kr)} 

is the ramification index . 
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Definition 2.1.8 Let K and L be local fields of dimensions m and n, respec­
tively (m < n). A homomorphism of local fields f : K —> L is a ring homo­
morphism such that f(K) C  Oi(L) xK1(x ) • • •  x/Cn_m_1(x) On-m(L) and such that 
the induced homomorphism K — • /cn_m(L) in a finite homomorphism of local 
fields. Define d i m ( / ) =  dim(L/K) := n — m. 

Example 2.1.9 Le t F b e an y field  an d le t t b e a n indeterminate . The n th e 
inclusion F —• F((t)) i s a  homomorphis m o f dimension 1 . Le t K b e th e loca l 
field o f exampl e 2.1.4 . The n th e natura l homomorphis m Qp — • K i s not a 
homomorphism o f local fields,  becaus e Qp <f_ A =  0\(K). 

We shal l only be concerne d with loca l fields of equal characteristics . Fi x for 
the remainde r o f this sectio n a  perfec t field  k wit h th e discret e topology . 

Definition 2.1.10 A topological local field (TLF) over k is a field K, together 
with the following structures on it: 

i) A structure of an n-dimensional local field, for some n > 0 . 

ii) A ring homomorphism k — • 0(K). 

iii) A structure of a semi-topological ring. 

The two conditions below must be satisfied: 

a) lfn = 0 the topology on K is discrete and rank* : £llK/k < oo. 

b) If n > 0, then there is a topological local field over k of dimension 0, 
F, and an isomorphism K = F((t\,... ,tn) ) which respects the structures 
i),ii) and iii) above. Here F((t\,..., tn)) has the topology of definition 
1.3.7 and the local field structure of example 2.1.3. 

A morphism of topological local fields f : K —> L is a continuous k-algebra 
homomorphism which is also a homomorphism of local fields. 

An isomorphis m K = F({t\,..., tn)) a s i n conditio n b ) i s calle d a  par a -
metrization o f K. Th e conditio n rank ^ ttlF/k < o o (finitenes s o f differentia l 
degree) i s equivalen t t o tr.degj . F < oo i f char k =  0 . I f char k = p > 0  then i t 
is equivalent t o [F : F^] < oo . Note tha t give n a parametrizatio n K = F((t)) 
the topolog y o n K i s F^J-linear (se e prop. 1.2.23) . A  finite  morphis m o f TLFs 
is a  morphis m K —• L s.t . [L : K] < oo . Denot e th e categor y o f topological 
local fields  b y TLF(Jfc). 

37 



A. YEKUUEU 

Example 2.1.11 Le t if b e a TL F and let t = (t1, . . . , tn) b e a sequenc e of 
indeterminates. The n if ((f)) i s a topological local field (o f dimension d im(i f ) + 
n) an d if — • if((f)) i s a morphism i n TLF(k). 

Let i f b e a  topologica l loca l field  ove r k. Pu t topologie s o n Oi an d AC¿ 

such tha t th e canonical homomorphism s 0¡ <—• ki-1 and (9,— »K¿ become strict. 
Thus i f if =  F((ti,..., ¿n)) is a  parametrization , the n Oi =  F((ti+1,  . . . , tn)) 

[[ti]] an d Ki = F ( ( t ¿+ i , . . . ,¿n)) are homeomorphisms . B y prop. 1.3. 5 all these 
ST fc-algebras  ar e separated an d complete. 

Assume that cha r k =  p. Le t if be an n-dimensional loca l field over k, and let 
i f £  F((tu..., tn) ) be a parametrization. Le t d := rankF tilF/k. Th e field if(p/k) 
maps isomorphicaU y t o th e subfiel d F^k\(tpf)) := F ^ k \ ( t p u , . . . , < £ ) ) C  If . 
(See §1. 4 for the definitio n o f K^plk\) Choos e a p-basis u = ( t ¿ l 9 . . . , w¿) for F. 
Looking a t th e definition o f the topology on F((t)) w e see that 

0<«i,...,i'd ,ii,...,in <p 

F ( p / / j ) ( ( f ) ) u ¿ l i ^ F ( ( í ) ) (2.1.12) 

is a homeomorphism. I f we let if (p/fc) = F(p/k\(tp)) b e a parametrization, the n 
the relativ e Frobeniu s YK/U - K^P^K>J — » if become s a finite  morphis m o f TLFs. 
Iteration gives : 

Proposition 2.1.13 Let char k =  p and let if K £ TLF(fc). Then for any m > 0, 

the field i f (pmA) admits a unique structure of TLF over k s.t the iterated relative 

Frobenius map if (pm/fc) — » i f is a finite morphism in TLF(fc), and s.t. i f has 

the fine i f ( P M / F C ) -module topology. 

Theorem 2.1.14 Let char A: = p and let if G TLF(A;). Suppose M and N are 

semi-topological K-modules, with M having the fine K-module topology. Then 

any differential operator over K, D : M —• N is continuous. 

Proof Accordin g to thm. 1.4.9 applied t o A = K, D i s if K(pm)-linear for som e 
rn >  0 . Sinc e k ^ = fc, D i s eve n if (pm/*)-linear. No w by prop. 1.2. 9 c ), M 

has th e fine  i f (P™/^-module topology, so D i s continuous . 

Corollary 2.1.15 If char k =  p then fi^p has the fine K-module topology, the 

differential d is if(p/*)-linear, and 

Q*,sep rsj О* C^. O* C±í О* 
К Ik — llK/K(p/k) — 11 к/к — líK 

(the last denoting absolute differentials). 
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Proof Pu t o n ft*K/K(P/k) th e fine  i f (p/*)-module topology . I t i s a  separate d S T 
K-module an d d  i s continuous , s o WK/K{V/k) =  ^KJK^/^' . BUT BY lemma 1.4. 8 
a) ever y derivatio n o f K i s i f (p/*)-linear. • 

Corollary 2.1.16 Suppose cha r A: = p. Let K,L £ TLF(fc) and let K —» ResHOResHOResHOL be 
a continuous k-algebra homomorphism. Then L is topologically smooth over K 
relative to k iff L is a separable K-algebra. 

(See [Ma ] §27.D fo r a  definitio n o f separability. ) 

Proof B y the previou s corollary we can erase th e superscrip t "sep " in condition 
iii) o f thm. 1.5.11 . No w use [Ma ] theorems 6 6 and 62 . • 

The nex t theore m i s th e ke y to th e structur e o f topological loca l fields. 

Theorem 2.1.17 Let L be an n-dimensional local field, let K G  TLF(fc) be n-
dimensional, and let K —* L be a finite homomorphism of local fields. Put on L 
the fine K-module topology. Let A G  STComAlg(fc) be noetherian and differen­
tially of finite type over k, and let s = ( $ i , . . . , sm) be a sequence of indetermi­
nates (m < n). Suppose g : A[s\ — • L is a homomorphism in STComAlg(fc) such 
that g(A) G  Ox(L) xKl(L ) •  • •  x ^ , ^) Om(L) and ( # ( $ i ) , . . . ,g(sm)) is an initial 
system of parameters in L. Then g has a unique extension to a homomorphism 
g : A((s_)) — • L in STComAlg(fc). 

Proof W e us e inductio n o n m  whic h w e assum e i s a t leas t 1 . Choos e a 
parametrization K = F((t)) = F((ti,..., tn)) , an d a  regula r paramete r r\ 
of th e D V R 0\(L). Defin e sequence s o f indeterminates £  : = ( t2 , . . . ,tn) an d 
s! := (s2,...,sm) an d S T A:-algebra s B := A[s] an d B : = A((s '))[[$i]] . Fo r 
every i >  0  se t B{ := B/{s\+x) an d B{ := B/(s\+l). Pu t o n 0 i (L) / ( r j+1 ) 
the fine  F((f))-module topology . Sinc e O \{L) ha s th e fine  F((tf))[[£i]]-module 
topology, ther e i s a n isomorphis m o f S T ^-algebra s 0\(L) =  lim<_2-0i(L) / 
(r i+1) (se e prop. 1.2.20) . W e get induce d continuou s fc-algebra  homomorphism s 
9i:Bi-,Ol{L)l{r\+').^ 

Now fix  i > 0 . Th e B0-linear ma p 

$ : (B0)I+1 $ BIT * ( 6 o , . . . , M = E W 
/ /=0 

and it s invers e ar e continuou s DO s ove r B , b y prop . 1.4.4 . Similarl y fo r L: i f 
char & = 0  (resp . cha r A: = p), le t a :  Kx(L) 0 i ( L ) / ( r { + 1 ) b e an y F((£))-
algebra (resp . fc-algebra)  Ufting . Th e Ki(£)-linear map , wit h respec t t o a , 

* : m(L)w ^  Oi(L)/ ( r«+1) , * ( c o , . . . , c . ) = ResHOResHOE 
i/=0 
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and its inverse are continuous DOs over 0\ (L). In characteristic 0 the continuit y 
follows fro m th e F((t;))-Unearity . I n characteristi c p w e are usin g th e fac t tha t 
^ i s a  D O ove r F((f)) (o f orde r < i) an d thm . 2.1.14. In particula r a i s 
continuous. 

By inductio n o n ra,  g0 extends (uniquely ) t o a  homomorphis m go : J3o —• 
Ki(L) i n STComAlg(fc). Defin e /  :  Ê^> Ê00 & kx(L) A  0 i ( L ) / ( r { + 1 ) , an d 
consider Oi(L)/(r[+1) a s a  S T 5-modul e vi a / . Then * is 5-hnear . O n 
the othe r han d gi  is a  D O ove r B o f order < « , since [... [#,• , a 0 ] , . . . , a,](6) = 
9i(b) nj.=o (5t(AAI) - / K ) ) = 0  for an y a<>, ..., o>i E b , b e b{. 

For every 0 <  // , v < i there is a DO over B relativ e to fc, D^v : B0 —> K\K(L), 

such tha t 
[D^\ = tf"1 o  ft o  * :  B'0+1 - Kl(L)«'+1 

in matri x notation . Sinc e B —• B i s étale in STComAlg(fc), Dµ,v  extends t o a 
continuous D O Dµ, v : J90 — • K>I(L) ove r B. Puttin g th e D^U togethe r w e ge t a 
continuous D O ove r B 

& =  *  o [ Î U o S"1 :  Bi - » 0 1 ( L ) / ( R ' + I ) 

extending p,- . B y prop . 1.5.20, gi i s a  fc-algebra  homomorphism . Th e gi  form 
an invers e system . Passin g t o th e invers e limi t w e get g : B —• 0\(L), an d b y 
lemma 1.3.4 it extend s t o a  homomorphis m g : A((s)) —• L i n STComAlg(/:). 
The uniquenes s o f g is obvious . • 

Corollary 2.1.18 Let K —> L be a finite morphism in TLF(fc). Then the 

topology on L is the fine K-module topology. 

Proof Le t V b e th e field  L wit h th e fine  if-modul e topology . The n th e 
identity ma p h : V —> L i s continuous . Le t L = F((t)) b e a  parametrizatio n o f 
L, an d le t g : F[t\ —> V b e th e inclusion . B y the theore m ther e i s a  continuou s 
homomorphism g : L = F((t)) —• V extendin g g. Sinc e h o  p :  L — • L i s 
continuous an d ft o  g|F[t]| = hog, uniquenes s implie s that g is the identit y map . 
Therefore th e tw o topologies on L ar e equal . • 

Corollary 2.1.19 Let f : K —• L be a morphism in TLF(fc) of dimension n, let 

a =  ( a i , . . . , an) be an initial system of parameters in L and let s = ( $ i , . . . , sn) 

be a sequence of indeterminates. Then f extends uniquely to a finite morphism 

f : K((s)) L in TLF(fc) with f(s{) = a{. 
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Proof T o ge t /  appl y th e theore m t o /  :  K[s\ — • L. Le t e, - be th e orde r o f at-
in Oi(L). Fro m [CA ] ch. Il l §2.1 1 prop. 14 , used repeatedly , w e ge t 

[L : K((s))] =  e x • • • en[Kn(L) : K] < oo. 

• 
We se e that ever y morphism i n TLF(fc) factor s a s a  Laurent serie s morphis m 

(i.e. K —> K((s_))) followe d by a finite morphism . Thi s implie s that a  morphis m 
is, topologically , a stric t monomorphism . 

Corollary 2.1.20 Let K be a TLF and let f : K —• L be a finite field extension. 
Then L admits a unique structure of TLF such that f becomes a morphism in 
TLF(fc). 

Proof Sa y K ha s dimensio n n ; then L ha s a  unique structur e of rc-dimensional 
local field  extending tha t o f K. Pu t o n L th e fin e if-modul e topology . W e must 
exhibit a  parametrizatio n o f L. Choos e a fc-algebra  liftin g F =  Kn{L) O(L) 
and a  regula r syste m o f parameters t  i n it . B y thm. 2.1.1 7 we get a  continuou s 
A;-algebra homomorphism g : F((t)) —> L , which is in fact bijectiv e (cf . previou s 
cor.). Choos e a  parametrizatio n K = E((s)) an d le t h : K —> F((t)) b e th e 
finite morphis m extendin g g~l o  / l ^ y . Sinc e g o  h : K L i s continuou s 
we hav e g o  h =  / , s o i n fac t g i s a  homeomorphism , an d i t i s th e desire d 
parametrization. • 

Let LF(fc) b e th e categor y o f loca l fields  ove r fc,  i.e . th e object s hav e th e 
structures i ) an d ii ) o f def . 2.1.1 0 an d th e morphism s ar e th e homomorphism s 
which respec t thos e structures . Le t unt : TLF(A:) — > LF(A:) be th e functo r whic h 
forgets the topology . Th e behavior of this functor change s dramaticall y betwee n 
characteristic 0  and positiv e characteristics . 

Proposition 2.1.21 Suppose charf c =  p. Then the functor unt induces an 
equivalence between TLF(&) and the full subcategory of LF(fc) consisting of the 
fields K such that r a n k ^ f i } ^ <  oo . 

Proof Clearl y ever y suc h field  K G  LF(fc) lift s t o som e K € TLF(fc) (us e th e 
Cohen structur e theorem) . I t suffice s t o sho w that unt i s a  ful l functor . S o le t 
K,L e TLF(fc) an d le t /  : unt(A') — > unt(L) b e a  morphis m i n LF(fc). W e mus t 
show tha t /  i s continuous . 

First assum e tha t dim(A' ) <  dim(L ) and L = E((s)) fo r som e TL F E. Le t 
/,• : K —• E[s]/(st~^1) b e th e induce d homomorphism . B y inductio n o n th e 
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dimension w e kno w tha t f0:K-^ E is continuous , s o E i s a  S T if-modul e 
(via / 0 ) . Choos e i > 0  and le t \ £ :  Ei+1 ^ E[s]/(s{+*), * ( a 0 , . . . , a,-) =  £  ausu , 

which is an isomorphis m of ST ^-modules . Th e ma p D{ : = W-1 o/t- :  K —• Ei+l 

is a differential operato r ove r K (o f order <  t) , so by thm. 2.1.1 4 it i s continuous. 
Hence /, • i s continuous . No w pas s t o th e invers e limi t t o conclud e that /  i s 
continuous. 

If d im(i f ) =  dim(L ) write K = F((t)). The n b y th e discussio n abov e th e 
maps /, • : F[t]/(tt+1) —• E[s]/(st+1) ar e continuous , an d b y passing t o limit s s o 
i f / . • 

This i s no t th e cas e i n characteristi c 0 . I f cha r & = 0  an d K i s a  loca l field 
over k o f dimension >  2 , then K admit s differen t topologies . Equivalently , give n 
K G  TLF(fc), ther e exis t automorphism s o f unt(Tf) i n LF(fc) whic h aren' t con -
tinuous. Not e that thi s contradict s th e assertion s i n [Lo ] pp . 501-50 2 regardin g 
the uniquenes s o f the topology . 

Example 2.1.22 Suppos e cha r &  = 0 . Le t K := k((tut2)) G  TLF(fc), an d 
let {ua} b e a  transcendenc y basi s fo r k((t2)) ove r £(¿2) , s o £((¿2) ) i s separabl y 
algebraic ove r k(t2,{ua}). Choos e arbitrar y va G  &((*2))[[*i]] - The n ther e 
exists a  unique &(tf2)-algebr a lifting a : k((t2)) —> k((t2))[[ti]] suc h that a(ua) = 

ua + t\Va. Exten d i t t o a n automorphis m a o f K suc h tha t cr(t\) = t\. a i s a n 
automorphism o f unt (AT), bu t i t i s continuou s precisel y when al l th e va ar e 0 . 

To conclude this section we will show that the topolog y on a topological local 
field determine s it s loca l structure. Give n K G  TLF(fc), le t 7T j :  0(K) —» Ki(K) 

be th e canonica l continuous map s (O(K) ha s th e topolog y induce d fro m K). 

Lemma 2.1.23 Let K G  TLF(&) be n-dimensional. 

a) Let s be an indeterminate and put on Z  the discrete topology. If f : 

Z[[s]] — » K is a continuous ring homomorphism, then f(s) G  0(K) and 

TTn o f(s) =  0 . 

b) Let u and s be indeterminates and put on 7\u,u~l\ the discrete topology. 

Let f : Z[w^_1][ [5] ] — > K be a continuous ring homomorphism, with 

f(u) G  0(K). Then for every i, 0  <  i < n —  1, either 7rt - o / ( 5) =  0  or 

7Ti+1 o f(u) ^  0 . 

Proof a ) W e prov e b y inductio n o n i , i < n — 1, tha t 7r, - O / ( 5 ) G  Oi+1\ (K). 

Since limj -^oo^ =  0  i n Z[[s]] , w e ge t hmj_00(7T i o  f(s))j =  0  i n K{(K). N O W 

Ki(K) = L((t)) fo r som e TL F L , s o b y th e decompositio n (1.3.6 ) an d prop . 
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1.1.5 c ) i t follow s tha t m o f(s) £ Ow+1(K) = L[[t]]. Sinc e Kn(K) i s discret e i t 
must b e tha t 7r n o f(s) =  0 

b) Se t a : = 7r,- O f(s) an d b : = 7T,- o / ( i / ) . I f a ^  0  an d 7rt+i o  f(u) =  0 , the n 
b-^a G  ki(K) - Oi+1(K)  for h » 0 . No w lim ̂ o o f a " * * ) ' = 0  in Z ^ n " 1 ] [[*]] , 
so \imj^00(b~ha)j =  0  in Ki(K), whic h i s impossible b y prop . 1.1. 5 c ) . • 

Proposition 2.1.24 Let K £ TLF(&) be n-dimensional and let a =  ( a i , . . . , 
an) be a sequence of elements of K. Then a is a system of parameters in K 

iff there exists a continuous ring homomorphism Z ( ( £ ) ) = Z ( ( < i , . . . , tn)) — • K, 

ti i— • af . 

Proof Suppos e a  i s a  syste m o f parameters. B y thm . 2.1.1 7 there i s a  contin -
uous rin g homomorphis m Z ( ( £ ) ) —• K sendin g t{ i—• a,-. 

Conversely, suppos e suc h a  homomorphis m /  : Z((tf)) — » K exists . Tak e i , 
1 <  i < n , an d conside r th e continuou s rin g homomorphis m Z[[s]] — • Z ( ( £ ) ) , 

5 i—• t,- . B y lemm a 2.1.2 3 a) , a, - €  O(Jf ) an d 7rn(aj ) =  0 . Defin e li  to b e th e 
smallest numbe r suc h tha t ^ . ( a ; ) =  0 . No w take i < n —  1, an d conside r th e 
continuous rin g homomorphis m Z [ M , U U - 1 ] [ [ S ] ] —• Z ( ( £ ) ) , s H - • ti,  i / I—• ¿ ¿ + 1 . B y 
lemma 2.1.2 3 b ) , it follow s tha t / ¿ + 1 >  /, • + 1. Therefor e U = i an d a  i s a  syste m 
of parameters . • 

2 . 2 Clusters of TLFs and Base Change 

As befor e A : is a fixed perfect field.  I n this section we define a  category of algebra s 
CTLF(A:), whic h contain s TLF(fc) a s a  ful l subcategory . I n thi s ne w categor y 
there i s a  convenien t bas e chang e operation . Give n an artinia n fc-algebra  A le t 
A-ed : = A/(radical) . Sinc e k i s perfect , ther e exis t fc-algebra  lifting s A red — • A. 

Definition 2.2.1 A cluster of topological local fields overk is an artinian, com­

mutative semi-topological k-algebra A, together with a structure of a topological 

local field over k on each of its residue fields A/p, p £ Spe c A We require that 

there will exist some k-algebra lifting Are^ —• A, relative to which A has the fine 

Ared-module topology. 

A is called equidimensional if the TLFs A/p, p £ Spe c A, all have equal 

dimensions and equal differential degrees. 

A morphism f : A —> B of clusters of TLFs is a continuous k-algebra 

homomorphism such that for every q £ Spe c B lying over some p £ Spe c A, the 

induced map on residue fields A/p —• B/q is a morphism in TLF(fc). 
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Denote th e categor y o f cluster s o f TLF s b y CTLF(fc). Th e topolog y o n 
a cluste r o f TLF s A i s loca l wit h respec t t o SpecA , i.e . A = IIpespecA A> 
as S T rings . Thi s i s becaus e th e spectra l decompositio n i s multiplicatio n b y 
idempotents, a  continuou s operation . Sinc e Are d i s a  complet e separate d k-
algebra, s o i s A. 

The nex t propositio n show s tha t th e topolog y on A i s independen t o f th e 
lifting ATe<i —» A (provide d thi s liftin g i s continuous) . Give n a  morphis m /  : 
A — y B an d a  maxima l idea l q £  Speci? , le t d imq(/ ) : = dim(A /p —> B/q), 
where p : = f ^ i q ) i . W e say tha t /  i s finit e i f d imq(/) = 0  for al l q. 

Proposition 2.2.2 a ) Let r : ATed Abe a morphism in CTLF(fc) (i.e. a 
continuous lifting). Then A has the fine ATe&-module topology (via r). 

b) Let A —• B be a finite morphism in CTLF(fc). Then the topology on B is 
the fine A-module topology. 

c) Let A E  CTLF(fc) and let B be a finite A-algebra. Then there exists a 
unique structure of cluster of TLFs on B which makes A —• B into a 
morphism in CTLF(fc). 

Proof Thes e question s ar e loca l on SpecB , so we may assum e tha t Spe c B = 
{q} and Spec A = {p}. 

a) Se t K := A/p an d le t K = F((t)) b e a parametrization. Le t A! be the algebr a 
A wit h th e fin e if-modul e topolog y via r , an d le t h : A' —* A b e th e identit y 
map. W e must prov e tha t h i s a  homeomorphism . Sa y a : K —» A i s a  liftin g 
which determine s th e topology . Then i t suffice s t o prov e that h~x o  a : K —• A! 
is continuous . No w g := h~l o (r\p\t\ •  F[t\ —> A' i s a  D O ove r F[t\ (cf . proo f 
of thm . 2.1.17 ) s o i t extend s t o a  continuou s D O g : K —> A'. Bu t h o g i s 
continuous, s o h o g = a an d henc e h~l o a = g i s continuous . 

b) (Cf . proof o f cor. 2.1.18.) Le t a : K = A/p — » A b e a lifting whic h determine s 
the topology . Le t B' b e th e algebr a B wit h th e fin e if-modul e topolog y an d 
let h : B' —• B b e th e identit y map . A s in th e proo f o f thm. 2.1.1 7 there exist s 
some continuou s fc-algebra  liftin g r : L = B/q —• B'. No w h o  r : L —• B i s 
a morphism , s o b y par t a) , B ha s th e fin e L-modul e topolog y via h or. Thi s 
implies tha t h i s a  homeomorphism . 

c) Denot e th e homomorphis m A —> B b y / . Le t a : K = A/p — • Abe a  liftin g 
which define s th e topology . Put o n B th e fin e if-modul e topology , and pu t o n 
L = B/q th e uniqu e structur e o f TLF suc h tha t K —• L i s a  finit e morphis m 
in TLF(A;). I t remain s t o exhibi t a  liftin g r : L —> B suc h tha t B ha s th e fin e 
L-module topology. 
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Choose a  continuou s fc-algebra  liftin g r : L —• B a s before. Le t B' b e the 
algebra B wit h th e fine  L-modul e topology , so B' i s a cluste r o f TLFs. Le t 
ft : B' —• B b e the identity map . Choos e a parametrization K = F((t)). Th e 
D O g : = ft""1 o cr|F[t] :  F[t\ —• 2?' extends t o a  continuou s D O g : K —* Bir, 
and hio g = fio a : K —> B. Thu s g is a morphism , an d by part b ) ft is a 
homeomorphism. • 

Let k' be another perfec t field,  wit h discret e topology , and suppose ther e is 
a homomorphis m k —» k'. Thu s an y ST fc'-algebra  is also a  ST fc-algebra. 

Definition 2.2.3 Let A G  CTLF(fc) and let A! G CTLF(fc'). A finitely ramified 
homomorphism A —> A' is a continuous k-algebra homomorphism, such that 
for every p ' G Spec A' lying over some p G Spec A, the image of (A/p)x in the 
canonical valuation group (A'/p')x/O(A'/p')x is a subgroup of finite index. 

Theorem 2.2.4 (Finitely Ramified Base Change) Let f : A —• B be a mor­
phism in CTLF(fc), let A' G  CTLF(A;/) and let u : A —> Af be a finitely ramified 
homomorphism. Then there exists an algebra B' G  CTLF(A:/), a morphism 
f : A' —• B1 in CTLF(A:/) and a finitely ramified homomorphism v : B —> B', 
satisfying: 

i) dimq/(/ ' ) = d imq( / ) for every q ' G SpecB' lying over some q  G Spec!?, 
and the diagram below is commutative: 

в V B' 

f *$ 

A u A' 

ii) Suppose g' : A' —» C is a morphism in CTLF(fc') and w : B —> C is a 
finitely ramified homomorphism, such that wo f = g'o u and dimq/^ ') = 
dimq(/) for every q ' G SpecC" lying over some q  G Specl?. Then there 
exists a unique finite morphism hi : B1 —• C m  CTLF(A:/) st/c/ & tf/mtf  = 
h' o  /' an d w = h' o v. 

