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NEWTON POLYGONS FOR GENERAL HYPERKLOOSTERMAN SUMS
by

Steven SPERBER*

INTRODUCTION

Let X/Ia be affine, char Fq = p, £ a regular function on X, wq

a non-trivial additive character of Fa . We define exponential sums

s _(£,X,y) = y ¥ o Trp (£(x)) ,
m xeXWF ) m/TF
q a’/q

where X(F m) denotes the T m—rational points of X . The associated
q
L-function is defined by

L(£,X,9,T) = exp( ] S (£,X,9)T" /m) .
m=1

In [4], Deligne proved that in the case of the hyperkloosterman sum
Sm(f,X,w), where X is the algebraic group defined over Fq by the

coordinate equation XyXpeeaXpg =1 and where f(x)==xl+x2+...+xn+1,

that the associated L-function L(Kloosn ) has the property that

+1
(_l)n+1
L(Kloosn+l) is a polynomial of degree n+ 1 having all reci-
procal roots of absolute value equal to qn/Z. In [5], under suitable

hypotheses, Katz generalizes Deligne's result, proving a similar
result for the L-functions associated with generalized Kloosterman

sums Sm(E,Y,w) where Y is the algebraic group defined over ZFq by
b. b b
172

. n+1l _
the equation Xy Xy TeeeX 0 = 1, and where
- _ =%k, —- _k — k — + '
g(x) = a Xt a Ky beiba XL, oy € Fq . (In fact, Katz's result
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S. SPERBER

is more general proving similar results even when the sums are twis-
ted by multiplicative characters).

In this same work, Katz raises the question of how the Newton
polygon of the L-function varies with p. In particular, if g(x)
above is obtained by reduction from a global situation, say for

example from g(x) € Z[xl,...,x ], then it makes sense to study

n+1
_ (_l)n+l
the Newton polygon of L(g,Y,wq,T) as p varies. In the case

of the zeta function Z(XP,T) of a projective non-singular variety XD

arising from mod p reduction of a variety X defined over some
global field, the Newton polygon of Z(XP,T) has a well-known relation
to the Hodge numbers of X . Are there analogous structures for expo-
nential sums ? For example, in the case of hyperkloosterman sums, we
proved in [7] that for p > n+ 3, the Newton polygon of

n+1
L(Kloosn+1)(_1) is given by the diagram with vertices

(+) (0,00} U {(2,2(2-1)/2}}L] .

Clearly, in this case, the Newton polygon is independent of p . Katz
asks whether this holds also in the case of generalized Kloosterman

sums ; more precisely, he asks how the Newton polygon of

n+1l
= -1 . .
L(g,Y,wq,T)( ) varies as a function of (p'bl""’bn+1) for p>>0.
In the present work, we consider the case bn+1 = k = 1, which
we write in the form
- - - . Py
Sm=2wc>'1‘1:F (ot +ootbo b +x.t) “ooit )
m/F
a a
where the sum is taken over all t = (tl,...,tn) € GF+m)n . In

theorem (5.46), we obtain for p=1 (mod M), (M==1.c.m? (bl""’bn))’
a precise description of the Newton polygon of the associated L-func-
tion. In theorem (5.31), assuming only (p,M) = 1, we show that the
Newton polygon always lies over the polygon for p=1 (mod M). This
behavior is not unlike Stickelberger's result for Gauss sums. These

results are then generalized in § 6 and § 7.

In terms of Katz's questions then, within the congruence class

pP=1 (mod M) the Newton polygon is independent of p. In general
1

this diagram has vertices in the lattice Z * q Z . However, the fact
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NEWTON POLYGONS FOR HYPERKLOOSTERMAN SUMS

n+1

€ Q(cp)[T], where ;p is a primitive pth

that 1 (71)
together with the fact that @ (¢ ) is totally ramified over Qp of
degree p-1 implies that this same diagram can not in general be the

(-1)

root of 1,

the Newton polygon of L i when p#Z1 (mod M). In § 8, we analyze
an example (with M= 3) in greater detail showing (theorem 8.9) that
if p=2 (mod 3), then the Newton polygon varies with p, descending
as p —> «» in the congruence classe p= 2 (mod 3), to the Newton
polygon diagram for the case of primes p, p=1 (mod 3) given by

theorem (5.46).

Throughout we use Dwork's methods. We systematically replace
the differential operators that arise in Dwork's theory by simpler
operators which we view as perturbations. By this type approximation,
we simplify the computations sufficiently to extract very precise
estimates. The method also requires a good choice for the basis of
the cohomology space. In § 4, we take this opportunity to clarify
the process of specialization. We note also that the present techni-
ques eliminate the need to restrict to large p ; in particular,
theorem (5.46) shows that (+) is the Newton polygon for

n+1
L(Kloosn+1)( 1) for all p, thus extending the result of [7] quoted

above.

Finally, we note that it is possible to give a recipe for the

n+1

(-1 when p 1 (mod M) in which the ingredients

Newton polygon of L
for the recipe consist only of the exponents of the deformation
equation at the singular point x = O. We believe that this indicates
the possibility of using transformations of the polynomial

. 0 ;

the singular fibers of the resulting transforms ; and p-adic analytic
continuation to describe analytically the reciprocal zeros of

n+1l
A

We tank N. Katz for his suggestions concerning this work, and
B. Dwork and Y. Sibuya for some helpful discussions. We would also
like to thank Princeton University for its hospitality while some of
the work was completed.
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Let Q@ be an algebraically closed

complete under the extension | | of
will also use the additive form "ord"
so that ord p =1 ; if g = pr, then
tion normalized so that ordqq =1.

integers, and let ZN+

a = (al,...,an) € CN+)n . We assume
a; »a, > ... 2 a, > o
n
Let M = 1.c.m.(a1,a2,...,an) ;s N = z

denote the natural numbers.

field of characteristic zero
the p-adic valuation of @ . We
of the valuation, normalized

"ordq" will denote the valua-

Let IN denote the non-negative

Let

1. DEFINITIONS. Let QO be a finite extension of Qp(cp) where Cp is a
primitive pth root of 1 ; let 0o be the ring of integers of Qg - Let
T € Gal(QO/Qp(;p)) denote the Frobenius automorphism . For
a = (al,...,an) ez , YEN, m GIN+ , define
(1 !
(o) = as
i=1 *
-0 "'(!n
s(a) = max{0O, reeerg }
(1.1) < ! n
w(a) = }(a) + Ns(a) ,
wolaiy) = J(a) + Nym tMTh
Let tl""’tn’Y be indeterminates ; let b,c € R, b > O. Define
(1.2) L (b,c) = { } Aa; )Y | A(azy) € 2. ,
m (a;y)ES °
! m
ord A(a;y) > c + wm(a;y)b}

where the index set Sm is given by

S

(1.3) m

a o
1,2
t2 tn

n

o
and where t% denotes ty

Let

270
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NEWTON POLYGONS FOR HYPERKLOOSTERMAN SUMS

L (b)) = v L _(b,c) ,
m cemr ™
(1.4) Rp(b,c) = ao4[I¥1]1 n L (b,c) ,
R (b)) = uU R (b,c) =L (b)) na . [[Y]] .
m cER m m (o]
Define
n -a
(1.5) f£(Y,t) = Z_ cyt, + Yt .

i=1

Let {Yj}; C Qp(;p) be a sequence of elements with the

=0
estimates
ord 'yo=1/(p-1) ’
(1.6) j+1
ord Y5 > &—p_l - (j+1) .

In terms of these constants, we write

,

H(y,t) = vg . £(¥,8),
- 2 3 2
H(Y,t) = 8(y,t) + J v -£0 (¥P ,eP,
2=1
ﬁ(Y,t) = exp H(Y,t),
(1.7) B, = t, =2
: < Pi i 3t, !’
1
/\(m) —A _ A
(=8, (@™ e)) = g HE™ ),
H#™ (=g, (™, t)) = B, 5(¥M,¢) ,
R 1 1
| Di(m) = E; + Hi(m) .
We note that
~(m) _ _ -a
(1.8) H™ = y (e by -a,¥™Me™) € L, (b,-e)
where e = b - 1 and
p-1"
' (m) -
(1.8) Hy [S Lm(b, e)

provided EET > b.
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We now distinguish for each J € Z , a unique vector c(J) e z"

such that Z(o(J)) =J . We employ the notation Ui for that element

of 2™ with 1 in the ith position and O elsewhere. We define c(J)
inductively for O > J » -(N-1) . First, define for J g O,
S(J) = min{s(y)} ,
(1.9)
W(J) = J + NS(J) ,
where the minimum runs over y such that -y eINn, Z(y) = J . Assume

that o ®) has been defined for O 3 K > J, (where O > J > —-(N-1)),
with the properties

(1) T &y =x ;

K"
(1) . oK) = KD Ly
K
(1.10) where K <0, and lK e {1,2,...,n} ;
(iid) . s &y = sx) ;
(i)K. xK is chosen minimally so that the above

properties hold.

We will show that lJ can be chosen so that c(J) and lJ satisfy (1.10)

for K = J. Let o(J'k) c(J+1)-Uk , for ke {1,2,...,n} . It suf-

fices to prove S(O(J'k)) = S(J) for some k. Suppose on the
contrary

(%) s(o 9Ky 5 5(3), for all k.

Let vJ) = (Y{J)r---,YéJ)) ez®, -y enm, Z(Y(J)) =J and
s(Y(J)) = S8(J) . Note that (%) implies

(%%) -YiJ) < —oiJ+1) , for all i, 1 g i< n.
Otherwise, -YiJ)>-GiJ+1)+ 1 for some i, 1 £ i £ n. But then

_ciJ,i) _0£J+1)*_1 'YiJ)
a = a < 2 < S(J)
i i i

for 2 # i,
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NEWTON POLYGONS FOR HYPERKLOOSTERMAN SUMS

0(J,i) 0(J+l)

2 = - % & S(J+1) < S(J) .
a, a,

Thus s(c(J'i)) < S8(J), contradicting (*). But summing (*%) over i,
leads to the contradiction -J ¢ =-J -1, and establishes (1.10) for
K=J.

We have thus defined the sequence

(1.11) {Uu U 7eeesU |
oy o2 2o (N-1)

for J, 0 > J » -(N-1) ,

-1

o(J) = - 2 Ul .

i=J i
Define a map
(1.12) g : %Z - {0} — {1,2,...,n}
by setting g(i) = Ri for -1 > i > =(N-1) and requiring periodicity

g(j) = g(j+N-1) for j s =N ; then set g(i) = li-N , for l1gigN-1

and g(j) = g(j-N+1) for j > N. Then, if J < O, we define

-1
(J3) (J+1)

(1.13) o =0 -u - ) U_ 5y i

g(J) j2g 9(d)
if J > 0,

U(J) = o(J—l) + U % U

g(J) j=; 9(d)
Observe that with this definition
(1.14) s(c)) = 5(3) for all J<oO .

It is convenient, as well as consistent with (1.14), to define
S(J) = 0, W(J) = J for J > O. Observe also that

(1.15) S(T+ A(N-1)) = S(J) -2

for non-positive integers J and X .

(1.16) DEFINITION. We call the set

p=1{c) ez |gex)

the diagonal weighted by the vector a = (al,az,...,an) e ™.
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We distinguish a certain subset of the diagonal A which will
play an important role in the following sections. Let

(1.17) =10 ea|-N+t15T501.

Let Vm(b) be the Rm(b)-span of

(u)
(1.18) (yMS G gm0 (n) gy

and
Vm(b,c) = Vm(b) n Lm(b,c).

2. REDUCTION THEORY.

The purpose of this section is to prove certain explicit reduc-

(m)

n
tion formulas modulo the submodule Z ﬁi Lm(b,c+e) of Lm(b,c),
i=1

and to prove under the hypothesis (p,M) = 1, that

(m

n A
(2.1) L_(b,c) = V_(b,c) + izl i )Lm(b,c+e).

In the next section we will prove this sum is direct.

(2.2) LEMMA (Reduction to the diagonal). Assume (p,M) = 1. Let
e« €2, J(a) = J. Then

(J) n L -
t% = u(a) t° + '21 Him)(yolp )
i=

i,a

in which u(a) is a unit in ., and p L

B8

o’ GOO[t1'°” tn'(tl"'”tn)

has the following properties : if t

i,a

i i f p. vi
is a monomial o pl’a having

non-zero coefficient, then

(1) 1(8) = J(a) =1,
and
(ii) s(B) <« s(a) .
Proof : If o = (al,az,...,an) € Zn, then
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NEWTON POLYGONS FOR HYPERKLOOSTERMAN SUMS

a—Ui+U- A (m)

-1 J —~ H(m)
t +(ajHi aiH.

