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SOME ESTIMATES 1IN gb NEUMANN BOUNDARY VALUE PROBLEM

FOR STRONGLY PSEUDO-CONVEX CR STRUCTURES

by MASATAKE KURANISHI

Introduction. We consider a system cf partial differential equations

of the first order
(n Xf=0 for all X € E ,

where f is an unknown complex valued function and E is a subbundle of
the bundle CTM of the complex tangent vectors to a compact manifold
M, possibly with boundary. We denote by C”(M, E) the vector space of
smooth sections of E. We assume that, for any X and Y € Cw(M, E), their

bracket [X,Y] is also a section of E. We also assume that E nE={0}.

Let M~ En be a smooth embedding. Denote by E the set of all
X € CTM such that, when considered as a complex tangent vector to g“
via the embedding, it is of type (0,1). Then E satisfies the above
conditions, provided E is a subbundle. This always happens when the
codimension of Mis 1. We say that E is embeddable when it is locally

obtained by embedding in C".

The nature of the equation (1) depends very much on its Levi-form.

Namely, we consider

C”(M, E) xC”(M, E) 3(X,Y)

(2) - N _
> 5 [XY] mod E+E€C”(MCTM/ (E+E).

We see easily that the map does not involve differentiation and actual-
ly comes from hermitian quadratic forms on the fibers of E valued in

CT M/ (E-*E). Here, by hermitian we mean with respect to the bar ope-
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ration induced on CT M/ (E +E) by that of CT M.

When the complex fiber dimension of CT M/ (E +E) is 1 and the
Levi-form is non-degenerate, we have another interesting example. Na-
mely, we now consider the principal bundle on which its normal Cartan
connection is defined. Then the vertical complex tangent vectors over

E of the connection form a subbundle which satisfies our conditions.

The equation (1) is closely related to the complex it induces.
Namely, denote by Aq(E) the bundle of skew-symmetric multi-linear maps

E X... XE (q factors) » C. Then we have the exterior derivative
(3) D:C”(MA9(E)) » c”(mM, 2% 1(E))
just as in the case of de Rham complex, i.e.

»
ey X s X )

=74 _na
Du(xo,...,xq)-za=0 (-1 X u(X art o Xg

o’

(4)

A ~

a+b
u (0% Xp 15X g e e s Xgnees Ry e X))

+ Za<b(~1)
Introduce hermitian metrics on the fibers of E and a volume element
of M. Then they induce a pre-Hilbert structure on Cw(M,Aq(E)). We

wish to exhibit two formulas related to a semi-norm
2 2
(5) [IxDul[* + || x D*ul]

where X is an arbitrary real valued smooth function compactly suppor-
ted in the interior of M. When the complex fiber dimension of

CT M/ (E +E) is 1, dim M =2n- 1 with q(n-2-q) >0, and the boundary
of M satisfies rather strict conditions (cf. (31)) these formulas

can be combined to find an estimate of (5). When we let X converge to
a function p which may not be zero on the boundary, in the limit esti-
mate we find terms which involve integrals on the boundary of M. Our

main concern is to find an estimate of (5) such that, under D-Neumann
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ESTIMATES IN gb NEUMANN BOUNDARY VALUE PROBLEM

boundary value condition (cf. (3) and 3) (48)), these boundary inte-
grals are non-negative. The formulas are improved versions of those
in (I) [4], where one finds the details which are omitted here. The-
se formulas are not strong enough to solve the D-Neumann boundary va-
lue problem. In the last section we derive estimates {from the above. Our
hope is to find out eventually if the norm ||Du]|2 +||D*u||2 +CHu||2
is compact with respect to Lz-norm, provided u satisfies conditions
(cf. (48)) including the D-Neumann boundary value condition. However
it seems that our estimates are not yet strong enough to show the

compactness.