Proof W e can assume tha t Spe c A =  {p}, Spec A' =  {p'} and Spec B = { q } . 
Choose a  Uftin g a :  A /p —• A. Sa y d im( /) =  m  an d pic k 61 , . . . ,bm G  B 
such tha t thei r image s for m an initial system o f parameters b = ( 6 1 ? . . . , bm) in 
B /q . Le t s =  (s1, . . . , sm) b e a sequenc e o f indeterminates. A s in the proo f 
of prop . 2.2.2 , w e get a finite  morphis m (A /p ) ( ( s ) ) — • B, extendin g f oia 
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and sendin g 5, - \-+ 6,-. No w A((s)) = A ®A/P (A/p)((s)), givin g rise t o a  finit e 
morphism A((s)) —• B extendin g / . Ther e i s also a continuou s homomorphism 
u : A((s)) — • A ' ( ( s ) ) , whic h is finitel y ramified . Defin e 

B'EW:=B®AmA\(8))Re 

with th e uniqu e structur e o f CTLF to mak e A'((s)) —• B' a  finit e morphis m i n 
CTLF(A;'). Th e map s / ' an d v ar e th e obviou s ones . 

Suppose tha t a n algebr a C an d map s g ' , w ar e give n a s i n ii) . Le t q' E 
SpecC" be arbitrary, and se t p' : = ^/~1(q/) an d q : = w~l(q'). Le t b be a s before . 
We clai m that ( w ( & I ) , . . . ,w(6m)) i s an initia l syste m o f parameters i n C ' /q ' . I f 
d i m ( C ) =  m  thi s follow s directl y from prop . 2.1.24. Otherwise , recal l that u is 
finitely ramified , s o there is an elemen t a € A wit h u(a) a  parameter o f the D VR 
Oi(A'/p'). Fro m lemm a 2.1.2 3 b ) i t follow s tha t ( ( W ( & I ) , . . . , w{bm), g' o u(a)) 
is an initia l syste m o f parameters i n C'/q'. A s before we get a  finit e morphis m 
^4'(U)) — * Cq/ > Si \-> w(bi). Thu s a  morphis m B' — + C'q, exists , an d i t i s clearl y 
unique. • 

Example 2.2.5 Tak e A : = Jfe (t2), B := fc(t2)((<i)) an d A' := k((t2)) wit h th e 
standard homomorphisms . The n B' = k((t2))((ti)) =  A:((^i , ^i)) -

2.3 Differential Forms and Traces 
As befor e A : is a fixed perfect field with discrete topology. I n this section we show 
that t o eac h finit e morphis m K —• L i n TLF(&) ther e i s attache d a  canonica l 
trace ma p TT:L/K : f i ^ p —> ^ / T -

Lemma 2.3.1 Let K be a TLF over k. Then fi^p is a free ST K-module of 
finite rank. 

Proof Le t K =  -F((*i , . . . ,tn)) =  F((t)) b e a  parametrizatio n o f K. B y cor . 
1.5.19, F[t\ —• K i s topologicall y etal e relativ e t o k. B y conditio n a ) o f def . 
2.1.10, ^ j ^ / j f e i s a  finitely  generate d fre e F[^]-module . Sinc e K i s separated , 
and usin g cor . 1.5.13, w e get f i ^^ f =  K ®F[t] ^ F M / * -

Recall that i f char A; =  p  the n fi^* =  ^*K/k = P*k (cor - 2.1.15) . 
Given a  TL F K defin e th e differentia l logarith m ma p dlo g :  Kx — • f i ^ p, 

dlog(a) : = a_1da . Thi s i s a  homomorphis m of abelian groups , functoria l wit h 
respect t o continuou s fc-algebra  homomorphisms. 
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Proposition 2.3.2 There exists a unique functorial trace map, assigning to 
each finite morphism K —• L in TLF(fc) a map TTL/K ' ^I'/fc* ^*icjk> satisfy­
ing the following axioms: 

T l TIL/K^ is a homomorphism of semi-topological differential graded left 

lLK/k modules, of degree 0. 

T 2 TYL/K coincides with the field trace on 0l,seppm. 

T 3 TrL/K o  dlog = dlog o NL/K : Lx 0 l , s e p 
lLK/k • where NL/K is the field norm. 

(Cf. [Lo ] props. 2  and 4, and [Kul ] §2.3 Satz 1. ) 

Proof 1 ) Assume k ha s characteristi c 0 . Accordin g to cor . 2.1.18 an d prop . 
1.5.8 any finite  morphis m K —• L is topologically etale relativ e t o k. Therefor e 
^L/h - QK)ek ®K L. Le t TiL/K :  ML/k*sep -+ MK/k*sep be the MK/k*; sep -linear extensio n 
of th e field  trac e TrL/K : L —> K. Becaus e i t i s if-linear , TrL/K i s continuous . 
The functorialit y follow s fro m th e same propert y o f the field  trace . 

Choose an y finite  Galoi s extensio n g :  K — • M containin g L , and let H := 
HomAig(ir)(L,Af). B y cor. 2.1.20 we may assume tha t g is a finite  morphis m in 
TLF(fc). The n g :  ML/k*sep -+ MK/k*sep is injective, and 

9 0 TrL-/K = E 
hEH 

h : Q*,sep Q*,sep 
llL/k lLM/k (2.3.3) 

Since ho od = ho od and go NL/K =  UheH h : Lx MX, i t follow s tha t TIL/K 
commutes wit h d  and that axio m T 3 is satisfied . 

2) No w assume tha t k ha s characteristi c p. B y [Kul ] §2.3 Satz 1  there i s a 
functorial trac e ma p TYL/K ' &L M*K for any finite  extensio n K —> L. I t i s a 
homomorphism o f DG fi^-modules;  henc e i t i s continuous. Axio m T 2 follow s 
from [Kul ] (2.3.6) property d) . I n order to verify axiom T 3 we may assume (by 
transitivity) tha t L is either separabl e ove r if, or purely inseparabl e o f degree p. 
In th e first  cas e formul a (2.3.3 ) holds . I n the second case i t suffice s to consider 
ae Lx -Kx, an d by [Kul] (2.3.6 ) propert y e ) 

TTL/K O dlog(a) = a-pTr£/*(ap-Ma) = a~pd(ap) = dlog o NL/K(a) . (2.3.4 ) 

Remark 2.3.5 I n [Kul] E. Kunz proves the existence of a canonical trace map 
TTL/K - ^L/k —* ̂ K/k ^or any finite  extensio n o f fields  K —> L relativ e t o any 
base field  k. I n characteristic 0  the proo f i s like part 1 ) of prop. 2.3.2 , wherea s 
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in characteristi c p i t use s Tate' s trac e map , se e [Tal ] p . 401 . Fo r TLF s th e 
two trace map s TTL/K ar e compatibl e with the projection s £l*_/k —• $V^J\ (Th e 
author thank s R . Hiib l for referring hi m t o [Kul]. ) 

Remark 2.3.6 Th e multiplicative grou p Kx i s considered here t o be a  discrete 
group, an d th e sam e hold s fo r th e Milno r rin g K*K; se e remar k 1.3. 8 an d 
digression 2.4.25. Whe n dealing with loca l class field theory on e does topologize 
these group s appropriately ; th e reade r i s referre d t o [Pa3 ] §2 , [Ka] part I  §7. 1 
and [Kh ] §2.3 . 

Definition 2.3.7 Let K £ TLF(fc) with rank* fi^ p =  d. The dual module of 

K is the free semi-topological K-module of rank \, L>K ".= ^#/fc P-

The nam e i s explaine d b y th e nex t proposition . Firs t w e defin e th e trac e 
pairing 

L/K : Lx UJL 

mult 
wL 

TrL/K 
wK. (2.3.8) 

Proposition 2.3.9 The trace pairing is a perfect pairing of semi-topological 
K-modules, i.e. it induces isomorphisms UL = Komc£nt( L,U>K) and vice-versa. 

Proof I t suffice s t o sho w that Tr L/K i s non-zero, and w e may assum e K —> L 
is eithe r separabl e o r inseparabl e o f degre e p. I n th e separabl e cas e thi s i s 
well known . I f L = K\a] wit h a inseparabl e ove r K o f degree » , then choos e 

b1, ..., bd - 1 € K* such that a , b i , . . . , bd-\ i s a  »-basi s of L. The n 

T r x / ^ ( d l o g ( 6 1 ) A . . . A d log(6^x) A dlog(a)) 
= dlog^x) A ••• A dlog(6d _!) A dlog(a^) ^  0 

inu;*. (Cf. [Kul] (2.3.5)). 

Let CTLF r ed(&) b e th e ful l subcategor y o f CTLF(fc) consistin g o f reduce d 
algebras. I t i s a n eas y matte r t o exten d th e trac e functo r t o CTLFr ed(fc). Fo r 
A £ CTLFred(A:), w e have fi ^J? = FIpeSpecA ^(A/p)/fc- Give n a  finite  morphis m 
A —* 5 , th e trac e ma p i s define d locall y o n SpecB : 

TTB/A := E 
q|p 

Tfc(B/,)/(A/p) : 
Q*,sep Q*,sep 
lLB/kk~~* lLA/kk' (2.3.10) 

Set uA : = 0 p Gspec A UA/p, a  fre e S T A-module of rank 1 . The n th e trac e pairin g 
(—, —)B/A : B x UB —• VA i s a  perfec t pairin g o f ST A-modules. 

The nex t propositio n show s that th e trac e pairin g commute s wit h finitely 
ramified bas e chang e (cf . [Lo] lemma 5  iii) ). 
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Proposition 2.3.11 Let the data of theorem 2.2.4 be given, and assume that 
f is a finite morphism and the algebras A, A' and B are reduced. For every 
q' € Speci? ' denote the length of the artinian local ring Bfq, by l(Bq/) and 
denote by vq' the induced map B —• B'/q' = (Bfred)q'. Then 

u o TrB/A = TTB'TED/AF 0 E 
q' 

WWv'q . o*'seP —w 0*>seP • uB/k 11 A'/k" 

Proof W e may assum e tha t A, A', B ar e fields . No w B' = B ® A A'. I f A — • B 
is separabl e the n s o is A' — > B' an d l(Bqt) =  1  for al l q'. Al l traces appearin g 
are gotten by base change from the fiel d trace TTB/A :  B —• A, so equality holds. 

Next, assum e tha t B =  A[b]  with 6  inseparable o f degree p ove r A. The n 
Spec 5' =  { ? ' } , an d eithe r 11(6") g  A'W , i n whic h case / ( £ ' ) = 1 , 5 ' =  A'[v(b)] 
and TrjB//>l/(dlogoi;(6) ) =  wodlog(6p) ; o r u(bP) G A/(p), in which case l(B') =p, 
B[ed = A an d u  0  dlog(6p) =  0 . Agai n equahty holds . 

The genera l situatio n no w follows b y transitivity . 

2.4 Residues in Topological Local Fields; Topological 
Duality 

As befor e k i s a  fixed  perfec t field.  Give n K G  TLF(Jb), let K*K = © g 0 K{K 
be it s Milno r rin g (se e [Mi]) . A s mentione d earlie r (remar k 2.3.6) , K*K ha s 
the discret e topology . Fo r an y a i , . . . ,at - G  Kx, w e denot e th e correspondin g 
element (symbol ) i n K{K b y (au ..., a,-) . Le t n : = d im( i f ) . Fo r every 1 <  i < n 
there i s a  homomorphis m of abelian group s 

ord^ : = d o . •. o d : K{K - + K 0 / q ( # ) =  Z  (2.4.1 ) 
T 

where 5  :  K*if — • K*_IACX(IIR) is the ma p o f [BT ] prop . 4.5. I f v =  ( v i , . . . , vn) : 
iiTx — • (Z , lex) i s a  surjectiv e valuation , on e ha s ord iK ( a i , . . ., a,*) =  (—1)^ ) 
det[v/l(aI/)] (cf . [Lo] p. 501). 

Remark 2.4.2 Th e origina l definitio n o f 5 , namel y th e on e i n [Mi] , differs 
from tha t o f [BT ] by a  sign . W e chos e the latte r sinc e i t permit s Ox t o ac t 
from th e left. 

There i s a  canonica l homomorphis m of graded ring s (calle d the Tat e ma p 
on [Pa3 ] p . 166 ) dlo g :  K*K — • fi^/f,  extendin g th e differentia l logarith m 
dlog :  Kx — * O^Jk' Thu s d log(a l5 . . . , an) =  afMa i A  • • • A a~l&an. 
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The followin g important theore m i s du e t o Lomadz e ([Lo] thm. 1) . I t gen -
eralizes th e wel l known 1-dimensiona l cas e (se e [Se] ch. II no . 11 ) and Parshin' s 
result fo r 2-dimensiona l fields  ([Pal ] § 1 prop. 1) . W e present a n improve d ver -
sion, i n th e framewor k o f topological local fields. 

Theorem 2.4.3 Let k be a perfect field. There exists a unique functor Re s : 
TLF(fc)° Ab, such that Res K = M*,sepK/k for all K G TLF(fc), and satisfying the 

following axioms: 

R l Given a morphism K —> L in TLF(&), the map Res¿/# := Res(K —» L) : 
Q*,sep Q*,sep 
lLL/k -* lLK/k 

is a homomorphism of semi-topological differential graded 

left ML:k,sep -modules of degree —dim(L/K). 

R 2 If K —• L is a finite morphism then RZSL/K = Tr L/K-

R 3 If K —> L is a morphism of dimension n > 1 , then for any a i , . . . , an G Lx 

it holds that 

RZSL/K o d log(a l5 . . . , an) =  [/cn(L ) : K] o rd£(a l7 . . . , an). 

The proo f i s postpone d til l later i n thi s section . 
Observe tha t fo r L = K((t\,..., £„)) , axio m R3 yield s 

Resx/X(^1dtn A  . .. A tj-Mii) =  1  . 

Remark 2.4.4 Ou r residu e ma p ResL/K differ s fro m th e on e define d o n [Lo] 
p. 50 9 b y a  facto r o f (—1)^) , wher e n = dim(L/K). 

Let K —> L b e a  morphis m i n TLF(fc). W e cal l K —> L smoot h (resp . 
etale) i f i t i s s o i n STComAlg(A:). A  Lauren t serie s morphis m K —• K((t)) i s 
smooth. Thu s i f cha r A : = 0 , an y morphis m K —• L i s smooth , sinc e i t factor s 
as K —* K((t)) —• L wit h K((t)) — > L finite  separable . O n th e othe r hand , 
if cha r k = p , K — • L i s a  smoot h morphis m if f L  i s a  separabl e /^-algebr a 
(see cor . 2.1.16) . (On e ca n actuall y sho w tha t an y smoot h morphis m factor s 
as K —• K((t)) —> L wit h AT((i) ) — » L finite  separable. ) Give n a  smoot h 
morphism K —• L o f dimension n , an y sphttin g fi^p  — ^ i / / ^ © (jmjmq ®^ ̂ ) 
defines a n isomorphis m o f left S T grade d Msep,K/k-module s 

Q*,sep Q*,sep ^ Q*,sep 
11 L/k — LLK/k ®K 11 L/K • 

(2.4.5) 

This induce s a  canonica l homomorphis m o f left S T grade d ÍÍ^T^-modules 

Q*,sep 
11 L/k 

Q*,sep 
lLL/k 

Q*,s n*,sep ^ TjnQ*,sepjljljlf1678 
^jr/* ^N ^L/A: •JLMM1576 

n*,sep ^ TjnQ*,sep 
^ j r / * ^ N ^L/A: • 

(2.4.6) 
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Hence any map ft^p  —• ^x /T satisfying axiom s R l - R3 factor s throug h th e 
module o n the right han d sid e of (2.4.6), and thus is completely determined by 
its restrictio n t o ft^'JiT (if K —* L is  smoot h !). 

Note tha t b y formul a (2.4.6), Steffi ®K H n Q ^ i s a  D G ftsepK:k-module. 
Taking L = i f ( ( * i , . . . , tn)), th e action o f the exterior derivativ e d  on ft#/ep ®K 

RnÇt*K№)/K is given by: 

d(/J ® ìMlogU)) = d(/? ) ® fd log ( i) , (2.4.7) 

for /3 E Q*,sep 
K/k 

and i € Zn. Defin e a Tf-linea r map 

0n,sep 
K((t))/K К 

E í € Z « a . ^ d l o g d ) i - » a(0)...,o) . 
(2.4.8) 

An elementar y calculatio n (say , using prop . 1.3.5 an d lemma 1.3.9) show s that 
this map vanishes o n d(ft^1^5/i:), inducin g a  map ^n^sepfdsfK({t))/K K. Extend 
it t o a homomorphism of left f ^T-modu le s 

R>esK((t))/K,t ' 
0 * ' S E P 0 * ' S E P 
ìùK((t))/k ~* lLK/k (2.4.9) 

using (2.4.6). 

Definition 2.4.10 Let K —• L be a morphism of dimension n in TLF(fc) and 

let a = ( a i , . . . , an) be an initial system of parameters in L. Define 

ResL/K,a := ResK((a))/K,a oo TrL/K((a)) : Q*,sep Q*,sep 
11L/k ~^ lLK/k • 

Suppose K —> E is a finite morphism . The n ^l*E(^))/k — ^*E/k ®K ^*K({$)/K'> 

implying tha t 

Res^((1))/jR:)i o T±E{i£j)lK{i£ft =  T*E/K ° R&S E((Ì))/E£- (2.4.11) 

It immediat e fro m the definition tha t 

ReSK((t,s))/K,(t^ = ReS*K((s))/K,s 0 ReS* ((!,*))/* ((*)),! (2.4.12) 

where (£, £) : = (t1, . . . , s1? . . . ) is the concatenated sequence. 

If char k = p we have K((t))(p/k) = K((ff)) = # ( ( * ? , . . . , <£)), so 

Trj,(a))/i,((?))(dlog(l)) = dlog(f ) , 

and 
Trjf(ft))/j5r((?))(iidlog(i))=0 

if 0  < tj- < p  but i ^ ( 0 , . . . , 0) . Therefor e we get an equalit y 

RZSL/K,a = ReSx/AT,aP (2.4.13) 

for ever y initial syste m o f parameters a in L. 
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Lemma 2.4.14 The map Resi/K}a commutes with finitely ramified base ch­

ange: given K' G  TLF(fc') and a finitely ramified homomorphism u : K —• K', 

let K' —+ L' be the resulting morphism in CTLF(fc'). Then in the notation of 

thm. 2.2.4 and prop. 2.3.11 one has 

u o  Res L/K)a m 
q' 

KL'q')R*s(L'/<\,)/K'&0V<\' 
Q*,sep Q*,sep 
lLL/k lLK'/k' 

Proof I n vie w of prop. 2.3.11 it suffice s t o sho w tha t 

U 0 ReSK((a))/K,a = ReSA7((a))/A:',a ° V 

which i s immediat e fro m th e definitions . 

A homomorphis m o f fields  K —• L induce s a  homomorphism o f graded ring s 
K*K — • K*L , and thi s make s K*L int o a  lef t K*K-module. I f K —• L i s finite, 
there i s a  canonica l transfe r ma p N L / K :  K*L — • K*K, whic h satisfies : 

N L / K i s K*K-linear o f degree 0, 
N¿,/#(1) =  [L : K] an d NL/K|K1L is th e field  norm . 

(2.4.15) 

(see [BT ] p. 386 and [Ka ] §1.7 prop. 5). 
Now suppos e tha t K —• L i s a  finite  morphis m i n TLF(fc). The n accordin g 

to [Lo ] propositions 5 and 6 respectively w e hav e 

TrL/K o  dlog = dlog o NL/K : K*L - 0 $ ? (2.4.16) 

and 
ordì, o NL/K = [KÌ(L) : Ki(K)] ord ^ : K t L - > Z . (2.4.17) 

(Cf. als o our digressio n 2.4.25. ) Accordin g to [Lo ] lemm a 6  vii) b ), it hold s tha t 

Res^((a))/^a o dlog = ord£/(a)) : KnK((a)) -+ K. (2.4.18) 

Lemma 2.4.19 The map ResL/K,a satisfies axioms R I , R 2 and R 3 . 

Proof Axio m R 2 hold s by definition. T o verify axiom R l w e may assum e tha t 
L = K((*)) and a  = t; thi s i s becaus e o f proposition 2.3.2. The îî^^-linearity 
is buil t int o th e definition . A s fo r continuity , accordin g t o formul a (2.4.12) 
we ma y assum e tha t L = K((t)). No w use prop . 1.3.5. To se e tha t ResL/K,t 

commutes wit h d , i t suffice s t o loo k a t th e form s /3 A ^ -d log^), wit h /3 € ^*K/k-

For the m w e ca n us e formul a (2.4.7). 
Finally, t o prov e axio m R 3 w e consider th e diagra m 
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KnL 

dlog 

Mn,sep 
L/k 

TrL/K((a)) 

N i / i f ((a)) 
KnK((a)) 

dlog 

llK((a)) 

ReSK((a))/Kya ord? 

Z 

[Kn(L) : K] 

0ldK({a)) 

Z i f 

Looking a t formula s (2.4.16) , (2.4.17 ) an d (2.4.18 ) w e se e tha t th e thre e 
small diagram s commute . Bu t th e axio m is equivalent t o th e commutativit y of 
the oute r diagram . 

Proof (o f thm. 2.4.3 ) Firs t w e sho w th e uniquenes s o f th e residu e functor . 
Let i f — • L b e a  morphis m o f dimension n i n TLF(fc) an d le t a  b e a n initia l 
system o f parameters i n L o f length n . W e will show that ResL/K =  ResL/K,a-

By functorialit y an d axio m R2 w e ma y assum e tha t L =  i f ( (a ) ) . Usin g th e 
factorization (2.4.6 ) an d axio m R l i t suffice s to show that ResL/K(aLdlog(a)) = 

¿1,(0,...,o) fo r al l i G  Zn. Fo r i =  ( 0 , . . . , 0 ) thi s i s axio m R3 . I f cha r A: = 0 
we ar e done , sinc e w e ma y "integrate " ald\og(a) i f i ^  ( 0 , . . . , 0 ) , showin g 
it i s a  cocycle . I f cha r A: =  p w e ge t TiL^LiPj/K)(aLdlog(a)) =  0  whe n j i s 
large enoug h (tak e j s.t . i £ pjZn). No w apply functorialit y an d axio m R 2 t o 
K - L № -> L. 

To prov e existence i t suffice s t o sho w that Resx/^j £ = Res^ / / ^ fo r an y tw o 
initial system s o f parameters a an d b. Functorialit y i s the n a  consequenc e of 
formulas (2.4.11 ) an d (2.4.12) , an d w e alread y checke d tha t th e axiom s ar e 
satisfied. Th e initia l syste m o f parameters a ma y b e take n t o b e regular . Le t 
us conside r three cases : 

case 1  Th e ma p K —> Kn(L) i s a n isomorphism . The n L =  i f ( (a) ) . Sinc e 
the ma p Res L/K,b satisfie s th e axioms , th e uniquenes s proo f abov e (an d usin g 
formula (2.4.13 ) i n characteristi c p) tell s u s tha t Res£/#) £ = Res j r /^ . 

case 2  Th e ma p K — • nn{L) i s separable . The n ther e i s a  factorizatio n i f —• 
E L wit h E ft„(L).  Therefor e L =  E((a)) an d formul a (2.4.11 ) reduce s 
this to cas e 1 . 

case 3  Th e ma p i f Kn(L) i s purel y inseparabl e (an d cha r A : = p). (Cf . [Lo] 
lemma 8. ) Firs t not e tha t formul a (2.4.13 ) allow s u s t o assum e tha t i f — • L 
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is smooth : simpl y replace L wit h i f ^ a ) ) ^ ] fo r j sufficientl y large . Therefor e 
we nee d onl y compare the tw o maps restricte d t o fi £'/ifeP-

Let K b e th e field  i f mad e int o a  O-dimensiona l field  i n TLF(fc) (s o i t ha s 
the discret e topology ) an d le t L b e the field  L wit h th e TL F structure such that 
i f (GO) L ls a fixate morphism . Not e tha t th e origina l morphis m i f — • L i s 
then th e finitely  ramifie d bas e chang e obtaine d fro m K —> L an d K — • if . B y 
lemma 2.4.1 4 we can assum e tha t di m if =  0 . 

Now le t i f ' b e a n algebrai c closur e o f if , considere d a s a  O-dimensiona l 
field i n TLF(fc), an d le t if ' — • B' b e th e morphis m i n CTLF(fc) obtaine d b y 
finitely ramifie d bas e chang e fro m i f — • L an d i f — » if '. Agai n appealin g t o 
lemma 2.4.1 4 i t suffice s t o chec k that ReS(B'/q')/K',a =  Res{B'/<\')lK',b for  ever y 
q' G Spec Bf. Sinc e if ' i s algebraicall y close d w e are bac k t o cas e 1 . 

Corollary 2.4.20 There exists a unique functor Re s :  CTLFred(fc)° —> Ab ex­

tending Re s :  TLF(fc)° —• Ab, s.t. for any morphism A —• B, the residue map 

R z s B / A A : Q*/f£ —• Q*/f£ is (left) Q*Af£ -linear. 

Proof Def ine R e s B / A a : = £q|P Res(B/q)/(A/p). 

