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The Molecular Characterization of Certain Hardy Spaces
by

1 1
Mitchell H. Taibleson and Guido Weiss

§1. Introduction. This paper continues a line of study initiated in [8], where

the atomic characterization of certain classical Hp spaces was extended to very
general settings. If 1/2 < p < 1 the space HP(P) can be characterized in terms
of "atoms" that are measurable functions a(x) , x € R, having support in an

; 1) 1/p P
interval 1T , hadm < 1/'1 and are of mean value zero. The elements of H (R)
are distributions of the form

o
(1.1) f= 2 ra,,

@
where the aj's are atoms and % |7\j|p < o (in fact, these f's are continuous

j=1

P

linear functionals on an appropriate space of smooth functions). The '"H"-norm"

of f is equivalent to Np(f) = inf(Z‘Ajlp)l/p , the infimum being taken over all
decompositions (1.1).

These notions are very simple and have obvious extensions to measure spaces
endowed with a ''distance" that is sufficiently regular with respect to the measure.

p spaces were developed and

In [8] the fundamental properties of these "atomic' H

applied in the setting of spaces of homogeneous type.
In many situations, atoms having only mean zero suffice for the development

of a useful theory. When 0 < p < 1/2 , however, the atomic characterization of

the classical HP(R) spaces requires atoms having higher moments that vanish and

satisfy the above properties. Specifically, we must have

IP a(t)tkdt =0

for all non-negative integers k < (1/p) - 1 (see Coifman [4]). An analogous
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HARDY SPACES

condition is required for an atomic characterization of Hp(Rn) (see Latter [131]).
Furthermore, atomic characterizations, involving higher moments, of weighted i
spaces on R have been obtained by Garcia-Cuerva [11].

One of the principal purposes of [8] was to show that many of the properties

P spaces, and operators acting on them, can be obtained by focusing

of general H
one's attention on individual atoms. For example, the continuity of an operator
can often be proved by estimating Ta when a 1is an atom. While it is generally
not true that atoms are mapped into atoms, it was observed in [8] that for many
convolution (or multiplier) operators Ta is a function enjoying many of the pro-
perties of atoms. Such functions were called molecules and their '"atom-like"
properties are that their local and global size conditions are combined in a single
"norm" relationship and their mean value is O . Moreover, HP spaces have mole-
cular characterizations that are completely analogous to their atomic characteriza-
tions (we simply introduce molecules in the role played above by atoms). Each
atom is a molecule and each molecule has an atomic decomposition of the form (1.1)
with ZI)\jlp < C, where C depends only on the "molecular norm" (which will be
defined later). From this we see that a linear map T 1is bounded if Ta 1is a
molecule of bounded molecular norm whenever a 1is an atom.

In this paper we will give appropriate definitions of molecules belonging to i
spaces associated with R" and the unit disk D= {z €C: IZ, < 1} (taking finto account the
necessity of having a certain number of moments that vanish). We shall show that each
such molecule has an atomic decomposition. From this, the molecular characterizationof

1P

will be evident. We will show how this molecular characterization can be usad to obtain
multiplier thearems. Moreover, we shall also cansider certain '"'weighted" ik spaces.

While it is not always easy to see whether a given function has an atomic
representation, molecules do occur naturally and the fact that they do satisfy the
conditions defining a molecule can be established by direct arguments. Let us
describe an example of such a situation. Coifman and Rochberg [7] give a charac-
P

terization of the functions belonging to certain H® spaces on D that turns out

to be a molecular decomposition. Perhaps the simplest example of their result
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M. H. TAIBLESON - G. WEISS

1 . .
concerns the 'solid unweighted'" Bergman space A (D) of all holomorphic functions

f on D satisfying

]

aE) = [ £G, y)ldx dy <= .
D

They show that there exists a (fixed) sequence of points {gj} in D such that

f € Al(D) if and only if

- a-le,1%)°
@) =k + T Ay 2 ————
j=1 (1-T.2)
J
e . 2)2 14
with % ijl < = . Moreover, the functions z{l - |§j| 19/11 - gjz, are

j=0
molecules for the atomic Hardy space Hl(D , dx dy) that we shall define in §3)
and lejl gives us a norm that is equivalent to A(f) . It follows that Al(D)
is the holomorphic part of Hl(D , dx dy) .

We want to extend our special thanks to our colleague R.R. Coifman. Many
ideas presented here grew out of discussions with him. We are also grateful to

R. Rochberg for his many helpful suggestions.

§2. The Molecular Structure of Hp(Rn) . Let us begin by introducing the elemen-

tary building block of Hp(Rn) : the (p, q, s)-atoms. Suppose 0 <p<1<gq

<o, p<q, and s 1is an integer at least [n(% - 1)] (the integer part of

1
n(; -1)). A (p, q, s)-atom centered at x, € R is a function a € Lq(Rn);

supported on a ball QcC R® with center X, and satisfying:

1/q _
% [TéTJ’ B dx] < lol™M?
Q

(ii) j n a(x) ¥ dx = 0 , where 0 < |q] =a, +a, + ... +a <s,
R

2.1)

1 2 n —

(We follow the usual conventions so that (2.1)(i) is interpreted as:
sup Ia(x)l < ,Q'-l/p if g=o and a= (o e o ) in (2.1)(ii) 1is a
x€Q - 1’ > n

nulti-index of non-negative integers. )
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HARDY SPACES

The atoms described in the introduction were (p , ® , O)-atoms on R for
% <p< 1. The atoms studied in [8] were (p , q , o)-atoms. For each p a
class of Hardy spaces was defined. It was shown that these spaces coincided and,
thus, that we were dealing with a single space uP . It is not surprising that by
letting q = 2 the use of the Plancherel theorem becomes a powerful tool for the

P (We shall see this to be the case when we apply our results to the

study of H
study of multipliers). ZLatter [13] has considered the spaces generated by
®,q, [n(% - 1)])-atoms on r" and has shown that these spaces are the same
as the Hp spaces defined by maximal functions (see Fefferman and Stein [9] for
consequences of this fact). One of the facts that we will develop in this paper
is that if p 1is fixed (as in the case s = 0) , the Hardy classes based on
(p , q, s)-atoms all coincide.

Let us now introduce the molecules corresponding to the atoms we have just
defined. For p , q , s , satisfying the conditions for (p , q , s)-atoms and
€>Imx&, é—l} we set a=1.-§+e ,b=]_-%+e . A(pP,q, s, e)-

molecule centered at x, 1is a function M such that M € Lq(Pn) and

M(x)lxlnb € Lq(Rn) satisfying:

a a
b nby~ b
@l x| = Ran < e
(2.2)
Gi) [ MGOxTdx =0, 0< faf <s .
n -_— —_
R
HM) =9H(p , 9, s, € 3 M) 1is called the molecular norm of M . Observe that our

hypotheses imply the existence of the integrals in (ii) and, also, the fact that
1

Mp is integrable (in fact, it is easy to see that HMHP < ZPR(M).

Proposition (2.3). f a is a (p, q , s)-atom then a isa (p, q, s , €)-

molecule for all ¢ >0 and $(a) < C; , where C is independent of the atom.

Proof. clearly, [af < 1ol*™ and falx - x]™) < ¢ Jal”lal < ¢ lol* . where
a b-a a
. . p@P)  aTF % ,
C is a geometric constant. Thus, ©(a) < IQl (C'QI ) =C . This
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proves (2.3).

As indicated in the introduction we shall show (directly) that each molecule
has an atomic decomposition. In order to do this we need to give a precise defini-
tion of the atomic Hardy space Hp(Rn) . If s 1is a non-negative integer,
0< np]l <s, 1< q' <o, we define the space L(f , q' , s) as follows:

If g 1is locally integrable on R" and Q 1is a ball, let PQg be the
unique polynomial of degree at most s such that

f (g - PQg)xOL dx = 0

Q
for 0< Ial < s . Suppose g satisfies
L
- 1 ql qu
(2.4) el = sw ol I e - p gl Vet <
]L(B:Q',S) QCPH ‘WUQ q [

then, clearly, if & - g 4is a polynomial of degree at most s , § also satisfies
(2.4) and “gHL(B,q',s) = nEHL(B,q',s) . If this is the case we say that g and

g are equivalent. The space of all such equivalence classes [g] will be denoted
by LB, q' , s) and (2.4) defines its norm (similar spaces were studied by
Morrey in [14] and Campaneto in [2]).

The spaces L(0O, q' , 0), for 1 < q' < =, are known to be equivalent
Banach spaces; in fact, they are various descriptions of the space BMO (see [12]).
We shall see below that L(0, q' , s) , 1 <q' <=, s> 0, is also equivalent
to BMO (see [l] for a related result). When £ > 0 it is not hard to show that
if [g] € LB, q' , s) then g satisfies

s+1

ng
27 sl <™

[

where, in the usual notation, A:+l g = Ah(Az g), m>1; Ah g(x) = g(x) - g(x - h)

= g(x) = (Thg)(x) 5 A% g =g . It follows from this that if g > 0 and

then g satisfies: i) g 1is continuous and 1ii) g(x)

&) = Ta,q, s 1)

= O(IXIHB) as ‘x' —+ o if nf is not an integer and g(x) = O(,xlnB log le)

as lxl - oo if np 1is an integer. These facts will be established in Appendix D
For 0< p <1 the atomic space generated by (p , q , s)-atoms will be a

subspace of the space of continuous linear functionals on
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HARDY SPACES

L(-l— -1, =, [n(%)- - 1)]) . For p =1 each space will be a closed subspace of
P

L"(R ) . More precisely:

Definition. The Hardy space Hp’q’s(an) is the collection of all continuous

linear functionals f on L(% -1, o, [n(% - 1)]) of the form

o]
(2.5) f= % \.a,
jop 437
v @
where each a, is a (p, q , s)-atom and by I)\l < oo,
For such f , we define its "norm', Hf” , to be
HP:Q}S A
1
p

over all such representations (2.5)%.

inf ‘I(ng lxj,p)

The following remarks show that these Hardy spaces are well defined: First

observe that L(% -1, o [n(—;- - 1)]) 1is continuously embedded in L(&- 1,q',s);
) . 1 1 1
that is, if [g] € L(E -1, o, [n(; - 1)]) then [g] € L(-p— -1, », s) and

< Hgﬂ . (See Lemma (8.2) in Appendix D.) Note

1 ' 1 e nid-
L(p']-)q 3s) L(p 1, ’[n(p nn

that s > [n(%-l)] . Lemma (8.2) shows that the norm of L(B , q' , s) is
equivalent to one using a certain infimum, and the inclusion follows. Next observe

that if a isa (p, q , s)-atom then

(2.6) [ fn ag dxl = | f a(g - PQg)dx'
R Q

1
noL - a' 0a"
S Hallq L 'J"Q,g Ple de

< gl < gl .
‘L(%-l,q',w ”L(ﬁ-l,m,[n%-m)

1
P

This estimate and the inequality Zlhjl < [Z’KJ.IP] imply that expressions (2.5) are

continuous linear functionmals on L(8 , q' -1, s = [nB] . Observe

s 8), B =

o |

that if a is a (1, q , s)-atom then nanl <1 so that (2.5) converges in L1

and it follows that Hl,q,s is a closed subspace of L1 , and that if f € Hl’q’S
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then Hf” 1< an L,qs We also note that for 0 < p < 1, the '"norm"
L i g

i induces a Fréchet metric on HP’®S |
HP) q,s

|

The following is an extension of Theorem B in [8]:

Theorem (2.7). The dual of LS i naturally isomorphic to L(% -1, q", s).

Apart from obvious modifications, the proof of this theorem is the same as
that of Theorem B in [8]. The estimate (2.6) is the point of departure.

From Theorem (2.7) we obtain the particular result that the dual of

1
™, [n(p -1)]

uP’ is L(% -1,1, [n(& - 1)]) . We use this in Appendix D to

obtain the results following (2.4) on the local and global behaviour of representa-
tive functions in L(B , =, [nB]) if B > 0. 1In the proof of the following
theorem these reults are used to establish that the implied atomic-decomposition

of an (p >4y s sl)-atom into (p , q, > sz)-atoms induces the same linear
1 1 . .. .
functional on L(E -1, =, [n(g - 1)] as that given by the original atom. This

next theorem is an extension of Theorem A in [8].

Theorem (2.8). Let p , q and s be related as they were in the definition of a

P, q, s)-atom. Then
1
HP;q,S (Rn) _ Hp, ®, [n(-[;- 1)] (Rn) )

Moreover, the '"morms' associated with the two spaces are equivalent.

P»q,s P, ®,8

For s fixed the proof that H =H is almost an exact copy of the
induction argument given in [8] (instead of subtracting constants one must subtract
appropriate polynomials as in the proof of Theorem (2.9) below). For varying s

a different argument is required; it will be presented following our discussion of
(2.9).

Remark. It follows directly from (2.7) and (2.8) that if p , q and s are

related as they were in the definition of a (p , q , s)-atom then
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L(% -1, q", s) = L(% -1, 1, [n(% - 1)]) . This formal identification extends
to an identification of representative functions in the two spaces in the following
sense: Let (p , q > Sl) and (p , q2 ) 82) be admissible indices for p-atoms.

Let LB , q; s Si) B = % - 1, represent the collection of functions in the

various equivalence classes, then
LB, ap > s) =LE, q,, s,) mod (G’max[sl,sz])
where 95 is the space of polynomials of degree at most s . We also note that

LO , q' , s) = BMO mod(gs) if 1<q'<e, s>0. We omit the details. The

necessary tools can be found in Appendix D.

Theorem (2.9). f M isa (p, q, s, €)-molecule (p, q, s and € related

P»q,s

as in (2.2)) then M € H and

el '
M < C'R(M
i qu)q,S ™) 5

where C' is independent of the molecule M .

There is no loss in generality if we assume that M is centered at the origin.
For simplicity we shall present here the proof of this theorem when q =2 . At
the end of this section we shall indicate what changes are needed for the general

case. Briefly, our argument is as follows: Let

£
2 -1
A i

.

Then we put E, = {x € R lxl <ag}l, Ek = {x € R 2k-lo < lx' < 2k0} for

k=1,2, 3, ... Xy denotes the characteristic function of Ek and

Mk = Mxk . For each k there exists a unique polynomial Qk , of degree at most

s , such that if Pk = Qkxk then

(2.10) J‘n(Mk-pk>XO°dx=o, 0< ol <5
R

We then show that Mk - Pk is a multiple of a (p , 2 , s)-atom and that the

coefficients SUmM appropriately, and (using a summation-by-parts argument analogous
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to that presented in [8], page 595) we also show that ZPk, can be written as a
sum of (p , » , s)-atoms and that the coefficients sum appropriately. Since a
(p, », s)-atom is also a (p, 2 , s)-atom the result will follow.

There is no loss of generality if we assume X(M) = 1 . From the definition

of o , therefore, we have

1
| n(5+€>” na
(2.11) x| wg T O
For each k=0, 1, 2, ... let {¢§}|)|<S denote the Gram-Schmidt

. . 1 . .
orthonormalization of the monomials {x }ILI<S (taken in some fixed order) on the

set E with respect to the weight l/lEk| . We consider the functions qi to be

k

defined on R" , having the value 0 outside E, . If

o1 kawkdX
L TE, ] 2

then, clearly, the restricted polynomial satisfying (2.10) must be

1
%
m
)
%
A
N

=
Q
=
o
~
o
o
<
®
=

Mk - Pk is supported on B

Ol—= =

1 2 1 2.1 ’
(2.12) h?leMk-Pkl dx{ =c hE—kT“Mk-Pkl "< 'E;T“Mk, dx|

(Here, C is a geometric constant. Throughout this paper the letter C will
denote (possibly different) constants that are independent of the essential varia-
bles in the argument. This independence will be clear from the context. )
In particluar, using the definition of ¢ , we have
1

2 P

. 2
1 2

gTE—T I |M0 - Pol dx} <C ”MHZ c = Co
o

If k> 1, on the other hand, from (2.12) we obtain the estimate

1 1
1 2 2 (1 2| n(1+2e) | (-n(1l42¢) 12
“TE;T f 'Mk - Pkl dx'" < C ITE;T f le| || (x| Xy A%
k '% k -n(%+e) n(%+e) k . -n(142¢) na
<c @ao) (20o) [l x| l,< c@o) CHa
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the last inequality being a consequence of (2.11).

and IBkI = C(chr)n , then M - P

Since M.k - Pk is supported in Bk "
_ : 2 _ _ -nak
)‘kak where a isa p, , s)-atom and }"k Cc 2 . Thus,
2 ®  -nak c
BTt 2 R —
k=0 k=0 1-2
. 1
since a=1--5+e>0.
k . . 1 .
Let WL} be the dual basis of the monomials {x"} (taken in the
- T s [t]<s
same fixed order) on B with respect to the weight l/lEkl . If
k k v k k k
) = B,, X , them §y, = ¥ B, @ . We also have
e 'VISS v £ I\JISS vl v
k k k 1 1L
P, = > m, §y, where m, = I X dx .
KT e 2 e " TE T M

From considerations of homogeneity and the uniqueness of the Gram-Schmidt

k -1t
orthogonalization process, ,cpt(x)l <Cc for x €E  and IB\)LI < C(2ko_) |{|
(here C depends only on s). Consequently, for x € Ek 3

k k -2
b, 0l < c2o) 4] ;
we consider x];lz to be defined overywhere but supported on Ek .