Preliminary. We first fix a complex vector subbundle F of CTM (with

F=TF) supplementary to E+E. Write for X,Y ECm(NLE)

[X,Y]=iCp(XY)+ (XYl +[XY]_, where
: E

(6) Cp(X,Y) ec‘”(M,F),[x,Y]E €ec”(M,E), and
[X,Y1_€C”(ME)
E
We define E-hessian of a function f by
(7) HE(X,Y) = XY £-[XY]_£
E

for any X,Y €Cm(LLE). We find easily that it does not involve diffe-

rentiation. When f is real valued
f f .
(8) H (X,Y) =H (Y, X +1iCpL(XY) £
The exterior product induces an algebra structure on A(E) =Z Aq(E),and
D(u,v) =(Du)Av+(-1)puADv, uAv=(—1)quAu

for ueC”(MAP(E)) and v eC”(MAY(E)). In terms of the metric we in-
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troduce the interior product Lv : Ap(E)->Ap—1(E) by
(9) <uLv,w>=<u,vAw>
1 p
If o € A '(E) and u € A* (E)
(10) (v)la=(la)yv+ (-DPu;(via)

This formula plays a crucial role in the proof of (23). We assume that
the support of X is so small that we can pick an orthonormal base

€15 - nlp of A1(E) defined on a neighborhood U of the support of X.
Let g :A1(E)-+A](E) be a homomorphism of vector bundles over the iden-

tity map of M. Then we let g also operate on Aq(E) by
(1 gu=J; (ge), (uley

Thus g £=0 for a scalar valued function f. We see easily that the
above g coincide with the given g when q = 1. Since the right-hand si-
de of the above is clearly independent of the choice of orthonormal
€1seeesep , (11) is defined globally. We also see easily that the ad-
joint of the above g is equal to the map induced by g* :A](E) »A1(E),

where * 1s in terms of the metric. Moreover
(12) gluyv) =(gu),v+u, gv
(13) gluLv) =(gu)Lv-ulL g*v
We denote by Y1,...,Ym a base of E dual to €1sevesCp - We set
(14) [Yj ,Yk] =)2 rijYQ
and define r(k) :A1(E) +A1(E) by
(15) T (k) €y " Zj Ty €5 -

For K= (ky,...,k,) and uec”(u,A%E)), set
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ESTIMATES IN gb NEUMANN BOUNDARY VALUE PROBLEM

(16) U,y =u(Yy ,ee-,Yy )
K k1 kq
If G is a vector field on U, we let G operate on Cw(U,Aq(E)) by
(17) (Gu) = Guy .
By definition we see that the operation of G commutes with the exte-
v (2]
rior and the interior product by S We define Yk : C (U,Aq(E)) >
c”(u,A%(E)) by
v _ 1
(18) qu'qu‘j r(k)u.
It then follows (cf. §.1 1 [4])
v
(19) Du=ZkekAqu .
Hence by duality
* N
(20) D u=J Yy (uley) .
Finally, set
(21) Y Y51 =2 c (Yo, Y) + 0, qor Y, + 7, v +q
oY =1 Cp (Y5 YR +2p Qg Yo * Ly Yp Ay5p + iy
(c£. (6)). We define q 2V E) 2 1(E) by
(22) Q(k) €= zquj ej

A priori estimate. Let X be as indicated in (5). Pick a section u of

Aq(E) which is smooth on a neighborhood of the support of X. To find

a formula for the semi-norm (5), it is enough to consider

2

D* X D+DX2D*, For simplicity we consider X instead of XZ for a while.

221



M. KURANISHI

(23) PROPOSITION 1.

(D*XD+DXD*)u=Au+Bu+Cu, where A=A +h, vith

2

T
Alu—ZkYkXqu

_ * 1 % v
Agus= zk,j<(q(k) t7 ey, MY ber)
+e }*X(uL(* +L 2% e ))—Z P e, (ulrh. e, )
ky*d Q) 72 Y(r)'%; kod " (k) G, (5) ¢x’ >

S . X
Bu= Zj,kejA(chF(yj,yk)+H (Y500 (uleg) s
Cu=D(ulL DX)+D XAD*u.

Outline of the proof. First work out the commutator relation between

4V
Yk and the exterior product by ej (cf. (12),(13)). Similarly for the
interior product by ej. Write down (D* XD+D XD*)u using (19) and
n, Y]
(20). Apply (10) and rewrite it as the sum of Zk YiX qu and terms

containing u Lek. Then our formula follows by (21) and (7).

We note that the above formula is a precise version of the one

given by J.J. Kohn in [2].