1 i
3 )

) ((yqascy) t

u’_
(2'3)i,j t -—aicj(a.ci) eh

J

We describe this process as shifting from i to j. We use this process

in either of two cases

(i) a; >0

~

-ai+1
(ii) o, < O, and —— < s(a) .

In both cases, we have

s(a—Ui) s(a) , s(a+Uj—Ui) < s(a) .

We use the shift process (2.3) repeatedly to reduce o to the diagonal.

As long as there exists a pair of indices (i,]j) with ay > O and
uj < O then we can shift from i to j, as above. Therefore, we may
and will assume that either oy > O for all indices i, or that oy < (e}
for all indices i. We treat these cases separately. Assume first
that ay > O for all indices i. Then whenever a; > O, we may shift to
j from i, for any j, j # i, and we obtain the assertion of the lemma

after a finite number of steps.

Assume next that a; < O for all indices i. If s(a) > S(J) and

a .
- gl = s(a), then we claim that we can shift from i to j. Note that
3
since ) (a) = Z(G(J)) = J and a # o(J), therefore a; > ciJ) for some
i . Thus,
—ai+1 —oiJ)
— < —4— < S(3) < s(a) ,
i i

so that we can shift from i to j. In a finite number of steps we
can reduce s((a) ; in fact, the process continues as long as s(a)>S(J).

Therefore assume we have reduced a to & = (31,...,&n) with~s(3)z=S(J).

If o # U(J), then ) (a) = X(G(J)) implies that &i> oiJ) and &j <0§J)
for some pair of indices (i, j) . Then

(D N
N < S(3) = s(a)

ai ai

o, +1
%3

so we can shift from i to j. In a finite number of steps, we reduce

(J3)

~ .
o to o as desired. x
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(2.4) THEOREM. Assume (p,M)=1: Let & = ) Ala;)t*Y e (b,c) .

(a;Y)ESm

Then for each k € zZ ,

(k) n
Afa;y) YT = a, (1)t° + Y H
Z(a)=k (a;y)esm i=

(k)
where a, (Y) = } u(a) ) Ala;y)Y' € R (b,c+kb), ak(Y)to € L, (b,c),
Z(a)=k (a;Y)GSm

n: € Lm(b,c+e), u(a) a unit in @

i (0]

Proof : The reduction follows from lemma (2.2) (note that Y does not

appear in ajﬁim)-aiﬁ;m) so that we may multiply (2.3)i 3 by ¥' to
’

reduce Y't%). 1If y >» mMs(a), then using s(a) >s(g) for any monomial
tB of p. , we see that all monomials of YYp. belong to S_ ;
i,a (k) i,a m

similarly by (1.9) and (1.14), Y't° €s, .

Note that if s , = {(aiy) €Sy | Y(a) = k}, then

ord ) u(a)A(azy) 2 ¢ + kb + yNbm M1 .
(GPY)ESm’k
0(k)
Thus, ak(Y)esz(b,c+kb), and ak(Y)t € Lm(b,c) . Similarly, in
terms of (2.2), n, = Y-l ) Ala;y)Y'p, . Thus, if we write
i (o] (a;y)es i,o
! m,k
n, = Y B, (B;y)t?YY, then B. (8:;y) has the from
* (8:iv)es . .
! m,k
-1
B; (Biy) = vq Y Alazy)e(a)

in which the sum runs over o € Z" with Y(a) = k = J(B) +1, (so that

wp(aiy) = w (B;y) +1), and s(B) < s(a) «m M 'y, and in which

e(a) € 00 . Thus,
ord By (8;Y) > c+e+bw (87y)

and ny € Lm(b,c+e). x

To reduce along the diagonal to the set X, we will need the
following formulas :
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(k) (k-N) (k-1)
. Y, o _ -1 y+HM, o A (m) -1 -1 Y, O . )
(i) Y't _ag(k)cg(k)Y t +Hg(k) (yo cg(k)Y t ), if k>0 ;
(2.5)
(k) (k+N) (k+N-1)
L. Y, 0 _ -1 Y-, o _&(m) -1_-1 Y-Mm, o
W) ¥Y'£©  =cigagagmm Y © Higeny Do 2gemn ¥ € )
if ks-N.

(2.6) LEMMA (Reduction along the diagonal). Assume (p,M) = 1. Let

(a5v) €S, with o = k) e 4, Y(a) = Z(c(k))==k . Let kX = Nt + u
with -N<pgO. Then
(k) () n
Y, o _ y+tmM, o 2~ (m) -1
ot = (k)Y t + 121 Hi "GPy, a,y) v

in which w(k) is a unit in 00 . Furthermore, for
v, B

Y . . .
k>0, pi'alye'Y OO[Y,tl,...,tn] such that if Y 't~ is a monomial
term of p. having a non-zero coefficient, then

1,0,y

(i) B € A ;

(ii) J(B) = J(a) =AN-1 for some A, O < X < t , and
v =y + AmM, (thus wo(Biv) = w (a;v) =1) ;
(iii) s(B) = s(a) = O.
For k g -N, Pi,a,v is a polynomial with coefficients in OO in the
’ r’ —_—
1 1 such that if thB is a monomial term of

variables Y,tI ,...,t;

P having non-zero coefficient then

i,0,v
(i) B e ar ,
(ii) J(B) = Y(a) + AN-1, for some A, 1 < A < |t| , and
v =y - imM, (thus w_ (8;v) = w (a;y)-1),

(iii) s(B) = S(k+Ar-1) - A s s(a) -2 .

Proof : This is an immediate consequence of the reduction formulas
(2.5). Note that if k< -N we can verify (iii) as follows. Since

B € A,
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s(B) = S(k+AN-1)
= S(k+A-1+A(N-1))
= S(k+Ar=1) - A
< s(a) =2
by periodicity (1.12). x

(2.7) THEOREM. Assume (p,M) =1. Let £= ) A(a;y)YYt°esLm(b,c).
Then acA
(u) n L
£ = ¥ bu(Y)tc ) Hfm)gi
CTD Ry i=1
5 (W)
where 2 b (Y)t € V. (b,c), and ¢z.€L_(b,c+e) .
- (wyoy ¥ m -+ n
a'Mea
Proof : In fact, if we define t  for each a €4 by Y(a) = Nt +u
(with -N+l1sug O), then b (Y) = ) b (v)Y’, where
H vzmMS () ¥
(%) bu(v) = Y Afasy)w()(a)) .

Y+‘tumM=\)

Since y >0, y + ramM —> + © as T, T % Since

for <O ,

()
)—T(! o

s(a) = S(N‘ra'f'u) = S(u+'l'u) - 'ra>,s(0

y+ramM—>+w for (a;y)esm, o€ A, as Ty —> 7. Thus the sum
in (#) is finite. Thus

ord b (v) »  inf  {c+b(](a) N

y+rumM=v

)}

> c4—bwm(c(”) i v)

o (W)
Hence ) bu (Y)t eVm(b,c) .
5 T

o (WeX
Let g, = Je,;(8;v)tPY", in which ses, (B;v) € S . By the

lemma, T T, , where

1 opup-N+1 U

-1
13 =y ) A(a;Y)p, .
i oZ(a)Eu (mod N) Lrory
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Thus

(%) Ci(B) = Ysl Y Afazy)e (a)

where e(a) € 0y . In the case Y(B) > O, the sum runs over o € A,
(a;v) €S, Y (a) =Nra+u=2(s) + AN+1 and v =y + xmM for
some A, O <A STy e Since y and A are both non-negative, the sum in

(##) is finite. Furthermore since w_(8;v) = w_(ajy) -1,

ord ci(e) >c+e+ b wm(B:v).

On the other hand, if Z(B) < O, then the sum in (%*) runs over
o € A, (a;y)ESm, Z(a) =NTu+u=Z(B)->\N+l and v = y - amM
for some XA, Jd < A< |1a] . Since v = y - amM » (s(a)+r )mM, and
s(a)+-ra — +» as )(a) — -, the sum in (¥%) is finite in this

case also. Again wm(B;v) = wm(a;y) -1, implies the desired estimate

ord ci(s) >c+ e+ bw(8;v)

so that ciEIHn(b,c+e) as desired. n

Combining theorems (2.4) and (2.7) we have (2.1) in the follo-

wing precise fcrm.

(2.8) THEOREM. Assume (p,M) =1. Then

L (b,c) =V_(b,c) + ? ﬁ(m)L (b,c+e)
m m '’ i21 i m °
In fact, if § = ) A(a;y)Y't%eL (b,c), then
(a;y)ES
m
A n A(m),.
E=v + i£1 HT T,
A A U(V)
where 7.€L_(b,c+e), v = Z v (Y)t €V_(b,c) . Explicitly,
—_— =i m v m
-N+1lgvgO

v (6)Y6 , where

v (Y)
v §zmMs (v)

v,(8) = JA(esy)u(a)w(] (a))

in which the sum runs over (a;y) € S Z(u)==NTa'+v poy + T MM = 6§,

and u(a) and w(}(a)) are units. x
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3. DIRECTNESS OF SUM.

Let A be an arbitrary noetherian unique factorization domain in
which cy and a; are units for all i . We have in mind the two cases

M_
A=0, and A =TF_ . Let R=A[Y, & ,..0,ty, Y™ 1, and

him) = ti‘_EiYth-a where ¢, is a unit in A for every i, i=1,2,...,n.

n

(3.1) THEOREM. The sequence {hi(m)}i=l

quence in R.

in any order forms an R-se-~

Proof : Let I be a proper subset of {1,2,...,n} and define the ideal

of R _ (m)

CZI = (...,hi ...)i eT *

It suffices to show hém) is not contained in any associated prime
ideal of q& for k ¢ I . For, if so, then

. op(m)y _
(CtI : hk ) = (2& .
We may assume by relabeling that I = {1,...,3j}, in which case
we write (Z. in place of C*i, and k = j+1, (the case I = ¢ and
J -b
k=1 is trivial). Let S = A[Y,tl,tj+1,...,tn,Yth ] where
S R Wi £ N
1 j+1 RS o
with b, = g a,, b, = a, for j+ls 2<n. Then the homomorphism
1 =1 2 2 2
. . _ -1 . _
6, ¢ R — S defined by el(tl) =eg€; t1 , for ls2s 3, el(tm) =t

for 2 >3, and el(Y)==Y , induces an isomorphism of rings
51
R/ Gy —— S/&

where & = (t; - ¢g Y™¢™P)  is a principal ideal , and

bl-al+1 -a, -aj

€g = &1 €, ...sj is a unit in A . Let
U = A[Y,tl,tj+1,...,tn,tn+1] . Then the homomorphism 6, : U — S

R _ _ = Y -b
defined by ez(tz) =t, for 2 # n+1, ez(Y) =Y, ez(tn+1) = t
induces an isomorphism of rings

E2
u/e ——> s/
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where K = (£, -egt P -y et P=afy,t

€o n+1'tn+1 l’tj+1""'tn] .

Then the homomorphism 63 : U —> P defined by 93(t£) = t2 , for
= I § . . . .
L #n+1, e3(Y)-—Y, 63(tn+1) = eg t; induces an isomorphism of rings
€3
U/K ——— p/d"

(m)

where = (tltb-eoYIM). Thus hj+l is not in any associated prime

. . e = ==1= ,=(m), _ — _= —=1— .
of Czj in R if and only if 6362 el(hj+l) = tj+l ej+1eo t1 is not

in any associated prime of O in P/J'. This in turn holds if and only
. -1 . : . . .

if tj+1-'€j+1€0 tl is not in any associated prime of J'ln P,
a u.f.d. Let

i

t tb--eOYmM = €

r
1 p; (£,¥)

=2

i=1
be the factorization into relatively prime factors in P, € a unit in
P, r; >0. Then the ideals (pi(t,Y)) are the associated prime of o
in P . Suppose

-1

tj+]__ ej+leo tl € (pi(t,Y)) for some 1i.

_lt is clearly irreducible,

Then since tj+1'-Ej+1€O 1

t "l = e'p; (t,Y)

j+1 - f4+1%0 "1
where €' is a unit in P . Thus there is a polynomial f(t,Y) € P
such that

(t -1

_ b _ M
341" €5410 B E(E,Y) = £t eoym .