Observe that

il k_ o 2 L
5 lEk|m£= Zo‘rEkMX dx=IRnM(x)x dx = 0,

k=0 k=
© s
o< |t] <s. welec Ny=- T Bjlm k=0, 1,2, ..., andnote that
j=k ’
Ng=0. For k > 1 we have
1
Wil = 0 bl s e <o = {1 gl e Zaio It
Vo T ekl B ]
. , [2]+nc1 - 1)
< o1 ol n(1+e)0na(230)|£|+n c o D Zk(lLl-ne) ,
j=k
since H[ < s < en . Thus,
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[£]4n(1 - £ >
'NL WL,E l ll <co k(|£,-ne) |L|(2 -n

2-nk(1+e) -0 as k- o.

Hence, letting

Fae = kJrl}‘l’lﬁLllE1<+1| -yl 7
and summing by parts we obtain
o ‘”1; o
kEO N T |L|Z<s kzo(mL'E ')(W) =|Lz|€§s kfo N

Since {Wi} is the dual basis of fx&} on (E dx/!Ekl) we have that

k 2

1 k _t
TE—T I ¢£ x = SCL s 0< |t| s IL' <s.
R
Therefore, j ka xt dx = 0 for 0< |t| < s . Moreover,
n A
“p -nk(i+e) _ -nka p
[£, ] <co P2 = c 2B, |
Since ka is supported on Bk+l these estimates show that
Ere = Mo P
where b is a (p ® s)-atom and l | = C 2-nka It follows that
Lk > T Rk :
2 c
T py P s ——,
k=0 Lk 1-9 nap
where C =C (p, € , s) .
@© @
We have shown that M= T A a + % T W, b, » where a  is a
k=0 k 'k 'LISS k=0 Lk Lk k
o
(p, 2, s)-atom, bLk is a (p , » , s)-atom and Z Ix Ip z z ]p&klp
k=0 [4|<s k=0

<C =¢C(p; e, s).
We observe that the sum representing M converges pointwise (in fact, for
each x € R only finitely many terms are not zero). This fact, though interesting,

P,q, s

does not imply that M and this series represent the same element of H as
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linear functionals on L(-Plj -1, o, [n(% - 1)]) . The following observations will

make it clear that this is, indeed, true. The above estimates show that

oo @

- -nkb
z Hlkaku <c ot@ ) g penk , and
k=0 2 k=0

©

= g ol :

k=0

@
<c gn(a-b) 2—nkb ]

Thus, the series representing M converges in Lz('Rn) . It follows from this (and

the fact that supp ay e Bk) that the series

it nb' 2 nb'
kEO )\kak le and kEo TP b,&k lx,

converge in LZ(Qn) whenever 0 < b' < b . Now recall that if 0< p < 1 and

[g] € L(-:; -1, o, [n(% - 1)]) then g 1is locally bounded and

1
n(=- 1) 1
gx) = o(|x|] P log |x|) as |x| == . <cChoose ¢', o 1<e¢'<e and let
1 _b' 1
b' = >+ ¢' . Note that g(l + lxln) € L2 , M1+ ]xln)b € L2 and from the

2 .
L convergence of the series,

z el a B T S FC R M S I
S

|2]<

we see that both

/ IMg|dx and I{E H)\kakgl + | X . lu&k b gl 1}ax

<
are finite. Thus all we need to show is that

@
[ Mg dx = [ £ {ra, + T u, b, }lgdx
|x1<A X{SA =0 K |pfcs Tk tK

for all A > 0. But this is evident since for each A > 0 the sum on the right
is finite and is equal to M.

For p =1 the argument is much easier. Note that L(0 , » , 0) = meod(QO)

and that if M is a (1 , q , s , €)-molecule then M € L1 . Note also that

Hakll s l‘{b!;k“l <1 since a s bik are (1, q , s)-atoms and
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-nak -nek
Ikk' B I“Lkl <C2 nak . c 2 ne so the series converges in L1 to M.

This completes the proof of (2.9) for the special case q = 2 .

We remark that a small modification of the last argument shows that the series
representing M converges in the topology induced by the (p , 2 , s , €¢')-norm
when % -1<e' <e.

We now turn to the proof of (2.8). If qy < q2 then
1 1

1 49 11 1 99 k)
la ()| mi 5[ la(x)] d4 .
['Ql IQ Q IQ

Thus, any (p , 49 > s)-atom is a (p , q; > s)-atom and it follows that

P>49,,8 P>q,58
H 2 ®H cn L (R") and i < . It was pointed out
P> ql; s = uP’ qz) S

earlier that the proof that these two spaces are the same is a slight modification
of the argument given in [8]. In order to establish theorem (2.3), therefore, it

1
suffices to show that we can vary s . Suppose that > s 2.[n(g - 1)] . 1t is

°1
trivial that a (p , q , sl)~atom isa (p, q , s)-atom so we need to show that a
(p, q , s)-atom has a decomposition in terms of (p , q , sl)—and (p, =, sl)-
atoms. We shall use an argument that is similar to the one we used for (2.9).
More precisely, we shall again restrict our attention to the special case q = 2

@
and show that if a(x) isa (p, 2, s)-atom then a(x) = bo(x) + T xkbk(x) s
k=1

where b, is a P, 2, sl)-atom, b, , for k>1, isa (p, =, sl)-atom and

k
©

z |kk| <cC (we shall indicate later the changes required for the general case)
k=1

Suppose a is centered at O and its support lies in a ball Q for which

(2.1)(i) holds. Let Q_ be the dilation of Q by K k=0, 1,2, ... ;
{wi} the dual basis of the monomials fxt} restricted to Q. (taken in some

fixed order), 0 < |L| s lt| < s, , 0<k (with respect to the weight

1

k||

-1 - - - 0
lel =2 nlel 1). It is easy to check that wi(y) =2 wL(y/Zk) and it
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L-le
follows that l\ylz(x)[ <cC (ZkIan) for x € Q, - Moreover we consider

‘l'IE to be defined on R but to be supported on Qk .
Let,
1 L
mL—T-Q—[-Ia(x)x dx ,
and P(x) = % m£ \hg(x) . We then put b0 =a - P, which gives us a

s<l1;|§sl

function supported in Q satisfying

il

mg-m =0 if 0< [t <5

1 L
'IEI— f bo(x)x dx
(of course, m, = 0 when 0< |4’| < s) . Clearly, P 1is the partial sum, of terms

up to order sy of the expansion of a in terms of the Gram-Schmidt orthonormal-

ization of the monomials restricted to Q ; thus,
1
| 2

(2.13) :T%I-J' |b0|2dx; = :-[—érj' la - Plzdx‘ _<_% é [ 'alzdx$ < lo] P.

It follows that b isa P, 2, sl)-atom.

1
2

Now let
k 1 1 -nk
m&=Tqerk a(x)x dx = 2 m,
Thus,
e 1 Ll 1
il < 77y [ laco bl o < o 2™ 9ol ™ fedr 1 lal 0] 2 < ol TP

JEAR L |

1 L L
Consequently, ,mlz \lrlZI <cC Z-nkIQl n p(ZkIan) =C Z-k(lu-m)lQ' P

= o(l)

as k - o, It is also convenient to write this in the form

. ety Ly L
(2.14) Imp ¥,| < c2 P el P
If we now write

0
P(x) = z m, ¥, (x)
s<|£|§sl e
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@
-1 k-
=TT e e -y e
s<|£|§sl k=1
©
= z z fk{/(x)

s<|&i§_sl k=1

we see that ka 's are supported in Qk and by (2.14)

el Ly L

I, 000 <c2 R [ g

Finally, if 0 < ltl < s, we have
I f (x)xt dx = mk-1 I \kk-l(x)xt dx - rnk J' \b‘k(x)xt dx
k4 1 1 £ 1

-n (k-1 -nk .
270 )mﬁle_1| -2 m ol =0, if e=2.

0-0=0, if t # 4

This shows that ka = }"k%bk{, , where bk& isa (p, =, sl)-atom and
_nk(%LH-%) 1 I’?l 1
< R £ .
')‘k{zl <c2 From |4| > s > [n(p 1] we have -=-> 5 1 ;
consequently,

5 T hh,lP<c,
s<l&l§sl k=1 kb

where C depends only on n , p and 8y -

We have, therefore, the desired atomic decomposition:

(2.15) a=(a-P)+P=b0+ z Z A, b, .

The estimate for ml)z \klz immediately preceding (2.14) shows that the last series

converges pointwise for all x . (The atomic decomposition of a molecule involved
a series with only a finite number of non-zero terms for each x . This is not the
1.1 Al 1.1
I 2 p_ p 2 p 2 . .
case here.) Moreover, ”bk/(,'!2 < le! =2 }QI since bk& is a

p, 2, sl)-atom. We can then argue as we did for molecules that the series

(2.15) represents the same element as a(x) , as a linear functional on
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1 1
L(E -1, o, [n(; - 1)]). For 0< p<1 we use the estimate on Ak& to show

B ® B8
that bo(x)(l + 'xln) + > T A (x)(1 + lxln) converges in Lz(Pn)

b
s<[t|<s) k=1 Kt Tkt

if B<'%"+%- We find that if [g]GL(%-l,m, [n(;l)'-l)]) that

B
g+ x| € P@®) if p> % -2 since |4 > s> [n(% - D1,

léL > (% - 1) and so there is such a B and the proof proceeds as before. For
p =1 we use the fact that lekL! < o to see that the series converges in L1

Thus the series and a(x) represent the same linear functional.
These arguments complete the proof of (2.8) and (2.9) in the case q = 2
nt-dy
If q # 2, apart from obvious changes (such as setting o 4 - HM”;l and the
use of HOlder's inequality instead of Schwartz's inequality) one needs to obtain
the analog of the inequality in (2.12) and (2.13). (The inequality in (2.13) is

the case k = 0 of (2.12) with s = s1 . We recall that the Gram-Schmidt

polynomials §¢5§1v1<s satisfy the inequality ,qt(x)l < C (s, n) and that the

polynomials P have the form

PG) = % a‘V‘ cp‘v‘(x) ,
vlgs
where
at = TEiT f M, ¢§ dx .
Thus,

sup |P (x)! < T—g—r , | dx .
X€E k Ek j Mk

R

From this we obtain the desired result:
1 1

LS I R A

k
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1

q
Elg-j il fan gy Tl o

1

CEEIUJ I, |9 dx]q

This establishes theorems (2.8) and (2.9). We see, therefore, that the spaces

IN

IN

pP> 8 are, for p fixed, all the same as long as p and q are related as

indicated at the beginning of this section. Moreover, any two (p , q , s)-'"norms"
(p fixed) are equivalent. In the same way, spaces determined by (p , q , s , €)-
molecules (p fixed) are all the same and any two norms are equivalent.

P

non

and |
"P

We shall often use the symbol H to denote any of these admis-

HP,q,S HP;q; S,€

sible atomic spaces (or molecular spaces) and associated norms.
Similarly a '"p-atom'" or a "p-molecule' will be names for (p , q , s)-atoms and
(p, q, s, e€)-molecules when we are not necessarily interested in their dependence

on the parameters q , s and € .

§3. A Family of Hardy Spaces Associated with the Disk. Let D = {z €C : Izl < 1}

be the unit disk in the complex plane. For each « > 0 put w(z) = wa(z)

a-1
2
= %(1 - lzl ) for z € D . The "weight" function w gives rise to measure on

D , which we also denote by w , defined for each Borel set E C D by

w(E) = f w(z)dy(z) ,
E
a .
where | 1is two-dimensional Lebesgue measure (the choice of ~ is made so that

w®d) =1.)

Proposition (3.1). D endowed with the measure w and Euclidean distance as a

metric is a space of homogeneous type (as defined in [8]).

In order to show this we must prove that there exists a constant cC=2¢C
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such that

(3.2) w(B_ (2¢)) < Cw(B_ (e))
20 20

whenever z, € D and e > 0, where B (6) = {z €D : |z - zol < 8}
0

={zecC : |z - zol < 8} ND 1is the ball centered at 2z, of radius & . This

inequality is an easy consequence of the estimate

.12
‘(1-|zol)“le L 0Ze <l g

(3.3) u)(BZ (€e)) ~
0

e“+1,1-lzol_<_e§1+lzol

whenever zq €D and O <e<1l+ 'ZOI (the symbol "." denotes the fact that

the ratios of the quantities on the left to the quantities on the right are bounded
below and above by positive constants). The estimate (3.3) will be proved in
Appendix A.

Since (D , w) 1is a space of homogeneous type one can develop an atomic uP
space theory as is done in [8]. As in the case in Rn , however, there are
"matural reasons for considering atoms and molecules having vanishing higher order
moments, the number of vanishing moments increasing with 1/p . 1In many ways the
theory of these atomic spaces on D is similar to the one we considered on R,
For example, the fact that molecules have an atomic decomposition can be proved by
using the same ideas that were exploited for the proof of Theorem (2.9). There
are, however, differences creating some technical difficulties, due to the fact
that the underlying domain is compact: the 'balls" we introduced are either disks
or intersections of disks with D . This fact creates some difficulties in the
Gram-Schmidt estimates on the analogs of the 'rings'" Ek . In addition to the
regular atoms having an appropriate number, s , of moments vanishing (s depends
on both p and a) , we must consider atoms that are polynomials of degree not
exceeding s . Moreover, some difficulties arise from the fact that certain
integral estimates involve the measure w . In fact, care must be taken since the

"moment condition'" involves only Lebesgue measure, while the '"size condition'" is
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given in terms of w . The reason why these two different measures occur naturally,
in this manner, will be made clearer at the end of this section.

It is useful to keep in mind that the atomic spaces we shall study now are

P

related to the Bergman spaces AOL of those holomorphic functions F(z) , z €D,

satisfying
1
a=-1 P
2 | 1l
3.4 20 Jr@|Pa - |z du(z) U = lFl <.
( ) fnfnl(l( ||) B f nlnp,a
When a = 1 we are dealing with the space A? which is sometimes referred to as

"solid" HP(D , dx dy) ; in this case w = (1/x)p . Letting a - 0 (3.4) reduces

to the finiteness of
215 . p
[ Ire'®| as .
0

Thus the family of spaces Ai 5 &> 0, can be considered to be a parametrized

family of spaces containing the classical Hardy spaces and the solid spaces

WP (D |, dx dy) .
Let us now pass to the definition of the atoms associated with the domain
(D, w) . Suppose 0<p<1l, q>max {1, a} ({Hf a=1, 0<p< 1l we allow
1 1+ 2 . .
q=1) and s > max {[2(; - 11, - - 1} then a function a(z) , z €D is a

(regular) (p , q , s)-atom centered at zg €D if it is supported in a ball

B C D and satisfies:
z
0
L
< [we )1°P
%0

Faly

. 1
(@) wB ) fB la(2)|? w(z)dp(z)
ZO zO

(3.5)

(1) JBZ a(z)z’du(z) = 0,
0

where Vv 1is any ordered pair of non-negative integers (\)1 B v2) such that

V.,V
0< vy + v, = ]vl < s and 2’ = (x + iy)v = x 1 y 2 . Any polynomial of degree

not exceeding s (in x and y) that is bounded by 1 will be called an

86



HARDY SPACES

exceptional (p , q , s)-atom. These exceptional atoms obviously span a finite
dimensional space and are needed to represent the entire space HP(D 5 W) .

Before introducing the notion of a molecule, let us make a general observation
about spaces of homogeneous type. When working with such spaces it is convenient
to introduce a ''quasi-distance'" which produces the same spheres that were obtained
from the original distance and, furthermore, satisfies the homogeneity property
that a ball of radius vy > 0 has measure on the order of v . (Recall that in the
definition of a molecule for Hp(Rn) we used the quasi-distance 6(x0 , X)

= x. - x|™). By letting
0

/

9 a-1
2) = SIZ'Zol (l'lzol) B |Z'Zolil"zol

!

[1 - w1 gl < 1o = gl 214 1

ol
we obtain a function that is equivalent to such a quasi-distance. More pre-
cisely,

a+l

(3.6) w(fz : 8¢ 2) <rfND) ~x for 0<r< L+ |z

z0 s
The proof of (3.6) is given in Appendix A; in fact, the "homogeneous type'" proper-
ties of (D , w) that we shall need are presented in this appendix. An advantage
of using & is that the ball {z : 6(20 , z) <r}l ND has a boundary that is made

up of Euclidean circular arcs. This fact facilitates certain computations.

We can now give the definition of a (regular) molecule: A function

M € Lq(D , w) isa (p, q, s, e)-molecule centered at z €D provided p , q ,

s satisfy the conditions given immediately preceeding (3.5),

1 s+1-
€ > max{; -1, ';': —_].-HIOL} and
a 2
b b
W MDD = ran <
(3.7) d

CEPI) M(z)z dp(z) = O ,
D

where v is as in (3.5)(ii), and, as was the case for (2.2), a=1-=+¢ ,
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It follows immediately from the definition of & and (3.3) that if

B =B (e) then
20

(3.8) sup 6(20 , z) ~ w(B) .
z€B

We use (3.8) and an argument completely analogous to the one given in the proof of

(2.3) to obtain the fact that any (regular) (p , q , s)-atom a(z) 1is such a

(p >, q, s, €)-molecule with X(a) < C , where C is independent of the atom.
We shall show that each molecule has an atomic decomposition. As we observed

n . .
in the R -case, in order to do this we must define the atomic Hardy spaces

HP(D , w) . Again this forces us to introduce spaces L(b q's) associated with
B b
“0
(D, w ) Weassume 1< q' <——, where «_ = max{l , al , and 0 < [2p] < s .
% - - uo-l 0 - -

(If =1, 1<q <o is permitted when 0 <p <1 .) A function g 1s said to

belong to L(3 , q' , s) 1is and only if
1
q 1

g(z)-P_(z) —
5 w (2)du) |1 <e

“’a(z)

(3.9) sup W (B)-B L
a

BeD mq(B) B

where PB is the unique polynomial (in x and y) of degree at most x such

A\

that g - P_ 1is orthogonal to =z  on B , when Ivl < s . The norm

non
B 18li1(p,q",8)

is the sum of the expression (3.9) and

sup | [ g(z)z’du(z)| .
[vlss !