Note that < A1u ,u>20. In view of A1, we do not have to worry
too much about the term < Azu ,u>. When we let X converge to a func-
tion which may not be zero on the boundary of M, DX will blow up on
the boundary. Note that D X appears in Cu . The Neumann boundary con-
dition we consider later is exactly the one which makes <Cu,u> go
to zero. When we want to obtain an a priori estimate for ||D11H2 +
|| * u||2 +C Hul]z, we see then that the main difficulty comes through
<Bu,u>. We try to eliminate this term by taking advantage of the

vy N
term Zj(Yj) XYj in A.
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ESTIMATES IN gb NEUMANN BOUNDARY VALUE PROBLEM

— v v
We assume that M is in a manifold Mand E extends to M. Let t be
v
a real valued function on M. For later application we consider the
case when the boundary of M is defined by t =0. However, there is no

need to do so now. Set

-, 1/2
24 Y.t=0. , . =0./b , b= 7.
(24) itT% vy =95/ (Loyoy)
We also define (where b #0)
Vo o N N Vo N
(25) Y ‘Zk“’kYk , WJ.—YJ.-ij -Zkaij ,
ij‘ij—wkwj , Wj=Zkaij
so that
_ V]
26 W.t = s LW, o=
(26) j 0 ZwJJ 0
Then we see that
Ve, Y Noix . Yo Ny, Y
(27) D Y X Y = (YD) Ty + g W Xwy
We set
(\1’\_ ’b*
(28) W= Qjk Yk

When X is a vector field and f is a function, we often write [X,f]
instead of X £, i.e. we regard a function as a multiplication opera-

tor.

(29) PROPOSITION 2. Assume that the support of X is contained in

v
M'={p €M ; b(p) £0}. Then Zw;x?/j:Awac', where A" =41 +AL+G
with
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-1 t
H W . W . 5

4 v % n
A = K * N . -1t . o O\ %
; Z(WJ ¥ X (W )+ZJ(xb BE (W, 050 Y%+ (29)% X b
r — ( v —_— v *
Ay =Ly, 0 (W qa @l # 05 Quu g/ Wy = (W7 X (100051 + 1y Qg Gy
__ —_ — n
G = ij,k([Yj s 17359511 +Z,qum (Yg,055) + @5 51 »
' - . X
B -ijx Cp (wj,wj) +ZJ.H (WisWs)

r— _ v - ~ * - ;
c' = ij[yj, [wj,x]] Zj(wj) (woxl-24 9ma

o= Zj,k([yj,x][yk,gjk] + [YJ. > [y, x119; )

Outline of the proof. Since the matrix (ij) defines a projection

operator
Nk N ™ N

Ly Wy)" XKWy = 15 4 YR X Qg Y

_ Y AN K n ~ n, '\a* . n
Ly 0y )™ X" = By O0Qyp 1Yy, YRT + IV, X Qg DY
Vx

+Yk[Yj,X ij])+ R , where

=- sz[Yk,[Wk,X]] + (a purely imaginary number)
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The last term of the above goes into G, and the second from the last

(modulo i €) is Zj,k[Yk[Yj,X]]ij which goes into B'.

The case of codimension 1 with definite Levi-form. We fix a generator

SeCc®(M,TM) of F. Write
(30) Cp(XY) =Cg(X,Y)S

To get rid of the B term in Proposition 1, we put a condition on the
Y

boundary of M. Pick a real valued function t on Mwithout any critical

point on the boundary of M and such that M is defined by t <0 and the

boundary of M is defined by t =0.

(31) DEFINITION 1. Assume that M is of dimension 2n -1 with n 33. We

say that the boundary of M is admissible when

N
1) There is a smooth function Yy on M such that

at each point on the boundary of M, provided n »4. If n =3, we assume
further that all the first order partial derivatives of Cg =Y Ht also

vanish at each boundary point of M.
2) At each boundary point p €M such that b(p) =0 (cf. (24))
Y(p) #0 ,
3) For any X,Y € C”(M,E) and for any p as above
XYt(p) =0

We see easily that the above definition is independent of the
choice of t as well as of the choice of a supplementary real vector

field S.
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To give an exemple of M with admissible boundary, consider a
Y
real hypersurface MSE?’of codimension 1. We write (z,w) egn, where
- Y Y
z EQP ! and w € C. We assume that the origin is in M and M is given by

an equation

(32) y =h(z,z,x)

where x =R w and y= Jmw. We assume further that

(33) h(z,Z,%) =[5 bk 2 75 mod(z,7,%) 3

where (hji) is a positive definite hermitian matrix. As is shown by
Chern and Moser in [1] we can always find a holomorphic chart (z,w)

so that the above is valid locally, provided M is strongly pseudoconvex.
(34) PROPOSITION 3. For a sufficiently small r >0 set
- = 2
t=h(z,z,x) + Rw" -r

Then the equation t =0 defimnes a submanifold M with admissible boun-

dary.

