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FLOW OF OIL AND WATER THROUGH POROUS MEDIA

by H.W. ALT (Universitdt Bonn) and E.DI BENEDETTO (Indiana University)

We shall prove existence and regularity for the flow of two immiscible fluids
through a porous medium. It is described by the following system of degenerate

elliptic parabolic equations (see [2]1, [3]).

(1) Btsi -V °(ki(Vpi-+ei)) =0 in QT := QxJO,TC

for i =1,2 , with side condition

1 2
The porous body ! is a bounded domain in RN with Lipschitz boundary. s; is
the fluid content of the i-th fluid depending on Py =Py s ki its conductivity
depending on S+ The hydrostatic pressure is denoted by p, and e, is the
gravity. si and ki are continuous functions as in the Figure, si strictly

monotone in [ ] where - < . <0< <o, and k ositive in
P B ! =Pnin Prax= %" i P

min’“max

10,1]. Therefore we have the additional side condition

- <
P P, - P, SR

. <
min —

min max
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H.W. ALT, E. DI BENEDETTO

As initial condition we pose

Si(Pi-pz)(x,O) =si(x) for x€0 ,

o o

+s
172
w(s?) € LI(Q) where Y 1is defined below. The boundary conditions are induced by

where s, are nonnegative measurable functions with s = 1. We assume that

a partition of 9 into three measurable sets I’l,F2 and I’o. We consider
Neumann data
k.(Vp,+e,)*v=0 on I' x1JO,TLC
it ti i o
and mixed Dirichlet and overflow conditions
- D
Py =P
ey = i - >
kz(Vp2+e2) v 0 if Py - P, Pin
k2(Vp2+e2) eV =0 if Py =Py = Pp.o

on F1 x JO,T[L and similar conditions on PZ x Jo,TC.

Here

e er”@) no,mu! 2 (@)

i T
with
D D
- <

pmin < Pl p2 - pmax

and

Btp[i) €L1 (O,T;LZ(Q)) nwt (QT) for some r>1 .
Common Dirichlet conditions for Py and p, are easier to handle.
Multiplying (1) by pi-plz we see that

T 2
(2) 2 J J k; (s, (p; =) [Vp, |
151,270 1

determines the natural topology of the problem. Therefore since ki degenerates

we cannot work in function spaces for Pi' But if we define

20



FLOW OF OIL AND WATER..

1sz (s, min(E,0)))
u, =&, (p,,p,) := J a&
1 172 k, (s, (0))

(3)

PI'PZV/kZ(sz(max(E.O)))
o k2(52(0))

a

then (2) is equivalent to the L2-Norm of (Vul,Vu2). Also
ki(sl) Vp1 Vu
k2(52) sz Vu ,

where in the set {plzpz} the matrix K is given by

kl(sl) 0
K(sl) =

k,(s,)) = Vk,(s,(00)k,(s,)) Vk,(s,(0k,(s,)
and similarly in {pljipz}. Introducing the notation

D
K := {(v Vyevy) EL (0,T; ut (Q)) i vy =p; and v, -v, 2p,, on le Jo,oC ,

<

D
= - <
5 p2 and vy -V, P on 2 x J0,TLC}

we can formulate the properties of a weak solution (pl,pz) as follows. p; : 2+ R
with pmi j;pl-ng_ max and the transformation (ul,uz) obtained by (3) (in )
is of class L (0,T; H (Q)) Furthermore for (vl,v:) €K with Btvi ELI(QT) the

following inequality holds for almost all t , where s, =s; (p1 -p,) :

2

W(s, (£)) -P(sD)) - | (s, (£) (v, -v,)(t) -s (v, -v,) (0)) + ‘ 3, (

1 Sy syietvy =V, vy =vy) (0)) S (Vg -vy) ¥

Q Q o ‘Q

) . 1
+ ZiJ’ J (Z. k..(si)Vu.+k.(s.)e.)-(i—-(—) I, k..(s.)Vu,-VV.)iO .
° Q J 1] J 1 1 1 i Si J 1] 1 J 1

Here by convention

klj(O) =0 and (0) =0 ,

kl,
Vi

and the convex function | is defined by

91
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z
V(s (2)) := Jo(sl(z) - s,(8) & .

