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A unified approach to classical, bosonic
and fermionic Brownian motions

by K.R. PARTHASARATHY

§ 1. Introduction This is an expositary account of work done in collaboration
with L. Accardi [1] in the area of quantum probability. We begin with the following
naive philosophy. In the language of classical probability a martingale is a
sequence of random variables which "remains constant in conditional mean" and for a
gambler, corresponds to a game which is on average fair. While investigating laws
of nature one adheres to the belief that nature plays a fair game. Putting these
two intuitive ideas together one may ask whether some interesting physical law can
be deduced from the principles of martingale theory. The aim of the present lecture
is to indicate a small step in this direction by showing how the socalled canonical
commutation and anticommutation relations of quantum fields in one dimension follow
from martingale hypotheses.

Oour formulation of the problem is very much inspired by P.Lévy's famous

characterisation of the standard Brownian motion as a martingale X t > 0 with

t'
continuous trajectories and satisfying the conditions Xo = 0,IE(X(t)~X(s))2| Fs) =

t-s for t > s, Fs denoting the o-algebra of the process upto time s. (See

Theorem 11.8 in [5]).

§ 2. Lévy fields In the theory of quantum probability real valued random
variables on a Borel space are replaced by selfadjoint operators in a complex
separable Hilbert space H. A stochastic process or, more generally, a generalised
random function is replaced by a field of observables over a space of test

functions. The essential difference lies in the fact that multiplication between
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real valued random variables is a commutative operation whereas multiplication of
two observables is not always defined. However, it is to be noted that all bounded
observables (concerning a given quantum system) constitute a real linear subspace
in the noncommutative algebra B(H) of all bounded operators on H. For a brief
introduction to quantum probability we refer the reader to [4].

To formulate the notion of a martingale and describe our problem we start
with a family X = {X(f), £ € Lz( IR+)} of selfadjoint operators onH such that there
exists a unit vector ¢ belonging to the domain of every operator of the form
X(fl)x(fz)...x(fn), fj € L2(1R+), 1<j<n, n=1,2,... where LZ(]R+) denotes the
space of all complex valued square integrable functions on ZIR+ = [0,%). Let M
denote the linear manifold in H generated by {d),X(fl)X(fz) ...X(fn)q>,fj e L2( IR+) ’
1<j<n,n= 1,2,...}. For any set EC IR+ we denote by Xg the indicator
function of E and write

fra.bl = a,p1’ fa1 T 6,81’ fio T Xip,w)

with the conventions f0 =f =0, f.=f for any f€ L2(IR+). Let Mt

] [ ]
linear manifold in H generated by {4, x(fg))X(fS))...x(fé;‘)m,fm

1 be the
€ L2(IR+),
1<j<n, n=1,2,...}. We say that the family X is a Levy field with cyclic

vector ¢ and covariance kernel K if the following conditions are fulfilled :

(i) M is dense in H ;

(ii) X(0) = 0 and the correspondence (fl,fz,...,fn)->x(f1)X(f2)...X(fn)¢ is

real multilinear in the variables fl' f2,... ’fn for each n;
. j . . (1) (2) (n)
(iii) for fixed f(J), 1<j<n inL,(IR) the map t > X(f ;T)X(£, ). X(E 57D
is continuous in the closed interval [o,«];
(iv) for any u,v € Mt]' fEL(R) <u ,x(f[t)v>= 0 ;
(v) there exists a complex valued strongly continuous functional K(.,.) on
= < >
L2(IR+) X L2(]R+) such that <u, X(f[t)x(g[t)v> K(f[t' g[t) u,v

for all u,v € M

L1 20, £,9€ L (R).

