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CONJUGACY CLASSES AND WEYL GROUP REPRESENTATIONS
Hanspeter Kraft

In the celebrated paper [14] T.A.Springer gives an interesting
relation between nilpotent conjugacy classes in semisimple Lie
algebras and representations of the corresponding Weyl group
(cf.also [6]1,[15]1). In this short note we want to describe
another construction of Weyl group representations, again start-
ing with nilpotent conjugacy classes, which seems to be strongly
related to Springer's construction. Up to now only a few general
results are known about these representations; for gln we have
a series of precise conjectures which have been checked for

n < 5.(*)

The starting point of these considerations was a question asked
by B. Kostant. I would 1ike to thank him and also W. Borho,

C. Procesi and T.A. Springer for helpful discussions.

1. The construction

Let g be a complex reductive Lie algebra and G the adjoint
group. We consider the adjoint action of G on g , indicated

by (g-x) »~ gx for g € G, x € g . If X 1is a variety (or an
affine scheme) we denote by 6(X) the C-algebra of global regular
functions on X (or the coordinate ring of X). Let h = g be

a Cartan subalgebra and W the corresponding Weyl group.

If € 1is a conjugacy class in g and C its (Zariski-)closure,
we denote by R% or simply by RC the coordinate ring of the
schematic intersection T n h (a finite scheme!):

Rc = 8T nh) = 8h)/I; ,

IC the image of the ideal

Je = {f € 8(g)If(x) = 0 for all x € T}

(*) cf. remark at the end of the paper.
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of ®(g) wunder the canonical projection ®&(g) - O(h).

Clearly the ideal IC is stable under W acting in the usual
way on ®(h). In the proposition we collect some properties of
this construction; the proofs are easy and left to the reader.

Proposition 1 :(a) RC is a finite dimensional (€ - algebra
on which W acts by algebra automorphism.

(b) If C is nilpotent the ideal I. 1is _homogeneous and R,

has a natural W - stable graduation: Re = ® (Rc)i‘
i=0

(c) If C is semisimple (i.e C =C), C = Gs for some s € h

the intersection €T n h is reduced and Re ﬁ Inda ¢ , the
S
representation induced from the trivial representation of

wS := {w €. Wlws = s}

(d) If C' =« C we have a canonical surjective W - equivariant
map RC - RC' s which is homogeneous in case C nilpotent.

Example: 1) If C = {0}(or C = {z}, z € zent g) then Re = c ,
the trivial representation of W

2) If C 1is the regular nilpotent class (i.e the nilpotent
class of maximal dimension), the ideal IC is generated by
the homogeneous W - invariants and RC =: R is the regular

reg
representation of W ([3] V, § 5, Théoréme 2(ii)).

Remark 1 : The construction above works over Q . If the
conjugacy class C is defined over @ then RC is also
defined over @ . In particular for any nilpotent class C
the representation of W on RC is defined over Q
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2. Macdonald representations

Let m =g be a reductive subalgebra containing h . Consider
a system At of positive roots of m . Then the homogeneous
function

f =1 ,a € 8(h)
o xeat -

of degree
d(m):= # at = % (dim m - rk m)
generates an irreducible W-module

M, = <w-f_ | w € W>c 6(h),

the Macdonald module associated to m (cf.[11]). Its character
will be denoted by wu(m)

Proposition 2 : Let Cm be the nilpotent conjugacy class in
g generated by the regular nilpotent class in m . Then
0 i <d(m)

“‘“”u(m)(RCm)i ) { 1 i = d(m)

Proof: The anti-invariant elements of @(h) with respect to

W', the Weyl group of m , are given by fm . 0(2)w and

m

m reg

now follows since the canonical map R% - R
m

is not zero (cf. [11]). The claim

m .
= is
reg

the image of fm in R

W'-equivariant and surjective.

In case g = g1 the nilpotent conjugacy classes are in
one-to-one correspondence with the partitions of n . If
x = Ags Apseesig ) is a partition of n , i.e.

A € N, Ag Z Ay = .. 2 g and X A; = n , the corresponding

i
class C is the conjugacy class of a nilpotent element

>

x € g1~ in Jordan normal form with Jordan blocks of sizes

A e A Clearly each class C is of the form Cm

A
choose m = m, := _gixo@gl)‘l@... @_9_1_)\5 < gl,

0rhyse <
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Furthermore it is know that the associated Macdonald module

M := M is the Specht module sﬁ, L (P SIS \ the

£ )
dual partition to A , i.e. &, = W {3iag > iY(cf.[111).
In addition we have

40) = dm) =2 (G = T i
1 1

Proposition 3 : Let C < gln be a nilpotent conjugacy class

with partition AQ' Then (Rc)i = 0 for i > d(a) and the
Specht module S has multiplicity one in RC and it occurs
in the top degree d(A).