Hence formally atlj)(sl (p1 - pz)) = (p1 —pz)ats1 (p1 - p2) , therefore the variational
inequality (4) formally is equivalent to the above stated initial boundary value

problem. We prove

1. Existence Theorem. Suppose that HN_l(l"l) >0, py,>-®. and

N-1
u =0, (0,-p )<=, or that H (T))>0, p_ <=, and

u ., o= fl>1(p ,0) >~ o, Then there exists a weak solution.

min min

Proof. We approximate the conductivity ki by positive functions

k_, := max(ez,k.) ’
ei i

and the water content by adding a penalizing term

s ,(z) := sl(z)+€z , s

el (z) := s2(z) - €z

€2
Furthermore we approximate the time derivative 29 £ by backward difference

. -h . . _
quotients Bt . Thus we start with solutions (phel'phEZ) EKh of (phe = Pyeq T

= Phep)

-h
(5) Zifﬂ (St Sei (phe) (phei - vi) + V(Phei - Vi)kei(si (Phs)) (Vphei + ei)) <0

for all times and for every (v1,v2) EKh. Here Kh is defined as K with p]i)
replaced by
D jh D
p, . (t) :=][ p, (1) dt for (j-1)h<t<jh .
hi .
(3-Dh

The initial condition is

o
= ~h<t< .
Sei (phe) (t) s; for -h<t<o0

The solution Prei of these inductively defined elliptic problems exists since
-1 D
> 0. . - . . :
HN (I‘1 U l"2) 0. Setting v, =Py ve obtain for the parabolic part since Sy

is monotone
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FLOW OF OIL AND WATER...

tro b t € D
J Jat S¢; (Ppc) (P~ Py zf J ( (Sei(phe)-ssl(E))dE-sel(phE)Ph) +
o ‘R t-h’Q \‘o

t-h t t
h D 2 h D
* J J Se1(Ppe)d B - C2c ef J lppel® - eJ J lpell3g pl -
o Q Q o ‘Q

Together with the elliptic part we obtain the a priori estimate

t-h

T
2 2
€ sup J lp, | -FZ.J J k_. (s, (e, M|V . |“<c .
o<t<T /Q he 1o Qel i '“he hei

Therefore if Uy are defined as in (3) with respect to kei we can conclude

2
. : > s
that vuhsi are bounded in L (QT). Now in the set {ph€1 > } by definition

PheZ

Of kgy (write wo = o~

0 S‘uhe < Ynax * ce !Phel .

|

Thus if Uy < o by the a priori estimate

max(y _ - u _,0) >0 in L0, @) .

Similarly if u , > -
min

. . o 2
mln(uhE umin'o) +0 in L (0,T;L7(R)) .
Together with the boundary condition and the assumptions made this implies that
uhEi are bounded in L2(O,T;H1’2(Q)). Hence for a subsequence h-=*o , €-=*o
-+ u, weakly in L2(O T-HI’Z(Q))
Yhei i ¥ e

and

Consequently Py and p, are well defined by (3).

The next step is to prove compactness of s ). We multiply the equation

ei Phe

in the time interval 1(j-m)h,jhl by the time independent function

2
Vi T Phey * N (e (B) - wpe, (E-mh))
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o
where neco(ﬂ) , 3J>m , and (j-1)h<t<ijh. Using the a priori estimate we

obtain

T
2
Jm}JQ n (s€1(ph€(t)) - sel(PhE(t_mh))(uhe(t) —uhe(t-mh)) <Cmh .

