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BETWEEN DISTRIBUTIONS AND HYPERFUNCTIONS

By
Lars HOrmander

1. Introduction. The space D'(X) of Schwartz distributions
in an open subset X of R" is by definition the space of continuous
linear functionals on CE(X). A larger space is obtained if CE(X)
is replaced by a dense subset with a stronger topology, such as
the space of functions of compact support in a non-quasianalytic
Denjoy-Carleman class of functions. (See section 2 below for defi-
nitions.) This leads essentially to the distribution spaces dis-
cussed by Beurling [2] (see also Bjdrck [3]).

In the guasianalytic case this definition breaks down. How-
ever, dropping the condition of compact support one can always
consider the dual as an analogue of the dual E'(X) of C (X). The
largest space of its kind is then the space A'(R") of analytic
functionals carried by compact subsets of Rn; this is dual to the
real analytic functions. Martineau [5] has shown how one can de-
fine the hyperfunctions of Sato [6] starting from the properties
of A'(Rn). The first point is to prove that every element in AT (R™)
has a unique minimal carrier, the support. For any open set XcR"
the space of hyperfunctions in X can then be defined so that its
elements are locally equal to those in A'(R"). We shall here use
the analogous definition for any Denjoy-Carleman class.

In sections 2 and 3 we shall give the basic definitions and
discuss the notion of support for the dual Ei of any Denjoy-
Carleman class CL. Sections 4 and 5 are then devoted to the
non-quasianalytic and the quasianalytic cases respectively. The
properties of the distribution spaces Di(X) in an open set xcRr"
are then summed up in section 6. We show in particular that the
sheaf of distributions is flabby precisely in the guasianalytic
case. (Flabbiness means that all distributions can be extended

to the whole space.) Another equivalent property is that every
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distributions with support in the union K, ,uK, of two compact sets

172

is the sum of one with support in K, and one with support in K

1 2°
These facts are of course well-known for hyperfunctions. What may

be new is the equivalence with quasianalyticity.

2. Denjoy-Carleman classes. Let Lk be an increasing sequence

=1 and

of positive numbers such that L0

(2.1) k <L < CL

k' Drer S Chyi

for some constant C. If XcR" is an open set we shall denote by

CL(X) the set of all ueC”(X) such that for every compact set KcX

(2.2) u = sup sup (r/L )IO‘I p*u(x)| < =,
| |L,r,K Y€K o ]al I l
for some r = Iy > 0. When Lk=k+1 this means that CL(X) is the set

of real analytic functions in X, which is thus the smallest class
considered. The class CL with Lk=(k+1)a, a>1, is the Gevrey class

of order a. Leibniz' formula shows at once that CL is a ring,

(2.3) <

luvly 2,k £ IulL,r,K|v|L,r,K’

It is invariant under differentiation since
]+
(2.4) (L. )+

a1 < (CLj)J+1 < ¢ty 3,

J
which implies

(2.5) < C/r

IPeuly, r/c?,x luly, v,k

By the Denjoy-Carleman theorem there are non-trivial func-

tions uECL(X) of compact support if and only if

(2.6) 5y 1/Lk < .

The class is then called non-quasianalytic. In the opposite case
a function in CL(X) vanishing in a neighborhood of a point x must
also vanish in the component of x in X. As a substitute for CL
functions of compact support one can often use cutoff functions
with the following properties:

LEMMA 2.1. Let K be a compact subset of rR" and denote by K(t)

the set of points at distance < t from K. For any integer v>0 one
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BETWEEN DISTRIBUTIONS AND HYPERFUNCTIONS

can find Xecz(K(vt)) equal to 1 in a neighborhood of K such that

0 < x &£ 1 and

a[,

(2.7) D% | < clofe-| la| < v.

Here C depends only on the dimension n.

For a proof se e.g. [4, section 1.4]; one just takes yx as
the convolution of the characteristic function of K(tv/2) and v
convolution factors y(x/t)t " where 0 < ¢;€C§({x; |x|<3}) and
Jydx = 1. The point is that one can then let all derivatives act
on different factors y(x/t).

