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LEAST AREA PROBLEMS WITH A VOLUME CONSTRAINT 
by E. BAROZZI (Università Trento) and E.H.A. GONZALEZ (Università Lecce) 

1. INTRODUCTION. 

Let SI be an open subset of HRn with locally Lipschitz boundary dSl and 

let T be a (Borel) subset of dQ. In this lecture we wish to consider the 

following problem: 

I to minimize F(E) = / IDA I + / I<f)„ - IdH . among the Borel subsets E of 
(P ) V E aSl r n"1 

V JSI satisfying |E| = measure of E = V (0 < V < \Sl\) 

Here (|)E denotes the characteristic function of the set E , / ^ l D ( J ) I i s t h e 

perimeter of E in SI , i .e. 

I DA I = sup{ <ИУФ(Х)СЬС# Ф бе1 №,ШП) , ||ф|| <ì) 
h Е VE ° 00 

It is well-known that every set E with j^l0^! <+°° has a trace integrable 

on dü , which we sti l l denote by (j .̂ 

Roughly speaking, we are looking for a solution set E taking on the prescribed 

boundary value T , such that the area of its free surface 8E fl SI yields a minimum 

when compared to the area of the free boundary of any admissible set having the 

same volume in SI and the same trace on 3fi. In our formulation, the "Dirichlet 

condition" T is actually retained in the functional itself, as a "penalty term". 

The existence problem. 

If Q is a bounded set, i t is very easy to prove the existence of a solution 

to problem (PX7) . In fact, from Ascoli-Arzelá theorem and a standard 
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regularization of the characteristic function $ , we get easily the following 
E 

Compactness theorem. 
If 

ft Eh 
<_ constant (independent of h ), then there exist an increasing 

sequence j(h) and a set E such that 

*E 
j(h) 

d+ 45 <J> in L1 (ft) E 

On the other hand, the functional F is lower semicontinuous in the L*(ft)-

topology. These two results enable us to get the existence of a solution to 

problem (Py) in the case |ft| <+°° . But in the general case, if ft is not 

bounded, we can assure only L*qc(ft)-convergence to 4>E and therefore, it is not 

guaranteed that the limit set E verifies the volume constraint. Our first 

problem is then: 

Problem I. To prove an existence theorem for problem (Py) in the case |ft| = +°°. 

The regularity problem. 

Of course, although our definition of area spans very strange boundaries, we 

expect that a minimum to problem (P̂ ) has a regular boundary (except perhaps for 

a small singular set). 

In 1960 E. De Giorgi proved the analiticity of the reduced boundary 3*E of a set 

E , minimizing surface area in an open set ftc3Rn . (See 111). 

Then, M. Miranda obtained the following estimate on the measure of the singular 

points: Hn (̂3E - 3*E) = 0 (see C143) . Later, H. Federer improved this result, 

showing that actually HS(9E-9*E) = 0 V s > n - 8 . This is the best possible 
Q 

result, in view of the well-known "Simon's cone" in JR . (See Z9l, [3D, C13D) . 
We want to consider the new problem arising when a volume constraint is 

imposed to the solution: 

Problem II. To prove a regularity theorem for the boundaries of the minima to 

problem (Py). 
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Lagrange multipliers. 
It is very natural to ask for the possibility to drop the volume constraint 

by adding a suitable "penalty term" to the functional. This consideration leads 

us to the following: 

Problem III. Find, for every v€(0,|ft|) , a suitable "regular" function 

g : (0,|ft|) H such that problem (Py) is equivalent to the problem of 

minimizing F(E) +g(|E|) among the Borel subsets of 0. (that is, without any 

volume constraint). 

We answer now to these three questions. It is a very remarkable fact that the 

same idea permits us to solve problems I, II and III. The key argument in our 

method is the isoperimetric property of the sphere combined with an iterative 

argument. 

2. PROBLEM I: EXISTENCE IN THE CASE = +°°. 

There is a particular situation with = +°° in which the solution to 

problem (P ) is well-known. It is the case Q = 3Rn . The solutions in this case 
are spheres of measure V. However, the proof in this situation relies on a 
symmetrization process which is not applicable to more general situations. We 
recall here the 

Isoperimetric property of the sphere. 

For every Borel subset Ecz3Rn it holds 

(l) |E| A |*n-E| < c(n)(| JD4>e| 

where N = ^n ^ and c(n) is a constant such that (1) becomes an equality if E 

(or 3Rn - E) is a sphere. (See Z6l, Cll]). 

