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ON DIOPHANTINE APPROXIMATION 
BY ALGEBRAIC NUMBERS OF A GIVEN NUMBER FIELD : 

A NEW GENERALIZATION OF 
DIRICHLET APPROXIMATION THEOREM 

by 

Roland QuÊME 

Introduction 

It is well known that for all a G R, OL £ Q there are infinitely many p/g, 
[pi, q G Ν such that \a — p/q\ < l/q2 (Dirichlet theorem), and that for any 
real algebraic number a £ Q and for any ε G R, ε > 0, there exist only finitely 
many p/q, |p|, g G Ν such that \a — p/q\ < l /g 2 + £ r (Roth theorem). 

Let Κ be a number field of degree n, signature (r, s) and absolute value of 
discriminant D. 
Let Β be the Minkowski constant of Κ (Β = (4/π) 5 . (n! /n n ) . y/5). 
Let σ : Κ —> R r χ C 5 be the embedding defined by : 

<r(p) = (σχ(ρ),..., σ Γ (ρ) , σ Γ + 1 ( ρ ) , . . . , σ Γ + 3 (ρ)) 

where, as usually, Κ = σι{Κ). 

For χ, ?/ G R r x C s we note χ = (χ;·, j = 1,... ,r + s). Then we note 
* + y = (s; + φ, j = 1,..., r + s) and ar.y = (xj.yj j = 1,..., r + s). 
We define, for χ G R r x C 5 , the distance function and the norm function : 

d(x) = \xx\ + · · · + |x r | + 2 |a r + i | + · · · + 2 | z r + s | , 
N(x) = |s1| |χΓ|.|χΓ +ι| 2··· | z r + s | 2 . 

Let A be the ring of integers of K. 

S.M.F. 
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QUÊME R. 

Then we obtain the diophantine approximation theorems : 

(i) For a G R r χ Cs — σ(Κ), there exist infinitely many β = p/q, p,q G A 
such that 0 < d(aa(q) — σ(ρ)) < η2 . B2/n/d(a(q)), with arbitrary large 
distance d(a(q)). 

(ii) For a G R r x C s , ctj; £ &j(K), j = 1,2,.. . , r + s, there exist infinitely many 
β = p/q, p,qe A such that 0 < N(a - a(p/q)) < (B/NK/q(q))2. 

We first summarize the state of the art with three types of generalizations 
found in the quoted literature for diophantine approximation by numbers of a 
given number field K. Let Κ be a number field of degree n, signature (r, s). For 
β e K, let Ρ(β) be the field polynomial of /?, 

Pi β) = (χ -σλ (/?)).·. 
(χ - σΓ(β))(χ - σ Γ + 1 (/?))(* - σΓ + 1(/?)) • · (χ - στ+Λ{β))[χ - σΓ+3(β)) . 

Let C e Ν such that Ρι(/?) = ΟΡ(β) = b^n + · · · + 6χ/3 + b0 is a polynomial 
with integer coprime coefficients i = 0 , 1 , . . . , n. Then we define the height 
of β£Κ by Ηκ(β)= sup |6t-|. 

i=0,...,n 
The first generalization of Dirichlet theorem found in bibliography is : 

Assume that r > 0 and choose a real embedding σι : Κ —>· FS. For 
every α G R — 0ι(7ίΤ), then there exist infinitely many β € Κ such that 
|a — < Ci(i i)max(l , α2)/Ηχ{β)2 where C\{K) is a constant depending 
only on If (see SCHMIDT [8] p.253). 

The second generalization of Dirichlet theorem is : 

Assume that 5 > 0 and choose a complex embedding σ 2 : Κ —> C. For 
every a G C — σ2(Κ)^ then there exist infinitely many β € Κ such that 
Iα — 02(/?)| < θ2{Κ)/Ηκ{β) where C2(K) is a constant depending only on 
Κ (see SCHMIDT [6] p.206). 