Definition 2.4.21 Let f A  — • J3 6 e a  morphism in CTLFred(&). The residue 

pairing is the map 

>B/A : B xuB 
mult 

wB 
ResB/A 

wA 

We ca n no w state ou r mai n resul t o n cluster s o f TLFs: 

Theorem 2.4.22 (Topological Duality) Let A —• B be a morphism in 

CTLFred(&). The residue pairing is a perfect pairing of semi-topological A-

modules. 

Proof W e ma y assum e tha t A an d B ar e fields.  Moreover , in vie w o f prop. 
2.3.9 w e may assum e tha t B — A((t)) — J4((*I, . .. , t „ )) with n > 1 . Se t f := 

( * 2 , . . - ,*n)- Give n 0 E  Hom^ont(£,u;A ) define, fo r ever y i E  Z, ^ : A((£)) 

^ A , qi(a) : = Ø (at 1-i) . By inductio n o n n  ther e exist s a  uniqu e ai E  ^ A((*')) 

representing 0, - with respec t t o th e pairin g (— , — )A((*'))M- Accordin g t o prop . 
1.2.22, a, - =  0  fo r i « 0 . The n a : = Z)»eza « A  tjdlog(ti) E  wB represents <̂>, 
and i t i s unique . 

Another importan t resul t is : (cf . [Lo ] thm. 1  iv)) 
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Theorem 2.4.23 (Smooth Finitely Ramified Base Change) Let f : A —> B be 

a morphism in CTLFred(&), let A' E  CTLFred(&) and let u : A —• A' be a finitely 

ramified homomorphism, topologically smooth relative to k. Let f : A! —• B' 

be the morphism in CTLF(&) gotten by finitely ramified base change and let 

v : B —• B' be the corresponding finitely ramified homomorphism (see thm. 

2.2.4)' Then B' is reduced, u : M*,sepA/K —> fiAf/£  is injective and the diagram 

below commutes: 

lLB/k 
V Q*,sep 

lùB'/k' 

ResB'/A' ResB/A 

11 A/k 
U Q*,sep 

A'/k' 

Proof W e may assum e tha t A , B an d A1 are fields . Fro m formul a (1.5.12 ) i t 
follows tha t M*,sepA'/k = fi>A**/A ®A ^A/k't so u ls inJective . 

Recall th e proo f o f thm . 2.2.4. Since u : A —• Af i s smoot h i n 
STComAlg(Jfc), s o ar e A[s] A'[s] -> A ' ( ( s ) ) (prop . 1.5.9 b) an d cor . 1.5.19). 
But A\s\ —> A((s)) i s étale, so b y diagra m chasin g i n def . 1.5.7 we se e tha t 
-4(( l)) —• A'((s))  is smooth i n STComAlg(A;) . B y cor . 2.1.16, if char A; = p, thi s 
implies that A ' ( ( s ) ) i s a  separabl e A((s))-algebra . I n characteristi c 0 separabil-
ity i s automatic. Therefor e Bf = B0A((s)) A'((s)) i s reduced, which means tha t 
l(B'qt) = 1  for al l q' E Spec B'. By lemma 2.4.14 the diagra m commutes . 

We sa w tha t i n characteristi c p th e topolog y o n loca l field s i s superfluou s 
(prop. 2.1.21) . Th e nex t exampl e show s that i n characteristi c 0  an d dimensio n 
> 2 , no t onl y ar e ther e man y topologie s on a  loca l field, ther e als o ar e man y 
residue maps , sinc e thes e depen d o n th e topology . Fi x a  fiel d K E  TLF(fc) 
and a  morphis m /  : unt(/i) — • L i n LF(fc), an d le t {fa : It —+ La} b e th e 
morphisms i n TLF(fc) i n th e fibr e ove r /  relativ e t o th e functo r unt. The n th e 

maps Ql/k^Q*L^k 
ResLa/K 

Q*,sep 
llK/k may chang e a s a varies . 

Example 2.4.24 Suppos e cha r k =  0 . Le t LT := k((tut2)) E  TLF(fc) an d le t 
o :  / ¿ ( ( ¿ 2 ) ) —> Lo be th e standar d morphism . Denot e b y L th e untopologize d 
local fiel d unt (2 / ) . Choos e a  transcendenc y basi s {ua} fo r £ ( ( ¿ 2 ) ) °ve r k(t2) 

and fi x som e u0 E  {ua}. Le t r  :  k((t2)) — • &((*2))[[*i] ] b e th e uniqu e k(t2)-

algebra liftin g suc h tha t r(u0 ) =  u0 +1\ an d r(ua) = ua, a ^  0 . Exten d i t t o 
an isomorphis m fc ((*i, ¿ 2 ) ) ^ L o f local fields by sending t\ »-> *i , and le t LT b e 
this new TLF . Th e ma p r  :  k((t2)) —> LT i s then a  morphis m i n TLF(&). 
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Consider th e for m (3 := *{"1d(i/ 0 + *i ) A t2ldt2 € £l*L/k (th e discrete , infinit e 
dimensional space) . Sinc e we have a  morphis m r  :  k((t2)) —• 2 / , i t follow s tha t 
d(uo+*i)Ad*2 =  r(du0Adt2) =  0  in ft*'^.  Therefor e /? = 0  and ResLr/k((3) =  0 . 

On th e othe r hand , i n ^Vfk w e hav e du0 A  dt2 =  a(du0 A  dt2) =  0 , s o 
/3 = fj-Mf i A  t2ldt2 an d ResWib(/? ) =  - 1 . 

Digression 2.4.25 I t i s possibl e to defin e a  residu e ma p i n Milno r K-theory . 
First on e ha s th e followin g result : Le t K —• L b e a  finite  homomorphis m of 
n-dimensional loca l fields  (def . 2.1.8) . The n fo r al l 1  <  i < n , 

N«,.WA,.W o  a l = &K o KL/K :  K*L -> K . . , - i 6 t - ( / i 0 - (2.4.26) 

Here 5) ^ = 5  o •. • o 9, s o 9} ^ |K,-A- =  ord^ . Th e proo f use s th e sam e idea s foun d 
in [BT ] ch. I  §5. 9 and [Ka ] §1.7. This generalize s prop . 3.1 o f [Kh]. 

Given a  morphis m K —> L i n LF(fc), defin e 

ResML/K:= Nkn(L)/K06nL:K*L K*-nKK*-nK (2.4.27) 

where n =  dim(L/K). Formul a (2.4.26 ) implie s tha t Res M : = ( K . ( - ) , 
Res^/_) i s a  functo r LF(fc)° —• Ab. I t i s no t har d t o verif y tha t dlo g :  ResM o 
unt — > Res i s a  natura l transformatio n o f functors o n TLF(fc)°. Thi s i s o f par-
ticular interes t i n characteristi c 0 , when on e takes into accoun t exampl e 2.4.2 4 
and th e precedin g discussion . 

Digression 2.4.28 W e may define a version of de Rham cohomolog y in TLF(fc) 
and ge t a Poincar é duality. Le t u s conside r th e easie r cas e o f a  morphis m 
K -> L = K((t)) = K((tu..., tn)). Se t Z*Q*L/K : = ker(d ) an d B*ti*L/K := 

im(d). I f cha r A: =  p ther e i s a  relativ e Cartie r operation , a n Z/p/K)-algebr a 
epimorphism CL/K - Z*fi£/#~~*^z ,(p/K)/tf w^ h kerne l B*Q,*L/K (se e [II ] §2.1) . 
Define Z\^l\iK : = Z*Q*L,K, B\Q*L,K := B*Q,*L,K an d b y recursio n 

Zi+1 = Zi+1 ML/K = C-1L/K(ZiML(p/K)/L) 

Bi+1 = Bi+1ML/K := C-1L/K(BiML(p/K)/K 

Then B* C  B * C  . . . C  B ? C  Z ? C . . . C  Z * C Z\. Se t Z*8 : = [\Z\ an d B ^ : = 
closure o f UB* in n j / ^ . Havin g don e so , we defin e 

H £ 7 ( L / t f ) : = 
H M*,sepL/K if cha r k =  0 
Z*8 
B*8 

if cha r k =  p 

56 



A CONSTRUCTION OF THE RESIDUE COMPLEX 

Then on e can show that 

H*,sepDR(L/K)=K okpk* 
n 

.1=1 
k •  dlog*,-

and tha t th e residue ma p induces a  perfect pairin g 

Hi,sepDR (L/K) × Hn-i,sepDR(l/K) Hn,sepDR L/K) 
Res L / i C 

K. 
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3 The Beilinson Conpletion Functors 

3.1 Definition of the Completions 
Let X b e a  noetheria n scheme . I n [Be ] A. Beilinso n define s sheave s o f adele s 
on X wit h value s i n an y quasi-coheren t sheaf . Th e "loca l factors" o f the adele s 
are th e completion s discussed in thi s section . 

Given a  subse t S C  X w e denote it s closur e by S~. I f x,y £ X ar e point s 
s.t. y i s a  specializatio n o f x, i.e . y £  {x}-,  we shal l indicat e thi s b y writin g 
x > y. 

Definition 3.1.1 Let n be a natural number. A chain of length n in X is a 
sequence £  = ( x o , . . . , xn) of points of X with X{ > xt-+ i for all i. If for every i, 
X{+i is an immediate specialization of Xi (i.e. cod im({x t+ i}~ , {x{}~) = 1), we 
call £ a saturated chain. 

Let.£ =  (#o , •  • •, # n ) b e a chain. A  face of £ is any subchain 77. Fo r any intege r 
i =  0 , . . . , ft,  the i-th fac e o f £ i s th e chai n da £ : = ( x 0 , . . . , x ,_i, x,+x , . . . , xn). 
We sa y tha t £  begin s wit h XQ and end s wit h xn. Formall y w e introduc e a 
chain 1  o f length —1 , and se t d0(x0 ) : = I . B y conventio n whenever w e writ e 
£ = ( x , . . . ) etc . or specify tha t a  chain £ is saturated, i t i s implied that £  ^ 1 . I f 
£ = (a ;o , . . . ,£n ) and 77 = (2/0? • • •, 2/m) are chains s.t. x n >  yo , their concatenation 
is defined to be the chai n £N/77 : = ( x 0 , . . . , xn, j/07 • • •, 2/m)- Fo r any chain £ define 
£ V 1 =  1 V £ : = £ . 

Let . M b e a n Ox-module . It s stal k a t th e poin t x £ X i s denote d b y A ^ . 
Let ma. £ C?x ,x be the maxima l ideal. I f M i s quasi-coherent the n for any i > 0 , 
Mx/m ^ Mx i s a  skyscrape r quasi-coheren t shea f supporte d o n {x}~. 

Definition 3.1.2 To each chain £ in X we associate an additive functor (—)^ : 
M H-> -M^ /rora tf/ie  category QCoh(X) of quasi-coherent sheaves on X to the 
category Ab of abelian groups, called the Beilinson completion along £. The 
definition is by recursion on the length o / £ . 
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a) For any quasi-coherent sheaf M set A4j _ := T(Xy M). 

b) Suppose £  =  ( z , . . . ) has length > 0 . 

i) Given a coherent sheaf M set M{ := Um_t-(A4x/mj.+1A4x)d0£-

ii) Let M be a quasi-coherent sheaf and let (Ma) be the direct system 
of its coherent subsheaves. Set Me := lima_>(.Ma)£. 

Let £  = (#o , • • • ? xn)> Fo r every i =  0 , . . . , n there is a natural transformatio n 
9,- : Mdit Me, called the i-t h fac e map. Thes e satisf y th e simplicia l relation s 
djdi = di-idj fo r al l i  >  j . Thu s fo r an y fac e 7 7 o f £ there i s a  wel l defined fac e 
transformation d : (—)v —> ( — l fn =  0  an d jVf i s coheren t the n .M^) 
is nothin g bu t th e mXo-adi c completion o f MXo. Whe n MXQ ha s finite  lengt h 
over th e loca l ring Ox)Xoi th e fac e ma p do : Md0t —> ME is bijective . Fo r th e 
structure shea f w e abbreviat e an d writ e Ox£ instea d o f (Ox)z-

The grou p M\ i s onl y an auxiliar y devic e introduced t o simplif y definition s 
and proofs . Completio n alon g a n actua l chai n £  =  (#0 , • • •, xn) (a s oppose d t o 
£ =  1 ) i s a  loca l proces s -  i t depend s onl y o n th e stalk s a t xn G  X. Thu s w e 
can replac e X wit h an y ope n subschem e U C  X whic h contain s xn. 

When convenient we shall consider the completio n M(XQ^^Xn) a s a  skyscrape r 
sheaf supporte d o n th e close d set {xn}~. (I t i s seldo m quasi-coheren t ! ) Doin g 
so th e completio n become s a  functo r (— )^ : QCoh(X) —• Mod(X) an d th e fac e 
maps d{ become C?x-linear . 

Consider th e prototypica l example : 

Example 3.1.3 Le t X : = A | =  Specfc[s,t] , th e affin e plan e ove r a  field  k. 
Take x : = (0) , y := (t) an d z : = (s , t) i n X , s o £ : = (# , 2/, z)  is a  saturated chai n 
of lengt h 2 . W e then hav e 

Охлш) = Kl (a , t ) , 
Охлш) = k(a,t),[[]]fq 
Охлш) = k(a,t[[t]]fqf 

Ох,,х,у) = K(«)((*)) , 
Охлш) = k(a,t[[t]]135 2 

Охлш)y,i = k(a,t[[t]]) 

Proposition 3.1.4 Fo r any chain £ ( 0 / length > 0) the functor (—)^ : 
QCoh(X) — • Ab is exact and commutes with direct limits. 

Proof Th e proo f i s b y inductio n o n th e lengt h o f £  =  ( x , . . . ) an d i s divide d 
into steps . W e may assum e tha t X i s affine , s o the functo r (—)j _ is exact . 
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1) Consider the functor (—)^ : Coh(X) —• Ab. To prove its exactness we modify 
the th e proo f fo r the usua l adi c completio n over a  noetheria n ring . Give n an 
exact sequenc e 

M* = (0 -> M' -+ M — M" —  0) 

in C o h ( X ) , defin e a n invers e syste m (A4*)Î€N? where Mi := Mx/m^Mx, 
M'l := - M ï / m j + ^ ï and M\ := im(M; , -> X , ) . Sinc e (-)do ^ i s exac t b y 
induction, w e get a n invers e syste m o f exact sequence s ( (M*)d0£ )»€N m Ab, 
and sinc e (Mi+1)d0ç —> ( - A ^ i W 1S surjectiv e fo r all i, we get an exact sequenc e 

0 -  Um(X;)do^ -> ME  M"(E-+ 0 . 

But by the Artin-Rees lemma the filtration  ( MxC)mx+ 1Mx )«€N on M'x is cofinal 
with th e mx-adi c filtration o n it. Therefor e lim«_t-(.MJ)doÉ —  M^. 

2) Now suppose lima ^ Ma = Af in Coh(X). Defin e M'a : = ker(Ma —> A O 

and M'â : = \m(Ma —» A O - The n lima _ M'a — 0; since the categor y Coh(X) 

is noetherian , fo r eac h a0 ther e exist s som e a\ > a0 suc h tha t im(.M'a o —• 
M'ai) = 0 . This implies that l im a_(wM'a)^ = 0  too. Becaus e (—)^ an d lim_> are 
exact functor s w e have lima->(Ma)t lim0f_>(A4,(i)^ . No w there exists som e a?o 
s-t. MZ0 ^ M"a^ M for all a > a0; therefore {M'^\ ^ ]ima^(M'^ ^  Mv 

3) Suppose w e are give n a  direc t syste m (Ma)aei i n QCoh(X), with hma_ , 
Ma = A/". Eac h A4 a is itsel f a  direc t limi t o f coherent sheaves ; sinc e direc t 
limits commut e w e may assume tha t al l Ma ar e coherent . Le t {Np)pç.j be 
the direc t syste m o f coherent subsheave s o f N. For each (a ,/3) G I x J le t 
A*,/? •'= A4a X/sNp, a  coheren t sheaf . Th e direct syste m (£a,£)(ar,/?)e/xJ i s a 
common refinemen t o f (Afa)ae/ an d ( A / ^ e j , an d by step 2) 

lim(Ma)E = lim(La,b)E = lim(NB)E 

4 ) Finally an y exact sequenc e M* i n QCoh(X) is a limi t o f some direct syste m 
of exac t sequence s Ma o f coherent sheaves . Sinc e (M*)ç = ]ima-+(Ma)ç it is 
exact. 

Just lik e for the adic completio n of a noetherian rin g we have: 

Corollary 3.1.5 For any chain £ in X (of length >0) there is a natural iso­

morphism of Ox-modules M$ = M ®ox ®X£- The Ox-module Ox£ is flat. 

Proposition 3.1.6 Let£ be a chain in X (of length > 0). Then the completion 

Ox£ ™ a commutative Ox-algebra. Given a quasi-coherent Ox-algebra B, the 

completion B$ is an Ox^-algebra. If B is coherent then B% is a noetherian ring. 
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Proof W e may assum e tha t X i s affine , s o Ox,i = T(X, Ox) i s a  noetheria n 
ring. Th e proo f i s by induction o n th e lengt h o f £ =  (x, . . . ). 

1) Fo r an y i > 0  set ft  : = (9x>/tnj.+1 . This i s a  quasi-coheren t C^-algebra . B y 
induction (ft )d0£ i s an ^x ,d0ra^Sebra. Moreover , since (ft )d0£ —  ft  ® ox Ox,d0£ 

is a  localizatio n o f a  quotien t o f th e noetheria n rin g Ox,d0^ ^  i s noetheria n 
too. Passin g t o th e invers e limi t w e conclud e that Ox,t =  l im^f t ^do^ 1S a n 
C?x,d0^-alget>ra. Accordin g t o [CA ] ch . Ill §2.1 0 cor. 5, this i s a  noetherian ring . 

2) Le t B b e an y quasi-coheren t (9x-algebra . B y corollar y 3.1.5 w e have ft = 
B®ox Ox,z- Th e right han d sid e exhibits ft  a s an C?x,£-algebra . I f B i s coheren t 
then ft  i s finite  ove r Oxt, s o i t i s noetherian . 

Given a  chai n £  =  ( # , . . . ) w e shal l writ e &(£ ) := k(x)^ an d mE  : = (m*)^ 
Thus mE C Ox,z i s a n idea l an d Ox^/ra^ = &(£). 

Let /  :  X —> Y b e a  finite  morphis m o f noetheria n schemes . I f y G  Y 

and x G  f-1(y),  that i s i f x lie s ove r y , we shal l writ e x\y. Thi s standar d 
notation ca n b e extende d t o chains : give n chain s rj = ( y 0 , • • • ,2/n) i n ^  an d 
£ = (XQ, . . ., #n) i n X s.t . si |yi fo r al l i , we shall writ e £ | 7 / . 

Proposition 3.1.7 Letf f : X Y be a finite morphism of noetherian sche­

mes, let M, G  QCoh(X) and let rj be a chain in Y. Then there is a natural 

isomorphism {f^M.)^ — S ^ A ^ -

Proof Th e proo f i s b y inductio n o n th e lengt h o f rj. T o star t th e inductio n 
note tha t ( / * A f ) ^ = M\. Sa y r/ =  ( y , . . . ) . Firs t assum e tha t A4 is coher -
ent. The n f*M i s als o coheren t an d th e tw o invers e system s i n QCoh(y): 
(®x\yf*(Mx/mi+1Mx))i€nen an d ((f,M)y/my+1(f.M)y)i€nen ar e equivalent . B y 
induction w e have fo r al l i > 0  and al l x\y: 

h(Mx/K+1Mx)dondo 
«'|do»J 

{M./m?lMx)(.e' 

Therefore 
(ftM)n = lim i ((f.MM)9/m»1(f.M)yUn 

= lim i(Ox -|yf* (Mx/mxi + 1 Mx)) 
do»/ 

= x|y exìvee\dBn^^i(Mx/K+1Mx)e 
= E|n ME.s 

Now le t X  b e quasi-coherent . The n ever y coheren t subshea f M'a C  f*M 

is containe d i n f*J\fp fo r som e coherent Js[p C A4 . Accordin g t o prop . 3.1. 4 w e 
have ( / J W ) ^ 0 , . „ A ^ . 
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From here to the en d of §3.1 we assume tha t X i s a scheme of finite type over 
some noetheria n rin g k. Le t Ai an d Af b e C?x-module s and le t D : Ai —> Af 
be a  ^-linea r shea f homomorphism . D i s calle d a  differentia l operato r (DO ) of 
order <  d (relativ e t o A; ) if the followin g holds : fo r ever y ope n se t U C  X th e 
homomorphism D : T(U, Ai) —• T(U,Af) i s a  differentia l operato r o f order <  d 
over th e Ar-algebr a T(U,Ox). Th e se t o f all operator s o f order <  d i s denote d 
by Difix/k{M,AfN), an d takin g th e unio n ove r all d > 0  we get DiffX x/k(A4,Af). 
The compositio n of differentia l operator s i s agai n a  differentia l operator , o f a 
higher order . Differentia l operator s o f order <  d ar e represente d b y th e shea f 
of principa l part s o f order d , Vx/k(Ai) = Vx/k ®ox Ai; tha t i s t o say , there i s 
a canonica l isomorphism 

Di$dx/k(M,Af) £ Komx{Vx/k(M),AfNN) . 

(For mor e detail s se e [EG A IV] §16.8 and §1. 4 here.) 

Definition 3.1.8 a ) Let A be a commutative k-algebra and let M and N 
be A-modules. A locally differential operator over A, relative to k, is 
a k-linear homomorphism D : M —> N s.t. for every finitely generated 
A-submodule M' C  M, D\M> is a differential operator over A. 

b) Let Ai and Af be Ox-modules and let D : Ai Af be a k-linear sheaf 
homomorphism. We call D a locally differential operator (relative to k) if 
for every open subset U C  X the homomorphism D :  T(?7, A4) —• T(U,Af) 
is a locally differential operator over T(?7 , Ox)-

If AA i s coheren t the n an y locall y differentia l operato r i s actuall y a  differ -
ential operato r (becaus e X i s noetherian) . Th e usag e o f the adver b "locally " 
is confusing , sinc e i t ha s nothin g t o d o wit h th e topolog y o f X\ howeve r this 
usage i s commo n i n representatio n theory . 

Lemma 3.1.9 a ) Let AA a coherent sheaf let Af be a quasi-coherent sheaf 
and let D £ DiffX/k(Ai,AfN). Then im(D ) is contained in some coherent 
subsheaf of Af. 

b) The composition of two locally differential operators is again a locally 
differential operator. 

Proof a ) Sinc e X i s o f finite  typ e ove r k th e shea f Vxik{AA) i s coheren t (cf . 
[EGA IV ] prop . 16.8.6) . I f <t> : Vdx/k(M) -+ Af represent s D the n im(D ) C 
im(^) . (I n fac t i m ( 0 ) i s th e Ox-submodul e of Af generated b y im(D) . ) 
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b) Give n quasi-coherent sheave s £, M an d A/* , and locall y differentia l operator s 
CDD MENN w e have t o sho w that 2? o D i s a  locall y differentia l operato r a s 
well. Le t £ C  C b e a  coheren t subsheaf . The n D|£ / i s a  differentia l operator . 
By th e precedin g lemma, \m(D) C  M! fo r some coherent M! C  M. Sinc e 2 ? ^ / 
is a  differentia l operator , s o is E o  D\c =  î U* ' 0  D\c- • 

Proposition 3.1.10 Let M and Af be quasi-coherent sheaves on X and let f 
be a chain in X. Any locally differential operator (relative to k) D :  AA —> Af 
extends to a locally differential operator over Ox& D$ ' Ad$ — • A/$. If D is has 
order < d, then so does D$. The assignment D i—• D% is functorial. 

Proof Th e proo f i s b y inductio n o n th e lengt h o f £ =  ( x , . . . ) . Fo r £  =  1  th e 
statement i s trivial . 

1) Assum e M i s coherent . Accordin g t o lemm a 3.1. 9 a ) ther e i s a  coheren t 
subsheaf A/ 7 C  Af suc h tha t D factor s throug h A/7 . Thu s w e ma y assum e Af 
to b e coheren t too . Le t d b e th e orde r o f D. Accordin g t o prop . 1.4.6 , fo r 
any intege r i > 0  w e have D(mx+MA4X) C  itiJ.+1A4 > so ther e ar e wel l define d 
differential operator s 

Di: Mx/m?d+1Mx - M/<+1Mx . 

Upon applyin g ( - ) M w e get : 

( A W :  (Mx/̂ d+1Mx)Mdoe (Nx/mxi+1M 

which has orde r <  d too. Passin g t o th e invers e limit i n i we obtain De  : Ad{ —> 
A/£. I f E : Af — * £ i s anothe r locall y D O the n thes e consideration s sho w tha t 
( E o D ) E = E v o D v 

2) Nex t assum e Ad i s quasi-coherent , an d le t (Aia) b e th e collectio n o f it s 
coherent subsheaves. Th e functoriality o f De on coherent sheaves shows that th e 
differential operator s D$ : (Ada)z — • A^ patch togethe r t o a  locall y differentia l 
operator D$ :  Ad^ —» Af$. • 

3.2 Topologizing the Completions 
In thi s sectio n X i s a  schem e o f finit e typ e ove r a  noetheria n rin g k. W e 
introduce a  canonica l linear topolog y o n the Beilinso n completions M$. Recal l 
that th e categor y TopAb of linearly topologize d abelia n group s i s additiv e an d 
has direc t an d invers e limits (se e §1.1). Repeatin g definition 3.1.2 , but thi s tim e 
with TopAb instead o f Ab, we get 
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Definition 3.2.1 To each chain £ in X, we associate an additive functor (—)^ : 
QCoh(AT) — • TopAb. The definition is by recursion on the length of E. 

a) For any quasi-coherent sheaf Ai set Ai\ := T(X,Ai) with the discrete 
topology. 

b) Suppose £ = (£,...) has length > 0 . 

i) Given a coherent sheaf Ai, set Ai$ : = h m ^ A ^ / m ^ A ^ ) ^ in 
TopAb. 

ii) Let Ai be a quasi-coherent sheaf and let (Aia) be the direct system 
of its coherent subsheaves. Set Af f : = lim a_(Afa)£ in TopAb. 