We pass now to prove an existence result in a more general situation. The 

following result is proved in [2], where the following assumptions are made: 
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Hi) T is a bounded subset of dü. 

H2) There exists a ball BcJ] with |B| = V. 

The following example shows that H2) is necessary: 
00 

Example. Let ti = U B.C 1R , where {B.}. is a sequence of disjoint balls, 
j=l D 33 

|B. | = V - -̂ r , let r = 0. 
3 23 

i i V 
Put E. =B.UF.(j>2) , where F. is a sphere, F.cB. , F. = —r . We have 3 3 3 3 3 1 1 D1 23 

i Bzl 
F(E.) 4-no)nv n = perimeter of a sphere of measure V , 3 n 

where U) is the measure of the unit ball in ]Rn. n 
On the other hand, from the isoperimetric property of the sphere, i t must be 

F(E) > n u£ V n V Ecu |E| = V 

and therefore in this case the solution to problem (P̂ ) does not exist. 

Put 

Ev = (Ecfî : |E| = V} 

the class of admissible sets. From conditions Hi), H2) we immediately obtain the 

existence of a set E € with F(E) <+°°. (In fact, i t suffices to take E = B) . 

The proof of the existence theorem under the hypotheses Hi), H2) will be given in 

several steps. Put 

Q. = {x€ ft : I x I < j} ; 3 i l - » 

let j eu be such that BCÎÎ, , rc3ft. V j> j . For j > j let E. be a Jo j j J — Jo J —Jo j 
minimum of the functional 

(2) E +\ |D<f> J + K ^ i l ^ n - l 
Jo E ho. E 3 n 1 3 3 

in the class 
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(3) {Ecfi. : |E| = V} . 

Since |ft_.| <+°°, we already know the existence of such sets E_.. 

Step 1. There exists > jQ such that, for j j ̂  , there exists r. , 

j ^ r . l j j with 

I V ^ n - l = ° • |x|=r. 3 

Step 2. From Step 1 we can deduce, for j_> j^ , the existence of a minimum 
E.czQ for problem (2)-(3). 
3 rj 

Step 3. The minimum property of the sets E_. and the compactness theorem imply 
the existence of a subsequence (which we sti l l label {E.} ) and of a set E € £ 

j o V 
such that 

~ -i -> + 00 1 _ 
E . ~ ^E in L (ft) 3 o 

Step 4. From the lower semi continuity of Jr and the minimum property of the 
approximating sets E^ we can easily infer that Eq is a minimum for F among 

the bounded sets in H . This in turn implies easily that E is a minimum for V o 
problem (Py). 

As the proofs of steps 2, 3 and 4 are somewhat standard, we concentrate our 
attention to the proof of step 1 (for details see C23). To this aim, we need an 
isoperimetric-type lemma. Introduce the following notations: 
For jQ< tx < t2< t3<. jx , put 

(Vt2) -nt2-S"ti . (t2,t3) - n ^ - ^ 

and for j>.J1 let 

= |Ej fi (t1#t2) I , v2 = |E fi (t2,t3) I , v = vx + v2 

and 
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m = max 
6 dH 6 dHQS 

6 dH , E. n-1 

1 f1 *2 
fc3 3l 

For simplicity, assume the trace of E.. on |x| = (i = 1,2,3) is continuous 

(i.e., $1 = <(f on |x| = t ) . 
Ej Ej 1 

Define a set F £ £̂  in the following way: 

F = 
Ej in - ( t i ' V - B 
0 in (tx,t3) 
E.UBp in B 
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B 
p 

fcl 
fc3 

Here B cB is a suitable ball such that |F| = V. P 
Since F(Ej)_<F(F) , the isoperimetric property of the sphere and inequality (1.10) 

in C153 get us the following: 

Isoperimetrie-type inequality. 

With the notations introduced above, we have 

(4) v1 A v2 £c1 • mN , 

where = ĉ (n) only depends on the dimension n and N = ^n ^ (for details 

see 121). 

We are ready to prove step 1: Fix j >. Ji ; later we will choose in a suitable 
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way. 
We will construct r_. as the limit of two sequences ^a-^) r k̂̂ } ' witn â  
increasing and decreasing towards r_. , and such that 

(5) lim 
k J | x | =a ,t*) if vk<v |x|=bk 

VdHn-l = 0 

From (5) we easily get 

|x|=r. 
(t)„ dH =0 YE. n-1 

since E has finite perimeter in ft. 
The sequences "f3̂  an<̂  b̂k̂  ke constructed by an iterative process, 
starting with 

(6) ao = jo ' bo • jl • 

Given and bk (k>_0) , with ak < bk , we define 

(7) ^ = bk-ak , vk - |E. n (vbk) | . 