. : -1 : : . :
Specializing tj+1 > €j+1€0 t1 in both sides yields a contradic-
tion. x
-a m m
Let Wm==Q[Y,tl,...,tn,Ym“t 1, Cﬁn = (H{ ),...,Hé )) . For

kenm M N, 1let Wék) be the finite dimensional Q-subspace of W

spanned by monomials yYe® satisfying (a;y) € Sm and wm(YYta) = k.
Let

(k) _ (k)
(3.2) (64 = & N W

(k) _ (k)
\ = VL) N W
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We claim :

(k) (k) _ (k)
(3.3) & e vy wool .
Without the assertion of directness, the claim is a corollary of the
results of the previous section. To see directness, we note more

generally :

(m)

n ~
(3.4) THEOREM. vm(b) n i£1 Hy Lm(b) =0.

n ~
Proof : Assume v(Y,t) € V (b) and v(Y,t) = Y Hfm)c. with

Ty € Lm(b) . Then t; converges for

n
(Y,t) € {ord t, > -b ; ord v } a;, ord t, >-b} = G_(b) .
i 38, C1 i m

In particular, consider

n
(%) t3v(y,t) =t y #

and set t; = (cial)-laicltl.

Set Y equal to a unit u in @ that does not trivialize the left
side of (%), which then becomes a non-trivial polynomial in tl of
degree at most N-1. However, the right side converges and in fact

vanishes for each of the N distinct roots tl € Q of

N _ mM N
t, = u (al/cl)

25
1 (cj/aj) .

n=s

j=1

As consequence, both side of (%) vanish identically. x

Using these results and the argument of 1, § 3 we obtain the
following results

(3.5) THEOREM. Assume (p,M) = 1, §§T >b.
o (m)
L,(b,c) =V (b,c) + izl H'L (b,c+e) . x
(3.6) THEOREM. Assume (p,M) = 1, EgT >b.
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(m)

n
v, (b) 0 izl H; L (b) = (0). x

(3.7) THEOREM. Assume (p,M) =1, _ET > b > 1 .

p p-1
T m
Lm(b,c)==Vm(b,c)+i£1 Di Lm(b,c+e).
In fact, if ¢ € L (b,c), and
n
E=v + Y H{m)zi
i=1

n
with v € Vh(b,c), Ci € Lm(b,c+e) as in (3.5), then we may express

(m)

™
[
<
+

| 13

i=1

n v
with v € Vm(b,c), ] € Lm(b,c+e), V-VEEVm(b,c+e), ci—;ie Hn(b,c+2e).

(3.8) THEOREM. Assume (p,M) =1, —£— > b » —1_.
assume p-1 p-1
Let A ¢ {1,2,...n}. If {;i}i A < Lm(b) satisfy
1 Dim)ci =0
iea
then there exists a skew-symmetric set {"ij}i,jeA c Lm(b) indexed by
A such that
ty < z ng)n . x
j€a I i3
(3.9) THEOREM. Assume (p,M) = 1, EgT > b > == . Then

T (m)
vy, (b) N Z D, o (P) = (0) . x

We wish to compare reduction modulo the submodule
n

n
Him)Lm(b,c+e) (respectively, the submodule z Dim)Lm(b,c+e)) with
i=1 i=1
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n
reduction modulo ) ﬁim)Lm(b,c+e) studied in section 2. We now
i=1

specialize our considerations to the case b=p/(p-1), e=1.

(3.10) LEMMA. The following relation holds

A(m) _ . (m)_.(m) (m)
Hi = Hi Gi + Pi
where F:m) € Lm(5§T,0), Gim) € Lm(EgT) is invertible and both Gim)
and G(m)“1 belong to L (=£-,0)
== VY4 Rke’long to ™ P_l’ ¢
A (m

. s s ) _ _ jgmw -a . »
Proof : By definition, Hi = Yo(citi a; t ©) with ai_e N,

q9_
c; € 90 r Ci=cy . Thus
o L 2 2 2 L
(m) _ L T P _ T Mp~, —ap
Hy = zzo o) yl(ci €5 a; it ) .
T pt ™M -a pt
= I Py lleje) = (a;ye )Y
2=0
o L L 2 L
+ 3 plyz(a; - ag y y"WMP g map .
2=1
Consider
© ) 2 L L
~(m) _ L T _ P p ,—-ap
r; = le by, (a] ay )Y MP e ,
o -1 . 2.
~(m) _ -1 L2 p j -a,p -j-1
™ =1+ I vgvgpt 1 (et (a, Y™e72)
=1 j=0
Tl 2
Using the fact a; € Zp , we get p divides a; - ag so that

¥ (m) p & (m) p
ry € Lm(p—l’o) . Similarly GJ € Lm(p_l,O).

Finally we note that a series of the form

A =1 - ) cla;y)Y't? € L (b,0)
W (aiy)>0

is a unit in L_(b), with vle L (b,0) , for the series
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® 3
I o 1 claiy) Y t?)
j=0 w_ (a;Y)>0

is defined, belongs to Lm(b,o), and is an inverse to )2 in Lm(b).

This shows that Him) = ﬁ;m)éim’-+%im’ . The lemma follows by sol-
ving for ﬁim) in terms of Him) . x

(3.14) THEOREM. Let £ € L_(—E—,c) . Then £ may be expressed by (2.8)

m p-1
in the form
n
A 2 (m)
£ =9+ izl Hi gy
with ¥ € Vm(ﬁgi,c), Ei € Lm(EgT,c+l) , and & may also be expressed
by (3.5) in the form
- (m) Y
£ =v + izl Hy gy

with v € V (5By,0), ¢, € L (5B, c+1) . Then

I\-'\z _&
Vv-v € V (p_l,c+l) .

N
Furthermore Ei and ¢y may be chosen so that

v (m) ~
Ly Gi 3 € Lm(ng,c+2).

Proof : (Cf. [1, lemma (3.6)]). Assume 5(2) €L (—E—,c+1) . By (2.8),
=== 'mp-1

we may write

(2) _ A(2)

. s L ame
= 107

with %) e v (B, c+q), Ei”) € 1 (=B, c+a+1) .

m'p-1 m p-1

Then by (3.10),

n
(3-15) e =) 7w (eimpd)y 4 (b
i=1
n
where €(2+1) = 7 rim)gil) € Lm(b,c+£+1).

i=1
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Summing (3.15) from £ = O to & = K and letting K —« we obtain the
result. =

Combining the above result (3.14) with (3.7) we get the fol-

lowing result.

(3.16) THEOREM. Assume (p,M) =1 . Let £ € Lm(f)-?—i-,c) be expressed
by (2.8) as

~ T A(m)a
£ =v + i£1 H T,
with ¥ € Vm(igi,c), 21 € Lm(Egi,c+1) and by (3.7) as
AR
with v € v (GBy,0), ¢; € Lm(EiLl,c+1) . Then

_A
V-V E Vm(EgT,c+1)

and T and £i may be chosen so that

o em)e p
4 =Gy 'ty € Lm(p_l,c+2) . »

4. SPECIALIZATION.

The previous sections establish the cohomology in the "generic"
case. In order to draw arithmetic consequences concerning generali-
zed hyperkloosterman sums, we will need to specialize Lm(b,c) by

setting Y —> y where y € o¥ satisfies ord y > - NbM ImL .

(4.1) DEFINITIONS. Assume X € 9* , ord x > - Nb. Define

(i) L(x,b,e)={ 7} A(u)t“|A(a)eno,ordA(a)2c+w(a)b+s(a)ordx} ;
o€

(ii) L(x,b) = v L(x,b,c) ;
cE€R
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. N _ . = .
(iii) Hl’x = Hl(x,t) F Hi,x Hi(x,t) ;
(iv) Di,x = Ei + Hi,x ;
(u) n
(v) V = 2, - span of (t° Ic(u) e A}

(vi) Vv(x,b,c) =V N L(x,b,c).

;, ord x™ >-Nb, we fix y € Q* with yM==x . Let

Vo (b,e)', Lo (b)', R (b)', L(x,b,c)', V(x,b,e)', L(x,b)', V', be
defined exactly as their unprimed counterpart but where the coef-

Given x € Q

ficients are allowed to lie in 96 = Qo(y).

We then define an Qé-—linear specialization map Sy (by sending
Y —> y) on various of the space of §§ 1-3 having targets as fol-

lows :
s. | : L (b,c)"' > L(x™,b,c)"
YL (b,c)" m !
m
s | : L (b)) > L(x™,b)"
g '
Lm(b)
(4.2) s_ | : R _(b)' > Q!
Y r (b)* m [e]
m
s_ | : V_(b)' > V!
Y v (b)' m
m
T opMp (e - . ¥ o L™, b)
=1 + " i=1 i,x"

we can also define an Q'-linear section zy by sending

(o]
(4.3) 4 s Z A(a) t° S Z A(a)YmMs(a)ta
Y aEZn aEZn xms o) ’

Clearly Syo!&y = 1 in the above cases so that the maps SY in (4.2)
are all surjective. The following result describes the kernel of

the map S_ .
map y

(4.4) THEOREM . Let x and y be as above . Then
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ker s_| =(Y-y) (b,c-ordy)'. Thus ker S_| =(Y-y)L_(b)"',
YL (b,c)’ Hm YL (b)' m
'm 'm
ker s_| = (Y-y)R_(b)' and ker S_| = (Y-y)V_(b)"' .
Y R (b)" Rm ’ V4 V_(b)"' m
m m
Proof : Let & = ) Ala;y)Y't%e Hn(b,c)' and assume S_ (&) =0 .
(aiy)ES ¥

For each o € Zn, we must have

) A(a;v)y' = 0.
y2mMs (a)
Since y#0, we may divide by ymMs(a)' so that
z A(a;y+mMs(cx))yY = 0.
Y20
Thus,
E= § _ (] AasyrmMs(a)) (¥V-yY))y™Ms(e)ee

aez® Y20

y=-1 1o
(Y-y) . J () A(a;y+mMs(a)) [ nyY 1=2yymMs(a) o
a€z® ~vz0 A=0

and one checks easily that the second factor on the right belongs to

L, (b,c-ordy)', since NbM_lm-l-Fordy:>O . x
(m)
i
on the Rm(b)—module Lm(b) . We recall the following standard result
on Koszul complexes [8, Ch. 8, theorem 7] .

By (3.8), the operators D form an R-sequence (in any order)

(4.5) Let E be an R-module, (6,15 central elements of R. If Gi

J i=1
i-1 s
is not a zero divisor on E/ ) GjE , then Hu({éj}j=llE) = 0 for
j=1
all u>0.
In particular, setting R = Rm(b), E = Lm(b), dj = ng), this

implies the following result.

(4.6) THEOREM. Assume (p,M) = 1, =&~ > b >
Then
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(m)

H ({D |L (b)) =0

for u > 0. (Similarly Hu({ng)}le(b)') =0 for u > 0) . x

Set 6n+1 = Y-y .

1 .
(4.7) LEMMA. Assume (p,M) =1, ng > b > =1 - Then § ., = Y-y is

n
not a zero divisor on L _(b)'/ ) ™y (b)r .
'm FETRE T

Proof : Assume

- §F pm
(%) (y-y)e = ] Dy gy
i=1

where ¢ € Lm(b,c)', z; € L(b)' . Then by (3.7)

= (m)
(%%) E=v + _Z Dy ny
i=1
where v € Vm(b,c)'. ny € Lm(b,c+e)' . Thus (%), (*x), and (3.9)
imply that v = O which completes the proof of the lemma. x

As a consequence of the lemma and (4.5) we obtain :

= P 1
(4.8) THEOREM. Assume (p,M) 1, p-1 > b > -1 °

Then H ({63}?+1|Lm(b)') =0 for.u > O, where 6j = ng) for 1sj<n

and %Hd = Y-y . x

We recall the following result [8, Ch. 8, theorem 4] on Koszul

complexes :

(4.9) Let E be an R-module, {éj}§=l central elements of R. If Gs

is not a zero divisor on E then there is an isomorphism of R-modules

H (8,35, E) = H L8052 i[E/dSE)
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for all u > O .

It is an immediate corollary of (4.3) and (4.4) that

L, (b)'/(¥Y-y)L_(b)' ¥ L(x",b)" (where ¥y = x)
and thus there is an isomorphism over 96 for all u > O,
n oy v n m
(4.10) Hu({ai}i=1|Lm(b)'/6n+le(b) ) = H, ({D .} |L(x",b)") .

i, x i=1

Combining (4.8), (4.9) and (4.10) yields

(4.11) THEOREM. Assume (p,M) = 1, EET > b > pfl ., x € 9y, ord x™>-Nb.
Then
H, ({D I lL&™,b)') =0
i, x i=1
for p > O, m > 1. n
m n m
It remains to examine Hy = L(x ,b)'/ I D nl (X /b)', of the

i=1 i,x
specialized complex, which by (4.9) and (4.10) is isomorphic as an

(m)

n
) - vector space to Lm(b)'/((Y—y)Lm(b)'-i-izl D, Ly (b)) .