Condition (i) expresses the cyclicity of the vector ¢ whereas (ii) means that

we are dealing with a field of observables over the test function space L2( IR+)
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visualised as a real vector space. (iii) is a purely technical requirement.
(iv) is martingale property of the field X expressed in the language of quantum
probability where expectation values are defined in terms of inner products.
Condition (v) is inspired by P.Lévy's condition on the conditional variance of
increments in the characterisation of standard Brownian motion. Indeed, if H is
the Hilbert space of all square integrable functions on the probability space of
standard Brownian motion and X(f) is the selfadjoint operator of multiplication by
©
I Re fdw, w denoting the sample path, then X = {X(f), f & L2(]R+)} is a Lévy
f?ield with cyclic vector 1 and covariance kernel K(f,g) = jm (Re f) (Re g)dt. In
this case all the operators X(f) commute with each other. °

As a noncommutative example of a Lévy field we mention the case when H is the
antisymmetric Fock space over L2(IR+) and X(f) = a(f) + a+(f) where a(f) and a+(f)

are the femmion annihilation and creation fields in H associated with f € L2(]R+).

Then X(f) is a bounded selfadjoint operator and

X(£)X(g) + X(g)X(£f) 2 Re <f,g>.

X has covariance kernel K(f,g) = <f,g> and the femion vacuum as its cyclic vector.
We say that two Lévy fields Xi in Hilbert space Hi with cyclic vector ¢i and

same covariance kernel K on L2(1R+) X L2(1R+), i=1,2, are said to be guivalent

if there exists a unitary operator U : Hl > H2 such that U¢1 = ¢2,

le(fl)xl(fz)"'xl(fnml = xz(fl)xz(fz)"'xz(fn)¢2 for all fie L2(IR+),1 <i<n,

n=1,2,... . One of the interesting problems of quantum martingale theory is

the classification of Lévy fields upto equivalence.

§ 3. Structure of the covariance kernel of a Levy field Suppose X is a Lévy

field over L2( ]R_'_) in H with cyclic vector ¢ and covariance kernel K. Let

Ht] = Mt]' the closure of the linear manifold Mt] introduced in Section 2, along

with the conventions MO] = Ho] =0, M.=M H 1= H. For any operator T let

®] ©

D(T) denote its domain.

Lemma 3.1 For any t >0, f,9€ L2(IR+), u,v € Ht] the following holds :

(i) H

. C D(X(£f.,)); (ii) =<u, X(f. )v> = 0; (iii) <u, X(f[t)x(g[t)v>

t [t
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<u,v> K(f ).

e’ Ire

Proof This is straightforward from the fact that selfadjoint operators are closed

and for any two vectors Uy, U,
2 2

Hxee) = 117 = Thay-u, [1° k(g0 £10). O

in Mt]

Theorem 3.2 The covariance kernel K admits the integral representation

o]
K(f,q) = f o(f,g,t)at, f£,q9 EILZ(EH)
o
where
(o g g

11 12
G(f,g,,) = (fl'fz) ’
%1 % 9

f = f1 + ifz, g = 91 + i92 are the decompositions into real and imaginary parts
and is a bounded, complex, 2 X 2 nonnegative definite matrix

valued function on ]R+.
Proof By properties (ii), (iv) and (v) of a Lévy field we observe that
K(f, gt]) = K(ft], g) = K(ft], gt]) for all t > O. (3.1)

-] o
Consider L2(]R+) as the real Hilbert space % = L2(1R+) -] L2(]R+) where o
indicates that only real valued square integrable functions are included. Thus

f € L2(IR+) is identified with (fl' f2). Since Re K(f,g) and Im K(f,qg) are

bounded bilinear forms on P] there exist operators A, B in ?] such that

Re K(f,q9) = <f,Ag>0 , Im K(£f,9) = <f, Bg>
(=]
where <f,g>o = I (flg1 + f2g2) dt is the inner product in % . Equation (3.1)
implies that the :perators A and B commute with all multiplication operators

(fl' f2) > (¢f1, ¢f2) where ¢ is any real bounded Borel function. Since
K(f,9) = K(g,f) it follows that A and B are multiplications by real 2 x 2
symmetric and skew symmetric matrix valued functions. This proves that K(£f,9)

has the form stated in the theorem for some Hermitian matrix valued function

((Gij)). Since K(f,f) > 0 for all f it follows that ((Uij (t))) is positive
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A UNIFIED APPROACH TO CLASSICAL, BOSONIC AND FERMIONIC B.M.

semidefinite almost everywhere. The boundedness of the operators A,B implies

that ((0;;(t))) is essentially bounded. [l

Remark Let C, = {t : rank ((oij(t))) =1}, ¢

) = {t:rank ((cij(t))) = 2},

2
Then K = Kl + K2 where

K (£,9) = Icl o(f,g,t)at

K, (£,9) ICZ o(f,9,t)dt

where o(f,g,t) is as in Theorem 3.2.