The third generalization is : 

Let /?!,...,/?£ G Κ; let b be the fractional ideal of Κ generated by 
(1,β1,...,β(). 
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We define the generalized height of the ^-tuple (/?χ,... ,/?/) by : 

M A , . = ̂ W * ) Π max(!> (B1) · · · > k;GW (Bl) 

Π m a x ( l , K ( A ) | , . . . , K ( A ) | ) 2 . 
j=r+l 

(i) if r > 0, let σ3 : i f —» R be a real embedding and αχ,. . . , a/ G R, not all 
in a3(if) ; put in that case ν = 1 ; 

(ii) if 5 > 0, let σ3 : i f —• C be a complex embedding and αχ,. . . , ai G C, not 
all in tf3(if ) ; put in that case ν — 2 ; 

then there is a constant C3(if, αχ,. . . , OLI) depending only on if, αχ, . . . , at such 
that there exist infinitely many β = (/?χ,..., /?/), β% € if, with 

| α ; - σ 3 ( Α ) Γ < C 3 ( / f , a x , . . . , a , ) . [ ) / , ( / 3 i , . . . ,A ) -1 -1^ , ι = 1,2,.. . ,* (1) 

(see SCHMIDT [7] p.2). 

The main difference between the quoted formulation and our theorem are 
summarized in the four next points : 

1) In classical approximations above, |α — β\ is obtained for one of the conju
gates β = σ\(β). On the other hand, our estimate involves simultaneously 
all the conjugates of the same β G if, 

for the distance function, 

d(aa(q) - σ(ρ)) = |ai*i(g) - σχ(ρ)\ + · · · + \arar(q) - σΓ(ρ)| 
+2|ar+iar+i(g) - σΓ+ι(ρ)| + h 2|ar+5ar+s(g) - σΓ+β(ρ)| 

for the norm function, 

N(a-a(p/q)) = \a1-a1(p/q))\..-
|ar - ar(p/g)|.|ar+i - σΓ+χ(ρ/ί)|2 · · · |ar+s - ar+3(p/q)\2. 

2) Our approximation theorem cannot be immediately connected to usual 
simultaneous approximation theorems, because in simultaneous approx
imation |/(αχ — /?χ)| , . . . , \f(at — βι)\ the simultaneous approximations 

B1, ........ Bl are not conjugate of the same β G i f (see for instance (1)). 
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QUÊME R. 

3) Our result contains not only effective but explicit constants with simple 
relationship to the structure of the number fields (the Minkowski constant 
for instance, with the distance function choosen). 

4) Our proof is the exact generalization of the approximation by Q to 
approximation by a given number field K, using geometry of numbers 
properties of number fields embedding in R n . 

Acknowledgments are due to Professors DUBOIS, GYÔRY, LEUTBECHER, 

SCHLICKEWEI and TOFFIN for helpful remarks which allowed me to write this 
new version of this note. 

Ρ r er equisit es- Not at io ns 

Κ : number field 

η : degree of Κ 

(r, s) : signature of Κ 

x + y 

χ 

x.y 

: χ € R r x C s , χ = (xj \ j = 1,..., r + s) 

:x + y = (xj + yj\j = l>...,r + s) 

:x.y = (xj.yj \ j = 1,..., r + s) 

d(x) : for χ eRr x C J , the distance function is defined by : 

d(x) = 1^1 + · · · + |a:r| + 2 |s P +i | + · · · + 2 | x r + s 

N(x) : for χ € R r x C 5 , the norm form is defined by : 

N(x) = \χι\· ·· |χ Γ |.|χ Γ + 1 | 2·· · \xr+s 

U(O,T) : for r £ R + , convex body of R n defined by 

U(o, τ) = {χ I x e R r x C , d(x) < nr} 

where R r χ Cs is isomorphically identified to R n by 

xr+i = (R(xr+i), I(xr+i)) , i = 1, ·. ·, s , 
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where R and J are the real and imaginary part. 

The volume of U(O,T) is v(U(o,τ)) = 2Γ(π/2)8ηητη/n\ 

(see for instance SAMUEL [5] p.70). 

A : ring of algebraic integers in K. 

σ(Α) : embedding of A in R R χ Cs defined, for α G A, by 

σ(α) = (σ ι (α ) , . . . , σ Γ (α) , ar+1 ( α ) , . . . , σ Γ + 5 (α)) 

where R R χ Cs is isomorphically identified to R N by 

σ Ρ + ι ·(α) = (Λ(σ Γ + ι · (α)) , / (σ Ρ + ι · (α))) . 

(τ(A) is a lattice. 

D 0 : Let w\,... wn G A such that cr(wi),. . . , ^(wn) is a basis of the lattice 

σ{Α). 

we define classically the fundamental domain Do by : 

D0 = {χ I χ G R R x Cs , χ = Μισ(ιυι) Η h una(wn) , 0 < ιζ,· < 1}. 