(4.12) THEOREM. Assume (p,M) =1, E:T > b > 1
Let V! = ! - span of {Y’“MS(”)t“(U)Io(”) €l
= Yo o ~Span ol .

Then

n
[ - ' (m) ] [
L)' =Vi e (igloi Lo(B)' + (Y-y)L (b) '} .

Proof : Let & € Lm(b)'. Then by (3.7),

D.(m)C

E= v p 1 i

i

o~

L] L]
where v € Vm(b) r Ty € Lm(b) . Since

(u
v = ) a (v)y™MS(w) o
-N+1lgugo M

)
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with au(Y) € Rm(b)', we obtain as in (4.4)

(u)

v = Z a (y)YmMS(U)tU + 6
-N+1gug0 Y
with § € Ker Sy N Vm(b)' = (Y-y)Vm(b)'. This establishes everything
except for the directness of the sum above. Assume Vo € Vé
(n) n
vy = 2 auf MS(u)to = ) Dim)ci+‘(Y—y)n
-N+1lsugO i=1
with tyr NE Lm(b)'. By (3.7), we have
n
n =v + Dim)ni
i=1
with vezvm(b)', niesLm(b)'. Using directness of the sum (3.9), we have
(u)
Y a YWMS() o = (Y-y)v .
-N+1lgusO
Applying Sy to both sides, and recalling y # O, we get au = 0 for
all -N+1 < u<0O so that v, = 0. n

o

We summarize the above results in terms of the specialized

Koszul complex.

(4.13) THEOREM. Assume (p,M) = 1, EgT > b > Eéf . Assume x € ng,
ord x > -Nb . Then
n
L(x,b,c) = V(x,b,c) ® ) D, L(x,b,c,+e)
i=1 ¥
so that
(u)
n v o (u) v
Hy ({Dl’x}i=1|L(x,b)) = SpanQO{t | o € A}
(as_vector spaces over o,) -
n
Furthermore, Hu({Di,x}i=l|L(x’b)) =0, for u > 1.

Proof : We emphasize that the above assertion has Qo (not 96) as the

field of definition. First of all, we have already observed that

Hu({Di x}?FlIL(x,b)') = 0 for u > 1, so that the last assertion fol-
’

291



S. SPERBER

lows from

(4.14) H ({Dy o i 1|L(x b)') = H ({Dy o 1_1|L(x b))sf af
o]
and the fact that H ({Dl % l_1|L(x,b)) is a vector space over Qg -

For the first assertion, we note that from (4.12) we can conclude

(4.15) L(x,b,c)' = V(x,b,c)"' @ ( Z D,  L(x,b,cte)') .
i=1

. ' . — [ — 3
Let {nl}l_1 be a basis for QO/QO with n, = 1, {ni}g;OO (= ring

of integers of 96), and the property that if

=lwygng, wy €0

then ord W, > ord w. For example, if e(Q'/Q ) = s, f(Qé/Q ) = £
m' a uniformizer for 2, {El,fz,...,ff} a basis for Q'/QO , with
= 1, t; an arbitrary lifting of Z; for i # 1, then as is

Cl =1, cl

well - known {C (m?* )J}
But then if

. . '
i=1, ..., f3351,2,...,8 is a basis for QO/QO.

£ s .
w =7 (7 wij(n')J)Ci

we obtain from the linear independence of the Ei's that

ord w = inf ord( 2 wyj4(m') )} . From the fact that =' is a uni-
i j=1
formizer for 96 and e(ﬂé/no) = s, we obtain
s 3 .
ord( )] wysi(n')") = inf ord(mi.(n')]) .
j=1 J 1<]jss J

Thus ord w > ord w as required.

1,0

Now if ¢ € L(x,b,c), then by (4.15), we may conclude that

n
(4.16) £ = v t + D, A, (a)t®
oY ) JEan P

where v]_l , Ai(a) € 96 and ord Ai(a) > c+e+w(a)b+ s(a)ord x .

Writing

<
|

Il 1R
a
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A (e) =

I rax

Aij)(a)nj

j=1

we obtain since £ is defined over QO

(u) n
(4.17) = 5 wMe® v ] opg ] LAl e
c“”ex i=1 't aEZ
Since ord vél) > ord vy or ord Ail)(a) > ord Ai(a) we obtain from

(4.17) that n
L(x,b,c) = V(x,b,c) + D;  L(x,b,cte) .
i=1 '

The directness of this sum is as immediate consequence of (4.15).
We observe that (4.16) also implies

: (u)
(4.18) N ALLE

I . Aij)(u)ta
s (Wek

!

= - D,
i=1 ¥ g€z

which by directness gives that both sides of (4.18) are zero, hence
we have the additional information that in the reductions (4.16) and
(4.17)

(4.19) v = vt

.
H H

5. FROBENIUS MAP.

Let g = pr. In the present section, we apply the previous

results to the study of the Kloosterman-like exponential sums :

(5.1) Sp(E(x,8)) = J¥orry o (F(x,8)),
m q
q
where f(X,t) is the reduction of (1.5) (with Y=X), and where the

outer sum on the right runs over t = (tl,tz,...,tn) € CF‘m)n H

’

¥ is an arbitrary non-trivial additive character of F_ ; and

’

(c;1]., Y {x} CF,. Let c;, x denote Teichmuller liftings of T,

v q _ q _ - . - .
and x (ci Cyr X X). Set 91 Qp(Cp) ; Kr the unramified
extension of Qp in 2 of degree r ; “§ = the completion of the maximal
unramified extension of Qp in Q@ ; 90 = Kr(Cp). Note Cyr X € no . We
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will choose ¥ special - we assume that VY = @oTrF JF._’ where @
q p

is a non-trivial additive character of TF_ . However, as b runs over

F; , @ob runs overs the non-trivial additive characters of F_ ;
since our results will be independent of the constants {Ei}2=1 ’
there is no loss of generality in choosing ¥ special - thus, results
(5.31) and (5.46) are independent of the choice of non-trivial ad-
ditive characters y of Fq .

o j .
Let E(z) = exp( ) zP " /pJ) be the Artin-Hasse exponential

J=0 .
oo j .
series ; fix y € Qp(cp), ord y=1/(p-1), satisfying Y yp /pl =o0.
j=0
Dwork calls the function
(5.2) 0_,(z) = E(yz)
a splitting function. As a power series in z,
= v m
(5.3) 0,(z) = ] Bz
m=0
with ord Bm;m/(p—l), for all m>0 ; and Bm = ym/m! , for
Osmgp-1. In terms of ©_ we define
(5.4) Fo(Y,t) = o (Yt ™) 1 o (cjty),
i=1
so that
YmM 1
(5.5) Fo( ,t) € Lm(E:T'O)'
In terms of Fo we define
r-1 3 J J
(5.6) F(v,t) = 1 F3 (¥YF,£P7),
J=
so that
M — P2
F(Y It) Lm(q(p_l)ro) .

We also define an Rl(b)-linear map ¢ ,

v o Ll(b,c) > Lp(pb.c),

defined on monomials by
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N ta/p, whenp]ai, lsigsn ;
y(t™) =

(5.7)
O , otherwise ;

and extended "linearly" to arbitrary elements of Ll(b,c). Then for
1
p-1

> b > ’

_P_
p-1

(5.8) a = VIR (Y, £) : Ly (b,e) —> Lg(b,e)

™

is an Rl(b)—linear map. Choose y € @ such that yM = x . By defini-
tion, Syow = wosy, so that

(5.9) SyoaYM = axosy

where a = yToF (x,t) acts on L(x,b,c). The significance of the map
oy arises from the Dwork trace formula. Let

(5.10) L(E,T) = exp( ) sm(?)'r‘“/m)

m=1
be the L-function associated with the exponential sum (5.1). Then a
consequence of Dwork's trace formula is

n n+1

(5.11) dget(r-ta )’ = rn(E,m 7V

where det(I—Tux) denotes the Fredholm determinant of the comple-
tely continous endomorphism L acting on L(x,b), and where § acts
on g(T) € 1+Tallr]l] by g(T)° = g(T)/g(qT) .

We now fix the choice of constants (1.6), {Yj};=0 , by

setting
Yo = Y
o .
(5.12) { 2 'y 2
2 2
Yy = Pt = - ) P et
L= g=3+1

We recall [1, § 41 that
FO(YM,t) = F (Y™, 6) /T (PP, eP)

F(Y?, t)

F M, v /F (M9,

where F is given in (1.7). The following commutativity relation may
then be derived
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(1) _ 3
(5.13) aYMoDi = qb;* ea .

Relation (5.13) specializes via S_ to

(5.14) axoDi,x = qu'xoax .

As a consequence, oy acts on the Koszul complex K({Di x}g—l IL(x,b))
, =
yielding via the results of the previous sections and

L, § 41,
_ - (_l)n+1
(5.15) det(I-Tax) = L(f(x,t),T)
where ;g is the map oy acting on the quotient
n n
w, (= Hy(py 1, | L(x,b)) = L(x.b)//ilei'XL(x,b) .
Note that if
aig) = FT P ) ThoyoF (v, 1) = weF (Y, )
(5.16)
aéo) = Syoaig)==§T(xp,t)-1oWo§(x,t)= VoFy (x,t)

then aig) is an Rl(b) linear map from Ll(b) to Lp(b), and uio) is

an ﬂo-linear map,

+ (0)

YM H Ll(b,C) > Lp(pbrc)l

a£O) : L(x,b,c) —> L(xp,pb,c).
(5% >b > pfl) satisfying

aég)ODil) = PDiploa(O)
(5.17)

(0) (t) (0)

o oD. = pD oq

bd i,x i,xp bd

: (m) _ T (t) _ T (0)
in which D;™) = E; + Hi(YMm,t), D;) = E; + H](x,t). Thus “ i

and

aéo) define obvious quotient maps
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() . (t) (_ TP

Y W, > WYP (=L, (b) /ileirTLp(b)) '
(5.18) () n ()

(o) . T) (= P T P

ag ) s ‘uz; > wp (=L(x®,b) / ] D pl(x7,/b)) .

X i=1 i,x

The following factorizations hold

T =30 .3(0) ,5(0)

GY‘M = OIYMq/p .« o OtYMp GYM
(5.19) (

= - ) .3 (0) .50

(!X Ctxq/p oo U.X (!x

Finally for x € ff(cp), ord x 20, t(x) = xp, we can define

(5.20) L Qui;) _ QD;

by sending £ = ) A(a)t? e L(xP,b,c) into
o

He) =7 " Ha))t® € Lix,b,c) ;
o

clearly
-1 B (1) n
()Y D pL(xp,b)) c ] Dy Lx,b),
i=1 1i,x i=1 ’
so r—l is defined on the quotient. In the rest of this section, we

fix b = p/(p-1), e = 1. Let x = x99, q = pr ; let

- _ =1 —(0) .
(5.21) a; =T Teay : ﬂ%{ > QU;
a 1 (semi)=-linear map. Then E; is a completely continuous endo-

. P _
morphism of L(x,p_l) over Ql = Qp(gp) , and

T @

Remark : The following result of Dwork [2, lemma 7.1] will be ins-
trumental in obtaining a general lower bound for the Newton polygon
n+1

of det, (1- Ta,) (=L(E,T) (e A
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(5.22) LEMMA (Dwork). Let x9 = X, g = pr. The Newton polygon of

det
QO

(I-—Tax) can be obtained from that of detgl(I-TE;) by redu-
cing both ordinates and absissas by the factor 1/r and interpreting

the ordinates as normalized so that ord g = 1. n

We need estimates for the matrix of 6;0).

Observe that
)

(u
MS (u) Lo 1 =W(w)
(5.23) ¥ t & L) (5o, py)

for c(U)

(u)
€ A , so that a(o)(YMS(“)tc ) €L (—E—,—N(”) , and we
! p'p-1’ p-1

may write

(u) (v)
(5.24) o« O (MS(W o "7y oy XW(Y)YPMS(")t" + ¥ o,

(V)EX i=1 1,7t i

with X (v) e R (B, BEOIWO),), ang ¢ e oo (B, S0 4 ),

P p-1 P p p-1 p-1
Applying s, to (5.24) and multiplying the result by xS e
obtain

(u) _ (v)
(5.25) &) = 1 a u(y)xpS(v) S(u) o

(v) %
o €A
+ z p(™) p(Sy(84)x =St

i=1 i, xP

Note that by the results of (4.12) and particularly (4.19),

'Y pS(v)=-S(u)
Avlu(y)x € 9,
so that it makes sense to write
= 2 pPS(v) =S (u)
(5.26) Av’u(x) Av’u(y)x

', = i A = »(3) 3 x(3)
In particular, if [2]:Q,] =K and if A, ,(¥) = ) AST YA €@
then for 0 < £ < K,
A *(3) J =0,
:u

where the sum runs over j € N, j+M(pS(v) -=S(u)) = 2 (mod K).
Furthermore, by the same reason,
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(5.27) A\,'u(x) = Z X\S:'il)_lyj."M(pS(V) -S(u))

where the sum runs over j € N, j+M(pS(v) =S(u)) = O (mod K) .