§ 4. Stochastic integration with respect to a Léevy field For a Lévy field X

over L2(]R+) in H with cyclic vector ¢ and covariance kernel K given by Theorem
3.2 we write

Xf(a,b) = X(f ) for all 0<ac<b<w, feLZ(]R,’f)'

[a,b]
We say that a map & :]R+ + H is adapted to X if E(t) € Ht] for every t. Let
A(X) denote the linear space of all strongly continuous maps from ]R+ into H
adapted to X. To any finite partition P of an interval [a,b] into

1= b, £ € A(X) and f € L2(IR+) we use Lemma 3.1 and

= < t
a tO n+

<...< <
1 tn t

associate the Riemann sum
n
S(P,£,8) = ] X (e, t
j=0 J
Then by properties (i) - (v) of a Lévy field and Theorem 3.2 we obtain

j+1)5(tj)‘

<d, S(Prflg)> = 0,

41

n
<s(P,£,£), S(P,g,m> = ) <€ (), n(Ey)> f o(f,g,s)ds.
j=0 ] t,
J
If P,P' are finite partitions of [a,b], [a',b'] respectively and b < a' then
<S(Prfl£)l s(P! /9m)> = 0.

These relations imply that as &(P) = max (tj+1
J
S(P,£f,E) converges to a unique limit in H. We denote this unique limit by

b
f X (at)E(t) and call it the integral of £ with respect to X . It is routine
a

- tj) tends to 0 the Riemann sum

to check that the following properties hold:
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t
W <¢,f x@)EE)»> = o
(o]

b d
(ii)  <f &@ﬂﬂm,fx&&mw)>=0ifOia<bic<m
a (e}

b b b
(iii) <[ x.(@s)&(s), | X @s)n(s)> = [ <k(s),nis)> o(f,g,8)ds ,
a a a

b c c
iv) X @s)E(s) + [ x_(@s)E(s) = [ X @s)E(s) if a<b<c,
a b a
t
) the map t > f X (ds)E(s) belongs to AX),
o
b
(vi) f Xf(ds)g(s) is linear in £ and real linear in f.
a

Lemma 4.1 Let {fn} be any sequence in L2(]R+). Define inductively the

adapted processes {S(fl,fz,...,fn,t)} by

g(f,, t) = X_ (0,t)d,

’
1 fl

t
E(f)s.enrf ,t) = {)Xfl(ds)E(fz,f3,...,fn,s), n=1,2,...

Then the following holds:

i) N2 CNE SOTTRY

fn,t)> =0 for all t >0, n=1,2,...
(ii) <£(fll"'lfmls)l E(glr-~-lgnrt)> =0 if m# n,

n
({ii)  <E(f,...,f ,8), E(9),...,9,,t)> f T O(f;,9,,t;)dt dt ..dt

O<t_<t_ .<...<t <t~s i=1
n n-1 1

where t ~ s 1is the minimum of t and s and o(f,qg,t) is defined by Theorem 3.2.

Proof It is clear from property (iii) of a Lévy field that E(f),t) is a

strongly continuous adapted process and hence by induction each E(fl,f fn,.)

210--1
is defined as an element of A(X). Now (i) is a consequence of property (i) of
integrals. By properties (ii) and (iii) of integrals

t*s
<E(E],E,, 000, 08),E(9] 49y, 0 009 E)> = Io O(£;,9; st )<E(E e en s £ L),

Elgyre--r9 st ) >dt, .

