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Sharp inequalities for martingales
and stochastic integrals

by Donald L. BURKHOLDER

This paper contains sharp inequalities for differentially subordinate
martingales taking values in a real or complex Hilbert space H. These sharp
inequalities, new even for H = @, lead to the best constants for some inequalities
between stochastic integrals in which either the martingale integrators or the
predictable integrands are H=-valued. In addition, they yield new information
about the square-function inequality for H-valued martingales even in the case
H =R.

It will be convenient to denote the norm of x € H by |x|, the inner

product of x and y by <{x,y), and the real part of (x,y) by (x,y).

1. AN INEQUALITY FOR H=-VALUED MARTINGALES

Let (Q,&m,P) be a probability space and & a nondecreasing

(3n)n >0

sequence of sub-0O-fields of 3@. Suppose that £ = (fn)n >0 and g = (gn)n >0

are H-valued martingales with respect to &. Denote their difference sequences

n n
by d and e: fn = kzb dk and g, = kzb e > 0. Set Hf“p = s§p annp.

*
THEOREM 1.1. Let p be the maximum of p and q where 1< p < e and

1/p + 1/q = 1. If

(1.1) le @] < ld (o]
forall w€Q and k>0, then

(1.2) lell, < " - Dl -
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*
The constant p =~ 1 is best possible. In the nontrivial case 0 < anp < o,
there is equality in (1.2) if and only if p =2 and equality holds in (1.1) for

almost all w and all k > 0.

*
Observe that p - 1 = max{p - 1, 1/(p - 1)}. Here "best possible" is to
*
mean that if B <p - 1 then, for some probability space (Q,EE,P) and

filtration &, there exist H-valued martingales f and g as above such that
> Bl .
lel, > ellell,
For a proof of Theorem 1.1 in the case H =R, see [7], where it is also
noted that the martingale condition can be relaxed.
Condition (l.1) may be described by saying that g is differentially

subordinate to £.

PROOF. To prove the inequality (l1.2), we can assume that anp is finite.

By (1.1),
n n
lefly < = lloy < B ol < @+ ],
So both “fnnp and ugnup are finite. Define v: H xH »R by
(1.3) veoy) = lylP - " - DPxIP .
Then Ev(f_,g) = Hgn\lg - - l)p\\fn\\g and (1.2) would follow if, for all n,

(1.4) Ev(f_,g) <O .

Rather than proving (1.4) directly, we shall prove the analogous inequality

(1.5) Eu(f _,g ) <0

for a more convenient function wu, one that majorizes v on H x H., The function

u: H x H-R is defined by

(1.6) uGoy) = oyl = @ - DIxDdx] + [y

76



SHARP INEQUALITIES FOR MARTINGALES

* p-l
where a, = p(l - 1/p )" ~. As we shall prove,

(1.7) Ev(f ,g ) < Eu(f ,g) ,
(1.8) Eu(f .8 ) < Eu(f .8 ), n21l,
(1.9) Eu(f,g,) <0 .

These inequalities imply (1.2).

Inequality (1.7) follows from
(1.10) v(x,y) £ u(x,y) .
To prove this we shall use the elementary inequality

(1.11) G- YP 21 45 1<p<2,

>1 if p>2,

which follows at once from the fact that if ¢(p) 1is the left-hand side, then

o(l4+) = 9(2) = 1, lim ¢(p) = @, log ¢ 1is convex on (1,2] and is concave on
- ©

[2,0). 1If le + |§| = 0, then (1.10) is satisfied. Therefore, to prove (1.10),

we can assume that le + Iyl > 0 and, by homogeneity, that le + lyl = 1.

Letting s = |x|, we see that the proof of (1.10) reduces to showing that
* *
F(s) =a (1=ps) - (L= + (" - 1P

is nonnegative for 0 < s <1l. If p=2, then F =0. If p > 2, then there is

*
a number s satisfying 0 < s, < 1/p such that F is concave on [O,SO] and

0 0
is convex on [So,l]. Therefore, it follows from F(l/p*) = F'(l/p*) = 0 that
F 1is nonnegative on [so,l]. By (1.11), F(0) > 0, so concavity implies that F
is also nonnegative on (0,50). If 1 <p <2, the argument is similar: F is
convex on an interval containing [0,1/p*], F 1is concave on its complement, and

F(1) > 0.