3. The space Ei(X). Let KcR" be a compact set. The space
E'(K) of Schwartz distributions supported by K consists of the
linear forms u on C°(R") such that for every neighborhood X of K

we have for some C and N

[ule)] < C sup |D%|, @€C®(R").
BE

It suffices to have such a functional defined for all polynomials
¢, for they are dense in Cm(Rn). The following is therefore an
analogue for the class CL.

the space of linear forms u on the space of polynomials ¢ in R"

such that for every neighborhood X of K and every r>0 we have

(3.1) lule)[ < Cp ylely, r,x-

For any XcR" we denote by Ei(X) the union of Ei(K) for all compact
subsets K of X. When Lk=k+1 we also write A'(K) instead of Ei(K)
for the space of analytic functionals carried by K.

Note that EL IDELzlf L, £ CL

for some C. In particular,

1 2

EiCA' for every L.

It follows from (3.1) that there is a unique linear exten-
sion of u(¢) satisfying (3.1) in the set A of entire analytic
functions. In fact, if ¢€A the partial sums of the Taylor series
converge on any compact subset of c". This implies convergence in

the norm | for any r>0 and any bounded X. To extend the

|L,r,X
definition to a more reasonable set of test functions we prove:
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PROPOSITION 3.2. Let YccX and let @ECL(X). Then there is a

sequence of entire functions 5 such that for sufficiently
small r>0

(3.2) ~+0 as Jjoow.

]¢_¢j|L,r,Y

PROOF. Choose XEC&(X) with 0 < x < 1 and x = 1 in a neigh-
borhood of Y, and set
05(x) =.{Ej(x-y)x(y)¢(y)dy; Ej(X)=(j/n)n/2 e I

By induction we obtain for any N

(3.3) D. ...D, (E.x(yp)) = E.x(yD. ...D, o) +
N N J N o
+ ) T Dy Ejx((D; x) 1T Db e).
v=1 v<ugN u v o 1<y u

We can write

Ej*(xoa@)<x> - D% (x) =_[Ej(y><X<x—y)D“¢(x~y)—D“@(x>>dy.

Choose c>0 so that x(x-y)=1 when x€Y and |y|<c, and let p be so

small that M = ©. By (2.4) we have

111, 6, suppy

|Du¢(x—y)—Du¢(x)| < n|y|(L /p)‘a|+1M <

|a|+1
< nClyl/o (LIQIC /o) 1% ey, ly|<c;

Nl

and 1
j2J'|y|Ej<y> ay
is independent of j. Furthermore,
- 2-/2
[ Ej(y) dy = o(e” € /%,
ly|>c 3

This proves that

Joroo,

1
sup |E.*(yD%)-D%| < C'(L C2/p)'a|M/j2.
Y ] = ||

When y€supp dy we have Re <z-y, z-y> > 0 for z in a complex neigh-

borhood of Y. Hence Cauchy's inequalities give for some c>0 if x€Y

IDQEj(x—y)I < |u|!c—|a!e—cj < Llal|a|c-|a|e_cj.

Using (3.3) we now obtain if r<c and rC2<p
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1
CIIM/jZI

A

a Q
ID (Pj_D (p'L,r,Y

which proves the proposition.

From Proposition 3.2 it follows at once that every uEEi(K)
can be uniquely extended to a linear functional on CL(X) for any
neighborhood X of K. However, this is not very useful until we
know that there is a unique minimal compact set K such that ue€
Ei(K). For the analytic class this follows from basic facts on the
cohomology of the sheaf of germs of holomorphic functions (see
Martineau [5]). An elementary proof using only properties of the
corresponding Poisson integral can be found in [4, section 9.1].
We quote the result without repeating the proof.

THEOREM 3.3. If ueA (R™) then there is a smallest compact

If u is a Schwartz distribution of compact support this
agrees with the usual definition. In fact, if X is a neighborhood
of the Schwartz support K then

(¢4 oo
lule) | < C sup [D7o| < Cp o] P o9ECT;
= |a N X = L,r L,r,X
in particular u€A'(K). On the other hand, if u€f'(R")nA'(K) and
@ECE(R“\K), we obtain with the notation in the proof of Proposi-
tion 3.2
u(e) = lim u(E_.xp) = 0
oo J

since Ej*@+¢ in ¢®(R") and

Ejxg(x) = j Ej(x-y)g(y) dy=0

in a complex neighborhood of K when j»«. Thus the Schwartz support
is contained in K. With this possible ambiguity removed we shall
now prove

THEOREM 3.4. If u€E;(R")nA'(K) then u€E;(K).

