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A CONSTRUCTIVE POLYNOMIAL METHOD IN THE REPRESENTATION

THEORY OF SYMMETRIC GROUPS

Michael Clausen, Lehrstuhl II fiir Mathematik, Universitéat

Bayreuth, D-8580 Bayreuth, West Germany

During the last few years polynomial rings in double-
-indexed indeterminates have been investigated for quite
different reasons. In this note I would like to report
about these polynomial rings from the viewpoint of the

representation theory of symmetric groups.

§ 1 Letter Place Algebras

Let R be a commutative ring with unit element 1 = 1R # O,

and let m,n eN:={1,2,...}. The polynomial ring

n . .

R, == R[xij / i=1,...,m; j=1,...,n]
in the m-'n indeterminates X, =: (i|j) - i is the letter
and j the place index - 1is called the letter place algebra

in m letters and n places [DKR,p.66].
The double indication of the indeterminates makes it

possible to associate to a monomial

X Tl (of 14 )
s o teeeX. . =z . . of tota egree
134 Tklk I
x|k
the letter-content o = (a1,...,am), a; := [ {v /iv=i}|,

the place-content B8 = (By,...,8.), B. = |[{v/j =j}|, and

the content (a,B8).
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Hence the letter- (resp. place-) content of a monomial of

total degree k is an improper partition of k, i.e. a (resp. B8)

is a sequence of non-negative integers which sum up to k.

Let me write okFk and Bkk, for short.

By homogeneity conditions with respect to monomials the
letter place algebra Rmn can be decomposed into finite-

—dimensional R-subspaces Rae:

k=0 a=(a1,...,am)bk

B=(B1I"'I8n)‘=k

RaB ’

where Ra is defined to be the span of the monomials of

B
content (o,B).

(In the sequel V =<<B>§ means: B is an R-basis of V.)

Example.
11 101 12 12
|21 2]2 201 21
Re,2,1)¢2,2) =<{202] l2(2] “(2|1] |2]2)%& -
3|2 3(1 3|2 301

The general linear group GL(m,R) acts from the left, and
GL(n,R) acts from the right on Rmn, and these actions in-

duce algebra-automorphisms of Rmn:

For all (ars) in GL(m,R), all (buv) in GL(n,R) and all
(<
monomials T 3) tJ in Rmn put
i,J
cij cij
(ars)' JI_ (i|3) 1= | . (= aki(k[j))
i,] i,3 k

C. . C. ..
sl 1], — . ij
!I. (i]3) (b,y) == II' ( § bjh(1|h)) .

i,j irj
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REPRESENTATION THEORY OF SYMMETRIC GROUPS

Moreover this yields a (GL(m,R),GL(n,R))-bimodule structure

n
n R .
e ™

The symmetric group Sn is embedded into GL(n,R) via per-

mutation matrices.

The spaces RaB can be interpreted in a representation

theoretical way.

Theorem [Cl I, p. 168]

Reg & HOMg(s, 1 (RISKI8p(g jR/RIS 1@

R) .
R[SB]

Here Sa (resp. SB) denotes the Young-subgroup to akFk

(resp. BEk). a

Hence the Ra are intertwining spaces, and Mackey's Inter-

B
twining Number Theorem (see e.g. [CR, § 44]) suggests to

deal with the question:

Are there any R-bases of Ra which are of represen-

B
tation theoretical interest?

Before I start answering this question, let me recall

some notations.

A= (A1,...,Ah) is a (proper) partition of n (for short:

A+ n), if A is a non-increasing sequence of strictly po-

sitive integers which sum up to n. A = (AH,AE,...), the

associated partition to A, is defined by 1 : l{j/xjgi}[.

[It is well-known that the (proper) partitions of n para-
metrize the conjugacy classes of Sn as well as the classes

of ordinary irreducible representations of Sn.]
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h

(A) == U {(i,1),...,(i,Ai)} is the Young-diagram associ-
i=1

ated to the partition A = (A1,...,Ah). A A-tableau T (or a

tableau of shape i) is a mapping T : (A)——N.
One can illustrate such a tableau T in the following way

t t

11 B92 -0 --- Eqy
a1 top oo --- tzxz

- (kg4 == T((1,3))),

1

t t ... t

h1 "h2

and it is clear how to define the i-th row and the j-th

column of a tableau T = (ti ).

j
T is said to be standard if the elements in each row of T
are strictly increasing from left to right and are non-
—decreasing down the columns.