Before proving (1.8), we shall show that if x,y,h,k €H, |k| < Ihl, and
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\x + ht\ and lx + kt| are strictly positive for all t € R, then
(1.12) u(x + h,y + k) s u(x,y) + (CP(X’Y) >h) + (W(X’Y)’k)

(recall that (-,-) = Re{(+,+)) where

90y = o x'[(p - e Iyl - p” - DIx|1x| + IyhP?,

V(x,y)

ay'lelyl + (o + p" - o) x| 3(lx] + yDP2,
and x' = x/lxl, y' = y/lyl. To prove (1.12), let

G(t) = u(x + ht,y + kt) .

The conditions on X, y, h, k imply that G is infinitely differentiable on R,

and a little calculation shows that the inequality (1.12) is the same as

(1.13) G(1) < G(0) + G'(0) .

Since G 1is concave on R, as we shall see, (1.13) follows. To show the
concavity of G, we can reduce the problem by translation to showing that

G"(0) <0. If p>2,
(1.14) G"(0) = - onp(A +B + C)
where

A =pp - (% - k5 x| + lyhP?
is nonnegative since |h| > |k|,
B = o - D|% - 5,02y M| + [yDP?
is nonnegative by the Cauchy-Schwarz inequality, and
C=pp -1 -2[&,0 + 0P x| dx] + [y)HP3

is also nonnegative. If 1 < p <2, a similar expression for (p - 1)G"(0) can

be obtained from (l1.14) by interchanging x and y, h and k, and then
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multiplying the right-hand side by -1. This follows from
-1
(e - Dutxy) = -a (x| - - DIyDhdy| + [xDP
*
and uses the identity (p - 1)(p =~ 1) = 1, which is valid for 1 < p <2, This

completes the proof of (1.12).

Now let HO be a closed subspace of H such that fn(w), gn(ub € Ho for

all ®w €Q, n> 0. We can and do assume that HO is a proper subspace of H
(otherwise enlarge H slightly). Let a € H be in the orthogonal complement of
HO with 0 < |a| <1 and write Fn =a + fn and Gn =a+g. Then, by (1.12),

. < .
(1.13) u(Fn’Gn) - u(Fn-l’Gn-l) + (w(Fn-l’Gn-l)’dn) + (W(Fn-l’Gn—l)’en)
These four terms are integrable:
P P
lur o1 < e rlr |+ o 1P < etz + L | + g |7°

-1
loF_,e )| < c 2+ le |+ 1g 1377 5 .o .

By the martingale condition, the last two terms of (1.15) have zero expectation.

Therefore,
Eu(Fn’Gn) < Eu(Fn-l’Gn-l) .

Now let a -+ 0 and use the continuity of u and the dominated convergence
theorem to obtain (1.8).

To prove (1.9), observe that under the condition |y| < lxl,

Iyl - " - Dlxl <@ -H]xl <0 .

Therefore,
(1.16) uGy) S - e x|P <o if |y| < |x| .

Accordingly, u(fo,go) < 0, and (1.9) follows. This completes the proof of (1.2).
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Suppose that 0 < anp < o, In the case p = 2, the statement of the theorem
about equality in (1.2) follows from orthogonality: HfH§ = k§b udkug. If p # 2,
strict inequality holds in (1.2), which can be seen as follows., Let m be the
least integer n such that an“p > 0. Then, with probability one,

le,| = le | <la | = |£ | so that, by (1.8) and (1.16),
Bu(f,g) < Bu(f,g) <a @ - pOE [P <o
provided n > m, in which case
P * P P * p
legl? < 0" - DPUE IR + a2 - 0D g I

This implies that strict inequality holds in (1.2).
*
The constant p - 1 1is best possible since it is best possible for
H =R; see [6] or [7].

This completes the proof of Theorem 1.1.