Proof: It remains to prove the first assertion, i.e to show

that the ideal IC
We have rk xK < n := % &i for x € T and all k € IN,
i=k

contains all monomials of degree > d(A).

hence the (nk +1)x(nk+1)— minors of the matrix xk vanish.
Restricting these functions to h we obtain some elements in
IC and one easily checks that each monomial of degree > d(A)
occurs in the ideal generated by these elements.
Conjecture 1 : (R, ) I~ S&

: C, d(r») = .
This holds for n < 5 (cf. tables) and some other classes
(e.g. for partitions of type (Ao,l,l,..,l) or
(2,2,2,..,1,1,..1)).

Remark 2 : The conjecture above implies that the drreducible

representations of Sn are defined over @ (cf.remark 1).

Remark 3 : For g = SPop each nilpotent conjugacy class C
is of the form Cm for some suitable reductive subalgebra

m > h , but there can be different choices for m giving
different Macdonald modules in different degrees. E.g. in
spy the class C(2,2) is obtained from m; = gl, and

m, = sp, C>§£2 5 Mml is the natural representation of W (in
degree 1) and Mm T is a one dimensional representation (in
degree 2).
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3. Associated cones and induced representations

Let p< g be a parabolic subalgebra with h < p and

n cp the nilradical. Since Gn = {gxlg € G, x € n} is an
irreducible subset of nilpotent elements it contains a dense
conjugacy class C_ , the Richardson class associated to p
This class depends only on the Levi part m of p . Further-
more the connected component Gi of the stabilizer of an
element x € C_ N n 1is contained in the parabolic subgroup
with Lie P = p . Let us denote by wp the subgroup of W
corresponding to p (i.e the Weyl group of the Levi part

m>h of p).

Proposition 4 : With the notations above assume that

(i) fp is a normal variety and

(i) G, =P for x € CR nn

Then RC contains the induced representation Indﬁ C of
22 P

the trivial representation of W .

Proof: Consider the Levi decomposition p = m@® n with

h e m and the center 2z of m . For a generic element h € h
n W a
p’ hence R.. = 6(h)/Ics = Indy € for the

conjugacy class C' of h (Proposition l(c)).E Let

J'c 06(g) be the ideal of functions vanishing on C' and
denote by grJd' the ideal generated by the terms of maximal
degree of the elements of J'. Then it follows from [2]
(Zusatz 3.8 and Theorem Al) that under the assumptions (i)

we have wh = W

and (ii) gr J' is the ideal J of functions vanishing on
Cp . Now I' := Ic is the image of J = grJd'. This clearly
implies that I < grl' (where grl' is defined in a similar

way as grd'), hence we have a surjective W-equivariant map
G(h)/1 = RC -+-» O(h)/grl'. Now O(h)/grl' is the associated

e
graded algebra with respect to the ascending filtration in-
duced by the degree, hence as W-modules Ree and 8(h)/grl"'
are isomorphic.
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Remark 4 : In [5] Hesselink describes the Richardson classes

in classical Lie algebras and the numbers [GX : Px]‘ The papers
[8]1,[13] and [9] are concerned with the normality problem of
closures of conjugacy classes in classical Lie algebras. The
result for g = gl =~ is the following (cf.[7]):

(a) For any element x € g1 =~ the stabilizer Stab is

6L, *
connected and the conjugacy class C of x has a normal
closure C

(b) If p < g1 is a parabolic with Levi part

2n
m e~ gl ().glx ®...0 91, s A = (Aj,r;,..51¢) a partition
0 1 s
of n , then CE = CQ and NE = SA HE
S x S x..x S < S
Ao Ay Ag n

From this we get the following corollary.

Corollary: Let C c gln be a nilpotent conjugacy class with

partition X . Then RC contains the induced representation
S
Ind." ¢
sS4 S,
Conjecture 2 : R =~ Ind C
CA S

Again this holds for n < 5 and some other classes.

On the other hand the class 0(3 3) of spe s the Richardson
b

class associated to the parabolic p with Levi part isomorphic

to g1, ® sp, and satisfies the assumptions of proposition 4 ,

but R is $trictly bigger than the induced representation

C
W o(3,3)
Ind, ¢ (see tables).
b
Remark 5 : For two nilpotent conjugacy classes Cx and Cu

in g1, one has T, o C, if and only if A >u i.e
k k
T A 2 T oy for all k (cf.[5]Theorem 3.10).

i=o | i=o0

The conjecture above would imply one implication of the following
know result (sometimes called Snapper conjecture)
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S S
Indsn C 4is contained in IndS" C if and only if A = n
A u

Remark 6 : In the paper [10] G. Lusztig and N. Spaltenstein
introduce the concept of inducing conjugacy classes(cf.[1]):

Starting from a Levi subalgebra m c g they associate to

any conjugacy class C inm a class T = Ind% C in g :

T is the denseclass in G(C+n), where n iS the nilradical
of a parabolic p in g with Levi part m .Generalizing
proposition 4 one can prove that under similar conditions
(e.g. T has a normal closure and the stabilizer of any

x €T is connected)R% contains the induced representation

Indw. R% » W' the Weyl group of m

4., Relation with the theory of Springer([6]1,[14]1,[15])

Let G3 be the variety of Borel subgroups of G and x € g
a nilpotent element. Springer's construction yields a
representation of W on the cohomology H*((Bx, C), where

@, := {Be @ |Lie B 3 x}

X

There is a canonical isomorphism

~ *
Rl g™ H (B, )

of graded C-algebras, hence by restriction a C-algebra
homomorphism

*
©, R%eg - H (B,,0).