C(T) = (C1 (T) ICZ(T)I°")I Ck(T) = I{(lrj) / ti:]:k}l’ is

the content of T.
2 3

Example. The tableau T = 2 is standard and

BN ==

c(T) = (2,3,1,1,0,...).
o

Let STA(u) denote the set of all Standard Tableaux of shape

A and of content a.

To get a representation theoretical description of the

R-dimension (RuB:R) of Ra let me remind you of

B8

Young's Rule.

The multiplicity of the irreducible representation [A] of Sk’

Al
Ak, in €[s; 1@ € is just |STA ()] , i.e.:

C[Sa]
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REPRESENTATION THEORY OF SYMMETRIC GROUPS

cis, le c =®  |stM(a)|-0[A] | .
k C[Sa] Ak
a
As (RaB:R) = (CaB:C) (monomials!), one gets
(Ryg:R) = 1( Z®|sTV () -[a1, =®[sT" ()| -[u])

Ark urk

1] 1
= |sT* (a)| - |ST" (B)] - &
Asu

Au

N A’
Z |sT” (a)xST" (B)| .
Ark

( i(D1,D2) denotes the intertwining number of the two repre-
sentations D, and D2.)

Thus pairs of tableaux of the same shape will be of impor-
tance.

A bitableau is a pair (S,T) of two tableaux of the same
shape. If S (resp. T) has content o (resp. B8) then (S,T) is
said to have content (a,8). (S,T) is standard if both S and

T are standard.

Let BT (a,B) (resp. SBT(a,B)) denote the set of all (resp. all

standard) bitableaux of content (a,B).

So the main problem of this section will be to determine

F : BT(a,B) —> RaB

|
\"natural" functions
I
lsuch that SBT(a,B) is mapped by F onto an R-basis of Rae.

One can look upon these functions as a kind of alternation
or symmetrization process, or suitable combinations of these

processes. Let me begin with a pure alternation process.
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I. Bideterminants.

Call
S1qce ceeSany ﬁ11"‘ AR
%11"' tSiag €i1"‘ “tiag = (s|T) :=
Spq-- “Shay tpye-- “thay

(s59lt59) --v (syqlt, )
h . . 1

det . .

i=1 .

(siy It39) -+ (s4; [t5, )
1 1 1

the bideterminant associated to the A-bitableau (S,T).

If SBD(a,B8) denotes the set of all bideterminants which
correspond to the standard bitableaux of content (a,B), the

following theorem holds.

Theorem (Doubilet, Rota, Stein)

Let R be any commutative ring with unit element 1R # O. Then

RuB = <<SBD(a,B)>Dh .

(See [DRS, DKR, CP, CEP, Cl III].) a

The fact that SBD(c,B) spans RGB follows from a straightening
algorithm, based on a generalized Laplace expansion. The
linear independence of SBD(a,B) results from certain nice
properties of the so-called Capelli operators. These Capelli
operators are suitable products of (set) polarization opera-

tors.

66



REPRESENTATION THEORY OF SYMMETRIC GROUPS

After this pure alternation process I now mention a pure

symmetrization process.

ITI. Bipermanents.

To every A-bitableau (S,T) of content (oa,B) corresponds the

following element of Ru which I would like to call the

BI
bipermanent to (S,T):

S11 000 S13 00t Sy Bi1 eee By ee t1x11*
S21 --c S23 - Sy, €21 +-- 5 - tzxz *
: : = (s|T)
s PP s S t cee . t
h1 hay h1 hiy
(Sq:]ta3) oo (sq.]ty )
15184 151850,
. 3113 33
TT per . .
j=1 . . :
(S, s|tss) oo By |ty =)
Al 1 A AL,
531013 5313

Again there exists a generalized Laplace expansion, but some
terms appear several times, so a straightening algorithm
works only under suitable assumptions on R.

To be more precise let r and t be non-negative integers,

r £t. Define the natural number Cre by

e == 25 (B)-(5) -

Theorem.

If all C. -multiples of 1_ with r+t émax{ai,sj} are inver-

t R
tible in R, then the standard bipermanents of content (a,B)
form an R-basis of Ra

B*® a
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Corollary
If @ is a subring of R s.t. 1Q = 1R then the standard bi-
n

permanents form an R-basis of the letter place algebra Rm - o

A proof of the above theorem and more details about biper-

manents can be found in [Cl IV].

In contrast to the results for bideterminants, the straigh-
tening of bipermanents is not "characteristic-free". The

same is true for the following

IITI. Combinations of Symmetrization and Alternation Processes.