Parts (ii) and (iii) of the lemma now follow by induction and part (i). ]:I

Remark 1. It is clear from the lemma that the repeated integrals F,(fl,...,fn,t)

with respect to the Lévy field X behave like nth order chaos in the theory of
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Brownian motion or like n-particle vectors in a boson Fock space. However, it is
not clear whether the set of vectors {¢,£(f1,f2,...,fn,t),fj € L2(IR+),

1<j<n, n= 1,2,...} is total in H for each t. What additional conditions on

t]
a Lévy field would ensure this completeness property of a "Lévy chaos" ?
Remark 2 Define for any f & L2( IR+) R

Velt)=¢ + E(£,£) + E(E,£,0) + -+ E(E,E,...,E,8) + ...
n-fold

The convergence of this series is ensured by (ii) and (iii) in the lemma. In fact
the convergence is even uniform in t. Furthermore

< > = >

be(t), wg(s) exp K(ft], gS]) for s,t > 0, f,9€ L,(R,).
and there exists a unique vector y(f) € H such that

lim Iwa(t) -y(H)]|| =o0.

t >

It is clear that
<Y (£), v(9)> = exp K(£,9).

We may call Y (f) the intrinsic exponential or coherent vector of the Levy field X
2

associated with f. It reminds us of the random variable exp(! faw-1f £°at) in

o o
Wiener space where w denotes the path of the standard Brownian motion and

£ €L2(]R+).

§ 5. Lévy fields and commutation relations Let € be a fixed constant equal to

+ 1. Suppose the Levy field X satisfies the additional condition

{X(ft])x(f ) + e X(f t)X(ft])}u = 0

[t [
for all ue M, f€ Ll(m,{_),t > 0 in the notations of Section 2. We then say that
X is a _Lévy boson or femmion field according as € = -1 or + 1.

In the present stage of the development of our subject we are not in a
position to classify all the Lévy boson or fermion fields with a given covariance
kernel. It must be emphasised that in the classical form of Lévy's characterisa-
tion of Brownian motion the continuity of trajectories of the martingale under

consideration plays a crucial part. In the quantum probabilistic context we do

not have a clear picture of trajectories for a Lévy field. According to a well

309



K. R. PARTHASARATHY

known result of Kolmogorov the continuity of trajectories of a classical stochastic
process {x(t,w), t > 0} can be ensured by a sufficient condition on the moments

r 1+8
of the form I | x(t,.) - x(s,.)] < cIt—sl for some r > 0,§ >0, ¢ > 0 and
all 0<s <t <o, If we choose r = 4 such a condition admits a simple
translation in the language of operators. We shall now make this statement precise

in the case of a Lévy field. For any 0<s <t <=, f,g¢ L2(m+) let

2
6(£,q9,s,t) = -
(f£,9,5,t) = sup |[{Xf(s.t)Xg(S.t) K(f[s’t],g[s’t])}u||. (5.1)
ue M
s]

[ul|=1
For any partition P of any finite interval [0,t] by 0 = to < tl < t2 < L..< tn <t=
tn+1 let §(P) = m?x (tj+1—tj) and

n
v(f,q,P) = jZO JCT PRI

We say that a Lévy field with covariance kernel K satisfies the Kolmogorov condition

(of the fourth order) if

lim v(f,g,P) =0
8(P) o0

for every t > 0. It is to be noted that the expression under the sup on the right
hand side of (5.1) admits the interpretation of a fourth order moment involving

the observables of the Lévy field in the language of quantum probability.

Remark Suppose there exist two families of nonnegative Radon measures

{Uf f,g € L2(1R+)}, {\)f,g’ f,.g e L2(JR+)} in R, such that v is absolutely

/g’ f,g

continuous and

2
||{Xf(s,t)Xg(s,t) - K(fpg 0 9[s,t1)}“||

|A

2
.2
el 1% ug g Gstddv, (it (5.2)
for all u € Ms]' 0<s<t<w, f,gGLz(TK,).Then X obeys the Kolmogorov condition.
o
When X(f) is multiplication by I Re f dw in LZ(P) where P is the probability
o
measure of standard brownian motion and w denotes the brownian path,condition

(5.2) holds with

2 _ 2
M g(B) = 2 jE [Re £(6)1° at, v, _(B) = IE [Re g(t)]1° at.
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Our next result may be called an Ito's formula for Lévy boson or fermion

fields satisfying Kolmogorov's condition.