In the following we always assume that the boundary of M is ad-
missible. We pick a smooth real valued function ¢(t) on R supported in
{t €R; x <0} such that ¢(t) =1 for t <- 4 for a positive number Cqe
We also pick p GCW(M,E) with compact support. We assume that its sup-
port is small enough so that we can find an orthonormal base Yy,...,Y 4
of E on a neighborhood of its support. We set

(35) X=no(t)

In the following we outline how to get rid of the B term in (23),

which is the main obstruction to obtain an a priori estimate.

Note that for functions f and g
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ESTIMATES IN 5[7 NEUMANN BOUNDARY VALUE PROBLEM

(36) HEB(X,Y) = £ HE(X,Y) + g HE (X, Y) + (X£) (Yg) + (YE) (Xg)

Also we see that

(37) HO(H (X,7) = o' (t) BE(X,Y) + @' (t) (Xt) (Y1)
Write
(38) Ht(Yj,Yk) =Y Cg (Y;,¥y) *xjy » 15, =0 on bdM.

We pick our hermitian metric to be the one defined by CS (which we
can always assume to be positive definite by replacing S by - S if

necessary). Then we see that

<Bu,u>=<B,u,u>+ <B2u,u > , where

1

n

<Bju,u > -Zk<(iXS+uYtp')(uLek) suley >

<Byu,u>= _Zj,k.<“ w'(t)rjk(u Lek),u Lej >

(39)
-2R8<@'"ulDt,ulLDuy>-<¢"ul Dt ,ulLDt >
_ U
Zj,k <@H (Yj,Yk)(u Lek),u Lej >
Note that
I H (W;,W;) =Y (n=2) (1 +1,) , 1, =0 on bdM ,
(40)
Ij Cg(Wi,W;) = (n-2)
and
41) q<v,w>=2k<vLek,wLek>

where q is the degree of v and w. In view of (27) we can always take

v} v
Zj(q/(n-Z))Wyt(Wju out of the A term, and

(1/(n-2)) Zk< B' (u Lek),u Le, >=<Bju,u>+<Bju,u>, where
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<B1'u,u>=2k< (AXS+uYo')(ule),ule >

(42) <B'2u,u>=<u<p'r0uLek,uL ex >
_ M
+ (1/(n-2)) < )5 @HT (W), W) (ule),uley >.
(cf. (26)). Hence
<Bu,u >+ Zk(1/(n—2)) <B'(uley),uley >

=<B,u,u >+ <Blu,u>

2 2

Note that the right-hand side of the above does not cause any trouble
at the boundary under the D-Neumann boundary condition. By (23) and

(29) we find then that for X as in (35)
* * kLY
<(D*XD+DXD )u,u>=<YOXYOu,u>

q v -1t
* 5 (2 R< xYou,zjb H (Wj,Wj)u>+<Gu,u>)
(43)

n-2

+RHE__2.92j<w3‘iju,u>+J_z < (W) X,

J J

+<B2u,u >+<Béu,u>+< (A2 +C + (q/(n—Z))(Aé +C')u,u > .

Now when we calculate G more explicitly, we find that
= -2 t 2 .
G=Xb |sz (wj,wj)| + Gy, with
_ -4 v = t —
(44) G,=-Xb Zk’kolok[Yz,ok](sz (wj’wj)+zj,i,stiqjisOs)

-1

+Xb 'R

where R is bounded. Therefore we obtain
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1 1 1

2 2 2 2 7. -1 t 2
ol e or a2 PO 53y b L HE oWl

1
+ (_n:_z__ﬂ_)z_q | x2 7! ZJ H* (Wj,WJ-)UH :

(n-2)
1 1
n-2-q 2 2 q 2 ~ 2
(45) v ZJ [ X Wju“ +n_2 ZJ”X wj ull

+<G1u,u>+<B2u,u>+<Béu,u>

+

< (A, *C+ (a/(n=2)) (Ay +Cu,u >

Note by (40), (44), and 3) (31) that< bZG1u,u > vanishes where b =0,
provided the support of X is contained in a sufficiently small neigh-

borhood of a boundary point.