Forgetting th e topolog y w e recove r definitio n 3.1.2 . Thu s th e completio n 
Adz ha s man y facets : a  discret e abelia n group , a  linearl y topologize d abelia n 
group, o r a n Ox-module . Ther e wil l be eve n mor e facet s t o Af^ , al l dependin g 
on context . 

Say £  ha s lengt h n > 0 . Th e fac e map s d{ : M&£ — > Af ,̂ 0  <  i < n , ar e 
continuous. Late r i n thi s sectio n w e shal l see tha t fo r i =  n , d{ is a  dens e map , 
and fo r i = 0  i t i s strict . A  specia l instanc e o f this i s k(t) k((t)) (dense ) an d 

*[[']] ^  *((<) ) (strict) . 
The nex t tw o proposition s ar e prove d jus t lik e thei r counterpart s i n §3.1 , 

using th e recursiv e definitio n o f the topology . 

Proposition 3.2.2 Let Ai and Af be quasi-coherent sheaves and let D : Ai —• 
Af be a locally differential operator. Then the induced operator De of prop. 
3.1.10 is continuous. 

Proposition 3.2.3 Let f : X —» Y be a finite morphism, let Ai be a quasi-
coherent sheaf on X and let 77 be a chain in Y. Then the isomorphism (/*Af)T? == 
0 ^ Ai% of prop. 3.1.7 is a homeomorphism. 

Recall th e definitio n o f semi-topological (ST ) ring s an d module s fro m §1.2 . 
We pu t o n th e bas e rin g k th e discret e topology . 

Proposition 3.2.4 Let £ be a chain in X. The completion Ox£ is a semi-
topological k-algebra. Given a quasi-coherent Ox-module Ai, the completion 
Ai$ is a semi-topological Ox^-module. Given a quasi-coherent Ox-algebra B, 
the completion B$ is a semi-topological Ox,e-algebra. 

Proof Th e propositio n amount s t o th e followin g statement : give n a n O x -
bilinear pairin g (— , —) :  C x Ai Af o f quasi-coheren t sheaves , th e pairin g 
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( — ) E : C$ x  Me  —• A/$ obtained b y tensorin g wit h Ox£ ha s th e propert y 
that (a , — ) :  jVl^ —• A/£ is continuou s fo r al l a  €  >Q . Th e statemen t i s trivia l 
for £  =  1 , s o we can us e inductio n o n length . 

By th e definitio n o f the topolog y on e may assum e tha t al l thre e sheave s ar e 
coherent. Sa y £  = ( # , . . . ) . Fo r ever y i > 0  there i s a  pairin g 

( £ x / m l + 1 £ x ) d 0 £ x (MX/K+1MX)M - Nx/m:ieiNXdoe• 

By inductio n fo r ever y a E  C% th e homomorphis m 

<a,-> : (Mx/mi+ixMx)doE (Nx/mxi+1Nx)doEsgdf 

is continuous , an d passin g t o th e invers e limi t show s that (a , — ) :  M$ — » A/$ i s 
continuous too . 

In thi s wa y w e ge t a  functo r (— )^ : QCoh(X) — • STMod(Ox^), th e latte r 
being th e categor y o f ST C?x,£-module s and continuou s homomorphisms . Th e 
topology o n th e completio n M$ i s describe d below . 

In §1. 2 it wa s shown that a  module M ove r a ST ring A ha s a  finest  topolog y 
with respec t t o whic h i t become s a S T module . Thi s topolog y wa s calle d th e 
fine A-modul e topology . Suppos e AO C  A i s a  subrin g s.t . M ha s a  basi s o f 
neighborhoods o f 0  consistin g o f AO-submodules ; then w e sa y tha t M ha s a n 
AO-linear topology . 

Proposition 3.2.5 Let £ be a chain in X and let M be a quasi-coherent sheaf. 

a) The topology on ME is the fine Ox^-module topology. 

b) Suppose £  = ( . . . ,  y ); then the topology on M,^ is Ox,(y)-linear, and hence 
also k-linear. 

Proof a ) Th e proo f i s b y inductio n o n th e lengt h o f £ . Th e statemen t i s 
trivial fo r £  =  1 sinc e th e discret e topolog y i s th e fine  topolog y ove r a  discret e 
ring. Sa y £  =  ( # , . - . ) . Firs t assum e M i s coherent . Replac e X wit h a  smal l 
enough neighborhoo d o f £  t o ge t a  surjectio n Orx—»M. Fo r ever y i > 0  w e 
have a  surjectio n (OX,x/mxi+1Ox,x)rdoE  (Mw/mxi+1Mx)doE in STMod(Ox,d0e)-
By inductio n bot h module s hav e th e fine  C?x ,d0^-module topology , s o b y cor . 
1.2.8 thi s i s a  stric t epimorphism . Passin g t o th e invers e limi t i n i an d usin g 
prop. 1.1. 6 (cf . also the proo f o f prop. 3.1.4) we see that OvXi—»M^ i s strict, so 
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b) Al l the limitin g processe s occurring in def . 3.2.1 involve Ox^j-niodules with 
0x,(j/)-linear topologie s and therefor e remai n withi n thi s subcategor y of TopAb 
(cf .prop. 1.2.23). • 

The tenso r produc t o f ST A-module s admits a  canonica l topology (se e def . 
1.2.11). By prop. 3.2.5 and cor . 1.2.15 we have: 

Corollary 3.2.6 a) If X is affine then for any quasi-coherent sheaf M and 

any chain f , M$ = Ox,t Ox, 1 M\ as STOOx^-modules. 

b) If rj is a face o / f of length > 0 then M$ = Ox£ ®ox,v M^ as ST Ox,ç-

modules. 

Recall th e notio n o f a topologicall y étale homomorphism relative t o k, in -
troduced i n §1.5. 

Proposition 3.2.7 Assume X — Spec^l is affine and let £ be a chain in it. 

Then Ox£ is topologically étale over Ox,\ = A, relative to k. 

Proof Th e proo f i s b y inductio n o n th e lengt h o f £; if £ =  1  the statemen t 
is trivial . Sa y f  = ( x , . . . ) . Define B := (Ox,x)d0z — ®x,x ®A OxAoZ and let 

/ := (m*W C B. The n fo r a U i > 0 we have B/P+1 S (0XlX/ K+1)doe as S T 
Ox,d0ralgebras (al l hav e th e fine  Ox,d0ç-mod\ile topologies), s o lim<- i B/ Ii+1 
— Ox£- No w B i s noetherian . B y induction A —• Ox,d0ç is topologicall y étale 
rel. to k,  so by prop. 1.5.8 and prop . 1.5.9 a), A —> B i s also topologically étale. 
Thus by thm. 1.5.11 we have fi ^JF = [B ®a ^/fc)Se P whic h is finitely  generate d 
over B an d ha s th e fine  5-module topology. Sinc e B i s noetherian, thm . 1.5.18 
implies that B —• Ox,ç is topologicall y étale, and henc e s o is A —• Ox£- D 

Corollary 3.2.8 Let £ be a chain in X and let r\ be a face of £ of length > 0. 

Then the face map Ox,rj —* ®X£ is topologically étale relative to k. 

Proof On e ca n assum e tha t X i s affine and the n us e prop . 3.2.7 and th e 
cancellation property o f étale homomorphisms (cor. 1.5.14). • 

Let $l*x/k be th e de Rham comple x o n X relativ e t o k,  with it s differentia l 
d. B y propositions 3.2.4 and 3.2.2 the completio n (P>*x/k)t. with  t he differentia l 
d^ i s a  differentia l grade d S T fc-algebra  (se e def . 1.5.1). 

Corollary 3.2.9 Let £ be a chain in X of length > 0. The k-algebra homomor­

phism Ox,i —• (Ox,t)sep induces a canonical isomorphism of DG ST k-algebras 
Q*,sep / Q * \sep 
llOx,t/k ~~* \llx/k)z • 
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Proof W e may assum e tha t X =  Spe c A. B y cor . 3.2.6 a ) ther e i s a n isomor -
phism o f ST C^-a lgebra s (Q*x/k)t =  0X£ ®A to*A/k- Now use P™p . 3.2.7 an d 
cor. 1.5.13 . '  • 

We shal l abbreviat e (QX/K)sep to MX/k,E 

Definition 3.2.10 A commutative noetherian ST ring A is called a Zariski ST 

ring if the following conditions hold: 

i) Every finitely generated ST A-module with the fine A-module topology is 

separated. 

ii) Every homomorphism M —• N of finitely generated ST A-modules with 

the fine A-module topologies is strict. 

Condition ii ) nee d onl y b e checke d fo r monomorphism s (cf. proof o f prop . 
3.2.5). Theorem 3.3.8 gives a sufficient conditio n for the completio n 0X£ o f th e 
structure shea f alon g a  saturate d chai n f  t o b e Zarisk i . 

For an y S T rin g A th e categor y STMod(A) is exact ; a  shor t exac t sequenc e 
in i t i s a  sequenc e o f strict homomorphism s whic h is exac t i n th e untopologize d 
category Mod ( A ). Evidently , i f Ox£ i s a  Zarisk i S T rin g the n th e functo r 
(-)€ : Coh(X) -+ STMod(O^) i s exact . 

Assume Ox£ i s a  Zarisk i S T ring . The n (ftx/k)t ls separated , s o fi^y^ = 
(ft*x/k)t' Anothe r conclusio n is th e following . Le t A4 and Af b e quasi-coheren t 
sheaves and le t D : A4 — * Af be a differential operator . Suppos e that £ = (x, . 
and Afx i s a  finitely  generate d (9x ,x-niodule. The n th e differentia l operato r 

: Adç —> Afç oî prop. 3.1.10 is th e uniqu e extensio n o f D t o a  continuou s 
differential operator . Thi s i s becaus e A/f  i s separate d an d Ox,x —» ®X£ i s 
topologically étale (see thm . 1.5.11). 

Let (j) : M — ^ N be a  homomorphis m i n TopAb. W e sa y tha t </> is dens e i f 
im(</>) is (everywhere ) dens e i n N. 

Theorem 3.2.11 (Approximation ) Assume X is a separated excellent noeth­

erian scheme. Let AA be a quasi-coherent sheaf on X. Let S C  X be a finite 

subset and let £ = (... ,#) be a chain s.t. for all y G  S, (x,y) is a saturated 

chain. Assume that the completions Ox,(x,y) are a^ Zariski ST rings. Then the 

face map d : Ait —* 0 v e s AAtv(y) is dense. 

Proof W e break u p th e proo f int o 4  steps . 

1) Firs t suppos e £  =  (x) an d AAX =  k(x). Fo r ever y y G  S th e completio n 
A4(XyV) =  k(x)(y) whic h is a finite  produc t o f fields,  the completion s of k{x) w i 
respect t o th e discret e valuation s wit h cente r y o n th e integra l schem e { z l ^d 
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(cf. thm . 3.3.2) . I f 2/1,2/2 £ S ar e distinc t points , the n th e valuation s centere d 
0 1 1 the m ar e distinct , becaus e X i s separated . Thu s i f Ylyes ^(x)(y) = 111=1 Li, 
the valuation s o f L i , . . . ,Lr ar e pairwis e independent . Sinc e ou r topolog y o n 
Ylyes k(x)(y) coincide s in this case with th e usua l valuative topology , th e Artin -
Whaples approximatio n theore m tell s u s tha t d : M(x) —• ®yzs ^(x)v(y)(y) is 
dense. 

2) Agai n let £  =  (x) an d no w assume tha t Aix ha s finite  lengt h ove r Ox,x- B y 
induction o n th e lengt h o f Mx, b y th e exactnes s o f completion and b y prop . 
1.1.8 a ) w e reduce the proble m to a  module of length 1 , which is treated i n ste p 
1. 

3) No w let £  =  ( w , . . . , x) b e a n arbitrar y chai n (possibl y of length 0 , i.e . wit h 
w = x) an d assum e tha t M  i s coherent . B y induction (o r by ste p 2  i f w = x) 
the homomorphism s 

(Mw/mwi+1Mw)doE 
yes 

( M , / < + 1 M , ) d o ( V ( y ) 

are dens e fo r al l i G  N, hence by prop. 1.1.8 b ) so is the invers e limi t d :  M$ —• 
yESMEV(y) 

4 ) Le t M b e a  quasi-coheren t shea f an d le t (M'a) b e it s coheren t subsheaves . 
By ste p 3  w e have a  direc t syste m o f dense homomorphism s (Ma)z — * ®yes 
(Ma)fv(y) s o by prop . 1.1. 8 c ) the limi t homomorphis m d i s dense . 

Corollary 3.2.12 Let G C  X be a finite subset and let S =  \JxeG $x be a finite 
set of saturated chains s.t. each £ G  Sx begins with x. Assume that no chain in 
S is a face of any other chain. Assume also that Ox,v w  a Zariski ST ring for 
all saturated chains rj of length < 1 . Then for any quasi-coherent sheaf M, the 
face map d : ®xeGM(x)(x) -> ® x e G ® ^ e s x M M E is dense. 

Proof W e ma y assum e tha t G =  {x}. Th e proo f i s b y inductio n o n th e 
maximal lengt h o f chains i n 5 , usin g th e transitivit y o f dense maps . 

Completion alon g saturated chain s behave s ver y much like adic completion 
on a  curve. Th e next lemm a puts this into concrete terms. Give n a point x G  X 
and a  ger m t o f Ox a t x w e write t(x) fo r th e imag e o f t i n th e residu e field 
k(x). Fo r a  modul e M w e denote it s localizatio n with respec t t o t b y Mt. 

Lemma 3.2.13 Let y G  X be a point and let S C  X be a finite subset such 
that for all x G  S, (x,y) is a saturated chain. Let M be a finitely generated 
Ox^y-module supported on the closed subset S~ C  Spec Ox,y Suppose t G  OxiV 
satisfies: t(y) =  0  but t(x) ^  0  for all x G  S. Then the canonical map Mt —» 

xes Mx is bijective. 
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Proof Le t J  C  Ox,y b e a  definin g idea l o f S~ C  SpecC?x ,y. Fo r suffi -
ciently larg e n, M is a n (9jrj2,/i*n-module . Th e schem e Spe c (0Xiy/In) i s a 
1-dimensional noetheria n schem e with onl y one closed point, namel y y. There -
fore (OxJI»)t = Il^s(OxJIn)x. 

Theorem 3.2.14 Let A4 be a coherent sheaf on X, let rj = ( j / , . . . ) be a chain 
and let S C  X be a finite subset s.t. for all x E S, (x,y) is a saturated chain. 
Suppose the completion Ox^ is a Zariski ST ring. Then the face map d : Mn —• 
© x G 5 M(X)VTI is a strict homomorphism of ST OOx^-modules. 

Proof Fo r every i >  0  defin e U{ := © ^ s ^ J t n ^ j V f , an d V{ := im{My -> 
Ui). W e shall prov e the following statements: 

(j> : Mrj —• l i n ^ V ^ i s a stric t epimorphism . (3.2.15) 

</> : l im(Vi), - l im(üi) , = 
x€5 

A1(X)VT7 is a stric t monomorphism . (3.2.16) 

The compositio n d = ip o <f> is then strict . 

1) Choos e t E  Ox,y a s i n lemm a 3.2.13 . The n fo r fixed  i > 0  we have Ui = 
U/>o<"% Sinc e Ox rj is a Zariski ST ring, fo r every /, ( t lVi)n <— • (t-(l+1)vi)n is a 
strict monomorphism . Accordin g to prop. 1.1.7 , ( K')T? (Ui)^ = Um/_^(t _/Vi)^ 
is also a  stric t monomorphism , and by prop. 1.1. 6 statement (3.2.16 ) holds . 

2) Fo r each ij >  0  define W{j := Vi/mj+1Vi. Fixin g j , th e length o f the Ox,y-
modules Wij i s bounded (b y the length oi My/xnJy+1My), s o the inverse syste m 
(Wf ,i)t€N i s constant fo r i » 0 . Ther e i s some ij s.t . i > ij implie s Wij = W^.. 
Moreover, we can assume tha t th e sequence (ij) i s increasing. Thu s Wj (Wi j j ) j ^ 
is a n invers e system . Sinc e invers e limit s commut e w e have isomorphism s i n 
STMod(Ox, , ) : 

lim(Wij, j),n 
-J 

lim lim 
jjj ii 

(Wi, j)n lim hml 
i j 

(Wi,j)n = lim(Vi)n 
<—I 

(3.2.17) 

Define if , : = ker(Aly/m^+1A4y^Wi;J). W e claim that for all j, ii ^+i —• Kj 
is surjective . I n fact , sinc e Wij+1j =  W ^ - j , bot h JK^+ I an d Kj  are quotient s o f 
kev(My —•> V^+i)- Therefor e upo n applyin g th e completio n (—) ^ we get a n 
inverse syste m o f exact sequence s 

0 -  (Kj)n -  (MJmyj+1My)n - (Wij,  j )n 0 (3.2.18) 

in STMod((!?x,Tj ) whic h satisfie s th e hypothese s o f prop. 1.1.6 . Passin g t o th e 
inverse limi t i n j an d using (3.2.17 ) w e deduce statemen t (3.2.15) . 
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3.3 The Geometry of Completion 
In thi s sectio n w e shal l giv e tw o geometri c way s o f lookin g a t th e Beilinso n 
completion o f the structur e shea f o f a  schem e X alon g a  saturate d chai n £  = 
( # 0 , . . . ,#n) . W e ar e followin g Parshin' s descriptio n a s foun d i n [Pa2 ] §1.1, 
although wit h ne w notation . Throughou t mos t o f the sectio n th e topolog y o n 
the completio n will not pla y any part . W e assume X  i s an excellen t noetheria n 
scheme (e.g . a  schem e o f finit e typ e ove r a  field , ove r Z , o r ove r a  complet e 
semi-local noetheria n ring ; se e [Ma ] §34 and [EG A IV] §7.8) . 

Given a  schem e Z w e shal l denot e b y k(Z) it s tota l rin g o f fractions (th e 
global section s o f th e shea f o f tota l ring s o f fractions , se e [Ha ] p . 141) . I f 
Z i s a  reduce d noetheria n schem e wit h generi c point s zi,..., zr the n k{Z) = 
k(z\) x  •  • •  x k(zr). 

Recall th e definitio n o f an n-dimensiona l loca l fiel d (def . 2.1.1) . Suppos e A 
is a  artinia n rin g s.t . fo r eac h m G Spec A, A/m i s an n-dimensiona l loca l field . 
Then fo r i =  0 , . . . ,n defin e Oi(A) : = IlmGSpecA Oi(A/m) an d similarl y defin e 
Ki(A) an d O(A). Observ e that KQ(A) is simpl y the rin g Are d = A/ rad(A) . 

Definition 3.3.1 Let B be an artinian ring and suppose that for each n G 
SpecB, B/n is an n-dimensional local field. Let A be an artinian ring and 
let f : A — • B be a ring homomorphism. For each n G  Spe c 2? lying over 
some m G  Spe c A, there is an induced valuation on the field A/m into the 
ordered group (B/n)x jO{B/n)x =  (Zn,lex) . We say that f is unramified at 
n if n = Bn - f(m), and if the the ramification index and the residue degree of 
the (possibly infinite) field extension A/m —• » B/n are both 1 . We say that f is 
unramified if it is unramified at all n G Spec B. 

Let £  b e a  chai n i n X. W e shal l define , b y recursio n o n th e lengt h o f 
£, a  schem e X^ togethe r wit h a  morphis m 7 K :  X* —• X. Le t X- b e th e 
normalization o f ATred in it s tota l ring o f fractions k(XTed), an d le t IT- : X- —• X 
be th e canonica l morphism . Nex t le t f  =  ( . . . , ? / ) hav e lengt h n  >  0  an d 
suppose tha t 7rd»* : Xdn* X ha s bee n defined . Le t Y : = {y}^ed C  X, defin e 
X^ := (Xdnt xx Y)-, an d le t 71^ : X^ —> X b e th e canonica l morphism . (Se e 
figure 1. ) 

Thus th e schem e X^ i s a disjoin t unio n of normal excellen t integral schemes , 
and th e morphis m 71^ i s finite.  I f £  =  ( . . . , y) the n X^ i s equidimensiona l an d 
tt*(X*) =  {y}~. Give n another chai n rj = (y,...), w e have A^vdof > £  I I ^ ( X ^ 
as scheme s over X, where fj\7] means 77 i s a  chai n i n X^ lyin g ove r 77. 

The theore m belo w i s essentiall y du e t o Beilinson ; par t a ) o f the theore m 
appears (withou t proof ) i n [Be] . Se e als o [Pa2 ] prop. 1 . 

Theorem 3.3.2 Let X be an integral excellent noetherian scheme and let £ = 
( X 0 , . . . , xn) be a saturated chain in X, with XQ being the generic point. Then: 
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fa fa 
fa 

x 
fa, 

r(x) 
X 

y 

X(x,y) X(x) X 

Figure 1 : Th e morphis m i£ :  XE —• X 

a) The completion k(X)e = k(£) is an ariinian ring, and for each m  G 
SpecA:(X)^ the field k(X)^/mm has a canonical structure of an n-dimen-
sional local field. 

b) The homomorphism k(X) —• k(X){ is unramified; in particular k(X){ is 
reduced. 

c) For every i =  0 , . . . , n there is a canonical isomorphism of rings 

k(X(xo,....,xi))(xi,...,xn) ki(k(X)E).fqg 

d) For every i =  1 , . . . , n the ring 0{(k(X){e) is the integral closure of 
Oxt(xi,...,xn) in Ki-i(k(X)ze). In particular, each Oi(k(X)^e) is an Ox-
algebra (supported on {xn}~). 

Observe tha t takin g i = n i n par t c ) we ge t a  bijectio n betwee n th e factor s 
of th e artinia n ring k(X)$ an d th e irreducibl e component s o f X*. W e first  nee d 
a lemma . 

L e m m a 3.3.3 Let A be a ring and let t G  A be an element satisfying the 
following conditions: A =  lim<_, - A/(t)i+1 ;  A/(t) is a reduced artinian ring; and 
t is a non-zero-divisor on A. Then A is a finite product of complete DVRs 
with regular parameter t. To be precise, say Z := Spec A/(t) C  Spe c A, so 
that A/(t) =  Hzezk(z). Then A =  Y[zezAz, each Az is a complete DVR, and 
Az/(t) = k(z). 

Proof Th e idea l (t) C  A i s its Jacobso n radica l rad(A) : sinc e for any a G  (t) w e 
have 1 - a E Ax (units) , i t follow s tha t (t) C  rad(A) . O n th e othe r han d A/(t) 
is semi-simple , s o rad(A) C  (t). Therefor e A  i s a  complet e semi-loca l ring , an d 
by [CA ] ch. Il l §2.1 3 cor. to prop . 1 9 we ge t th e decompositio n A = ILezAr. 
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In orde r t o sho w tha t Az i s a  D V R we ca n assum e tha t A = A2 i s local . 
Since DI-CNM1' = 0  ever y nonzer o a £ A ha s th e for m a = ut\ u G  Ax, i G  N. 
But t i s a  non-zero-divisor , s o u an d i ar e uniquel y determined . Therefor e A i s 
an integra l domain , an d i n fac t a  D V R with regula r paramete r t. 

Proof (o f the theorem ) Th e theorem i s trivially tru e for n =  0 , so assume n > 1 . 
By ou r hypothesi s th e normalizatio n X = X- —• X i s a  finite  morphism . W e 
have k(X) = k(X), s o accordin g t o prop . 3.1.7 , k(X){ = k(X)$ =  f l ^ ^(-^)^ ? 
where £| f mean s £  i s a  chai n i n X lyin g ove r f . 

Fix som e chai n £  = ( £ 0 , • • • > ^n) lyin g ove r £  =  ( x 0 , . . . , xn). Th e loca l ring 
Oy x i s a  D V R of k(X)\ choos e a  regular parameter t in it . Sinc e the sequenc e 

0 OX,x1 Ox,x1 k(x1) 0 

is exact , s o i s 
0 -  OzM ± OiAi - *(*i)do< - 0  . 

Directly from the definitio n on e has Oxdo^ =  lim <_j C?x,d0|/(0t+1- B y inductio n 
on n , ̂ ( i i ) ^ d o E = &(d0£ ) i s a  finite  produc t o f ( n —  l)-dimensional loca l fields. 
Lemma 3.3. 3 say s tha t 0 X d ^ d o e is a  finite  produc t o f complete DVRs , eac h wit h 
parameter t. Upo n invertin g t w e se e tha t k(X)^ = k(X) .OX,x1  Oxd0£ i s a 
product o f n-dimensiona l loca l fields.  Thi s prove s par t a) . No w t G  K (X) 

and b y inductio n k(ii) —• k(xi)dog i s unramified , henc e k(X) —> k(X)g i s als o 
unramified, an d par t b ) i s verified . 

The argument s presented abov e show that i n fac t 

k1(k(X)E° 
(xi,...,Xn)|(xi,...,XN) 

k (x i ) (S1 , ..., xn.) = *(^("0,*1})(x1,...,xn) 

By induction , fo r ever y component Z o f X^x°'Xl^ an d ever y chain ( i i , . . . , xn) i n 
Z lyin g ove r (X1? . . ., xn), it hold s 

/ C I - _ 1 ( f c ( ^ ) ( i l , . . . , Ì B ) ) = M ^ ì l - - Ì i ) ) ( i i , . . . , x „ ) . 

