Asterisque

J. W. JENKINS
Invariant Functionals and Polynomial Growth

Astérisque, tome 74 (1980), p. 171-181
<http://www.numdam.org/item?id=AST_1980__74__171_0>

© Société mathématique de France, 1980, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1980__74__171_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Invariant Functionals and Polynomial Growth
by
J. W. Jenkins

Recall that a locally compact group G is said to be amenable if
there is an element p € L™(G)* such that i) p >0,
ii) < p, bg* > = <Py Y > for all g€ G and y € L(G) (here &g
is the unit mass at g and =« denotes convolution), and 1iii)
<P Xg > = 1 , where Xp denotes the characteristic function of a
subset A < G . In this note we consider the situation in which the
"normalization condition" iii) is replaced by iii)' <p, 6 >=1,
where ¢ 1is a given non zero, non negative element of L™(G) . The first

results on this problem were obtain by Rosenblatt [6]

We begin with the following observation : if G 1is not compact and
K is a compact subset of G then there is an infinite sequence of
elements {91} < G such that for any positive integer N ,

N
Xg > X 6, *X
G742 95 0 K
If p 1ds an element of L7(G)* that satisfies i), ii), iii)' for
® = xg » then for all positive integers N ,
N
<Ps Xg > > izl <P, 691 * Xg > = N
This contradiction shows that, in general, given a © , the desired
functional can exist only on a proper subspace of Lw(G) . Hence we begin
by considering the smallest translation invariant subspace of Lw(G)
containing 6

Definition 1.- A Tocally compact group is said to be type A if for
any non zero, non negative 6 € L”(G) , there is a linear functional p
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defined on
Sg = {z a(9g) ég x 0 | suppa finite}

such that i) p >0, 1ii) < p, 6g * Y >=<p, > for g€ G,
Y € Se , 1i1) < p, 06 >=1

In order to state our first theorem we need to recall the notion of
polynomial growth. Fix a left Haar measure on G and denote the measure
of a subset A of G by |A] . For any positive integer n , let
A" = {alaz...an | a; € A} . G 1s said to have polynomial growth if
for every compact neighborhood of e 1in G , U , there is a polynomial
p such that |Un| < p(n) for n=1,2,3,... . The following theorem
was first proved in [6] for discrete groups and in [3] for arbitrary

groups.
Theorem 2.- A locally compact group with polynomial growth is type A .
Proof. We define a linear functional p on Se by setting
< p, Ta(a) 6. x 6 > =3 a(g) . It is obvious that p satisfies conditions
ii) and iii) of definition 1. It only remains to show that p is positive,
i.e. if = «(g) ég * 6 >0 then = a(g) > 0 . For this purpose, let
u=ut
of o and such that < Xy 6 >>0 . Set

be a compact neighborhood of e 1in G containing the support

A = [ 6(s) ds ,
n Jyn

and note that 0 <A <ol [U"| . Hence lim(An)l/n =1 . Thus there

is a subsequence {nk} such that An _1/ A -1 . Now if g € suppao
k

nk+1
n-1 n n+1
[y

then §] gl <U , and hence, for such g ,

A< J 6(s) ds < A
n-1 gUn n+1

Recalling that = a(g) 69 * 6 >0 , we have
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INVARIANT FUNCTIONNALS AND POLYNOMIAL GROWTH

0 < Junk = «(9) 69 * 8(s) ds = £ «a(g) Jgunk 6(s) ds

Dividing the inequality by An and taking the 1imit on k we have,
k

since suppa is finite, = a(g) > O .

There 1is a particial converse to theorem 2.

Theorem 3.- Suppose that G is a finitely generated, discrete, solvable
group or that G 1is a connected group, and that G 1is type A . Then G
has polynomial growth.