/ \ \ k Clearly, for any hk€l0,—J , i t is possible to find three points t̂  (i = 1,2,3), 

such that the trace of E on |x| = t* is continuous for i = 1,2,3 , and 
moreover 

(8) 

t^e(ak,ak + hk) 

t2 qdf 
d dqfdf 

2 " 2 ' 
gg *k hk' 

dfdg 

,t*) if vk<v 

while 

(9) 
(qksk) 

V ^ n - l 
p h n-1 

(i = 1,2,3) . 

Now, setting 
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(10) 

,t*) if vk< (k-tk i+1 

k k 
lvk+1 " Vl AV2 

we are in position to construct the new points ajt+j • ^̂ +\ ' choosing the end-
points of the interval corresponding to vjc+j : that is 

(11) ,t*) if vk<v 
(t*,t*) if vk<v* 

1 k k 
(t^,t^) otherwise. 

We construct in this way the required sequence U } , {b }. Let 

(12) m, = max 
1=1,2,3^ |x|-tj 

V « V l 

Using (9) i t follows that 

(13) 13 D V k 

Now the problem is to pick out a sequence ĥ  € 13/3 such that 

(14) lim 11̂  = 0 . 

Take hk = 
I o 

9 • 4k 
Using the isoperimetric-type inequality and (13) we obtain: 

v 
M <rZ o — h o 

v,, < c4mN < c 1— 1 o — C4' 

»! < ^1 
hl ^Cl O . N , h • h„ o 1 

N 
V2^Cimi-

1+N 
v«2 
o 

h«2 • h* 
o 1 
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m2i 12 
h2 

„ 1+N y 
o h"' • h» • h, 

o 1 2 
N „ 1+N+N2 

V3-Clm2-Cl 
v»3 
O 

Y • h f • hN 
o 1 2 

m3 < ̂ 3 
V 

^ 1+N+N2 
v-3 o 

o 1 2 3 
. 

,t*) if v 
k-1 

,1+N+. . .+N 
:1 

Nk 
v 
o hN • . hN .h 

o 1 *j k 

DDF 
i=l 

Cl 
V 

n h. î i=o 

X2 

DSQ12 

<_ I const • — J i .e . , 

( v°Vk 
(14) mk — lconst * 

It suffices then to take j so large that 

v v w o o V const • — = const • :— < const • :— < 1 

and Step 1 is thus proved. 

3. PROBLEM II: REGULARITY OF THE MINIMAL BOUNDARIES ENCLOSING A GIVEN VOLUME. 

(The results in this paragraph were obtained in [12]) . 

Let E be a solution to problem (Py). Define 

tME,x,p) = _ |ix|> J -inf 
B0(x) 

_ |D({)F|, F-B (x) =E-B (x) 
Bp(x) P P 

, (xffi, 0 < p < dist(x,8ft) ) . 

The classical regularity result for minimal boundaries relies mainly on two basic 
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facts: 
first, an estimate of the type 

\Jj(E,x,p) <. constant* pn ; 

second, a procedure which allows to get minimal cones starting from arbitrary 
minimal sets, by "blowing up" at boundary points. The estimate on the function ij; 
can be obtained easily if one can prove the existence of an interior and an 
exterior point to the minimal set E (see Cl2], Proposition 1). We want to say 
something about this last point, which we consider the most interesting part of our 
method. 

It suffices to prove only the existence of exterior points of E in ft , since the 
statement about interior points follows arguing in the same way on ft-E. 

Let Bp(x) c^ ' denote by ti't2,t3 tnree points such that 0 < < < < p and 
assume the trace of E on 3B+. (same centre as B ) is continuous for 

ri P 

i = 1,2,3. 
Define 

m = max 
i=l,2,• 9B. 

i 

MS n-1 ' 

vx = |Efl(tlft2)| (tlft2) = B^-B^ 

v2 = |En(t2,t3)| (t3,t2) = Bt3-Bt2 

V = v1+v2 

We have then the: 

Isoperimetric-type inequality. 