D-Neumann boundary value problem. The classical method of Kohn and

Nirenberg (cf. [3]) to solve the problem is to find a norm || ul| ' on

c?(M,A%(E)) such that
1) [[u]| ' is compact with respect to L,-norm [l ull ,
2) [ Dull?+ | 0%ull 2+ cflull®> e (llull)?

for all u satisfying the boundary condition : u LDt =0.

We apply the same method in our case. However, the nature of the
formulas in PROPOSITION 1 and 2 forces us to modify it. Firstly, since
b-1 comes in our picture which is not smooth, it is more natural to
enlarge the space Cz(ﬂ,Aq(E)). Secondly, since we localize and use
different methods to prove our estimate depending where we are, we re-

place a single norm || ul| ' by a pre-fréchet space structure.

We first study neighborhoods of boundary points p with b(p) =0.

They are the characteristic boundary points. By the non-degeneracy of
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CS and 1), 2) in (31) we see easily that

(46) PROPOSITION 4. Let p be a characteristic boundary point. Then, on

a sufficiently small neighborhood of p, (t,0) is a chart.
(47) COROLLARY. The set’ of characteristic boundary points is isolated.

(48) DEFINITION. We denote by C'(M AN (E)) the vector space of sec-

tions u of A (E) on M satisfying the following conditions
1) u is Cl in the <interior of M.

2) Du and D*u are in Ly, b_zu 18 in L, on a netghborhood of
each characteristic boundary point, and Wju 18 in L, in a netghborhood

of each boundary point.

3) For each C° function f on M whose support <s compact and dis-
joint from the set of characteristic boundary points, f‘t_lu LDt <s
in Ly .

We prove a priori estimate on c'(M,AY(E)). The above condition
3) is the D-Neumann boundary condition. We work separately on neigh-

borhoods of interior points of M, of characteristic boundary points,

and of non characteristic boundary points.

(49) PROPOSITION 5. Let X be a C function with compact support on M
which is zero on the boundary of M. Then there are constants C >0 and

¢ >0 depending on X such that for any u ec'(m,A(E))
2 2 2 2
o wll (] 0%uf]®+ c Jull® »e (], [|¥; xull
+ ) HYf Xu||2 + | <SXu,xu>|)
J J
This follows by (23) because we can get rid of B term (without

introducing b_1) by the well-known method of Kohn. Note in the above
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that the term Zj “Yj Xu]|2 is independent of a choice of a local or-
thonormal base Y]""’Yn—1 and hence has a global meaning. Similarly

Zj HY; XuH2 has a global meaning modulo a term < C'flu||2.

We next consider a small neighborhood U of a boundary point Py-
In (35) we take up €Cw(?k,5) with support in Un{b *0}. We also replace
¢(t) by w£==w(t/ ¢) and let € -»0. In (45) the term which contains the

derivatives of ¢(t/e¢) in t and the derivatives of u is
E =< Bzu,u> + < Béu,u> +< (C+ (q/(n-2))C")u,u>.

Because rjk =T, =0 on the boundary of M we see by 3) (48) that E con-

verges to
L =2 X8 <D*u,ulDu>- (2q/(n-2)) (< Zk[Yk’[wk’“]]u’u N
W u
+zj <[Wj,u]u ,Wju > - zj,k< H (Yj,Yk)(u Lek),u Lej >)
+ (q/(n-2)) Zj <}ﬂJ(Wj,Wj)u,u >
because (cf. (26))
u[Wj,wel =0 , [Yj,toel[Wj,u] =0

Assume now that Py is a characteristic boundary point. We assume
that U is sufficiently small so that (t,o) is a chart on U (cf. (46)).

We pick I €Cw(ﬁ,5) with support in U and set
_ 1
HEuq0 (o b)
and let ¢ »0. Because b-1u is in L2 (cf. 2) (48)), we find that EL

converges to EL . In view of (40) and 3) (31) we then find by (45)
1

the following
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(60) PROPOSITION 6. Let p, be a characteric boundary point of M. As-—
sume that q(n-2-q) >0. Then there is a neighborhood U of p, such that,
for any u ECOO(M,Q) with support in U, there are constants C,c >0 such

that

1

2 2 2 - 2
D wll® + | 0%l “ +cllull “ 2e|| b7 wul|

for any u €C'(M,R).