Theorem 5.1 Let X be a Lévy boson or femion field over LZ(BE) in H with cyclic
vector ¢ and covariance kernel K and satisfying Kolmodorov's condition. Let
E,n € A(X) be such that E(t) € Mt] for each t and the processes {Xf(o,t)E(t)}

{I{f(o,t)n(t)} are defined as elements of A(X). Suppose

t t
) = X, (@s)E(s) + | nts)as .
[o] [o]

Then 7 (t) € D(Xf(o,t)) and

t t
Relo, )T (t) = {)Xf(ds)c(s)-e{) Xg(dS)Xf(o.S)E(S)

t
+ f {o(f,9,8)E(s) + X (o,5)n(s) }ds
o

where € = - 1 or + 1 according as X is Lévy boson or femmion field and o(f,g,.)

is defined by Theorem 3.2.

Proof We shall prove the theorem when n = 0. The more general case is proved in

exactly the same manner. By the definition of Lévy boson and fermion fields we

have for any flnltenpartltlon P of [o,t] by 0 = to < tl <...% tn < tn+l =t
X (o,t) 'Zo X (tsr £, )8 ()
J_
n
= X_(o,t.)X (t., t. t.
jzo £ EX (B, £y )E(ES)
n tj+1
+ {x_(t,,t. )X (t.,t. - o(f,g,s)ds}E(t,
jZO PV ML It. (£,9,8)ds}E(E)
n tj+1 J
+ Y {f o(£,9,s)ds}E(t,)
L ]
j=0 t.
J
+ Y X_(t,, t . )X (t., t., )E(E)
n3k>j10 f 'k k+1°7g" 73 j+1 3
= S, +S,+8S,+S (5.3)

1 2 3 4

h sum on the right hand side for i = 1,2,3,4. By

where Si = S:.L (P) denotes the it
the boson-fermion property

t

lim s (P) =-c¢{ X (d8)X;(0,8)E(s).

§(Py»0 1t o

Obviously
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t
lim  s,(P) = [ o(f,g,8)(s)ds.
§ (P)~0 o

When j # k we have from the covariance condition (v) of Lévy fields, Theorem 3.2

and property (iii) in Lemma 3.1

i
< X -
EPICIPL NP LI L I It o(£,9,5)ds}E (L)),
j
{X_(t,,t, )X (t_,t, ) jtk+1 £ } =
£ kl k41 g k' “k+1 - tk 0( lgrs)ds g(tk)> =0.

Thus
t.
s, ™% =} HHix, (B85, )X (ks t { " £ } N
2 B j=0 T+l g 3’ J+1) - N o(f,g,s)ds E(t])

i=]

2

< sup |le)]]? vig,q,P)
0<s<t

where V(£,9,P) >0 as 6(P) > 0 in view of Kolmogorov's condition. We can

express S4(P) as £

5,(P) = Exf(tk,tk+1)£ X (ds)E(s)

t.
j+1
+) Xf(tk,tkﬂ){JZk 1[Xg(t 1ty ) EE)- j X, @s)E(s)1).
t j
As &§(P) - O the first sum converges to I Xf(ds);(s). Writing
o

0@ = sw |lg@ - £y ||
0<a<b<t

(b-s)<¢$

and using the properties of stochastic integrals we get
t.

j+1
] x_(t,, ){ [y (&g, )E(E)- I X_(ds)E(s)1}] |2
E s U ]<£ 19 g
t t. J
k+1 j+1 2
= Y { ege9]] Y X_(ds) (E(t,)-E(s))]]” as
kK t j<k-1 t. g J
k - 3
K+l 541
= 7 o(£,£,8)ds | 0(9,g,s")ds"u (8 (P))
k>3 tk tj

t t
w (8P [ o(f,£,5)as f otg,g,s)as .
[o] o]

A

The strong continuity of £ implies that wg(d (P)) >+ 0. Thus the left hand side of

(5.3) converges to the required limit and at the same time Z X (t 't

YE(E,)
j=0 J

j+l
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converges to Z(t) as &(P) >~ 0. Since X (o,t) is closed it follows that g (t)

belongs to D(Xf(o,t)) and

t t
xgR1Te) = f X @t - e {) X (@5)X, (0,5) E(s)

t
+ f o(f,g,s)E(s)ds. l:l
o
For processes &, &y,...,E s L in A(X) let

n t t
E(e) = g0 + ) | Xg (ds)ng(s) + { t(s)as

j=1 o j o
where £(0)€ Mo]' Then we write

at = J X, (@t)n, (t) + g(t)at.
i

wWith this differential notation we have the following result.
Theorem 5.2 Let fje L2(]R+), j=1,2,...,

E(fl,fz,...,fn,t) =X (o,t)Xf (o,t) ... Xf (o,t)¢ (5.4)

fl 2 n

where the left hand side is interpreted as the constant vector ¢ if n = O.