With the notations given above, there is a constant (only depending on 

the dimension n ) suoh that, if 
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2 
(15) v<U) — n 

Л з " М п 

then 

(16) v1 Av2£c1m 

where aaai-n N = —n— . 
The condition (15) is essential here. This condition allows us to replace the 

portion of E contained in the annulus (t^t^) by a ball, say B* , of the same 

measure, that is: 

|B*| = V with B*c(t1 , t ) 

T 
t 

t 

t 

yt 
t 

* 
• B 

Let F = (E-E f| (t^,t^)) u B* ; then, owing to the minimality of E , we have 

v 
x |ff[ 

fg 
sdf[ 

and (16) follows (see Cl2], Lemma 2). 
The existence of an exterior point relies on the existence of a t£ (0,p) such 
that the trace of E on 3Bt (same centre as Bp ) vanishes here: 

44 



LEAST AREA PROBLEMS 

(17) <J)_dH = 0 . 
l9BTE 

From (17) i t is easy to prove that actually |E fl Bfc| = 0 , as claimed. 

The proof of (17) is essentially the same as that of Step 1 in the existence 

theorem; we use an analogous iterative process beginning with aQ = 0 , bQ = p. 

The new difficulty relies on the fact that, at each step in the iterative process, 

condition (15) must be verified. So we need IEDB^I to be "very small". In 

other words, we must be able to pick the sphere BpC^ such that |EDBp| is 

"very small". This is a consequence of a general property for sets of finite 

perimeter. 

Lemma. Let Q be an hyper cube in 3RN with side £ > 0 , and let E be a set of 

finite perimeter in Q such that 

(18) 0< |E DQ| < |Q| . 

"For every p £ ^0, ^ ^ and for every A>0 we can find two balls Bp̂  , Bp cq , 

with arbitrarily small radii ( kdk )> satisfying: 

(19) 

|E DB I <APP 

|B2 - E | <AP^ 

Sketch of the proof. Clearly, for 0_<p<̂ n , statement (19) holds with 

centred at points of density 0 or 1 respectively; assume that p>n. For a 

fixed natural number k , denote by 

ßj[k) , i = 1,2 2kn 

\ ) 
the family of open disjoint subcubes with side 2 I into which Q can 
divided. Then consider the following partition of the subcubes : 

sfdf 
,t*) if vk<v slsl k (lm x) lql 
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x = 
,t*) if vk<v < Ex 

ck -
Q1 k = ,t*) if vk<v E* 

where > 0 is a suitable sequence going to 0. We claim that there is a kQ 

such that 

(20) cardBk>0 , cardCk > 0 Vk>kQ . 

To see this, consider an element £ Â. ; i t follows from the definition of Â  

that 

In view of the Sobolev-Poincare inequality (see C103) this implies: 

n-1 
n 

ek f1 
33fx 

fx 

with ĉ  only depending on the dimension n. 

Thus we obtain the following estimate on cardA^ : 

cardA. • i 
n-1 
n 

•£k 
c2 

" < f M J 
¡0 E 

This enables us to get (20) by taking the sequence efc in a suitable way. The 

choice 

e2 
fx 
2P(k+l) 

contributes to this aim. 

Now, for a given k_>k we can pick out a subcube Q. €B, ; denoting by BD 
O 1 K K ̂  (k) -(k+1) the ball inscribed in (with radius = 2 • I ) we obtain from the 

definition of B, that k 

|EnBpi|< |EnQf)|<2_P(k+1) 'A.)lP = ApP . 

l E n Q f ' U l Q f ' - E l ^ 
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In a similar way, if Bp denotes the ball inscribed in a subcube Q^' E , we 

have 

|Bp2-E|< |Q{k)-E|<2-p(k+1) - A- *P = ApP . 

We state now the regularity result: 

Regularity theorem. 

If E minimizes perimeter with a volume constraint in an open subset ft of 

3Rn(n>.2) , then 8*Eflft is an analytic (n - 1) -manifold, and moreover 

Hs[(3E- 8*E) nft] = 0 V s>n-8 . 

4. PROBLEM III: LAGRANGE MULTIPLIERS. 

For the sake of semplicity we confine ourselves to the case |ft| < +°° , 

V€ (0, |ft|) . 

Define 

(21) 9A (t) = A(t-V)2 , X>0 , V€(0,|n|) , t€3R 

and 

(22) G = (g, : X > 0, V £ (0,|ft|)} . 
A f V 

For every function g € 0 / let Eg be a minimum for the functional 

Fg(E) = F(E) +g(|E|) 

among the Borel subsets Eel]. It is very easy to prove that the set 

v«S) = {|Eg| :g£G} 

is dense in (0,|ft|). 

The following example shows that v(6) doesn't necessarily coincide with (0,|ft|). 