: . . ; : 1 ;
Since P, 1s a monotone function of e and since Elphsl +0 in L (QT) it

follows as in [1] that s

. . . 1
el(phe) is relative compact in L (QT) , hence for a

subsequence convergent to sl(pl-pz) in L1(QT) and almost everywhere.
Then also Ue1 ™ Yheo d u, —u, almost everywhere in RT. Moreover the

boundary condition on Fi , i=1,2 , is of the form

+ = -

Yhet Yhe2 Ye(u'ht»:l “hez) !

where Yei are continuous functions converging uniformly to some Y. This implies
that

ugtuy = vlemw) o

that is, (u;,u)) is of class K.
Finally we have to show that (ul,uz) satisfies the variational inequality.
For this write (5) (omitting unessential positive terms on the left) in the form
1 t o t 2
n Jt_hJQ (w(sl<ph€>) —ws1>) + ziL J‘(kei(si (P ) |Vphei| +key (s (B )V s e,-)

h

JtJ 1 ° en h
< s_, (p )v——JJsv—J Js(p Yo, v, +
eendg €1 heTh T h ) JottTh ] 0 Jo"e1 Phe Teh

=

t
* Z:Jo JQ (kei (85 (Ppe))VWhy * &5 * Ky (55 (Pre))VBpgy © Vvhi) .

Here (Vhl'vh2) EKh is a suitable approximation of a given function (vl,v2) with
the properties as in (4). Since Sl(phe) converges almost everywhere the first
integral on the left and all terms on the right except the last one converge to the

desired limit. Since

ke (S5 PRy = Zikeyy(s; (B IV oy

9



FLOW OF OIL AND WATER...

also the last term on both sides converge. The second term on the left is (Egeo)

t
1
> L ———— Lk _ . (s, Vo
- iJo JQ keoi‘si‘Phe)) ! €1y (S5 Pped Wiey

which in the limit €-+0 , h-=>0 is

2

t
1
Z'zijo JQ ke_i(si(p1-p2)) ’zjkij(si(pl"pz))vui

Then let eo -+ 0.
That weak solutions satisfy the differential equation is stated in the next
Lemma.
2 ©1,2 . %
2. Lemma. For any weak solution atsi(pl-pz) €L (0, T;H "7 (R)") with initial
values s(i) , that is,

T

T
(o]
(6) Io<6tsi(p1—p2),c> + J Jn(si(pl-pZ) —sl)atc =0

o

for ¢ €C:(Q>< [0,TL). Moreover in the above space
(7) Z)tsi(p1 - p2) - Ve <ijij (si(p1 —pz) )Vuj +ki(si(pl —p2) )ei) =0 .

Proof. Formally this follows by setting vi = pii T in (4). But since we do not

know whether pi is regular enough to do so, we have to approximate these

functions. Choose up, Nou and up 2 u and define
min min max max

1 P : P
o= % 4 = -
: t3 max(u in’ min (u ax’ M uz)) .

Then the corresponding pressures p? belong to L2(0,T;H1'2(Q)). Similary

define pli)p . Then

= WD p__Dp
wi =P+ (py-py

)

satisf . S wW, -w
Y pm:.n Y

<p and the Dirichlet condition on I,. As test
1 2 max i

function in (4) we use
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TE 1 TE TE 1 TE TE
o= — + — i -
Vi,2 T2 (‘”1 +vy, ) 2 max(Pmin' min(P ¥~V )) * T2
where
TE ._.D p__Dp
w, (t) = Pi(t) + (pi 1 ) (t) +

_@G+bh-T-t p_ Dp . oy P _ DRy
+ max (0,1 . (pi P, Y((F+1)h-1) (py-p; ) (3h-T)

whenever jh-T <t < (j+1)h-T , j=O,...,jh , t. =3 +h, th—hitoit for

h h h
. . A D _.D p op
given to<T. In this definition pi(t) = p; (o) and pi(t) =Py for t<O0,
op 1,2 . op __op
< - <
where p; €H () is chosen such that P iniP; Py SPoox and

op__op
Py 7Py

Y(s)) - (s®-s (E))AE)>0 as p>0 .
1 1 1
Q o
Then the Ci terms in (4) give the assertion provided we can show that for Ci =0
the right side in (4) does not exceed the left in the limit € -+ 0, h >0, and
p =+ 0.