Suppose X 1is a Lévy boson or fermion field satisfying the Kolmogorov condition.

Then
n .
QE(E oeusf ,8) = ) () L X @OVE(E, ,eeeyfirenn f, )
1 n & £, 1’ i "“n’
i=1 i
o . N
+ I o™ o, e 0 (6,.0f 0 f g, at
1<i<j<n J J
where over a letter implies omission and € = - 1 or 1 according as X is

bosonic or femmionic.
Proof For n = 2 put f = fl' g = f2, £(t) = ¢, n(t) = 0 in Theorem 5.1. Then

dE(fl,f t) =X (dt)E(fzrt)—EXf

L 2(dt)E(fl,t) + G(fl,fz,t)dt .

2’ £

Now a routine induction with the help of Theorem 5.1 yields the required result.

Theorem 5.3 Let X be a Lévy boson or fermion field over LZ(B{F) in H with
cyclic vector ¢, covariance kernel K and satisfying the Kolmogorov condition.

Then
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{X(£)x(g) + eX(g@)X(E)}u = {K(f,g) + eK(g,f)}u

for all u€e M, f,g9e L2(IR+).

Proof Let E(fl,. .e ’fn't) be defined by (5.4) and
E(fl,...,fn,t) = <¢, g(fl,...,fn,t)> .
By Theorem 5.2 we have

d

3¢ Bl reeif ) = ] (o)
i<j

i+j-1 - A
J LG P LG PR PRt P )

where 0 is defined by Theorem 3.2. A routine algebra now shows that for

fl"" ’fm' f,g,gl,... 9 in Lz( ]R+) we have by induction on the pair (m,n)

d
3t {E(fl,...,fm,f,g,gl,...,gn,t) + sE(fl,...,fm,g,f,gl,.--.gn,t)}
d
= & UR(E,9,6) + K(9,£,8)1E(E) .0 f ,9y,00009 ,8) ).

Now the strong continuity property (iii) of the Lévy field yields the required

result. I

Corollary Let X, X' be Lévy boson (fermmion) fields over L2(1R+) in H ,H'
respectively with cyclic vectors ¢,¢' and same covariance kernel K. Suppose, in
addition, Kolmogorov's condition is fulfilled by both the fields. Then they are

equivalent.

Proof Let

(o.t)xﬁ (o,t)...xﬁ ©,t)¢%>

E#(fllfzro--:f 8 = <, x¥
n
1 2 n

£
where # indicates two identities with or without the prime '. Then from the proof
of the theorem it is clear that the family of functions E# obey the same set of

differential equations

d # ‘+'_1 # PN -
T B e 0) = 1 (-e)*™ O£ 1 E5 0VE (£ penesEreee Eyene E0t),
1<)
where
efe,6) = o,
= E' = f
E(fllfzrt) E (fl'fz’t) K(X[o,t]fl' Xlo,t] 2),
E#(fl, £y00.00E ,0) = 0.
Thus
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E(fl,...,fn,t) = E'(f1,...,fn,t).
Letting t =+ ® one obtains
<¢, X(fl)...x(fn)¢> = <¢', X' (fl)...x' (fn)¢'>.

Now the properties of a Lévy field with a cyclic vector and covariance kernel

imply that there exists a unitary isomorphism U : H + H' such that

UX (f

)...X(fn)v:b X'(fl)...X' (fn)¢'

1

forall £, 1<j<m n=1,2,... . I~

§ 6. Construction of Lévy boson and fermion fields with a given covariance kernel

In view of the Corollary to Theorem 5.3 it suffices to construct one model

of a Lévy boson or fermion field satisfying the Kolmogorov condition. Using the
methods of quantum stochastic calculus [2], [3], [4], [6] we shall indicate
briefly how to construct models of Lévy fields. Already Remark 2 in Section 4

shows that the background for a Lévy field is the notion of Fock space.