Taking th e produc t ove r al l suc h Z an d ( # i , . . . , in ) w e end u p wit h 

ki-1(k(X(x0,x1))(x1,...,xn)) = k(X(x0,...xi))(xi,...,xn) 

But K,_I(K;I) =  /e,-, so part c ) is proved . 
Since 0\(k(X)t)E) =  Xl j feOx^DOE is a  finite  Ox,d 0ra^Sebra5 it  i s it s integra l 

closure in &(X)^ . I n orde r t o prov e part d ) fo r i > 1  use inductio n an d th e fac t 
that TT^0'*1 ) :  X^Xo^ X i s a  finit e morphism . 
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Corollary 3.3.4 Let X be an excellent noetherian scheme and let ( x 0 , . . . ,#n ) 
be a saturated chain in X. Then for all i = 0, . . . ,n there is a canonical 

isomorphism of Ox-algebras 

*i<%0)(s0 , . . ,*0) (* .V . . , *n) ^ ^ % o ) ( s o , . . , * n ) ) • 

Corollary 3.3.5 Let X be an excellent noetherian scheme and let £ = (x, ...) 

be a saturated chain in it. Then the completion Ox£ of Ox along £ is a complete 

noetherian semi-local ring with Jacobson radical m .̂ In particular Ox,z is an 

excellent ring, and a faithfully flat Ox,x-algebra. 

Proof B y definitio n Ox,z =  lim *_j Ox^/rt^1, an d b y th e theore m &(£ ) = 
Ox,(/™>z i s a  semi-simpl e artinian ring . • 

From no w til l furthe r announcemen t w e shal l assum e X i s a  schem e of 
finite typ e ove r a  perfec t fiel d k. Give n a  chai n £  =  (a?o,.. . ,xn) i n AT, a 
linearization o f £ i s by definitio n a  finit e A:-morphis m / :  X — + A™ s.t . / ( £ ) := 
( (/(#o) 5 •  • • 5 / ( # « )) )  i s a  linea r chai n i n X (i.e . eac h {f(x{)}~ i s a  linea r 
subspace o f A™). B y the stron g for m o f Noether normalizatio n (se e [CA ] ch . V 
§3.1 thm. 1) an y chai n ha s a  linearization . 

Let A  b e a  semi-topologica l ring . I n §1.3 a topolog y wa s introduced o n th e 
ring o f Lauren t serie s A( (£1? . . . , tn)) := A((tn)) • • • ( ( ¿ 1 ) ) . Conside r th e affin e 
space A ™ =  Spe c k[ti,..., tm] and th e linea r chai n r/ = (y0, • • • ? 2/n)> wher e j/,- i s 
the prim e idea l ( ¿ 1 , . . . , t{). Th e completio n of the functio n fiel d k(t\,..., tm) 

along rj is a  fiel d o f Laurent serie s fc (£„+i,..., <m)((*i> • • • > *n))> and it s topolog y 
as a  rin g o f Laurent serie s coincide s wit h th e topolog y specifie d i n def . 3.2.1. 

Recall th e definition s o f a topologica l loca l fiel d (TLF ) and o f a  cluste r o f 
TLFs (definition s 2.1.10 and 2.2.1). 

Proposition 3.3.6 Let X be a scheme of finite type over a perfect field k and 

let £ be a saturated chain of length n in it. Then the ST k-algebra &(£) is an 

equidimensional, n-dimensional reduced cluster of TLFs over k. 

Proof Sa y £ = ( # , . . . ) . W e may assume that X i s integral with generic point x. 

Fix some m G Spec &(£) and se t L := fc(£)/m. W e have to show that L i s a TL F 
over k. Choos e a  linearizatio n /  :  X — * A™ of £, wit h / ( £ ) =  rj = (2/ , . . . , z). 

Then K := %) = k(z)((t1. . . , * „ ) ) i s a  TL F ove r k. B y prop . 3.2.3 

k{x) ®k{y) k{r,) - (/.*(*)), = n K*) 
E'|n 
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giving ris e t o a  finite  homomorphis m K —• L, an d L ha s th e fine  iiT-modul e 
topology. Fro m th e proo f o f thm. 3.3.2 we see that th e valuatio n o n L extend s 
the valuatio n o n K. Accordin g to cor . 2.1.20, L i s a  TLF . • 

Combining th e las t propositio n wit h cor . 3.2.8 and thm . 3.3.2 we hav e 

Corollary 3.3 .7 Let £ = (x, ...) be a saturated chain in X. Then the face 

map d : k(x) —• k(x)ç = k(E) is a topologically étale (relative to k), dense, 

unramified homomorphism of clusters of TLFs over k. 

Conveniently, i n workin g ove r a  perfec t field  on e ca n us e coefficien t fields. 
The nex t theore m use s them , an d th e fac t tha t th e rin g &(£), for £ saturated, 
is semi-simple artinian . 

Theorem 3.3.8 Let X be a scheme of finite type over a perfect field k and let 

£ be a saturated chain in it. Then the completion Ox£ of the structure sheaf 

along £ is a Zariski ST ring. Moreover, every finitely generated ST OOx^-module 

with the fine Ox^-Tnodule topology is complete. 

Lemma 3.3.9 Let £ = (#,...) be a saturated chain in X and let a : k(x) —• 

Ox,(x) be a coefficient field, i.e. a k-algebra lifting. Suppose the ST k-algebras 

Ox,t/™^1 are separated for all i > 0 . Then a extends uniquely to a continuous 

k-algebra lifting aç : &(£) —> Ox,ç> 

Proof Fi x i 6  N . Th e homomorphis m G{ :  k(x) — • C?x,x/inj.+1 i s a  D O o f 
order <  i ove r Ox relativ e t o k. B y prop . 3.2. 2 i t extend s t o a  continuou s D O 
(ai)t :  &(£) —y O x ^ / v ^ 1 i + 1 over Ox,z> Becaus e Ox,x —• 0X£ i s topologically etale 
relative t o k,  and becaus e O x ^ / w ^ m + 1 is separated, (oi)e  i s a ring homomorphism 
(prop. 1.5.20 ) an d i s unique . Passin g t o th e invers e limi t w e ge t oe  :  &(£ ) — • 
Ox* • 

Assume th e hypothese s o f the lemma . Le t D : k(x)n Ox,x/mx*1 b e an y 
&(:r)-linear isomorphism . The n D i s a  DO , an d D$ : &(£) n 3  O x ^ / v ^ 1 m + 1 is 
an isomorphis m o f S T A;(£)-module s (cf . proo f o f prop . 1.5.20) . I n particu -
lar Ox^/Tti1^11+1 has th e fine  &(£)-modul e topology. Sinc e &(£ ) is a  semi-simpl e 
artinian ring , i t follow s tha t an y finite  lengt h (9x,£-modul e with th e fine  Ox£-

module topolog y is a  fre e S T fc(£)-module  (vi a a^). 

Proof (o f th e theorem ) Th e proo f i s b y inductio n o n th e lengt h o f £ . I f 
£ = (x) thi s i s a  standar d fact , sinc e Ox,(x) ha s th e m^-ad i c topology . S o we 
may assum e £  = (# , y , . . .) ha s lengt h >  1 . 
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1) Firs t le t u s prov e tha t fo r an y finite  lengt h C?x ,x-niodule M, M $ i s a  com -
plete separated module . Choos e t E  Ox,y a s in lemma 3.2.13 , so M =  U/> o t~lV, 
where V := im(Ox,y — » M ). Applyin g th e completio n (—)d0 £ we get a n isomor -
phism o f S T (9x,d0rmodule s ME = lim/-.*-/Vd0^ . Sinc e 0Xidot i s a  Zarisk i S T 
ring th e homomorphism s t " lVdoe t""'""1! ^ ar e stric t an d thes e module s ar e 
separated. Accordin g to prop . 1.1.7 , M$ i s separated . 

Now le t u s prov e completeness . Choos e a  coefficien t field r  :  k(y) — • C?x,(y) » 
By lemm a 3.3. 9 i t extend s t o tdoe  : k(d0£) — • 0x,do{ - A s mentione d above , 
(V7ty)d0^ i s a  fre e S T fc(do£)-module.  Thu s w e obtai n a n isomorphis m o f 

ST *(doO-module s Af € =  Vdoe  0 [ © / > o t - 1 - 1 ^ W ] •  B y assumptio n th e 
summands are separate d and complete , being finitely generate d C?x,d0£-m°dules . 
According t o prop . 1.1.5 , M$ i s als o separate d an d complete . 

2) B y ste p 1  we ar e i n a  positio n t o us e lemm a 3.3.9 . Choos e a  coefficien t field 
a : k(x) — • C?x,(»)j an d conside r Ox,z a s a n augmente d S T A;(f)-algebr a vi a cr^. 
Let A f b e a  finit e lengt h Ox^-modul e M wit h th e fin e 0x,£-modul e topology . 
Then M = k(£)n fo r som e n , s o i t i s complet e an d separated . I f (f>: M ^ N i s 
any injectio n o f finite  length C?x^-niodules with the fin e Ox^-module topologies , 
then </ > split s continuousl y ove r k{£) an d henc e i s strict . 

3) Le t M b e a  finitely  generate d C?x,£-modul e with th e fine  Ox^-modul e topol -
ogy. Fo r eac h i > 0  pu t o n M/m^+1 M th e fin e C?x,£-modul e topology , whic h 
makes i t separate d an d complete . Sinc e Ox£ i s noetheria n an d tn^-adicall y 
complete, accordin g t o prop . 1.2.2 0 th e ma p M — • lim«_t- M / m ^ 1 M i s a  home -
omorphism. B y prop . 1.1. 5 a ) i t follow s tha t M i s separate d an d complete . 

Now le t <j> : M NN b e a n injectio n o f finitely generate d S T 0x,£-module s 
with fin e topologies . Fo r i > 0  se t N{ := N/m\+1N an d Mt - : = M/M f l m^+1JV. 
By ste p 2 , <j>i : Mt - — • AT,- is a  stric t monomorphism , s o b y prop . 1.1. 6 s o i s 
(j>: M = lim«_t- Mi — • N. • 

Remark 3.3.10 I t seem s plausibl e tha t th e theore m i s true fo r an y noetheria n 
scheme X\ i t certainl y should hol d fo r excellen t schemes . Howeve r we could no t 
find a  proo f whic h doe s no t resor t t o splitting . Th e difficult y lie s i n showin g 
that a  direc t limi t o f strict monomorphism s i s strict . 

We mov e on t o th e secon d geometri c interpretatio n o f completion, an d onc e 
more X i s an y excellen t noetheria n scheme . Give n a  chai n £  =  ( x 0 , . . . ,xn ) i n 
X se t X$ : = Spe c 0X£ an d le t iE  : X$ —• X b e th e morphis m correspondin g 
to th e rin g homomorphis m Ox,Xn —• Ox£- Defin e X\ := X an d %i := identit y 
morphism. (Se e figure  2. ) Not e tha t X$ i s als o a  noetheria n excellen t schem e 
(cor. 3.3.5) . 
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X\ x2 x1 
y 

x2 
Hv) 

X 

y 

X(x,y) X(y) X 

Figure 2: The morphis m iç : Xç —• X 

For a quasi-coherent sheaf M on X we may identify the completion ME with 
T(X^i^M). The morphism iç is flat; it is also "quasi-finite", in the following 
restricted sense. Given points x E  X and x E X^ we say that x  is minimal 
over x if { x } ~ is an irreducible component of the fibre ij1 ( { # } " ) . Then the set 
{ x E  Xç I x is minimal over x} is finite. Note that if £ =  ( x , . . . ) is a saturated 
chain then every x E ^do^^ ) ̂ s minimal, because Spec k(x)doe is O-dimensional. 

Remark 3.3.11 We ma y thin k o f minima l point s a s "algebraic" , a s th e 
following exampl e suggests . Tak e X : = A | = Spec k [s,£], x := (0 ) E  X , 
^ : = ( 5 , / ) E  X an d £ : = ( 2 ) , so Xç =  Spec k[[s, t]]. Choos e an y elemen t 
/ £ M M ] * * transcendental ove r k[t].  Then th e poin t y := k[[s, £]] • (/ — s) xE 
is i n i ^ ( x ) bu t i s no t minimal . Th e fibre  i ^ ( x ) x consist s o f the generi c poin t x 
of Xç and infinitel y man y "transcendental " point s o f codimension 1, such a s y. 

Theorem 3.3.12 Let X be an excellent noetherian scheme and let £ =  ( x , . . . ) 
be a saturated chain in it. Then there is a canonical isomorphism X% = 

Ux\x(XdQt)(x) of schemes over X, where x\x stands for x E « d 0 \ ( x ) -

Proof Se t X := XdoC and 1 : = id^. For n > 0  let An := Ox,x/m^11. B y 

definition w e have Ox£ — lim^n T (X, i*A^j. Adjunction give s fo r ever y n > 0 

a homomorphis m un : i*An —> Yix\x @x x/m£+1 ° f quasi-coheren t sheave s on X. 

Since T(X,i*k(x)) = k(x)do^ = k(£) i s a  reduce d artinia n rin g (cf. thm. 
3.3.2), for n = 0  we hav e a n isomorphis m u0 : i*k(x) Wx\xk(x). Thu s i i s 
unramified a t al l point s x| x an d i n particula r (i*xnx)x = mx. Fo r eac h n > 0 
consider th e exac t sequenc e o n X 

0 - m«+i _> ox,x - A„ - 0  . 
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Upon applyin g i* and takin g stalk s a t an y x\x on e sees tha t (un)x : (i*An)x 
—• C^xf/tn^ 1 i s bijective . Therefor e un itsel f i s bijective , and i n th e invers e 
limit s o is lim^n un : 0X£ - > Fbix ®x ay 

Corollary 3.3.13 Let £ = ( . . . , y) and rj = ( y , . . . ) be saturated chains in X. 
Then there is an isomorphism X^doTJ = U ^ - X ^ of schemes over X, where 

£|£ means £ is a chain in X^ lying over £. 

Proof Us e inductio n o n th e lengt h o f £ =  ( x , . . . , ? / ) , notin g tha t X^ = 
Hy|y(Xn)(y) 

XEVdon = U 

xlx 
{xdoiVdOV)(x) -  U  L I 

x|xE|dEoE 
((*,)*)<•> =  L I 

in 
TO/E 

Corollary 3.3.14 If X is normal then so is X$. 

Proof B y the theorem an d induction it suffice s to consider £ = (x). No w Ox,x 
is a  norma l excellen t integra l noetheria n loca l ring , s o by analyti c normalit y 
([Ma] thm . 79) so is its mx-adi c completion Ox,(x)-

Lemma 3.3.15 Let X be a normal scheme of finite type over a perfect field k 
and let £ = (..., y) and j] = ( y , . . . ) be saturated chains in it. Then the face 
map d : OX,TJ —* Ox£vd0T) is a strict monomorphism. 

Proof B y induction o n the lengt h o f £ it suffice s t o conside r £ =  (x,y). Se t 
X := Xrj. Fo r every y\y th e homomorphis m Ox,y —> ®xy ls faithfull y flat , 
so ther e exist s som e x E  X wit h x > y an d x\x. Sinc e 0$ Y is a  noetheria n 
integral domai n we have injection s 

Ox„ = I I 
y\y 

X,y n 
xlx 

ox>i n 
x|x 

Ox, (x) = Ox,EVdon . 

Now us e thm. 3.2.14 and thm. 3.3.8. 

In genera l w e have: 

Theorem 3.3.16 Let X be a reduced scheme of finite type over a perfect field 
k and let 77 = ( j / , . . . ) be a saturated chain in it. Then there exists a finite set S 
of chains in X satisfying: 
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i) Every £  G S is saturated, begins with the generic point of some irreducible 
component of X and ends with y. 

ii) The face map d : Ox^ —• Yl^es Ox,tvd0rj ™ a st™ct monomorphism of ST 
k-algebras. 

Note that th e trivial case when y itsel f is a generic poin t i s included, takin g 

s = {(</)}• 

Proof Le t 7 r : X — • X b e the normalizatio n ( 7 r - :  X- — » X i n the previou s 
notation) an d le t 7 / 1 , . . . , ^ r b e th e distinc t chain s i n X  lyin g ove r 77 . Sinc e 
O x — • 7r*(9 ^ i s injectiv e i t follow s tha t Ox^ — • (fl"*<9x )*7 — I IL i ^ x , R ) T i s a 
strict monomorphis m (remembe r tha t Ox^ i s a Zarisk i S T ring). 

For eac h fji = (j/t-,... ) choos e a  saturated chai n &  = ( £ , , . . . , yi) in X, wit h 
X{ bein g th e generi c poin t o f the componen t o f X containin g y,-. B y lemm a 
3.3.15, OX, ni —• C^x^vdoT). = k(Ei, v doni ) i s a strict monomorphism . 

Let S b e an y finite  se t o f chains i n X  a s describe d i n i ) whic h contain s 
all th e chain s 7r(£,-) , i = l , . . . , r . Sinc e n i s a  birationa l morphis m on e get s 
n*€s *(£ v do*? ) =  I I ^ s Ilcievdon * ( 0; and I l L i *(& v do%) i s a direc t facto r of 
this ring. Therefor e n [=i ^ x , R / , "~* I I ^ s Il^vdoi? k(C) is a strict monomorphism . 
Putting i t al l togethe r w e see that d :  Ox^ —* Utes &( £ V  do?/) is a  stric t 
monomorphism. • 
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4 Residues on Schemes 

4.1 The Parshin Residue Map 
Parshin foun d a  definitio n o f a  residu e ma p tha t generalize s th e residu e ma p 
for curve s use d b y Serr e i n [Se ] ch . I I no . 7 . W e presen t a  varian t o f thi s 
residue map , whic h depend s o n geometri c dat a ( a chai n i n X) an d algebrai c 
data ( a pseudo-coefficien t field) . Th e mai n resul t o f this sectio n i s cor . 4.1.16 , 
which establishe s the transitivit y of the residu e maps with respect t o compatibl e 
coefficient-fields. I n thi s sectio n X i s a  schem e o f finite typ e ove r a  perfec t fiel d 
k. 

Definition 4.1.1 Let (A , m) be a local k-algebra. A pseudo-coefficient field 
(resp. quasi-coefficient field, resp. coefficient field) for A is a k-algebra homo­
morphism a : K —• A where K is a field and the extension a : K —> A/m is 
finite (resp. finite separable, resp. bijective). If A = Oxy{x) = @x,x for some 
point x G  X, we say that o is a pseudo-coefficient field (resp. quasi-coefficient 
field, resp. coefficient field) for x. 

By Hensel' s lemm a ever y quasi-coefficien t field  give s ris e t o a  uniqu e coef -
ficient field.  Thu s i f K C k(x) i s a  subfiel d s.t . K —+ k(x) i s finite  separa -
ble ther e i s a  bijectio n o h-> o\K betwee n th e set s H o m A i g ( A : ) ( A : ( x ) , Ox,(x)) an d 
HomA|g(fc)(7iT, Ox,(x))- I n particula r a  close d poin t x ha s a  uniqu e coefficien t 
field. I f X i s reduce d an d x i s th e generi c poin t o f a n irreducibl e componen t 
then x ha s a  uniqu e coefficien t field,  sinc e Ox,x K(x). 

Let £  =  ( x , . . . , y) b e a  saturate d chai n o f length n  i n X an d le t a : K —• 
Ox,(y) b e a  pseudo-coefficien t field.  Le t a b e th e compose d fc-algebra  homo -
morphism 

9 : K A 0XtM 4 Ox,s-»k(0 

where d i s th e fac e map . Accordin g t o prop . 3.3. 6 an d thm . 3.3. 2 c ) , a i s 
a morphis m i n CTLFred(&) o f dimensio n n. Recal l tha t give n an y morphis m 
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f : A —• B in CTLFred(A:) there i s a canonical residu e ma p 

ReS/ = ResBM : ifffi - fi^ . 4.1.2 

It i s a  homomorphis m o f differential grade d S T fi^p-modules  (se e §2.4) . 
The nex t definitio n i s taken fro m [Lo ] p. 516 . 

Definition 4.1.3 (Parshin' s Residu e Map ) Let f  =  ( x , . . . , ? / ) be a saturated 

chain in X and let a : K —•> Ox,(y) be a pseudo-coefficient field. Parshin's 

residue map is the composition 

Res<r)<T = R e s ^ : Q*k(z)/k ^ ^KO/k 
ResHt)/K Q*,sep 

lLK/k 

The residue ma p Reŝ j( T is a homomorphism of differential grade d ^-module s 
of degre e —n, wher e n i s th e lengt h o f £. 

Proposition 4.1.4 Let £ =  ( x , . . . , y) be a saturated chain in X and let a be 

a coefficient field for y. Then the residue map Res^a : ftl(xyk —» ^t(y)/k ^s a 
locally differential operator over Ox relative to k. 

Proof Sinc e these are skyscrape r sheave s i t suffice s t o chec k stalks at y. Give n 
a for m a G  Qt(x)/k w e will  show tha t Res^j(r|oXy a i s a  differentia l operator . 
Consider th e fc-linear  homomorphis m (f>: Ox,y — * ^(y) /*? <Ka ) = Res^?a.(aa) . I t 
factors throug h th e continuou s fc(t/)-hnear  homomorphism s 

Ox,{y) o 0X£-»k(Q a n*k'**f/k Res o ̂ t 

The modul e ^t(y)/k ls discrete , s o ^(tti^1 ) =  0  fo r i » 0 . Henc e Res^ lo^y . a 

factors A :(2/)-linearly throug h th e finit e lengt h C?x ,(t/)-module (Ox,(y) ' a) / 

(ni/i1 •  a). Accordin g to prop . 1.4. 4 i t i s a  differentia l operato r o f order <  i. • 

Definition 4.1.5 Let £ =  ( x , . . . ,  y) be a saturated chain in X and let a and 

T be coefficient fields for x and y respectively. We say that G / T are compatible 

coefficient fields for Ç if aç : &(£) —> Ox,ç is a k(y)-algebra homomorphism; i.e. 

if the diagram below commutes: 

kEE t Ox,E 

T 

KO 

oE 

KO 
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Suppose f  = ( x , . . . , y) and rj = ( y , . . . , z) ar e saturate d chain s an d suppos e 
a i s a  coefficien t field  fo r y. Conside r th e continuou s fc-algebra  homomorphis m 

on : k(n) on Ox,n s OX,Evdon k(EVdon) .GFD 

Say £ has lengt h n. Accordin g to cor . 3.3.4 one ha s [KH( k(£ V  doff) ) : k(rj)] = 
[^n(&(£)) : k(y)] < oo. Therefor e ân : k(rj) —• k(£ V  d07?) i s a  morphis m i n 
CTLFred(fc) o f dimension n . 

The nex t lemm a show s that compatibilit y o f coefficient fields  i s transitive . 

Lemma 4.1.6 Let £ =  ( # , . . . , y) and rj = (y,... ,z) be saturated chains. Let 

p,a and T be coefficient fields for x,y and z respectively, s.t. p/a and a/r are 

compatible for £ and rj respectively. Then p/r are compatible coefficient fields 

fori Vd 07? = ( x , . . . , y , . . . , A 

Proof I t suffice s t o sho w that th e diagra m 

k(n) 

on 

Kt V  do?) 

on OX,EVdon 

pEVdon 

Ht V dov) 

(4.1.7) 

is commutative . B y assumptio n i f w e replac e rj with (y ) everywher e i n th e 
diagram i t become s commutative . Henc e p^dQT1 o an an d on  are fc(y)-algebra 
homomorphisms. Bu t k(y) —> k{rj) i s topologicall y etale, s o by uniquenes s fo r 
every i > 0 

peVdon o on = on : k(n) OX,EvdonGF V̂don 
Now pas s t o th e invers e limi t i n i. 

Proposition 4.1.8 Let £ = ( x 0 , . . . , xn) be a saturated chain in X. There exist 

compatible coefficient fields U{ : k(x{) —• Ox^Xi) s.t. each Pa^r ^il^jy i < J> w 
compatible for ( # , - , . . . , X j ) . 

In characteristi c 0  thi s i s a n immediat e consequenc e of Noether normaliza -
tion. I n genera l w e reduce thi s t o a  proble m in linea r algebra : 

Proof I t suffice s t o find  quasi-coefficien t fields  K{ whic h fit  int o a  diagra m 
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Kn 

Ox,Xn 

k(xn) 

K # » - 1 

OX,xn-1 

k(xn-1) 

Ko 

Ox,xo 

k(x0) 

(cf. proof o f lemma 4.1.6). To d o s o w e fin d £-vector space s Vn C . . . C V0 C 

@x,xn s.t . fo r al l i, 

1 ® d : k(x{) ®k Vi - » nl{x.)/k (4.1.9) 

is bijective. The n tr.degj . k(x{) = rank * V{ an d th e polynomia l ring k[Vi\ embed s 
into k(xi). Lettin g K{ b e th e fractio n field  o f k[V{\ w e see that Ki —• Ox,Xi i s a 
quasi-coefficient field. 

Suppose w e succeede d i n finding  k-vector space s V'n C V'n_x C . . . C V( C 

Ox,xn satisfyin g (4.1.9) . Th e Ox,Xi-module ^tlx/k}Xi i s spanne d b y d(V/) an d 
d (p , ) , wher e p, C Ox,Xn i s th e prim e idea l o f X{. Henc e d(V^ ) + d (p , ) spa n 
l̂(xM)/k'. W e can modify Vj, i < j < n , t o some subspace Vj C Vj®pi C Ox,Xn 

s.t. V } =  Vj (modp , ) , rank * V,- = rank * Vj an d 1  ® d :  fc(xt-_i) ®* V} — • ^(a.._l)/jb 
is injective . Nex t exten d V{ to a n appropriat e subspac e K _ i C Ox,(Xn)-

Let a : K —* Ox,(x) b e a  pseudo-coefficient field for x G  X an d le t £  =  ( # , . . . ) 
be a  saturate d chain . Assum e tha t a : K —> k(x) i s purel y inseparable . I f a  i s 
bijective se t K$ : = &(£) , and le t u := d : K — • Ke.  Otherwis e cha r A : = p  an d 
we defin e ÍQ below, usin g "purel y inseparabl e descent" . 

