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IS THERE GRAVITY-INDUCED FACETTING OF CRYSTALS? 

by Jea n E . TAYLO R (Rutger s University ) 

1• INTRODUCTION . 

The questio n o f th e shap e o f a  dro p o f flui d sit t in g o n a  tabl e i n a 

gravitational fiel d ha s bee n studie d analyticall y fo r 18 0 years , fro m Laplac e [4 ] 

to Fin n [3] . Bu t solid s hav e surfac e energ y a s well , s o thi s questio n make s 

equally goo d sens e i n tha t case . Fo r a  singl e crysta l o f a  solid , th e surfac e 

energy pe r uni t are a (fo r a  fixe d orientatio n o f th e crystal ) usuall y depend s 

continuously o n th e norma l direction , an d th e gravity-fre e shap e i s normall y no t a 

sphere. 

In thi s paper , th e followin g tw o result s ar e prove d i n th e cas e tha t th e 

gravity-free shap e i s polyhedra l an d ha s a n edg e pointin g up : 

1) I n th e absenc e o f specia l symmetry , n o gravity-induce d face t ca n occu r o n to p 

of a  conve x crysta l (Theore m 1) , an d 

2) I n som e specia l symmetri c cases , a  gravity-induce d face t mus t occu r fo r 

sufficiently larg e value s o f th e gravitationa l constant , provide d th e bod y i s 

convex (Theore m 2) . 

More precisely , th e surfac e tensio n o f th e crystal-mediu m interfac e i s a 

continuous functio n 

F :  S 2 R + = R  fl {r: r>0 } 

and th e surfac e energ y Eg(V ) o f a  regio n V  o f finit e perimete r containe d i n th e 

half spac e H  =  {xeR3 : x3>0 } i s 

VV) 88 Jxe3vn{x: x  >0 } P (v(x)) dH 2x + aH2(3vn3H); 
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here v(x ) i s th e exterio r norma l o f th e reduce d boundar y o f V  (se e [2 , 4.5.6] ; 

i t i s hereafte r denote d 3V ) fo r a l l x  i n 8 V an d a  i s th e differenc e betwee n 

the surfac e tensio n o f th e crystal-tabl e interfac e an d table-mediu m interface . A s 

usual, th e gravitationa l energ y EG(V ) i s 

9JxeV x 3 d£3x ' 

where g  represent s th e gravitationa l constan t time s th e differenc e i n densit y 

between th e materia l o f V  an d th e surroundin g medium . 

Thus th e questio n o f th e equilibriu m shap e o f a  crysta l o f volum e v  si t t in g 

on a  tabl e i n a  gravitationa l field , wit h give n F , a , an d g , i s th e questio n o f 

the shap e o f an y minimize r o f E(V ) =  Eg(V ) +  EG(V) i n th e clas s o f set s o f finit e 

perimeter o f havin g volum e v  an d bein g containe d i n H . 

Since surfac e energie s var y wit h direction , th e notion s o f wettin g an d contac t 

angles an d thei r relationshi p t o a  ar e muc h mor e elaborat e tha n i n th e isotropi c 

case an d i t seem s bes t t o leav e th e proble m i n i t s energ y formulation . 

For g  =  0 , th e proble m ha s bee n completel y solve d an d th e resul t (calle d W 

throughout thi s paper ) i s uniqu e an d convex ; se e sectio n 2  below. Fo r g  >  0, 

i t i s no t eve n know n i f a  solutio n mus t b e convex , o r indee d i f any solutio n i s 

convex. (Th e cas e o f a  two-dimensiona l crysta l i s sufficientl y specia l tha t i t 

also i s essentiall y cpmpletel y solved ; see  [1] . I n particular , thos e solution s 

are als o uniqu e an d mus t b e convex. ) 

In [1 ] i t wa s show n tha t i f W  wa s polyhedra l an d ha d a  corne r [resp. , edge ] 

pointing up , an d i f solution s t o th e g  >  0 cas e wer e conve x [resp. , conve x an d 

polyhedral], the n gravity-induce d facettin g o n to p resulte d i f th e gravitationa l 

constant wa s larg e enoug h relativ e t o th e volum e enclosed . 

