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FREE RESOLUTIONS OF TENSOR FORMS

H. Andreas Nielsen

Introduction

Let {Tij} be a mxn matrix of indeterminates. For all t
we construct bounded free resolutions of the ideals generated by
t-minors of {Tij} in the polynomial ring Z[{Tij}]. If m=n

and T.. = T. (resp. T = = ), we construct, by the same

ij i ij T5i1
procedure, bounded free resolutions of the ideals generated by
t-minors (reps. 2t-pfaffians). Also Pliicker and Veronese embed-
dings are treated.

The constructions are global in the sense that they are car-
ried out for a graded symmetric algebra of a locally free module
over a noetherian scheme. A base change along a given cosection
provide us with locally free resolutions in the perfect, depth
generic cases. If the base scheme is defined over the field of
rational numbers, a homotopy construction gives rise to minimal
resolutions similar to those previously obtained by Jdzefiak and
Pragacz [6], Lascoux [10,11] and Nielsen [12].

In section 1 we give the general graded construction which

is of interest in itself. Sections 2 and 3 contain the applica-

tions and examples mentioned above.

289



H. A. NIELSEN

1. Graded complexes

Objects M, N are graded by the integers Z with [M]n
the n'th homogeneous component. Graded maps f£: M -» N have
degree 0 and n'th homogeneous component [£1%: [M1™ - [N)D.
M(m) and f(m) denote the same object and map with shifted
grading [M(m)1™ = [M]™D, £(m): M(m) » N(m) with [£(m)I]™ =
[f]m+n. Graded modules M over a graded ring A satisfy
[aI™ M1 ¢ 1™

For a module V, SV (AV) denote the symmetric (exter-

ior) algebra with [svI® = s®™v ([AVI® =A"V) being n'th symmet-—
ric (exterior) product of V for n > 0 and the zero module

for n < O.

Definition 1.1. Let V be a module on a scheme (X,OX)
and let M be a graded SV-module. For all p,q€Z, we define
graded SV-modules

Pg _ q —“PTqG
(1.2) Eo [M] GOXA V@OXSV(p)

and graded SV-linear maps

Pd. P4 pag+1, Pd, pP4d p+1q
(1.3) ag Eg® ~ EJ ; a79: EfY - Eg
pa+1.pq _ pl+gspg _ pa+1ipq pHlaspd _ .
ag dg> = 0, a3 a3 0, a7 a5 + dj qd1 = 0;

satisfying:

in non-trivial cases given by

pPq.n 4
[dO] (m @v1A...Av_p_q®w1®...8wp+n)
=z ¥ .ndev, A C AV Ow,.®...0w
i€l 1,-p—ql i ANV e AV o g OV O - OWn
pqn 4
(27717 (m 0v1A...Av_p_q®w1®...0wp+n)

119 v, A S AV @V, ®W.8...0W
QA e 5 < ®Wpyn.

= Tie(1,-pq! -p—q 1
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Altogether we have a double complex

Pg 4P9 4Pd
.4 (Bg™+dg +d7) b, qez
with total complex
r .r . r _ jele} r_ P | 404
(1.5) (EO’dO)rEZZ’ E0 JJ._ EO ’ d0 1 dO +d1 .
ptg=r pHoEr

Definition 1.6. A (double) complex is called bounded if only

finitely many chain objects are % 0. A complex (Kr,dr)r€zz is
called a resolution (of M) if, kKf=0 for r>o0, HY(K*) =0 for

r+0 (and H°(K") ¢ M).

Theorem 1.7. Let V be a coherent locally free module on a
noetherian scheme (X,OX) and assume M to be a graded coherent

SVv-module with all [M]9 locally free O,-modules.

X
The complex (1.5) is a bounded resolution of M with locally
free graded SV-modules.
Put d = sup{pe€ Z | [Tor.SV (M,sv/vsvlP # 0} and denote by

Pq 4P 4P4
(1.8) (eP9,aB9,a0% o 4

the bounded double complex having the same chains and differen-
tials as (1.4) for p > -4 and 0 else.

The total complex of (1.8)
MITPe. A Tve. sv(p)

p>-d Ox Ox

(1.9) (Y ,a%); Y

]
E

is a bounded resolution of M with ET' coherent locally free
graded SV-modules.
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Proof. For fixed n€Z the graded component ([qu]n,
[dgq]n' [d?q]n) of (1.4) is a bounded double complex with
SV
-pP~qgq
and rows ([qu]n,[d%’q]n)pem exact for g#n with cohomology

p,q9€%Z

column cohomology Hq([Eg']n,[dg']n) ~ [Tor (M,SV/VSVH_prSp"V
X

H_n([Eén]n,[d;n]n) ~ [M]1™ and zero else. The conclusions fol-

low easily now.