Observe that on (D , w) the space L(B , q' , s) is an actual function

space (not a space of equivalence classes, as was the situation for the unbounded
n

case on (R , dx).)

We are not in a position to define the Hardy spaces associated with (D , w) ,
characterize their duals and study their molecular structure.

. 1

The atomic space generated by (1 , q , s)-atoms is the subspace of L (D, %)

of those functions having the form

®
3.10 f= T .a,
( ) o1 >\J aJ B)

where each aj isa (1, q , s)-atom and z ijl < o . The atomic space
=1

J
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generaged by (p , q , s)-atoms is the collection of all continuous linear func-

1 1
tionals of the form (3.10), acting on L(E -1, o, [2(; - 1)]) , where each aj

@
isa (p, q , s)-atom and z |kjlp <w, If a isa (p, q , s)-atom its
j=1

action as a linear functional on L(% -1, o, [2(% - 1)]) 1is given by

Jp e@a@a) .

An argument similar to the one used in establishing (2.6) shows that the linear
functionals of the form (3.10) are well defined. Two ingredients are missing:

1) The proof that the integral is well defined is more technical (see the argument
before (3.21)). 2) The embedding of L(% -1, o, [2(% - 1)]) into

L(% -1, q', s) is not as easy as it was without weights. The analog of (8.2)

of Appendix D can be found in Cuerva [11l]. The "norm'" of f 1is the
1
© =
inf( ¥ |kj|P)p over all representations (3.10); this definition applies to all
j=1

cases, 0 < p <1 (of course, even in the case p =1 we could have defined the

Hardy space as a space of linear functionals on L(0 , @ , 0)) . As we did in §2

I

S _ S
HP) 9,5 Hp’ q, ( I .
HP) 9, s

we denote the spaces D , w) and the norms, H

The results corresponding to theorems (2.7) and (2.8) are valid for (D , w)

Theorem (3.11). The dual of Hp’q’S(D , w) 1is naturally isomorphic to

1
L(;-l,q',S)-

Theorem (3.12). If p , q and s are admissible indices for a (p , q , s)-atom

then

Py, [2(2-1)]

PPLSp  w) =w P o, w .

H

Moreover, the norms associated with these two spaces are equivalent.

The proof of (3.11) follows the line of the argument given for Theorem B in
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[8]; the technical changes forced on us by the weight w are the same as those

encountered by Cuerva in [11]. Again, for s fixed, the equivalence of yP 98

P,®, 8

and H can be established by reasoning that is similar to that in the proof
of Theorem A in [8] (see the comments following (2.8)). We shall discuss the

situation occurring when s varies toward the end of this section. It will be

apparent there that the exceptional atoms are, indeed, necessary.

a,

Corollary (3.13). If 1<q'< and s > [2(% - 1)] then the spaces

qo-l

L(% -1,q' ,s) and L(%)- -1, 1, [2(% - 1)]) are equivalent.

Theorem (3.14). f M isa ( , q , s, €)-molecule then M € TS ang
1!
M < (M
ll HHP;q,S"'C rRM) ,

where C is independent of the molecule M .

We shall now prove (3.14). The basic ideas used in the proof of (2.9) to
obtain the atomic decomposition of the molecule M on rRY are applicable to
(D, w) . The boundedness of D and the weight w , however, create certain
differences and, for this reason, we shall present some of the details of the
argument.

Let us fix o > O and suppose that M isa (p, q , s , e€)-molecule centered

uMul/(a-b)

- 1
at z, €D with XRM) =1. Let o = | where a =1 - E + €,

b=1- % + € . Thus, by (3.7)(i) we have

b
(3.15) M(2)(6(z, , 21] =0 .
q
1.1
If o> % then, clearly, M(z) = 2P qa(z) , where a(z) isa (p, q , s)-atom
Thus, we can assume 0 < g < % . We construct a dequence of balls in}E=O ,

n = [log2 %] > 1, such that B satisfies m(Bk) = 2ko for 0<k<n

=B
k zo(pk)

and m(Bn) = 1. (Observe that this implies that Bn =D and, also, % < 2% <1.
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The fact that m(Bn_l) g% follows from this.) ]
It follows easuly from (3.3) that o, - 2% - lzoll'“}f if g, <1 - z0],
2
while p, - e gr o1 - lzgl <o s 1+ lz,] - we thus have o /p, 1.
Observe that p = 1+ !ZOI .
We now put EO=BO and Ek=Bk-Bk_1 for 1< k<n. Let Mk=M)<E

k
and denote by Qk the unique polynomial in x and y (of degree at most s)
satisfying

fEk o - Pk)zv dy(z) = 0
for I\)' < s , where Pk = QkXEk .

k
Let {cp\) be the Gram-Schmidt orthonormalization, with respect to the

-iB8.Vv

measure du,(z)/u.(Ek) , of the functions i((z - zo)e ) E s I\)l < s , where the
ordered pairs Vv are taken in some fixed order , f = arg zg and all these func-
tions are defined on D but are supported on Ek .

k . . . v

Let Hr } denote the unique set of polynomials in =z , l\)l <s,

v |v]§s =

restricted to Ek satisfying
v
1 k -if
w(® ) J‘Ek \11}\(2)((2 Zo)e ) du(z) = 6)\,‘; )

In Appendix B we shall obtain the following estimates:

v
l ', where C depends only

k k -
Lemma (3.16). sup [cpv(z)l <Cc , sup I\yv(z)l <c pk
zEEk zEEk

on a and s .

Corollary (3.17). If q > max {1, a} then

1

1
=¢ [w w0 J5, Mm@ "*’a“)d“(”] b
ok k

Q=

[’-U (1B )j‘B ’Pk(z)q ma(2>du(z)]
a Tk k

where C depends only on o , q and s (the inequality also holds for q =1

when o = 1).
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Proof. C(Clearly

1
o s 1R @ e e < su lp ()] .
ok k z€E
k
. k k
It is easy to see that Pk(z) = ¥ m | (z) where
l |< VERAY]
v|<s
k _ 1 -i8\v
L 5 [ M) (G = ze” )T dulz)
k k
-if v Ivl )
Thus, by Lemma (3.16) and the fact that ’((z - zO)e ) I < C pk on Ek we

have

1
sup lP (z)l <c r ' (z)ldu(z)
2€E, k [*(Ek) By "

From (5.9) in Appendix A we obtain that there is a B < 1, independent of o ,

such that /o, < B, for k=0, 1, ... , n. It follows that the last

Pr-1"Px =

expression is dominated by

c
—— d .
w(B)) jBk I, ()[4 2)

Finally, it follows from (5.7) and (5.8), in Appendix A that this last quantity

does not exceed

1
L j le(z)lq w (z)du(z)] ¢
m@(Bk) B a

and Corollary (3.17) is proved.

n
We now proceed, as in the proof of Theorem (2.9), to show that M = T Mk

k=0
n n
= T (Mk - Pk) + T Pk has an appropriate atomic decomposition. First we shall show
k=0 k=0
that
_ -ka
(3.18) Mk - Pk = C 2 a,

where a, isa (p, q, s)-atom. In order to do this (in view of (3.17)) we

prove
L 1
2-k(1+e)Cy P 2-ka[w(Bk>] p .

el

1 q
(3'19>[u<3k> s, |, ()] m(z)du(z):l <c
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If k =0 then
1

Q=

L q | q
{m(30> [5, Mol w<2>du<z>] ) LIRCICIY

1 1

a =
]
o |

q
= B] [eB] = W]

If k> 1 we make use of (3.8) and (3.15),

1
L (]9 q
[«n(Bk) [y, Il w<z>du(z>]

1
1 b -b q
< EE?EQS jEk I )]sz 5 2] q(xEk<z>[6<z0 > )] q)w(z)du(z)]
b
o Imceg "l o
< <
IR L IO DL SR
(2°6)4 zEEk 22 o)
L
. pz—k(1+€)
) 1
(w(B,)] P p7ka
This proves (3.19) and (3.18) follows immediately. Thus,
n n
M= ¥ A _a + ¢ P
k=0 K ko K7

where the a, 's are (p, q , s)-atoms and I)\kl <cC Z—ka .

n
As we did in §2 we shall show that z Pk can be represented as a sum of
k=0

n Ny
(p, », s)-atoms. We have = Pk = v Y m { , where
k=0 [v|<s k=0 ¥ Y

k -ig\v du(z)
m = fEk M(z) ((z - zo)e ) LE)
From (3.7)(ii) we know that
n

k
kEo m, “‘(Ek)=0’ I\)I <s.

0, lv] < s) . Thus,

n .
Let N = ¥ m w(E,) (Note that NO
v j=k v J v
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n n K ws wt-l
TR T EN\TESCTE
k=0 [vl<s k=1 ¥ (k7 P¥k-1)
n
= ¥ T f, .
[v]<s k=1 VK

Using Lemma (3.16), (3.19), (5.7), (5.8) and the defining properties of Bk 5 Ek

and o we obtain the estimates

[ (@]
sup vE y < (ICI 7’ and
z€Ek u( k Py Vit
P M !
'mvl <Py U(Ek) jBk 'Mk(z)du(z)$

v f_1 q q
Se P e jBk Im, (2)]% w(z)du(2)

1

<c pLVl pk(+e) b

It follows from the second of these inequalities and Proposition (7.1) of

Appendix C that

n plvl+2 p(lv|+2)
‘Nkl < C Z i < C k .
vl = Ol/p j=k 23(1+e) - O1/p 2k(1+e)

Thus,

p(lv|+2)
C 2-ka

1
£, @ <=5 -
vk o_l/p Sk (1+e) F)EM+2) (zkc)l/p

1

~ka
<c 2 %we)l P
Observe that ka is supported on Bk and using the defining property of the

. k
functions wv , we have

Iy f@ & ae =0, [t vl <s

. _ . _ ~ka
This shows that ka = Wk bvk where bvk isa (p, », s)-atom and Iuvk|§§C2
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Thus,

n n

Z A, oa + X z
k=0 K K |y]<s ket

(3.20) M bk ok -

We have shown that M 1is a finite linear combination of (p , q , s)-atoms (since

1
(p , », s)-atoms are, clearly (p , q , s)-atoms) and since a =1+ ¢ - E > 0

we see that

n
P P L o T
k=0 X [vl<s k=1 v

where C depends only on p , ¢ and s . It only remains to show that both sides
of (3.20) generate the same linear functionals on g € L(& -1, o, [2(& - DD .

Since M, a b\)k € Lq(D , w) and the sum in (3.20) is finite it suffices to

k. )
show that (g/w) € 14 (D, w) . Thus, if f € Lq(D , ) we obtain

[ lt@e@laue) = [ [£E) @@ /mE) @ < i e
D D

1
From the definition of L(E -1, o, [2(% - 1)]) we have that there is a constant

A > 0 and a polynomial PD such that

P_(z)
sup |E£Zl - D - | <A .
26D w(z) w(z)

Thus, !g(z)/w(z)' <A+ IPD(Z)/w(Z)l . There are two cases to consider. If a = 1

m

1/n and we see, easily, that g is bounded since P is

then q' = = , w(z) D

bounded. If a # 1 then from (5.8) we can use (5.6) if q > max{l , q} and

(5.6) applied to B = D asserts that

1-q'
(3.21) [ w@ ™ awe) <c
D
1
since (1 - q)(1 - q') = 1. Since PD is bounded and w € L' (D , u) we see that

1
g/w € 14 (D, W) . This completes the proof of (3.14)

Let us now turn to a sketch of the proof of Theorem (3.12): we must show that

a (p, 4y > sz)-atom decomposes into (p , q1 N sl)-atoms. If s but
1

17 %2
q;
ap # q, we can use the fact that g/w € L J (D, w) (as we just did) in order to

make the obvious adaptations (subtract polynomials, not constants) of the argument
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found in [8]. Certain special cases are obvious if 4; = 4y > but 5, # 5, * if

51 < s, and 9; =49, = 4 then an exceptional sl—atom is an exceptional sz-atOm

and a regular s_-atom is a regular sl-atom.

2
Suppose now that a is an exceptional sz—atom. We write a = b1 + b2 N
where b1 consists of the terms of a of order not exceeding s Clearly
b1 = POa , so, as before,
sup ,bl(z)f <cC J Ia(z)’du(z) <C
z€D D
thus, sup lb (z)| <1+ C . 1If follows that b, = C a, where a is an excep-
2 - 1 1 1
z€D
tional sl-atom and b2 =a -PDa =(1 + C)a2 where a, is a regular (p , » , sl)-
atom.
Finally, suppose a 1is a regular (p , q , sl)-atom supported in the ball B
centered at zg - Let o =w(B) . If o> 1/2, then a = (a - PDa) + PDa is

the required decomposition (here, PDa is the unique polynomial of degree at most

s, such that
v
jD (@ - Pha)z” du(z) =0,

for lvl < 52). If o < 1/2 we construct, as in the proof of (3.14), a sequence

n k
of balls in}k=O such that w(Bk) =20, 0<k<n, w(Bn) =1, 1/4< w(Bn_l)
k
<1/2, B = BZO(pk) . Observe that By =3B and B =D . Now let {wv} 5
. -i8.Y .
lv] < s, be the "dual basis'" of {((z - zo)e y b, vl <s,, on B with

respect to the measure p/u(Bk) . With this setup one can reproduce the argument
that gave us the decomposition (2.15). The only differences are that the excep-
tional atoms appear naturally in the decomposition of a on D as ultimate terms

in the finite sum and that the estimates on the coefficients involve the radii

pk More precisely, we need to check that if 1 < |v| < s,
n
v k
(3.22) 5 (po/pk)P(' l+2) pk _ g
k=1
where C depends on a , p and Sy but does not depend on zy mor o . This

inequality is established in Appendix C .
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HARDY SPACES

We mentioned in the introduction that there is a connection between the
Bergman spaces associated with D and the atomic spaces we have just studied. We

will discuss this connection in the light of a similar connection for the Bergman

spaces and the atomic Hardy spaces on the upper half-plane Ri = {z =x 4+ iy € C
2
y > 0} . In many ways the Hardy spaces with R+ are easier to study than the ones

we have just studied and certain notions are more natural in this unbounded case.
The unit disk D and the upper half-plane Ri are particular examples of
Siegel domains of type II. For such spaces there is a Bergman kernel Bo(z >, 0)
that is analytic in =z , anti-analytic in ( , conjugate symmetric in the arguments
(z , ¢) and is a reproducing kernel for holomorphic functions in LZ(D , du) , or

respectively Lz(Ri , du) . For D, Bo(z , §) = c(l - ZE)-2 ; for R2 N BO(z , O)

+
= -2
=clz-0 : 1-a
Let us note that, if we let w@(z) = [Bo(z , 2) 2 , &> 0, we have
2 @1 a-1 2 )
w&(z) = C(1 - |z] ) for D and wa(z) = -4c y for R+ . The corresponding

Bergman kernel for the weighted space Ll(D N du) (respectively LZ(Ri s du)

is Br(z , ) = [Bo(z B g)]r+1 where r = (a0 - 1)/2 .

2
We will now describe in sone detail the (technically) easiest case: R+ with

1 (this is the unweighted case). Suppose p<1<q, p<q, €> % -1,

o =
r> e > s/2 , where s 1is a non-negative integer such that s > [2(% - 1)] . 1If
g € Ri then, as a function of 2z , 1
(B, (6, 0)1°
M =B
(P T3 Go e O

. 2 .
isa (p,q, s, e)-molecule on R+centered at C with a molecular norm that is

uniformly bounded in (€ Ri. What is meant by a 'molecule on Ri" is of
course, that it meets the size and moment condition (2.2) with n = 2 , except
that MC is supported on Pi . What is meant by "uniformly bounded molecular norm"

is that NX(M.) is uniformly bounded in ( € Ri.

¢

Coifman and Rochberg [7] consider the space Gp , 0< p, of holomorphic

2
functions F on R+ such that
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= P
GP(F) = IRZ [F2)|P du(z)| <.
+

They show that there exists a fixed sequence of {gk} c Ri such that F € Gp if
and only if there is a sequence {ck} of complex numbers for which
@
F(z) = ¥ ¢

k=1
(the convergence can be taken in the space of continuous linear functionals on an

M. (2)
k
o
appropriate space of smooth functions - or, equivalently, uniform convergence on
compact sets) and Gp(F) is equivalent to the infimum of all expressions

1
[ ; lcklé}E. corresponding to the representations (2.23) of F .

This shows that Gp consists of holomorphic functions contained in atomic
Hp(Ri) where the atomic-Hp space is defined in a manner that is completely analo-
gous to the one we gave for HP(D, dy) in this section (0<p<1l). Consequently,
for F‘EGP , F hasan atomic decomposition in terms of p-atoms, supported on Ri,
which, a fortiori are p-atoms on Rz. An interesting consequence of this fact is
that the function F defined by

. F(z) for =z € Pi
F(z) = 2

0 for z €C - R+
belongs to the atomic space HP(RZ) which (as follows from Latter [13]) is also the
maximal Hp space.

An interesting consequence of this last observation is that a locally integra-
ble function, f , in atomic BP is in LP(Pi) (i.e., Gp(f) < w) . It follows that
Gp consists, precisely, of the holomorphic functions in HP .