In thi s paper , i t i s show n tha t th e hypothesi s o f V  bein g polyhedra l wa s 

crucial: example s ar e give n o f surfac e tensio n function s fo r whic h ther e i s neve r 

a face t o n top , a s wel l a s one s fo r whic h ther e i s a  face t o n to p fo r larg e enoug h g
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2. TH E ZERO-GRAVITY SOLUTION. 

Given F  :  S 2 R+ , th e regio n o f give n volum e wit h leas t surfac e energ y i n 

the interio r o f H  exist s an d i s uniqu e u p t o translatio n (se e [5 ] fo r proof s an d 

further references) ; i t s shap e i s give n b y th e Wulf f constructio n 

W = { x e  R3 : x*n < F(n) fo r ever y neS2} . 

W ca n the n b e scale d b y a  homothet y t o achiev e th e desire d volum e an d translate d 

to li e insid e H . W  itsel f i s calle d th e crysta l o f F . Th e solutio n t o th e 

related free-boundar y problem , wher e th e regio n i s allowe d t o contac t 3H , ca n 

also b e foun d b y th e Wulf f construction , i n th e sens e tha t th e solutio n i s 

W" = T (wn {x: -x3<a}) , 

where T : R3+R 3 i s th e translatio n T(X-),X2,X3 ) =  (x1,x2fX3+a ) (se e [6]) . I f 

-a >  max{x3 : xew} , the n W ha s zer o volume ; thi s correspond s t o th e cas e o f 

complete wetting , wher e th e regio n degenerate s t o a  thi n fil m completel y coverin g 

3H. I f - o <  min{x3: xew} , ther e i s complet e drying , an d ther e i s a n 

infinitesimal fil m o f th e mediu m betwee n th e materia l o f V  an d th e table ; th e 

shape o f V  i s identical , however , t o tha t whe n - a =  min{x3 : xeW} . 

3. ASSUMPTION S AN D NOTATIONS . 

Throughout thi s paper , w e fi x a n F  suc h tha t W  i s polyhedra l (suc h 

integrands ar e calle d crystalline) . W e assume furthe r tha t onl y 3  facet s mee t a t 

each corne r o f W . W e fix a  g  >  0 an d a  a suc h tha t 

min{x3: xew } <  -a <  max{x3 : xew} . 

I t i s convenien t t o assum e furthe r tha t F  i s a  conve x function , sinc e 

then E(V ) i s a  lowersemicontinuous  function . Thi s ca n b e don e withou t los s 

of generalit y i n th e followin g sense , a s show n i n [5] . 

Let G  b e th e (unique ) conve x integran d havin g W  a s i t s Wulf f shape . The n 

G(n) =  F(n ) fo r eac h n  whic h i s a  norma l t o W , an d G  i s determine d b y i t s 
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values o n th e se t o f normal s t o W . An y se t o f finit e perimete r V  ha s a 

corresponding varifol d V ' wit h V  a s underlyin g se t suc h tha t th e surfac e energ y 

of V , usin g G , i s th e sam e a s tha t o f V' , usin g F . V ' ca n b e though t o f a s 

having "infinitesima l corrugations " whereve r i t ha s tangen t plane s wit h normal s tha t 

are no t normal s t o W . W e therefore d o assum e tha t F  i s convex , an d w e simpl y 

observe a t th e en d tha t i f an y solutio n V  ha s a  norma l n  whic h i s no t a  norma l 

to W , V  ca n b e replace d b y th e correspondin g varifol d V " t o obtai n a  solutio n 

to th e origina l proble m wit h nonconve x F . 

Finally, w e defin e F " b y F'(n ) =  F(n ) i f n  i s no t (0,0,-1) , an d 

F'((0,0,-1)) =  a . 

We denote b y V  (or , t o emphasiz e th e dependenc e o n g , occasionall y b y Vg ) 

any minimize r o f th e tota l energ y E G + Eg. 

Normal direction s t o W  ar e calle d crystalline directions ; a l l othe r 

directions ar e calle d noncrystalline directions . 

4. TH E CRYSTAL GRAPH. 

The dua l grap h o f W ' (calle d th e crysta l graph ) ca n b e define d sinc e W ' i s 

a polyhedro n ( i t i s th e subdivisio n o f th e uni t spher e induce d b y th e Gaus s ma p on 

W): ther e i s a  verte x i n fo r ever y face t o f W^ , thi s verte x bein g th e norma l 

to tha t facet , an d ther e i s a n edg e betwee n tw o vertice s i f an d onl y i f th e 

corresponding facet s intersec t alon g a  lin e segment , tha t edg e bein g th e shorte r 

geodesic betwee n th e vertices . Eac h fac e o f th e dua l grap h the n correspond s t o a 

corner o f W" . 