REMARK 1.1. Let 1< p <o, In [21], Pelczyiski conjectured that the

complex unconditional constant of the Haar basis (h )

p :
2n > 0 of Lm[o,l) is the

same as the unconditional constant for the real case. To be precise, let 8

be the least number @ such that

n H n
T e <gll = ah
@ SPIE A il

“k=0 K khk”p

for all a, €R, €1 € {1,-1}, and n > 0. Let Yp be the least number Yy such

that
T e el < T el
Il e "ehl|l <v| = ch
-0 k k''p k=0 k k''p
for all C et, Bk €R, and n > 0, Clearly, Bp < yp and Petczynski's
*
conjecture is that equality holds. By [7], BP =p =1, so to prove

*
Petczynski's conjecture we need to show only that Yp <p = 1. But this follows

at once from Theorem 1.1: the martingale difference sequences defined by
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i8

dk = ckhk and e = ¢ ckhk satisfy (l1.1). For a slightly more direct proof,

see [10].

REMARK 1,2. The function u defined by (1.6) has the property that, for

all x,y,h,k €H with |k| < |n|, the mapping
(1.17) t +» u(x + ht,y + kt)

is concave on R, But it is not the least majorant of v with this property.

If 1<p<2, let

*
Ux,y) = u(x,y) if |yl < - D|x| ,

*
vix,y) if |y| > (¢ - Dx|,

where u is given by (1.6) and v by (1.3). If p > 2, interchange u and v.
For 1 < p < », the function U 1is the least majorant of v satisfying the
concavity condition (1.17). It has the following martingale interpretation. Let
x,y €H, If f and g are H-valued martingales with respect to the same

filtration, f0 =%, 8, =Y, and |ek| < |4 for all k > 1, then

Kl
lellf < @ - DR + vexy)

and no number strictly smaller than U(x,y) has this property.

The function U, which is defined on H x H, is closely related to the
function u:R xR - R of [8]: U(x,y) = u(|y| + |x|,|y| - |xl). This formula
could be used to define a function that majorizes v on B X B where B is any
Banach space. But the concavity condition is less adaptable, It is easy to see
that if p = 2, then U(x,y) = |ylz - |x|2 and U satisfies the concavity
condition if and only if B = H. 1In fact, if B is not isomorphic to a Hilbert
space, then there is no constant that can be substituted for p* -1 in (1.2)
that would make the inequality valid. See Section 5 of [5] where the proof is

based on Kwapied's characterization of spaces isomorphic to Hilbert space [20].
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2, EXPONENTIAL AND WEAK-TYPE INEQUALITIES

Let @ be an increasing convex function on [0,®) with &(0) = 0 and

-]
f Q(t)e-tdt < ®, Assume that & is twice differentiable on (0,®) with a
0

strictly convex first derivative satisfying &'(0+) = O.

THEOREM 2.1. Suppose, as in Section 1, that f and g are H-valued

martingales with respect to the same filtration and g is differentially sub-

ordinate to f. If nf“°° <1, then

15 -t
2.1) sup Ee(lg_|) < EE‘; B(t)e dt

For example, if p > 2 and &(t) = tp, then

(2.2) lll? <TG+ D) .

If 0<a <1l and &(t) = élt - 1 - at, then Theorem 2,1 gives the exponential

inequality (2.,14) below.

See [7] for (2.1) and (2.2) in the case H =R.

PROOF OF THEOREM 2,1, Let S = {(x,y) €H X H: |x| < 1}. By the assumption
anm < 1, we can assume that (fn(w),gn(w)) €S forall w €Q and n>0. We

shall exhibit a function u: S =R with the following properties:

(2.3) Ed(lg |) < Bu(f_,g) ,
(2-4) Eu(fn’gn) < Eu(fn-l’gn-—l) s n 2> 1,
2.5) Bu(f.,g) < = T s(t)e tdt
: 0’8’ =2 :
0

These inequalities give (2.1) but without the strictness, which will be proved

below.
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SHARP INEQUALITIES FOR MARTINGALES

To define u let A and B be the functions on [l,o) given by

B(t) = §(t - 1) and

t et - t-1 ° -
A(t) = e J‘B(s)e Sds = e j‘ 8(s)e %ds .
t t-1

Now define u: S =R by

2.6)  uxy) = L+ |y|* - |x|Hawyrz 1 x|+ |yl <1,

1 - |X|)A(lx| + |y|) + |x|B(|x| + |y|) if |x| + |y| >1.