D(a(a)) : fundamental domain of σ(Α) deduced from the fundamental domain 

Do by the translation 0 —> σ(α) : 

£>(σ(α)) = {(y,-) € R ' x C s |(%· - σ,·(α))| j = 1,... ,r + β) € Α } · 

Results 

THEOREM 1. Le£ Κ be a number field of degree n, signature (r,s), 
and absolute value of discriminant D. Let Β be the Minkowski bound of Κ 
(Β = (4/π) β . (η!/η η ) .>/0). Let A be the ring of integers of K. 
Let a G R R x Cs — σ(Κ). Then, for any m G R, m > 0, there are infinitely 
many different β =p/q where p^q G A, such that d(a(q)) > m and 

0 < d(a.a(q) - σ(ρ)) < (η2.B2'n))fd(a(q)). 
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Proof : 

1) Let ε G R, ε > Ο, 

λ = (1 + 2 ε ) 1 / η . Β 2 / η / 2 = (1 + 2ε ) 1 / η . (η ! /η η ) 2 / η . ( 4 /π ) ( 2 5 ) / η . ΰ 1 / η / 2 . 

Let m G R+, arbitrary large and μ = λτη - 1 / η . 
Consider the set £7 = U{o,mlln) Π σ(Α) where U and σ have the meaning of 
notations paragraph. From v(U(o,ml/n)) = 2Γ(π/2)8ηητη/η\ and v(D(o)) = 
2~~S\/D, we deduce 

t = Card (Ε) = (2 Γ (π/2) 5 η η τη)/(η!2- 5 \ /ΰ) + 0{ml-l'n). 

Therefore, for m sufficiently large, we have t > {2r π8 nnm / (n\\/D)} .{I — ε]. For 
any a G A, for all gt- G A with cr(gi) G J5, it is possible to define Pi(a) G A and 
Pi(a) G R r x C s , i = 1,2,.. . , t, such that ρ,·(α) = ασ(φ) —σ(ρ,·(α)), i = 1, 2 , . . . 
and ρ»(α) G Ζ?(σ(α)). Notice that the approximation function d(x) is meaningful 
because d(aa(q) — <r(p)) = 0 leads to ρ = q = 0 : from the definition of d(x), 
d(aa(q) — cr(p)) = 0 implies 0£jŒj(q) — = 0, j = 1,..., r + s, and thus 
oij = aj(p/q), j = 1,..., r + s and therefore a G <r(K), which is in contradiction 
with hypothesis. Thus the #(a) , i = 1,... , are different each others. 

Consider the set G = {U(pi(a), μ/2) | i = 1,2,... , £ , Va G A } . G cannot 
be a packing of R n (for packing definition, see for instance LEKKERKERKER [2] 
p.169) because 

ίν(υ(ο,μ/2)) > {(1 - ε)2Γπ8ηηπι/(η\Λ/Ό)}. 
{2 Γ (π/2) 5 η η (1 + 2ε)(η!/η η ) 2 (4/π) 2 δ Dm~l / (2 η 2 η η!)} 

tv(tf(o, μ/2)) > (1 - ε)(1 + 2ε)2~8^ > v(D(o)). 

Therefore, for m sufficiently large, there exist pi(a) and pvib) with 

Pi(a) = ασ(ΐί) - σ(ρ,·(α)) (1) 
ρΐν(6) = α σ ^ / ) - σ ( ρ ι ν ( 6 ) ) (2) 

such that U(pi(a)^/2) Π [/(#/(&), μ/2) 9ε 0. 

Then d(pi(a) — pv(b)) < ημ from the definition of the convex set 
ϋ(ρ(α),μ/2). 
Let ρ = pi (α) —pif(b), ρ e A and q = qi — g,/, g G A. Then, from the value of μ, 
we deduce 

</(ασ(?) - σ{ρ)) < ημ = (n(l + 2 ε ) ^ η . 5 2 / n / 2 ) m " 1 / n . (2') 
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Consider the sequence of values of ε defined by E\ = 1, ε 2 = 1/2,...,ε* = 
1/fc,... Therefore, for m given, for any ε* there exist ρ(ε*), q{sk) G A such that 

d(aa(q(ek)) - σ(ρ(ε„))) < {nB2'n/2).m"1/".(1 + 2ε*) 1/". (2") 

From o (q (Ek)G 2£", we deduce that d(a(q(sk))) is bounded above indepen
dently of Sk- Prom inequality (2"), we then deduce that d(a(p(ek)) is also 
bounded above independently of ε*. Like σ(Α) is a lattice, it is possible to 
take out an infinite subsequence k\, fc2,...,% such that p{skx) = p{^k2) = · · · = 
P^kj) =P and ? (ε Λ ι ) = q(sk2) = · · · = ?(ε*;.) = g and then 

d(aa(q) - σ(ρ)) < {nB2'n/2)m"1/n. (3) 

From a(qi ) £ Ε in (1), we have d{a(qi )) < nmlln, 
From 0-(g;/) G i? in (2), we have d(a(qi>)) < nml/n, 
and thus d(a(q)) < 2nm 1/ n or ra~1/n < 2n/d(a(q)). 