We next consider a non-characteristic boundary point P, and pick
a sufficiently small U which does not contain any characteristic boun-
dary point. Let u ECm(ﬁXEQ with support in U. Then the above argument

proves that for any u EC'(M_,E)
2 * 12 2 2 s 2
(513 foufl?+ (a2 sculi®ze § (v uull?+ |Wuull?)
Looking at terms B and B' in (23) and (29) we also find that
2 % 2 2> -
(52) JIpull®+ ||D%u||® +Cllul] =c|<1Suu,uu>—<Ypu,uu>bd|

where <u, u g denotes the square of the Lz—norm of the restriction
of u to the boundary of M With ¢ as in (35), [Yo,m]==w'(t)b. Hence

we see easily that

1

'<Yuu,uu>bd=—<b- TYpu,uu>+<pu, YO uy b us .

Therefore by (51) and (52)

(53)  fIpull?+ [0*ulf«cllull®>c] <ib X pu,uu>
where
(54) X, =ibS+Y Y- vy,

Note that XO,Wj,Wj are tangential to the boundary of M. We denote by

(bd)'M the set of non-characteristic boundary point.
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(55) PROPOSITION 7. (bd)'M has a foliation of codimension 1 such

that Xo’ W .

i° Wj generate the complex tangent vector space of each

lLeaf.

Outline of the proof. It is enough to show that the equationXo=Wj=Wj

=0, when restricted to (bd)'M, 1is completely integrable. This fol-
lows by the same calculation made in §.2 II [4]. As long as we do not
differentiate Ht(Yj,Yk), the calculation there isstill valid for our
more general t. In view of 1) (31), no modification is needed when
n=23. For n>»4 we have to take a little more care for terms contai-
ning [Y;,¥]. Set Py =1Y;,¥] -], ir;pG, - ¥r; and nt(yj,yk) =Y 85 gy

with a., =0 on the boundary. Then instead of the formula Pj SkQ: Pké

jk
(cf. the middle of the proof of (2.23) II [4]), we have

jL

P.

jOke DYooyl = Pydsy + IVy,as,]

]

Apply Zj jSzz,k.QkQ' We then find zj jSPj =0 on (bd)'M, provided
n >4. This is what we need. The term containing [Yj,V] can be also

handled similarly.
In view of (57) and (53) we find by the above the following

(56) COROLLARY. Let V be any complex tangent vector field on U which
is tangential at the boundary to the leaves of the foliation in (55).

Then

o wll? + [I0*ullZ +cllull® el <Vuuuus>| .

(¢]

Note that Y° -Y° is tangential to the boundary and its restric-

tion together with the restrictions of XO, Wj’ Wj generate CT (bd M).

(57) PROPOSITION 8. The flow generated by < b—J(Yo -vY9) preserves the

foliation of (65).
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Outline of the proof. By the same calculation as in §.2 II [4] we
1

Eind that [b” (Y -Y°),W;1=0 mod W Hence [b~ '(Y° - Y°) Wi1=0

ke
mod Wk ’Wk' Since Wj ’Wj with bracket generate XO, our contention fol-

lows.
We are now going to prove the following

"\ 0y

(58) PROPOSITION 9. There is a netghborhood U of r, in M with a

chart (z,y,,y'), y' :(y2,...,y2n_3), centered at p, satisfying the
N

following : 1) U=U NM is given by x <0, 2) the equations x =0 and

Y =constants define the local fibering of (52), 3) v° :% b(d/dx +

ia/ayz) +B with B=0 at each boundary point in U, and 4) for any

u€c (M,AN(E)) with q(n-2-q) >0

2 2 2 v
oull ©+ I0%ull © +cllull “ secluull ;0

where (|| )Zdenotes the integral in (x,yl) of the square of the

I /5
Sobolev norm with respect to the variable y'.

PROOF. Pick a chart y' centered at p_  of the local fiber F  of the
foliation in (55). Consider the flow generated by i(?o-Yo)/b. Let
y =(y],...,y') be the point on the boundary with the parameter Yq
originating from y' in FO. This gives a chart of bd M. We now use
the flow generated by (Yo +Y0)/b to define a chart (x,y). By the

construction

YO-Y°=iba/ay1+ZB

(0]

YO +Y°% =1 5/0x

with B=0 at each boundary point. Note also that (YO +Y%)/b=203/0t
modulo a vector field tangential to the boundary. Hence the inequa-
lity x< 0 defines U. Now our contention follows by (56) and (57),

q.e.d.
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