The Bergman theory for D is quite similar. The main difference is that the
functions Mg(z) no longer satisfy the moment condition and we need to introduce an
exceptional term which is a polynomial in z . For p, q, s, € and Yy related

as above, Coifman and Rochberg show that there is a fixed sequence {gk§ of complex

numbers in D such that F is a holomorphic function with
1

GP(F) = [ID [F(z)|P du(z)]p <o

(i.e., F € Gp(D)) iff
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[2-]
F(z) = cg P(2) + T ¢ 2" M_ (2) ,
k=1 S
where P(z) 1is a polynomial in z (of degree at most s) that is bounded by 1

1

©

on D and z lcklp P < o . Tt turns out that the MQ are (p, q, s, €)=
k=0

molecules for HP(D , du) and it can be concluded that Gp is, exactly, the
holomorphic part of uP .

When o # 1 (x> 0) then there is an entirely analogous theory of weighted
Bergman spaces on Ri and D , and corresponding atomic Hardy spaces
HP(Pi > dy) and HP(D 5 wa du) , together with molecular characterizations of
the atomic spaces. In this section we developed the theory for the atomic spaces
on D . In generaly, the situation for Ri is much simpler than it is for D .
One never has to deal with exceptional atoms and the '"balls'" can be taken to be
rectangles (squares if the center is far enough from the boundary, y = 0)with their
sides parallel to the coordinate axes, so the geometry is almost trivial and the
weighted measure, w@(z)du(z) = aygjl dx dy , is easily computed on such 'balls."
Thus, the results analogous to those in appendices A, B and C are, relatively
speaking, obtained with ease.

This connection between the Bergman spaces and the Hardy spaces explains the

moment condition that we imposed, where the moments were taken with respect to

Lebesgue measure dy . Thus we require that if X =D or Ri that

V1 VY
(3.24) fx M(z) x ~y " du(z) =0, v +v,<s .

The molecules Mg(z) that occur in the Bergman theory satisfy this condition. But

one could just as well have required that, alternatively,
vV

(3.25) IX M(z) x y 2 w@(z)du(z) =0, 2 +v, <s,

2
for if M is holomorphic (3.24) and (3.25)are equivalent. With this moment

condition for atoms and molecules we could develop another collection of atomic and
molecular Hardy spaces and the corresponding weighted Bergman space is in the inter-

section of both.

In terms of technical details of the proofs: in this second version, with the
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weight "inside" (as in (3.25)) there is no need to establish the weighted norm
inequalities and many of the technical calculations are simplified. For example,
we can dispense with (5.9). On the other hand, the Gram-Schmidt estimates in
Appendix B are now more delicate since we must account for a changing measure
associated with each domain; one that changes continuously with the domain. Given
the choices: D or Ri , weight "inside'" the moment integral or no weight ((3.24)
vs.(3.25)) the example we develop in this section is the technically most difficult.
Details for the other cases can be left to the reader.

If the reader does carry out the details he will note that the condition on s

1
(for atoms and molecules) is: s > max{[Z(; - 1)1, [+ a)(% - 1)][ ; and on ¢
. 1
(for molecules) is: € > max{; -1, % ) IE“}

Perhaps even more interesting than this theory for holomorphic functions is

the fact that Coifman and Rochberg have developed an analogous theory for harmonic

1 1
functions on the (n + l)-dimensional space P2+ = {(x , y) € Pn+ :ox € = »
y > 0} . This theory is based on two facts: the first is the reproducing property
(k) Ak
of the derivatives P (x , y) = _—FP(X , y) of the Poisson kernel, P(x , y)
ay

= Wen)/(|x)?+ 55 2 ) . That is,

k ©
hocs ) = %fRn [ ne e -,y + <t an ae

. . n+1 A .
for appropriate harmonic functions on R++ (this is just the usual Poisson

integral representation modified by integration -by-parts). The second fact is

(k)

that a multiple of P is a molecule; namely,

k-1

(3.26) MEE))(E,ﬂ)=ck——L—i——%P(x-s,y+n) is a
Y y(n+l)(;-1) 3y

(p, s, q, e€)-molecule on R:+1 centered at (x , y) (or (x , 0)) of uniformly
1
bounded molecular norm, where (p , q , s , €) are related as before (for Rn+ D)

provided k - 1 > (n + l)e . Coifman and Rochberg show that if a harmonic function

satisfies
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- [hx , y)|P dx dy > =
R

+
it then has a molecular representation similar to (3.23) in terms of a fixed

sequence of such molecules (3.26).

§4. Convolution and Multiplier Transforms. It is a consequence of the molecular

characterization of HP that if T is a linear map, then to show that T is

Po Pr . .
bounded from H to H it is sufficient to show that whenever a 1is a Pg”
atom then Ta 1is a pl-molecule and N(Ta) < C for some constant C . Even in

those cases where Ta is always a multiple of an atom (say, Ta =k * a , k
bounded with compact support) one cannot expect to gain much information from this
fact since the support of a 1is "smeared about'. It was such observations that
led Coifman and Weiss [8] to consider molecules. (See their theorems (1.29) and
(1.30).)

We will illustrate this approach to the estimation of operators on Hp spaces
with several results. On the one hand we will exploit the smoothness of the
kernels of the fractional integration operators and obtain a rather elementary
proof that these operators "act the way they should" on the Hardy spaces. (See (8]
Theorem (1l.35) for a model of this argument in the 'atomic theory".) On the other
hand we will exploit the Plancherel relations to show that if a isa (p, 2 , s)-
atom for s large enough and m satisfies the expected HOrmander condition then
m & is the Fourier transform of a (p , 2 , [n(% - 1)] , e)-molecule for a suitable
€ >0, with a bound on X((m 4)") . An elementary version of this argument is
found in Theorem 1.29 if [8].

In both of these situations the results are not new in any essential way
(although there are certain technical improvements in the formulations); but are
meant as a vehicle to introduce an approach to the study of operators on HP spaces.
(See Stein and Weiss [17] for the first result and A.P. Calderdon and Torchinsky [3]
for the second.) It is an approach that is conceptually quite simple and straight-

forward and will be applicable whenever there is a corresponding atomic and
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molecular structure available. To keep the exposition simple, all results in this

section will be for R .

Sobolev Theorems. Let us define the Riesz potential operators in the usual way.

Thus, (Iaf)A = 'xl-q f and equivalently, for 0 < a <n and f 'nice enough';

1% (x) = v, [ L) 4y

n=-o
[x-y]

where Yo, is an appropriate constant. For 1< p <o let Hp(Rn) = Lp(Rn) .

Theorem (4.1). Suppose 0<p <o, 0<a<n/p, , L.t e , then TV maps
1 - 1 P p n’ ——
2 1
P1 n p2 n ® n
H "(R) continuously into H “(R') . If we replace H (R) with BMO the result

holds for a = =2,
2

Proof. The result will follow from the repeated application four cases below:

I. 1< Py < P, <o . Well known result of Sobolev.

II. Py <1< Py > 0<a<n. Choose s+ 1> n(EL - 1) and 1< q, < q, < ®
1

so that ;L-- — =—-—==, If a is a (p1 > 4 s s)-atom we show that

|

Ii%al < -
P2 @,PI’PZ

III. Py < p2 <1, 0<a<1l. Choose s, q and a, as in II. If a 1is a

(pl PR P s)-atom we show that Ig is a (p

1
9’ q2 > [n(g‘ D1, e)-

molecule for 0< ¢ - 2< (L -~a)/n and R(IV) < C .
n a’ - @)Pl:Pz
n

P P

V. p>1, a= We need to show that I L - BMO continuously. But

n

1% p 1 p', 1
BMO = (H) and from I and II we have that I : H - L (ET +

o5

=1), so

o |

the result follows by duality.
We give the details for II and III.
Case II. Let Q be the support of a (Q 1is a ball), Q* 1its double and we

assume that Q 1is centered at the origin.
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Case III.

HARDY SPACES
L
2

L
o P
o (i - q—l-) we have Il < C”I aH IQI

i (P P
A P I
xfQ* ‘yEQ [x-y "7

IN

C

s+1 p p
lae] [y[*" dy] B

« £€Q"~‘ [yGQ ,X'n-a+s+l

s+1 1

IN

i’i_*_]_-i _1+2_§+_1+_1_.

el ol ™ jo R

IN

1.1, 1.1
P2 ql n P q

= c_lla]_ Il = ¢ lally ol

@ a3 [o¢

This is where the molecular theory is used.

and the moments of I'a. :] IOLa” <cC H I from

Cl2 - @,ql,qz q1

b=1-l+€,for 0<e<(s+1=-a)n.

£y 1

q

q 2 d

o nb) 2 2
[f|1a<x>|x| 1 dx] <[&lera<x>lxl °l dx}

nbq

"UIH

P P
< [1% )| 2 ax + | 1% a(x)l =1, +1 .
Py MEQ* iéQ« Lo

.1 1.1
q

1

P
c n q dx 2
o ”a“qllQ' 1 >J:¥Q"“ lxl(n—ou+s+1)p2

We need to check the size

Case I. Now let
L
4

L
2 4,

s+1 a2 lx
+C, '}[QQ*['F la)] |yl dx] (n-CL+S+1>q2 de

y€Q x

el

< C
- U«:PI)PZ

s+1 1 1

]® .

dx

n q
I < C | [ql 'Q, L j‘ (n-on+s+1-nb)q2

x¢Q* x|
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2l sl
sc, Hqul [l ol 2=c, lalg, lal
a nb b 1
. =1 - —
Thus ||1%] x| qu < Ca,pl,pz ”a”ql IQ' Let a 0 + ¢ , and we see that

1 1 1 1

2 o o
b b- 2 |

ally b lally lol™ ® = laly 1ol = dal, ol 2= lal, ol <1.
1 9

Thus, the size condition is met.

q
b fs
From the fact that I a € L 2 and Iaalxin €L 2 we get that 1'a ,x]v € L1
. 1 . . 1 1
if Iv’ < [n(— - 1)] . (The necessary estimate is € > — - 1 > — - 1
- p p p
2 1 2
1 1 v,_oa A, X
;[n(—— - 1)] . Note that b =1 - a— + ¢ .) Consequently D (I'a) 1isa cantin-

Py 1

uous function and we only need to check that DV(Iua)A(O) =0 1if ,v{ < [n(ﬁ;- 1)1.
2

, |S+1

since a isa (p;, q; , s)-atom, d(x) = O( as |x| =0 ((9.1)(i)) and

|S+1-a) as |x| - 0. Since s + 1 -~ a > ne

A =

so (") (x) = |x] “ax) = 0(]x
1 A

> [n= - D] it follovs that p”(1%a)"(0) = 0 and we have established that Ia
2

is a (p2 > Ay s [n(—— - 1)] , e)-molecule if % < e < E + li& and R(Iaa)

Py

C .
- @:PI’PZ

It is possible to generalize this result and give conditions on kernels k

p p
such that the map f - k * f sends H ! continuously into H 2, As a single

example in this direction note that if K 1is bounded and

n(142¢) n(1+2¢)
v | x|

I'x|>2R j|y|<R lkix + y) - ko |?

dx < CR
for all R> 0 and some e >0 then a -k *a maps (1, 2, O)-atoms to
(1, 2, 0, e€)-molecules, boundedly, and so f - p.v. jk(x - y)f(y)dy wil map

1 1
H  continuously into H . For any Riesz kernel, k , we know that

’(n+l)

[k(x +y) - kx| <c |y]/|x if |y < |x|/2
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and the condition is satisfied for 0 < e < 1/n . Details are left for the reader.

Multipliers. Let f € HP(Rn) , 0<p< 1. It is a direct consequence of the

atomic characterization of Hp that f 1is continuous on R and that there is a
P £ el n:-1)
constant C > O , independent of f € H® such that [f(x)| < c f! o [x]
H

(see Proposition (9.14) in Appendix E.) Thus, we may define a multiplier on it

~

as a function m(x) that is measurable and such that whenever f € HP , mf is a

P

function that is the Fourier transform of an element of H and for which there is

a constant M > 0 , independent of f , such that IIOHE)VH b < MHf“ b There is
H H

no need to take recourse to a "nice dense subset" of HP . Furthermore, if we vary

P then m 1is

f appropriately, we can show that if m is a multiplier on H
continuous and bounded on R - fO} and that there is a constant C , independent
of m, such that Jm(x)l < CM (see Proposition (9.21)).

Consequently, if m is a multiplier on some Hp , 0<p<1l, then m is
also a multiplier on L2 , and by any of several interpolation arguments it is also
bounded on H' , P<r<1;on Lt , 1 <r <2, and then by duality it is also a
multiplier on Lr , 2<r<wo ; and on BMO . (For an interpolation theorem one
can use Theorem 3.5 in [3], or using the atomic and molecular theory one can obtain
the interpolation result by elementary calculations for the class of multipliers we
describe below, using only the fact that they are linear maps that send p-atoms,
boundedly, to p-molecules. Details will be provided elsewhere. )

Let us now state the multiplier theorem that we prove in Appendix D (Theorem

9.26)).

Theorem (4.2). Suppose t 1is a positive integer and

2

(4.3) g2l8l-n IDﬁ(x)l2 dx<A”,0<|gl<t,rR>0.

Then if 0<p< 1l and =>

1
-7, m is a multiplier on Hp(Rn) and there is a

=}

p
C> 0, independent of m and f such that
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m )Y pScale] |, forall fe wP .
H H

We note first that the fact that m 1is bounded follows from (4.3)(see (9.22)).
We will illustrate the proof with a sketch of the one-dimensional case. The proof
for n> 1 1is much more technical.

We have a function m , a positive integer t , a number p , 0 < p <1 with

1
t>i-5. For all R > 0, and integers s such that 0 < s <t we have

P
R0 pfeol? ax <A’
R<| % |<2R
We know that m is bounded on R - {0} and set ,m(x)l <CA.

Let a bea (p, 2, t - 1)-atom centered at the origin. We will show that
m&" isa (, 2, [+-1], t - 3)-molecule and that X((m ") < Ca .
Fora (p, 2, t - 1l)-atom, a , and a bounded function, m , we only need to

establish the estimate

1.1, 1

1
(4. 4) flmalZ P @& *°<ac

1
t

To see this we note that from the Plancherel relations (4.4) is the same as

1 . 1 11
-~ VHE--[;-FL AV tpE-Ez
fllm &7 T @) <[5 "V <ca,
which is the size condition for a (p , 2, [i - 1], t - 1/2)-molecule. To see
that moments up to order [El; - 1] are zero we first note that (m &)’ € L2 and
|x|t m &) € L2 implies that les (m &) € L1 for 0<s<t -—;— and so for
s

0<s< [% - 1] since [‘Pl: -1]1<t - % . But this implies that D~ (m 4) 1is
continuous and we only need to check that DS (m 4)(0) = 0. From (9.1)(i) we have
that a(x) = O(TXIt) as ,x' - 0 and since m 1is bounded, m &(x) = O(lX,t) as
|x] - 0. since 4(0) = 0 we have that D°(m 4)(0) = 0 .

1 1
Let us now establish (4.4). Let a=1-%+e==t+%--§,b=—2-+e=t,

ST

b-a-= % - We rewrite (4.4) as

a 1-2
4.5) Im &l o &), "<ca.

Since I]rm:fi”12 < ¢ aljal, = CAHa“2 we only need to show that

|
12
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_a_ b .
b-a L

(4. 6) I mal, < ¢ asllal®™® = ¢ a/llal :

and consequently, we need to show that for k+4=1t, 0<k, £<t,
b
4. 7) lo D o', < c asla)®® .
For k = t this is trivial since
b

— -1
| @, < ¢ aloal, < c /a2,

as follows from the fact that a 1is a molecule and the Plancherel relations. Thus,

we may now assume that 0 < k<t , 0<4t<t, k+4==¢t. From (9.1) we need

the following estimates:

t+1/2
k. -k b-
(4.8) (i) Ipae] < cfx|t /lall,”"2 ,
ktl/2 1
ka -
(ii)  |pax)| < c/[[a{[2b @
L
We choose K , an integer, so that ZK ~ f{a”g-a . Then
lono'ml? = ¢ r 10460l ? |ptneo]? ax
' 2 ez oV« x |2t
_ c2 I}; 2\)(2t-2k) f |D£m(x)12 dx
- L A I
I, b-a =
”3”2
K
1 2 2
+ _E,__—“Zk*'l ‘I" . ,D m(x)' dx
boa 2 2% x|<2VF
lall] <
K v(2t-2k), -v(214-1) ©
< C2A2 _i ? 2t+§ _ + ;“; 2k+1 _1
b- b- 24-1
laf > laf p72 2@
K ®
202 1 v 1 v(1-22)
sea el , 20t T et 2P
a1l P2 1,1 b-a
‘a! i
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1 1-24
b- b-
2 5| lal>™2 laf 2"
SCA “2t+l + 2k+1
b-a b-a -2
lla| lall
" 2 |2

£t _t
_ CzAz/HaHi(b‘a . czAz/zsani(b'a Y
This is the required estimate and the proof if complete.

We complete this section with a description of two extensions of the
multiplier theorem.

The main defect in multiplier theorems such as (4.2) is the jump that occurs
because of the requirement that t only take integer values. This is a technical
defect that is repaired by replacing the condition on the derivative (namely, (4.3))
with an appropriate Lipschitz condition. The HOrmander condition, (4.3), can be
L2,t

interpreted as a requirement that m is, locally, in the potential space

3

that is, can be represented locally as a Bessel potential of order t of a function

2,2

in L2 . Such spaces are the integer cases of the Lipschitz-Besov spaces At

There are many ways to express this condition locally (all that we have tried have
worked!) but the one given below is a handy version for applications.

Let A f(x) = f(x - h) and AE“f - Ah(A:f) L E> 1, Agf -f.