We then have from (3) 

d(a<7(g) - σ(ρ)) < (nB2'n/2)(2n/d(a(q))) 

d(aa(q) - σ(ρ)) < η2 B2/n / d(a(q)) . (3') 

2) We shall now prove that there are infinitely many different β = p/q with 

d(aa(g) - σ(ρ)) < n2B2ln/d(a{q)). (4) 

Let mi, m 2 G R+, mi given, mi < m 2 with m 2 —» +00. We have m 2 > mi and 
μι > μ2 with the meaning of m and μ above. 
From (3') inequality, we have 

d{aa{qi) - σ(ρχ)) < n2B2lnmï1/n, (5) 

d ^ f o ) - σ(ρ 2 ) ) < n 2 5 2 / "m 2 - 1 / n , (6) 

If /?2 = βι then ^ 2/?2 = Pi/qi and σ,{ρ2^2) = σ,·(ρι/ΐι), j = l , . . . , r + s. 
< W ( g 2 ) - <7i(p2) = <*j(q2){aj - aj(jn/çti)) and thus N(aa(q2) - σ{ρ2)) = 
NK/q(q2)N(a - σ(ρι/?ι)), N(aa(q2) - σ(ρ 2 ) ) > ΛΓ(α - <r(pi/gi)). Prom the 
geometric mean inequality, d(o;a(g2) — σ(ρ 2 ) ) > niV(a — σ ^ ι / ^ ) ) 1 / " and then 
μ 2 > N(a—a(pi/qi)y/", which is possible only for m 2 bounded above. Then, for 
any /?i = pi/gi given which verify (5), there are finitely many couples (p2,q2) 
such that β2 = p2/q2 = Pi/<?i and such that (2) is verified. Relation (4) is 
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verified by infinitely many couples (p,g), because in (3) d(aa(q) — σ(ρ)) can 
be made arbitrary small for m sufficiently large. Therefore there are infinitely 
many different β = p/q such that (4) is verified. 3) We shall prove that there 
are finitely many different β = p/q for one value of q given : 
Let βι = ρι/q and β2 = Pi/q. If qi = <fc = q then 

d(aa(q) - σ(ρχ)) < n2B2>n/d(a(q)) and d(aa(q) - σ{ρ2)) < n2B2'n/d(a(q)). 

Then, we deduce ά(σ(ρι — P2)) < 2n2B2/n/d(a(q)), which is possible only, for 
pi given, for a finite number of p2. 

4) From 2) and 3), there are infinitely many different thus with arbitrary 
large d(a(q)) such that 

d(aa(q) - σ(ρ)) < (n2B2'n)/d(a(q)), Q.E.D. 

Remark : If a is such that a\ = a2 = · · · = Ofr+s, then an immediate 
consequence of the Dirichlet approximation theorem is that there are infinitely 
many p/q, p,q G Ζ C A such that d(aa(q) — σ(ρ)) < n/q = n2/d(a(q)) < 
(n2B2/n)/d(a(q)) : in that particular case, the theorem 1 is an immediate 
consequence of Dirichlet theorem. 

COROLLARY 2 : Let Κ be a number field of degree n, signature (r, s) 
and absolute value of discriminant D. Let Β be the Minkowski bound of Κ 
(Β = (i/n)8(n\/nn)/y/D). Let a G Rr xC% a5 £ aj(K), j = l , . . . , r + s. Then 
there are infinitely many β = p/q, p,q G A such that 

0 < N(a - a(p/q)) < (B/NK/q(q))2. 

Proof : From geometric mean inequality, we deduce from the theorem 1 

nnN(aa(q) - σ(ρ)) < n2nB2/d{a(q))n. 