This is a continuous function: if le + |y| = 1, both expressions on the right=-

hand side are equal to |y|A(l). 1In fact,
(2.7) ux,y) = oyl + x|yl - |xD)

where u0 is the function u of Section 6 of [7] and this is one way to see that
Q(lyl) < u(x,y) for (x,y) €S. This majorization gives (2.3).

Here define ¢ and § on S by

oxy) = - A(Dx if |x| + |y] <1,
= [-a()x| + |y + Bx| + |y + B (x| + |yDIx if |x| + |y| > 1,
yx,y) = ALy if x| + |yl <1,

[ - |xhadx| + lyh + @lx| - x| + |yDH ' if |x| + |y] > 1,

where y' = y/lyl as before. Note that, for (x,y) €S, the condition
‘x‘ + |y| > 1 entails Iy‘ >1 - |x| > 0. The functions ¢ and ¢ are

continuous on S.

Now suppose that (x,y) €S, (x + h,y + k) €8S, and lkl < ‘hl. Then
(208) u(x + h,y + k) 5 U(X’Y) + ((p(X,Y),h) + (\l'(x,}') »k)
and strict inequality holds if, in addition,

(2.9) x| + |yl €1 < |x+h] + |y +k| .
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By (2.9) and the condition lkl < |h|, we have that h # 0, which we can assume
in the proof of (2.8). If t € [0,1], then Ix + htl <1l so
G(t) = u(x + ht,y + kt) defines a continuous function G on [0,1]. Inequality

(2.8) is equivalent to

G(1) < G(0) + G'(0+) .

This follows from the mean-value theorem and the fact that G' is nonincreasing
on (0,1). To see that G' 1is nonincreasing, let M(t) = |x + htl,
N(t) = |y + kt|, and F=A-B, If s > 1, then, by the strict convexity of

$', we have that F(s) > 0, F'(s) > 0, F"(s) > 0, and sF'(s) - F(s) > 0. Let

-
L}

{t € (0,1): M(t) + N(t) <1},

(&)
]

{t € (0,1): M(t) >0 and M(t) + N(t) >1}.

By the strict convexity of M and the convexity of N, the complement of I U J
relative to (0,1) is finite. Both M and N are strictly positive on J.
Therefore, G 1is infinitely differentiable on I UJ and it is easy to check
that G' exists and is continuous on (0,1). Accordingly, to prove that G' is
nonincreasing on (0,1), we need to prove only that G" is nonpositive on

IyJ. If I is nonempty, then G" <0 on I:G" = - (|h|2 - |k|2)A(1). If

J is nonempty, as it is under the condition (2.9), then G" <0 on J:
A1) 2 2 1
(2.10) 6" = - (|h|” - |k|DHF QM+ W)
- N"[(M +NF M+ N) -FM + N)]

- MM + N)ZEM 4 N) .

This proves (2.8). The assertion about strict inequality follows from the fact
that, under (2.9), the function M(M' + N')2 has only a finite number of zeros

in J so G' is strictly decreasing on J.
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By (2.8) and the assumption lenl < ldn!,
@D w(E,g) S ulf 58 ) + (o(E 158 _1),d) + (W(E 1.8 _1)se)
with strict inequality holding with positive probability if
(2.12) p(le |+ le, I s1<lfl+lgh>0.

Each term in (2.11) is integrable since Hgnnw < 2n + 1. Therefore, taking
expectations and using the martingale condition, we obtain (2.4), with strict
inequality under (2.12).

Also, by (2.8), u(fo,go) < u(0,0) which implies (2.5), with strict

inequality if

(2.13) P(|f0| + |g0| >1)>0.