Theorem (4.9). Suppose m 1is a bounded function, 'm(x)l <A, t 1is positive and
for some integer t 5 T>t N
(4. 10) N 1 e B P TCS T ML~ GO S
In|<r/2 R<| x| <2R |n]
3 t 1 1 . PP P,
Then if 0<p< 1, = > ; -7, m 1sa multiplier on H"(R) and there is a
C> 0, independent of m and f , such that | (mf)" o Scale] | for all £cub .
e - _—_ 5 e

Details of the proof are given in Appendix D (9.45). The discussion preceding
the statement of Lemma (9.37) expands upon the statement we made on various formu-

lations of (4.10).
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Fractional versions of multiplier theorems are not new. We note in particular
a result of R.R. Coifman [5] where he shows that if m 1is a bounded function on R
and IAﬁm(x)' <c (n|/]xh¥ . In| < |x|/2 , where 1/2<p<1, a>1/p - 1/2,
then m is a multiplier on HP(R) . (His result is more general than this, but
this is the relevant part for our discussion.) One sees that such an m satisfies
(4.10) for any 0 < t < a and so (4.9) is a generalization of Coifman's theorem.

We also note that for spaces of homogeneous type that are not locally
Euclidean the notion of a derivative defined pointwise is not available, but
Lipschitz conditions such as (4.10) always make sense. Thus Taibleson [18], Chapt.
VI, Theorem (l.1) gives a multiplier theorem for P spaces on local fields using
a Lipschitz condition.

As a final comment we note that an essential tool in the proof of Theorem
(4.2) and Theorem (4.10) for n > 1 1is the use of embedding theorems for potential
spaces and Lipschitz spaces. These are used explicitly in Lemmas (9.22) and (9.37)
The idea behind such results is the Sobolev result which says that a function which
is smooth in Lr(Rn) is also smooth in LS(Rn) , §>r , but has lost n(% - é)
degrees of smoothness. (The most elementary version states that a function with
[%] + 1 derivatives in LZ(RH) is continuous. )

Using these embedding theorems we can state versions of our multiplier
theorems for "HSrmander conditions' with integral expoments r # 2 , 1 <r < e .

For integer values of t we have the following example:

Theorem (4.11). Suppose t 1is a positive integer and

1
n =
(el-p r
(4.12) R T I Pl T ax| <a,
R<|%|<2R
0< gl <t,rR>0.
Then if 0< p < 1 and LN L S S and 1< r <o, m is a multiplier on
—_— = — n~ p min(2,r)’ =— - = 2

Hp(Rn) and there is a constant C > 0 , independent of m and f such that

Il (m %)V’,}Hp <c AllfHHp , for all £ € uP .
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More details, an equivalent version for integral t and a fractional version
is given in Theorem (9.48) and the discussion which precedes it. Note, in particu-
lar, that from the condition for r = o (usually called a Mihlin condition) down
to the condition for r = 2 (the Hormander condition) there is no change in the
required smoothness for a multiplier. This result should be compared to the result

of Peral and Torchinsky [15] for parabolic spaces.

§5. Appendix A. A family of Borel measures on the disk. Let D = §z ecC :'z|< 1}

be the unit disk in the complex plane. As in §3, for each o > 0 put w@(z)

= w(z) = %(1 - '212)@-1 for z € D. The "weight function" w gives rise to a

measure on D , which we also denote by w , defined for each Borel set E C D by

w E) = wE) = [ w (2)du(z) ,

where W 1is two-dimensional Lebesgue measure.
If zq €D (the closed unit disk) and e > 0 then

BZO(e) ={z€D: !z - zol <el={z€cC: [z - ZOI <e}lNp

is called the ball centered at zg of radius € .

The main reault of this appendix is the following estimate:

Proposition (5.1). If z, €D, € >0 then

(1 - lzol)a-le2 , 0<e <1 - lzol
~ at+l
wa(BZO(e)) T 1zl <e <4z

1,e>1+ |z0|

(The symbol '"~'" denotes that the ratios of the quantities on the right and left
are bounded above and below by positive quantities if either is non-zero, or both
quantities are zero.)

We will prove (5.1) later in this appendix. As defined in (8, p.587] a
space of homogeneous type is a topological space X endowed with a Borel measure

w and a quasi-distance d (there exists a positive constant K such that
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d(x , y) <K@, z) +d(z, y))). The spheres: Sx(r) = {y’GX td(x , y) < rf
form a basis of open neighborhoods of the point x € X . The basic assumption is
that there is a positive constant A such that for all x € X and r > 0 ,

b5, @) S A (5, () .

Corollary (5.2). D endowed with the measure W, and Euclidean distance is a

space of homogeneous type.

Proof. The result will follow if we show that

w(B  (2¢))
0 -
(5.3) 5@ ) 1,

0
for all zq €D ;, € > 0. Since "> 1" is clear we need only show '< A" .

Case 1. &> (1 + |z5])/2 . Note that if & > 1+ |z5| then B_(6) =D and
0

ol
hence w(Bz (8)) =w() = 1. Thus w(Bz (2¢)) = 1 and we need to show that
0 0

w(BZ (¢)) is bounded below.
0

Subcase A. e > 1 + lzol . w(B (e)) =1
Subcase A, > 2,
a+1
Subcase B. 1 - |z | <e< 1+ ]z]. w® ()~ > (a4 |21/ > &
Subcase C. 0<e<1 - 'zol
at+l
Sub-subcase (i). a> 1. w(® () ~ (1 - |z D% e > s &
- zg 0 - - 2
a-l 2. 2 1.2
Sub-subcase (ii). 0 <a<l. w® ()~ (I - |z2)" e >e" > ) .
0

case 2. 1 - lzol Se< A+ g2,

w(B, (2))/wB () ~ (2e) Lot o potl
2o )

case 3. 0<e< (1~ |zp])/2.

. (1-] 2o )" 20)?
w(B  (2¢))/w(B_ (e)) ~ =
zq zq (1_|20|>a-1 62
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case 4. (1 - [zpl)/2 <e <min [1 - |z5] , (L + |zp[)/2] . Then e/ - [zg[)~1.

-1 -
W eNlw®. ©)) ~ A - |2 % %~ era - |z T~
zq zq 0 0
This completes the proof of the corollary.
Let

2 -1
(5.4) 6(zp,2) = 2 - ZOI - ,20’>q' s lz -z <1 - 'Zo,
. e

'z _ ZOIOL+1 ,

l‘lzolilz'zolgl"'lzo'

Fix zq €D , then for 1z € D , 6(z z) 1s a strictly increasing function of

O 5
z -z, 0% 'z -z <1+ |z , . Our next result shows that § satisfies a
0 - 0 0

basic regularity property.

Corollary (5.5). Tf 2z, €D and 0<r < (1+ [z L then w({z : 8(z5 2)

ir}ﬂD)~r.

o+l

Proof. For 0<r < (1 - Izol) , {z €D : 6(20 , z) < rf 1 l-q
2 -1 2 I
={z €D 'z-zOI (l-lzol)a §r§=§zED:,z-zO|§r (1—,zo| |
1 la i la
2 2 5 2 2
= Bzo(r (1 - ,ZOI ) . Since, r~ (1 - lzol) <1- Izol 5
w(fz €D : 6(20 ,z)y<rh) ~ 1 - Izol)a-l r(l - ’zol)l-a =r . For
(1'IZOI)OH—IS_YSU"'IZOI)OH-]', {zED:é(zo, z)_<_r}={2€D:,z-zola'+1§r}
L 2
=3, L since (- s < x ™ < @+ gl L wifzen sty @) <1l
0
ﬁ-o&l
~ (r ) =r . This completes the proof.

This last result is very suggestive and would expect that the function
6(20 , z) 1is "almost" a homogeneous metric for the space of homogeneous type. We
will now show that this is so.

A '"matural" homogeneous metric for our space of homogeneous type is

d( z) = inf {w(Bw(e)) fzg, 2 € Bw(e)l . It follows from the general theory

ZO,

of such spaces that d is a quasi-distance and is homogeneous in the sense that
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w(lz €D : E(zO , z) gr}) ~ 7T . We will now show that d(z z) ~ 6(20 , Z) .

0 b
To see this note that &§(z, , z) ~ w(B ('z -z ]) . Note also that z , z
0 zq 0 o

€8 (z -z |). Thus, d(z. , z) < w(B (lz -z ') . An easy estimats shows that
zq 0 0 = zq 0

if zg 5 2 € Bw(e) then BZO(Iz - zO,) c Bw(3e) . Thus there is a constant ¢ > 0
such that m(BW(e)) > C-lm(Bw(3e)) > C-lm(Bz ('z - zol)) . Take the infimum over
0
all such balls B (¢) and we get that d(z, , z) < w(B ('z -z I) < Cd(z, , 2z)
w 0 = zq o7 = 0
z) ~ E(z

and consequently §(z z) .

0’ 0’

Before preceeding to a proof of Proposition (5.1) we will give one more easy
and important corollary. Note that weight function ml(z) = 1/x gives rise to
normalized Euclidean measure on D . We will denote this measure in the usual way:
w €)= [E] .

We say that a non-negative function w on D is in Aq , q>1, if for all

zOEB,e>O,B=BZ(e),
0

Sl g1

(5.6) [TéTI m(z)du(Z):, [T%TQ W) 97 du(Z)] <c.
B

An extensive theory of such weights on R"  has been developed and a thorough
treatment can be found in [6]. We need only the following immediate consequences

of (5.6):

Proposition (5.7). If & isin A on D, f€ YD , w(z)du(z)) and B=B_ (c)
0

is any ball with zq €D then

1
1 1 q
mg [£(z)|du(z) < ¢ [WJI; [£(z)]9 w(z)dmz)]

where C is a constant that is independent of f and B .

Proof. Use Holder's inequality and (5.6).

Corollary (5.8). w, 1is in Aq if q> max {1, a}.
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Proof. Let w(B) = wou(B) and B = (q - a /(q-1) > 0. Let ®(B)

2 81 g @ml-=—73 .
=.J‘ @ - |zl du(z) = ,f fa-"T1zI" 19 duce) = E!BB(B) . We need to show
B B
that w(@® @) < c B9, for B=B_ (), z, €D, ¢ > 0.
‘0 l-a
case 1. e <z« w@®@®ENITT < - 2T P - [ h3T eI Ay

a+1 €2q-ou-1 _ eZq . Iqu .

case 2. 1- |zp] <e< 1+ |z0| Cow®@eNIT e

case 3. €3> 1+ |zp] . wE @@NIT =1 =X ||,

v

L
B

Summary. D endowed with W, as a measure and Euclidean distance is a space of

homogeneous type. The ''balls" {z €D : 6(20 s z) < r} form a natural family of

closed neighborhoods about each point zq € D with measure on the order of r ,

0<r< 1+ |zO')O['+1 . The function (z0 , z) 6(20 , z) 1is equivalent to a

homogeneous metric on D . The weight w, is in Aq , ¢ >max {1, a} .

Our penultimate result is the

Proof of Proposition (5.1). If e > 1+ |z)| then B = B  (e) =D and so
0

w(B) = w(d) = 1 so we may assume that 0<e <1+ lzol . From the rotational
symmetry of w(z) we may assume that zy = Xg is real and non-negative , 0 <
xo <1l.

Casel.ef_l-xo.
€ zou-l 5 O
Forx=0,e_<_1,w(B)=Zou£(l-r) rdr 1 ~-(1=-¢") . Let

0
fy) =1- 1 -y)",0<y<1, £(0) =0, £(1)

1, £'(0) =a . For 0<a<l,

f 1is an increasing, convex and ay < f(y) <y . For ao>1, f is increasing,

2
concave and y < f(y) <ay . Thus, for, 0<a<1l, ae <w(B) <e , and for

azl,ezgm(B)Saez. If x;>0,0<e<l-x

0"
-1

aen i92q
w(B)=;g‘J"(1- Ixg + e 7|7 dspdp
-1
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2 ¢ 2 9 a-1
- £& gf (1 - Xy - ZXOp cos A - p7) dBpdp
0

a-1
90, 9 a-1 ¢ x p(2x0 cosf+p)
== (1 - x) a1-—-) dfpdp .
1t 0 1-x2
0
e<1l - X so ,2x0 cos B + pl < 2x0 + 1 - X = 1+ X - Consequently,
p(2x, cosA+p ) p(2x, cosB4p)
0 < amd |—2—— <2<,
1- 2 l-xO l-x2 I-XO
*0 0
a-1
gly) = (1 -y) , sl<y <1
0<a<1l, g is increasing and bounded below by ZOL-I .
a>1, g 1is decreasing and bounded above by ZOL-1 . Let
Tt 0 (2%, cosB +p) a-l
-] a-——— s
l-xo
a1 a-1 a-1
0<a<1l, 2 <(*)<r[(1-L) and for o >1, n(l - p)
- - = 1-x0 = l-xo -

< (%) < yrZOL-l . Thus, for 0<a< 1,

a-1 € a-1
w®) = a2®! (1) g 20dp = a2®" ! -2y el
9 a-1 ¢ a-1
w(B) < 20(l-xy) g a-185  ode
0
a1 .1 a-1
= 2(l - x%) e g (-5 eac
0
a-1 1 a=-1

IN

2a(1 - xé) ¢’ g 1 -t) tdt

-1
2 2,970 2
AU

For « > 1 a similar argument yields
a-1 a-1
2 2 2 a-1 2 2
1+a(1 - xO) e” <w@B) < a2 (1 - xo) e .
Since 1 - xg ~ 1 - X, this completes the proof if e <1 - Xg -

Case IT. 1 -x,<e <1+ x

1

2

IN

€2

0 0" Note that e < 2 . We first dispose of the case,

e<2. w@®) <wDd) =1-= e_(CH'l)eOHl < 20’-"1 ea+1 .

On the other hand, if

1 1
1 - x, and €23 then B§(4)CBX

0 (@) 7B s W) 2wy = 4 -

4 4
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o

- 1 1
= (Aae (OH-I))QCL+ = AC; &t Thus, we may assume 0 < ¢ < -21 s L-xp<esl+x
Note that we also have Xg = € > 0 since X >1-e Z% . Consequently the balls
under consideration lie in the region Rez > 0.

1
Fix €, 0<e<— . Let I =B (¢), 1 -e<x <1. We need to show
- =2 X X -0 -
that m(IX ) ~ elﬂ with constants that do not depend on X and € .
0

Consider Il-e . From Case I we have m(Il_e) ~ (1 - (1 - g))g’_1 62 = eOH'I .

Now consider the other extreme case, I, . Let De ={l-e< |zl <1}.

: ZOL-l o? a a
wo ) =20 [ (L-1") rdr=¢e(2-¢€) ~c¢
1-¢

The angular wedge of D€ of aperture 2 arcsin e¢ , centered at 8 = 0 , con-
. . 2 . .
. Divide De into [ I ] wedges, one of which, J , contains

2 arcsin ¢
27

a
I - Then, [2 ~Tesin e]n(J) = w(De) ~ € . Consequently, m(Il) < w(J) ~

tains 11

a
€ a+1 €
~ —— . f 2 —_—
o < Ce On the other hand the wedge of aperture 2 arcsm/7 s
2 arcsin ¢
centered at A = 0, in the annulus De/f? is contained in I1 . Divide the

27

. €
arcsin =——

annulus De/f2- into [
2
/2

:|+ 1 wedges, one of which, L , is contained in

I1 . Then ———2"—€ + 1 w(L) =w(De//7 ~ % Thus, m(Il) > w(L) ~
2 arcsinn ’
a
~ '—261(——2 C €q+1 . We conclude that w(Il) ~ 60'+1 . Recall that
— 1
2 arcsin —=

/2

atl
w(I_ ) ~¢ .

If a>1 it is easy to see that w(I_ ) 1is a decreasing function of X on
*o0
[l -¢, 1], and so w( ) > w(I ) > w(I,) . We conclude that w(I_ ) ~ ea+1 .
1-¢’ = Xq = 1 X
We now consider the remaining case, 0 < o < 1. Let J be the "third" of the
ball I , that is '"closest" to the origin. That is,
1-¢
J={z = (1-e)+pele: 0<p<e, -§—ﬂ_<_|9|§rt}.
€ 1 a=-1
2a ig2
w(J)=7ng(1*|(l-e)+pee|) depdp
i
3
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a-1

Sc-a-e)?) &2~
Now let JX0 = I1 -1+ Xg the translate of I1 to X Then Jl-e D J so
w(Jl_e) > w(J) . It is easy to see that u,)(JX ) is increasing, as a function of

0
- o
x , on [1 € , 1] and IX Jx , SO g;(IX )Zw(Jx )Zw(Jl_e) > w(J) >
0 0 0 0

> Cgcx+1 .

Finally, let K be the region swept out by the balls IX B XOE [L-¢, 1] .
0

Then I, ©kc {1:e1e : 1 -2<r<1, |e' < arctan -:—} . Thus,
0
[
20, 1 Jarctan T 2 a-1 rd
w(l ) <w® <= [ 1d8| (1 - %) r
X, = = x
0 1-2¢
1 a-1
= 2a (arctan i)(1 - r2) r dr
i r
-2e
1 a-1 1
2 -
=2—0Le{ 1 -2y dr<—“ejl‘ a-o%tar
T -
-2¢ -2¢
a+l
C2ogo . 20
T b
~ o+l s .
Thus, c,u(IX ) [ , and the proof of proposition (5.1) is complete.
0

In addition to the estimates in (5.1) we will need a sharpened version for

certain limiting cases in the proof of Theorem (3.14) and in Appendix B.