Proposition 1.10. Given homotopy equivalences (qu,dgq)q€Z;;

(Hq(Ep',dg')) of each column in the double complex (1.8) to

qEZz
its own cohomology, we may construct a bounded complex with co-

herent locally free graded chains

r _ SV q _
(1.11) E] = .LLqEZ[Tor_r(M,SV/VSV)] @Ox SV (r-q)
. : r, or | pr+l . . r : -
and differentials d1. E1 E1 satisfying d.1 GSVIGSV/VSV 0

together with a homotopy equivalence between the complex (E§“ﬁ3r€Z

and the resolution (1.9).

Proof. Since (1.11) is column cohomology, we only need the
induction step after column index p. Given a diagram of maps

of complexes

£
D, D,
p1“11 po”"-e
Cq o

and homotopies dksk-&-skdk = pkik-id; dktk-Ftkdk = ikpk-id,

k=0,1. Then (mapping cone C=(f) =D?+1 ® Dy, dn=—dg:1 +ap + £
P 0

there are maps C'(f):::?C‘(pofi1) and homotopies ds+sd = pi-id;
i

dt +td = ip-id, given by p = p1+p0+p0ft1 and i, s and t
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zre determined ky chase in the following commutative diagram
coming from the long exact homotopy sequences ([,] denotes

homotopy classes of maps of complexes, [ ] shift, cf.[14])

[Col11,C7(£)] » [C[11,C7 (D)1 = [C” (9yfiy) ,C (D)1 -[Cy,C (H)] » [Cy,C(D)]

| -opot11 | —omqr | -op |-opg } -ops

[Dy[11,C7 ()] » [Dy[11,C°(£)] - [C*(£),C (D] ~ [Dy,C (] » [D;,C" (D]

Unfortunately, this provides us with complicated looking formu-

las, e.g. one gets an i with 11 terms.

Corollary 1.12. Let s: V - Oy be a cosection of V and

denote Ox regarded as (nongraded) SvV-module through s by sqx.

If ToriV(M,sOX) = 0 for 1i#%0, then the complex

ar Oy id 5 )

(1.13) (BT, @) = (ETog, O
s X

s SV s°X’

Er
S

I m9e, AP
p+tg=r X
is a bounded resolution of bd@sv sOX with coherent locally free

Ox—modules.

If morecver the assumptions of Proposition 1.10 are satis-

fied, then the complex

r ry _ r r .
(1.14) (sB17591) = (By 85y LOxr dy Oy id o)
EY = Tor®Y (M,SV/VSV)
S 1 -r

is a bounded coherent Ox-locally free resolution homotopy equival-

ent to (1.13).
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Lemma 1.15. If for each maximal x € Supp Mesv s;Ox
sv =
depth Ox,x 2 pdSV 80 oy M8, Ox,x’ then Tori (M,sox) =0 for
X , X X
ifo0.
Proof. Lemme d'acyclicité.
2. Minors of a general matrix

Partitions ¥xlkn of a natural number n€ IN are functions

x: N - NN, such that (i) 2> x(i+1) and = (i) = n. We

iemw X
introduce w_Fn, w,(i) =1 for 1ig<n, the Young dual of x}k,
X = Zi€]wa(i)' the rank &8(x) = sup{i €N | x(i) >i}, and the
length 1(x) = sup{i € N Ix_z_wi}, where x2x' ex(i) 2x(i")

for all i € NWN. The Ferrers-Sylvester graph of x is I‘X =

{(i,3) e WxIWN | j<x(i)}.

Let E, F denote coherent locally free modules on a noether-

ian scheme (X,OX) . Set V= E@O F and for xkn, let IX c SV
X
be the SvV-ideal generated locally by elements njemdet{eijefkj}i,k

for all indexing I‘X - EIU,(i,j) - eij and I‘X -> FIU,(k,j) - fk

jl
(Iw ideal generated locally by t-minors).
t

Theorem 2.1. Suppose E, F have constant rkE = m, rkF =n
. n SVz P
on X. Set V, =% @z and d = sup{p€Z | [Tor “(SV,/I ,Z)]*¥0}.
In case V = E®_ F, M = SV/Iw defined above, the bounded

(e]
X
double complex (1.8), (qu'dgq’dli)q)p>—d' has total complex with
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chains the coherent locally free graded SV-modules

(2.2) EY = u.[SE@mqw]rTaoAﬂieFQOSEeF@)
p=-d t X X

and (EY¥,dY) is a bounded resolution of S E®F/I
“e

Proof. Follows from Theorem 1.7 once we note that [M]9
are locally free and defined functorial with respect to base

change, [1].

