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INTRODUCTION TO THE THEORY OF SINGULAR PERTURBATIONS

by
E.M. de Jager

Summary. A review of the theory of singular perturbations is presented. Essential
aspects are emphasized, some methods described in detail and proofs have been given.

The text is self contained.

1. Singular Perturbations.

In this review paper on singular perturbations in "classical' analysis we
treat some essential aspects of the theory and we deal with the description of some
methods. However, due to the diversity of problems and the vast amount of literature
on the subject it is impossible to present here a complete review. The non initiat-
ed reader can find rather complete bibliographies in the references [261, 61, [31].
For recent developments of the theory and an impression of the "state of the art"
we mention the proceedings of the Oberwolfach meeting in 1981, 1it[L5].

The term "classical" is meant to emphasize the contrast with so-called non-standard
methods in singular perturbations, which are treated by other authors in this vol-

ume, a.0. R.Lutz, M.Goze and T.Sari; the reader, interested in applications of non-
standard analysis in a variety of problems, is referred to 1it[27].

Let there be given a family of problems Pe devending on a small positive pa-

rameter €. Whenever we can define a problem P, which is obtained from the prob-

0
lem P_ by -among other things- putting € = 0, the problem P is called a per-

turbation problem with respect to the unperturbed problem P In case the solu-

o
tion u, of the problem P€ depends continuously on € with € 2 0 and in case
the problem PO is more easily solvable than the general problem Pe’ one may ob-

tain an approximation u, of the solution Uos where u, 1is the solution of the

0 0

problem PO. This idea for obtaining approximate solutions for problems containing
a small parameter has been applied since many years to differential equations, con-
taining a small parameter.

As an example we consider the problem

&l

= f(x,u3e), x > 0
}PE (1.1)

(0) = gle),

o
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E.M. de JAGER

where u,f and g are vector functions.
If f 1is sufficiently regular in x and u and f and g are sufficiently

smooth in €, the problem P, 1is readily defined by simply setting € equal to

zero. The solution of Pe’ 8ith e sufficiently small, may be obtained by expand-
ing f and g into a Taylor series with respect to € and one gets an expansion
of the solution wu(x;e) into powers of e; the first term of this expansion is

the solution of the problem PO'
Problems of this type are called regular perturbation problems, in contrast to the
so-called singular perturbation problems, where f 1is no longer smooth in €, so-
that the Taylor expansion method is no longer applicable. As an example of the lat-

ter type of problems we consider the following initial value or boundary value prob-

lem

d2 du

e——% + a(x)E; + b(x)u =0, 0<x or O<x<1 (1.2)
with u(0) = a, %E(O) =y respectively u(0) =a, u(1) =8 (1.3)
Putting u = u, and %% =u, the equation (1.2) becomes

™.

dx 2

(1.4)
duy, J
= - —E{b(x)u1<+a(x)u2)

It follows from (1.4) that the problem P. cannot be defined by putting simply

€ = 0. Also the original problem (1.2)—(?.3) gives difficulties because putting
€ = 0 reduces the order of the differential equation and so only one initial or
boundary condition can be fulfilled; it is not a priori clear which condition should
be chosen in the problem PO'

The problem (1.2)-(1.3) is readily generalized by considering boundary value

problems of the type
eLz[uE(x)J + L1[u€<x)] =0, xe@c R, 0<e<<1, (1.5)

Bi[ue(x)J = @i(x), x e 3, i= 1,2,...2,5 (1.6)

1
and where Bi[ue] =@, represent the boundary con-

where L1 and L2 are in principle arbitrary differential operators of orders m

respectively m, with m, < m,,

dition along the boundary 939 of the domain €3; the number of boundary conditions

depends of course on the type and order of the operator L Further we assume that

%
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INTRODUCTION TO SINGULAR PERTURBATIONS

L1 and L2 are independent of €. We state now the following problem: formulate
conditions for the operators L1,L2 and Bi such that it is possible to derive
from (1.6) P, boundary conditions §j[°] = aj with the property that the boundary

value problem

n

L [w(x)] =0, xefcR (1.7)
1 n

Bj[w(x)l wj(x), X € anj ca3R, = 1,2,...p, (1.8)
is well posed and that its solution is an "approximation" of the full problem
(1.5)-(1.6). The conditions gj[wJ = Gj should be compatible with the operator L1
and contain as many conditions of (1.6) as possible. Since L is of lower order

1
than L the function w can only be submitted to a part of the conditions (1.6).

2,
(Loss of boundary conditions).

The word "approximation" is to be understood in the sense

l:'LmuE =w (1.9)
ev0

or more precisely

bu_ - i = o(e¥), v > o0, (1.10)

where the norm I <l and the positive number Vv have to be determined explicitly.
Because of the loss of boundary conditions it is clear that (1.9) can only have a
restricted meaning and we shall in general not obtain an approximation for u_

and its derivatives, uniformly pointwise valid in all of Q.

So the second question which is of importance in the theory is to construct e de-
pendent correction terms which allow for that part of the boundary conditions (1.6)
which are not fulfilled by the function w. The ideal is to construct with the aid
of w and these correction terms an approximation for u which is pointwise uni-
formly valid in all of .

In this lecture we adopt the convention that singular perturbation problems are
boundary or initial value problems with the property that putting € = 0 reduces
the order of the differential equation. The boundary value problem (1.7)-(1.8) is
called the reduced problem.
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2. General Outline of the Method.

A method to investigate the questions concerning the validity of (1.9)-(1.10)

consistsin the construction of a so-called formal approximation for ue(x), i.e.

a function ae(x) satisfying

eLZEGS(x)] + L1[E€(x)1 = 0(e"), uniformly in @, u > 0 (2.1)

v,
Bi[ue(X)] - wi(x) =0(et), i= 1,2,...2,5 uniformly on 9%, v, >0 (2.2)

This formal approximation has a composite character

ae(x) = W(x3e) + V(x;e) (2.3)

The function W(x;e), the regular part, is obtained by substituting

N .
Wixze) = ) Eij(x) (2.4)

J=0

into the boundary value problem

eL (Wl + L, (W] =0, xe€Q (2.5)

B,[Wl -9, =0 x € 99, 2.6
dJ ‘DJ ° J ( )
Expanding the left hand sides into powers of € and putting all terms, except that
one with the highest power, equal to zero, we obtain a system of boundary value

problems for Vs and the solution gives W(x;e); (x) 1is the solution of the so-

Yo
called reduced problem.

The second function V(x;e), the singular part, represents the part of the solution
which accounts for the boundary conditions (1.6), which are not included in (1.8).
It represents also the part of the solution where EL2[V] is of the same order as
L1[V].