One obtains the matrix of o! by applying ™1 to (5.25).

X
Summarizing :
(5.28) THEOREM. Assume (p,M) = 1.
(i) Let x € ¥, ord x > -N/(p-1) . Then E}io) : Wx —_ w‘;’
X
is an Q-linear map
[§") (v)
9wy = Y A (x)t°
x ey V¥
[o] €A
. . _ _ pPS(v)=-s(u) .
with matrix A = (Av,u(x))’ Av,'u = Sy(Av'u(Y))x , with
AL (D (1)
respect to the bases {t |o € 4} of W, and wp respecti-

X

vely. For ord x > p‘_“‘l , ord S (A (¥)) > (PW(V) =W(u))/(p-1) .
Thus, if ord x = O, then

pW(v) = W(u)
ordAV’u(x) > -1

for c(v), 0(11) € X

: = = «P =,
(1:{.) Let x € °f(cp), ord x = 0, Tt(x) x* . Then aj : wx—> ‘U);{

is a 1t~ (semi)-linear endomorphism
(w) (v)
ate’ ) = ] & (x) )
(V¥ vou
) €A

(w)
with matrix Q= (g, , (x)) with respect to the basis t° lo(“)eX} ;
Gy, = T (A, (X)) ;ord g > (PW(W)-W))/(p-1) for

=N+l « puy,v <« O. ]

We now fix an integral basis {"i}i=1 of Qo/s'z1 with the pro-

perty that {Fi}i= is a basis for ]Fq/Fp . Then {n,}¥ has the

1 i“i=1
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r
property that if w € @/, o = ) ayny s oy € 2, , then

i=1
ord w = inf {ord ui} . Using this property, the following result

lgigr
is easily obtained.

(5.29) COROLLARY. Assume (p,M) = 1. Let x € Qg ’ x? = x . Thus

- L]
v, . -1 4
ay : QD& —_— U& is_an @,-linear map.

_ 5 (W) . V)
ap(n;t ) =L Qv 1)) (nyt )

with matrix C8' = (C&(v,j);(u,i)) with respect to the basis
5 (W)
{n;t | -N+1 ¢« ws 0 ; 1 < i<r} of W, over 2, . The estimate

ord @((v,3): (u,i)) > (pW(v) —=wW(u)) / (p-1)

holds for all entries of the matrix. x

We now proceed as in [2, § 7] to estimate the Newton polygon of

rN .
det (I-—Ta;) =1+ ) djTJ . Here dj is (up to sign) the sum of
1 j=1

the 3jxj principal minors of the matrix @' . As a consequence,

Q

(5.30) ord dj > inf of all j-fold sums g W(vx) in which
2=1

{(vl,il)}i=1 are j distinct elements in {(v,i)|-N+lsv<0;l<i<r} .
This yields

(5.31) THEOREM. Assume (p,M) = 1. Let H(F,T) = it (1-g" Wy .
=N+1lsugO

n+1
)( 1) )

Then the Newton polygon of det(I-TE;)(=L(?,T lies over

the Newton polygon of H(E,T) . x

N
Thus H(f,T) is a type of "Hodge" polygon for this example. Note
that ﬁ(f,T) is independent of the constants
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— .n — *
{ci}i=1 v {x} g]F'q .

We will now prove that when p = 1 (mod M) the Newton polygon of

_ (_1)n+1 N o
L(f,T) is equal to the Newton polygon of H(f,T) .

(5.32) THEOREM. Assume (p,M) = 1. Write (using (2.8))

(u) A (v) n ~
WO (MW o0y R (Y)Y"MS(") o+ ) AP,
c(v)ek v i=1

; A - (3) 3 P pW(v) -W(uw))
with A (¥) JZO A vinY € Ry(GET =T , and

ern (B, -WW 43y 1 X (Y) is given by (5.24), then

i p'p-1’" p-1 = Tv,u
A, 0 =K (x) e r (B, BHOL-WQ) g,
V,H v P p-1 p-1
Furthermore if we write by abuse of notation, o(“) = (ul,...,un),

then

n
A(3) _ n .
Avu = ) V(B’Y'J)BY iﬂl BpBi-ui+aiY

where Bm is defined in (5.3), 3(B,y,j) is a unit in 2, and the sum

(o]
runs over B = (Bl,...,Bn) e z" , Y EN satisfying vy = (?-—MS(U))M-I,

(where ? € N, ? > pMs(B)), and Z(B) = NTB + v for some Tg € 2, and

Yy o+ PtgM = j +pMS(v) .

Proof : The first assertion is simply a statement of (3.16) in the
(w)
constext of ¢ = aéﬁ)(YMS(u)tc ) € Lp(ag—, gi“)) . To establish

the second assertion, we may write by (5.4)

FO(YM,t) = ) v (a;My)B(a;My) Y £
(a:;My) € sl

in which v(a,My) is a unit in QO and where
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n
(5.33) B(a;My) = B T B

Yoy a,+a

1 %1733y

with the B&s defined in (5.3). The second assertion is then the
explicit reduction of

(u) N
0 Q) (MEG o™ =y B(pg - oM, ¥ -mMs(u))¥TeP
™ (6:¥) es
p
¥ oat,,pM p
modulo izl Hi(Y‘ ,t)Lp(p_l) given in (2.8).

(5.34) THEOREM. Assume (p,M) = 1. Then in (5.32),

g _ i =1
ord A(J) > pWw(v)-W(u) , JNM

V,H p-1 p-1

for all j > O. Furthermore, assume p=1 (mod M). Then

% (0)

ord Av,v

= W(v) ;

if » # v and W(u) > W(v), then

ora A% > (pw(v) - W)/ (-1) .
Proof : Let
(5.35) b(B,v,3) = ¥(8,v,3)B(a;My)
be a typical term in the sum for 35?1 . Then
(5.36) ord b(g,y,j) » REELZ Ny

and by the conditions on I(B) and vy,

PZ(B) —u+ Ny = pW(v) =W(u) + jNM'l .

This proves the first assertion.

For the second assertion, we need a finer analysis of b(B8,v,J).
Observe that by definition, the indices psi.-ui-raiy must be non-
negative integers so that

(5.37) v » s(pg -0y,
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Using Z(B) = Nt+v, (5.36) becomes (in the case j =0)

(5.38) ord b(g,y,0) » B UXENTEHy,

Consider first the case <t 3>1 . Then
ord b(8,v,0) > v+N+(v=-u+N)/(p-1). Using O0<S(v) £1 for -N+lsv<0,
we obtain for T 21

ord b(8,vy,0) > PW(;ZIW(H) + N(l"'Séz)l-i-S(lJ))

Thus, in the case 1 > 1, ord b(8,v,0) > (pW(v) =W(u)/(p-1) and this
inequality is strict unless the following situation holds

(5.39) tT=1, uw=0, S(v) = 1.

Now assume 1 £ O . Since

!
B, = Nt + v
i=1 *
n
= _Z (aiT-Fvi) + T,
i=1
unless 1 = O and Bi = vy for all i, 1< is<n, there is some index i
such that
Bi < aiT + vi .
But then by (5.37)
“PBy tuy
Y >
(5.40) i
-v.+1 -v,+u.+1
» - pr + (p-1) () + (— =) .
i i

We claim that for any index i,

=-v,.+1

(5.41) > S(v) .

a3
Suppose not, then (-vi+1)/ai <S(v) . We will show that this violates
the definition of the diagonal sequence A , (1.10). Let
o) = ) U_ ..y 3 let 2= g(v) . We will also establish for
vis—-1 g(3)
EES

future use
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(5.42) S(v) = -vz/al .

Suppose -Vi/aﬁ <S(v), and § is the smallest index v <485 O such
(6)) o(v) = o(8) _ 5

vsjsé-1

< 52, so that if

that S(o < S(v) . Since Ug(j) , we obtain

vy € 51 for all i, 1gign. In particular v

-vl/a2 < S(v), then

L

(8)

s (o _Uz) < S(6§-1) = S(v)

contradicting (1.9). Note that with & defined as above and with the
index i violating (5.41), then

s -u) < s(6-1) =s(v) .
But, this violates (1.9) again.

Now (5.40) and (5.41), imply

M, = v, +1

Y 3 =pt + (p=1)8(v) + ——— .
i
If w > v, then e = ) ) Ug(gy » SO that v, < u; for.
vejsu-1 943

every index i . Thus y € N and our hypothesis p = 1 (mod M), imply
that

"

Y 2 =pt + (p-1)S(v) +1
which yields from (5.38)

ord b(B,Y,O) > PW(I\;lIW(u) + N(I“SE()::)l"'S(U))

Note that 1-S(v)+S(u) >0 in the case u > v . Thus we have strict
inequality ord b(B8,y,0) > (pW(v) =W(n))/(p-1) in the case v < O,

u > v, unless the following situation holds
(5.43) T=0; B =0 .

We consider now the case (5.43). Then (5.37) implies

(=v.) Uy =V
i i i
v > (p~1) a. + a.
i i
for all i, i =1,...,n. If v < u, and = g(v), then we have seen
above v, < My - With (5.42), this implies

Yy > (p-1)S(v) +1,
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so that by (5.38), we again deduce

ord b(s,y,0) > BAL W)
p-1
This leaves the case v = y, 1 = 0, B = c(v). Clearly (5.37)
implies y > (p-1)S(v) . Note that for =y = (p-1)S(v), v = u,

Pv; - uy + ayy = (p-l)(vi+S(v)ai).
By (5.41), O < vy o+ S(v)ai < 1. Thus by (5.3),

ord b(s ™), (p-1)8(v),0) = W(v) ;
clearly by (5.38)

ord b(s®y) > W(v) for y > (p-1)S(v) .

Consider now 1 £« O and v > u. Since a; < My for all i,
(5.40) implies that
Yy > =pt + (p=1)S(v) .

But then (5.38) yields

ord b(8,v,0) » pW(EEIW(“) + N(S(;lIS(v)-
Since O & u < v < =N+1, clearly S(u) > S(v) .
Thus

ord b(B,v,0) > (pW(v)-W(w))/(p-1) ,
unless
(5.44) v >p and S(u) = S(v) .

>,

In summary, ord ﬁ(ol = W(v) and ord 3(0) > (pW(v)=w(u))/(p-1)

vV, V,u
and the inequality is a strict one unless (5.39) or (5.44) holds.
In particular, we observe that W(u) > W(v) precludes both (5.39)
and (5.44). x

Our main result now follows :

(5.45) THEOREM. Assume p = 1 (mod M), x € Q; , x% = x. Then the

following estimates hold for the entries of the matrix Q= (Q )
V,u

of the semi-linear map Z; W, — U
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(i) ord (Zv,u > (pW(v)-W(u))/(p-1) ,
(ii) ord av,v = W(v) ,

(iii) Aif p#v, and if W(u) >W(v), then

ord ‘Zv,u > (pW(v)-w(u))/(p-1) .

Proof : This result is an immediate consequence of (5.32) and (5.34).

(5.46) THEOREM. Assume p = 1 (mod M), x € 9; , x9 = x . Then the
n+1
reciprocal zeros w, o -N+1 € u» s 0, of L(?(i,f),T)(_l) belong
to Qp(;p) and may be arranged so that
ordqmu = W(u) .
o (_l)n+l
In other words the Newton polygons of L(f(x,t),T) and

H(£(x,€),T) coincide.

Proof : It is useful to allow somewhat greater ramification than that
of ‘K(cp) . Let m be a uniformizer in ’S(Cp). and let <=§' be the
extension of ’S(cp) defined by adjunction of a root say 7' of XM—n ;
extend Tt to °§' by setting t(n') = n' . Let
G = diag(n_w(o),...,n_w(_N+1)) be the NxN diagonal matrix with
=W(un)

}-N+1$u<O in the order shown. If
¢rett = @) - (qll)) | then

’

(1) _ _W(v)-W(u)
CLv,u =" CLvu

entries {m

so that
ord a,(l) > W(v)
v,u 7 !
(5.47) ora @{*) =ww),
14

ord Q,(l) > W(v), if v#u , and W(u) 2W(v) .