Remark 2.3. Unfortunately no calculation of the d in
Theorem 2.1 is available. From Proposition 2.8 below, treating

the case Q < O we get the lower bound d 2 mn - sup{m,n}(t-1).

= vx’

SV
It would be of great interest to know if Tor. Z(SVZ/QM ,2Z)
t
are free ZZ-modules,in which case we would have equality above,

or not.

Corollary 2.4. The complex (Er,dr) of Theorem 2.1 is a

complex of functors on the category of pairs of quasi-coherent

O,-modules, giving a resolution of SIE@F/Iw in case E, F

X
t
are coherent locally free of constant Yk E = m, rkF = n.
If we delete the summation restriction p2-d, then we get
a functorial complex giving a resolution for all coherent locally

free E, F.

Proposition 2.5. Let E - F' be an Oy-linear map and let

s: E®@F - Ox denote the induced cosection. Under the assumptions

of theorem 2.1 we set OX/It = SV/th QSVsox and suppose that for
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all maximal x € Supp O,/I_, depth O > (m-t+1) (n-t+1),
X7t X, x =

then = holds and the complex (sEr, s;dr)

(2.6) Ef = 1 [SE@F/I 1 Pg

-r
s A "E®F

p>-4d t OX

is a bounded resolution of OX/It with coherent locally free

OX—modules .

Proof. Follows directly from corollary 1.12 and lemma 1.15
using strongly generically perfectness of SVZZ/Iw , [4].
t

Remark 2.7. l(SEr, sdr

) = sup{-rez |sEr #0}< inf {d,mn}
as one easily sees.

Let us also remark that the graded components [SE@F/Iw 19
have canonical bases. If E, F are free with bases {e.l, . ..em},
{f.I r-.-,£} then the elements nj €W det{eilj ® fklj}i,k

for X + g 1(x) ¢ t and all I"X - {e,l,...,em}, (i,3) » eilj

and all Fx = {f1""’fn}’ (k,3) + fklj both satisfying
i-11j <ilj <ilj+1, constitutes a basis for [SE @F/Iw 19,

- t
Ccf. [1] for details.

Incase Q¢ OX a camplete description of the chains in the mini-
mal resolution has been given by A. Lascoux. Cf. [10] and [12].
We restate the results here for completness and to give an im-

pression of what "is needed" in the characteristic free cases.
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Tensor (or Schur) functors ([10]1, [12],[13]) are defined
for each partition Xkn, TX endofunctor on a modulk category,

by T E = @, Sx(i)E modulo submodule generated by elements

X i€N

®;(e;4®----®e; (i)) for all I ~E, (i,3) = e;y such that

ejry =e4y for some (i',3) # (i,]).

Proposition 2.8. Let E, F be coherent locally free mo-
dules on a noetherian scheme (X,Ox) defined over Spec Q. Set

vV = E@OXF and M = SV/Iw then each column in the double complex (1,4)
t

pd P4 P4
(Bg 4o d77) p, g e =,

(qu, akd)

qem= ([SE®F/I, 19@ A"PT9E @ F) @ SV (p)
t

is SV-linear homotopy equivalent to its own cohomology.
The resolution of M (1.11) (Eﬁ, d];) have chains given

functorial

(2.2) EJ =X'—'F__r(Ef)X@SEeF(r—(t-ﬂé(x))

where (Ef) = ~EQ®T

x = Tix+(t=-Nw (x~+(t—1)m6(x))~F'

6(x))

For rkE=m, rkF=n constant on X, 1 (Ef,df) = (m-t+1) (n—-t+1) .

Proof. From the description in [2] we see that in the ca-
tegory of endofunctors of @-modules it is effectively possible
(may give an algorithm) to split mono- and and epimorhisms, so
the first part follows from Proposition 1.10 using base change.
For (2.9) there are calculations in [10], [12] or one may use
Bott's theorem on cohomology of line bundles together with the

Weyl character formula.
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Corollary 2.10. The functorial complex (2.9) is unique up

to unique natural isomorphism.

Proof. From the proof of (1.7) follows that the chains in
(2.9) are unique up to isomorphism. Since everything is SV-linear
it suffices to see for each xk -r that the multiplicity of (Ef)X
in Ef+1 regarded as functors is 1. This is obvious from the

Littlewood-Richardson formula, [12].

Corollary 2.11. If under the assumptions of Proposition 2.5

(X,OX) is defined over Spec @ then (SEﬁ, sd’i‘) with chains

r _
(2.12) sB1 7 Ty (t-Dw EOT ™+ (t-1)w

~ ~F .
s(x)) s(x))

is a bounded locally free resolution of ox/It of 1(sEﬁ, Sdf)=

(m=t+1) (n-t+1) being minimal in the fibre at x € Supp Ox/I1.