It turns out that after twisting Springer's representation
with the sign representation e this map becomes W-equiva-
riant (cf.[6]). The twisted representation will be denoted
by H'(B,.C)_

In case g = g1, the map ¢, 1is always surjective and,
as remarked by Macdonald, H*((Bx.lt)e is an induced repre-
sentation.
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Conjecture 3 : If x € g1~ is nilpotent with partition 1,

the two quotient maps g1 *
. n

gln ®y Rreg > H (G}x,ﬁ) and

Rreg - RCQ are the same.

Remark 7 : There is some duality between the Springer repre-
. — *

sentation Py ON H (G}x,ﬁ) and the representations considered
here. E.g. Py ® is the trivial representations for a

regular nilpotent element x and pﬁ» e 1is the regular re-
presentation. The conjecture above States that for g = gl
this duality comes from the duality on the nilpotent conjugacy
classes given by CA - CQ . It is not clear to me what happens
for the other simple Lie algebras, since there is no such
duality on the nilpotent classes.

5. Some tables

In the following tables we 1ist the irreducible representa-
tions of W and give the decomposition of the representa-
tions Rx = RC , A a partition, in the various degrees

(Rx)i for gln (n<5) and SPom (m<3). A reductive subalgebra
mc g of the same rank as g 1is given by its type X

(e.g. X = Ale2 or Clez) and wu(X) denotes the character

of the (irreducible) Macdonald representation Mm(cf.

section 2). The character of the sign representation is
indicated by ¢

The tables have been calculated using the decomposition of

R%eg (for gln, n <6, given in [12] p. 126-127) and the

results of section 2 and 3.
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Type A1 = C1

CONJUGACY CLASSES AND WEYL GROUP

deg

(g1, and sp,)

0 1
R
(2) 1 e
(1,1) 1
Type A, (g13)
X = u(Al) natural representation,
deg | o 1 2 3
R
(3) 1 X X €
(2,1) 1 X
(13) 1
Type A3 (gly,)
——
X, =
Xy = u(Alel) = EXy» dim X
Xz = u(Ay) = ex; » dim x4

“(Al) natural representation, dim x

199
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deg 1o 1 2 3 4 5 6
R
(4) | 1 X1 X1+X, X1+Xg Xo+Xg X3 e
(3,1) |1 X1 X1tXo X3
(2,2) |1 X1 X5
(2,1,1) |1 «x,
(1% |1

Type A, (g1;5)
X, = p(Al) natural representation, dim Xq = 4

Xy = u(Alel), dim Xo = 5

Xg = u(Az) = exgz > dim x5, = 6
Xy = u(Alez) = eX, s dim Xy = 5
xg = uw(Agz) = ex; » dim x. = 4
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1
X 3
(¢1°2)
ex Tx (1°1°2)
mx Nx+.hx Hx Aa.ﬁ.mV
i el IxaTx Tx (z¢¢)
Sy X MxaBxalx ExafxsTx OxaTx T (1)
Sx+xs fxe€xy

Yy

01 6 8 L 9 S j £ bA 1
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Type C, (s5Ry4)
X, = u(Cl)= u(A1)= €Xq natural representation, dim X, = 2
Xy = p(CGCI), dim Xy = 1

X3 = €X,o dim X5 = 1 (not a Macdonald representation)
deg 0 1 2 3 4

A

(4) 1 X1 XotXg Xq €

(2,2) 1 X, X5

(2,1,1) 1 X1

(1% 1

X; = u(A1)= “(Cl) natural representation, dim x; = 3
X, = u(AyxCqy), dim x, = 3

Xz = u(A2)= EX, » dim Xz = 3

Xy = u(Cy)= ex,; », dim x, = 3

p = u(CGCZ), dim p = 2

ep natural representation of W/Zg = 53, dim ep = 2
T = u(C1XCIXC1), dim v = 1

€T sgn representation of w/zg S 53

One has: tp = e€p , TX, = X, 3
ep, et not Macdonald representations

Diagram of inclusions . (6)
of closures of l
i1 tent . /.\ (4,2)

nilpotent conjugacy

classes: (3,3) o\\ . (4,1,1)
./ (2,2,2)
! (2,2,1,1)
l (2,1%)
) (1%)
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After the preparations of this manuscript I was informed
by C. De Concini and C. Procesi that they have proved all the
conjectures stated in this paper.

De Concini, C., Procesi,C.: Symmetric functions, conjugacy
classes and the flag variety. Inventiones 64 (1981) 203-220
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