Since on the other hand uEEi(K) implies u€A'(K), we obtain:

COROLLARY 3.5. If uEEi then there is a smallest compact

an element of A'(K).

Thus we may use the term support without specifying an L
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such that uEEi. We shall say that u=0 in an open set X if Xnsupp u
is empty.

PROOF OF THEOREM 3.4. Let chYaD@cRn, and let ¢ be a poly-
nomial. We shall estimate u(g) in terms of the norm M=|¢]L,r'x. By

definition
(3.4) D% (x)] < M(Llal/r)|a]’ XEX.
The proof is a refinement of that of Proposition 3.2 where diffe-

rent regularizations are used in different frequency ranges.

1. Choose y €CZ(X) using Lemma 2.1 so that y =1 in Y and
Xy=+0 Xy

D%, 1 < el ja) s

(Here C1 is the constant C in (2.7) divided by the distance from

Y to (X.) Since ngv we obtain using (3.4)
o v _
|D (Xvw)] < M(LV(C1+1/r)) v o=y,
which implies for small r that

|g]V|F(Xv@)(g)] < M(chz)vm(X).

Here C2=2n/r, and F is the Fourier transformation. Set

Y]

(3.5) L(t) = sup (t/L )Y, t>0.
v20 v
Given t>0 we can choose v=y(t) so that L(t)=(t/Lv)v, and then we
obtain
[F(x, @) (E)] £ Mm(X)/L(t) if |g]>C,t.
Since | is increasing it follows that
(3.6) [F(x @) (E)] < Mm(X)/L([g]/4C,) if v=v(t) and C,<[g/t|<4C,

When v=v(N,r)=v(2N_2r/n) this estimate holds in the annulus where

2" <) <a™ . choose wyect({e; 2V T<[g]<2™T}) when N#0 ana
choose EC:({E; |g|<2}) so that Uy 2 0, Y by = 1, and set
[ee]

(3.7) Ro(x) = % U (D) Oy g, ) @) (%)

n

We claim that the sum converges in CL(R ) and that for some C3

and r'>0 (depending on r)
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(3.8) Rolp o g0 € Cloly p -

From (3.6) it follows that

3 16 o e 170t 108 S um(x) £ 141 /0 g /ac,) <

-n-1 a|+n+1 N -n-1
< Mm(X)|g| (4C2L|a|+n+1)] < C4M(L|a|/r ) €] .
Here we have used (2.4). By Fourier's inversion formula we obtain
a o
% |D wN(D)(XV(N,r)@)I < C3M(Llal/rl) .
This proves (3.8) and also convergence in the norm | IL r' /2, R%

From (3.8) it follows that

o

u, () = u(Rg) = % wb (D) Xy, ) @)

is continuous for the norm | | .
L,r, X
2. To be able to estimate u-u, we must make an appropriate
choice of WN too. So far we have only used that the partition of
unity is continuous. First we use Lemma 2.1 to choose h. for N=0,

1, ... so that 0gh <1, h (£)=1 when |E|<2N,hN(€)=O when 1€|>2N+1,

N
I0%hy(8)] < (o) lel, la|<2Vs.

Here § is a small positive number to be chosen later of the same
order of magnitude as the distance from K to Cy. It is important
that C does not depend on 8. The same will be true for the other
constants below. Set w0= hO and

by = hyg - hy s N =1, 2,

Since the derivatives of the terms have disjoint supports, we have

)|a| N—16,

(3.9) [D%py ()] < (cs la|<2

and 2N—1<|£|<2N+] in supp ¥ if N#0.
The operator WN(D) consisting in multiplication of the

Fourier transform by wN is equal to convolution by WN where

Vo (z) = (2n)'“.[ei<z'€> b (E) ag, zec”.