From geometric mean inequality nnN(a(q)) < d(a(q))n, and then 

N(a - aip/q)) < (B/N(a(q))f = (B/NK/q(q))\ 

From aj £ cTj(K) we deduce \ajŒj(q) - 'Oj (p) > 0, j = 1,..., r + 5, and then 

N(a-a(p/q))>0, Q.E.D. 
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COROLLARY 3 : Let Κ be a number field of degree n, signature (r, s) 
and absolute value of discriminant D. Let A be the ring of integers of K. For 
χ G R r x C J , let d2(x) be the distance function defined by 

di{x) = ( N 2 + · · · + \xr\2 + 2\xr+i\2 + ·•• + 2 | x r + s | 2 ) 1 / 2 . 

(i) then, for every m G R, m > 0 and every a G R r x Cs — &(K), there exist 
infinitely many different p/q with ρ^q G A such that 

0 < d2{aa(q) - σ(ρ)) < η{Γ(1 + η/2)(±/(πη))η/2νΉ}2'η/d2(a(q)) 

with d2(a(q)) > m. 

(ii) then, for a G R r x Cs, otj £ Vj(K), j = 1,... , r + s, there exist infinitely 
many β = p/q where p,q G A such that : 

0<N(a- a(p/q)) < {Γ(1 + η/2)(Α/(πη))η^/Νκ/φ)γ. 

Proof : it is exactly of the same nature than the proofs of theorem 1 and 
corollary 2 with function ά2(χ) instead of function d(x). 

Some generalizations 

It is possible to study some generalizations of preceding results : we 
mention some obtained generalizations or problems to solve. 

1) In the corollaries 2 and 3, it would be possible to search for a proof that 
not only d(a(q)), but also NK/q(q), can be choosen arbitrary large. 

2) A "Roth type" theorem could have one of the formulations : 

(i) Let ε G R, ε > 0, for a G R r xC8-σ(Κ), aj,j = 1,... ,r+s algebraic, 
then there would be only finitely many β =plq,p,q G A such that 
d(aa(q) - σ(ρ)) < l/d(a(q))^. 

(ii) if the assertion 1) is true (arbitrary large A^/q(g)), then for ε G R+, 
for a G R r x C s , ctj φ °j{K) j = l , . . . , r + s, a, algebraic 
j = 1,..., r + 5, there would be only finitely many norms Nx/q(q) 
such that 

0<N(a-a(j>/q))<l/NK/q(q)2+e. 
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Compare to MAHLER [4] result (appendix C) : let a G C n , let β G K 
and Ηκ(β) the height of β as previously defined. 

Let /( /?) = Ππιΐη(1,Κ-σ,.(/?)|). 
i=i 

Let δ G R, δ > 0. There are only finitely many β in i f with 

/(/?) < ff*(z?)-2-*. 

3) Let a G R r x C8 — σ(Κ). It is always possible to find q\ G A such that 

d{aa(qi) - afa)) < n2B2'n/d(a(qi)) 

and such that for all q1 φ qi, q1 € A with ά(ασ(ψ) — σ(ρ')) < 
n2B2'n/ά{σ(4)) then d(a(q')) > <*(σ(ίι)) : σ(Α) is a lattice, therefore 

d(a(qi)) = mm{d(a(q)) \ q € A , 3p , <*(α σ( ?) - σ(ρ)) < n2B2'n/d(a(q))} 

exists. It is always possible to find in the same way q2 G A such that 

d(aa(q2) - σ(ρ2)) < d(aa(q1) - σ(ρλ)) with 
d(a(q2)) = mm{d(a(q')) \ d(aa(q') - σ(ρ')) < d(aa(Ql) - σ(ρχ))}. 

It is then possible to consider (cr(pi), a (g i ) ) , . . . , (σ(ρ,·), a (g t ) ) , . . . as a 
sequence of best approximations of α G RrxC*—σ(Κ) by elements of σ(ϋί), 
generalizing the concept of sequences of best approximations of elements 
OÙ G R — Q by elements of Q. This concept is studied in [10]. 

4) It is possible to generalize theorem 1 and corollaries 2 and 3 to simultaneous 
approximation. For instance, let ( a 1 , . . . , a1) G (Rr x C8)1 — σ(Κ)έ. Then, 
there exist infinitely many ^-tuples (g i , . . . , qt) G A1 and ρ € A such that 

0 < rf(«V(gi) + · · · + aV(fc) " ' (P)) < ηί+1Β(+1/ά(σ(ςη>)γ 

where d(a(qm)) = max^(d(a(qi))). 
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