The function V has in many cases the expansion

NeM
V(xze) = 7§ e

J=0

vj(x;s), (2.7)

with Vv a rational number with O < v < 1. The functions vj are obtained by a
local analysis and have only a significant value in the regions where eLz[vj] is
vj

of the same order as L1[vj]; the correction terms € vj(x;e) are called boundary

layer terms.
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INTRODUCTION TO SINGULAR PERTURBATIONS

The larger the values of N and M the better is the formal approximation i

k]
i.e. the larger are the numbers u and Vi in (2.1) and (2.2).
In order to prove that the formal approximation Ee is indeed a good approximation

to the unknown solution u, we put

ue(x) = Ee(x) + Re(x) (2.8).

Putting (2.8) into (1.5)-(1.6) and using (2.1)-(2.2) we get a boundary value problem
for the remainder term Re(x), which has to be estimated by some a priori estimate.
Whenever it appears that HREH >0 for € + 0 one has shown that uE(x) is a

good approximation for ue(x).

From this procedure it follows that a priori estimates for solutions of differ-
ential equations are an important tool in singular perturbation theory. These a
priori estimates depend on the type of differential equation and they involve in gen-
eral rather intricate applications of functional analysis.

Because the differential operators L] and L2 may be independently of each other
of elliptic, hyperbolic or parabolic type, linear or non linear it is understood
that the theory of singular perturbations is a broad field for applications of re-
sults from the theory of differential equations.

Apart from its interest for mathematical models in the physical sciences this ac-
counts for the huge amount of literature on singular perturbations.

In the following sections we illustrate the theory by means of some interesting

and representative examples.

3. Linear Equations.

3.1. A linear initial value problem.

We consider the initial value problem
2

d uE due
LEEuE] = €dx2 + a(x)-d—;c— + b(x)u€ = f(x), x>0 (3.1)
due
ue(O) =a, E—(—(O) =B (3.2)

with a,b and f Dbelonging to C][O,w), a(x) > ag > 0 and 0 < g << 1.

In order to construct a formal approximation we use the reduced equation (e=0)

aw

-0y b(x)w, = £(x) (3.3)

a(x)dx

with WO(O) = a.

Because the second initial condition is in general not satisfied by wo(x) the
dy,

derivative of L cannot be a good approximation for the unknown 755' Therefore
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E.M. de JAGER

we set
u (x) = wo(x) + v(xse), (3.4)

with v(x3;e) a correction term which accounts for the second initial condition.

Substitution of (3.L4) into (3.1)-(3.2) yields for v the initial value problem

ev'(x3e) + alx)v'(x3e) + b(x)vixze) = —ews(x) (3.5)

with
v(03e) =0 and v'(03e) = B‘-wé(O) (3.6).

In order to study what happens at x = O we use a "microscope"” x = e £ with

v > 0 and this gives

1=2v d2V v -V a v
€ dgg + ale &)e a%—+ ble &)v = —ewg(evg)

; o) = AVin. oy = oV '
with v(03e) = 0 and dE(o,e) £ (B—wo(o)).

The first term in the differential equation is of the same order as the second one

for v = 1; focussing the microscope at v =1, i.e. x = €f, and putting
-x -
v(xye) = ev(E) = ev(g) (3.7)

we obtain for V(&) the initial value problem

5 dv *
== + aleg)— + eb(eg)v = -ew(ek) (3.5*%)
a2 € 0

30) = 0 and %(0) = 5wy (0). (3.6%)

Remembering the regularity of the coefficients a,b and f, and hence also of Vo

we consider instead of v the function v, which satisfies the differential equa-

]
tion

d2v dv

1 1
+a(0)—=0, £>0 (3.8)
d£2 ag

and the boundary condition

dv1 !
—d?(o) = B—w(')(O). (3.9)
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INTRODUCTION TO SINGULAR PERTURBATIONS

The function wo(x) + ev1(E) = wo(x)‘+ ev1(§) satisfies the first initial condition
up to O(e) and exactly the second initial condition (3.2); so we have still the
freedom to choose a second boundary condition for v1(£).

Requiring that v, has only a significant value in a right neighbourhood of x =0

we choose as the second boundary condition for vyt

1in1v1(£) =0 (3.10).

£

The equations (3.8), (3.9) and (3.10) yield immediately

B B w(‘)(O)—S x
v1(€) -v](x,t-:) —Wexp—[a(o)g]. (3.11)

This function has due to the fact a(0) = a. > 0 the property that it is asympto-

tically zero in any interval [§,») with g arbitrarily small positive, but fixed
and independent of €.

v, has a "boundary layer" character and the "width" of the boundary layer is O0(e).
Finally we put

T (x) =w.(x) + £v1(§), (3.12)

€ wO
and substitution of (3.12) in the differential equation gives with the aid of (3.3)
and (3.8)

~ d2wO d X X
Llul=e— + fx) + e(alx) -a(0))3v, (2) + evlx)v, ().
dx
Using again the assumed regularity of a,b,f and Wy we get
L[u ] = £(x) + o(e), (3.13)

uniformly in any bounded segment [0,2] with & independent of €. Further it
follows from (3.3) and (3.9) that

au
Ee(o) =a +ev,(0) =a+0(c) and d—xe(o) =8 (3.14)

and so Ee(x) is a formal approximation of the unknown function ug(x).
In order to prove that ;E(x) is indeed a good approximation for the solution

ue(x) we set
ue(x) = Ee(x) + R_(x) (3.15)

and we have to estimate Re(x).
According to (3.1), (3.2), (3.13) and (3.14) the remainder Re(X) satisfies the
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E.M. de JAGER

initial value problem:

d2R dR

; + a(x)?£§'+ b(x)Re(x) = 0(e), uniformly in any bdd segment [0,2],
dx

€
Y = nf , -
RE(O) o(e), RE(O) 0.
Instead of estimating Re(x) we may as well estimate

§€<x) = R_(x) - R_(0), (3.16)

and ﬁe is the solution of the initial value problem
R" R! R = . R = R =
eR!(x) + a(x)R! + b(x)R_= glxse), ®_(0) =R!(0) =0, (3.17)

with g(x,e) = 0(e), uniformly in any bounded segment [0,2]. The function ﬁg(x)
is now estimated by means of "energy" integrals. After multiplication of (3.17)
with 2§E and with 2a ﬁé and addition of the results we obtain after a small cal-

culation
L1a%° + 2R R + eaR'?] =
dx € € € €

2=,2

2gR_ + £(2+a')§'2 - 2a“R'“ - 2abR R' + 2agR' + (a,'—2b)§2
€ € € €e € €

< (1+a'+b2-2b)§§ + e(2+a')§'§ + 2g2, (3.18)

uniformly valid for all ¢ and any segment [0,2].