Let us consider the parabolic terms. For almost all T almost everywhere in

TE T€E T€E
v, -

0 we have (writing Sy (t) for Sy (x, (pl - p2) (x,t)) , v for 1 v, etc.)
(j+1)h-1T (j+1)h-T
TE T€E . TE
) sy atv = | x({pmin<w <pmax}) (sl—sl((j+1)h-1’))3tw +
jh-T jh-1

+ sl((j +1)h—T)(wT€((j+ 1h - 1) —wTE(jh—T)) >

(3+1)h-T (3+1)h-T
> - |s1-s1((j+1)h—r)| |3tpD|-é |s1-s1((j+1)h-1) .
jh=T (3+1)h-T-€
(j+1)h=-T
¢ P - 5" (3n - | - Isl((j+1)h-T)|I 8, 0" -p"")] +
jh-1

+s ((J+Hh-T) (Pp((j+1)h-T) -Pp(jh-T))

The second term tends to zero as € + 0 , hence summing over j and integrating
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over § we obtain

th_'[ jh-T
. TE . P, P,
(8) 1lim I Islav >R+ E JS((J+1)h-T)<p((]+1)h-T)'-p(]h-T)) .
t 1 4 1
€+0 ‘o Q j=o ‘§

For the second term on the left of (4) we have

Thus the sum of the left sides in (8) and (9) is
j, -1

ZR3 - J (sl((j+1)h—T) - sl(jh-T))Pp(jh"T) 2
j=o ‘Q

>R, -

pP (£, -1) p°P
o
(Sl(th-'f) - SI(E))dE + JQ Jo (SI—SI(E))dE >

°p

o

P
>Ry - J (\P(sl(th-'r)) - J (sf-sl(Q)dE) .
Q o

Integrating over T from O to h and dividing by h the last integral
converges to the first term in (4). The remander R3 tends to zero with h and
p after perferming the mean over T. 1In the elliptic term we first can go to the

limit with €. After that it is not hard to complete the proof.

3. Remark. In order to show that the weak solution Py /P, satisfies the original
problem, we have to show that si(p1 —p2) are continuous in space and time. This
would imply that Vpi is well defined in the open set {ki(si (p1 -p2)) >0}.

We need

4. Assumptions. S is continuous differentiable with respect to the 2z variable

i x <z<
in Q {pmin z pmax} and

(10) stl >0 ,

kl(sl(z)) 0
>2c(0) >0 for z<p __p '

(11) 9 s, (z) max max
z"1
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ki(si(Z))
(12) ‘ 5 s (2 <c for z £ 0(>0) if i=1(2) ,
Z 1
(13) [k, (s, (2)) (3 k) (s,(2)) + ky(s,(2)) (3 k) (s,(2))| < .

Let us consider the transformation (see [81, [13])

P,~P
172 kl(sl(E))

a .
k, (51 (&) +k2(sz(€))

v=s, , and u=p2+[
Then formally v and u locally in § are solutions of the system
->
v

(14) 0 =Ve (k(v)Vu + e(v)) (define = =(k(v)Vu + e(v))) ,

(15)  3,v =V (@WW + b(v) +daW¥) ,

where

k(z) = kl(z) + k2(1-z) ,
e(z) = k1(2)91 + k2(1-z)e2 ,
k,(2z) k,(1-2)
1 2 -1
a(z) _T Btsl (z) ,
by - aP U7
- k(z) 1~ %27
d(z) = '——kz(l_Z) or = - —kl(Z)
T k(z) T 7 k(=)

The assumptions made imply that these coefficients are bounded and

c<k<c, Iazdls_c ,

¢ (w) := inf a(z) >0 for every w>0 .
z<1-w/4

Then u satisfies an elliptic equation and v a degenerate parabolic equation,

coercive near O.
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5. Remark. u and v are solutions of (14) and (15) with Vv replaced by

1im V min (v,1-p) and Vu replaced by lim Vup , where min (v,1-p) and up
p=>0 2 1,2 p=>0
are in L°(0,T; H "“(Q)). up is defined as u with p, replaced by p? , which

is the transformation of ug according to (3), and

0 u1+u2 1 o 0
= = + = i -
u; 2 3 max(umin, min(u <’ u, uz))
. p P
with u ., Nu | and u 1 u .
min min max max

Next we show

6. Lemma. In addition to the assumptions in theorem 1 suppose that if HN_I(Fl) >0

then Prin >~ and

P
[ max k2(52(€))
@€ <c ,

kl(sl(E))-sz(Sz(g))

(similar if ﬂN_l(Fz) >0 ). Then u s locally bounded in QT.
Proof. The assumptions imply that the functions up defined as above are

uniformly bounded on Fl UT2 by some C. Then
¢(up) = min(up-fC, max(up-C, 0))

can be used as test function for the equation (14). This gives that
im fleen |l ,
p>0 H "7 (Q)

2 o
is bounded in t. Then multiplying (14) by n up with r]ECO(Q) we obtain that

: P
lim ||u” (t)
a0l 4,

loc
is bounded in t. Therefore up has a weak limit, which is a bounded function

satisfying (14).