Proposition (5.9). There is a CCL , 0< C(L< 1 so that for all =z , Py pz

satisfying: z €D, 0<p, < Pyl |zl 5w B (0)) =20 (B (p))) # 0, we have

92/91 <c, -

: . ©
Proof. Suppose the result is false. Then there is a sequence {(zk, pkl B pkz)}k___l’
<p, < < D =2 i =1.
0<p,<py <L+lzl, 2 €D, BB, G =B, By)) s and Ling oy /oy, =1
We may suppose further that 0 < Z, <1 and that 11mk z, = 2g 111'nk pkl =

= 11'.mk pk2 = po exist. We proceed by considering cases.
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Case I. po # 0. By the dominated convergence theorem, limk w(Bz (pki)) =
k
= w(BZO(po)) #0, 1i=1, 2. Consequently, 2 = lim w(sz(pkl))/w(sz(pkz))=1,

a contradiction.

a-1
Case II. p0 =0, z, # 1. It is easy to see that (1 - Izlz) =
-1
a - Izolz)Cc +0(l) , z€B (pki) as k = o . From this we get that
z
- 2,a-1 2 qs
w(sz(pki» =a(l - |zy] )" (e, )7 . Cconsequently, 2—llmkw(sz(pki))/w(sz(pkz))

= 1imk(pk1/pk2)2 =1, a contradiction. We may now assume that Pg = 0, zg = 1

and limk (1 - zk)/pki =y exists, 0 <y <=,

Case III. Py = 0, zg =

I

1
-
2

il

o . For k large enough, pki< 1- Z) s and as in the
proof of (5.1) Case I, we have,
a-1

(2'z [cos & + tp, )
= ki ) detdt .

1 = te, .
w3, Gy - 21 - g [P0, 0 [ a- kL

2
1-|zk|
The expression in the integrand in parentheses is bounded above and below by

1+ (pki/(l -lzkl)) which is uniformly 1 4+ 0(l) and so w(sz(pki)) E

- 2. a-1 2 o . 2
=q(l - Izkl ) (p ;)" - Thus, 2 = llmkw(BZk(pki))/w(sz(pkz))—llmk RV
=1, a contradiction.
Case IV. pg = 0, zg = 1, 0<y<ew. We change variables sending
- - Pri -

2= (L-2)/p - Then (1-|2])* " au(2) =21, )% (e -2 (74 6%))% deas .

i ki 2
Thus,

_a ,a-1 o+l Pri, 2 2, a-1
w(sz(pki)) =227, ) [ (£ - ==(" +s7)77" dax .
(t,s)€l
-z )/p 4
a L=l o+l a=1 a+l
=22 Pri “Jv t dtds = A P
' 1-z

where is that part of the disk of radius 1, centered at ( k , 0)

I
(-2,)/py 4 Pri
that is contained in the circle of radius 1/pki centered at (1/pki , 0) ; and
JV is the limiting case, that part of a circle of radius 1 centered at (y , 0)
that is contained in the right half plane. Thus, z = 11mk m(sz(pkl))/w(sz(pkz))
. / atl ..
= llmk (pkl/pk2) =1, a contradiction.

This completes the proof of (5.9).

§6. Appendix B. The Gram Schmidt Estimates. In this appendix we sketch a proof
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of Lemma (3.15). Let us note first that the center, of the molecules and

zg >
atoms that occur in Theorem (3.13) can be assumed to be real and nonnegative. To

see this, note that for w and § as given, tu(z)=w(elez), z € D, and 6(20 > Z)

- 6(elezo , ety for 2o z €D, and finally, [, £(z)z"du(z) = 0 for all

Ivl < s 1if and only if ID f(elez)zvdu(z)=() for all ,v[ < s. Thus, rotations

leave the defining properties of atoms and molecules invariant. (Recall that

Vosv,) v v
zv = (x + 1iy) 172 = x 1 y 2 )
The regions Ek that occur in the proof of Theorem (3.13) are either
E,=By=1{z€D: |z -z)] <pg} or, for k>1,E =B -8B =

{z €D: Pro1 f |z - ZO’ < pk} . There are constants, 0 < A < B < 1 with
A <P _q/p, < B as follows from (5.1) and (5.9).

The Gran-Schmidt polynomials of Lemma (3.15) can be written
¢i(z) = Z!VISS Biv(z - zo)v . We will show that there is a constant C > 0

independent of z2g > 9 s k , £ and v such that ,¢g(z)| <C, z€E and

k b
lBiVI < Cp;lvl . When we adopt the argument of §2 we see that the dual basis to
the monomials {(z - ZO)v!'v|<s with respect to the inner product induced by the

) Kk, . Kk k
measure du(z)/'EkI on Ek , can be written as wL(z) = ZIV'SS Bv& ¢b(z) . Thus

the estimates for the {WE} follow from the estimates for the {¢§E and the

fBSL} . (In what follows we assume that the regions Ek are closed in RZ 2)
We transform each Ek by a translation of -z and a dilation of —L-. For
k
Ey we get one of the following:
. 1
1 ;{l(x,y)lgu x<l-ef, if —=0
S(e);)= 1
., w)<i: |&x,y)-Q-e-r,0)]<r} if =>0,
r

for A< t<B, 0<¢< ,0<l<—3-—.

- = - = - r — 2-¢

Note that the case = 0 never actually occurs. It is a limiting case

Rl =

included so that the domain parametrizing the family of regions is compact. Note
also that the dependence on the parameter a resides entirely in the selection of
the constants A and B .

The result we are seeking is that the Gram-Schmidt polynomials (and their

coefficients) which are orthonormalizations of {z }[v,<s (taken in some fixed
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order) with respect to the measure du(z)/ls(e B %)' (respectively , dy(z)/

lT(t , € %)I) are uniformly bounded, independently of € and % (respectively,
t, € and %) . Observe that the functions {zv{ are bounded in absolute value
by 1 on each S(e , %) and T(t, e, %) since each domain is contained in D .
Since the order of each polynomial is bounded it will be enough to show that the
coefficients of the polynomials are bounded uniformly.

In either case (for the S 's or the T 's) the situation is the following:
There is a collection of subsets of PZ , §S(\/)}yer where i) [ is a compact
Hausdorff space, ii) Each S(y) has a non empty interior and there is a fixed
compact set K so that S(y) © K for all v €T and iii) {S(V)}Ver is a
continuous family in the sense that IS(Y) A S(Vo)l -0 as vy = Yo in T .

The first two conditions are obvious. The proofs of iii) will be sketched at
the end of this appendix. We will show first how the required conclusion, on the
boundedness of the coefficients, follows from these three conditions.

For f , g € LZ(K) we define the family of inner products:

Y o 1
<f, g —ng £(z)g(z)du(2) ,

and assume, for simplicity, that all functions are real-valued.

A . v Y
Let ifj}j=1,...,N be a listing of the monomials {z EIV'SS .« Let Gj=1
and
— y 7
<f1 3 f1> e 6 e e s <f.1 3 fj>
G§=det : : L, if J =1, eu. , N
. y . y
<f, £E>T 0 0 0. . <E, f.>
i’ 1 i’
,th N ) L -
The j Gram-Schmidt polynomial on S(y) 1is given by
B Y A
<f1 5 fl> « e e e s <f'1 B fj>
v . . VoY
. = det G. G.
QG . . v j=1 73
<E £ CSE
fo0 00 . .
L 1 i 4

where the determinant in the numerator is expanded formally in terms of cofactors
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of the last row. (See the Bateman manuscript [10], Vol. 2, p. 155 for a discussion
of this method. )

We see that, from ii), 0 < S(y) < ® so the inner product is well defined for
each vy . It follows from iii) that <fi B fj>Y is a continuous function of vy
and so from i) we get that each <fi B fj>Y is a bounded function on T . From
ii) we see that the ifi} are linearly independent on each S(y) which implies

that G > 0. But c?

j

continuous and positive on T and, hence, bounded below by a position on T .

is a continuous function of the <fi B fL>Y and so it is

From the definition of qg above, we see that the coefficients of these Gram-

Schmidt polynomials are polynomial functions of the <fi B fL>V divided by

Y G? and so are bounded uniformly for v €T .

G
1
To complete the proof we need to see that the families {S (e , ;)} and
1
{T(t, e, ;)} are continuous on their parameter sets. A sketch of this fact

completes this appendix.

Observe first that

1 1
ITCty 5 e s D AT, e s DI <2nfey - e,
and
,T(t 5 61 ) r_l') A T(t , €2 5 ;Z)' _<_ ,S(gl R ;) A S(ez s .;)l .

Thus, if we show that |S(e , %) A S(eO 5 ;L)L~O as (e , %) - (e f;) it
0 0

follows that

1 1
:'r—)|_'0 as (t;eﬁ;)"'(toyeosr—)-

1
ITce , e, 2) b T(t
0 0

0’ o

To show comintuity for the family S(e , l) we proceed in three steps:
.~ P

. 1 1 _ o
I. Show first that ls(el s rl) A S(e2 s rg), = o(l) as €y~ 0, Oiel, ezieo.
1
From this it follows immediately that IS (e , %) A s, ;—), - 0 as
0
1 1
(¢, 7) = (0, =) for any r,.
0
II. We may now assume that O < €9 < 1. We also assume that 0 < ?L < E%E . A

straight forward argument shows that IS (e , %) A'S (eo B %)I -0 as
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1 1
(e’;)_'(eo’r—)'

0
I1I. The case which remains is 0 < €5 <1, % = 2-230 . A somewhat delicate
argument which takes into account the fact that ﬁ is increasing and concave on
(0, 1] completes the argument. One shows that IS(e B %) A S(e:0 B 2_2—60),—~ 0 as
€ -y 720

0

Details are omitted.

§7. Appendix C. Some Calculations for §3. The purpose of this appendix is to

establish two claims that occur in §3 in proof of Theorem (3.10) and Theorem (3.13)

respectively.
Let « >0 be fixed. Let o, z5, P, q, s and {pk}gzo be given as in
either theorem. The following conditions are satisfied:
i) 0<o<=
i o <3 1
k 2
i) (a) If 0<p <1 - |z| then p ~|—2% —
k = 0 k a~-1
(l'lzo')

) 1£ 1= |zgl <p <1+ |2

Ol then pk~ (ch)lm
1

n_ l+x
(©) pk-1<pk§.pn=1+lzol~(20) ;,; 1<k<n.

111) s > max {22 - 2], 2& - DI} .
= p P

s s+1-o,}

27 1+ T

iv) e>max{%-1,

v) 0<p<1.

Proposition (7.1). If 0< 4 <s then

n p'(l,+2) pl££+2)

y — ~
o2 () TGk (He)

Proposition (7.2). If 4 > s then
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1
n j P
PRI
- (42)p ToH2)
lJ—O o 0
Remark. The {pk} are Euclidean radii of balls with woc measure 2kc . Since

w  and Euclidean measure are mutually comparable in the sense of Coifman and
Fefferman [6] the series behave like geometric series so some such result must
hold. The point of these two propositions is that the result holds for 0</4<s

in the first and for 4 > s in the second.

Proof of (7.1). ">" 1is obvious. For '"<'"' there are two cases.
1
. L+
Case 1. o, > 1 - ‘ZO' . Then pj ~ (230) > k< j<n. Since
s+2 42
€ + 1>1—+&2m, we have,
42
(1+2) . 1+ 242 L A2 142 2,
n e n o) T JED-G+e) T KED-(+e)
@ Tk gy 7 ° 2 mo 2 -
j=k 2 j=k 2 j=k
42
— (1+2)
e Py
2k(1+e) 2k(1+e:) 1
2
k -1
Case II. p, <1 - '20’ . Then p -~ {2°%6/(1 - lzol) }
For k< j < n there are two cases: 1

j -1
A. pjf_l-'zolgpj~§230/(1'lzo')a 1!
)
B. 1-lz0|§pj§1+|zol,pj~(230)

Estimate for terms satisfying A . Note that e > %_>_ -g: .
o, (H2) B} B2 oo &L e
z i) S C ¢ o1 T 2
=BStEN CREND j=k
= ¢ T 2 Y RA
(1_120,)(1, 2 (1+e)
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Estimate for terms satisfying B . Since pj >1 - lzol and
.
pj ~ (230)1+oc we get 27 >c {a - Izo|l+0"/c} . Thus,

(1+2) 142 )
p. - jGE—= - (1+e))
g -l <t P14 2 MO
S1o|z, |23 (e~ i G-lzD
Pilzg 27> ———
)2
(£2 - (14e))
{42 (l—lz I)].-Hx !
T+o 0
Co _—
g
1+e (44+2)- (14€) (1+)

=Co (1-|zol)

We need to show that this last term is dominated by

C k - 2°c 2-k(1+e)
k(1 -1
9 (1+e) (1_,20I>a
L 242
_ (a-1) (3+1) - (-
But, 0(1+e) a - |20|)(%+2) (14+€) (1+a) 2k(1+e) a- lzol 2 (2kg) 2
1
- 2% ; I 2Ky 1 ; 2
- +1 - +1° 2
(1-]zo)* (-] 2, )" (1-] 2]
P 2¢-1
~(T:TEST) <1 , and the inequality follows.

Proof of (7.2). The proof proceeds just as for (7.1). '">" is obvious so we only
2+2 1 N s+3 1

" 3 — - —
need to show '"<'" . Note first that £ > s + 1 so that e  p 21+ b >0,
and 4> s + 1> 2(1 - 1) .
2 P .
. Lo
Case 1. 9021 - IZO! Then pj“‘ (230) , 0<3<n.
A4+2)p 242
nop ; ® irG=-<
T D e 3z MR oo
=0 Pj j=0 L
2
Case II. ¢, < 1 - lzol . Then I @/ - |zol)a-1) . For 0< j<n there

are two cases:
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a-l)l/Z'

1>

P <1 - lzol L els/a - !20,)
1

T
1-|zol§_pj§1+lzol)oj~(2Jo)

1

Estimates for terms satisfying A .

242 . 42 1
po( » j ® -Jp(%-—)
s G 20 < ¢ %2 P <o
ijl‘lzol ] j=0
Estimates for terms satisfying B. If pj > 1 - Izol then zJ > C(t - ,zOI)a+l/
Note also that
o, M2 (442)p
2 ol : L 2
1 ;
pj (1_lzol)a (230)1/(1+u)
a-l  (442) _ /iiz..l)
B o Wﬁl' 7 P ZJP%*l p
- a+1 :
SR END
+2)p
Thes, TGO 2
pj21'|zol J
a-l | (#2) cipd2 1
' i P 5 P . ch>(OL+1 p)
) g™
(-] 20> 235c 9
= o
a-l ., 42, (iig l)
<c i o a+1 2 P i____:g_____ a1 " p’P
> 1 1
(1_’20,)q+ (1_'20,)a+
1 1
R e
= C ———————————-i ~
(l_lzol)@+l 1- zq

o 1
But T:TZBT <1 and 1> 2(; - 1) and the inequality follows.

Po. 42

.3). — < .
Corollary (7.3) If 4> s then (p ) 1/p = C

n ag

Proof. Look at the last term of the - series in (7.2).
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$8. Appendix D. Some Miscellany Regarding Atomic Hp(Rn) and its Dual. The aim

of this appendix is to obtain a few facts about Hp(an) and its dual that are easy
consequences of the atomic characterization of Hp(]Rn) . Within the context of this
paper, our purpose is to obtain the result on the local and global behaviour of

representatives of the linear functionals in the dual of Hp

that we remark upon
in the discussion following (2.4) and that we use at the end of the proofs of

Theorem (2.9).

Recall that for x = (x1 s eee xn) €RrR' and 14 = ({,1 e ’Vn) a multi-
Ll L

index of non-negative integers, x = Xy e xnn . We use the conventions:
0

0=, ... ,0), 0 =1, and B = (Bl s eee s Bn) is also a multi-index of non-
a Ll Ln

negative integers, () = (.7) ... (, ) . Recall also that !Ll =L, +4. +...+4
B Bl Bn 1 2 n

Lemma (8.1). Suppose k 1is a non-negative integer and ¢ has the property

Lo ft, =0
o 0G0 X dx = |0, 0< |t <k
R —
Then if o 1is a point on the unit sphere in r"
1£“ AI;”cp(x) xldax =0, 0< <k,
L 1, _a.B .
Proof. (x+h)" = T () xh” . Thus, if 0< [1] <k, ]gn T o()dx =
a+B=4 B
= ILn p(x) (x + h)L dx = % (é)hB ,[;n c,p(x)xOL dx = hL .
at+p=1 ;
k+1
Recall that AMLo 1 -2 )Mo g Mhps,
e} [e) S sO
s=0
Thus,
K+1
k+1 L k+1 s L
jn A7 pGo)x dx = SEO QIRICD) )En T ©eOX dx
k+1
- 5 (k+1)(_1)s s LI GL .
S
s=0

But this last sum if zero if 0 < |{,] <k . To see this just apply
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¢ k+1

3 o) Ll o) Ln o
(a) = (a—t) (-a—E:) to (1 -¢C ) and evaluate at t = 0 . This

completes the proof of the lemma.

Let 95 be the collection of polynimials, with complex coefficients, of
degree at most s .

This next result is known in several contexts and we include it just for
completeness.