5. SUMMAR Y OF PREVIOUS RESULT S FRO M [1] (assumin g W  i s polyhedral) . 

1) Th e normal s t o V  l i e i n th e closur e o f th e unio n o f th e edge s o f th e crysta l 

graph. 
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2) I f V g i s conve x an d i f W  ha s a n edg e o n top , the n fo r larg e enoug h g  V g 

either ha s a  face t o r i s curve d o n top ; i f Vg - i s polyhedra l nea r i t s top , the n 

Vg ha s a  face t o n to p fo r larg e enoug h g . 

3) Th e quantit y 

X =  ( 2 %  +  4  EG)/3v 

serves a s a  "Lagrang e multiplier " i n thi s problem . A  typical in i t ia l deformatio n 

will chang e th e volum e b y a  smal l amoun t Av , chang e E g b y a n amoun t AEg , an d 

change E Q b y a n amoun t AEQ . Th e ne w regio n i s the n rescale d t o th e origina l 

volume b y th e scal e facto r s  =  (v/( v +  Av))1/3 «  1  -  Av/3v ; th e surfac e energ y 

scales b y s 2 an d th e gravitationa l energ y b y s4 . Thu s th e ne t chang e i n energ y 

due t o th e combine d deformation s i s 

AE = Av(AEQ/A V +  AEg/Av -  X ) +  0((Av2) . 

Letting h  b e th e maximu m heigh t o f V , w e not e tha t X  -  g h >  0 sinc e on e suc h 

deformation involve s pushin g dow n o n th e to p o f V  (Av <  0) , givin g AEQ/A V «  gh , 

AEg/Av >  0 , an d thu s 

0 <  lim AE/A v <  -gh +  X. 

6. NE W RESULTS • 

Lemma, a ) 1£ x  e  3v, N  ¿6 a convex nelghbonkood o£ x , and vriN ¿6 convex, 

then 3v hcu> a unique tangent cone, at x , and thu tangent cone AJ> a cone; 

b) Tangent cone* to 3v minimize Eg ; 

c) UndeK the hypothebeA o£ a), the nonmatb to the tangent cone tie on the 

bounda/iy oi a single iace o£ the ciy&tal gM.ph. 

Proof. Part s a ) an d b ) ar e well-know n an d easil y checke d (th e tangen t con e i s th e 

translation t o th e origi n o f th e boundar y o f th e intersectio n o f a l l supportin g 

half-spaces o f V  N  a t x , an d tangen t cone s minimiz e E g alon e becaus e surfac e 

and volum e integral s scal e differentl y unde r homotheties) . If  par t c ) wer e no t 
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true, ther e woul d b e a  uni t vecto r n Q insid e th e conve x hul l o n th e spher e o f th e 

normals t o th e con e suc h tha t n 0 i s a  verte x o r o n a n edg e o f th e crysta l graph . 

One coul d the n defor m th e con e b y flattenin g i t nea r i t s vertex , producin g a  face t 

with norma l ng ; thi s deformatio n decrease s surfac e energy , b y calculation s 

analagous t o thos e i n [5] . 

Proposition. 

Hypotheses; 

1) v mivvLrnizeb the total enehgy 

2) x  e  av, 3v hcu> normal n  at x , and n  ts tn&tde the edge o£ the chy&tat 

ghaph cowi<M>ponding to an edge T  O£ W 

3) vnN ¿ 4 convex, wheJie N  i i a convex netghbohhood o£ xnv and T  ¿ 6 the, 

tine through x  pahJoJLlel to T . 

Conclusions; 

1) avrix ¿ 6 a tine segment [heJiea^teh catted a hating) oi positive length 

2) l{\ -  gh ) =  L , whehz X ¿ 6 the " Laghange multiplied' and 

l ¿ 6 the length o£ the hating thhough x 

h ¿ 6 the hetght o£ the centeh o£ ghavtty oi tku hating 

L ¿6 the length o^ T  In w . 