Since a 2 a. > 0 it follows that for O < x < & and € sufficiently small, say

0
0<e< € with € @ generic constant
aR° + 2eR R + caR'® > a B- + 2¢R B! + ca R1°
€ [ € 0'e € 0 ¢
=2 =,2 =2, =,2
2 - - T2 +eR!
(ao /E)Re + E(aO /E)R€ m(R€ €RE ),
with m a positive constant independent of e. (e.g. m = %ao). Integrating (3.18)
and using the initial conditions for ﬁe we get
2 S20 o X=2 =2y, 12
n(R +eR17) < Moj (RC+eR!%)ag + Mig r0,23
with M= max [|2+a'|, |1+a'+b2-2b|, 2) and Il g
bl

[0,2]

denoting the L2-norm.

Finally we get with the aid of Gronwall's lemma (see e.g. [37], p.108)
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INTRODUCTION TO SINGULAR PERTURBATIONS

2

R® + eﬁ'z
€

M 2 Mx
< E“g“[o,l] exp[;;] A (3.19)

uniformly in [0,2] for e sufficiently small.

Because g(x3;e) = 0(e), uniformly in [0,2] we have
f§€| = 0(e) and |§él = 0(/e),. uniformly in [0,2].

The same estimates are valid for R_ (see (3.16)) and so we obtain on account of

(3.12) and (3.16)

|u€(x)-w0(x)— ev1(§)| = 0(e), uniformly in any bounded segment [0,2]

(3.20)
duE dwo dv1 % =
— - e— - - = " " n ” ” " n
dx(x) dx(x) E_—d_x(e)] o(ve),
or
Iue(x)-wo(x)| = 0(e), uniformly in [0,2] (3.20%)
and due to the boundary layer character of v,
u, dwo _
:ﬁ:(x)-ji;(x)| = 0(Ve), uniformly in [6,2] (3.21)

with 6 >0 and § independent of €.

Remarks

1. In the case that the coefficient a(x) is strictly negative the whole construc-
tion breaks down. It canbe shown that inthis case ue(x) diverges for € ~» 0
the behaviour of ue(x) as function of x and € is described in ref[9],
pp.12-1T7.

2. In the treatment above we have assumed a,b and f to belong to C1[0,w).
Whenever these coefficients are submitted to stronger regularity requirements
sharper estimates for u_ can be obtained by constructing a formal approxima-—
tion

N N, NHT
w = ] erJ.(x) + .Z erJ.(’E‘) (3.22)

J=0 J=1

Repeating the whole procedure described above we get approximations of the type

N . N .
N+1
[u - ] edw.(x) - T edv.(B)] =o(e ).
€ . J . J €
J=0 =1
The number N depends on the "degree" of regularity of a,b and f.

3. Using the same procedure, including the method of "energy integrals", the theory
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has been generalized to initial value problems with respect to partial differen-
tial equations of hyperbolic type such as:

2
E{utt-c (x,t)uxx} + a(x,t)ut + b(x,t)ux + d(x,t)u = f(x,t),

—o < x < 40, £ > 0,
with u(x,0) = g(x), ut(x,O) = h(x), -» < x < +=», (3.23)

Apart from regularity conditions for a,b,c,d,f,g and h one has to require
again a(x,t) = a, > 0, Vt 20 and Vx € R. A further requirement is that

the subcharacteristics should be time like i.e.
|§| <c, Vx, Vt=20.

The latter condition is clear, because in the case of |%[ > ¢ the solution in
a point P of the reduced problem (e=0) is completely determined by its value
in the point Q (see figure). However, the solution

in P of the full problem (3.23) is completely determined by the initial values
1 along the base of the characteristic trian-
gle and so the solution of the reduced prob-
lem has no relation with the solution of the

full problem.

The interested reader is referred to [9],
[21].

3.2. A linear boundary value problem.

We consider the two point Dboundary value problem
d2u

du
- € _€e _
Ls[ue] =e—p5 + a(x) Fralh b(x)ue f(x), 0<x<1, 0<e€<<1, (3.24)
dx
with the boundary conditions
u(0) = o and u(1) = B8. (3.25)

The coefficients a and b and the right-hand side are assumed to be continuous
and further we require a 2 ay > 0 and b <0 in [0,1]. The condition
a 2 ag > 0 will become clear is the sequel and the condition b < O ensugzs the
uniqueness of the solution; the latter can be removed by putting u, =ze and
choosing the constant 6 properly.
The reduced problem is defined as

a(x)Ezg + b(x)w, = £(x) (3.26)

dx 0
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INTRODUCTION TO SINGULAR PERTURBATIONS

with w0(1) = B. (3.27).

The choice of the boundary condition stems from the condition a 2 a, > 0 as will
be explained below.

The solution L cannot be a good approximation for the function u because the
boundary condition at x = 0 1is generally not satisfied by Vor

Therefore we introduce a correction func-
tion which should account for this bound-

ary condition.

So we get
u (x) = w (x) + v(x;e) (3.28)
€ 0
X
and substituting (3.28) into (3.24) we
obtain for v the boundary value problem:
2
2 dw
eg—% + a(x)gx + b(x)v = -¢ 0 (3.29)
dx 2
dx dx
with
v(0) = a - wO(O) and v(1) =0 (3.30)

In order to investigate what happens at x = 0 we use again a microscope x = avé,

v > 0 and we get

2 d2w
1-2vd v v, =vdv v _ 0
€ 5+ a(e £)e a + b(e £)v = -¢ 5

ag dx

The first term is of the same order as the second one for v = 1 and we focus at
1

v = 1. Assuming now a ¢ C2[O,1], b e C1[O,1] and f e C [0,1] we may write

2
14X 4 (a0)e™! + at(0)e + a"(0,c8)ec”} IF
dag >
d wo
+ {b(0) + b'(eeei)si}v =-e—> (e€). (3.31)
dx
with v(0) =a - w(0) and v(é) =0 (3.32)
Expanding v as
_ _ x x
v(g) = vO(E) + ev1(E)+ - VO(E) + ev1(g) + ...

we obtain for v and v, the boundary value problems
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d Vo dvo
>+ a(o)7if'= 0, v4(0) =a - w(0) and linzvo(e) =0
ag el
' (3.33)
d‘?v1 (3.V1 dVO
dge + a(O)TET = -a (O)Eji; - b(O)VO := g(&)
v](O) =0 and lin1v1(£) = 0. (3.3k4)
E—)oo
Solving (3.33) and (3.34) yields immediately
VO(E) = vo()gc) = {a-w(0)}exp - [a(O))E(] (3.35)
and
dv £ ©
v,(e) = v, (2) = -2 F2E— [ eleaem (3.36)

o o g
e

The functions AL and v, have boundary layer character: they have only signifi-
cant values in an e-neighbourhood of x = 0.

It follows now from the equations (3.26), (3.27), (3.31)-(3.36), that
u_(x) = w(x) + v () + ev,(3) (3.37)
is a formal approximation of us Ge satisfies the equations
LE[EEJ = f(x) + 0(e), wuniformly in [0,1] (3.38)
and
G (0)=a and u (1) =8 +v (l) + ev (1) =8 + O(EN) (3.39)
€ € O'e 1€ ’

with N arbitrarily large.