Now we are able to prove

7. Regularity theorem. Suppose that the assumptions in 1. and 4. hold and that u

18 bounded. Then si(pl-pz) are continuous in QT , and the modulus of

929
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continuity can be estimated.

Proof. This follows by an iterative procedure from the two propositions below,
and they are proved using the De Giorgi techniques, where the special features here
are the degeneracy of the coefficient a in the parabolic equation for v and

the coupling to the elliptic equation for u.

8. Notation. Let (xo,to) EQT. For R>0, o0>0, and 0<0O 0,<1 we let

1’ 2

O _ ol 2
QR(°1’°2) := B(l—ol)R(xo) X tho (1 02)0LR , to[
and o = 03(0,0) , o = Q. We define
||wné := egs sup J |w|2 + J ‘lez ,
R t -RO<t<t ‘B(x) o

and similar for QOL(O ,0,). In the following O<R<XR with Qr €< Q and u+ ’
R 1"72 (<} o T

u are any numbers with

+ X -
ess supv <u <1, essinfv>uy >0 ,

QR QR

+ - s A . .
hence ess osc v <y -y < 1. Furthermore ww is any positive number satisfying

+ - + -
W-u fw<2m -u).
9. Proposition. There is a small constant such that if

meas (Q_ N {vout - %})ﬁ c ¢, (Wmeas(Qy)

then

o|un

ess osc v<_—-W .

/2
Here ¢, @) := (@ ¢o<w))N+2.

+

+ .
Proof. Let Yy i min(v,u+ - %) and u - %ik <y —% and multiply (15) by

(Vw—k)+n2 in the time interval ]to—Rz,tE with t<t°. Here n 1is a cut off
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function with n =1 in QR(OI'OZ) , N =0 on the parabolic boundary of
and

lon| <com™, || <com™

2,.-1
0 g_atn 5_c(02R )

We obtain

t t

2
I N 2wt + J , J awmn?[Viv, -10*]? = J , J (®(v)3.n’ -
B t -R B t -R B
R [o} R o R

- 2@ (v, -0 TN - B +d@NT v -k ),

where

1 +2 + w + w,,+
<b(v)-5|(vw-k>| -7 W =)

Since a(v) 2_¢o(w) in {(vw--k)+ 4 0} and

v v
+ + +
a(v)(vw-k) Vv = (vw-k) V(Joa(g)dﬁ) - Joa(g)dg V(vw-—k)

we derive using the various properties of the coefficients

t
2 +,2 1 2 +2
cJB ne) v (&) -x) 7| ”5‘%‘“”] URIAACAES SRl IS

to—R BR
-2
(0, R) t
=€ ('Jsl(T) * ‘°2R2)_1)j x({v>k}) - J J 3d(v>V((vw-k)+n2)
o o0 t -R° ‘B

>
Using the fact that v is divergence free the last term equals

+

t k+ (v, ~k)

= - J I JJ © 7 @) -da(E))dE n? <
to-R2 B_ ‘x

t t
b GJ J |Vu|2(vw-k)+2n2 + % J J x({v>x} |vn|?
t -R? /B t -r2 /B
o (o] R

Q

Multiplying (14) with u((vw--k)+r|)2 we see that the integral involving |Vu

is estimated by

101
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t
cj j Vv -10* 12+ xdv>xh (| + n?)
tO_RZ B

Substituting this estimate we obtain

+ - -
| v, =% llf2 ©..0.) g—c—2 <(01R) 2, (02R2) 1) * meas(Q N{v>kh .
R 1’72 ¢O(w)
Now we use this over a sequence
=R R =yt e
Ry=3+r g ad k=W 2" 8 n+3
2 2
Using an embedding Lemma [10; II(3.9)] we get
2
2n 1+ —
J |, -x)*1% < c =2~ meastg niv >k b N
Q ¢o(w) R n

Rn+ 1

2
- >
kn) meas(QR ni{iv kn+ }) , hence

n+1

But the left side controls (k

n+1 1

1
[ . P . >
Yo 23 5 ¥, Py e 2 meas(QRnn{v kb .