With H = H_ = 2" we have by (3.9)
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IZQWN(Z)1 < C.(C6)|a|Hne2IImz|H' ol <28 Ts.

Hence
¥z | < criegs/|z)8/2 yn 2l ImalH
< crn 2IIMAHTROZ e o poe e,
so we have
(3.10) I\YN(Z)l ; C"é_n e'H(S/3 if lZ|>C566 and IImz|<6/‘13,

Let XGCE(X) be equal to 1 in Y and set

o

Te(x) = % Uy (Y COCX g,y 100 ().
Choose § so small that C5e6 is smaller than the distance from K to
CY. Then there is a complex neighborhood £ of K such that
[¥(z=y) | < c6e*HN‘5/3 if z€Q and vév.

Hence we have for all z€Q

|9y (D) (( @) (2)] < 2§ ¥ (z=y)e(y)|dy < 2C6e_HN6/3”¢H

X=X
\)(N,r) X\Y

where |¢| is the L1 norm in X, so the series Tg(z) converges for

z€Q, and

©

u,(9) = ul(Tg) = % u(wN(D)((x—XV(N,r))w))

is a well defined function in L* with support in X.

3. The proof of Theorem 3.4 will be completed if we show
that u=u,+u,, for then we obtain an estimate lu(w)|§C|@|L,r,X
for any neighborhood X of K and any r>0. We have

o

u, (@)+u, (o) = % u(p (D) (x9)).

To prove that u1+u2=u it suffices to show that the sum of
WN(D)(X@) converges to ¢ in a complex neighborhood of K. It is
clear that the sum converges to ¢ in S, which implies that it
converges to ¢ in c”(Y). Now consider the derivative of order

a when |a| exceeds the degree of the polynomial ¢. It is a finite

sum of terms of the form

BoynY
WN*((D x)D'o)
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where |B|+|y|=|a| and |y|<|a|, hence |B|#0. In view of (3.10) it
follows that Z DuwN(D)(x¢) is locally uniformly convergent in Q.
The sum must be equal to Daw since this is true in Y. Taylor's
formula now shows that Ein(D)(xw) converges locally uniformly to
¢ in £, which completes the proof.

As we shall see in section 4 the preceding fairly technical
argument is superfluous in the non-quasianalytic case. In the

quasianalytic case it will be used again in section 5.

4. The non-quasianalytic case. When Z 1/Lk <o the space CL

contains functions of x, vanishing for x1<0 but not identically.

Since CL is a ring invaliant under linear changes of variables
it follows that the space Cg of elements in CL with compact sup-
port contains non-negative functions with integral 1. Regulari-
zation by convolution with elements in Cg shows that Cg is dense
in Cz and allows one to construct cutoff functions and partitions

of unity in Cg just as in c?. The proof of Proposition 3.2 can be

simplified for we may assumg that wECO Taking ®j=Ej*¢ we get rid
of all terms in the proof containing derivatives of X. The proof

of Theorem 3.4 for Schwartz distributions preceding the statement
also gives u(g)=0 1f wEC and Knsuppy =@. The full result follows

since u(¢g)=0 if @EC and K'nsuppy =@ for some K' such that u€

i(K ). The following decomposition theorem is also proved just
as for Schwartz distributions:
THEOREM 4.1. If X, and X, are open sets in R", ¢ is non-
guasianalytic, and u€E! (X UX ), then u= u1+u2 with quE'(X])

PROOF. We can choose x EC (X ) so that X +X,=1 in a neigh-
2 9

borhood of supp u and set

uj(¢) = u(Xj¢).