It remains to show that Ee is indeed a good pointwise approximation for the un-

known solution u - Therefore we set

(x) (3.%0)

ue(x) = as(x) + R,

and from (3.24), (3.25), (3.38) and (3.39) it follows that the remainder term R
satisfies the equations

a°R

dR
; + a(x)jﬂf + b(x)R€ = 0(e), uniformly in [0,1] (3.41)

Ls[R€] =¢
dx
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INTRODUCTION TO SINGULAR PERTURBATIONS

R(0) =0 and R (1) =0(c". (3.42)

Finally we have to estimate Re from (3.41), (3.42). For this purpose we apply the

maximum principle for elliptic differential equations of order 2. This principle

reads as follows: Let u satisfy the differential inequality
(L+h)[ul 2 0 in a domain D c Fn

with h < 0, with L wuniformly elliptic in D, and with h and the coefficients of
L bounded. If u is not identically constant in D, then u can attain a non-
negative maximum only at the boundary of D. A rather direct consequence of this
principle is the following implication; if there exists a positive function ¢ de-

fined in D with the properties
[ (L+h)[u(x)]] < (L+h)[-y(x)], V¥Vx e D

and

IA

[ul(x)| < ¢(x), Vx e 3D

then also

In

[u(x)| < ¢(x), Vx e D.

The function ¢ is called a barrier function for the function u and y(x) pro-

vides an a priori estimate for the function wu(x). For more information concerning
maximum principles we refer the reader to [35].
The construction of a barrier function for the remainder Re is very easy; one can

take for example

W(x) = ke(E 1), (3.43)
0

with K a constant sufficiently large positive but independent of «.
Hence we have obtained R = 0(e) uniformly in [0,1] and so it follows finally
from (3.37) and (3.40)

= X X ; ;
ue(x) = WO(X) + vo(e) + €v1(€) + 0(e), umiformly in (0,11,
or because v, = 0(1) we have also

Iue(x) - wo(x) - vo(g)l = 0(e), wuniformly in (0,1] (3.h4k)

and since VO(§)~'O in [8,1] it follows also
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|uE(x) - wo(x)l = 0(e), wuniformly in [§,1] (3.45)

with 0 <68 <1, and & independent of «.

Remarks.

1.

The functions vo(é) and v1(§) are called "boundary-layer" functions; this
term has been introduced in the theory of hydrodynamics of viscous media. In
case of a two dimensional flow of fluid with small viscosity along a plate, the
velocity field in a direction perpendicular to the plate increases rapidly
from zero at the plate to some value outside the plate.

In case the function a(x) is definite negative in [0,1], the boundary layer
is located at the other endpoint, viz. x = 1, of the segment [0,1].

In the proof that the formal approximation is also a good approximation for the

unknown solution u one needs two boundary layer functions v and Vv of

0 1°
which the latter has no effect in the ultimate results (3.44). So it is reason-

able to ask whether the use of v, is really necessary to obtain (3.44); in

case we might abandon the use of v, we can do with less regularity requirements.

By requiring more regularity of the1coefficients a,b and the right hand side
f one can obtain better results by the "Ansatz":
N N+1
EE(X) =) elwi(x) + ) slvi(g) + Ry(x;e).
i=0 i=0
The calculation, given above, can be repeated for Rn(x;e), (n =0,1,...N)
and the result is:
N N
ue(x) = 7 eiwi(x) + ) eivi(g) + O(eN+1), uniformly in [0,1].
i=0 i=0

The theory is generalized to equations of the form

en_mLz[us(x)] + L1[us(x)] =f(x), 0<x<1, 0<¢e=<<1,

with
t dv T
L2 =) av(x) —,; and L1 =y b=
v=0 dx v=0 dx

n>m, an(x) =1, bm(x) 20 in [0,1] and with the boundary conditions

e
—
g
[ h
~
—
o
—
|
R
v
=
1l

=1,2,...8, s <n, 0= Py < p2... <p < n-1,

o
—
—_
~
L}
™
-
"
I

=1,2,...t, t =n-s, 0<% qQ, < q2...< q, £ n-1.
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We refer the interested reader to W.Wasow [L43], [4L4], W.A.Harris [171, [18],
R.0'Malley [33], [34] and M.I.Visik - L.A.Lyusternik [42].
6. The theory has been generalized to elliptic partial differential equations.

In particular boundary value problems of the type

eL2[¢€(x,y] + L1[¢€(x,y)] = h(x,y), (X,¥) € 2 << R

2
with
o (xy)| = W(x,y)| >
1Y) 30
where
22 22 32 3 3
L, = alx,y)— + 2b(x,y)a—@ +elxy)=3 + aly)g, + e(x,y)g + £(x,y).
9x oy
and L1 = - é? - g(x,y), -and where § is a convex bounded domain, have been

investigated by a.o. M.Visik and L.A.Lyusternik [42] and W.Eckhaus and

E.M.de Jager [T].

Because the maximum principle is valid for elliptic equations of the second or-
der, irrespective of the dimension of the space Rn, the theory for this kind
of singular perturbation problems is essentially the same as that given above
for ordinary differential equations. Some difficulties arise at those points of
3R, where the tangent is vertical, see 1lit[12].

Other interesting phenomena appear whenever £ 1is no longer convex, see 1it[T7].

Generalizations to higher order elliptic equations with L, elliptic of order

2
2n and L1 elliptic of order 2m have been given by a.o. D.Huet [20] and
J.G.Besjes [2]. In this case the maximum principle is no longer applicable and
one has to rely on functional analytic tools yielding a priori estimates for so-

lutions of partial differential equations of elliptic type.

3.3. Turning point problems.

In the preceding sections we considered differential equations of the type
eu"(x) + a(x)u'(x) + b(x)u(x) = £(x),

where we assumed always a(x) # 0. This means that the reduced problem leads to a

differential equation
a(x)w'(x) + b(x)w(x) = £(x),

which is non singular.

In case a(x) is zero in some point x. of the segment where the differential

0
equation is defined we can expect serious difficulties because w 1is in general no
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longer differentiable at x = x This point is called a turning point.

Too many technicalities are invglved to describe here the theory in case of a turn-
ing point; the interested reader is referred to W.Wasow [43], R.C.Ackerberg and
R.E.O'Malley [1], P.Cook and W.Eckhaus [4], P.P.N.de Groen [14], and J.Grasman and
B.J.Matkovsky [13].

In the following we give an illustrative example, which has been taken from 1it[43].

We consider the boundary value problem
eug(x) + a(x)ué(x) = f(x), -1<x<1 (3.46)

with uE(-1) = u€(+1) = 0, and where a and f are continuous functions in

x| € 1; further a(0) =0, a'(0) #0 and a(x) #0 for x = 0.