Suppose k ha s characteristi c p. Give n a  fc-algebra  A le t A^p/h^ be th e k-

algebra define d i n (1.4.7 ) an d le t FA/k :  A^/^ — • A b e th e relativ e Frobeniu s 
homomorphism. Th e ma p Fk(^)/k ¿ ( f ) ^ / ^ —> k(£) i s a  finite  morphis m i n 
CTLFred(&) o f degree equa l t o th e differentia l degre e o f &(£), i.e . rank¿.(£) ft\'j¿)/k 
(cf. prop . 2.1.13) . Sinc e k(x) —• k(£) i s topologicall y étale and unramified , 
the sam e i s tru e o f k(x)(p/k>) —» k(£)(p/k\ Comparin g degree s on e finds  tha t 
k(x) ®fc(x)(p/*)K(E)(p/k) —• &(£) is a n isomorphis m o f clusters o f TLFs . 

In ou r situatio n w e ge t k(x)(pJ/k) C  K fo r j » 0  an d w e defin e 

KE := K Ok(x)(pj/k) k(E) (pj/k) (4.1.10 

a cluste r o f TLFs. Th e homomorphis m u : K —• Kç is als o topologicall y étale 
and unramified , an d k(x) ®K K$ -=> &(£). Because ther e exist s som e continuou s 
^-algebra homomorphis m Kç —> Ox,(, (e.g . take K( —> k(£) ^ Ox,ç arising fro m 
some coefficient field r : k(x) —• Ox,(x))i a extends uniquel y t o a homomorphism 

oe : Ke OX,esd (4.1.11) 
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In §2. 2 we find th e notio n o f finitely ramifie d bas e change . I t i s a  universa l 
construction i n the categor y of clusters o f TLFs, generalizing th e tenso r product . 

Theorem 4.1.12 Let £  =  ( x , . . . , y) and rj = ( y , . . . , z) be saturated chains in 

X and let a : K Ox,(y) be a pseudo-coefficient field s.t. a : K —> k(y) is 

purely inseparable. Let u : K —• Kn be the finitely ramified homomorphism 

defined above. Then the diagram 

K 

a 

HO 
d k(Ç V dot]) 

u Kn 

on 

is a finitely ramified base change. 

Proof Le t Krj — > B' b e th e morphis m gotte n b y th e finitel y ramifie d bas e 
change K —» K^. B y universalit y ther e i s a  finit e morphis m B' — • k(£ V  dorj) 

in CTLF(&). Th e rin g B1 i s reduced , becaus e K — • Kn  is topologicall y etale 
relative t o k (cf . proof o f thm. 2.4.23) . Fo r eac h n  £  Spe c k(E V d07?) lyin g ove r 
some m' E  Spec!? ' , th e finit e morphis m o f TLFs B'/m' — > k(£ V  d0r/)/n i s a n 
isomorphism since k(x) — • fc(£Vd077) is unramified. Thu s i t remains to show that 
the ma p o f sets Spec &(£ Vd0??) — • Spec B' i s bijective. Takin g n-t h residu e fields , 
where n i s the lengt h o f f, w e reduce t o showin g that Kn(Bf) — • Kn( k(£ Vd0r?) ) 
is bijective . I t i s know n (cor . 3.3.4) tha t 

*n( * (0 ) ® * Kn = /c„( k(0 ) ®jb(y) k(n) = S Kn( k(0 )„ Kn( k(£ V  doi/) ) 

is bijective . B y th e followin g lemma th e sam e hold s fo r B' (usin g th e fac t tha t 
in characteristi c p an y topologicall y etale homomorphis m i s separable , cf . cor . 
2.1.16). 

Lemma 4.1.13 Let K, K' and L be TLFs over k, let f : K —• L be a mor­

phism of dimension n, and let u : K —• K' be a finitely ramified, separable 

homomorphism. Let f' : K' —> V be the morphism gotten by finitely ramified 

base change, and let v : L —• L' be the corresponding finitely ramified homo­

morphism. Then the canonical homomorphism 

Kn{L) ®K K' Kn(L') (4.1.14) 

is an isomorphism. 
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Proof Le t F b e th e separabl e closur e o f K i n Kn(L). The n on e ca n lif t F 

into L an d ge t /  :  K —• F —• L. Correspondingl y we ge t / ' :  K' —* F' — > 11, 

where F ' : = F  ®K K'. Bu t « N ( L ) ® F F' = K „ ( L ) (g) * if ' , s o w e ma y assum e 
that K — • Kn(L) i s purel y inseparable . Le t (t1,  . . . , tn) b e a n initia l syste m of 
regular parameter s i n L. Countin g degree s w e have 

[«„(£) ®K K' : K'} = \Kn{L) :K] = [L: K ((t1*„tn))] 
= [L' :K'((tu...,tn)))>[Kn(L'):K']jk , 

(4.1.15) 

the ga p goin g toward s ramificatio n i n K'((t1,... ,t„)) — • 11. Howeve r in ou r 
case K„(L) <8>K K' i s a  fiel d s o (4.1.14 ) i s a  bijectio n (an d ther e i s equalit y i n 
(4.1.15) ) . 

Corollary 4.1.16 (Transitivity) Let f  = ( x , . . . , y) and rj = ( y , . . . ,z) be satu­

rated chains in X and let a/r be compatible coefficient fields for rj. Then 

Res^vdoii.r = R e s ^ o  Res^ : Q*k(x)/k -+ tt*k(z)/k . 

Proof Appl y th e precedin g theorem an d thm . 2.4.2 3 to th e diagra m 

k(x) k(E) k(E V don) 

a 

Kv) k(v) 

T 

k(z) 

on 

4.2 Poles of Meromorphic Differential Forms 

In thi s section we consider a hig h dimensiona l version of a pol e o f a differentia l 
form. Eve n though th e residu e ma p depend s o n a  choic e o f coefficient field,  th e 
order o f pol e o f a  for m alon g a  chai n i s independen t o f this choice . Th e ke y 
result is : 

Lemma 4.2.1 Let £ = (#,..., y) be a saturated chain in X and let M C ^̂ (0% 

be a left Çf^k y-submodule. Then the following conditions on M are equivalent: 

i) For any pseudo-coefficient field a : K —» Ox,(y), R e s ^ / ^ ( M ) = 0 . 
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ii) For any coefficient field a : k(y) —> Ox,(y)> Resk($)/k(y),(r(M) = 0 . 

iii) For any saturated chain rj = (y,..., z) with z a closed point, Res^^vdo»?)/*? 

( M ) = 0 . 

Proof i) =» ii): Trivial . 

ii) iii) : As in th e proo f o f cor. 4.1.16. 

iii) i ) : Let L b e th e separabl e closur e o f K i n k(y). The n a factor s throug h 
L, s o w e ca n assum e tha t K —> k{y) i s purel y inseparable . Choos e a  chai n r] 

as i n iii) . No w ReSfc(£Vd0r/)/fc i s continuous , k i s separate d an d ^t*x/k,y ~* ^x/kfl 

is dense . Conditio n iii ) implie s tha t Re s ^ ^ d o ^ / f c ^ x / M " ^ 0 = 0, so w e ca n 
assume tha t M is a n fMisep-module. 

Suppose fo r som e a £ M the for m /3 := Res^ ) /* : ( a ) G  ^K/k ls non-zero . 
Define an : Kn 0Xtt, hk e i n (4.1.11). Then th e imag e o f /? in 0sep S É 
A^ ® A' Q*K/k i s a^s o non-zero . Becaus e th e residu e pairin g (—, —)Kv/k i s perfec t 
(see thm . 2.4.22) there i s som e 7 G  ^K^Jk s-*- Res /^/¿.(7 A /?) =̂ 0. But the n 
^(7) e Msep, s o ¿7,(7) A a G  M with " 

Res^vdo^)A(c^(7) A  a) 
= Res^/IT o ResikKvdor7)//^(âR/(7) A a) = Res^/J^T A  ^) ^  0 , 

a contradiction . • 

Definition 4.2.2 a ) Let K be a TLF over k of differential degree d. Define 
wK := f-)d,sep 

llK/k 

b) Let A = rim€SpecA^./m be a reduced cluster of TLFs over k. Define 

UA : = 0mesPecA^/m, a free ST A-module of rank 1. 

c) Let £ be a saturated chain in X. Define LU(£) : = Wk(t)' 

For £  =  (x) w e shal l writ e u(x) instea d o f UJ({X)); thu s UJ{X) =  Qk(x)/k-> 

where d =  tr.deg ^ k{x) =  d im{a :}~ . Recal l tha t give n a  saturate d chai n £  = 
( # , . . . ) th e fac e ma p d : k{x) —> k(£) i s topologicall y etale relativ e t o ky s o 
CJ(£) =  &(£ ) ®jb(x) UJ{X). I f X i s integral with generi c poin t x the n th e element s 
of ^k^)/k =  ^x/LP £ are calle d th e meromorphi c form s o n X alon g f . 

Definition 4.2.3 (Holomorphi c Forms) Let £  = ( x , . . . , y) be a saturated chain 

in X. 
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a) A form a  6  w(E)  is said to be holomorphic if the equivalent conditions of 

lemma 4-2.1 hold for the module Ox,yy • <x C  v(Q- Define 

^ ( O h o i • = { a G  w(E)| &  is holomorphi c }  . 

b ) A form a G  w(x) is said to be holomorphic along f  if its image in u>(£) is 

holomorphic. Define 

^(#)hoi:£ : = {a  G  ^w(#) |  Oi i s holomorphi c alon g f } =  UJ{X) f l o;(f )noi • 

Let A —> B b e a  morphis m i n CTLFRED(&). I n §2. 4 the residu e pairin g 

MULT R E S B / A 

-}B/A : B xuB • uB • uA (4.2.4 ) 

is defined . I t i s a  perfec t pairin g o f ST A-modules . No w let f  =  ( r r , . . . , y) b e a 
saturated chai n an d le t a : K — • Ox,y  be a  pseudo-coefficien t field.  The n th e 
if-module u;(f )hoi C  a;(£ ) i s precisel y th e perpendicula r spac e t o Ox,y unde r 
the pairin g (-,-)k(0/K-

Lemma 4.2.5 Given saturated chains £ = (x,..., y) and rj =  ( y , . . . , z), the 

face map u(£) — • u>(f Vdo?/ ) send s u ;(£)hoi into u(£ Vd0r /)hoi. Therefore u>(a ;)hoi-4 

C w(x )HOL:^VD0i?' 

Proof Choos e compatibl e coefficien t fields  a / r fo r r\ and us e lemm a 4.2.1 . • 

Lemma 4.2.6 Let £  =  ( x , . . . , y ) 6 e a  saturated chain of length > 1  an d let 

a : K Ox,(y) be a pseudo-coefficient field. Then ^^k(i)/K{^Oi{kiX))l^k = ®' 

Therefore the image of the canonical homomorphism ^x^kdot ~~ * ^ ¿ ( 0% = w(E) 
is inside a ;(£)hoi; here d is the differential degree of &(£). 

Proof B y lemma 4.2. 1 w e can assum e that y i s a  close d point an d tha t K = k. 

Let m G  Spec k(E)  an d le t L := Jb(£)/m . The n L  2  F ( ( T 1 , . . .. . . , td)) an d £ > I ( L ) = 
F((t2,... , < D ) ) [ [ * I ] ] , wit h [F : k] < oo . Sinc e F[*l 5 . . . , * < , ] -• F((*2, . • • , < < * ) ) [ [ < I ] ] 

is topologicall y etale relativ e t o k w e ge t fi ^N^)/* ~ ^ ( ( * 2 > • • • > ' D ) ) [ [ ' I ] l *  d *I A 
• • • A dtd, s o b y definitio n th e residu e ma p vanishe s o n it . • 

Theorem 4.2.7 Given a saturated chain f  in X, the k-submodule of holomor­

phic forms tj (£)hoi C w ( ( ) is open. 
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Proof Th e proof i s by induction o n the lengt h o f £. Fo r f =  (x) th e modul e 
UJ(X) i s discret e s o o;(x )hoi = 0  is open . Suppos e tha t f  =  ( x , y , . . . , z) i s of 
length >  1  (so possibly y = z) an d that ct>(d 0£)hoi C  ^(d0£ ) i s open . Choos e 
compatible coefficien t fields  a/r fo r d0£. Le t a =  Odoe  : &(d0£ ) — • &(£) and 
f :  k(z) — • fc(d0£) be the induced morphism s i n CTLF^^k). W e claim tha t 

^ ( O h o i =  {< * G u(0 |  Va G C?x,„ Res^(aa ) G  a;(doOhoi} . (4.2.8 ) 

This follow s fro m conditio n ii) of lemma 4.2.1 , sinc e R e s ^ r = ReSf o  Res .̂ 
Choose element s a i , . . . , a r G  m )̂ C Ox,(2) whic h span m ( z ) / m ^ . The n th e 

continuous fc(z)-algebra  homomorphis m kfc(z)[[ai,...,  ar] ] —• Ox,(z)O extending r 
is surjective. Le t A be the polynomial ring k(z)[a\,..., ar] . A n open subgrou p 
U C  £j(£) is also closed , so such ?7 is an 0x,z-modul e iff it i s an C?x,(z)-module , 
iff i t is an A-module . In particular, 6j(d0£)hoi i s an A-submodule of a;(d0£). By 
continuity o f the residue map, 

^ ( O h o i = {<* e u(0 I  Res*( A •  a) C  u;(d00hoi} . 

Let M : = fi^tt))/*  C  w ( 0 - I t i s a  fre e S T C?i(A:(£))-modul e o f rank 1 , 
and &(£ ) • M =  o;(f) . B y lemma 4.2. 6 we get Res^(M) =  0 . Choos e a regula r 
parameter t i n Oi( &(£)) , s o u(Q =  |J/> o t~j~lM. Sinc e m<i0£ C £0 i( k(£)), fo r 
every j  >  0  we have m^t~*~*M C  M. Accordin g to prop . 1.4.4 , th e &(d0£) -
linear homomorphis m Res&\t-j-iM i s a  D O of order <  j ove r Ox,d0£- Fro m 
formula (1.4.2 ) w e see that fo r any fixed a G  t~*~lM, 

Res*(Aa) C  £  A' R>es<t(ai ''' i rara) 
(T1,...,Tr)€/(i) 

where I(j)  i s the finit e se t { ( ¿ 1 , . . . , ir) G Nr |  i\ H  h  ir <  j}. Therefor e 

^(Ohoi n  r ^M =  {a G  r ' ^M I  5 3 Res , (a ? . . . a >) G  u ,(d 00hoi} 
(«i,..,TV)G/(i) 

is ope n i n u;(£) . B y definition o f the direc t limi t topology , a ;(£)hoi C  a>(£ ) is 
open. • 

Corollary 4.2.9 Let £ = ( x , . . . , y ) 6 e a saturated chain. The canonical map 

u(x) 

w(x)hol:í 

« ( 0 

w(ç)hol 

is bijective. 
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Proof B y definitio n th e ma p i s injectiv e an d accordin g t o cor . 3.2.1 2 i t i s 
dense. Bu t b y th e theore m th e modul e ^ ( O A ^ O hoi ls discrete . • 

From prop . 4.1.4 an d prop . 1.4. 6 i t follow s tha t oj(x)/uj(x)\i0\^ i s an artinia n 
C?x)2/-module. 

Definition 4.2.10 (Pole s of Meromorphic Forms) Let £ = (#,..., y) be a sat­
urated chain in X. 

a) Given a differential form a G  w(x), let I be the length of the Ox,y-module 
(Px,y •  OL + cj(x)\l0\^)/u(x)\i0\:^. Then a is said to have a pole of order I 
along £. 

b) / / / <  1  then a is said to have a simple pole along £. Define 

^(#)sim:£ • = {oi G  w(x) | a ha s a  simpl e pol e alon g f } . 

For an y C?x ,2/-ttiodule M denot e it s socl e HomoXy(k(y)^ M) b y socoXj / 
M. The n on e ha s 

^(z)sim*Mz)hol:£ = S 0 C O X > Y ( ^ ) M z ) h o l * ) . (4.2.11 ) 

Proposition 4.2.12 Let f = ( r r , . . . , y ) and rj = (?/,..., z) be saturated chains 
in X, let a : k(y) —> Ox,(y) be a coefficient field and let r : K —> Ox,(z) be a 
pesudo-coefficient field. Then for any form a G  k>(#)sim:£ one has 

Res£vd077,r(a) =  Re s ̂ )T o Res ^ a ) . 

Proof W e can assume tha t K —• k(z) i s purely inseparable. Choos e a saturated 
chain £  =  (z,..., w) wit h w a  close d poin t an d defin e K$ a s i n thm . 4.1.12 . 
Define Pi : = Res^Vd0»?,r(^ ) an d /32 := R e s ^ o  Res^)(T(a) . I f fa = ^ /32 there 
exists som e c G  K s.t . ResKc/k(c((32 -  Pi)) ^ 0 . Le t f  :  K —• k(r)) b e th e 
morphism induce d b y r , an d le t on  : k{rj) -» Ox^ b e th e liftin g extendin g a. 
Define c : = <Jn o f(c) G  Ox^ The n Res k (idep»/)//<>„ of(ca) = c(32. W e clai m 
that Resk(^d0Tj)/K,r(ca) =  c/?x . This lead s t o a  contradiction , sinc e by theorem s 
2.4.23 an d 4.1.12 , one ha s 

Res/<:c/Jt(c/?2) = Resfc^vdo^vdoOA^ ) =  RESAR<A(cA) . 

In orde r t o prove the claim , note that r (c ) — c G tn^ C  Ox^- Th e submodul e 
CJ(£ V  d07/)hoi C  CJ(£ V d0r/) i s closed , and i t contain s u ;(£)hoi (b y lemma 4.2.5) . 
On th e othe r han d my C  tn ^ i s dense . Sinc e my •  a C  ^;(£)hoi, th e continuit y o f 
multiplication implie s that mn.  a C  CJ(£ V d0r/)hoi- Therefor e 

Resjk(evdor/)/x,r(ca) =  ResK^VDORI)/KJT(T(c)a) =  c/? i . 

• 
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Corollary 4.2.13 Let £ =  (x, ..., y)  be a saturated chain in X. There is a 

canonical Ox,y-linear homomorphism Res ^ :  cj(x)sim:^ —• w(y)- // a is any 

coefficient field for y, then Res ^ = R e s ^ l ^ x ^ . ^ . 

Proof Takin g rj = (y) i n th e propositio n i t follow s tha t fo r an y tw o coefficient 
fields a,a' an d al l a G w(x)sim:t, one ha s Res^j(T(a ) = Res^j(T/(a). Th e Ox,y-

linearity follow s fro m equatio n (4.2.11). • 

Proposition 4.2.14 Let a G  w{x) be a form. Then a is holomorphic along all 

but finitely many saturated chains £ = (#,...). 

Proof Becaus e X i s quasi-compac t w e ca n assum e tha t X = Spec A. Th e 
proof i s b y inductio n o n th e lengt h o f £. First conside r chain s o f lengt h 1, 
£ =  ( x , y ) . Fo r al l bu t finitely  man y point s y G  {x}~ o f codimension 1, a i s i n 
the imag e o f ftx/ktyi b y lemma 4.2.6 a i s holomorphi c along suc h (x,y). 

Now fix  (x, y) an d conside r chain s £ =  (x, y,..., z) o f length n  > 2 . Write 
£ =  ( x , y ) V dor] with 7/ = ( 2 / , . . . , z) a chai n o f length n  — 1. Choose a  coeffi -
cient field  a : k(y) —> C?x,(y)- Sinc e Re s ^ ) ^^ i s a  D O ove r A (prop . 4.1.4), 
there ar e form s B1, . .. ,/?r G o;(y) s.t. R e s ^ ^ ^ A • a ) C  YH=\ A • /?,-. By induc -
tion eac h Pi i s holomorphi c along al l bu t finitely  man y chain s rj. Fo r eac h 77, 

Res(z}2/)j(T(C?x,* * <*) C ^20x,zi' A becaus e A  —» OX,z is formall y étale. Using 
lemma 4.2.1, if al l /?, are holomorphi c alon g 77, then a  i s holomorphi c alon g 
(x,y)Vdfl i / . • 

The followin g importan t theore m i s du e t o Parshin . Fo r surface s se e [Pal ] 
and fo r scheme s o f higher dimension s se e [Lo] ; cf. also [Be] . B y prop . 4.2.14 
it make s sens e t o consider , fo r fixed  x > y and fo r a  pseudo-coefficien t field 
a : K -> 0Xi(y)j th e su m £{=(x,...,y) ResE,0<r ' w{x) u ^ . 

Theorem 4.2.15 (Parshin-Lomadze) Let X be a scheme of finite type over a 

perfect field k. 

a) Let £ = ( . . . , #) and r / = ( 7 / , . . . , z) be saturated chains in X s.t. x > y and 

c o d i m ( { 7 / } ~ , {x}~) = 2 , and let a : K —> Ox,(z) be a pseudo-coefficient 

field. Then 

53 Res£V(t/>)v»7,<r = 0  • 
w£X,x>w>y 
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b) Suppose X is proper over k, and let £  =  ( . . . , z ) be a saturated chain in 
X s.t dim{x}~ =  1 . Then 

E 
w£X,x>w 

R-es£v(u;),fc = 0  . 

Proof B y lemm a 4.2. 1 w e can assum e tha t i n par t a) , z i s a  close d point an d 
K = k. The n thi s i s a n instanc e o f [Lo ] thm . 3 . 

4.3 The Residue Complex 1CX - Construction 

In [RD ] ch. VI §1 we find the followin g definitions. Le t X b e a locally noetheria n 
scheme. Fo r a  poin t x £ X le t J  b e an injectiv e hul l o f k(x) a s a n Ox,x-module, 
and le t J(x) b e th e skyscrape r shea f whic h i s I o n th e close d se t {x}~ an d 0 
elsewhere. The n J(x) i s a  quasi-coherent , injectiv e C?x-module . 

Definition 4.3.1 A residual complex on X is a complex VS of quasi-coherent, 
injective Ox-modules, bounded below, with coherent cohomology sheaves, and 
such that there is an isomorphism of Ox-modules 

pEZ 
Rp 

x€X 
J(x) 

Now suppos e X i s a  reduce d schem e o f finite  typ e ove r a  perfec t field  k. I n 
this section w e will construct a  comple x K'x o n X. W e will show that i t ha s al l 
the propertie s o f a  residua l complex , apart fro m havin g coheren t cohomolog y 
sheaves. Thi s las t propert y shal l b e verifie d i n §4.5 . The comple x K'x i s calle d 
the Grothendieck residue complex o f X (relativ e to k). 

Definition 4.3.2 Let x E X be a point and let a : K Ox,(x) be a pseudo-
coefficient field. Define 

K(o) := HomcontK(OX,(x), wK), 

considered as a skyscraper sheaf supported on the closed set {x} . K{a) is called 
the dual module of the local ring Ox)X (relative to k) determined by a. 

IC(a) i s a  quasi-coheren t sheaf . B y Matli s dualit y i t i s a n injectiv e hul l o f 
k{x) ove r th e loca l ring Ox,x- Thu s JC(a) = J(x) i n th e notatio n use d above . 
In [Gr ] these dua l module s ar e th e buildin g block s of the residu e complex , an d 
the sam e i s true here . Th e mai n effor t wil l be t o identif y th e variou s K{a) t o a 
single modul e K{x). 
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Lemma 4.3.3 Let £ = ( # , . . . , y) be a saturated chain in X and let a/r be 

compatible coefficient fields for £. Denote by loc : OxyV —» Ox,x the localization 

homomorphism. Given any (j> G K(o) put 

6((j)) = % < r / r ( 0 ) : = Res£,r o (j) o loc : 0 X ) 2 , - + w(y) 

(see diagram). Then 

a) The k-linear homomorphism 6(</>) is continuous for the my-adic topology. 

b) The continuous homomorphism <$(< )̂(y) : Ox,(y) w(y) extending 8{(j)) is 

k(y)-linear (via r). 

OX,y 

loc 

Ox>x 
4> w(x) 

Res^r 

S(o) 
u\y) 

(4.3.4) 

Proof a) Since (j> is continuous, (/>(mx+1) = 0  for i » 0 , so it is a D O over 

Ox- By prop. 4.1.4, Res£jT is a locally DO . Thus the composition ¿ ( 0 ) is a D O 
over 0X)V (see lemma 3.1.9) and £ ( ^ ) ( m j + 1 ) = 0  for j » 0 . 
b) Let fa : 0X£ - > Ox,^/m^1 = (Ox,x/K+1)t -> w ( 0 be the fc(£)-linear map 

obtained by applying the completion (—)̂  to <f>. Then by definition of Res^jT 

we get 

*(0)(y) = Res*(OA(y),r ofaod: Ox,(y) -+ w(y) 

where d : Ox,(y) @X£ is the face map. Since a/r are compatible for £ it 
follows that fa is &(2/)-linear, and hence so is <5(<^)(y). 

Remark 4.3.5 We adopt th e followin g convention: operator s denote d b y th e 
symbol "<$" are C?x-linear , wherea s operator s denote d b y the symbo l "Res " ar e 
locally differentia l operators . 

The crucia l ingredien t o f our constructio n i s the coboundar y ma p 6 between 
dual modules . 