Lemma (8.2). The norm

1

q
dx

—_——

lg| - Bl Loy - pg)d
lellL s, q")s) fa [l lmélg &

is _equivalent to

L
q '

su ,_ﬁ in L ’ - lq' x)
anap“lQ | fsm,fg P df

(Peé‘ Q

Proof. The polynomial PQg is the unique polynomial in #  with the property
s

that f (g - P)x\) dx = 0 if lvl < s and so PQ is the '"Gram-Schmidt'" polynomial

Q
for g on Q for the monomials up to order s . We discussed this in §2 where we
1
C 1 i -
howed th P < dx . Thus, if e | - a' 4y la
showed that }s(lé!g ' Qg(x)' _W‘g Igl X Thus, i P € R lmg,g PQg, dx$
1 1
S‘ﬁflg-qu'dx)q_'+‘ﬁ,’P-Pg,q',q—r. But P-P g =P (P -g), so
I Q Q ‘ IQ QL ‘ Q Q N
{1 AT L L I Sl al
(W‘g |p Ple dxi = l 9 glPQ(P 2)| dx‘
L
c 1 C e
SWQIP-gIdXSC mglP-glq a
Thus, 1

1
q"

I

1 ' 1 ' a
I|g - Pg,q dx < (1l +¢cC) iﬂf‘ [P - glq dxl
WQ Q ‘ W(W‘g

S

The converse inequality is obvious. This completes the proof.

Corollary (8.3). If (gl €L(B, q¢ , k), >0, k> [nB], 1<q' <o then g
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is continuous.
Proof. It follows trivially that g € L(B , 1, k) . From (8.2) it follows that

the restriction of g to any finite ball, QO , is in the Campanato space

£151’ (B+1)n) (QO) (see [2]) and this implies that g is continuous.

Theorem (8.4). If k > [n(-:: - 1)], p<1 and h £ R"  then

n(l- 1)

g € W= @) ang [ahe] < aln] P

HP: o, k

where A 1is independent of h .

k+1 p,»,k

Proof. It will suffice to show that AO 85 €H (Pn) for some fixed point o

in the unit sphere in R . Fix a function ¢ that satisfies the conditions of

Lemma (8.1) with the additional requirement that ¢ 1is supported on ”X' 1} .

IN

Let cp\)(x) = 2nvcp(2vx) . Then

k+1 ©
ktl, _ ketl kel
(8.5) b8 = ATy + &Eo GG, vzl Tis (@,

- Qp\)-l) :

This series clearly converges as a measure, and all terms are supported on a fixed
compact set, Hxl <k + 2} . According to Corollary (8.3) elements in

L(% -1,1, [n(% - 1)]) are represented by continuous functions and so (8.5)

1
converges as a linear functional on L(E -1, 1, [n(% - DD .

1
From Lemma (8.1) we conclude that A};F ¥ = )‘O ag where a, isa (p, o, k)-

1 P . - =
atom and I)‘ol < C' . A trivial calculation shows that T{Q(cp\) va_l) XL\) ay,

vn/ (1 -E) .

where a isa (p, @, k)-atom centered at 4o and |)\W|§C'2

v
. - k+1 .
It follows that (8.5) is a decomposition of Ao § into (p , o , k)-atoms and so

o, k n

(R') . This completes the proof.

1
Aktis o P
[e2

Corollary (8.6). If [g]l €L(B , q' , k), B>0, 1<q' <o, k> [nB], then

there is a constant A > O independent of g and of h €R" such that
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'Atlf'-lg(x)' < A“g“L(B,q',k) [hlnB .

Proof. Write B =

o |

-1, 0<p<1l. We see that [g]EL(%-l,l,k) and

Hg“ 1 < el ' . Thus, we may pair g with f € Hp’m’k and obtain
L(B,q',k)
L(;- 1,1,k)

I . 1 . . .
,<f s g>| <c ”f"Hp,m,k HgHL(B,q',k) since L(P 1, 1, k) 1is contained in the

dual of Hp’m’k . Observe that Aﬁ-"lg(x) = (g * AI}:+16)(x) and use (8.4). This

completes the proof.

Observation (8.7). If ([g] € L0, q', 0), 1 <q' <o then g € BMO and

1! !
Hg”BMO <c '1glIL(O,q',0) .

| ol
Proof. We see that [g] € L(0O, 1, 0) and ‘1gHL(O, 1,0) < “g“L(O,q',O) . But,

I 1

lgll =!sup inf |g(X) - cldx

RO R cec fQ g

The result now follows from (8.2) and the definition of Hg” .
L(0,1,0)

The following is a very limited extension of (8.7) that is useful in our

development. It will be strengthened considerable, later in this appendix.

Remark (8.8). If ([g] € L(O, q', k) , k> 0 then the restriction of g to any

finite ball is in BMO .

Proof. We argue as in (8.7) and obtain that

1
sup inf -I—I- |g(x) - P(x)ldx < o,
Qc'Rn PEé’k Q g

But S.J. Berman [l] has shown that this implies that the restriction of g to

any finite ball is in BMO .

Proposition (8.9). If [g]l € LB , q' , [n(B]) , B>0, 1 <q' <o, then g is

bounded and g(x) = 0([x|n8) as IX' - o if nB 1is not an integer; g(x) =

= O(lx'nB log Ix') as {xl - if nB 1is an integer.
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Proof. The local boundedness is immediate from (8.3). In particular, there is an
A > 0 such that
(8. 10) lex)] <a, if |x] <1.

Let k = [nB] . From Corollary (8.6) we obtain
k+1
(8.11) o gl <aln]™, x, ne s,

If k = 0 then from (8.10) and (8.11) we have, |g(x)|<|g(0)] +]g(x) -g(0)] <

<A+ Alx'nB = O('xlnB) as 'xl - ® and we are done. For k> 0 we will show

how to "pull back'" to a smaller k . We need the following combinatorial identity:
5 1 kKK ; LyE ket kL
(8.12) b, = + T D2 8,

h/2  t=1

To see this, observe:

k k k
R A S AR WACESCEER)
2 2 2

K
Ko Kk Ko kel 41
By @ = byyp) =by )y LEO (27 Dy ),

k
k|, k=1 L, k+1
LR

L k| k-4 k+l

k
If we set Gk(x) = 451 (-1) (£)2 AX/2 g(0) , we have from (8.12) AEg(O) =

= Gk(x) + 2kA§/2 g(0) , and so for every positive integer N we obtain:

Dk k

L+ 2 (DS g0
2 N
2

k _ k., x Nk o x
(8.13) AX g(O)—Gk(x)+2Gk(2)+...+2 Gk( ) + 2

We fix le > 1 and choose N to be the smallest positive integer such that
klxl < oY . we see that N ~ log ]xl as lx' - o and from (8.11) we have

le(x)l < A|x|nB . From (8.13) we obtain:
k -
(8.14) las 8] < A,x|nB(ZIZ=1 P RemB)y )y

If nB 1is not an integer then k < np , the series converges and we have
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652 @) ] <alx™ +alx|“=0(|x|*®) as |x|-=. If ng isaninteger then k=ng and
[8580)] <anfx] ™ +alx|™ = 0(|x|™ 10g [x]) as [x| ==, 1f k=1 we have |gx)|<

s @]+ }Axg(O)l and we are done, aswith the case k=0. If k>1 we iterate the

argument to obtain the desired result. Thus, if nB isnotan integer we have for

np _
l<k-t<k, o (< A(J'%L) = a27"B)4|™  and if ng is an integer,
2 2
nf
- -1,
G l) < A(-L)EJ-) log (Jil-) < AlxlnB log ,x' 2 Ang + A|x|nB 12 ‘g ; obtaining
k-t 2& - 24, ZL =

,Ai-tg(o)' SAIXlnB('xl > 1) in the first case and lAi-tg(O)| _<_AIx|nB log |x|

(!xl > 1) in the second case. The result follows.

Remark (8.15). If [g] € L(B,q', k), B>0,k>[np]l, 1<q'<e then g(x)=0(]x|k)

as x| ==

Proof. We may restrict attention to q' =1 . Since k > [ng] we have k > np .
We use (8.14) and we have
InB 2N(k-nB)

155 (0)] < alx walx) S <alxl®, Ix] > 1.
X

k+1
(Recall that 2" ~ |x| as [x| =) . Thus from 87 'g(0) = 0(™) as |x| == we
have obtained A)l:g(O) = 0(|x|k) . Since k= (k -1)+ 1, we can argue as in

(8.9) to obtain Axg(O) = 0(|x]k) as le - o and hence, g(x)=0(|x'k) as le -,

To obtain these results we have only used the definitions of the various
1
spaces and that part of (2.7) that tells us that L(-p-- 1,1, k) 1is embedded contin-

P>, k . With (8.7) and (8.9) we have enough information on

uously in the dual of H
the growth of functions that represent members of L(%- l, o, [n(il;' 1)]) to estab-
lish that the decompositions of atoms in (2.8) and molecules in (2.9) represent

the atom (respectively, the molecule) not only as a function, but also as a linear
functional on a L(1 - % , ® , [n(% - 1)]) space. It is the behaviour at infinity
that is important here, since the local behaviour of ([g] € L(38 , » , k) for any

B>0, k> [np] is immediate from the definition. Clearly, g is bounded on any

finite ball.
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Once (2.8) is established we have that any two spaces L(%- 1, qi, sl) and
LC% -1, qé N 32) are isomorphic as spaces of linear functionals on atomic-HY B
provided the indicies (p , a7 » Sl) and (p , 4y > 82) are admissible indicies
for atoms. If we now use the full force of (8.7), (8.8), (8.9), and (8.15) we can
test on appropriate atoms and find that the spaces agree as spaces of functions in

the following sense:

1 , 1
— - “ — - '
(8.16). Suppose [gl] € L(p 1, 9 > Sl) and [g2] € L(p l, 4y > 32) where

P, q, », s;) and (p, q, , s,) are admissible sets of indicies for p-atoms.
1 17 — 2 2

Then [gl] corresponds to [gzl under the isomorphism of the two spaces as linear

. p ) B
functionals on H if and only if [gI] = [gz] mod Qmax[sl,szl .

If we simply view the spaces L(g , q' , k) as collections of functions we

have:

(8.17). If 1

1<q'<e, 3>0, k> [nB] then LB, q" , k) = LE , 1, [nB])mod@k.

IN

q' <o and k>0 then L(0, q' , k) = BMO mod G?k) . If

We omit the proofs. Note also that these identifications are continuous in
the obvious sense. For example: g € L(O , 1, k) if and only if there is a poly-

nomial P in Qk such that g - P € BMO and Hg -p! is equivalent to

' BMO

| . Details of statements and proofs can be filled in by the interested
BlLeo, 1,10

reader.

ig. Appendix E. The Multiplier Theorems. We begin with some basic estimates for

the Fourier transforms of atoms for Hp(Rn).

Lemma (9.1). If a isa (p, 2, sl)-atom centered at the origin and
0< |a| < sy > then
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s +1-a
@ 0fie] < clx| |
= s1+1 1 ; 11 .
LA 2
2

12 1 1
G 0%’ < . s TH+mr=1l,1<r<m
2 1 1 1
(@lalily & 1,
y!a(l n r p 2
| l2
. L 1 1
Proof. Let Q be the ball on which 4 1is supported. Let d = 1/(; - -2-) . The
basic estimate that follows from the definition of an atom is
-d
(9.2) la| < [lall™ .
Let P be any polynomial of degree at most sy - |(I,| in & . Then
U a Lo =27ix-E
DEE) = [oal®)(-2nif) e dg
. -2nix.
= [q 2@ C2nig)® (7 5 r@)ae .
Choose P to be the Taylor polynomial in € of degree CI Ionl of e-ZITlX'g
about the origin. Then
o s1+1-|ou, Sl+1
[b"4) ] < ¢ |x| Jq la@] el dr
s +1
(9.3) s +1-|al 1n +%|
<c|xl ol lall, -

We introduce (9.2) into (9.3) and (i) follows.

If r = then r' =1 and we have

1]

IIDQ é‘(x)l2 dx C'IQ |§®'2|a(§)|2 ds

ZIOL
¢ lol"a Jal; -

<
If r=1 then r' =® and we have
QU a 4 2 2: +l¥ 2
Ip"acol < ¢ (fy [E]™ [a@]ae)” < ¢ o lall; -

We interpolate between (9.4) and (9.5) use (9.2) and (ii) follows.
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It is interesting to note that the analogue of (9.1)(ii) for differences is

also valid.

Lemma (9.6). If a isa (p, 2 ,E )-atom centered at the origin then for

ClhIZ{,

L1 1 1
”auzi (ZT-‘-;)/(E_ '5)-2

1412
SUP e el <

l+l.=1, 1<r<m.
r r

Proof. This follows exactly as in (9.1)(ii) where, for k # O , we use the
identity,

. 1 :
e2n1h-§) e 2nix-§

BiGo) = [ 2 - a

from which we obtain as before,

Aﬁﬁ(x) 2 2L
(0.7 el ©fo leMae e’ c'fal ™ Jall}
h
and
2
LN 24
a(x)l 1 —
(5.8) P s g 1 el e <o ol lal?

I

Several further observations are in order for (p , 2 , t)-atoms centered at

the origin. Let V¥ be the gradient.

lataco| < c [n]*vtac]
t+1-4
(9. 9) <c |t el ,
t+1 , 1 1 1
“a” {(—;r—*-?)/(;"?)}'l
Hz

where if |h| < Alx| then |¢| = 0(]x|) and if |x| < aln| then |¢] = o(ln]) .

Note also:
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C 5

1,1 1
I 5/ (= =-2)}-1
nanziz P 2 }

(9.10) Afl”'(x) <

which follows trivially from (9.1)(ii) with « =0 and r' = o .

A remarkable amount of information can be derived from these elementary facts.
For example, from Lemma (9.1) with o = 0 we have for a (p , 2, sl)-atom

centered at the origin

s,+1
{ 1 +.1 1 1

s +1 /(-1
~ 2

(9.11) lacol < x| b /e, * 7P

1

(5/G-D-1
(9.12) lacol <c /lal, = ° .
Note that the exponent of HaHZ in (9.11) is positive and in (9.12) is negative.
We use (9.11) for Ha”g > lx'n and (9.12) for Ha”g < 'xln (d = (% - %)-1) and we
have

n(l-l)
(9.13) [ax)| <c |x| P .

Proposition (9.14). If f € Hp(Rn) then (in the sense of tempered distribution)

~

f 1is a continuous function and there is a constant C > O , independent of f

1
- n(=-1)
such that [£G)| <c el x| P .
—_— .

Proof. 1If we interpret f € Hp and atoms as tempered distributions, then if
f = Zlkak is a decomposition of f 1in terms of (p , 2 , s)-atoms, then, clearly,
the series also converges as a tempered distribution and, hence, so does

E = Y\ Strictly speaking (9.13) applies only to atoms centered at the origin,

kak .
but for other atoms we only need to multiply by an exponential of the form

2nix-§0
e , and so (9.13) holds uniformly for all (p, 2 , s)-atoms. An atom is in
1

P
1! so & is continuous. From this estimate and: lek, < {Zlkklp} <o ye

~

obtain that thék(x) converges uniformly on compact sets so f 1is a continuous
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function. Now observe that:

1 L 1
- n(=-1) p n(=-1)
(9.15) lecol <c = Il P <c iz Py Ix P .
B
p
But f! = inf 32ka|p} over all such decompositions and the result follows.

i
HP

Let us now show that from (9.14) it follows that if m 1is a boundedmultiplier

on Hp(Rn) then m is a bounded function. By a multiplier on Y we mean, as

. : n .
usual, a measureable function m such that if f € HP(R ) then there is a constant
M > 0 such that

(9.16) Ny !l < wule"
HP ' HP

The infimum over all such M 1is called the norm of the multiplier.
For f a function and t > 0 let ft(x) = t_n/P f(x/t) , and extend the map

£ - ft to HP in the obvious way. It is not difficult to see that
I el

(9.17) e ol s EE ub .
H H
This follows directly from the observation that if a is a (p, q , s)-atom

supported on the ball Q , then a, isa (p, q, s)-atom supported on Qt’ the
1

- 1 q
dilation of Q by t . Note that IQ l P [ |a lq dx] =
. t Q IQt t

-p 1 q 5.9
el [WJ‘Q la]® ax1? .

Fur thermore,
n( -1
(9.18) Bx) =t PoB(ex) .
From (9.16), (9.17) and (9.14) we have
| n@E-1)
A |
(9.19) Imcof ol <mifi x| P
H
For x # 0 let x' =x/|x| . if we let t = |x["1 and use (9.18) we have
(9.20) [mx)E(x') < M) £ o
H

Fix an f € H® such that f£(x') =1 . Simply take a ¢” function T on
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[0, ©») that is equal to 1 on (% , 2) and is supported on (% , 4) . Let
f(x) = T](,x,) . It is easy to check that f is the Fourier transform of a

(p, 2, s, e€)-molecule for I-Ip for every possible set of indicies. This
y

establishes:

Proposition (9.21). f m is a bounded multiplier on Hp(]Rn) with norm M,

there is a constant C > 0 , independent of m such that Im(x)] < CM for all

n
x # 0. Furthermore, m is continuous on R -{0} .

In the discussion that follows conditions are imposed on derivatives of m ,
p’m . For most applications these may be interpreted as ordinary pointwise deriva-
tives. This is, however, not necessary and they only need to be defined as
functions that are distributions derivatives of m . The following lemma is crucial

for the study of multipliers on Hp(Rn) if n>1.

. . n
Lemma (9.22). Suppose t 1is an integer, t > 7 and

(9.23) g2/8l-n I pPmeo)? ax < a2

R<| x| <2R

for 0< |8l <t and all R > 0. Then there is a C that is independent of m

such that if r =1 or %> 2(,8' - t) + n then
n
r G-208D
(9.24) . IDPm) |?F dx] < c?a’R T ,R>0
R<| x|<2R
When 2('[3] - t) +n<0 then lx'lBl IDBm(x)l < CA and DBm is continuous on

R - {0} .

Remark. If B =0 we have n - 2t < 0 so the lemma implies that m is bounded

and continuous on an - ;0} , and the bound of m depends only on the constant A.