There are two cases to be considered a'(0) > 0 and a'(0) < O.

In case a'(0) >0 we have a(x) >0 for x>0 and a(x) <0 for x < 0. Using
the maximum principle of section 3.2, one can show that ue(x) is bounded, uniform-
ly with respect to € in any segment [-1, -8] u [+§, +1] where 6 1is an arbi-
trarily small positive number independent of €.

It follows now from the theory of section 3.2 that we need not to expect boundary
layer behaviour in the left and right neighbourhood of x = +1 respectively x = -1

and so we have the reduced problem
a(x)w'(x) = f(x) with w(-1) = w(+1) = 0.

Its solution

wix) = |

x
and w(x) f £(£) aE, 0 < x < +1,
a(g)
+1
approaches for e+0 the solution of (3.46) uniformly in any segment
[-1, =6] u [+8, +1].
In case a'(0) < 0 it can be shown -also by barrier function technique- that ue(x)

diverges everywhere in (-1,+1) whenever &+0.

4. Semi-Linear Equations.

L4L.1. A semi linear boundary value problem.

We consider the boundary value problem

du du

23 + a(x)jif + b(x,ue) =0, 0<x-<1 (4.1)
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We- suppose a € C1[0,1] and b e 02[[0,1] x R] ; in order to have uniqueness of
the solution we assume also %%(x,u) <0 in [0,1] x R and in order to avoid a

turning point we take a(x) 2 ay > 0 in [0,1].
The condition %% < 0 may be released by putting u, = eexve, choosing the con-

stant 6 properly and using a(x) 2 ag > 0. The reduced boundary value problem

reads as

dwo

a(X)‘cE + b(x,wo) =0, 0<x<1 (4.2)

with wo(1) = B; the boundary condition is fulfilled at x = 1 because

a(x) 2 ag > 0.

In order to apply our method for approximating u,we have to be sure that
a%w
dx2 . . 3 . . .

long as the equation 1s linear, but in the case of non-linear equations we have to

€ = 0(e), uniformly in [0,1]. This does not lead to serious difficulties as

make the extra assumption that the boundary value problem (4.2) has a solution twice
continuously differentiable in [0,1]. For instance the case a= 1, b = -wg and
WO(13 = -2 yields the solution wo(x) = —(x—%)_1 and this gives troubles in
x = 5.
So we assume that the reduced problem (4.2) has a solution w
to 02[0,1].

A formal approximation for u is now given by

0° which belongs

~ _ X X
uE(X) = wo(x) + VO(E) + €v1(E), (4.3)
where the boundary layer terms Vs and v, satisfy the boundary value problems:
2
dv av
0 0 X
+ a(0)==— =0, 0<&=%c<o,
d£2 ag €
(4.4)
v.(0) =a-w.(0), lim v.(§) = 0
0 0 foter O
and
d2v1 dv1 aa. dvo
2 + a(O)—d? = -5 (0) E - tb{o, wy(0) + v (£)} - vlo,w,(0)},
0 < <o
(k.5)
v1(0) =0, lim v1(£) =0
E>to
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It is useful to compare these equations with (3.26), (3.33) and (3.34); we remark
that the boundary layer equations are linear and its solutions are readily given,
see (3.35) and (3.36).

Putting now

u (x) = u_(x) + R_(x), (4.6)

we get after substitution of (4.6) into (4.1) for the remainder Re the non-linear

boundary value problem:

d2R dR

€ € ~ ~ _
2 + a(x)ji: + {b(x,uE+R€) - b(x,ue)} = 0(e), (4.7)

[

uniformly in [0,1] with RE(O) =0 and R€(1) asymptotically equal to zero.
In contrast to the preceding section we should now concentrate on a priori estimates
for non-linear boundary value problems. However, the maximum principle formulated

in section (3.2) is also valid for semi-linear elliptic equations of the type:

w + H(x,u,ux) =0,

with %% < 0 (see 1it[35], Chapters I, II).

Because we have assumed

3 ~
5§[b(x,u£+R)] <0

this maximum principle is applicable to (4.7) and after a small calculation we ob-

tain that the function

¥(x) = eK(lal’EH), (3.43)
0

with K a constant,sufficiently large positive but independent of €, is a barrier
function for Re.

Therefore we get finally from (4.6) and (4.T)

lu_(x) = wy(x) - v (£)| = 0(e), uniformly in [0,1] (4.8)
and
u (x) - w.(x)| = 0(e), uniformly in [8, 1], for all & independent of
€ 0
e and with 0 <8 < 1,

Instead of the differential equation (L4.1) we could have considered the more general

quasi linear equation
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d2u du

e -
+ a(x,ug) = b(x,ue) 0.

€
dax

The tools are essentially the same and it has been only for reasons of simplicity

that we have chosen the equation (L.1) as an example. For more details and other

types of elliptic equations the reader is referred to A.van Harten, 1it[19].

Another way for obtaining an a priori estimate for Re is based on the use of func-

tional analysis, involving a fix-point theorem. This theorem will be treated in the

next section 4.2 and applications to semi-linear singular perturbation problems fol-

low in sections 4.3 and L.bL.

Remark.
The theory of this section can be generalized to boundary value problems for second
order elliptic partial differential equations of the form

99 90

eLlo 1 + a(x,y,@E)B—; + b(x,y,Cbg)TyE + clx,y,0 ) =0, (4.9)

with L2 an arbitrary linear elliptic differential operator of second order. The

tools are again the same and the interested reader may consult 1it[ 191, pp.116-125.

4.2, A fix point theorem.

Because the maximum principle is not the most appropriate device for obtaining
a priori estimates of solutions of initial value problems we shall use the above
mentioned fix point theorem in singularly perturbed non-linear initial value prob-
lems. As will be shown later the theorem is also very useful for singularly perturb-
ed non-linear boundary value problems; it provides also an estimates for the deri-
vative of the unknown function u -
The fix point theorem was first introduced and applied by A.van Harten to non-linear
singular perturbation problems of elliptic type, 1it[19], pp.188-213. For applica-
tions to non-linear singular perturbation problems of hyperbolic type, it has been

modified later by R.Geel and E.M.de Jager, 1it[9], Chs. II, IV, 1it[10], [22].

Fix point Theorem.

Let N be a normal space with elements p and norm Ipl, and B a Banach space
with elements g and norm Il gql.
Let F be a non-linear map N > B with F(8) =8 and F is assumed to be decom-

posable as
F(p) = L(p) + ¥(p) (L.10)

with L the linearization of F in p = 0.
Furthermore the operators L and Y are subject to the following conditions:

. . .. . . . -1 . . .
i) L is bijective and its inverse L is continuous, 1.e.