Definition 4.3.6 Let £ = ( x , . . . , y ) be a saturated chain and let a/r be com­

patible coefficient fields for £. The coboundary map 6çj<T/T : K{a) —» /C(r) is by 

definition the Ox-linear homomorphism <\> i—• 6^a/T((/)) of lemma 4-3.3. Also 

define 6^T : cu(x) —> /C(r) by 8^T(a)(a) : = Res^jT(aa); a G w(x), a G Ox,(y)-
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The ma p 5 (x),<r is a  canonica l isomorphis m u(x) socoXx £(<r) , and xmde r 
isomorphism w e hav e 

SE,o/T o S(x),o = SE,t : w(x) K(t) . (4.3.7) 

Note als o tha t ker(<^jT ) = w(j(x\0i^. 
Suppose £ =  ( x , . . . , y) an d rj = ( y , . . . , z) ar e saturate d chain s an d /?, a, r 

are coefficien t fields  fo r x,yyz respectively , s.t . p/a an d a/r ar e compatibl e fo r 
£ and rj respectively. The n b y lemm a 4.1.6 and cor . 4.1.16 one ha s 

SEVdon,t = Sn,t p Si 

Recall that a  modul e M ove r a noetheria n local ring (A , m ) i s called cofinit e 
if M =  Hom ^(7V,/) fo r som e finitely  generate d >l-modul e N an d fo r som e 
injective hul l 7  o f A/m. 

Proposition 4.3.9 Let £  =  ( x , . . . , y) be saturated chain. Then u(x)/ w(x)hol;E 
is a cofinite OxyV-module. As such it can be regarded as a skyscraper quasi-
coherent Ox-module, supported on { y } ~ . The map Res $ of cor. 4-2.13 induces 
a canonical isomorphism of Ox-modules Res ^ :  uj(x)sim^/uj(x)\i0i:^ u>(y). 

Proof Choosin g a  coefficien t field r  fo r y on e get s a n injectio n <̂ ) T :  {w{x)j 
u;(#)hoi:£) *—• K>{T)- B y Maths duality submodules o f /C(r) are dual s of quotient s 
of Ox,(y) wit h respec t t o th e dualit y HomoXy(—,/C(r)) . Sinc e th e residu e ma p 
Res*.(£)/k(y),r i s nonzero, and sinc e the socl e of /C(r) is simple, i t follow s tha t 6^fT 
induces a n isomorphis m o n socles . • 

(4.3.8) 

Definition 4.3.10 A system of residue data onX consists of the data ( { / C ( x ) } , 
{<5J>{*<r}) , where: 

a) For every x G  X, K(x) is a quasi-coherent sheaf, called the dual module 
of the local ring Ox,% (relative to k). 

b) For every saturated chain £  =  ( # , . . . , y ) , 6$ : K,(x) — • /C(y) is an Ox-
linear homomorphism, called the coboundary map along £. 

c) For every x 6  X and every coefficient field a : k{x) —> Oxx?), Oo : 
K{a) K{x) is an isomorphism of Ox-modules. 

The following condition must be satisfied: 
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(t) For every saturated chain £ =  (x, ...,y)  and all compatible coefficient 
fields a/r for £, the diagram below commutes: 

Kla) 

SE,o/t 

IC(r) 
Ot 

Oo K{x) 
SE 

*(v) 

Before statin g th e nex t resul t w e have t o broade n ou r definition s regardin g 
differential form s an d coboundar y maps . 

Definition 4.3.11 a ) Let S be a finite set of saturated chains in X. Define 
k(S) := IltzsHO ™d "{S) *•= "k(s) = © * € s " ( 0 - If G C X is a 
finite subset, define k(G) and u)(G) by replacing G with the set of chains 

{(*) I x e G}. 

b) Let y G  X be a point and let o : K —• Ox,(y) be a pseudo-coefficient field. 
Suppose G C  X is a finite subset and S =  \JX£G SX is a finite set of chains, 
s.t. each £  G  Sx begins with x and ends with y. Define 6s}(T ' w(G) —+ IC(a) 
by 6s,CT : = E^eG £ * € S , f>tt<r-

c) Let Xge n be the set of generic points of irreducible components of X. If 
X is a reduced scheme define u(X) := u(Xgen) = 0X6Xgen ^ 0 * 0 -

Recall that th e tota l ring o f fractions o f X i s denote d b y k(X). Thu s fo r X 
reduced w e hav e k(X) = k(Xgen) an d cu(X) i s a  fre e &(X)-modul e o f rank 1 . 
In par t b ) o f the definitio n w e don' t requir e tha t x > y fo r al l x G  G; i f x ^ y 
then Sx =  0  and 8s,a still make s sense . 

Lemma 4.3.12 Let S and a be as in def. 4-3.11 b). Then the k-submodule 
^(G)hohs • = ker (<$5jCr) C  w(G) is independent of a. 

Proof Cop y th e proo f o f lemma 4.2.1 . 

The mai n resul t o f this articl e is : 

Theorem 4.3.13 (Interna l Residu e Isomorphism ) Let X be a reduced scheme 
of finite type over a perfect field k. Let y G  X be a point and let a : K —> Ox,(y) 
be any pseudo-coefficient field. Then: 
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a) There exists a finite set of chains S = [JXZG SX as in definition 4-3.11 b) 
s.t. 

6s}a : w{G) —» IC(a) is surjective. (4.3.14) 

One may choose G =  Xgen. 

b) Let a' : K' —> ^x,(y) be another pseudo-coefficient field and let S = 
UxeG^x o,nd S' = \JX>£G'S'x/ be sets of chains as in def. 4-3.11 b), with 
6s,a surjective. Let Oo,o' be the map which makes the lower triangle in the 
the diagram 

w(G') 
w(G')hol:S' 

f*S',<r 

fC(a) 

f>sfy 
K{o>) 

$<r,<r' 

SS,o 
w(G) 

u(G)ho\:S 

SS,o 

commute. Then Oo,o' is an isomorphism and the upper triangle commutes 
too. 

Proof a ) B y thm. 3.3.16 there exists a  se t o f chains S = Uxexgen S^ s**- the face 
map d : Ox,(y) ~~ * Tl^es @x,z =  k(S) i s a  stric t monomorphism . Sinc e the topol -
ogy o n k(S) i s if-linea r (prop . 3.2.5), an y continuou s if-linea r homomorphis m 
<t> '- @x,(y) —> WK extends (no t uniquely ) t o a  continuou s K-linea r homo m 
phism < ^ : k(S) — • OJK- Th e residu e pairin g (4.2.4) i s a  perfec t pairin g o f S T 
if-modules (thm . 2.4.22); there exist s a  for m /3 G w(S) s.t . (f> =  (—,(3)k(s)/K-

Let u;(S)hoi C  v(S) b e th e perpendicula r spac e t o Ox,y unde r th e pairin g 
(-i-)k(s)/i<K. Since 0£65^(f )hoi C  cj(5)hoi, an d b y thm . 4.2.7, i t follow s tha t 
(̂'S')hoi ls a n 0Pe n submodul e o f u(S). Accordin g to cor . 3.2.12, u(X) C  u>(S) 

is dense ; s o we can assum e tha t / ? G u(X). Doin g so we ge t </> =  8s,a(/3). 

b) Firs t not e tha t th e surjectivit y o f 8s)<T imphe s tha t Ox,(y) ~^ k(S) i s a  str i 
monomorphism. Thi s i s becaus e Ox,(y) i s a  separate d S T if-modul e wit h a 
topology generate d b y if-subspaces o f finite codimension . Henc e 8sy i s surjec -
tive too . 

To sho w tha t th e uppe r triangl e i s commutativ e amount s t o provin g th e 
following statement : i f a =  ^2xeG ax £  U(G) an d a' =  Ylx'eG' °4 ' €  v(G') ar e 
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forms s.t . 6s<r(a) = SS',o(a'),  *^en a^s o à SS,o'(a) = 6S'y(a'). No w ôs,<r(a) = 

W a ' ) i f f ' 

for al l a G  Ox,y, E 
sEG 

E 
EESx 

Res£)(r(aax) E 
x'EG 

E 
E'ES' 

Res^/,, (aafx,) (4 .3 .15 ) 

But jus t lik e in the proo f o f lemma 4 . 2 . 1 , if r/ = ( y , . . . , z) i s any saturated chai n 
with z a close d point , conditio n (4 .3 .15 ) is equivalen t t o 

for al l a G  Ox,y, E 
xGG 

E 
EESX 

ReseVdon, k(aax) E 
x'EG' 

E 
E'ES'X' 

Res £/Vd0r?,fc(aQ4,) 

which i s independent o f a. 

Let ( { / C ( x ) } , {<5J , { $ , , } ) and ({/C'(a;)} , {S'E} { $ ; }) be two systems o f residue 
data. A n isomorphism between the m i s a  famil y o f isomorphisms \I> X : K(x) 

/C'(z) s.t . tyy o 6ç =  ^ o  \I>X an d \I> X o  Oo = O'o  for al l chain s £ =  (x,..., y) an d 
all coefficien t fields  a iox x. 

Corollary 4.3.16 There exists a system of residue data on X, unique up to a 

unique isomorphism. 

Proof I f x G  X gen, se t K{x) := u(x). Fo r an y y € X we identif y th e Ox-

modules /C(a) , wher e o range s ove r th e coefficien t fields  fo r y , vi a th e iso -
morphisms $<ry(T>. Le t JC(y) b e thi s identifie d m o d u l e . T h e c o b o u n d a r y map 
6JJ : IC(y) —> IC(z) attache d t o a  saturate d chai n 7/ = ( j / , . . . , z) i s represente d 
by ^T],(T/T : ^ ( a ) ~~ * £(r)> wher e <r/ r ar e compatibl e coefficien t fields  fo r 77. 
Suppose a'/r' ar e othe r compatibl e coefficien t fields  fo r rj. Le t 5 be a  se t 
of chain s a s i n par t a ) o f th e theorem , s o ¿ 5 ^ : w{G) —+ IC(a) i s surjective . 
Setting S V d 07/ := { £ V d0r) |  £ G  £ } we ge t Ssvdo^r = S^a/r o 55)<r . Le t 
M : = im(<55vd077,r) C /C(r) . B y th e theore m $ r , r / | M = £svd0if,r' o  ( f e v c w ) " 1 . 

Hence 

Sn,of'/t' o Oo,o' Sn,o'/o o (SS,o) - (SS,o)1 

*5Vd077,r/ 0 (^SVd077,r) -1 0 (^,<r/r 0 OS,*) O (6Si<T) 1 
Ot,t' o Sn,o/t 

so 6V : IC(y) — • /C(z) is well-defined. 
Given anothe r syste m o f residue dat a ( { £ ' ( # ) } , {S'E} {$ '<r} ) , fo r ever y j / G 

Àr and ever y coefficien t field  a th e ma p \P y : K(y)Oo-1 K(o) O'o fc'(y) i s a n 
isomorphism o f O^-modules . Usin g compatibl e coefficien t fields  on e ha s \t y o 
6ç = 6ç o tyx fo r an y saturate d chai n £ =  ( x , . . . , y). Thu s {\£x } i s th e uniqu e 
isomorphism betwee n th e tw o systems . 
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Remark 4.3.17 Theore m 4.3.13 actuall y implie s more : ther e i s a  canonica l 
isomorphism $a :  K(a) K{x) fo r any pseudo-coefficien t field  a : K —• Ox,(x)-

Corollary 4.3.18 Given y £ X there is a canonical isomorphism of Ox-

modules 6^ :  u(y) soc#x /C(y) . If a is a coefficient field for y then one has 

S(y) = Oo o s(y),o. 

Proof W e mus t sho w tha t i f a' : k(y) —• Ox,(y) i s an y othe r coefficien t field 
then <bff^i o  <5(y)j( T = £(y),<r'. Choos e an y saturate d chai n £ =  (x,.....,y)  with 
a: G  ^gen- Accordin g to th e theore m $<r,<r'|SocK;(<r) ca n b e compute d usin g 6^a. 

Let /? G v(y); b y prop . 4.3.9 we can find  a G  ^(x)sim:E s.t. Res^(a ) = /3. Then 
using prop . 4.2.12 

Oo,o' o S(y),o(B) = Oo,o' o SE,o(a) = SE,o'(a') = S(y),o'(B) . 

Lemma 4.3.19 a ) Let £ = (#,..., y) and rj = (y,... ,z) be saturated chains. 

Then S^don = f>r, o 6^. 

b) Let y G  X and let (j) G fC(y). Then for all but finitely many saturated 

chains 7] = ( 7 / , . . . ) one has S^cj)) = 0 . 

c) Let (x,z) be a chain in X with c o d i m ( { ^ } ~ , { # } ") =  2 . Then 

E 
y€X,x>y>z 

S(y,z) O 6{Xty) = 0 

Proof a ) Choos e coefficien t fields  p , cr, r fo r x,y, z respectivel y s.t . p/a an d 
o/r ar e compatibl e fo r £  sn d 77 respectively . Us e formul a (4.3.8 ) an d th e iso -
morphisms 4>p , ^ a ^ T . 

b) Choos e a se t o f saturated chain s S =  Ua;exge n ^* as * n thm. 4.3.1 3 a), and le t 
8s : = Z ) { € S ^ :  ^ 0 * 0 ^ ( j / ) t> e ^e correspondin g surjection . The n <j> = 65 
for som e a  G  u)(x) an d ¿ , , ( 0 ) = ^5vd0»?(a) b y par t a ) o f the lemma . B y prop . 
4.2.14, fo r al l bu t finitely  man y suc h chain s 7/, a G  f \ 6 S ^POhoi^vdorp an d fo r 
those 77 one ha s ^ ( ^ ) = 0 . 

c) B y part a ) thi s su m equal s 12yex}x>y>z fyz.y,*)- Choos e coefficient fields  a s i n 
a). Fo r an y (f) G  /C(p) and an y a G  Ox,z w e have b y definitio n 

E 
y6X,a:>!/>« 

S(x,y,z),t (ø)(a) = E 
y € A » y > z 

Res(w)jr(<£(a)) 
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which i s zer o by theore m 4.2.15. 

The stag e i s se t t o presen t th e residu e complex . Fo r ever y natura l numbe r 
q le t Xq C  X b e th e subse t {x £ X |  dim {x}~ = q}. 

Theorem 4.3.20 Let X be a reduced scheme of finite type over a perfect field k 

and let ({JC(x)}, { ^ } , { $ < r } ) be the unique system of residue data on X. There 

exists a complex (fCmx,8x) of Ox-modules, together with homomorphisms of 

Ox-modules ^x : JC(x) —• K'x for all x e X, s.t for every integer q the 

homomorphism 

x€Xq 

fdsq 
x€Xq 

K(x) —> Kx (4.3.21) 

is an isomorphism. The coboundary map 6x satisfies the formula 

àx 
xex 

xex 

(*,v) 
*y °  *(«,v ) 

xex 
fC(x) —> Kx . (4.3.22) 

The complex (JCx^x) ^s unique up to a unique isomorphism, and is called the 

Grothendieck residue complex of X (relative to k). 

Proof Us e formula s (4.3.21 ) an d (4.3.22 ) t o defin e th e comple x Kx- Fro m 
lemma 4.3.1 9 b ) i t follow s tha t £(*,y ) S(XiV) : ©x€x £(x) - * ®yex K>(y) is well-
defined, an d fro m par t c ) of the sam e lemm a i t follow s tha t 82x =  0 . 

4.4 Functorial Properties of the Complex JC'X 

Let X b e a  reduce d schem e of finite  typ e ove r a perfec t field  k, wit h structura l 
morphism 7r. I n this section we will examine the behavio r of the residu e complex 
IC'X wit h respec t t o finite  morphism s an d ope n immersions . W e wil l also show 
that when n is proper there is a canonical nonzero trace ma p Trn : H°7r*tC'x —• k. 

Proposition 4.4.1 Let f : X —>Y be an open immersion of reduced k-schemes 

of finite type. There is a canonical isomorphism of complexes of Ox-modules 

7/ : K'X ^ f*fcv If g - Y —* Z is another such open immersion then 

Ygg = f(yg) o yf : Kx fgKZ = (gf) KZ.f) KZ.jhs 

Proof / induces a n isomorphis m betwee n th e syste m o f residu e dat a o n X 

and th e restrictio n t o f(X) o f the residu e dat a o n Y. Since K'Y i s a  su m o f 
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skyscraper sheave s K(y), f*K'Y is th e su m o f the sheave s /*/C(y ) fo r y G  f(X). 
• 

Remark 4.4.2 In prop . 4.4.1, "open immersion" ca n b e replaced wit h "étale". 
Indeed, suppos e / :  X —* Y is étale. Given y G  Y, f*K,{y) = ®x\y /*/C(y)x , 
since / is quasi-finite . Fo r an y coefficien t field  a : k(y) —» Oyf(y) an( l an Y 
x\y, w e hav e a n induce d coefficien t field  ax : k(x) —> O j ^ ) , an d C?x,(x ) — 
&(#) ®*(y) ^y,(y) - Thi s induce s a n isomorphis m /*/Cy(<r) x / C x ^ * ) whic h i s 
compatible wit h th e coboundaries . 

Let / :  X —• Y be a  finite  morphis m o f noetheria n schemes . Followin g 
[RD] ch. Ill §6 we let / :  ( X , Ox) —* (Y, f*Ox) b e th e correspondin g morphis m 
of ringe d spaces , an d w e denot e b y Mod(Y,/*Ox) th e categor y o f sheave s o f 
/*Ox-modules o n Y. Th e functo r / * : Mod (y , /*Ox) -> Mod(X) i s exact . 

Definition 4.4.3 Given a finite morphism f : X —• Y define a functor /b : 

Mod(r) - » Mod(X) by 

f :=f*HomY(f*Ox,-) . 

If U = Specf? an d V = Spec A ar e affine open subset s i n X an d Y re-
spectively s.t . U = / " 1 ( V ) , an d i f M  i s a  quasi-coheren t Oy-module , the n 

r ( t / , / b A f ) = H o m A ( 5 , r ( V , A4) ) . If X f Y A g Z ar e finit e morphism s the n 
(<7/)b = / V naturally . 

Remark 4.4.4 In [RD ] th e functo r / b is a derived functor , define d usin g RTiom 

instead o f Tiom. Howeve r w e shal l onl y appl y / b t o injectiv e Oy-modules , 
making thi s discrepanc y disappear . 

Theorem 4.4.5 Let f : X —• Y be a finite morphism of reduced k-schemes 

of finite type. There is a canonical isomorphism of complexes of Ox-modules 

7/ : fc'x / ^ y • If g '-Y Z is another such finite morphism then 

llf = fill) oi):Kx^ fg"K-z S (gf?JCz . 

Before provin g th e theore m w e need t o establis h som e more notation . Sup -
pose G, H C  X ar e finite  subset s an d suppos e S = [JweG Sw = UxeH Sx i s a 
finite se t o f chains in X s.t . eac h £ G  SWDSX begins with w and end s with x. Sup -
pose als o fo r that ever y x G  H we are give n a pseudo-coefficien t field  ax : Kx —* 

0x,(*)- Defin e o := l\xeH ax an d K{a) : = 0xGif K{ax). Le t <55)< r : w ( G ) - » /C(<r) 
be th e Ox-modul e homomorphis m <$s ,<r : = E i*€G £x< E# E *€Swns* SE,ox.. 
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Now let /  :  X —• Y b e a  finit e morphism , le t y G  f(X) b e a  poin t an d le t 
H C  /(A" ) b e a  finite  subset . Suppos e T = \JW£HTW i s a  finite  se t o f chains 
in y , s.t . eac h rj £ Tw begins wit h w an d end s wit h y. Le t G  : = f~l(H) an d 
write a:1 2/ for #  G  f~l(y)- The n 5  : = f~l(T) decompose s into 5  =  L L G G ^ = 

Ua^S* a s above . Give n a  pseudo-coefficien t field r  :  K — • C?y,(j,)> th e loca l 
homomorphisms / * :  Oyt(y) —• O j ^) induc e pseudo-coefficien t fields  f*rx : 
A' — • @x,(x)- Se t /* r : = IIxii,/*7*- A s explained above , there i s an Ox-linea r 
homomorphism SSj*r ' v(G) — • K(f*t).  Define w (G)hoi:5 •= ker(<$5j.r). 

Let 
^ : u(G) ^ fu(HH) = Eomk(H) ( fc(G),u;(#)) (4.4.6) 

be th e isomorphis m induce d b y th e trac e ma p Trjfe (G)/*(jy) : v(G) — • w{H), an d 
let 

02 : /C( /*r) = 

x|y 

K(f*tz) = fbK (tt) = 
x|y 

Homoyï (C?x,x,/C(r)) (4.4.7) 

be th e isomorphis m o f adjunction . 

Lemma 4.4.8 The diagram of Ox-modules below is commutative: 

w(G) 

6s,f*r 

K ( f * r ) 
02 

Ox fbw(H) 

fb(ST,t) 

fbK(t) 

(4.4.9) 

Proof W e ca n localiz e a t an y x G  f- l1(y). Choos e a G  u(G)x, a G  Ox,x an d 
b e Oy,r The n 

(f(6r,)oel)(a)(a)(b) = E 
xET 

R e s ^ - o  Trk(G)/k(H){baa) G u;* . 

On th e othe r han d 

№ o ^ r ) W W ( t ) = E 
EES 

Res^A '(6aa) G  o;^ . 

According t o prop . 3.2.3 , k(S) = k(G) ®k(H) k(T) a s reduce d cluster s o f TLFs . 
Since k(H) —* k(T) i s topologicall y etale relative t o k, w e know b y thm . 2.4.2 3 
(cf. proo f o f cor. 4.1.16 ) tha t 

E 
fier 

Res^/jf o  Trk(G)/k(H) = E 
tes 

Res^jr : u(G) —• UK • 
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Proof (o f the theorem) Fi x y G  Y and x G / _ 1 ( y ) . I t suffice s t o give an 
isomorphism K(x) fbIC(y)x whic h is compatible wit h th e coboundaries 6x 
and 6y. Let a : k(x) —> Ox,(x) an d r  : k(y) —• (9y,(y) be coefficient fields,  an d le t 
f*rx : fc(y) —• Ox,(x) be the induced pseudo-coefficien t field.  Th e isomorphis m 
$(TJ*TX o f thm. 4.3.13 is an isomorphism o f (^ -module s JC(a) / C ( / * r x ) . By 
adjunction w e ge t an isomorphis m !C(f*rx) / b / C ( r ) x (calle d #2 in lemm a 
4.4.8), and th e composition is by definitio n 7/)<r>r: :K(p) f^K>(T)x-

Suppose a  an d r ar e other coefficien t fields  fo r x and y respectively. By 
thm. 4.3.13 

Oo',f*T'z o Oo,o' = Of*tx,f*t'z o Oo,f*tz . 

It remain s to show tha t 

h o * / • w.r< = /b(*r,rO o 02 : /C(/*rx) fK{r')x . (4.4.10) 

Then th e isomorphis m Ybf : / C ( x ) /k/C(j/)x represente d b y 7/)(TjT is well defined. 

Choose a  finite  se t of chains S = {JW£XgeD Sw m X s-t. eac ^ ^  E  5« , be -
gins wit h w and ends wit h x , and s.t. the face ma p Ox,(x) —* k(S) is a stric t 
monomorphism. Defin e H := f(Xgen) CY, T := / ( 5 ) , G := f~l{H) C  X an d 
5 : = f~l(T). The n 5  C 5, so jb(5) =  k(S) x k(S - S) and C7X| W -+ * ( 5) is a 
strict monomorphism . Th e isomorphis m $/*rx,/*ri ca n b e compute d usin g S: 

Of*tx,f* t'x = SS,f* t'x o (Ss, f*tx)-1 : K (f* tx) K (f* t'x)tt. 

By thm . 4.3.1 3 th e isomorphism $TjT / o n Yrestricted t o im(&r)T ) C  /C(r) , 
equals 6TT' 0 fer)"1- Accordin g to the previou s lemm a w e hav e 

0f1 o / ( ^ r ) - 1 o  02 = (Ss . / .r)-1 : / C ( / * r ) ^ o;(G)/^(G)hol:S 

and th e same fo r r', togethe r yieldin g formul a (4.4.10) . Simila r argument s 
show that 7^ commute s wit h th e coboundaries . Th e transitivit y o f the trac e o n 
differential form s implie s tha t 7^/ = /b(7y) 0 7/-. 

Definition 4.4.11 (Traces) 

a) Let f : X —• Y be a finite morphism of reduced k-schemes of finite type. 
Define a homomorphism of complexes of Ox-modules 

Tr/ : fJCx ~* fJCx 

by taking the composition of f*(jf)fd : f*IC'x / * / b £ y with the homomor­
phism /*/b/C y = 7ioray(/*(9;r,/Cy) —• £ y #ii>en locally by c/>\-^ 0 ( 1 ) . 
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b) Given x G  Xo (a closed point) let a : k(x) —• Ox,{x) be the unique 
coefficient field. Then there is a canonical isomorphism $ r :  K{a) = 
Kom?${pXAx),k{x))d 2* K{x). Define 

Res(x)]fe : K{x) -+ k 

by Res(s),* (</>) := Trfc(x)/fc o ($^(0))(1), <f> € K(x 

c) Let 7 r :  X —* Spe c & 6e tffte structural morphism. Define 

Tv„ : nX°x = 0 /C(ar ) -  k 
x€Xo 

by Tr^ : = £ X E X O Res(a.),*. 

Corollary 4.4.12 a ) Le £ A f F  g  Z be finite morphisms of reduced k-
schemes of finite type. Then 

Tvgf = Trg o gm(Trf) : (gf)Xx - Kz . 

b) Le £ / :  X —• Y be a finite morphisms of reduced k-schemes of finite type 
and let p :Y — • Spec k be the structural morphism. Then 

Tr„ = Tr p o p.(Trf) : nXx ~+ * • 

Proof Bot h assertion s ar e consequence s of thm. 4 . 4 . 5 an d som e diagram chas -
ing. • 

Corollary 4.4.13 The homomorphism Tr ^ :  T(X, tCx) —• k is nonzero. More­
over, given any nonzero element a G  T(X, Ox), there exists some a G  T ( X, JC°X) 
s.t. Trx(aa ) ^  0. 