Proof. Suppose that G a finitely generated, discrete, solvable group
or that G 1is a connected group, and that G does not have polynomial
growth. Then by [4] and [6] , there exist elements a,b € G and a
compact neighborhood U of e in G such that if [a,b] denotes the
semi group generated by a and b , we have i) ala,b]l n bla,b]l] = @ and
ii) sUn tu =9 if s,t € [a,b] , s #t . Let V = [a,b]l] U . Then

supp 6a * Xy N supp éb * Xy S aVv n bv
= (ala,b]l n bla,bl)U =@

Thus Xy > 6a * Xy t 6b * Xy oo Hence there can not be a functional p

on SX satisfying the conditions of definition 1.
Vv

Se is the smallest subspace of Lm(G) on which we might hope to find
a translation invariant positive functional normalized with respect to 6
By contrast, the largest subspace is

Ly ={w €LT(@) | [v] su w6, ueEMG ) ,

where M(G) denotes the algebra of all bounded, regular Borel measures

on G . Further, instead of asking only for invariance with respect to
convolution by point masses, one could require that

<p, u*xyP>=nu(G) <p,y > for all y € Le and all u € M(G) . We will
construct such functionals p , inductively, obtaining at each stage a
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functional invariant with respect to a larger subalgebra of M(G) . This
construction also requires continuity of the functionals with respect to
the following norm,

g » On Le

Holl g = inf CHull | (vl s w8, ueMG)?

Definition 4.- Let A be a subalgebra of M(G) . G 1is said to have
A-invariance if for all 0 # 6 € L™(G) for which 056 < f x 6 for
some f e L1(G) ., there is a pe Lg such that

i)pz0 ,
ii) < ps u x w(@G) <p,vy>, neA, veL, ,

>=J<p,6x*q)>du(X), WEMEG) , veELy ,

< €
\
I

iii) < p, u %

Il
-

iv) < p, 6 >

The following theorem and proof were inspired by Ludwig [5]

Theorem 5.- Suppose G 1is a connected group with polynomial growth or
that G 1is a compact extension of a nilpotent group. Then G has
M(G)-invariance.

The proof of this theorem requires the following.

Lemma 6.- Suppose G has polynomial growth and that G contains normal
subgroups H and K with K < H . Suppose further that each element of H/K
is contained in a compact neighborhood that is invariant under the inner-
automorphisms from G/K . Then, if G has M(K)-invariance it has M(H)-
invariance.

Proof. Let © be a non zero, non negative element of L™(G) and let
p € L; satisfying i) - iv) of definition 4 with respect to M(K)

Let U be a compact neighborhood of e in H/K that is invariant

under inner-automorphism from G/K . Given e >0 , we define f8 g on
. -1 . . . . - 4

H/K by f o g(x) = (L+ )7 if xel, £ 5(x)=(1+e " if

x e gn - gt »n>2,and f, U(i) =0 if x € <U> , the closed
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INVARIANT FUNCTIONNALS AND POLYNOMIAL GROWTH

(and open) subgroup of H/K generated by U . Since H/K has polynomial
growth

v )0 s Qe )" -0 <o

If
n=2

€, Ulll

Furthermore, for y € U and X € < U >

g3 - gl s et gk
Since 6 < f, x 6  for some f_ e L(G) ,

l=<p,06><<0p, fo * 6 > = JG fo(x) < P, 6, * 6 > dx

Thus, < p, éx « 6 >> 0 on some open subset of G . Hence, for some
a€EG, <p, 6ax * 86 >>0 for x 1is some open subset of < U >

Since < p, 6k * Y > =< p, ¥ > for all k € K , we can define
<p, &g x v > for x € H/K by setting < p, Sy x W > =<p, 6 xy >

We define p; g on Le by

€, u e Vo> =

<p f g(x) <P Sgp x> dx

[H/K €
Fix b € H/K so that

-1 ' .
(1 - ¢€) <p K Sy * 6 >>sup <p 0o S: x 6 > 1= « .

and define Pe. g on L by setting

for all Y € Le
< 1 . For this, suppose that ¢ € L

We first show that |]p€ 0
and that |y] < u 8 . Then
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|<p8’0,w>|s<ps,0,|\p|>=a <p8’0,6b*|\p|>

» oo g(%) < Py b p + |u] > dX

M

f U(k) < P, 6axbz * 0 > dx du(z)