85



E.M. de JAGER

-1 1
IL (g)l < ¢ laql, VgeB, (k.11)

with & some positive number.
ii) Let Qu(p) be the ball {p | peN, Ipl < p}

There exists a number p > 0 with the property:

HW(P1) - W(pQ)H < m(p)|p1-p2|; Vp1,p2 € QN(p), Vp € [0,p] (4.12)
with m(p) decreasing for p+0 with limm(p) =0.
When o is defined as pY0

Py = sup{p | 0<p<p, m(p) < %2} (4.13)
then there exists for any f € B with

£l < 1zo (k1)

2770

a solution of the equation

F(p) = f (4.15)
with p e N and

Ipl = 2¢7 ) £y (k.16).

Proof.
Due to the bijectivity of the map L(p)’= q, the equation

F(p) = L(p) + ¥(p) =f, e QN(S)

is equivalent to the equations
-1 -
L(p) =q and q = f=Y¥oL (q) := T(q), q € L(QN(p)) (4.17).
We consider now the ball QB(lp) ={q | qgeB, Nl < 2l}.

For 2£_1H fl <p < °0 < p we have on account of the Lipschitz-condition (k4.12)
that T maps QB(Rp) in QB(lp) and also that T is strictly contractive on
QB(Qp). It follows that (L4.17) has a unique solution in QB(Kp) and therefore
(L.15) possesses also a solution p in QN(p). Choosing finally p = 21—1H £,
we get the result (4.16). O

4.3, A semi-linear initial value problem.

In this section we study the initial value problem

dzu du

€ €
dx2 + a(x,ue)ii: + b(x,ue) =0, 0<x<w (L.18)

€
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with
du8
ue(O) =a, 75:(0) = B, (%.19)

where a and b belong to Cz[lﬁ+><]R] and a(x,u) 2a. >0, Vxe ﬁ+, vu € R.

0
As in the linear case a formal approximation of the solution u, is obtained by

the composite expression:

Ee(x) = wo(x) + ev1(§) = wo(x) + €v1(€), (k.20)

with
dwo

a(x,wo)jﬁz + b(x,wo) =0, WO(O) =q (k.21)
and

2

d vy dv1 dv1 dwo

2 + a(o,wO(O))—dE— =0, EE(O) = 8-—4.(0), éiﬁv‘(g) =0 (k.22)

(compare (3.3), (3.8) and (3.9)).
It follows that

W6(0)-B
v, (Z) =

1 E> = :;Csz;y-exp[-a(o,a)

™x

] ‘ (4.23)

and so v, has the character of a boundary layer, concentrated at x = 0 with

width O(e).

We assume now for the same reasons as explained in 4.1 that the solution L of
the non-linear initial value problem (4.21) is twice continuously differentiable in
some segment O < x £ X, with X some positive number. Using finally the regular-
ity of the coefficients a and b we obtain after substitution of (4.20) into

(4.18) and (L4.19)

dgﬁe ~ AU N )
€ 2 + a(x,u€)7£; + b(x,ue) = 0(e), uniformly in [0,X],
and (b.24)
~ au
u (0) =a +ev (0) =a+0(e), —(0)=8.

Hence ae(x) is a formal approximation of the solution ue(x) in [0,X]. 1In order

to prove that Ee(x) is really a good approximation of ue(x) we put
u_(x) =u_(x) +R_(x),

or equivalently
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us(x) = ﬁe(x) + ﬁe(x), (4.25)

with ﬁe(x) 1 (x) - ev,(0) and ﬁe(x) = Re(x) + ev1(0).

€ 1

It is clear that also ﬁs(x) is a formal approximation and we get after substitu-

tion of (4.25) into (L4.18) for the remainder term ﬁe(x) the initial value problem:

2 2=

a7, a“R _ _ . du aR o
e—p +te—p *+ a(x,uE+R€)(7E;-+7£;) + b(x,uE+R€) =0
dx dx
RE(O) =0, E(—=Os
or after using (L4.24)
dgﬁe o dﬁe o _ dﬁE
€ dx2 + a(x,u€+R€)7£F + {a(x,uE+R€) - a(x,ue)}jﬁg +

(4.26)
+ {b(x,ﬁ€+§5) - b(x,ﬁs)} = 0(e),  uniformly in [0,X],

with
dR
dx

=¢]]
—
o
—
L}
™
o
—
n
o

(4.26) yields a non-linear initial value problem for ﬁe’ from which we should con-
struct an a priori estimate for ﬁe; the function ﬁe is given by (4.20) and is
considered as a known function. In order to apply the fix point theorem we define

the non-linear map F Dby

a° - .a - T

F(p) = ed—‘g + a(x,u€+p)§ + {a(x,u€+p) - a(x,ue)}a + ’
x (4.27)

+ {b(x,ﬁ€+p) - b(x,ﬁe)}.
The linearization in p = 0 yields

2 au
d -, a 9 - 3b -

L(p) = eé;ép- + a(x,ue)a‘s + {_B—Eh"ue)ﬁf + ﬁ(x,ue)}p (4.28)

and hence

¥(p) = F(p) - L(p) = {alx,i+p) - alx,d ) L + [{a(x,d_+p) - alx,d.)
du (4.29)

9 - - -
- —E(x,ue)p}jﬂf + {b(x,u€+p)-b(x,u

3B, -
™ )—Sa(x,ue)p}].

€
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Both operators L and Y are well defined on the space N, which is defined as
2 =9p.y =
N :={p | p e C7[0, XI, p(0) = dx(0) = 0}, (4.30)
and where we choose as norm

Ipl = max |p(x)| + Ve max |%§I . (4.31)
[0,x] [0,X]

The Banach space B 1is specified as

B:={q| qe¢ CO[O, X1}, with lqll = max |a(x)] (L.32)
[0,x]
In order to apply the fix point theorem we have to show that the conditions (L.11)
and (4.12) are fulfilled.
Due to the a priori estimate (3.19) for the solution of the initial value problem
(3.17) we obtain for the initial value problem L(p) = q, p(0) =0, p'(0) =0

the estimate

e
Ipl = max |p(x)| + /e max |5§(x)l < (X aql,
[0,x] (o0,x]
for € sufficiently small; C(X) is a number independent of € and only dependent
on X. The norm (4.31) has been chosen in accordance with the result (3.19),
derived in section 3.1.

It follows that

117 ()1 < () gl (4.33)

and so the condition (4.11) is fulfilled with & = 6{?7'
Henceforth the constant C(X) will be used as a generic constant. The Lipschitz-

condition (4.12) becomes in our case:

dp
- - >
uw(pg)-w(p1)ﬂ = max I{a(x,ue+p2) - a(x,u€+p1)} o=t
[0,X]
dp,. dp awm Po

- - 2 1 € da - da, =

+ {a(x,ue+p1) - a(x,ue)} = w) t e p‘f {au(x,u€+q) - au(x,ue)}dq
1
Po

b - b -

+pI F(xu ) - au(x,us)}dql.
1

Application of the mean value theorem and using the regularity of the coefficients
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a and b (a,b e C2[]ﬁ+x R]), we get

1
1¥(py) =v(p I < C(X)e %olp, - p,ls Voo, € lp), Vo e [0, p1;  (4.34)

p may be chosen as an arbitrary constant, e.g. p = 1 and C(X) depends only on
X and is independent of «.