Now by [7, proposition 2.201], there exists an NxN matrix
M € GL(N,0!), (where 0! is the ring of integer of <§') satisfying
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(5.48) m et = €7

In fact, we can rework the proof of [7, proposition 2.20] to show
the existence of an NxN matrix Ye GL(N,0_ ) satisfying

(5.49) Yy ayt= &1

Then the argument of [7 , (2.28) and (2.29) ] yields the additional

information mu € Qp(;p), -N+1 €« u < O. n

6. THE ONE-VARIABLE CASE.

The methods we have employed above can be used to treat some-
what more general exponential sums of a "Kloosterman type". In this
section and the next, we will expand the set of examples we can
study in this way. It seems likely that the same approach may be
employed in the investigation of the exponential sums Sm(f), (5.1),

in the more general setting where d GIN#, and

== B~ .4, =-—a
(6.1) f(x,t) = ) c.,t$ +xt 2.
i=1 *t*
In fact, if g e:ﬁq[El,...,En] is any homogeneous polynomial of

degree 4, "regular" in Dwork's sense [1], then we believe that the

exponential sums Sm(f) with

(6.2) F(x,E) = g(t) + xt 2
should be amenable to this type of analysis.

In this section we will restrict ourselves to the simpler one

variable case. Let

A — ——ﬁl ——sz
(6.3) f(x,t) = ct + xt
. — > o =¥ * . 2
with ¢ E'Fq , X € Fq ’ dl,d2 € N be the reduction of f(x,t) where
N d1 —d2 a a
f(y,t) = ct ~+Yt and ¢ =c¢c?, x = X belong to Q

o *

We proceed as in §§ 1-3. Let Y’tl""’tn be algebraically
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independent, M = 1.c.m.{d1,d } . Then we define for % € Z, vy € N

é(k) max{O,-l}

d;

~ 2 d2 2 =2

(6.4) w(L) = =— + (-d—+ 1)s(.) = max{d—,a—} ’
1 1 1 2
Y o(eiy) = 2= 4+ (2+ 1) ym Im7?
m Y = 34 a Y .
1 1

Define

(6.5) L_(b,c) = { DA AL EYYY |a(e;y) € o

o
(2iy)es

r
ord A(L;y) > c-+b§m(l;y)} ,

where the index set gm is given by

(6.6) § = ((2;y) €z xN|y2mME(2)} .
~ A
We define fi(y,t), H(Y,t), F(Y,t), Ej = t5, Hém), m§™, Dém) as in

(1.7) using f(Y,t) in place of f(Y,t), and using the sequence
{Yz}m;o given in (5.12). We define Rm(b,c), Rm(b), Lm(b) just as in
(1.4). Finally, we define

N
(6.7) A = {!L|—d2 < 8 < dl} .

Vm(b) is the Rm(b)—span of

(6.8) (YMS(2) 2y e ¥y
and
(6.9) Vm(b,c) = Vm(b) n Lm(b,C)-

The reduction formulas mod ﬁém) are extremely simple

2-d, -4 2=d
Y. _ -1,v+mM 1 72 (m) , -1.-1,Y 1 .
Y't7 = dZdl Y t -+Ho (Yo dl Y't ) , if 2 >d1‘
(6.10)
Y 2 +d, -4 +d
_ -1,vy-mM 1 72 _,(m), -1.,-1,y-mM 2 : _
Yt = dld2 Y t Hy (YO d2 Y t ), if &< d2'

Thus we have
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(6.11) THEOREM. Assume (p,M) = 1. Then for 58—1 > b,

L (b,c) = V_(b,c) + ﬁo(m)Lm(b,c+e) )

If ¢ = I . a(unthyY e L, (b,c) then ¢ = G4—ﬁé £ with

(E;y)ESm

A
v e L,(b,c) , T €L (b,cte), and

A
G = 1, v,y s(Ded
€A
v, (y)y = ) % yJ
* jzo *3 ’

with explicit reduction formulas given by

A

(6.12) V, 5 =1 ulr,0)a(r;a)

J

where u(r;o) is a unit in QO and the sum in (6.12) runs over
(r;a) € §m , r = £+T(d1+d2) , o= j+mMS(L) -tmM, T € Z. (Note that

(r;a) € ém implies the sum (6.12) is finite). n

It is also quite clear that if A is a noetherian, unique facto-

d -da
rization domain, and we set hém) =t 1 —erMt 2 , with € a unit in

A, then hém)

ensures the directness of the sum (6.11). We summarize :

-4
is not a zero-divisor in R = A[Y,t,Yth 2] . This

1

= 1 - -
;z-13) THEOREM. Assume (p,M) = 1, 5By > b > 5257 so that e=b-=5>0.
en
L,(bsc) =V _(b,c) e Dém)Lm(b,c+e).
Furthermore, if we set b = §§T and if we write ¢ € Lm(EgT,c)
according to (6.11) as
£ =%+ AM™E

(0]

: A A
with v € Vm(Egi,c), T € Lm(ﬁgi,c+1), then we can express

(m) z

E=V+DO
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where v € Vm(sgi,c), t €Ly ( 1,c+1) and v- ¢ e Vi ( 1,c+1) . »

The situation above can be specialized. We observe that elements
of Lm(b,c) converge on the region

(6.14) & (b) = {(t,¥) €2’ |ord t>-bd]', ord ¥>-ba]l(d,+d,)m M},

ord t--de;1 ord Y >dblll.

2

o+ ord x> -bd'l’-l(d1+d2), and y € 2 , y' = x. Set

v .
no = Qo(y) . We define

We fix x € Q

(6.15) L(x,b,c) ={ ] A(2)t*|Aa(2)eq,, ord A(2) »c+#(2)b+r8(2)ord xI .
LEZ
We will employ a dash to denote that the field of definition of
a space under consideration has been extended from QO to Qé . The
specialization maps Sy, as in § 4, then are surjections. For example,

S, t Ly(b,e)' —> L(x™,b,c)",
. m -1 . (o)
if ord x >-bd, (d,+d,). We also define Frobenius maps o , a ’
1 172 M !

-  —(0) =, . ; (0) (83 IM 3 P (1
Gyr Gy, op as in § 5. Since aYM (Y t’) € L (p 1, p-1 ) , we
may write
(6.16) @ (O) (¢S(3IML Ty _ Tn A, . (y)yPS(1IMi (T)

w* iea 13 o,p°

~ .
where ¢ € LP(EET,:%é%L+-1), and

(Y)Yps(l)Mtl e v (B

—w(] )
P P~

p-1

’

e

ie

(6.17) THEOREM. Assume (p,M) = 1.

* _a-1 _ —(0) ., . (t)
(i) Let x € @, ord x > d1 (d1+d2)/(p 1). Then a, ": u& > u;p
is an @-linear map

—=(0) =3, - i
a (®) = Z Aij(x)t
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ps(i)=-s(3)

Y .
with matrix A = (Aij(x)), Aij(x) = Sy(Aij(Y))x , with

respect to the bases {Ei | -d2\< i <d1} of wx and w'(;) respectively.
-(a,+d,) x

For ord x > —EITE:TT'

ord s (R, (¥) > (pA(1)-8(3))/(p-1) . Thus,
if ord x=0,
ord A;j(x) > (pW (1) -%(3)) /(p-1)
for —d2\< i,j«< d1 .
‘s _ - P S .
(ii) Let x € ’S(cp), ord x = 0, t(x) = xF¥. Then ay 1Uk-—* Uﬁ{
-1

is ar (semi)—-linear endomorphism
ar (®) = ¥ Ay (x)E*
—d2<i<d1

with matrix Q= (czij(x)) with respect to the basis

-i . . — ;
{t I—Qf i<d;} of Wiy ; Ciij(x) =1 (Aij(x)) ;
ord @4 (x) > (PW(3)-W(1))/(p-1)

for —d2 < i,j < dl . x

Just as in § 5, the above result yields.

A - — __..dl ____dz —

(6.18) THEOREM. Assume (p,M) =1, let f(x,t) = ct "+ xt e Fq[t].

NOR AL
Let H(f,T) = Jig (l-qw(l)T) . Then the Newton polygon of

-d, <i<d
= 1 v R
L(f,T) lies over the Newton polygon of H(f,T) .

Just as in § 5, we will now show that when p = 1 (mod M) the

Newton polygons of L(f,T) and of ﬁ(f,T) coincide. Just as § 5, the
following holds.

(6.19) THEOREM. Assume (p,M) = 1. Write (using (6.11))

A . Ars . A ~
°‘(noa) (M5 33y o ) ﬁi'(y)YPMS(l)tl . Hc()r)(YPM't)c
Y -d,¢i<a; I
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. 4 — Toa() 2 E Ew(l)-w(:
with 3;,(¥) zz AjTY € Ry o1 ) , and

A .
T eL (—E— %é%%+—1) . If Xij(Y) is given by (6.16) then

P p-1
(Y)'- 5(¥) € Ry (_E_ W(Jéww(l) + 1) .
Furthermore,
A(Jl,) _ N
(6.20) 1J =7 u(r,y,z)BY B _

1 .
dl (pr-]+d2Y)

N
where u(r,y,%2) is a unit in QO , where Bn is defined in (5.3), and

where the indices y and d;l(pr-j+d2y) are both non-negative inteqgers.
The sum (6.20) runs over (r,yv) € Z xIN satisfying vy = (:\y'--Ms(j))M_l
(where $ €N, ? > pM§(r)), and r==i+T(dl+d2) for some T € Z , and

¥+—rpM = li-ng(i) . x

The key result then is the following.

(6.21) THEOREM. Assume (p,M) = 1. Then in (6.19)

-1.-1
LM d1 (d1+d2)

~(2) pw (1) =W ()
ord Aij > -1 + -1
for all %2 > O. Furthermore, if p = 1 (mod M),
(0) _ ~ .
ord Aii = w(i) ;

if i # j, then

ora &{9 > (pEW-GG) /(-1
except possibly for the case i = -d2 s J 20.

ord A( > d ( r - j+ (d +d ) ')/( 1)

Using the conditions on r, y, and ?, we obtain the first assertion.
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If we set m, =y, m = d;l(pr-j+d2m2) , the situation appears
more symmetric. Let
b(ml,mz) =B B

m m

subject to the conditions :

{ m, ,m, €N

dlml_dZmZ = pi-—j+pr(d1+d2) , for v e€ezZ.

(6.22)

Assume first that i > O so that ﬁ(i) = i/d1 . Then (6.22) gives

(since m, > 0)

. pt(d,+d,)
Ay 1772
m, > p(w)i 3 + ___EI__——
(6.23) .
i El - —pr(d1+d2)—p1+3
2 d2 1 d2
Therefore, if © > O,
(6.24) m, +m, > pw(i) -%(3) .

Furthermore if Tt = O, we also obtain (6.24) when j < O. Suppose now
that j 2 O, and t = O. Then

m, > pw(i) - W(3)

so (6.24) holds unless ml=p€z(i) -%(3) and m,=0. But 0<i,j<4,,
together with m, = (pi-j)/d1 € N, imply i=j. If i=3j > O, then

ord b((p-1)i/d,,0) = W(i) .
We consider i > O, T < O. Then

(d1+d2)ml-pT(d1+d2)—pi+j

m +m, =
Lty e
pldy*dy) _pi, 3
Ved
d, d, 4,

the strict inequality being a simple consequence of i < d1 . This
completes the proof of the theorem in the case i > 0.
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In the case i < 0, we interchange the roles of m, and m, in

(6.23) and T and -t in the subsequent argument. We ma; then conclude
that (6.24) holds in all cases except t = O, i = j, (in which case
ord b(0,-(p-1)i/d,) = %(i)), or when 1 = 0, i = -d,, 3 =0, or t =1,
is= -dz, j > O, (in which cases we only obtain the weak inequality

m,+m, 3 pw(i)-w(3)) . x

The following result is then an immediate consequence.

(6.25) THEOREM. Assume p = 1 (mod M), where M = l.c.m.(dl,dz). Then

L(f,T) is a polynomial of degree d1+d2, with reciprocal zeros
dl—l

togtica,

algebraic integers lying in Qp(cp) which can be arranged

so that
~
ordq wy = wi(i) .

In other words, provided p = 1 (mod M), the Newton polygons of L(f,T)

nOA
and H(f,T) coincide.