If Hg"o° <1, then s:p EQ(|gn‘) < §(1). Since &' 1is strictly convex,

1
(1) = I §'(t)dt < % 3'(l) and, by Jensen's inequality,

0

3'(1) <J‘ 8'(t)e tdt = j‘ s(t)e tde .
0 0

So, in this case, (2.1) holds with strict inequality. If Hg“m > 1, then either
(2.13) holds or (2.12) holds for some n > 1. So strict inequality holds in this
case also.

That the constant on the right-hand side of (2.1) is best possible follows

from the case H =R; see [7]. This completes the proof of Theorem 2.1,

THEOREM 2.2, If f and g are H-valued martingales with respect to the

same filtration, g is differentially subordinate to £, and Hf” < 1, then,
Same 1llcration Lo anc o = =hen

for 0<a <1,

alg 2
2.16) sup Ee ' +a(l - gl < L2
n
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Note that Hgnl < ngn < Hf“z < ana>5 1. It can happen that

g |
sup Ee noo
n

PROOF, Let &(t) = St at and 1< p<1l/a. Then 8P satisfies the

conditions of Theorem 2.1 so (Q(Ignl))n >0 is an Lp-bounded, hence uniformly

integrable, submartingale. Therefore, sup E§(|gn|) = E@(lgw|) where 8 is the
n

almost sure limit of g. Accordingly, by Theorem 2.1,

ale| 2
Ee =~ -1- a|gm|) < % Z%J

and the constant on the right is best possible. The theorem follows.

*
REMARK 2.1, Let g (w) = sup |gn(w)l. Then, under the conditions of the
n

above theorem,

*
(2.15) Ee8 < 0O<a<l.

e
l-a’
at 2.2,., ' .
To prove (2.15), use e =1 +at +a t /2! + ..., Doob's [17] inequality
*
llg “p < quHp for p = 2,3,..., and the inequality (2.2).

REMARK 2.2. There is an inequality that is dual to (2.1). Suppose that §

*
is as above but with $' strictly concave. Then g > 1 a.s. implies that

(2.16)

N|=
oc—g

s(t)e "de < sup B (|£ |) .
n n

The proof is similar to that of (2.1) and, as before, the inequality is sharp.
For example, if 1 < p < 2, then % T(p +1) < Hfug. The following theorem is

closely related.

THEOREM 2,3. Suppose that f and g are H-valued martingales with

respect to the same filtration and g is differentially subordinate to £f. Let

(2.17) sup APP(g” > 0 < 2||£P/T¢p + 1)
A>0 P
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and the constant 2/T(p + 1) is best possible. Strict inequality holds if

0< anp <o and 1< p<2 but equality can hold if p=1 or 2.

See [7] for (2.16) and (2.17) in the case H =R as well as related

inequalities that carry over to the present setting.

3. APPLICATIONS TO THE MARTINGALE SQUARE FUNCTION

The inequalities of Sections 1 and 2 throw new light on the martingale

be an H-valued martingale with difference
2.1/2.
) /

square function. Let f = (fn)n >0

sequence d. Its square function S(f) is given by S(f)(w)= ﬁk; |dk(uD|
=0
THEOREM 3.1. Let 1< p < ». Then
3.1 @ - DT, < €, < ¢ - Dis@], -

In particular,

\Y

(3.2) el 2 @ - IO, £ 1<ps2,

A
=y

(3.3) lell, < 0 - DIsoN, 1 22p<,

and the constant p - 1 is best possible. If 0 < Hf”p < o, then equality holds
if and only if p = 2,
This improves one of the inequalities of [2]. For further information about

the cases not covered by (3.2) and (3.3), see Remark 3.1 below.