Proof. Let TN be a radial, c” , non-negative function that is bounded by 1 ,

supported on §%< |x| < 4} and is equal to 1 on {1 < |x|] <2} . Let
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f(x) = RIB‘T](X/R)DBHI(X) , U=t - |B‘ , and g(x) = f(Rx) = RIBIT}(X)DBm(Rx) for

v DYf(Rx) . It follows from (9.23) that

some fixed R > 0 . Then Dvg(x) =R
”D\)gH2 <c'a for 0< Jv] < for some C' > 0, independent of m, v , » and
R .

Thus, g € LZ’K and Hg“ 2. <c'a. (Lz’K is variously called a Lebesgue
L J

space, Bessel potential space or Sobolev space. Details about these spaces and the

Sobolev embedding theorem, that we will use directly below, can be found in Stein

[16, ch. V §2].) 1t follows from Sobolev's theorem that LZ’K c C, is a continuous
embedding if u > % and LZ,K c 1! is continuous x > % - -32 0 . In particular,
”gﬂqf_CA if n>%-g, where C is independent of m and R (but does depend on u).
Now recall that u=t - |[3| andwrite 2r =¢q. The condition n>%-§ canbe rewritten
%> 2(|B| - t) +n. In this case we have (using the standard interpretation for
r = o)
1 1
r r
2 =2
IDPmGo| %" dx] <R ] ([, l£6]?)
R<|%|<2R R
n n n
T -2lel r =-2]p] =-2]p]
r 2r r 12 2 2 r
=R [In lge)|°F ax] =R Hg,‘er C"A"R
R
This completes the proof of the lemma.
Notation. If m satisfies the conditions of Lemma (9.22) for some t we say

that m satisfies (#) .

The following multiplier theorem requires that m satisfies a smoothness
condition in L2 of integer order; that is, that m satisfies the (#) condi-
tion. This condition is usually referred to as a "HOormander' condition. Some
variants will be considered later in this section, but we note that for most appli-
cations this result suffices.

While obvious, it is still useful to observe that the 'Mihlin'' condition:
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(9.25) sup n lx'lB' 'Dﬁm(x)l <A, 0L IBI
x€ER

IN
o

2

implies (#) .

Theorem (9.26). If m satisfies #) , p< 1,

1
-3 <=, then m 1is a

St

o~

multiplier on HP(Rn) , and there is a constant C > 0 , independent of m such

that the norm of m is bounded by C A (A the constant in the (#) condition).

Observation. Suppose a isa (p, 2, sl)-atom, s < CI and (p , 2, s, €)
is an admissible set of indicies for a molecule. From Proposition (2.3) we obtain
that a isa (p, 2, s, e€)-molecule and N(a) < C , for some constant C
independent of a . In particular, if a 1is centered at the origin and

t = n(% + e€) 1is an integer, then from Plancherel we have
1 1 ¢t 1 1. 2
)t

20 fal,? P loval,P Py <c

for all v, lvl =t .

The theorem follows from the following proposition:

Proposition (9.28). Suppose m satisfies (#) and a isa (p, 2, t - 1)-

.. 1 1 t ANV
atom centered at the origin, p< 1, E -5 < o Then (ma) is a

P, 2, [n(% -1, & - %)—molecule centered at the origin, and

(9.29) R(ma)') < ca,

where C depends only on p , t and n .

Proof. Note first that the indicies are admissible for p-atoms and p-molecules.
(The only point that requires any care is t - 1 > [n(% - 1)] .) We claim that it

will suffice to show that

1 t
4=
P

1
® " )]?

L .l
(9. 30) (|ma]2 Yf<c v =t

Just as was the case for (9.27) this is equivalent to

L1t 1. 1ln
9-31) Qe P " @) H " <e

and so we only need to check that the moments of (md)” , up to order
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[n(l—i- - 1)] , vanish. Note that [n(% -] <t -% so if |v| < [n(% - 1)] , then

. . V) . .
|x||v, (m.él\)v is integrable and consequently D (md) is continuous. Thus, to show

that f(mé)v(x)x\) dx = 0, l\)l < [n(-}% - 1)] we only need to show that

D\)(m’i)(O) = 0. Note that m is bounded (see the remark following Lemma (9.23))
and a(x) = O(IX't) as Ix' - 0 (see Lemma (9.1)(i) with « = 0) and so
(md) (0) = lim m(x)d(x) = 0 and we are done if v = 0. For other values of

x—0
v , D’ (mi)(0) = EETIN lh]'M AThl(mé)(O) = Lim g O(Ih]t'M) -0. (AThI -

v v

A : oo M , the '"mixed'" difference operator, e is the unit vector with
[hlel |h|en

k >

coefficient equal to 1 in the k-th coordinate.) This establishes the claim.

1
2

we

S er

As in 82 we will let a=1-%+e and b=-;—+e. Since ¢ =

non

1
and b - a = -é- -5 (The use of a to represent

5 e

have a = + , b=

S ler
N =
]

o |

1 1 . .
both an atom and the value §+ 7 E should cause no confusion in context. )

(9.30) will follow if we can show

b
(9.32) lo'a ofml, < easlaly™ L jal + lg] = e .
For p =0, |0(,| =t we have
b
~ ~ b-
[o%m]l, < Imll_ 0%, < c im] /lal,7* )

which follows from (9.27).

1f 0 < |g] <t then 0< |a| < t and Lemma (9.1) can be applied.

lo% o®m)2 = ¢ [ par ID%8601% [0°meo] ? ax

Lez 2L<|xlf_2
K 24(t-|a|) .
<cy -2 L t@lel-m I IpPmeo |2 ax)
- 1 PRl 1 441
, b+ 27| x|<2
gt ¢ 2)_2 =
<2 \p = g
® L 1
vl [ %)’ at o P |27 ax)”
Koot x|t 2% x| <2t
= Il + 12 .
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Estimate for Il_. We have already used Lemma (9.1). Now use (#) (without
benefit of Lemma (9.22)) and we have
1
2°*2)-2
b-a K In
I, < {CA /,,a“2 } 2
1 -
2Pt
< ca? Z“K/Hallz b-a
1 2b
nK b-a b-a 2
Choose K so that 2 ~ Ha”2 and we have I,<CA /Ha”
Estimate for 12 . Choice of r . For |B| >g let r=1. For 0<[B| 3-121

and 0 < !B‘ <t -% let r = » . Note that if t > n these two cases suffice.
Note also that if p S% we always have t > n . In the remaining case we have

t -

NS

< 'B, 5%, and we can choose an r so that 1 < r < o and 0<2|B|—%<2t-n.
In all cases we have (i) Z'Bl - §> 0 and (ii) r and B satisfy the conditions
of Lemma (9.22).

The result now follows from an application of Lemmas (9.1)(ii) and (9.22).

1
2 '  LE-2]s])
L’z [ D4 co|*" ax] 2 T
K otexl<2
A 1
' r' © r
ce? [ [ %ol ag (zote2leln,
|x|>2% K

_2lel,
n

< CAZTHD“&TIZHr'
2ol 1yl 2BLIL) 0y
< ca? i »l nor g ™
-_ 1] |2
2t 2b
-(5=/ (b - 2 -
= ca? !l G/ emans - ca?/la ‘lb 2’ .

H<ig

This completes the proof of the lemma.

We will now consider a variant of the multiplier theorem for fractional orders
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of smoothness.
For future reference let us fix a function 1 that is c® , radial, non-

negative, supported on (l , 4) and for some constants 0 < A, <A, , A.<NE)<LA
4 2 1= =2

1
for L < le < 2 . Suppose further that if 1, (x) = ﬂ(Z-kx) then T M (x) =1 if
2 2 k k
keu
x # 0. That is, {ﬂk} is the usual "nice" partition of unity for R° - {o} .

Let mk = mﬂk .

We say that m satisfies (##) for t> 0 if m 1is bounded, lm(x)f <A

and for some integer t>t and all integers k we have

(9.33)  2FCEM o p gyt T IA;m(x)lz ax I < 22,
k-1 k k+1 [n|"
|n]<2 2°<|x| <2

Remarks. (1) The condition (##) is handy for applications, but for proving
theorems a more useful and equivalent variant is that for some integer t>t and
all integers k

p7kn ”FR“ ]mk(x)l2 dx < A’

(9. 34)

dh__ 2
In|™

The only point that is all delicate is to show that (9.34) implies that m 1is

k(2t- -2 t 2
KEED [ ] e 0l

bounded. This is contained in the proof of Lemma (9.37) that follows, and it is
then easy to check that the two variants are equivalent.

(2). If t 1is an integer the conditions (#) and (##) are equivalent. To see
this note that the second version of (##) is equivalent to

(9.35) Pk @p]-n) [ [(DBmk)(x)|2 dx < A
R

for all k € Z and for B =0 and all [Bl =t (t an integer), using a
Plancherel argument. It now follows that (##) 1is equivalent to requiring (9.35)
for 0< IBl < t and from that condition to (#) 1is immediate.

(3). Many other variants of (#) and (##) can also be used and may be simpler

to apply in particular situations. For example, (9.35) can be replaced by
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conditions such as

R R h

for all k €2, |g] =4 <t , where t is an integer, t > t - L .
We need a variant of Lemma (9.22) for the (##) condition.

Lemma (9.37). Suppose m satisfies (##) for some t>§. Then there is a constant

C thatis independent of m such that if r=1 or §>n-2(t—s) and s>s>0,s an

integer then

n 1
k(2s-=) - -
- dh 2.2
9.38) 2 T [ |n]7 T Lagmeo]?T @)™ - < 247
AL In|
Furthermore, m 1is bounded and continuous on IRZ - fO} and Hm“m < ca.
v v
Proof. Let g\)(x) = mv(2 x) = N(x)m(2 'x) . Then
2
‘j lg, G0l ax < a
gV -
(9.39) _
- t 2 dh
lfn |nl thn (a8 G0 |7 dx ngAZ
R R [n]
Consequently, g € A2’2 and Hg H < CA. (qu is variously called a Besovor
) t v /\2’2 - a
t

Lipschitz space. Details about these spaces and the Besov-Taibleson embedding theorems
(which gives various continuous inclusions between the Lipschitz and Bessel potential

spaces and among the Lipschitz spaces) canbe found in Stein [16, Ch. V §5].) We know that

n
@, t=-—
2, te L CCO and that the embeddings are continuous. Thus g, is bounded,
A . . n
continuous and ‘llg\)HmSCA . Fromthis it follows that m 1is continuouson R - {0} and

ml| <ca.

We may assume, without loss of generality, that t is the smallest integer greater

than ¢t .
If 2>n-2(t:-s) then g EA2’2CA2I’2 CLzr since t-=+4-2>0. Since the
r v t n 2 2r
t-r 2r

embeddings are continuous g € had ,llg ll. <ca andso
v 1Byllor =
1

o e &
@[T ax)"<ca.

(9. 40) 2 T [

Y<|x]<2

2V<| x| <2VH! o

(If r =1 this is immediate from (##) .)
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Observe, again, that g € A2r’2 . Thus, if 0<s <t - 24 2=, then
v n n - 2 2r
temto—
2 2r
2r, 2 . . . . . - . . -
g € As (the inclusion is continuous) so that if s 1is an integer and s > s
-2s s 2r dh 2.2
(9.41) T Inl7720f o lege G077 ax] === < ca” .
R R |n]
. 2,2 2,2 .
(If r =1 this follows from g, € At e /\S .) From (9.41) we obtain
n 1
v(2s-—=) - r
r 2s s 2r dh 2
(9.42) 2 j‘nlh| i . IAhm\)(X)l dx] — < Cc A" .
R R In]
This implies
1 n
= v(—-2s)
-2s - r dh 2 r
. h — < .
(9.43) f 2v-1| ‘ [I y - ]Aim(x)lzr dx] lhln < CA" 2
Ih|<— 2%<|x|<2
But if we use (9.40) we easily obtain
1
T
-2s s 2r dh
[ T meol e
In|>— 2%<|x|<2”
(9. 44)
n
v— ~ v(=2s)
<c A’ . ’ ' 2s _dh < CA2 5 T
i P
In]>=
This completes the proof of the Lemma.
;e 1 1 t X
Theorem (9.45). If m satisfies ##) , p< 1, E -3 < o then m is a

multiplier on Hp(Rn) , and there is a constant C > 0 , independent of m , such

that the norm of f is bounded by CA (A the constant of (##) ).

Proof. We may assume that t is not an integer (the '"integer case' was done in
(9.25)) and we may fix t = [t] + 1.

We will show that if a isa (p, 2, E)-atom centered at the origin then
(md)" -molecule centered at the origin and $H((md") < CA , C independent of a .

Just as in the proof of Proposition (9.28) this will follow if we can show that
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L1
l-l+£ - 5P 2
0.46) (@2 P (a7 [laf @) eo)? ax IdTn] )  <ca
h
We use the identity
T t L.k
(9.47) (fg) = © () £) (s 8)
b, e 2 -knlnE) By
Thus we need to check that for k + 4 = t
R R 2
P72 Aﬁa(x)lz | gm0 ] ax < S
A,
lal,

which is the analogue of (9.23).

If k=0 this follows from |lm| < CA (see 9.37) and the estimate

2b
| b-a-z
2

>

FI ool o i < o /e

which follows from Plancherel, Fubini and Proposition (2.3).

We now consider k + 2 = t , 0< k< t , 0L < T , and choose K so that

1
2™ ~

- La 2 k 2 dh
|n] 72¢ |v 20)? | An)? ax S
IhERn IXGRn -kh Ah 1 lh n
K
= ¥ e coodx dhn =3 ‘e ceedx dhn
ve€Z her™ 2v<lX|§2v+1 [n| -® |h|§2v+1 2v<'X'Szv+1 |n]
K dh *® h
+3f e T [ ce. dx dn
= nj>2Vtt 2V<|x|<2V41 R 2V<|x|<2Vtt In]
= P1 + P2 + P3<
Estimate for P3 . This proceeds exactly as for the estimate for I2 in (9.28).
Choose r as in that estimate. Then
L L 1
K T 4(x) 2r' r' _ . r
P,<T sup [f l—'—‘% ax] [ Y e 7T ax)
™ her™ || her”
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Now use Lemma (9.6) and Lemma (9.37) and the estimate follows exactly as before.

Estimate for P.. This mimics the estimate for I in (9.28).

1 1
La
K T a(x)
-kh2h -2 (t-1 K 2 dh
P S_E, su\lj-‘.1 ITI j‘ i |h| (e-1) J" [Ahm(x)| x |h|n
|n]<2 heR 2v<|Xl£2V+1
6(2\), 2\)+1]

In the first term of each summand we have |h| < lel and so we use (9.9). 1In the
second use (9.37) with r = 1 . The estimate follows as before.

Estimate for P2 . We reduce this to two other estimates.

dh
p, <[ R . NE
|x]<2 B> [x]
=I f el dx dhn+ . dx dhn
<X |x|<|n| B ek T x]<2X In|
= P4 + PS .
Estimate for PA . Since |x| < ‘hl we use (9.9) and obtain
1
- {EL D)/ (bma)}-1
|7 B8 G0 < clbl “]al,
Thus,
(&), 1/ (bea)}- ;
p, < clml2/ja)} @ Tt G2 n|2(E+1-6) db
|n<2® nl”
K2(t+1 t)
< ¢ [lm2 2
o 5(2(t+1)+1)/<b-a)}-2
”3'”2
{(—+ 1)/ (b-a)}-2
sc |mH /llall,
Estimate for P5 . We use Lemma (9.6) with r =1 .
(" -)/( -a)}-1
I 58G01 < € [0 %/]all,
Thus,
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[E4Dy/ a)) 2-2

py < [¢ (|2 2"/ ]all, ] In] 2D
|n|>2k [n|"
nK(Z_(Lr-lt)+1) 2b
<o’ —2 < c a2/a5®

{2(%+%)/(b-a)}—2
lall,

This completes the proof of the Theorem.

There is an occasional use of conditions such as (#) or (##) for Lt -
norms with r not equal to 2 . A convenient formulation is the following:

let m be a measureable function on R and define the functions m - as we
did in the discussion which preceeded the statement of Lemma (9.37). We say that
m satisfies (###) for r, 1<r <o and t>n/min {r, 2} if m 1is bounded,
|m(x)| < A, and for some integer t>t and all k €z,

2

k(t-2) 9t t r % an
2 (f [n] [ |Ahmk(x)| dx] MR <AL
n h

her™ x€R

If t 1is an integer this condition on the '"difference'" can be replaced with
g P

one on the derivative:
1
n =
k(t-=) r
T IPmeolT ax) <A,
xERn

for all |B| =t.

s . . r - .
These conditions require that m '"locally satisfy an At’ -condition" in the

. . r,t s .
first instance and a "local L’  -condition" in the second. (These are not

r, t+e r, t-¢

equivalent if r # 2 , but the continuous inclusions L for

cab?c L
t

all ¢ > 0, give us the room we need and, for the purposes of the multiplier

theorem, they are equivalent.) To use these conditions we reduce them to the

2 - . -

L™ -case. If r > 2 the conditions drops to the corresponding condition for

r = 2 , without loss in the smoothness index t , since the integration with

respect to x takes place on an annulus. One restricts the integration with
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respect to h to |h| < Zk—l and then uses Im(x)l < A for the other part of the

integral. If 1<r <2 one "lifts" to r = 2 using the embedding theorems for

the Azq -spaces (as in the proof of Lemma (9.37)) with a subsequent loss in

n

n . . .
smoothness from t to t - - + 5 Using these observations we obtain the

following multiplier theorem as a corollary of (9.45).

Theorem (9.48). If m satisfies @) , p< 1, = -

is a multiplier on Hp(Rn) .

1 t
{m} <n, then m

Details are left to the reader.
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