Since by assumption y, was small enough, yn—>0 as n->o by [9; 2 Lemma 4.7],
which proves the Lemma.

From below we will only assume that
-, w
(16) meas (Q_ N {v<u + Z}) < (1 - co¢1(w))meas(QR) .

But since a is coercive near 0 , we can derive a similar statement to

Proposition 9. First we show an uniform estimate in time.

10. Lemma. Let k iu+ +2 and p > 3. Then for t - R2<t

<t<
4 tto

1
2 1 2P° 2
RGICER, 5] w_z((v(tl)—k)_) + %i%)%_)_(_z_ N (_w_g) )RN ’
1-0)r By o o

where

Y(z) := max(O, log ——w—/4———) .
w/4-z+w/2P
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Proof. Multiply (14) by -(_113_2)'(v--k)-)n2 where 1 1is a cut off function in

space with n =1 in B(l‘_0 )R®
1
We obtain

t L - -

J nzfuwt)-k)') +J I a(v)nzggz (-1 |Vw-Kk"|% =

Br t "By

2,2 - t 2 - 2

=f NPT vie ) -k ) +J J a(v)y” ((v-k))VwWn® +
BR t1 BR

t > 2 -2
+ (b(v) +d(v)v)V({~ ((v-k) In’)
B

t1 "By

since a(v) > ¢_(w) in W2 (v-x7) %0} ana

%%n=2“+@¢J » hence ———-< 2

we derive that

t
J n2p?(we) -k + c¢o(w)J J n2p? ((v-17) Vv -k 7|2 5J T’Izll_)((v(tl)—k)_) +
BR tl BR BR

N t
*3 C(w) J J (a+pyrn® eyl +I J A" (v -1 n?)
o t, 'By t; "By

>
Since v 1is divergence free the last term equals

t > -2 -2
=-j I V3, amVv-x)" ¥ ((v-10m? <
B
1 "Pr

t t
SGJ J N2 (v -1 ) ([Vv-x 7|2+ 1) +§f J n2(|%n|24 1)y
1 PR £ "By

Using

(17) U_J((v-k)—) < (log 2)(p-2) and y'((v-k)-)i
w/2p

the assertion follows, where the integral with |Vu|2 can be estimated by
multiplying (14) with unz.

As a consequence we obtain
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11. Lemma. There is a p = p(w) such that if R < 2 Pw and (16) hold then

meas(BR n{vit) < u- + 2_pw) < (1- az)meas(BR)

C
2 o
- < < o= —
for to aR“ <t to. Here o, : > ¢1(m).

Proof. By the previous lemma (k=Y + %)

(18) I P2 (v -x7) 5[ Ve -7 + SR N
B(1-01)R Br L
2 2
and by (16) for some t, €Jt -R",t -aR[
1 [<] [¢]
meas(B_ N {v(t,) <k}) < 1-2a meas (B_)
R 1 - 1-a R
hence using (17)
J Ve =107 < (og 22(p-22 L2 neas(s) .
BR
The left side of (18) is
2 -
> v -7 >

T
B(l_ol)Rﬂ{v(tKu +2 5y}

p -3

> max(0,log 2 © )2meas(B n{v(t) <u-+2—pw}) 2

(1-—01)R

> (log 2)2(p0 - 3)2(meas(BRﬂ {v(t) <y + 2_Pw}) -0,N meas(BR)) .

1

Substituting these estimates in (18) we get

< +
-3) 1-a * € ON -

-, D
meas(BRn{v(t)<U +2 “wh (§_2>2 1-20 p-2
meas (B,) = b, W02 (p-3?