For the maximal function f*, we have the inequality
%*
(3.6) I, < els @, » 25sp <=,

in which strict inequality holds if 0 < HfHP < o, This follows from (3.3) and
*

Doob's inequality ||£ “P < q“f”p, 1 < p < », which is a strict inequality when

0< “fnp < o as is obvious from his proof [17]. 1In (3.4), the constant p is

best possible.
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Klincsek [19] proved the inequality in (3.4) for p = 3,4,5,... and con-
jectured that it holds for p > 2. Pittenger [22] proved part of (3.3), namely,
the case p > 3. In both [19] and [22], the proofs are given for H =R but can
be carried over to any Hilbert space. Our approach is quite different and yields
(3.3) and (3.4) for the full range 2 < p < » and, in addition, (3.2) for

l1<p<g2,

PROOF OF THEOREM 3.1. Let K = {;, the Hilbert space of sequences

X = (X ,x

0 1,...) with xj €H and

@
el = (2 1D <

j=0

Let F = (Fn)n >0 be the K-valued martingale with difference sequence

D=(D defined by Dk(uD = (dk(m),0,0,...). Let G and E be defined

1k >0
similarly but with Ek(w) = (0,...,O,dk(u9,0,...) where dk(w) is the k-th

term in this sequence. Note that

(3.5) o (g = 1B (@] .
Also, Fn = (fn,0,0,...) and Gn = (do,...,dn,O,...) so
1
o 2,2
(3.6) |F_ | = 1£ | and le_lg = (kz la 197 .
=0

Therefore, HFHP = “fup and HGHP = HS(f)Hp. If f is a martingale relative to
a filtration &, then F and G are martingales with respect to & By (3.5),
G 1is differentially subordinate to F and F is differentially subordinate to

G. Consequently, by Theorem 1.1,
* -1 *
¢ - vl < IFl, < ¢ - viel, .

which is the same as (3.1). The assertion about equality also follows at once
from Theorem 1.1.
The martingale £ of (5.79) in [7] shows that p - 1 is best possible for

(3.2) and (3.3) and that p 1is best possible for (3.4).
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REMARK 3,1. For the cases not covered by (3.2) and (3.3), the best
constants are not yet known., However, their orders of magnitude are known. If
H =R, then as p = © on the left-hand side of (3.1), the order of magnitude of
the best constant is the same as p-]'/2 (see [3]) and, as p = 1 on the right-
hand side, the order of magnitude is the same as the constant function 1 (see
[11], [14], and [12]). These results can be carried over to a general Hilbert

space H. In fact, Garsia's proof [18] of ns(f)np < (2p)1/2“f*up, p > 2, carries

over without change. This inequality and the inequality (3.1) give, for p > 2,
1/2 1/2
ls®ll, < minte - 1,200 2alfel, < 20" el], -

REMARK 3.2. As in the proof of (3.l1l), inequality (2.1), its dual (2.16),
the exponential inequalities (2.14) and (2.15), and the weak-type inequality
(2.17) lead to similar inequalities for S(f). However, sharpness need not carry

over. For example, the sharp inequality (2.17) implies that
3.7) ABGS(E) 2 M) < 2ljfll, . >0

However, for H =R, Cox [13] has shown that the best constant is not 2 but
e1/2

4, QUADRATIC VARIATION IN CONTINUOUS TIME

Here and in the following section, we assume for simplicity that the Hilbert
space H 1is separable., Let (Q,Ew,P) be a complete probability space and

F= (&)

des>o 2 filtration that is continuous on the right. Suppose that 30

contains all A € 3@ with P(A) = 0. 1In this setting, we consider an H-valued

martingale M = (Mt) that is continuous on the right. The space H may be

t>0
real or complex, but to study the quadratic variation of M we can assume that
2

H = LR. So

M () = O ()M (0)5enn) € Ly
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and the square bracket [15] of M can be written as

[M:M]t = .
J

@® j s
T [M,MJ]t, 0<t<ow.
=1

Let S(M) = [M,I/I]]'/2 and |M| = sup |M || . Then, for example,
@ P t thp
@.1) @ - D7 sl < M, < @° - Disnl],

an inequality that follows from (3.1) by approximation (see Doléans [16]). By
Theorem 3.1, this inequality is sharp on the left-hand side for 1 <p <2 and

on the right-hand side for 2 < p < =,

5. INEQUALITIES FOR H-VALUED STOCHASTIC INTEGRALS

Let ((),,3@,1’) and F be as in Section 4, We assume here that

M= (Mt) is a martingale relative to & with right-continuous paths on

t>0

[0,©) and limits from the left on (0,®). Let U = ) and V = (V)