Let ?} be any complex separable Hilbert space. The boson Fock space I'(%)

associated with % is defined by
n
rfr=coho...a® o ...
where @n denotes n-fold symmetric tensor product. To any ué€ g the coherent

or exponential vector 1 (u) associated with u is defined by

Y(u) =16 ud (2!)_i u62 ® ... ® (n!)-i uGn ® ...
The set of all such coherent vectors is linearly independent and total in I‘(ﬂ ).
Furthermore

<P(u), ¥(v)> = exp <u,v>.
This may be compared with the identity concerning inner products of intrinsic
coherent vectors of Lévy fields in Remark 2 of Section 4. We adopt the convention
that scalar products <.,.» are conjugate linear in the first and linear in the
second variable. Let E denote the linear manifold generated by the set of all

coherent vectors. To any u 6% there exist closed operators a(u), a+ (u) in

r (% ) satisfying
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a(u) ‘I‘(V) <u,v> ﬂ’(V)a

a+ W)y (v) a% Y(v + eu) for all wu,v € E

€=0

<, a(u)n> <a (WE,m for all E,ne € .

There exist selfadjoint operators P(u), Q(u) in I‘(ﬂ) such that P(u) =

-i(a(u) - a+ (0)), Q(u) = a(u) + a+(u) on £ for all ueg . One has the following
commutation relations in the domain E :

la(w), a()] =0, [a (W, al)] =0, [a(w), a ()] = <u,v>.

a(u) and a+ (u) are respectively called the annihilation and creation operators

associated with u.
To any contraction operator T on g there corresponds a contraction

operator T (T) called the second quantization of T satisfying the property

My (u)

Y(tu) for all ue B .
The correspondence T - I'(T) is a continuous x homomorphism from the * semigroup
of contractions on % to that on I‘(g ). In particular, I'(T) is unitary whenever
T is unitary.

Suppose now that K is the covariance kernel of a Lévy field over L2(1R+) with
a cyclic vector ¢. In view of Theorem 3.2 and the subsequent Remark there exists

a 2 X 2 bounded positive definite matrix valued function ((Gij (t))) such that

K=K1+K2,

o o g
1 12 .
K (£,9) = | (£,£) (0 o > (gl) at , j=1,2,
J c. 21 2
J (6.1)

cj = {t : Rank ((0,,(£))) = i}, 3 =1,2,

where f = f1 + :|.f2, g = g1 + 192. Define

\ 3
) °11(t) * Re olz(t)
P (£) = p,(t) r tEC
+ Re 012(t) 959 (t)
where
Im 0., (t)
1 12
p(t) = 5 {1¢ — 3t .
+ 2 (cll(t)ozz(t) [Re clz(t)]z)
Let
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0y (t)

( °1(t)' pz(t)), t€e C

((Gij (t))) = 1

Dz (t)
where pl, p, are suitable Borel functions on Cl’ In the Hilbert space L2 (Cz)

define real linear maps S . by putting

Re (S+ £) (t) Re f(t)
- = D+(t) ' t€eC .

Im (St £) (t) Im £(t)
With these notations we shall now construct explicitly a Levy boson field
satisfying the Kolmogorov condition and having covariance kernel K. To this end
consider the Hilbert space

H = r(L,(c;)) & I‘(L2(C2)) ® I'(L,(C,)). (6.2)

Let ¢ be the product of the coherent vectors ¢ (0) in each of the three Fock
spaces appearing in H, so that
¢ = y(0) ® Y(0) ® Y(0).
Note that H may also be viewed as the Fock space I‘(%) where ﬂ = L2 (Cl) 4
L2 (C2) -] L2 (Cz). Let E denote the linear manifold generated by coherent vectors

in H. For any f € L2(1R+) let fC R fC denote the restrictions of £ to
1 2

Cl' C2 respectively. From the remarks made at the beginning of this section
and the theory of tensor products it follows that for any f € L2(IR+) one can

associate a unique selfadjoint operator X (f) in H such that on the domain

X (f) = {a(p, Re £, +p, In £, ) + a+(51 Re f, +p, nf, )} 8181

1 1 1 1
1.
+ 18 {a(s+ fcz) +a (s, fcz)} ® 1
+ 1®1®{als F.)+a(s E )}
-c, -,

where the right hand side is expressed in the factorisation (6.2).