Then quEﬁ(Xj) and u; tu,=u.
It is not possible to replace the open sets Xj by compact
sets in Theorem 4.1:

THEOREM 4.2. For every non-quasianalytic class CL one can

K. <R" and a Schwartz distribution u€

1772
) of order 1 such that u#u]+u for all quEi(Kj)'

find compact sets K
' 7
EL(R1UK

2

2
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PROOF. Let K, be the closure of a sequence ijRn with

|x1|>|x2|> ...-> 0. Since 2:1/(Lj6j) <o if 6j+0 sufficiently slow-
ly, we can choose ¢jECg(C{O}) so that

@j(xj) =1, @j(xk) = 0 for k#j, aj:l¢j|L,1,Rn <w,
Next choose yj#xk for every k so that |xj—yj|aj<j—3, and let K,

consist of the points yj and the limit 0. Then
= ja. (p(x.)-o(y.
u(e) =) jag (e x)-9(y )

is a Schwartz distribution of order 1. If u=u1+u2 with quEi(Kj)

and we write wj=¢1+w2 with wkéicg(CKk), it follows that
u1(@j) = u1(¢2) = u(¢2) = jajwz(xj) = jaj¢j(xj) = jaj

In view of the definition of aj this contradicts that u1EE£.

5. The quasianalytic case. In this case we cannot find par-

titions of unity in CL. Nevertheless there is a stronger version
of Theorem 4.1 which by Theorem 4.2 is false in the non-quasi-

analytic case:

THEOREM 5.1. Let K1 and K2 be compact sets in R” and let
cl be quasianalytic. For every uEEi(K1lJK2) one can then find
] N = =
quEL(Kj) ] 1, 2, such that u u1+u2.

An essential point in the proof is that one can approximate
distributions with support at one point with distributions having
support at another. This can be derived from the following
consequence of the proof of the Denjoy-Carleman theorem:

LEMMA 5.2. QEE‘CL be quasianalytic, that is, > 1/Lk<<w, and

let 8§, r be positive numbers. Then one can find an integer N and

, «.., a, such that for wECL([0,1])
0 I S

(5.1) [o(1) = 3 ajcp(j)(O)l < 8ol
0

real numbers a

L,r,[0,1]"

This follows from the proof by Bang [1] of the Denjoy-Carle-
man theorem or the variant of the proof given in [4, section 1.3].
If the derivatives of ¢ up to some high order vanish at 0 we can
just use the estimate (1.3.13)' there. Inspection of the proof
shows that if we define 9(t)=0 for t<0 then Lemma 5.1 is obtained
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without any such restrictions.

Using Lemma 5.2 we can prove the following approximation
lemma:

LEMMA 5.3. Let K be a compact set cR", and let K(t) be the
set of points at distance <t from K. Assume that CL is quasi-

analytic. For arbitrary positive §, p, t one can find r>0 inde-

pendent of ¢ such that for every linear form u on A with

|ule) | ©€EA,

A

Clely, v, x(t/2)"

for some C, there is some VEEL(K) with

| <v-u,p>] <

= 6[¢IL,Q,K(t)' PEA.

PROOF. Choose Xecé(K(t)) equal to 1 in K(2t/3), and set with

Ej defined as in the proof of Proposition 3.2

uy = X(U*Ej)P u*Ej(z) = u(Ej(z—.)).

The proof of Proposition 3.2 gives for some r>0

1
- T2
o Ej*(xw)lL,r,K(t/z) £ € ICPIL,o,K(t)’ oEA.

-1
We fix j so that C'j 2<6/3. It remains then to approximate the
function u.€Cg(K(t)). Approximating <u., ¢> by a Riemann sum we

obtain a finite sum p = ) ckéx with xkEK(t) such that
k

|<uk, o> - [ au| < 6|QIL,p,K(t)/3‘

For every x, we can find y, €K with |xk—yk|§t. If we note that
the line segment between Vi and Xy belongs to K(t) and apply
Lemma 5.2 to the function s#*w(yk+s(xk—yk)), it follows that we
can find a finite sum v of derivatives of Dirac measures at the

points Yy such that
- s :
Weaw - <o < 8loly o pie)/3

Adding up these estimates, we have proved the lemma,
LEMMA 5.4. Let the hypotheses of Theorem 5.1 be fulfilled,

and let Xj be bounded open sets containing Kj. Then one can for

r>0 find linear forms ujr on A, j=1,2, such that u=u1r+u2r and
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(5.2) |ujr<¢>| < i GEA;

cr'(P[L,r,Xj

(5.3) R

i €A, O0<r'<r.

r,r'|¢lL,r,§1n§2;
PROOF. It suffices to construct ujr for small r>0. Choose
open sets Yj and Zj with KjCYjCCZjCCXj' We shall now follow the
same steps as in.the proof of Theogem 3.4.
1. Choose Xaecg(zj) so that x3= in Yj and
ol

|Dax3| < (Cv) fol<v.