7. FURTHER APPLICATIONS.

We will extend the results of the two previous sections. We

consider here the two cases

I
rhl
d
ol
+
4
ot

(7.1) (i) h(x,%t)

]
H>|
Xl
o
+
ol

(ii) ﬁ(E,E)

where T(x,t) is the reduction modulo the maximal ideal of 0y of (1.5);

A e - —
f(x,t) is given by (6.1) ; {ba}a
sum of monomials o satisfying

= »
eg Y {bi}iek ngq ; J is a finite

(7.2) (i) O < w(a) <1 ;

Kg{iezm|-4,<i <d,} , and the inequalities

(ii) 0 < Ww(i) <1,

are obvious for i € K.
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We give a few examples to show that the notion is not an empty

one :
. o _ -1,,-2, -1, .-7-2, .-10_-3 |,
(i) h(tl,t2)~—t1+t2+t1 +t1 t2 +t1 t2 +t1 t H
(7.3) _ ? _ ? I
(ii) h(t,,...,t ) = c,r, + b.t ’
1 n iz1 ivi j=1 3
where
¥. n n = *
a = (all'--ran) € (IN) ’ {ci}i=1 mS r_,
= ,m=1
{bj}3=1 _C_]E‘q .

We will work primarily with case (7.1)(i). Case (ii) is entirely

analogous. Consider

n
(7.4) hix,t) = ] cyt; + ] b t¥+xt™

i=1 aEd
where Cy v ba and x are Teichmiiller units in no , and the reduction

modulo the maximal ideal of h is h(x,t). We define as usual

n
Falx,t) = 6 (xt™2) T 6 _(c;t;) T o (b t%)
i=1 o€d
(7.5) ) ) n ¥
- = (u(y) B, T B n B_ )t
yez® =1 M eed M

where u(y) is a unit for each y € z“, and the inner sum runs over
the set ’}(y), where
n+|J|+1

_ n
Ty = 1m0 {n Y eg/r2) EN such that
(7.6)
m; + X na;-a;L =y; for i=1,2,...,n}
aed

where we have systematically written a = (al,...,an) for o € z".
Let

) ) )
(7.7) F(y) = u(y) B B B

() *i=1 ™ eeg o
then

Il 13

ord F(y) > inf (

m,+ ) n_+2)/(p-1) .
I I N o

1 aed
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Note that the requirement w(a) < 1 implies that I (a)
because s(a) > O,

< O,
and therefore I(a) > 1 implies w(a) > 1. Note also

n
that for (mgly_, ., {n Y 5,2 € %V,

n
(7.8) ] my+ ] n + 2 =23(y) + N2+ ] n (1-I(a)) .
i=1 aEJ a€EJ

We claim
(7.9) inf (N2 + ] n_(1-2(a))} > Ns(y)

) a€J

’

where s(y) is defined in (1.1). Clearly the left side is non-nega-
tive. It remains to show that

(%)

N2 + ) n (1-z(a)) > -Ny;/a;
[“1=h)
for any i, and any ({mi}?

j=1+ (n gl ey ®) € 74(y) . Substituting

in (%) for Yy from (7.6) the desired inequality will hold, provided
1 - Z(a) > = Nai/ai

for any « € J . However w(a) < 1, implies

Z(a) + Ns(a) < 1

which completes the proof of (7.9) and the following result.

(7.10) THEOREM. If J is a subset of monomials o satisfying
O < w(a) < 1, then

*
Fo(x,t) € L(x, =X5,0)
where L is defined in (4.1

(1)) .

Set

(7.11)

Tl 2 2
= ] v,ht (P ,EP)
2=0

e=0 1S given by (5.12)

H“(xrt)
where {Yl}

; let
(7.12)

;*1,x = Ei ﬁqx,t) = Hi,x.FAl,x
where Hy % is given by (4.1 (iii)) and
r’
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-] 2
(7.13) A = J v,p° ) a, b t*®
20 2 €T i Ve

Note that since w(a) € M_1 W, and w(a) < 1 for a € J, therefore

(7.14) w(a) €1 - ¥ for o« € J.

It follows from (7.13) and (7.14) that for b g —£2_

p-1
(7.15) Ai,x € L(x,b,-ete')
where e' = b/M ; recall also that for b « ng, Hi,x € L(x,b,-e) .
Define
(7.16) Q&,x = E; + %1,x =Dy oAy -

It is not hard to prove that for ord x > -Nb, (p,M) =1, the
n

{ @i x}i_l form an R-sequence on L(x,b) and furthermore that for
, =
_P_ 1
n
L(x,b,c) = V(x,b,c) @ D, L(x,b,c+e) .
i=1 X

From (7.16) we derive in the usual manner :

(7.17) THEOREM. Assume (p,M) =1, EET > b > B%T, ord x > =-Nb .
n
If we express £ € L(x,b,c) in the forms £ = v + Z Di x%i and
2 - 4
* 2 * * * =t
E=v + ) &, _¢% withv, v ev(x,b,c), ¢,, ¢; €L(x,b,c+e) then
jop dexTi—/—— i i raen
*
v-v € V(x,b,c,+e'). x
. : O)* * * - *
Define as in § 5, ai )* woFo(x,t), a; =1 1°¢°FO(X,t),
r-1 3 J ]
a: = yToF" (x,t) where F¥(x,t) = I FST (xP7,tP") . Define also
j=0
* ¥ (n)* P 4 () P
W, = L(xb)/ ] &  L(x,b), W =L(x",b)/ }J @ " L(xP,b)
i=1 ’ xp i=1 i,xp
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We shall work exclusively with b fixed, b = p/(p-1), e = 1,
e' = p/M(p-1).

Writing

(7.18) Fo(x,t) = ] F(nt"

yezn

with F(y) defined in (7.7) above, we may write
* (u)
(o) S(u),o _ B p _ W)
(7.19) ay (x t ) —BeZzn A(B)t" € L(x 15%1 ﬁ)
where A(B) = xs(”)F(pB—-o(”)) . We know
(u)

* ;
(7.20) cL}io) (xs(u)to ) =s.( 7 N A(B)x-ps(B)YpMs\B)tB)
Y gexm

and by (2.8) we define 353) by

_ ® (s . . (v)
(7.21) ) . A(8)x ps(B)YpMs(B)tB= ) (3 AéJLYJ)YpMS(v)tO

L ’
BEZ s (V)gy 3=0

A

n
(t) ,,PM
+ h Y t .
izl Hy o7, t)ey

p =W (u)
where ty € Lp(p-l’ -1

14

+1), A vy = § AB)yI e
VH J=0 v

R_( ] , EW(V)-W(U))

p'p=1 -1 and we have explicit formulas from (2.8)

(7.22) ﬁ:?i =7 a)w PSBly(g, )

in which u(B,j) is a unit in 90, and in which the sum runs over

pez™ where =z (8) = Ntg + v, pPMs(8) + TgPM = j+ pMS(v) . Thus

ﬁéji =7 F(pB-—o(”))xS(u)_ps(B)u(B,j) where B runs over the above
index set.

(7.23) THEOREM. Assume (p,M) =1, ord x > -N/(p-1)

1

ord A(3) . PW(V)-W(u) . INM_
V,H p-1 p-1

for all j > O. Furthermore, if p = 1 (Mod M),
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ord S(O) = W(v) ;
ViV

if w # v and W(u) > W(v) then

ord 3é?1 > (pW(v)-W(u)/(p-1)) .

Proof : Let

S(w-ps(B)y 1 g 1 B
vy

n oy .
b(({my}y_,/{n Y c5r2) 7 3) = u(B,J)x s

1 M aeg g

n

i=17 ) € 3(p8-u(u)) (where B satisfies the condi-

for ({mi} {na)

aEJ'E

tions in (7.22)) be a typical term in the series for ASJL . Then the
’

first assertion is a straighforward computation using

ord x > -N/(p-1) . We obtain for j=0,

( ( L n,(1-I(a))
. pW(v)-W(u) aEeJ
,2);0) > T + 51

(7.24) ord b(({my}]_;,{n } 7

Since I(a) < O, we get a strict inequality in (7.23) if n, # O for

any o€ J. Therefore, we can restrict our attention to

1

(u)
j=1 ¢ O} ,c5r %) € J(pB-o )

({mi

where B satisfies the conditions of (7.21). Thus

o (0} 2) ;0) = u(g;oelIls 1
i acg * )i i01Bg "By 1

b((my1]_)

B
j=1 PBjTHjtas L

by definition (7.6) of the set }.. But then the argument is clearly
the same as (5.34). n

We can use the result above to obtain estimates for the reduc-

(O)* 0(11) n AT p N
tion of o (t ) modulo izl H; ,L(x7,b) (here H; . is given
by (4.1)). By (7.20) and (7.21) we write
(w) (n) n
a)io)*t0 = ) ﬁt (x)t° + 3 HT 2:
c“’)eZ ru i=1 i,x%P

o p _p_ W) _
where 1, € L(x " B=1' p-1 S(u) ord x+1) .
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(7.25) COROLLARY. Assume (p,M) = 1, ord x > -N/(p-1)

ord sy(ﬁw(y) > (PW(v)=-W(u))/(p-1) .

Assume in addition, ord x = O, and set
N - LPS(v)=s(u) a
Av,u(X) x SY(Av,u(Y)) .

Then clearly ord %:u(x) > (pW(v)-WwW(n))/(p-1) . If we also assume
P =1 (mod M), then

X 3 _ .
ord Avv(x) = W(v) ;
if w # v and W(u) > W(v), then

ord &Y > (BW(V) ~Ww))/(p-1) . -
'u

If we combine (7.17), (3.16) and (7.25), we obtain the fol-
lowing result.

(7.26) THEOREM. Assume (p,M) = 1.

(i) Let x € ﬁ(cp), ord x = 0, 1(X) = xP . Then

»
ar* 2 71307 L w* s w* is a 17! semi-linear endomorphism
x x x x
_ (u) __(w)
a*¥E )y = 3§ a* (x)t°
x (w) vH
o €A
* * =My
with matrix Q = (Clv u(x)) with respect to the basis {t |o €A} ;
’

the estimate ord azu > (pW(v)=-W(n))/(p-1) holds for all -N+lgv,ugO.

(ii) If p = 1 (mod M), then
X
ord @  (x) = W(v) ;
if w # v and W(u) > W(v), then

ora @ (x) > (PW(v) =W(u))/(p-1) . x

From this we deduce the usual consequences for the Newton

_ (_l)n+1
polygon of L(h,T) .
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n+1l
) (-1)

(7.27) THEOREM. Assume (p,M) =1. The Newton polygon of L(h,t

lies over the Newton polygon of H(F,T) (defined in (5.31)). If p = 1
n+1l

)( 1)

(mod M), the reciprocal zeros of L(h,T are algebraic in-

n+1

) ("1)

tegers in Qp(cp) and the Newton polygons of L(h,T

and H(f,T) all coincide. x

A similar result holds in case (ii) by applying the above
technique. Robba [6] has obtained a similar result by using his index

theory.

(7.28) THEOREM. Let M = l.c.m.(dl,dz). Assume (p,M) = 1. The Newton

~ (_1)n+1 'y
polygon of L(h,T) lies over the Newton polygon of H(f,T) de-

fined in (6.17). If p = 1 (mod M) the reciprocal zeros of

— n+1l
L(ﬁ,T)( L are algebraic integers in Qp(;p) and the Newton poly-
= (_l)n+1 ~ (_1)n+1 N R . .
gons of L(h,T) L(f,T) , and H(f,T) all coincide. n

8. OTHER CONGRUENCE CLASSES.

In this section, we examine the situation when we drop the
hypothesis p = 1 (mod M). We consider the exponential sums

s_(f) = ) YoT (E(t))
m teF _* T nl/rﬁ
m q =
q
where
(8.1) F(t) = ot + xt~3
o, §'€:F; , when p = 2 (mod 3). (The case p = 1 (mod 3) is already

included in the results of § 5). The results of the present section
show that for the example (8.1), the Newton polygon of the associa-
ted L-function when p = 2 (mod 3), (p>5) lies over the Newton
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polygon for the associated L-function when p=1 (mod 3), and it
approaches this Newton polygon in the limit when p varies in the
congruence class p=2 (mod 3) and p — =.

It is convenient to introduce the following notation.

(8.2) A(v) = [least non-negative residue mod 3 of pv, for Osvg2 ;
{3, for v = 3.
n(v) = 23;9131
§(v,u) = least non-negative residue mod 4 of u-=x(v) ;
e(v,u) = n(v) + 8(v,n) .

(8.3) LEMMA. For ord x=0, p>5, p=2 (mod 3), O < u, v

/S
w

pw(-v)-w(-u) e(v,u)
-1 + 1 > -_E:T_

where w(-v) is defined in (1.1).