The function m(p) in (4.12) is simply C(X)e_%p and also the second condition
(4.12) of the fix point theorem is fulfilled.

From (4.13) and (4.33) it follows that

-3 1 1
- 2 = = ——
m(oo) = 0(X)e °0 22 EI69)
and hence
1
1 £”

270 7 o3

The right hand side f of the equation (4.26) is uniformly O(e) and so the condi-
tion (4.14) of the fix point theorem is valid for e sufficiently small. We are now

in the position to apply the theorem of section 4.2 and we obtain at last:
Iﬁel < 22’1n £l =2C(X)I £ = 0(e), uniformly in [0, XJ.

Using the definition of the norm (L4.31) we have:

du

max |u (x)-—u (x)| + /e max 7;— —~———‘ = 0(e)

[0,X] [o,x1 ¢
or with the aid of (L4.25) and (4.20)

|u€(x) - wo(x)| = 0(e), uniformly in [0,X] (4.35)
and

due dwo

—£._0_.& v, ( )| = o(¥e), wuniformly in [0,X] (4.36)

dax ax dx

(4.35) and (4.36) yield a satisfactory estimate for the solution u_ of the sin-
gular perturbation problem (L.18).

Remarks.
1. The theory of this section has been generalized by Geel and de Jager (1it[9],
[10] and [22]) to singular perturbations of hyperbolic type:

2 2
e(é—g - c2(x,t)§~§) + a(x,t u)a

ax t b(x,t, u) + d(x,t,u) =0
3t 9x

o < x < 40, t >0 (4.37)
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with

u(x,0) = f(x) and %%(x,o) = g(x), =2 <x < 4o (4.37)

Besides mild conditions for the regularity of the coefficients one has again to
require b(x,t,u) > 0 and |a(x,t,u)| < b(x,t,u)e(x,t) with c(x,t) > 0;

the latter condition means that the subcharacteristics should be timelike, (see
section 3.1, remark 3). The theory is essentially quite similar to that
described in this section for the initial value problem (4.18), (4.19). It is

again required that the solution of the reduced problem

a(x,t,w)%% + b(x,t,w)%% + a(x,t,w) =0, t >0,

with w(x,0) = f(x), is twice, continuously differentiable. This is certainly
not the case whenever w(x,t) is multi valued. As to singular perturbation
problems of hyperbolic type we mention here also the work of J.Genet and
M.Madaune, 1it[11], [29], [30]. These authors consider initial boundary value
problems for the equation

2 n

3 u Ju du

e(—= - Mu) + blx,t)— + z a (x,t)— + c(x,t)u+F(u) = f(x,t) (4.38),
NE ot T Lt

where x = (x1,x .,xn) is confined to points in a compact domain of Bn

oo
and where the function F(u) contains the non linearity.

As already noticed before the whole theory breaks down for x > X, 1i.e. the
point where w(x) becomes singular.

This happens for instance in the famous van der Pol equation:
2

99;% + (u
at

—+u=0’ (h-39)

when u becomes equal to 1.

There are numerous rather difficult papers on the asymptotics of this equation,
see 1it[15], [16]1, [5]. 8o called non standard methods in the asymptotic theory
of differential equations with a small or large parameter have, since the appear-
ance of the well-known book by A.Robinson in 1966 [36]1, been used again and with
succes by several mathematicians influenced by G.Reeb, see 1lit[2T].

Equation (4.39) is one of the first of many equations which have been investigat-
ed by the non-standard groups in Strasbourg, Mihlhouse and Oran. We refer the
reader to 1it[27], [kol, [3], [39] and [41].
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L.4, Semi-linear boundary value problems.

We consider again the boundary value problem of section L.1:

d2u du

€ €
2 + a(X)TE? + b(x,us) =0, 0<x<1. (4.1)

€

uE(O) =0 and us(1) = B,

with a e cl([o,1]), b e c2([o,1]x R), %% <0 and a2aj>0.
As in section 4.1 we have
=q = X X
u (x) = u_(x) + R (x) wo(x) + VO(E) + €v1(€) + Re(x), (4.6)

with VsV and v, determined by (4.2), (4.4), (4.5) and where we assume explicit-

ly Vo € 02([0,1]). The remainder term Re satisfies the non-linear boundary value
problem
d2R€ aR_ N N
€ dx2 + a(x)TEF + {b(x,u€+R€) - b(x,us)} = 0(e), (4.7)

uniformly in [0,1] and RE(O) =0 and Re(1) asymptotically zero. In this sec-
tion we give an estimate of RE by using the fix point theorem of section L4.2.

Instead of (4.6) we write:

u(x) = wy(x) + vo(B) + ev, (B) - (v (D) + ev, (2)1(x) + B_(x)
= ﬁe(x) + ﬁe(x), (4.40)
where e C([0,11), v =1 for g <x<1, $=0 for 0<x¢% & R

and Y independent of €.
From the boundary layer character of Yo and v, and the regularity of the func-
tions a(x) and b(x,u) it follows that ﬁe(x) satisfies the boundary value

problem:

dzﬁe dﬁe o _
dx2 + a(x)Tﬂ; + {b(x,u€+RE) - b(x,u )} = o(e), (k.41)

€

uniformly in [0,1] and ﬁe(o) = §€(1) =0
In order to prove that ﬁe, or equivalently GE, is a good approximation for u.
we use now the fix point theorem and derive an a priori estimate of ﬁe from (4.41).

The non-linear map F reads as:
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2
F(p) = E%;g +alx) R+ (00,3 +p) - blx,3)) (4.52)

The linearization in p = 0 gives

2
L(p) = e 2B + a(x) B+ T )p (4.43)
dx
and hence
¥(p) = blx, 8 +p) - v(x,_) - 22(x,d )p (4.4L)
> € 3 € au k] € .

The spaces N and B are defined as:

N:={p | pe 02([0,1]), p(0) = p(1) = 0} with Ipl= max |p(x)| (k.L5)
[0,1]
and
B:=1{q | qe CO([O,1])} with lal = max |q(x)] (L.46)
[0,1]

With the aid of the maximum principle it is not difficult to show that
-1 1
1L ()l < glhal, ¥q € B, (L.47)

where & is a number independent of €, and so the first condition (4.11) of the
fix point theorem is fulfilled.
From (L4.4k4) we get

P
2
P¥(e,) - ¥(p)l = Max | f (3%(x,3 +a) - 22(x,3_)}aq
[0,1] P,
< Cplp1 —p2|, Vp1,p2 € QN(p) and Vp e [0, pJ, (4.L8)

where C and p are positive numbers independent of e and p 1is arbitrarily
positive. It follows that also the second condition (4.12) of the fix point theorem

is satisfied. Further we have

= = =] = 2
m(p) = Cp and mpo = Cpo = 52 or o "
From the fix point theorem we get now the result that the equation F(p) = f with
2

I £1 < %lpo = 1}% (4.%9)

has a solution p e¢ N with |[pl < 2.