1
1
v

Set il = Xl and ii = (1-x )Xi, which means that
1-%0-%2 = (1=x)(1-x2) = 0 in v Uy,

We have the same estimates for ig (with C1 ]). Thus
(3.6) remains valid for small r when Xy is replaced by ig and M

With wN defined as before, with suffi-

replaced by 2C

is replaced by |o]

L,r,X.°
ciently small § indepenaent of r, we set for polynomials ¢
© .
r _ ~J
RyTo(x) % U (D) (X (g, ) @) (%) -

Corresponding to (3.8) we obtain for some r'>0

(5.4) n

r
le ey o gD < C4|¢|L,r,zj'

Thus

©

r _ r _ v
wit(9) = u(RyTe) = % a by (DY (X5 1y, r)

defines a linear form on A which is continuous for |
2. Choose xECm(Z
~1

01
~2_ .. :
Xv+Xv_1 in Y1UY2, it follows that

o

V9) = T ul (D) (0K g 1y Ko, p)) @)
O 4 4

®))

IL,r,Z.'

uZz) equal to 1 in Y]UY2. Since we have

is continuous for the L1 norm in Z1UZ2 and is therefore defined

by a function vTeL” with support in §1U§2.
3. Since

o

Flo) 4w,  (0)+vT (9) = ¥ ulby (D) (x9))
0

Y1

the end of the proof of Theorem 3.4 gives that w1r+w2r+vr=u. Now
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v'eL® and supp v Tex uX2, so vJ EE'(X) and v1r+v2r=vr if v1r=vr in

X =0 in CX1, while v2r—0 in X and v.=v in CX Thus ujrz

1! 1 2
v."+w.T is a linear form on A which is continuous for | |L rxX.’
J r r r ’ j
and u=u, +u2
L} L}
4. What remains is to prove (5.3). Since u1r—u1r =u2r —u2r

we may take j=1. By definition

r r' i

W, = % u(y( D)(()(\)<N r) Xv(N - ))@D.
~1 . . ,
The support of Xv(N r) Xv(N ) is contained in Z1\Y1. Now choose
a cutoff function f EC (X ) such that f —1 in 22 and
[D® fyl < (C1\))I |, |a|<v, if v=v(N,r) or v=v(N,r').

It follows from the proof of Lemma 2.2 that this is possible with

a constant C, depending only on X2 and Z2. Set

1
r,r' _ ~1 ~1
W) = 8y (D) e () Ry () 290

(o]

)
Each of the terms is of the form already discussed, so wirt s
continuous for the norm | IL,r X nxz. Next consider

Wt () = (9, (D) ((1 1f ) (% 3! )o))
9) = % uly xv(N £) Xy, ety @)

Since (1- )()(\)(N ) i1(N ¢+) )¢ has support in (sz)n(z1\Y1)

cz1\(Y UY ), it follows as in step 2 that wh is a function in
L° with support there.

'
We split v'-v’  in the same way, noting that
(oo}

r r'
Vv 9> = % u(LL’N(D)((X\)(N r') Xv(N r') X\)(N r)”

~2
_Xv(N,r))¢))‘

the terms involving ii drop out in the

Since 1-f, vanishes in 2
N . 2 r r' r,r' . r,r'
term where we insert a factor 1—fN, SO V -V =v 'T -W'

] — ' ' —_—
1T has support in X,. Hence Wit +v1r—v1r =0 outside X

where v

N

P

The support is therefore in X so

107
' ' ] )
u1r_u1r NS 2 AU +v1r__V r

satisfies (5.3).
PROOF OF THEOREM 5.1. Define K (t) as in Lemma 5.3. We shall
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first prove that for fixed t>0 one can find quEi(Kj(t)) so that

u]+u2=u. Set K=K10K2 and choose t' so that K1(t')nK2(t')cK(t/2),

thus t'<t/2. We choose a decreasing positive sequence rv§1/v so
that Lemma 5.3 holds with r=r and p=1/v. With X. equal to the
interior of Kj(t') we define ujr by Lemma 5.4 and set Ujv=ujrv.
Then