Proof : Using the definitions in (8.2), and the definition of
w(-v) = v/3 for 32>v 20 (from (1.1)), the asserted inequality in the
statement of the lemma is equivalent to

p-1 > Hz%éﬁl + 8(v,u) ,

which holds by definition of §(v,u) and our restriction to primes
p>5.

(8.4) THEOREM. Let a,x be Teichmiiller liftings of a,x. If p>5, p=2
(mod 3), ord x=0, then the following estimates for the size of the

entries of the Frobenius matrix hold

(8.5) A = (V) a,

-V,-u Al

where sz " is an integer in Qp(ﬂ,x,a), and, in fact, is a unit for
r

all pairs (v,u) with the possible exceptions of (3,0), (3,1) and

(3,2).
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Proof : By lemma (8.3) and theorem (5.32), it is sufficient to prove
the estimates (8.5) for the matrix entries ﬁ_v - where 3_v -u is

’ r’
defined by

O), - _ v 4 -v A1)
a et =] A_,, -t (mod Hy  L(x,b)) ,
and where ﬁ_v -u is given explicity in the notation of theorem (5.32),
14
by
~
(8.6) A, -, = Y u(r,x) ) Bypr—pv+u+3y By

TER

where u(t,x) is a unit for all v € Z and the inner sum runs over all

non-negative integers y such that
4pt - pv + u + 3y 20.

For real x let <x> denote the smallest integer greater than or equal

to x. For 1 & O,

(8.7) y > max {0, <:£P;_+Pv_-u>}

= max {0, -pt + <22:%:El>} .
Let
(8.8) bv,u(T;Y) = u(T'X)BYB4pT—pV+u+3Y

be a typical term in the series (8.6) for 3_v - Thus
’

(%) ord b, (t:v) 3 5-9—‘—'%‘1“—””—7 .
Consider first the case t>0. If 122 or if 1 = 1 and v <3, we obtain
from (%)
ord bv,u(T;Y) > 1 + E%T.
If t = 1 and v = 3, we obtain from (%)

. ptu e(3,1)
ord bv,u“'” 291 % p1

in which the last inequality is sharp if w = 3. If 1 <0, or v >0, or

u <3, then
max {0, -pt + <EX:%:EI>}

= -pr + <BYTUZET,

Thus by (8.7),

323



S. SPERBER

dpr-pv+u+dy > —pv+u+4d <P%>

= n(v) +u-A(v) +4 <i—‘%)—'-‘i>

where the first inequality is sharp if 7 <O or if 1 = O and

y><9%> . Note that if v # O or if u # 3, then
H=2a(v) +4 <M%-)—l> = &8(v,u) ,

(since -3 <A(v) —u <0 gives u=i(v) on both sides, and O<A(v) —pu<g3
gives u - A(v) +4 on both sides). In case Tt = O and y = < g;“> , we
obtain

= n(v)+8(v,u)

ord bv,u(O;Y) -1

In case v = 0 and u = 3, bo’3(0;0) = u(O,x)BOB3 so that

§(0,3)
p-1

ord b0'3(0;0) =

Let E;o) denote the Frobenius map

—(0) . ()
ag H ﬂ& —_— ﬂfp .
X
If g = pr, we wish to compute the ord of the eigenvalues of the map
r
a, = (r_loa§O)) . We will modify the argument of [7, § 2] .
(8.9) THEOREM. Let p>5, p=2 (mod 3). Let x EJF;, (g=p°), and let

x be the Teichmiiller lifting of x in Q. Then

(i) for p> 11, the eigenvalues {wi}§=0 of the Frobenius map

a, can be arranged so that

ordq wy = o,
ordq w, = E%T {n(1) +31 ,
ordq w, = E%T {n(2) =31} ,
ordq wy = 1.
(ii) For p=11, the eigenbalues {wi}i=0 of the Frobenius map

E# can be arranged so that
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ordq wy = o,

= 1
ordq w, = ordq wy =5
ordq wy = 1.

Proof : We will follow the argument of [7, § 2] working with the

) _ . —(0) .
matrix A = (A—v,—u)OSV,u<3 of the Frobenius map oy with respect

to the basis {t—v}3=o . We use an argument from (semi)-linear al-
gebra via the usual formalism (cf. [3]). In both cases in the sta-
tement of (8.9), we can find a matrix C € GL(4,0_) (here 0_ is the
ring of integers in ﬁS(cp), m is a uniformizer for 0_) having the

property that C A (C—l)T has the block form

1 (o}
o alD)

where A(l) is a 3x3 matrix with entries in 0, and

all) - a mod € (Vru)+l
v, u -V, -u

T 1

for any 1< v, u<3. We will use the notation X ' to denote (X )T .

We will now deal with case (i), i.e. p>11. We claim that there
exists £ = (51,52,53) € Oz such that

(1) _ n(1)+3,<

(8.10) £ A £

and furthermore £ = (wE(l'l)El, nE(l'Z)EZ' "5(1,3)23) where E1,22,23
are units in 0_ . We write
A1) _ pelv,w) @a(l)
v, u v, u

for 1< v, us3. The existence of £ is equivalent to the existence of

Y Y v Y 3 . . .
€ (51,52,53) € 0. with unit co-ordinates such that
N -5V N
(1) n(1)=-5% (1) n(2)=-3% (1) _ ¥t
1t f2 20" 3 &1 = 5]
¥ (1) n(1)-1» @(1) n(2)+1Y (q(1) _ %7
(8.11) £; (21'2+1r E, & 5 £ G5 = £,

Y (1) n(1)-1% ca(l) n(2)-3) (1) _ vt
£, @ 3+ Ey 2,3t £3 C'13,3

325



S. SPERBER

Note that n(2) -3>1 and n(1l) =5 >0 provided p is a prime,
p=2 (mod 3), and p>1l1l. Consider the reduced system

B U, vy, = F
(8.12) T 0, =1
£y Yp,3 T G
where Gl,l’ 31’2, 51'3 are non-zero and 52,1 is zero if p>17, but

is non-zero in case p=17. In either case, the equations may be

solved simultaneously in Iﬁp , the algebraic closure of ZFP , for a

solution t = (El ’EZ ,33) € (F:)3 of (8.12). Lifting, we obtain

(1) _ (1) (1)

£ '52 ,E;l)) € (0 ) , a solution mod = of (8.11).

(1) _ (1)

Assume now that ¢ ,Eél) (1)) € (0 ) has been

constructed for i< 2 so that (8.11) holds mod nl and so that

f(3) | (34D

3 3 (mod wi)

(2+1)

for j=1,2,3 and i< % . We construct ¢ as follows. Let

(2+1) (2) 3
. = . + .
EJ g m WJ

(3j=1,2,3), let

N,
(1) _ (1)
av,u =8, u)czv u

where 6(1,u) = 1, for u = 1,2,3 ; 08(2,1) = «"1)73 , 4(2,4) =" (1)1,

for y = 2,3 ; 6(3,u) ,"TI(Z)-3’ for w = 1,3 ; 06(3,2) = "n(2)+1
Finally, let
3
1 (2)° (2) 4
B, = = (& - ) ¢ Q.;) € 0
J ﬂl J k=1 k k3

for j=1,2,3. Then we obtain the following equations for w. :

% a T+ o8
w s = Wo o+ .
k=1 ¥ “kj 3 3

(j=1,2,3). This system may be solved for wj by reducing (mod =) and
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solving for (Gl,az,ﬁ3) € 659)3 (just as we solved (8.12)), then
lifting the solution to 0> . We then obtain £ by taking Ej = 1lim gjf“.
2>
Having found £ as desired, we note c==n_“(l)g(=(;1,;2,;3)) € Oz

satisfies (8.10) with ord T, = E%T' ord c2==0, ord ty = 1/(p-1).
Note that if we set

1 %2 %3

A = (o] 1 (o] ’
o o 1

and
=217,

then & has the block form

n,+3
L 1 (o]
D =
T Q}l)

_ t . (1) _ ,0(1) .
where T = (r,,T3)" is a 2x1 submatrix, and & _(pru)ZSV,U<3 is
a 2x2 submatrix. Furthermore

r, = Aé};c;T, ord r, = E%T(H(Z)-3) ;
_ A (1) -7 _ 1
r3 = A3'1c1 , ord r3 >1 -1 7
8.13 (1) _ _,(1) -t 7 (1) (1) _ _1 _ .
( ) 82’2 Ay, 1% by *t Ay 5. oxd «@2’2 p_l(n(2) 3) ;
(1) _ _,(1) -7 7 (1) (1) _ _1 _ .
2,3 = TR3,1%1 %3 * Ay 3. ord &3 = 55(n(2)-2)
(1) _ _,(1) -7t 71 (1) (1) _ 1
23,2 = "R3,1%; oy v A3 5 ord B35 21 - oy
(1) _ _,(1), -t 7 (1) (1)
&5'3 = A3,1§1 Ty + A3’3 , ord 33,3 > 1.
We construct a matrix Z of the form
1 O
7z =
o I
where 0 = (02,03)t is a 2x1 submatrix, I is the 2 2 identity, and Z

satisfies
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This is equivalent to solving the system

n(1)+3 _9) ot _ (1) T _
0, ™ + T, 35,2 05 &5,3 03 =0
(8.14)
n(1)+3 _al) 1t _ (1) vt _
0y ™ + T4 -23,2 0, 03'3 03 =0 .
; _ n(2)-3 _ n(3)-1 (1) _ n(2)-3
We write T, = Yor Ty = Y3 35 5= d2’2 ,
(1) _ n(2)-2 (1) _ n(3)-1 (1) _ _n(3)
03 = dy,3r 93,5 =T dj,pr 93,3 =7 d3,3 and
72,73,d2'2,d2,3,d3,2 and d3'3 belong to 0_ and Yor d2,2' and d2’3

are, in fact, units. For p>11], p=2 (mod 3), n(2) -2 >n(l1) +3 and
n(3) -=2>n(1) +3, so (8.14) reduces to the following system

o, + w"75y (D=5 g1 n(l)=dg

2,292 2,393 = ©
(8.15)
n(2)-4_ _ n(2)-4 Tt _ n(2)-3 T o_
03 + Y3 -m d3'2@3 ™ d3'393 =0 .

This system can be solved for 0, and 03 by a similar argument to that
used for the solution of (8.11).

We can now again apply the result of [7, § 2] to obtain
g = (02,03) € Oi , with o, a unit, oy divisible by w, satisfying

(8.16) o o) = (-3 7

Just as before this enables us to define a 2x2 matrix £ € GL(2,0w)

satisfying

T n(2)=-3 "y)
’

£ 2™ = diag(n

where the right-side denotes a 2x2 diagonal matrix with diagonal
entries indicated. By the well-known functional relation, it follows
that y = n(3).

In case (ii), i.e. p=11, the above argument is modified as
. _ _ 2 Vv _n _ LY
follows. We can find & = (£,,8,,83), &; = 7" &,, £, = £,, E5 =T k&4
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v N N~ N
with £ = (51’52'53) having unit co-ordinates in 0 satisfying

(1) 5 .1

(8.17) £ A = 7" g .
Then letting
E1 %2 &3
A
A = (0] 1
(o} 1

and setting
L -
9= 1 a1 4T

yields <5 in the block form

PN us (]
QD = a
T °D(1)
where ? = (fl,?z)t is a 2x1 submatrix and 6(1) = Qﬁéll
14
a 2x2 submatrix. Furthermore
A _ (1) - A~ _ -]; .
F2 = AZ,IE , ord F2 =35 i
A _ (1) - ~ .
F3 = A3'1£1 , ord F3 > 1 ;
S(1) _ _ (1), -1,.71 (1) a(1) _
Dy,2 =~ By 18y E5 * Ay 5, ord &5 =
(8.18) "
(1) _ _ (1) ,.-1.7 (1) (1) _
2,3 = " By 181 E3 + By 3., ord &3 =
51 _ _ A1) -T,.T (1) 2(1)
Q3,2 = = B3)18) &y + B3 5, ord &35 >
&(1) _ _ (1), -Tt,T (1) H(1) _
23,3 = 7 A3, 8 &3 + A3 3, ord Py 5 =
We can now find 0 = (61,92)t € 05 such that if

with I the 2x2 identity matrix, then
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aéa-u["s 0].
(1l
o g

The rest of the argument goes through unaltered. This completes the
proof of (8.9).

. Ty = .= =1, — =2 — =3 . =
Remark : Let h(t) = a,t+a_ 1t THa_,t THoa_st with o, € Fq ,

a1,3_3 € F; . By the method of § 7, we can conclude that for p> 11,

p=2 (mod 3), the Newton polygon of L(h,t) and L(f,t) (given in
theorem (8.9 (i))) coincide.
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