Because ﬁe satisfies (4L.49) for e sufficiently small we obtain finally
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Iﬁs(x)l = 0(e), wuniformly in [0,1],

or according to (L4.L0)

and

lu_(x) = wy(x) - vo(’g‘)| = 0(e), uniformly in [0,1] (4.50)

|ue(x) - wo(x)| = 0(e), uniformly in [6,1], V8§ with 0 < & < 1.

It is possible to obtain with the aid of the fix point theorem a better estimate,

yielding also an estimate for the derivative of u - Then we need a formal approx-

imation of the form:

~

3 (x) = w0+ ew (x) + v () v ev (B) + Pv (D),

which requires more regularity for the functions a(x), b(x,u) and wo(x). The

interested reader is referred to E.M.de Jager, 1lit 23 , where also the following

semi-linear boundary value problem has been treated:

2
d uE uE p
S+ sl )+ Bl <0

uE(O) =a, uE(1) = B.

Remarks.

1.

It is again possible to generalize the theory of this section to singular per-
turbations of the form (4.9), see A.van Harten, 1it[19], pp.205-213 and
W.Eckhaus [6], Chapters 5,7.
Singular perturbations of elliptic type with a zero-order degeneration, such as
d2u
e— + b(x,u) =0, u(0) =a, u(1) =8 (k.51)

dx2

with %% < 0, and its analogue in more independent variables have been consid-
ered by A.van Harten [19], pp.111-113 and W.Eckhaus [6], section 7.3,
P.C.Fife [8] and R.Lutz and T.Sari [28].
The reduced equation is b(x,w) = 0 and the boundary conditions can only be
met by introducing boundary layers at both ends of the segment [0,1]; the
width of the boundary layer is O(ve). In case the reduced equation admits sev-
eral solutions these may be connected with each other by free boundary layers
located in the interior of the segment [0,1], see [8] and [28].
Then non-linear boundary value problem
d2u du
e—=+u— +u=0, u(0) = a, u(1) =8B

dx2 dx
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has been investigated thoroughly by T.Sari in 1it[38].

5. Singular perturbations and shock-waves.

We consider the following initial value problem for the well-known transport

equation:
) 3
3% + us% =0, -~w»<x<+4o, 1t >0 (5.1)
u(x,0) = u(x), (5.2)

with |u0(x)l decreasing sufficiently fast to zero for x - +». Because the top

of the wave travels faster than the bottom the solution will be in general multi val-
ued which is not acceptable in physics. The solution to this anomaly is to introduce
weak solutions and to allow in this way solutions which may be discontinuous across

some line or across several lines in the (x,t)-plane, so-called shock-waves.

u

stg) x

Shock Wave; conservation of momentum; t = t
In case the shock-wave is represented by x = (s(t) we find by integrating (5.1)
with respect to x from -« to +» and interchanging differentiation to t and

integration:

+

L [ ulxtlax + $ud = J1d4, (5.3)

—00

where [f] := f(s(t)+0) - f£(s(t)~-0) denotes the jump discontinuity of f across
the shock-wave.

We can do the same for the equation

and we obtain similarly

400
a4 1.2 ds 1 2, _ 3
pre i sU dx + dt[§u 1 = =[u”] (5.4)
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+co +0co
We call [ u(x,t)ax = M(t) the total momentum and [ %uz(x,t)dx = E(t) the

—00 —00

total energy of the wave.

Conservation of momentum yields for the velocity of the shock-wave

—_

= 2
ds _ 2[u"]
at -~ [ul (5.5)
and conservation of energy gives for this velocity
1
=r.. 3
ds _ 3[u’]
i (5.6)
2[u"]

It follows that the slope of the shock-wave and hence also the shock-wave itself
depends on the conservation law, which has been imposed on the physical system a
priori. In case we require conservation of momentum and so the validity of (5.5),

we get from (5.4)

dE . 1 [u"] (12, _ 1.3
at * 3w % T gtwd
or
a8 _ 1. 3
o 12[u] R 85.7)

which is non-zero.

Solving the initial value problem (5.1)-(5.2) we cannot satisfy at the same time
conservation of momentum and conservation of energy; one has to make a choice a
priori.

We consider now Burger's equation

Bue aue 82uE
_—+ —_— - .00
T U, T f o ® < X < 4o, t >0 (5.8)
9x
with the initial condition
uE(x,O) = uO(x), —© < X < +o, (5.9)

This initial value problem is uniquely solvable, the solution is single-valued and

we do not need the introduction of weak solutions as long as (x) is bounded and

u
0
measurable.

Because u and %% vanish for x » o it follows from (5.8) that u, satisfies

conservation of momentum, but conservation of energy is in general impossible because
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3 o, +00 BuE 2
3t O;( éuedx = —e_of (——-—ax) dx

Oleinik has shown in [32] that the solution of the singular perturbation problem
(5.8)-(5.9) approximates for e+0 the solution of the initial value problem (5.1)-
(5.2) in a weak sense and under the assumption that momentum is conserved in the
latter. The singular perturbation eég%f works as a viscosity term and it smoothes
the discontinuous transition across thg shock.

P.Lax and C.Levermore [25] and the author and P.Wilders [2L4] have also considered

the singular perturbation problem

du du 3”u

€
W+uea_x=€——_3’ —® < X < 4o t >0 (5-10)

with the initial condition

us(x,O) = uO(x), —© < X < + (5.11)

with uo(x) > 0 sufficiently fast for |x| > +w.

(5.10) is known as the Korteweg-de Vries equation, which has been in the focus of
much attention of many pure and applied mathematicians, as well analysts as differ-
ential geometers. It describes long waves in relatively shallow canals; u deter-
mines the height of the water above some level of equilibrium.

The equation (5.10) yields an infinite number of conservation laws for u. and in
particular also conservation of momentum and conservation of energy.

Whenever € approaches zero it is to be expected that the conservation laws remain
valid also in the limit, but then the limit function cannot be a weak solution of
the reduced problem (5.1)-(5.2), because the solution of the latter problem can
sustain only one conservation law. It appears that the singular perturbation problem
(5.10)-(5.11) is really a difficult problem and a satisfactory description of what

happens when € > 0 1is still an open question.
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