\Y
U. <
l 3 ((P)l =C\)|(P|L,r\),Xj

and

<o Vo gV

1 1! 9> £ ¢

V|¢|L,EV,K(t/2)'
Hence it follows from Lemma 5.3 that we can find vaEi(K) so that
VooV

VR Vv, oo < 27

|<U1 1

Yol
Ple,1/v,k(8)"

This implies that

vHT_ o v_ v

-y ! 5 -
u ) = U, (@) % <, U, -v’, g> =

m 1 v k-1 v

k -u. Y-y, > - Y oo<vT, >
1

= U5 + ¥ <oVt
X

1 1

exists and is bounded with respect to |<p|L 1/k, K. ( for every k.
’ 4

t)
Hence u1EEL(K1(t)). Set u2=u—u1=U1 +U2 -u, - Thenk_1
_ k i v+1 Vv v
u,(g) = U, (g) - % <, “U VT, > 4 % v, >

so we obtain in the same way that u2EE£(K2(t)).

Changing notation we have for every t>0 found uthEL(Kj(t))
so that u=u1t+u2t. Thus

t T T

_ _y Eepo
-uy = u, T -u, EEL(K1(T)nK2(T)), t < T.

When t and T are small we can use Lemma 5.3 to approximate this
difference by elements in Ei(K]nKz). The same argument as above
then shows that u=u]+u2 for some quEi(Kj)' (See also the proof
of Theorem 5.6 below.) This ends the proof of Theorem 5.1.

The following reformulation of Theorem 5.1 will be useful
in section 6.

COROLLARY 5.5. Let quEi(Rn) and let X,, X, be open sets

such that u1—u2=0 in X1nX2. If CL is guasianalytic it follows
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that one can find uEEL(Rn) so that u—uj=0 in Xj for j=1,2 and
SUPP U C SUPP U USUPP U,.

PROOF. By hypothesis supp (u1—u2)<:Kn(CX1uCX2) if K= supp u,
USUpP U, . Hence Theorem 5.1 shows that one can find vjEEi(KnCXj)
so that Uy ~U,y=v,=v,. Thus usu,-v, =u,-v, has the required proper-
ties.

Lemma 5.3 also gives an important completeness property:

uasianalytic. If u.EE'(Rn), j=1,2,... and for every neighborhood
g9 y 1L uyely Ifor y

X of K we have

(5.5) UJEE]!_,(X)I j>J(X)I

n
then one can choose uEEi(R ) so that for every such X

(5.6) u -y u.€E! (X).
j2oxy 3k
(5.6) determines u uniquely modulo Ei(K).
PROOF. Let quEi(K(t(j))) where K(t) is defined as in Lemma

5.3 and t(3)+0. By Lemma 5.3 we can choose vjEEi(K) so that for
all polynomials ¢

A

_ -3
|<L1j vj"">| 2 Icp‘L,1/j,1<(t(j))'

Hence
[ee]

<u,p> = ; <uj—vj,<p>

is well defined, and

1-k
few =0 <uyvyee ]l S 200000 g ke )
j<k
for every k. Since z:j<k(uj—vj)€EL(K(t(1))) we conclude that

uEEL(K(t(1))). Hence

u - j;k (uj—vj)EEL(K(t(k)))

for every k, which proves (5.6). The last statement is obvious.
6. The spaces Di(X). We define a presheaf on R" by assigning

to each open set XcR" the quotient space EL(Rn)/Ei(CX). The

stalk at x of the corresponding sheaf Di is the quotient space
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Ei(Rn)/{uEEi(Rn), x¢supp u}.

If uEEi(Rn) and X is any open neighborhood of x then we can by
Theorem 4.1 or Theorem 5.1 find u1EEi(X) and uzeEi(C{O}) such

that u=u.,+u,. Thus x¢supp u, which proves that the stalk of Di

172
at x is also equal to

2

Ei(X)/{uEEﬂ(X), x¢supp u}.