Let X = (x1,...,Ah) F n.

H(A) := {o:(A)>»(r) / vy Vjsxi Hj' o((i,3))=(i,3")}

is the group of row ( =horizontal) permutations, and

V(x) = {o:(X)>—»(r) / Vj V1§A3 34 c((i,3))=(i,3)1}

is the group of column ( =vertical) permutations with respect
to ().

Recall that a A-tableau is a mapping T : (A)—> N. Hence the
composition Too, o any permutation of (A), is again a
A-tableau.

Two A-tableaux S and S of the same content are said to be

column-equivalent (for short: S;;SW if there is a o €V (})
such that §8' = Soo.
Now I can define to a A-bitableau (S,T)

(1) the L-symmetrized bideterminant

(5]|T) == z (s'|T)

~

(2) the P-symmetrized bideterminant
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REPRESENTATION THEORY OF SYMMETRIC GROUPS

(s [T

~

= z (SIT') 2
P T

(3) the LP-symmetrized bideterminant

(sieEpy =z = (s'|tH
S'-Ss T'~T
c c
(4) the L-alternated bipermanent
([EHT)“t = Z sgn (o) (Soc[T)* ’
o€H(A)
(4) the P—-alternated bipermanent
s|@H¥ = = sgn(t) (S|Tot/® , and
TEH (1)
(6) the LP-alternated bipermanent
#» S
((s11[T] := Z z sgn(ot) (Soo|Tort) .

OEH (A) TEH (A)
By a simple computation one gets the following

Lemma
Let (S,T) be a A-bitableau. Let V(A)T := {0€V(A)/Too=T};

so V(A)T is the stabilizer subgroup of T in V(A). Then

~e

(EIm* = |[voogl- s|ED
T

i.e. the L-alternated bipermanent to (S,T) equals (up to the

factor IV(A)T[) the P-symmetrized bideterminant to (S,T). o

According to [Cl 1] straightening algorithms exist for all
six classes of polynomials.
Now using Corollary 3.4 in [CEP] and results of section 4 in

[Cl I] one easily gets the following
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Theorem

If @ is a subring of R such that 1Q = 1R'

ments of type (1),(2),(3),(4),(5) or (6) which correspond

then the ele-

to the standard bitableaux form an R-basis of the polyno-

. . n
mial rin .
g Rm o

§ 2 Applications in the Representation Theory of sn

I. The Group Algebra of S_.

o (1)
Note that Sna G —> :

(resp. o +—>

Deeem

o (n)

yields an isomorphism R[S_]—=—R of left (resp.
n ™ a™

right) R[Sn]—modules. Thus one can interpret elements of

R n n as elements of the group algebra.
(17) (1)

Theorem
(1) The standard bideterminants (resp. bipermanents) of
content «1“),(1n» form an R-basis of R[Sn].
(No further assumptions on R are necessary!)
Now let R be a field, char R f n!. Then R[Sn] is semisimple
and the following holds:

(2) Rls 1= 2* 2 <<([E]|m / TesTt (1M is
AFn SEST (1)

a direct decomposition of R[Sn] into minimal right
. A
ideals <<([S]|T) / T € sT (1“)>>R,

(3) R[s ] = 2® =®  <<(s|[@]) / sestr(1M>3} is
An TEST” (1)

a direct decomposition of R[Sn] into minimal left

ideals, and
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= > A,.n .
(4) R[s_; ] = )\En <<([EI[@ 7/ s,rest" (1> is a
direct decomposition of R[Sn]into minimal two-sided

ideals. o

More details can be found in [CL III, §7].

II. The Ordinary Irreducible Representations of Sn‘

i-1  oxtends to an epimorphism

The map (i|j)h—+(xj)
F : Rmn———-»R[x1,...,xn] of (right) R[S ]-algebras and the

right R[Sn]—module

12 ... x1| 12 ...y
_ 1 2 .. As+T oA +A .
Y, (R) = . 2 1. 1772 R[S ]
1 2 . Ah eee. N

is mapped isomorphically onto the classical Specht module

involving Vandermonde determinants.
Theorem

Let R be a field, char R f n! . Then {?A(R) /A + n} is
a full set of pairwise inequivalent irreducible R[Sn]—

-modules.
o

ITIT. The Modular Irreducible Representations of Sn'

Let R be a field of prime characteristic p, p | n! .