Theorem 6.1 The family X = {X (f), £ € L,(R,)} defined as above by (6.3) is
a Lévy boson field having cyclic vector ¢, covariance kernel K detemmined by (6.1)

and satisfying the Kolmogorov condition.
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Proof This follows essentially from the basic properties of annihilation and
creation operators in boson Fock spaces. (See [ 4]). We shall just verify that

X has covariance kernel K. In the decomposition (6.2) we have

X (£)¢ = (p; Re £, + 0,
1
V(o) ® s, fC2 ® ¥ (0) + ¥(0) ® Y(0) ® S_ fc2 .

Im £,) 8 $(0) ® ¥(0) +
1

In particular,

K(£,9) = <X ()¢ , X (9)¢>
=<p1RefC+p21mfc,leegC+p21mgC>
1 1 1 1
+ <s,. £ ,s g, >+< £, ,s g, 6>
+ ¢, T+ e, c,’ 7= e,
le, 12 05, Re g
= | ®ef, mf|_ ) at
c
1 prpy eyl m g
+< . f,,S g.>+<S f.,S g.>.
+ e, B+ e, - T¢,’ °- e,

By definition the first term on the right hand side is Kl(f,g). Noting that

Iw 1 i Re g
<f,g> = (Re £, Im f) ( ) ( ) dt
o -i 1 Im g

we observe that

< >+ <5 f
S+ £, S+gc + S_

c c.' S.97>

2 2 2 2

o 1 i\\p 1 o0 p_ 1 i p_ 1 o0 e g
= [ (Ref£, mB{* oy } ) at
c, -1 0 -1 -1 0-1/ \Im g

A fairly simple calculation shows that the matrix within the brackets { } is
((o;5(t))) and hence the right hand side of the above equation is K, (£,q). 7]

To construct a Lévy femmion field with the covariance kernel K given by
(6.1) we adopt the methods of quantum stochastic integration used in [3], [6].
Consider the Hilbert space H in (6.2). 1In L2 (Cl) and L2 (Cz) consider the families
of reflection operators {Ri (s), s > 0}, i = 1,2 respectively defined by

[Ri(s)f](t) = - f(t) if t¢€ Cir t<s
£(£) if tec;, t>s.

Then I'(Ri(s)) =93 (s) is a unitary operator valued process in r(, (Ci))' i=1,2.
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Define the operators
J(s) = J1(s) ® J,(s) ® J,(s)
in H using the factorisation (6.2) and put

©

(6 = [ 3s) x;(@s)
[o]

where {X;(t)} is the adapted process defined by X;(t) = x-(ft ). The square

1
integrability of f and the boundedness of the functions Oij(t) imply that the

+ . .
operators X (f) are well defined on 6’ . Using quantum Ito's formula for
quantum stochastic integrals with respect to the creation, annihilation and gauge

processes as outlined in [2], [3], [4],and [6] one can prove that X+(f) extends to

a bounded selfadjoint operator satisfying the anticommutation relations
+ + +
xT(6) X' (@) + X (g) X(£) =0

whenever f and g have disjoint supports. Since J(s) fixes the vector
¢ = P(0) ® P(0) ® P(0) it follows that X+(f)¢ = X (£f)¢ and hence <X+(f)¢,X+(9)¢> =

K(f,g) for all f,g¢e L2(1R+). This yields the following theorem.

. - . . . .
Theorem 6.2 The family xt = {X (£), £ € L2(IR+)} is a Levy fermion field over
L2(]R+) in H satisfying the Kolmogorov condition with cyclic vector ¢ and

covariance kernel K.

Remark  Suppose that Im K(f,g) = O. Then the selfadjoint operators X (£),
f e L2( ]R+) in Theorem 6.1 commute. In this case X is a classical Gaussian
field of random variables in the state ¢.

If Re K(f,9) = 0 then the selfadjoint operators X+(f), fe L2( ]R+)

anticommute with each other and one obtains a Grassmann field.
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