Example (n = 2). Let ft = (0,1) x (0,1) and T as in the picture. 
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r 

The isoperimetric property of the sphere implies that the minima of the functionals 

F can be only of the types indicated in the picture, where, in both cases, 
g 

ft f! 8Eg is constituted by two arcs of circle with the same radions. 

A B 

Moreover, for every g€G there is at the most a minimum of the type A) and there 

is at most a minimum of the type B). 

In situation A) we have 

d(length) > Q 
d(area) 

while in the situation B) i t is 

d(length) < Q 
d(area) 

Since gJ TT(V) = 0 , from the preceding remarks it follows that 

(i) If Eg, is of the type A), then |Eg, J <V A , V A , V 
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while 
(ii) If Eg, is of the type B) , then |Eg, „1 >V . A / V A, V 
We will prove now that 1/2 #V(G) , that is, 

l E g X , v ' * 1/2 V X>0 V V€ <0'|B|> • 

First case. V£l/2. 

Then, if Eg. is of the type A), from (i) we have |Eg, I < 1/2. Suppose the A, V A r V 
set E of the type B) and measure 1/2 is a minimum for rg, . Let E be the 
set of type A) and measure 1/2. Because Fg, „(E) = Fg, T7(E*) , the set E* 

should be a minimum for Fg. , and this is not possible. 
A, V 

Second case. V>l/2. 
We argue in the same way. 

We consider now the functions 
(23) <f>x,V(t) = Xlv" t| , A>0 , 

ve<o,|n|) 

Noting that the estimates in the proof of the lemma on page 45 only depend on 
I , |E n Q | , l D 4 > p | / A and P i we obtain the following uniform version of that 
lemma: 

Lemma. Let Q be a hypercube in 3Rn with side £>0 , and let E be a set of 
finite perimeter in Q such that 

0<a< |EflQ| <b< |Q| 

J |D*EI<C 

(a,b,c are positive constants). 

For every p € ^0,^ n_ ^ ̂  and for every A>0 there exist 

r = r (a,b,c, £,p,A) 
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and two balls B^,B^czQ of radius r, such that 

(24) 
|E fi B1 I < A • rP 

IB2 - E I < A • r9 

Then we have 

Lemma. Let V £ (0,|ft|). Then there exist X = X (V) and r = r (V) such that  11 o o o o 
for every X > X , there are two balls B, , B, eft with radius r and 

l E * x , v n B x l • 0 

l E * A , v n 5 x i " lSJ • 

Proof. Noting that lim | E(J)̂  | = V and taking a , £ , 0<a<V<b< , we 

obtain that there is a X such that 
o 

(25) a<. I Ex I < b V X^X . 
X.v 

From (25) it follows the existence of £>0, a, b, 0 < a < b < in , such that for 
every X>X there exists a cube Q, eft with side % satisfying o A 

a<| EA flQTL I <b v x > x n , v Al- - o 
Let's now choose A and p as in the proof of (17). Using the preceding lemma, 

take two balls B1 = B^(x^) , B^ = B2(x̂ ) eft with radius r = r(a,b,c,&,p,A) and 

verifying (24). Then we proceed as in the proof of (17) beginning the iterative 

process with 

a = r/2 , b = r . o o 

We obtain the lemma with r = r/2. 
o 

From the lemma above we obtain the following 
Theorem. Let V€ (0,|ft|), Xq, rQ as above. Then, for every X > max 2 2 o r , we 

have 

|E<K 1 = v • 
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Proof. By contradiction suppose |E^ | <V. We can then move B, , while 

remaining in ft , until i t reaches a new position B̂  such that 

Is* I q d:c v x: v 

From the inequality (1.10) in [153 we obtain 

dfc EA U B, = r 
* X , v A 

+ X ^ v - ,t*) if )( 
M 1 
,Q V v 

+ ,t*) if .L xgf — | B , - E . | + X I v- |E. UB. I = F 
• VX ,V' 

r 
o 

x * x , v 
+ X ( V - | E I 

V Y X , V 
- X | I X - V | = F*, ( v ) + 

x/rA 
- 0 

,t*)f vk<v 
< *^ (\ ) 

T X , v \ T X , v / 
absurd. 
Therefore |E | >_ V. 

'X .V 
In the same way we can prove that 

V X , v 

5. CONCLUDING REMARKS. 

The techniques we have presented here have been used in the study of some 

questions in capillarity and in problems concerning rotating masses of fluids. See 

El], [43, [53, [83. See also Congedo - Emmer's lecture in these Proceedings. 
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