3. A list of other cases

The constructions follow the general approach of section 1
using metholds similar to those of section 2.

Throughout this section E will denote a locally free module
of constant Yk E =m on a noetherian scheme (X,OX).

Partitions and tensorfunctors introduced in section 2 will

be used.
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(3.1) Symmetric matrix ([1], [8]1 1[11])

a) Set V = SZE and let IZm be the ideal in SV gene-

t
rated locally by elements det {ei1 ® ei.z}

R for all indexing
i,i',
P2w > Bjy, (23) = ey,
b) For M = SV/Izw the complex (1.5) is a bounded resolu-
t

(t-minors) .

tion of M with locally free graded SV-modules. M has canonical

local bases, [1].

2, m

SSTZZ 2,0
c) Put d = sup {p€= |[Tor. (ss®z /Izwt,:z)]P +0}
then the complex (1.9) is a bounded resolution of M with

coherent locally free graded SV-modules.

d) Given E » EY 1locally symmetric, i.e. inducing a cosec-

tion s:V=82E-0 then if deptho, X£!;(m—t+2) (m-t+1) for
r

XI
all maximal X € Supp M@SV sOX' we get locally free resolu-

tions of M@SV sOX =OX/ (ideal locally generated by t-minors

of E-EY), as in 1.12 - 1.15.

e) Suppose moreover Q¢ Ox’ then we get locally free (gra-
ded) resolutions (1.11), (1.14) of l(Ef) = ¥ (m-t+2) (m-t+1),

and the functorial chains are computed by Lascoux, [11].

(3.2) Alternating matrix ([1]1, [6], [91])

a) Set V=A2E and let Im be the ideal in SV generated
2t
locally by the Pfaffians (of diagonal 2t-submatrices) in StAZE.

b) For M=SV/Iw the complex (1.5) gives a bounded reso-
2t
lution of M with locally free graded SV-modules. M has
canonical local bases, [1].

sAz

m
c) If we put d =supi{p €% |[Tor. (sh’z m/Iw z)1P+0},
4

2t
the complex (1.9) gives a bounded resolution with coherent lo-
cally free graded SV-modules.
d) Given E-EY locally alternating, i.e. induces a cosec-

tion s:A%E-o0 then if depthOy _ »%(m-2t+2) (m-2t+1) for
x 2

xl
all maximal x € Supp M@SV s_Ox, we get locally free resolutions
of M@gy; Oy = Ox/ﬁ.deal generated locally by Pfaffians of
diagonal Zt-submatrices), as in 1.12 - 1.15.
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e) Suppose moreover Qc 0x then we get resolutions
(1.11), (1.14), of l(EI1:, d]i) =% (m-2t+2) (m-2t+1) and the
functorial chains are computed by J&6zefiak and Pragacz,

[6], in terms of tensor functors.

(3.3) Plicker embedding

a) Set V=AtE and let :[t be the ideal in SV genera-

ted locally by the Pliicker relations in s?‘v, [5].

b) For M=SV/It the associated complex of (1.5) on

r (AtE) gives a locally free resolution of the Pliicker em-
bedding Grass _E - P (A%E), [4].
c) In case Q¢ OX no calculation of the functorial chains

for general +t are known to me.

(3.4) Veronese embedding

a) Set v=s*E and 1let It be the ideal in SV generated
by I,(2:=Ker (SZV»SZtE) .

b) For M=SV/It the associated complex of (1.5) on
1P(StE) gives a locally free resolution of the t-uple Veronese
embedding PE - P SYE

c) In case Q< Oy no calculation of the functorial chains
are known to me, but the computations do not look very compli-
cated. Indeed a calculation of the last non—-vanishing chain module shows

that the embedding is Gorenstein if andonly if t divides rk E.
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4. Completing remarks

Ad. 1. Using a "reduction to diagonal" argument, e.qg.
as in the proof of "Tor rigidity" M. Auslander & D. Buchsbaum,

Codimension and multiplicity, Ann. of Math. 2nd. ser. 68

(1958), p. 632, the double complex (1.4) could have been de-

fined

(qu,dgq,d?q) =M® , A" (VO SVe SV(-1))
X X

the latter being the bigraded Koszul complex on the augmenta-

tion V@®SV®SsSV(-1) » SsVesV, v->vel-1ev.

Ad. 2. During this conference L. L. Avramov pointed
out that in case of a perfect module the highest grading of
Tor appears at the last Tor. Since in case of determinantal
ideals the type is independent of characteristic we have in

(2.3) 4 = mn -sup{m,n}(t=-1).

Ad. 3. In (3.2) c) d = 5m(m-2t+1) by the same rea-
soning as above. Moreover in characteristic 0 T. Jb6zefiak

has proved uniqueness of the minimal functorial complex (3.2)c).
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