Now let ueDi(X) be a section of the sheaf over an open set
xcR". This means that X=qu where Xj are open and that for every
k=0 in Xank.
We claim that for every open YccX one can find UYEEi(X) such that

j we have some quEi(X) defining u in Xj' Thus u.-u

(6.1) Xannsupp (uY—uj) =@ for all j.

In the non;quasianalytic case this follows if we take u=§:¢juj
where ¢jEC0(Xj), only finitely many terms are non-zero, and
Y ¢j=1 in a neighborhood of Y. In the quasianalytic case the
statement follows by repeated use of Corollary 5.5. Thus we
obtain the following description of Di(X):

Then one can find vjEEi(X) such that the supports are locally

finite and for any YccX we have u=§:vj in Y, the sum taken over

the terms with support intersecting Y. Conversely, every such

sum defines an element in DL(X).

PROOF. Choose an increasing sequence of relatively compact

open sets Y1, Y2, with union X, and for every j choose u.€
Eﬁ(X) with uj=u in Yj' Then the statement is valid with vi=uy
and v.=u.- for j#1.

u.
B I
If the class CL is non-quasianalytic and K is a compact
subset of X, we can define

L

0(K);

<u, ¢> = <v, @>; ¢€C
where vEEi(X) defines u in a neighborhood of K. The definition
is clearly independent of the choice of v. From (3.1) we obtain

(6.2) <u, ¢>| < C ¢ECL(K).
¢l 2 0

r,K|¢|L,r,K’

104
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Conversely, assume that we have a linear form u on Cg(X) satis-
fying (6.2). If x€Cy(X) then

<xu, @> = <u, xe>

defines yu€f] with support in supp y. If Xjecg(x), > Xj=1, and
the supports are locally finite in X, then z:(xju) defines a
distribution UED'(X), and it is clear that U gives rise to the
linear form u on CL(X) which we started from. Thus we can iden-
tify D (X) with the space of linear forms on C (X) satisfying
(6.2) for every compact set KcX and every r>0. ThlS is just as
in the case of Schwartz distributions.

In the quasianalytic case we get another simple description
of Di(X):

THEOREM 6.2. If X is a bounded open set in R" and CL is

quasianalytic, then Di(X) is isomorphic to EL(X)/EL(8X)

PROOF. This follows if we apply Theorem 5.6 to the series
in Theorem 6.1.

The meaning of the theorem is that the distribution which is
equal to u in X and 0 in CX can be extended to a distribution in
the whole space. This remains true for any open set:

THEOREM 6.2'. If X is any open set in R” and c" is quasi-
rRD

).
PROOF. Using Theorem 6.1 we can write u=z:v. with v, EE X\K

analytic, then every uéDi(X) is the restriction of some U€D; (R

for a sequence of compact sets chX containing every compact sub—

set of X for large j. Repeated use of Theorem 5.1 gives
[ee]

v. = u
J k;o

where the sum is actually finite. If we apply Theorem 5.6 to
S JUik W obtain u, €E/ with support in {x€X; k<|x|<k+1} such that

jk’ supp u c{xEX\K i kS| x|gk+1}5

the support of uk—E:j<J ujk does not meet KJ for any J. Hence
U=§:uk is an element in Di(Rn) with support in X which is equal
to u in X. The proof is complete.

Theorem 6.2' means that the distribution sheaf is flabby.
Summing up, we have proved:

COROLLARY 6.3. The following properties are equivalent:
(i) Di is flabby.
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(ii) If uEEi(K1uK2) where K, and K2 are compact subsets of Rn,

1

then u=u,+u, for some u.€E'(K.).
— — = 3L ]

s L .
(iii) C7 is quasianalytic.

PROOF. (iii) » (i) by Theorem 6.2', and (ii) ®(iii) by Theo-
1UK2)
find u1€E£(K1) so that u—u1€E£(K2). This means that u1=0 in CK1
and that U =u in CK2. Now CK1nCK2=C(K1UK2), and by hypothesis

u=0 there. Thus we have a well defined distribution u1ED£(CK1uCK2)

rem 4.2. To prove that (i) » (ii) we must for given uEEi(K

and by condition (i) it can be extended to R". The proof is

complete.
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