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ON POSITIVE INTEGERS REPRESENTABLE AS A
SUM OF THREE SQUARES
by

Angela Arenas

We consider the following
Problem: For a given positive integer n, find out the maximum

value of [ such that there exists a representation of n as a sum

of three squares, n = xf+x22+x§, xjeZ, with / summands prime to n.

We call [/ the level of n and we put [:= [(n).

We agree that [(n) = -1 if n = 42(8b+7). Since if [I(n)>0,
then n has a primitive representation as a sum of three squares,
we need only to consider integers n such that n #0,4,7 (mod 8).

If 2 or 5 divides n, it is easy to see that [(n)<3.

If £ = £(X,X,,X5) is a positive definite ternary quadratic

form we put, as usual,

r(n,f) = #{(x)€Z® | f(x;,x,,%x;) = n} ,

r (n,f) = #{(xi)e(Z/mZ)3 I (%, %,,% =n (mod m)}.

3)

2

We put <al,a’

,a’> for the quadratic form a’x’+a’xX’+a’x’ and
I = <1,1,1>
To calculate [(n) we define the following alternating sums,

for i =1,2,3:

s:(n) = p. 2 (-Lipa)u(a)pla, rin,<a’,a’,a’>)
* 1 ajin ! ? 3 120 3
dj¢'1, if i<1;

a.=1, it j>1
a] i ]

where
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and p being the Mobius function.

Then, if we define

s3(n) sz(n)—253(n)
g, (n) r(n—,13) ' g,(n) = YT ’
s, (n)-s, (n) +s5(n)
g, (n)

r(n,IB)

we have the following criterion for the evaluation of [(n).

Theorem 1. [/(n)2i if and only if g; (n)<1.

Proof. One needs only to observe that the sums s, (n), i=1,2,3,
count the number of integral solutions of Xf+Xg+X23 = n with at

least 1 summands not prime to n.
As a,ra,ra; can have common factors we take them out and put
r(n,<a? a?,a?>) = r(nd?,<b?,bZ,bi>),

with d chosen such that (bi,bj) =1, i#7.

As, 1in general, the value of r(n,f) can not be determined,

we define the following average sums, for 1 = 1,2,3:

S, (n) = p; ZI (-1t p(apula,)pu(a;) r(nd?, gen<b12,b22,b§>),
ajn

aj:#l, if  j<i;

ajzl, if  g>i
with r(nd™, gen<b?,b?,b3>) meaning the average value of the number
of representations of n by all the forms in the genus of
<b?,bZ,b2> (cf.[2]).

Now, we can consider the "main term" in the determination of
the level defined by:

s, () S, (n) =28, (n)
eo—— G ’
Gy () r(n,I,) ! 2 () r(n,I,)
S, (n) =S, (n)+S,(n)
Gy (n) =

r(n,I,)
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Siegel's "Hauptsatz"[3] tells us that

r(nd™?, gen <b?,b%,b%>) = [la,(nda?, <b? b2 %)
P

with the p-adic density ap defined by
rya (nd~?, £)

9. (nd?,f) = lim ,
P OL—yo0 p2(l

f = <bl,bZ,b3>.

Carrying out the exact evaluation of all the corresponding
p-adic densities, including those with p|2detf, we prove the

following recursive formulae

Theorem 2. Let n be a positive integer with v,(n) = 0 or 1 and
p & _prime not dividing n. Then we have:

i) G,(np%) = G,(n)+3,(n, @) (G,(n) =G, (n))+32(n, @) (1-G,(n)) .

ii) Gz(np“) Gz(n)+26};(n,a) (G3(n)—G2(n) ) +6;32(n,a) (1+G2(n)—2G3(n)) .

ii1) Gy (mp®) = G,(n)+(33)(n,0) =232 (n,@)) (1-G,(n));

for all even a> 0. If o is odd, these formulae are also valid in

case that all the exponents occurring in the factorization of n

are odd.

Here ap'(n,a) and E)F:z(n,a) are quotients of p-adic densities,

depending on both n and «o. More precisely, we define:

oq-2 2 12 B2
%(np d™® ,<b%, by, b3>) d_(n,a), if plb, for exacly one i ,

v
p
]
P

d 2(n,a), 1if pld

p 0y (np%, I,
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G,(n) < c;(py;...p) < 1,

i=1,2 if g.c.d. (n,10) #1 ,
with
i=1,2,3 if g.c.d. (n,10) =1
Next we give an interpretation of the "error term":
g; (n) =G, (n) in terms of Fourier coefficients of modular forms.
Let 6(f,z) and 6(gen f,z) be the theta series associated
to f and gen f, with f = <b12,b22,b§> a quadratic form of our

type. We know that 6(f,z)eM (3/2,4b%p%b?), being M _(3/2,4b%bib?) the
space of modular forms of weight 3/2 with respect to T _(4b%b2b2).

By recent results of Schulze-Pillot about theta series of posi-

tive definite quadratic forms [2], we know that

i) 6(gen f,z)eE (3/2,4b’b%b?) ,
ii) 0(f,z) - O(spn f,z)eUut

Here E| is the space spanned by Eisenstein series, Ul the
orthogonal complement, in the space of cusp forms, of the space
U spanned by Shimura's theta functions and spn £ denotes the

spinorial genus.

In our case, the forms f = <b? bZ,bi> have the nice property
r(nd™?, spn f) = r(nd™?, gen f)
We get, looking at the growth of the coefficients of the

forms lying in ul and denoting by rad n the product of the

distinct prime factors of n, the following

Theorem 4. Let n = n, be square-free. Then for every 0 we
have
_ Y 4g
g;(n) - G;(n) = O(s )
with the O-constant depending on ¢ , ng and m = rad n.
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Summing up the preceding results, we obtain the following
answer to the problem: Let neZ' then

-1 if n # 30
0 if n = 30 and 4|n,
I(n) =
2 if n = 30, 4In, (n,10) #1 and n>c(n,,m,),
3 if n = 30,(n,10) = 1 and n>c(n,m)).

The constants c(no,mo) are 1n general nontrivial, for
example, ¢ (2210,3)219890.

The proofs of the above statements can be found in [1]. I
want to express my thanks to my thesis adviser Professor P.

Bayer for her valuable help.

Next, we give an application which, in fact, motivated the
study of the preceding problem. After Vila [4], we obtain the

following
Corollary 5. Let n =3 (mod 8), n # 0 (mod 5) and n>c(n,m,)) .
Then every central extension of the alternating group A~ can Dbe
realized as a Galois group over Q.
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