Proof Sinc e X i s reduced , ther e i s som e close d poin t x G  X s.t . a{x) G 
k(x) i s nonzero . I f p : SpecA:(x ) — • Spec A; is th e structura l morphism , the n 
Trp =  Tik(x)/k' Conside r th e finite  morphis m /  :  Speck(x) —• X. B y th e 
corollary, Tr ^ o  7r*(Tr/) =  TTP. Choos e any b G  k(x) s.t . Tik^xyk{ab) ^ 0 an d 
set a := 7r*(Tvf)(b). • 

Theorem 4.4.14 Suppose n : X —• Spec A: is proper. Then Tvn o TT*(6X) 
( T T ^ / C ^ 1 ) = 0, 5 0 Tr^ : n*JC'x —• k is a homomophism of complexes of k-modules. 
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Proof W e hav e n^fCx = ®xeXl IC(x). Choos e x G Xu le t a : k(x) —• Ox,(x) 
be a  coefficien t field  an d le t (f> G /C(er). Fo r an y y G XQ H {X}~ w e hav e 
Res(y),JFE 0 *(*>y) 0 $<r(^) =  Res(Xjy))A : o 0 ( 1 ) , s o 

Tr , o  TT*(6x) o $ „ ( 0 ) =  ^  R e s ^ ^ l ) ) =  0 
y€X0,x>y 

by th e classica l residu e formul a (cf . thm. 4.2.1 5 b ) ) . • 

Definition 4.4.15 Suppose X is an n-dimensional, equidimensional scheme. 
Define CJX to be the sheaf H~n JCX. 

Observe tha t Cbx i s a  subshea f o f ICxn =  v(X) =  fik(X)/k- No w suppose X 
is integral . I n [Ku2 ] E. Kun z introduce d th e shea f o f regular differential forms 
ux/k (cf * [Lil] §0)- I t i s a  subshea f o f C J ( X ) , coherent , an d coincide s with ttx/k 
if X i s smooth . 

Theorem 4.4.16 Let X be an integral scheme of finite type over a perfect field 
k. Then ux is the sheaf of regular differential forms. 

Proof Sa y X ha s dimensio n n an d generi c poin t v. W e clai m tha t fo r 
any ope n se t U C X, T(U,ux) = C\x€Xn-inuu(X)ho\:{v,x). Thi s i s becaus e 
T(U,JCxn+l) =  (&xeXn_inu £(x) an d f° r eac n suc h x, u>(X)hoi:(ViX) =  ker(6(W|a.)) . 
If X i s smoot h ove r k the n u;(X)hoi:(t>,x) = &x/kyx sinc e Ox%x i s a  D V R for -
mally smoot h ove r k (cf . proo f o f lemma 4.2.6) . Henc e fo r an y y G X w e hav e 

UX,y =  n *€Xn-i ,*>y ^X/k,x = ^ X / I B , y 

It remains to show that given a finite  surjectiv e morphis m /  :  X =  Spe c B —• 
Y =  Spe c ̂ 4 with X integra l an d Y smoot h ove r fc, then 

T{X,ux) = {a G w(X)| Tr/(B • a) C fi^A*} • 

Since Tr / send s f*wx  into uy =  ̂ y/jfe> , th e inclusio n " C " is trivial . Le t u s prov e 
the othe r inclusion . Fi x a G w(X) s.t . Tr/(i 3 •  a) C ^A/ik-. Let v an(^ ^ ^e 

the generi c point s o f X an d Y respectively . I t suffice s t o sho w tha t fo r ever y 
x G X n _ i , a G ^ (A^hoi:^*) . Fi x suc h x an d le t y : = / ( x ) . 

Define i f : = k(Y)(y) = Jfc( (^ , j / ) ) an d L : = fc(X)(y)  S  K(X)  ®k{y) K £ 
Ilx'iy k (v 5 ^ ') ).  Sinc e Tr / i s Oy-linea r w e get upo n completio n alon g (y): 

TrL/K((f*Ox)(y)(y) • a) C Mn,sepY/k = <"( K 2/) )hd • 
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Let e  G  (f*Ox)(y) —  Ux'\y @x,(x') b e th e idempoten t whic h projects ont o Ox,(x)-

Choose a  coefficien t field  a :  k(y) —» Ox,(y)- The n 

Resjb((t,ja.))/jfc(y)j<r(Oxl(*) *  a ) =  R**L/k(y)A(f*Ox)(v) ' ea) 
= Resjr/*(y),« r 0 TrL/K((f*Ox)(yy)y •  ea) =  0 

so a  E w( (v, x) )hoi (cf . lemma 4.2.1) . • 

Remark 4.4.17 Whe n X i s integral o f dimension n an d n i s prope r w e ge t a 
canonical ^-linea r homomorphis m 

H° (Try) 
Ox :  Hn(X, d *) -  H°(X , /Cx) •  k .  (4.4.18 ) 

It follow s fro m thm . 1  of the appendi x tha t th e pai r (o>x , 0X) is & dualizing pair 
in th e sens e o f [Lil] §0. A  separat e local calculation i s needed t o chec k that 0x 
equals Lipman' s map , u p t o a  sig n (cf . [Lil ] thm. 0. 6 (d) , and [SY]) . 

4.5 Exactness for Smooth Schemes; More Functorial 
Properties 

In thi s sectio n X i s a  reduce d schem e o f finite  typ e ove r a  perfec t field  k. 
We shal l exhibi t a  canonica l quasi-isomorphis m C ^ '  ^JyjJ72 ] ^x ^or X 
smooth o f dimension n  ove r k. Usin g th e varianc e o f K'x wit h respec t t o finite 
inorphisms w e wil l prov e tha t i t i s a  residua l comple x for an y X. Finally , w e 
shall show that whe n n : X — * Spec k i s proper (an d som e extra hypothesis ) th e 
pair (JC'xiTin) represent s th e functo r T' h + Hom^R^r*.?7*, k) o n th e categor y 
D - ( X ) . 

Suppose X i s integral , o f dimensio n n . Followin g [EZ ] ch. Il l §3. 1 we cal l 
the canonica l homomorphis m o f Ox -module s Qx/k — • Mnk(X)/k = ^ x " th e fun­
damental class an d denot e i t b y Cx- Accordin g to lemm a 4.2.6 , 8x o Cx =  0 . 
The augmented residue complex o n X i s th e comple x 

, 0 ^ n » / ^ / C ^ n ^ / C i n + 1 ^ - - - ^ ^ - . 0 ^ - - - . 

Remark 4.5.1 Th e fundamenta l clas s C x i s define d o n an y reduce d schem e 
X. I t i s a  globa l section o f the doubl e comple x K'x •= Homx (Mx/k^, K-'x)-> an d 
d'x(Cx) = 6'x(Cx) =  0 ; se e [EZ ] ch. Il l §3. 1 and ou r digressio n 4.5.13 . 
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Theorem 4.5.2 Let X be a smooth irreducible scheme over k. Then the aug­
mented residue complex on X is exact. 

First let us set up some notation. Suppos e X i s an irreducible smoot h n-
dimensional schem e ove r k, z G  X i s a point an d p is an integer i n the range 
[0,n]. Th e stalk o f Kxp a t z, K~xz, can be identified wit h (&xexp,x>z K*{x)\ ^ 
is a direct summan d o f the group of global sections T(X , K'x) = ®xexp K(x). 
Any sectio n a G  T(X, K^) i s a sum a =  Ylx^x ax, and &X is identified wit h 
the ger m of a at x. Th e module K(x) is an artinian C?A>-niodule, so the cyclic 
submodule Ox,x • OLX ha s finite length . W e shall call a point x G  X ba d if it is 
not containe d in any smooth hypersurface Y C X. 

Given a = Ylxexp ax £ T (X, Kxp) define: 

Ass* (a) : = {x G  Xp \ x > z, ax ^ 0} 
lengthy (a) : = ExEAssz(a) lengthyx(Ox,x ' <xx) 
codim(a) : = n — p 

badness^(a) : = numbe r o f bad points in Ass2(a) 
weight2(a) : = (codim(a),badness^(a),lengthz(a) ) G N3 

We say that a G  KxPz i s a cocycle if 6x,z(&) = 0, and that is a coboundary 
if a =  6x,z(/3) for some /3 G K~x~x (or a =  C A>0#) fo r some /3 G ^x/k^i ^ 
p = n) . Not e that for a G / C^ C T(X, Kxp), the support o f a? is precisely the 
closure of Assz(a). 

Suppose Y C  X is a smooth hypersurface, wit h idea l sheaf J, an d inclusion 
morphism i. Th e canonical isomorphism Slx/k ® T~l ® Oy =  SV^T/l gives rise 
to a  surjection o f (^-modules, th e Poincaré residue map , Res(x,y) : &x/k ® 
X-1— f̂iy/jj (w e are omitting the functor i*). Ther e is also a canonical injection 
^x/k®^~1 ^ ^k(x)/k = K-x") which identifies Slx/k ® T~l wit h th e sheaf of 
meromorphic forms wit h simpl e poles along Y. Th e trace map Ttj : K'Y —• /C^ 
is an injection o f complexes; fo r any x G  X, im(Tr,) x consist s o f those germ s 
otx £  £x,x annihilated by Tx. 

Lemma 4.5.3 The diagram of Ox-module homomorphisms below is commu­
tative 

О"X/k I"1 С гг—п Sx 

Resavi 

Qfl-l 
lLY/k 

С /Vyn+1 

Tri 

Kx-n+1 
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Proof Le t x an d y b e the generi c point s o f X an d Y respectively . Fo r any 
y' G Xn-\ othe r tha n y, bot h path s are 0, since (fi ^/IFE ®^~l)y 'y C ^(#)hoi:(x,y') . 
Therefore w e can localiz e a t y. The n J y =  my = (t) fo r som e t G <9x,y , 
and (£lx/k ®  ^ _ 1 )y = t-1.  ^x/fc,y whic h equal s CJ(x)sim:(X)y) (cf . proof o f lemma 
4.2.6). Sinc e Res(Xjy)( a A  r ! d t) =  a(y ) G Mn-1k(y)/k for all a G fi£^y  w e get 
Res(x,y) =  Res(Xiy ) :  (OJ/f c ®  J_1)y w(y) (see prop. 4.3.9) . No w (Tr,-)y : 

JCY(y) =  u(y) Kx{y) i s Siven by (7i)y = 6x,(*,y ) 0 Res(~x!y) (cf - Proof o f thm-
4.4.5), so the diagram commutes . • 

Proof (o f theorem) Usin g inductio n o n weight in the well-ordered se t (N3 , lex), 
it suffice s t o prove the following claim: 

(f) Le t X b e an irreducibl e smoot h schem e ove r k,  let z G X b e a  point , 
let p be an integer in the range [0 ,d imX ] an d let a G K>xPz b e a cocycle . 
Suppose that for all quadruples ( X ' , z', p', a') as above with weighty,(a' ) < 
weighty ( a ), ol is a coboundary . The n a  i s a coboundary . 

The clai m is proved cas e by case. W e may assume that a ^  0  and dim {z}~ 

< p. Le t n := dimX. 

case 1  codim(a ) = 0 , so a G / C ĵ  = u(X). Appl y thm. 4.4.16. 

case 2  codim(a ) >  1  and a G H o m o X z ( O y ^ , / C ^) fo r som e smoot h hy -
persurface Y C X. Denotin g th e inclusio n morphis m o f Y b y i w e hav e 
a G (ibK>xP)zi s o a =  Tr,(/? ) fo r som e /5 G /Cy£. Sinc e Tr, - :  K'Y -* IC'X i s 
an injectio n o f complexes, /3 is a cocycle . W e have codim(/? ) =  codim(a ) — 1, 
so b y the hypothesi s ¡3 = 6y,z(i) for  som e 7  G /Cy^"1, oi /3 = CyiZ(j) for  som e 
7 G fiy/fc 2 if p =  n . I f p <  n  we get a =  6x,z 0 (Trz)z (7) . I f p =  n w e can hft 
7 t o som e 7  G (^x/k ® ^ - 1 ) ^ 5 wher e X  is the idea l shea f o f Y. Accordin g to 
lemma 4.5.3 , <$x, z(t) =  OL. 

case 3  codim(a ) >  1  and there i s some x G Assz(a) whic h i s not bad. So 
x G Y wher e Y C X i s a  smoot h hypersurface . Le t U =  Spe c A C I be 

an ope n affin e neighborhoo d o f z s.t . U C\Y = Spe c A/(t) fo r som e £  G A, 
and le t i : U —> X b e th e inclusio n morphism . Applyin g th e isomorphis m 
7* :  IC'u «*/C^ , and observing that weighty , being defined locall y at 2 , remains 
unchanged, w e see that i t i s possible t o assume tha t X = Spec A. 

Since th e clas s t(x) o f t i n th e residu e field  k(x) i s zero , i t follow s tha t 
\ength0xx (Ox,x •  to) <  lengthOxa?(0x ,z *  a ), an( ^ hence als o weight2(to ) < 
weight^(a). B y hypothesis to  i s a  coboundary : to =  f>x,z(P) for  som e / ? G 

^ A > _ 1 * Sinc e £  is a  non-zero-diviso r o n Ox,z an d sinc e /C^- 1 ls an injectiv e 
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Oj^-module , ther e i s som e 7 G  KXz 1  s.t. tj =  /3. Thu s £(5X,2(T) — a) =  0 an d 
we reduc e th e proble m t o cas e 2. 

case 4  codim(a ) >  1  an d al l point s i n Ass^(a ) ar e bad . Choos e som e x G 
Ass2(a) an d le t /  :  X — • Y =  A £ b e a  finit e surjectiv e morphis m whic h 
linearizes (x). Sinc e X an d Y ar e regula r schemes /  i s a  flat  morphis m (cf . [AK] 
ch. V  cor . 3.6) . B y choosin g a  smal l enoug h affin e neighborhoo d o f v : = f(z) 

in Y w e ca n assum e tha t X =  Spe c 2?, Y =  Spe c A an d J5 is a  fre e A-modul e 
of ran k N =  d e g / . 

Choose a n A-basi s e i , . . . , en  for Hom^-B , A ). W e ge t a n isomorphis m o f 
complexes o f Oy-modules 

f*JCx 
Mi)) 

UfKY^Homy{UOx,Ky) 
N 

¿ = 1 

Oy • €i ® /Cy (4.5.4) 

s.t. A(*JC)(E€,-®A) = £ É » ® M A ) for al l globa l sections G  T(y , /Cy) . Ther e 
is a n exac t sequenc e o f complexes o f C?x-module s 

0 -  J" - fbKY,v  -t KX,z, -> 0 (4.5.5) 

where ^  i s locahzatio n a t z an d J' = © x ' e / - 1 ^ ) , * ' ^ K(x').  For everY P £ 
T ( X , 47') th e suppor t o f /3 does no t contai n z; therefor e ther e i s som e t G  B s.t . 
t(3 = 0 but t(z)  56 0. 

The sequenc e (4.5.5 ) i s naturall y sph t a s a  sequenc e o f (9x-niodules , al -
though no t a s complexes . Applyin g /*(—) v t o thi s sequenc e an d recallin g 
that 6x%M{a) = 0 w e ge t f*(6x)v(a) = Uf\^v){a)a) G  f*J'v S  r(X ?17'). 
Let t e B b e s.t . tf*(8x)v(a)a) = 0 bu t t(z) ^ 0. Writ e ta = E £ i ^ ® A , 
A €  /Cy^, . The n Ee t ®  <$r,i>(A) = f*(6x)v(t&) = 0, s o eac h /?, • is a  cocycle . 
Since Assw(/?,• ) C  / (Assz( ta ) ) C  /(Assz(o?) ) an d sinc e {f(x)}~ C  y  =  A £ 
is a  linea r subspace , w e se e tha t badness ^A) <  badness^(a ) =  #Ass^ (a ) . 
The codimensio n hasn' t changed , s o weightv(/?,• ) <  weight y (a). B y hypothesi s 
/3i = Sy^ji) fo r som e 7,- G  KyP~l. Bu t £  G 0Xz ( a uni t a t z ) , so w e conclud e 
that a = 6x,z(t-1 £  ct - ® 7,-). 

Corollary 4.5.6 For any reduced scheme X of finite type over k, K'x is a 

residual complex. 

Proof W e have t o sho w that K'x ha s coheren t cohomolog y sheaves. Sinc e thi s 
is a  loca l questio n w e ma y assum e tha t X i s a  close d subschem e o f Y =  Aj J 
for som e n . The n fo r a U p th e 0x-modul e WK'X ^ WHomY(Ox,K,y) = 

£xty~n(Ox, Qy/k) 1S coherent . 
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Corollary 4.5.7 Suppose X is a Cohen-Macaulay, n-dimensional, equidimen-
sional, reduced scheme. Let w ^ H be the complex consisting of the sheaf Qx 
in dimension —n. Then the homomorphism of complexes £>x[n] —• fC'x is a 
quasi-isomorphism. 

Proof Th e questio n i s loca l s o w e ma y assum e X i s a  close d subschem e o f 
Y = AjJ1 . The n WK'X £ SxtpY+m(Ox^Y/k) i s 0  fo r p  ^  - n (cf . proo f o f [Ha] 
ch. Il l thm . 7.6) . 

Let D(X) b e th e derive d categor y o f complexe s o f C?x-modules , locahzed 
with respec t t o quasi-isomorphisms . Le t D+(X) b e it s ful l subcategor y consist -
ing o f bounded belo w complexe s with coheren t cohomolog y sheaves . Conside r 
the categor y FT/ k o f scheme s o f finite  typ e ove r k an d fc-morphisms.  Fro m 
[RD] ch . VI I cor . 3. 4 i t follow s tha t ther e i s a  contravarian t pseudofuncto r 
! o n FT/ k. T o ever y morphis m /  :  X —• Y i n FT/ k i t assign s a  functo r 
/! : D+(Y) — • D + ( X ), wit h th e followin g properties : 

1) Fo r tw o morphism s X f-4 Y g Z ther e i s a n isomorphis m c™ : (gf)1 —• 
f!g!. 

2) Fo r a  finite  morphis m f : X —>Y ther e i s a n isomorphis m dJ P :  /! — • /b . 

3) For a smooth morphism / : X —• Y of relative dimension n, there is an 
isomorphism ê D : f tt>x/y[ra] ®0x /*> where UJX/Y is the invertible 
sheaf £2x/y-

4) Fo r a  prope r morphis m /  :  X —> Y ther e i s a  trac e morphis m TrJ P : 
—• 1  in D+(F) . I t induce s a  functoria l isomorphis m Rf*f! —• 1  in D+(lr) . I t induce s a  functoria l isomorphis m 

6fD : Rf*KHomx(r,fG')sd sRsHom^Rf*?',£') 

for al l T' G  D~C(X) an d Q' G  D+(K) . 

In particular , takin g th e structura l morphis m 7 r :  X — • Spe c A: and th e 
complex A : G  D+(Specfc) , w e ge t a n objec t 7r!A ; G  D+(X). Th e nex t corollar y 
says tha t i n man y instance s ther e i s a n isomorphis m nk = )C'X i n D(X) (e.g . 
when X i s quasi-projective) . 

Corollary 4.5.8 Suppose the structural morphism n : X — • Spec & factors as 
7r =  p / witf/ i f : X —+ Y finite and p : Y — > Spec A: smooth. Then there is an 
isomorphism ( : JC'X ^ nk in D(X). 
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Proof Sa y Y  ha s dimensio n n. B y thm . 4.5. 2 on e has isomorphism s 

Cy o  efD : pk ^ u}Y/k[n] = u)Y[n] = fiy/A.[n]  ^  /C y 

in D + ( y ) , an d b y thm . 4.4. 5 on e ha s 

(7))-1 O  d™ o /!(Cy o e*D) o eg :  TT'A: * / V * ^ /!/C y * /b/C y ^ K'x . 

Now assum e tha t 7r is proper . I n thm . 4.4.1 4 w e produce d a  morphis m 
Tr* :  nX'x - + *  i n D(Jfe) . 

Theorem 4.5.9 Assume that n : X — » Spec A: ¿5 proper and that there is some 
isomorphism K'x = t'k in D(X). Then there is a unique isomorphism £ x 
K'x 7rlk in D(X) s.t. 

Tr„ = Tr*D o RTT.(CX) : **tCx - * • 

Proof Sa y w e ar e give n a n isomorphis m £  :  K'x nk i n D + ( X ) . The n Tr^ D 
induces a n isomorphis m o f T(X, (9x)-module s 

HQ7r*)Cx 
H°R7r.(C) 

H°R7r*7r!]fc 
0RD 

Homjk(7r.(9x,A:) . 

Now T(X, Ox) is a  finite  reduce d A;-algebra , hence a  semi-simpl e artinia n ring . 
It foUow s tha t E°(X,ICX) i s a  fre e T ( X , 0x) -modul e o f rank 1 . B y cor . 4.4.1 3 
the trac e H^Tr* ) i s nondegenerate , s o H^Tr* ) =  H°(Tr*D ) o  H0RTT*(C) O  a fo r 
some global unit a £  T ( X , Ox)x •  Then (x : = Coa_ 1 is ^e desire d isomorphism . 

Observe tha t thm . 4.5. 9 applie s whe n X i s projectiv e ove r k -  thi s follow s 
from cor . 4.5.8. 

Remark 4.5.10 In th e appendi x (thm . 1) it i s show n tha t ther e exist s a 
canonical isomorphism (x • &x t!K^ i n D(X),  as i n thm . 4.5.9, on an y proper 

reduced schem e X. Moreover , the exercis e a t th e en d o f the appendi x show s 
that ther e i s a  canonica l isomorphis m o f complexe s (x : &x nAk on an y 
reduced schem e X. Her e 7rA is th e pseudo-functo r o f [ R D ] ch. VI. 

Remark 4.5.11 Suppose X i s bot h smoot h an d prope r ove r k. Ar e th e 
isomorphisms £ and ( x o f cor . 4.5.8 and thm . 4.5.9, respectively, equal ? I n 
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other words , wha t i s th e uni t a E  T(X,  Ox) occurrin g i n th e proo f o f thm . 
4.5.9? In [SY ] it i s prove d that a = ± 1. 

To conclude the paper , le t u s indicate som e applications o f our construction . 
These shal l appea r i n detai l i n a  futur e publicatio n [Ye2] . 

Digression 4.5.12 Let K b e a TL F ove r k. Denot e by VK th e rin g T>iRc£fk(K, 
K) o f continuous differentia l operator s ove r K. W e ca n sho w tha t ther e i s a 
canonical right T>K actio n o n OJK- This actio n give s an isomorphis m o f filtere d 
fc-algebras 

DoK DiffcontK/k(wK,wK) 

where V°K i s the opposit e ring. A  topologically etale homomorphism (relativ e t o 
k) K —> K' extend s t o a  fc-algebra  homomorphis m T>K — » VK> ,  and wit h respec t 
to i t th e ma p UJK —• WK> becomes a homomorphis m o f right Z^-modules . 

On th e othe r hand , if  k K i s itsel f a  morphis m i n TLF(&), th e residu e 
pairing (— , —)K/k induce s a n adjoin t actio n o f VK o n UK- A  calculatio n show s 
that thi s adjoin t actio n coincide s with th e canonica l right action . 

Now le t x G  X b e a  point . Fo r an y coheren t shea f M defin e Mfy := 
H.omx(M,,JC(x)), th e "canonica l Math s dual " o f M a t x. Usin g th e result s 
on £>-module s ove r TLF s mentione d abov e w e prov e tha t an y D O D : M, —» 
N betwee n Ox -module s induce s a  D O (o f equa l order ) Dfa :  A /^ — • M^xy 
The assignmen t D H-> D(vx) is functorial . Moreover , give n a  saturate d chai n 
f =  ( # , . . . , ? / ) , th e natura l transformatio n 6$ : (—)(/a.) ( ~ ) ( y ) induce d b y th e 
coboundary 6$ : K(x) —• K(y) respect s DOs . 

Consider th e shea f o f DOs o n X , T>x := Vif'fx/k(Oxx, Ox)- A n immediat e 
consequence i s tha t K'x =  ®x^xiPx)Xx) ls a  comple x o f righ t £>x-modules . 
One check s that i f X i s smooth o f dimension n an d th e characteristi c i s 0 , then 
the induce d actio n o n Qx/k =  H ~n/C^ i s b y th e Li e derivativ e (cf . [Bo ] ch. V I 
§3.2). Fo r an y lef t (resp . right ) Vx-module M, M^x) i s a  righ t (resp . left ) Vx-
module. S o M' Homx(M', K'X) i s a  functo r D(VX)° <-> D(VX), inducin g 
an equivalenc e D^(VX)° <-> Dj(Dv) (wher e "c " means coheren t ove r Ox)> 

Digression 4.5.13 I n [EZ ] ch. II §2. 1 the bigrade d C?x-modul e K'x i s defined . 
For an y p, q se t K™ '= Tiomx(^lqx/k^x)' Usin g ou r constructio n w e ge t a 
canonical structure o f double comple x on K'x (independen t o f embedding an d 
for arbitrar y characteristic ; cf . [EZ ] §2.1.3) . Th e first  differentia l b'x i s simpl y 
<j> H+ 6x °  <t>- Th e secon d differentia l dfx i s a  D O o f order <  1 , define d usin g 
results sketche d i n digressio n 4.5.12 . W e hav e K'x =  ®xex(^*x/k)^x) an(^ we 
may se t d'x : = Y^xex &(x)m The n (d'x) 2 =  0  and d'xo6'x = S'xodx. Give n a finite 
morphism f : X —>Y there is a canonica l trace map Tr / :  f*K'x —• K'y . Whe n 
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X i s smoot h o f dimensio n n th e isomorphis m K£ — M^x/k ®ox ux ®ox &x 
sends d / x N t o H"~p(d ) fo r x G  Xp, whic h i s th e differentia l use d i n [EZ]. 
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