t>0 t't>0

be predictable processes. Consider, for H a separable Hilbert space, the
following two cases: (1) the case in which U and V are H-valued and M is
scalar-valued, and (ii) the case in which U and V are scalar-valued and M

is H-valued. If ‘r |U |2d[M,M] is finite a.s., as we shall always assume,
[0’“’) t t
then the stochastic integral U « M exists (see [15]) and

s(u -M =[U-.-MU- M]ilz = [[J' )lUtlzd[M,M]t]]'/z .
0,e

THEOREM 5.1, Let 1 <p< o, If, forall w€Q and t>0,
(5.1) V(| < Ju @],
then, for both (i) and (ii),
(5.2) v -l < " = D -],

*
The constant p - 1 4is best possible.

90



SHARP INEQUALITIES FOR MARTINGALES

The special case in which U, V, and M are all real-valued is proved in
[7] and, by a different method, in [9].

In the proof of (5.2), we can assume that HU . MHP is finite and that H
is either ’@?R or 1,02:. Also, we can assume (see Section 2 of [7]) that M_ =0.

0
Let & (for elementary) consist of all U of the form

Ut(w) a if Tk_l(w) <t< Tk(w) and 1<k<n,

k

0 if t é (O:Tn((!))] ’

where 0 =T <T

0 < .0 < Trl are bounded stopping times taking only a finite

1
number of values. In case (i), the constants ay € H. 1In case (ii), ay, €ER or

C. Theorem 5.1 follows at once from Theorem 1.1 and the following lemma.

LEMMA 5.1. For both (i) and (ii), there exist o and V" in & such that

(5.3) Vi < [vi] ,

(5.4) lim |U" -M-U-M| =0,
n-—w P

(5.5) lm |[V" e M-V . ull, =0 .
n— o

Note that if n 1is a positive integer, the same stopping times

Tg,T?,...,T: can be used for defining " and Vn.
n

Consider the proof of (5.4). The case R - H (that is, the integrand is
R-valued and the integrator is H-valued) is proved in the same way that Bichteler
[1] proves the case R - R. The cases € - Ié and fé - € then follow.

So (5.4) and (5.5) can be satisfied. Can (5.3) also be satisfied? By

(5.1,

CRONE A I A S LA IR LA I R LA I L A B LA
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Define W" €8 by

Ve = Vi if || < i),

e @ [V @/ Vi@ | 1f |[Vi]| > (03] .
Note that ‘W:(ubl < lUt(uDl. By (5.6),
We - vl < log -v | +2|v]-v]|.

Therefore, by (4.1),

W - v

IA

¢ - D@ - v - w,

IA

@ - DS - v W, + 2[5 - v - W]l ]

IA

¢ - DAt - M-u - M|, + 2V M- v )

and the right-hand side approaches 0 as n = o, Therefore, we can replace v
by Wt in (5.3) and (5.5) to obtain the desired result,
Other inequalities and applications will be presented elsewhere. But there

are many natural questions that are as yet unanswered. We shall mention several

in the next section.

6. SQUARE~FUNCTION SUBORDINATION

Can differential subordination be replaced by square-function subordination
without changing the values of the best constants? To be specific, let M and

N be H=-valued right-continuous martingales with respect to the same filtration.

1/2
t

Let St(M) = [M,M] and S(M) SG(M) as before. Consider the condition
(6.1) St(N) < St(M) s t2>0,

and the less restrictive condition

(6.2) S(N) < SM) .
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Note that under the conditions of Theorem 5.1, St(V * M) < St(U * M), t > 0. Does
(6,1) imply that HNHP < (p* - 1)HMHP? Does (6.2)? We conjecture that, at least
for (6.1), the answer is positive., There are similar questions for exponential
and weak-type inequalities and all of these questions are open even for H =R.

A positive result for It8 integrals U « B and V ° B, where B is Brownian
motion, is given in [4]. But, for these problems, discontinuous and discrete-time

martingales are more challenging.
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