Proof. Le t V , n , T , I, h , an d L  b e a s i n th e hypotheses . Le t m  b e a  uni t 

vector orientin g T . Usin g th e convexit y o f V  PI N an d summar y fac t 1 , w e se e tha t 

VDT i s a  lin e segmen t o f positiv e length , an d a  genera l positio n argumen t allow s 

us t o assum e tha t V  ha s tangen t cone s consistin g o f tw o hal f plane s a t eac h en d 

of T . Le t ri g denot e th e norma l othe r tha n n  t o tha t tangen t con e a t th e 

positive en d o f T  an d le t n ^ denot e th e othe r norma l a t th e negativ e end . 

We consider th e deformation s illustrate d below . The y pus h i n o r ou t a 
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furrow o r ridg e a t x  o f dept h d  paralle l t o T , wit h th e normal s t o th e lon g 

sides bein g th e normal s n 1 an d n 2 o f th e facet s o f W  containin g T  and , i n 

the cas e o f a  ridge , wit h roughl y triangula r patche s a t th e end s wit h normal s n e 

and n b a s appropriat e (i n th e cas e o f a  furrow , th e deformatio n cut s awa y suc h 

triangular piece s a t th e ends) . I f w e denote th e cross-sectiona l are a perpendicula r 

to T  o f th e furro w o r ridg e b y ad2 , the n th e surfac e energ y o f th e triangula r 

regions adde d o r cu t of f a t th e end s i s 

ad2 (F(ne)/m.n e +  F(nb)/|m.nb| ) +  0(d3) 

and th e volum e chang e i s ad 2 +  o(d3). On e ca n comput e th e remainin g term s i n th e 

change o f surfac e energ y directly ; alternativel y an d mor e instructively , on e ca n 

le t W Q b e th e coordinat e vecto r o f th e corne r o f W  a t th e n D en d o f T , s o 

that W Q + L m i s th e coordinat e vecto r o f th e n e end . Th e surfac e energ y o f W 

and o f V  doe s no t depen d o n th e cente r o f W , b y th e divergenc e theorem ; 

therefore th e computatio n o f th e chang e i n surfac e energ y canno t depen d o n th e 

value o f W Q an d w e ma y comput e thi s chang e wit h W Q equa l t o (0,0,0) . No w 

F(nb) =  F(n-j ) a F(n2 ) =  0 , an d th e chang e i n surfac e energ y depend s onl y o n 

F(ne) s L  m.ne (an d th e geometr y o f th e piec e wit h norma l ne) ; henc e i t i s 

ad2L +  0(d3) . 

Therefore afte r applyin g a  homothet y t o restor e th e origina l volume , on e obtain s 

0 =  A E =s Av(-A +  gh +  L/i) +  0(d3) , 

and henc e 

i(X -  gh ) =  L. 
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Corollary l . Any iaceX with a noncrystalline direction ^ is a parallelogram 

with constant I and h  and kence кал korizontal ends and [ип1елл n =  (o,o,l)) 

nonkorizontal rulings. 

Proof• A  facet o n a  conve x bod y mus t i tsel f b e convex ; thu s Z(\ -  gh ) =  L  ( a 

constant) implie s tha t I an d h  ar e constant . 

Corollary 2. Any continuous family o£ no mat directions to v buck that one. set 

oi the. ends о ̂  Its rulings are In a horizontal plant кал tke otker set о I ends In 

another korizontal piano.. 

Proof. Unde r th e abov e hypotheses , £  an d h  ar e affinel y relate d 

(h =  hQ + cl/2, wher e II Q i s th e heigh t o f th e horizonta l plan e an d th e absolut e 

value o f с is th e squar e roo t o f 1  + (n.ne)2 ) an d therefor e eac h mus t b e 

constant. 

Theorem l . Support that W is диск that each great circle on tke unit spkere 

through (0,0,1 ) contains at most от normal to w In addition to (0,0,-1) , and 

that (o,o,D lb In an edge o& tke crystal grapk. Tken tkere Is no {acet on top 

o£ any convex vg which minimizes the total energy, ior any value о I the 

g/iavltatlonal constant. 