Theorem

If An is p-regular (i.e.: no p of the Ai's are equal)

then :&xR) has a unique minimal (non-zero) submodule:
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12 ... A1 12 ... A1
1 2 .. A Aa+To oA+
'(b)\l(R) = . 2 ’ 1. 1 2 . R[Sn] ’
12 .2y [| ....n
and {;OAJR) / A+n p-regular} is a full set of pairwise

inequivalent irreducible right R[Sn]—modules. a

This result [Cl I] duals the following theorem of James.
Theorem [J]

If X is p-regular then the Specht module S&(R) has a unique
maximal submodule % (R) ( # ¥, (R) ) and {:PA‘R)/r} (ry / A-n
A
p-regular} is a full set of pairwise inequivalent irredu-

cible right R[Sn}—modules.

In [Cl III] an algorithm for the computation of the matrices
for the modular irreducible representations of the symmetric
groups Sn has been developed. By hand I computed the matrices
up to n = 5 for all relevant primes. At the present we are

writing a computer program for this algorithm.

IV. Various Module Constructions in the Language of Letter

Place Algebras

In this subsection I want to indicate how classical Sn—
module constructions can be expressed very naturally in terms
of letter place algebras. Let me illustrate these construc-

tions by examples.

(i) inner tensor products of Specht modules:
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REPRESENTATION THEORY OF SYMMETRIC GROUPS

Example.
1211 2
12 3 123 . g
(1 2 45 B'R[Ssl e (1 2134 Rlsgl =
12 3
12 y (3,2),.5 (2,2,1) 45
<< 45 / sesT* ' (17), TesT ' (17)Y>> .
R
4 5 T
4
(ii) some induced modules:
R &R[S ]R[Sn] is isomorphic to R n. as well as to
o a (1)
1 a1+1 ceee o 1 a1+1 ceee o
2 . ) 2 . °
S n S n -R[Sn] ; here and in
& 172 ; 172
1 1
the following example o = (a1,u2,...) is an improper par-

tition of n.

If AS denotes the sign-representation of the Young subgroup

S, then As @R[Sa]R[Sn] is isomorphic to (1 2 .. n|1 2 ... n)R

a (1™
as well as to

a1+1 cee .a1+a2 'R[Sn] .

In an extrem simple way one can define

(iii) R[Sn]-modules to skew tableaux:

Let AFn, and uFn, . If (1) is a subset of (u), (u)\(A) is called

a skew diagram, and a mapping T : (u)\N(A)—>N is a skew
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tableau of shape u\A. The notion of bitableau (resp. bideter-

minant) is easily generalized to skew bitableau (resp. skew
bideterminant) .

To every skew tableau with n entries belongs an R[Sn]-module.

Example.
2 6 8 9 2 6 8 9
1 3 4 56 7 134} 56 7
2 12 "RISgI =1 432 |12 "Risg]
2 4 34 2 4 3 4
134 1] 123
- 12 13 ) risgl .
2 4 6 7
2 6 8 9
As a special case of (iii) let me mention
(iv) Littlewood-Richardson products:
These are modules of the following type.
If Arn; and uwen, then (f, (m#Y¥ (R)) e ;g g RIS . ]
n, "n, 172

is the Littlewood-Richardson product with respect to the

partitions A and u. (¥ denotes the outer tensor product, see

[cr]l.)

Example.
6 7
8 9

~
10 11 |.R[S,,] =(\j(2'2,1)(R)# \}(3,3)(11))@
123 123
12 45
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V. Specht Series.

A Specht series of an R[Sn]—module M is a chain
M =M, >M2> e >Mr+1 = 0 of R[Sn]—'submodules M., where

each factor Mi/M is isomorphic to a Specht module y(i)(R)
A

i+1
(i=1,...,xr).

Letter place algebras are an efficient tool to construct
Specht series for some classes of R[Sn]—modules in a very
homogeneous and systematic way (see [Cl II]); examples are
certain induced and subduced R[Sn]—modules, tensor spaces,
and last but not least one gets a characteristic-free ver-

sion of the classical Littlewood-Richardson rule in a module

theoretical setting.

Theorem [Cl II]
Specht series for Littlewood Richardson products can be

constructed explicitly.

The proof of this theorem shows a close connection between
(i) lattice permutations,
(ii) symmetrized bideterminants, and

(iii) Capelli operators to skew tableaux.

Final Remarks

Similar results hold for the general linear groups.

Extending the letter place algebra concept to letter place
spaces of formal power series one can construct series of
infinite-dimensional irreducible representations for the

countable infinite symmetric group (see [Cl V]).
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