Now choose 01 = 30t2/(2N) and p large enough so that

C(p-2)
2 2
¢°(w)01(p—3)

In

2
3,2 p-2 -
50 and (p_3> < (1-0)(1+20) .

We also need the following estimate
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12. Lemma. There is a constant C such that for kgu_+% and 0<B<1

Il wv-1%07|? <5 ((oln)'2+ (OZBRZ)_1>J ol w-x7|%+
QR(OI'UZ) ¢°(w) QR
+ 3 meas(QBn {v<x}h .
R
¢o(w)

Proof. This follows similarly to the first part of the proof of Proposition 9 by
-2
multiplying (15) with =-(v-k) n° , where n is a suitable cut off function.
Now we are able to show

P

13. Lemma. For 6>0 there is a q = q(w,0) >p(w) such that if R<2 *w and

(16) hold, then
meas(an fvep +27%h <0 meas(Qi) .

Proof. Let g>p(w) , 2 = u_+2_qw , and k = u_+2_q—1w. By Lemma 11 for

t -aR2< t<t
o o

meas (B n vty >h > ca?gY '

therefore using [9; 2 Lemma 3.5]

meas(BRn {v(t)y <x}h =< C_122

J [Vitvey -] .
o BRn{k<v(t) <}

w0
2q+1

Integrating over t yields

2 2

(19) ( w+1) meas(Qiﬂ{v<k})2 i%meas(Qaﬂ{k<v< 2})J |V(v-5L)_|2

2 o R >

QR
and by lemma 12
- - 2 —

Ja'V(""L’ |2 < ((essQ sup(v - ) ) +R2)RN5 € W% .
r 4)0(00) 2R d)o(w)

Thus (19) becomes

CRN+2 o
—4—-——2-meas(QRn{k<v<,Q}) .

meas(an {v<k}h? <
o ¢ (w

Adding this unquality for gq = p(w) ,...,qo—l we obtain the lemma, if 9, is
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large enough (depending on w and 6).

14. Proposition. There is a q = q(w) such that if (16) holds and R < 2%,
then

ess osc v < w(l- 2-q-1)

R*

’

where R = c1R7/6. Here c, 18 a small constant independent of R and w.

Proof. Consider the cylinders Qi and the levels kn defined by
n

R - w w
and kK =3 +—m+ — ,
2n+ 1 n 2q+ 1 2q+n+ 1

R
== 4+
Rn 2

where q = q(w,0) , 6 to be chosen. By the embedding lemma [10; II (3.9)1]

2
-2 N+2 -2
J o |(v—kn) |“<c meas(Qg n {v<kn}) " I (v-k) | a .

Q n+1 Q
Ro+1 a1

The left side controls

b,

2 o
(k -k ) meas(Qy n{v< ko1
n+1

and by Lemma 12

n 2
-2 C 2 - o
” (v-kn) || o < —-——( (? ess sup (v-kn) ) + 1) meas(QRnﬂ {v<kn}) .

- 2
Q ¢_(w) Q
Rn+1 ° Rn
. - - o
Since (v—kn) <2 9 on QR we get the recursive estimate
n
NEZ 1+ 2
Co 4n N+2
Y <——=2Y
n+l — 2 n
¢o(w)

meas(Qg n{v< kn})
n

o
meas (Q_ )
Ry

By [10; II Lemma 5.6] we infer that yn->0 as n-+o if

¢O(w)N+2
y <¢c —mm
o o
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But if we choose 6 to be the right side of this inequality, this is just the

statement in Lemma 13.

15. Remark. 1In [8] the existence of a classical solution is proved in the case
that the equation (15) is strictly parabolic. The paper also contains uniqueness
and stability results, but the overflow condition is not included. Some of the
arguments are restricted to the two dimensional case.

Recently in [7] the existence of a weak solution was shown for the Dirichlet-
Neuman problem. The assumption is that the initial and boundary data stay away
from one side of the degeneracy, so that the solution contains only one pure fluid
besides the mixture.

In the article presented here the statement of Lemma 6 in connection with the
assumption in Theorem 7 is not quite satisfactory, since if kl(z) < Cz condition

(11) implies that Poin = -« , but then Lemma 6 does not cover the case

-1
# ;) >o.
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