Proof. Suppos e tha t W  an d V  ar e a s i n th e hypotheses , bu t tha t V  doe s hav e a 

facet wit h norma l (0,0,1) . B y Corollary 1 , thi s face t mus t b e a  parallelogram , 

and th e normal s t o th e tangen t cone s a t th e end s o f th e face t bot h mus t l i e o n a 

great circl e throug h (0,0,1) . B y th e hypothese s o n W , ther e ar e n o crystallin e 

directions i n a t leas t on e o f th e tw o hal f circle s fro m (0,0,1 ) t o (0,0,-1 ) 

in thi s grea t circle ; w e res t r ic t ourselve s t o a n en d o f th e to p face t whos e 

tangent con e normal s ar e i n suc h a  hal f circle . Sinc e a l l normal s t o V  ar e i n 

the closur e o f th e edge s o f th e crysta l graph , ther e mus t b e a  face t wit h a 
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noncrystalline directio n a t thi s en d o f th e to p facet ; b y corollar y 1 , i t to o i s 

a parallelogram . Similarly , i t to o ha s a  parallelogra m comin g of f i t s lowe r edge , 

and s o forth , dow n t o a  face t wit h i t s lowe r edg e i n th e plan e X 3 = 0 . (Th e 

finiteness o f th e numbe r o f edge s i n th e crysta l grap h ensure s tha t ther e ar e a 

finite numbe r o f parallelogram s i n thi s string. ) 

In thi s situatio n ther e i s a  deformatio n wit h ne t energ y chang e precisel y zer o 

which change s th e length s o f som e o f th e ruling s i n th e to p facet , a s indicate d i n 

the figure . Shallo w simila r triangle s o f equa l are a ar e pushe d ou t 

and pushe d int o th e to p face t a t th e en d unde r discussion . Eac h rulin g i n i t s 

adjacent face t whic h ende d o n on e edg e o f a  triangl e i s move d ou t o r i n hori -

zontally, extendin g o r shrinkin g a  rulin g o f th e to p facet , unti l i t reache s on e 

of th e othe r edge s o f th e triangle . Thi s create s tw o triangle s o f th e sam e are a i n 

the horizonta l plan e containin g th e lowe r edg e o f thi s facet . Th e nex t face t dow n 

then ha s i t s rulin g translate d a s above , an d s o forth , unti l th e plan e X 3 = 0 

is reached . I f th e triangle s ar e shallo w enoug h tha t a l l normal s o f th e deforme d 

surface sta y withi n thei r respectiv e edge s o f th e crysta l graph , the n th e tota l 

surface energ y chang e i s precisel y zero , sinc e i t i s zer o wit h respec t t o eac h 

facet (includin g th e on e wit h norma l (0,0,-1)) . Th e chang e i n volum e i s 0 , 

since equa l area s ar e adde d an d subtracte d a t eac h height ; similarly , th e chang e 

in gravitationa l energ y i s precisel y zero . 
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Finally, th e existenc e o f thi s deformatio n provide s a  contradiction , sinc e 

the deforme d surface , havin g th e sam e energy , mus t als o b e a  minimu m fo r th e tota l 

energy, an d ye t th e ruling s o n th e to p face t ar e no t o f equa l length , contradictin g 

corollary 1. 

Theorem 2 . Suppose that the crystal graph has five vertices, one being (0,0,-1 ) 

and the other four having edges to (0,0,-1) , with two of these vertices being 

Joined by an edge which contains (0,0,1 ) and the other two lying on another great 

circle through (0,0,1) . Then for large enough g  there is a horizontal facet on 

top of v if v is convex. 

Proof. Suppos e tha t th e crysta l grap h i s a s i n th e hypothese s an d tha t V  i s 

convex wit h n o face t o n top . B y corollaries 1  and 2 , ther e ca n b e n o facet s o r 

continuous familie s wit h normal s i n th e edge s no t containin g eithe r (0,0,1 ) o r 

(0,0,-1) i n thei r closures . Bu t the n ther e ca n b e non e i n th e edg e containin g 

(0,0,1) either , sinc e th e absenc e o f thos e othe r normal s implie s tha t th e lengt h 

of an y suc h ruling s wit h normal s i n tha t edg e woul d hav e t o b e constant , violatin g 

the proposition . Thu s V  i s polyhedra l nea r i t s top , havin g a s i t s normal s th e 

normals o f W , an d th e absenc e o f a  face t o n to p fo r a l l g  no w contradict s 

minimality, b y summar y statemen t 2 . 
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