J X) < p, 6axb * U ox 6 > dx
j JH/K €5

-1 ,
= o JG<D8’U,6bZ*e>du(Z)

N

| @@ <
G
Also note that if ye U, y €L

5,0’6y*w>_<p Ij,q)>[

N
™
Q
1
-
;_\
-h
™
[ant]
—~
x
—
A
kel
.
O
o
*
<
\
[=%
X

Choose a sequence of compact neighborhoods of e in H/K , Un , that

are invariant under the inner-automorphisms from G/K and such that
ngl Un = H/K . For each positive integer n , let Ph = pl/n, Dn . By

w¥-compactness of the unit ball in Lg » the sequence {pn} has a cluster
point p_ . Clearly p_, >0 and, since

1><pn,e>=<p1/n,0n,e>

= o < pl/n, g > éa * 0 >

1 -1/n ,

\%
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<P, 0 >= 1 . It is also clear that for k € K and vy € Le R

< P» 6k * Y >=<p_, VP> and hence that < p_, 6y * P > =< p_, 6y * U >

=<p, ¥ > for ye€HK

If ¢ € Le and u € M(G) , then

<D°°,u*w>=”m<pl/na,0 s Mok P>

T

= 1im J <p mos 6, % P > du(x)
G 1/na, Un X
o

Since

< P, 0 v 8x x>l < vl s
the dominated convergence theorem gives

<P, U kP >= J < P O x U > du(x)

oo G oo

Finally, note that if u € M(H) , v € Le R

<pm,u*w>=J < Pes 6y *x ¥ > du(x)
H

U(G) < P> Y >

Therefore p_ satisfies i) - iv) of definition 4.

Proof of theorem 5. If N is a normal, nilpotent subgroup of G such
that G/N is compact and if N =N; > ... >N = {e} 1is the lower center
series for N , then for each i =1,..., k-1 , Ni/Ni+1 has large compact
neighborhoods invariant under the inner-automorphisms form G/N1.+1
It G 1is a connected Lie group with polynomial growth then the eigenvalues
of Ads are of modulus 1 for all s € G (see [4] or [1] , where the follo-
wing fact was first pointed out). Let S be the solu-radical of G , LS
its Lie algebra and LSE , the complexification of LS . By Lie's theorem,
there is an ordered basis for LSG s {X1 seens Xm} so that the matrix
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representation for Ads with respect to this basis is upper triangular for
all s €S . Let Vj be the subspace spanned by {X1 seees Xj} . Then

the action of Ads on VJ./VJ._1 is multiplication by aj(s) where
|aj(s)[ =1 , i.e. Ads acts by rotation on each space VJ./VJ._1 . Thus we
can find subspaces {0} = wo c wl < ... c wn of LS , each invariant

under Ads with dim(Vj / Vj 1) < 2 , and with Ads acting by rotation on
each space wj / wj_l s J 1, 2, ..., n . Thus wj is an ideal in LS
and if Sj is the correspondinc closed normal subgroup of S , each

element of Sj / Sj—l has large compact neighborhoods invariant under

the inner-automorphisms from S / Sj , and also G/S , since, G/S is

-1
compact.

If G 1dis a connected group with polynomial growth, then there is a
compact, normal subgroup K of G such that G/K 1is a Lie group with
polynomial growth. The above argument applied to G/K produced the
desired series of subgroups.

In order to show that polynomial growth is not sufficient to imply
M(G)-invariance, as is the case with being type A , we prove the following.

Theorem 7.- Let A be a subalgebra of M(G) that contains the point
masses and is closed with respect to involution. If G has A-invariance
then for each f € A n Ll(G) , =1 €& sp(f = f*)

Proof. Assume there is an f € AN Ll(G) such that -1 € sp(f x f¥)
Then for all g € Ll(G) , Jlg* f*f*+g+fxf > 1, for other wise,

1

[(g-1)(~F * £* - 1)17°L = {1 + [(g-1)(- f  £* - 1) - 1137}

exists in C 1 e Ll(G) , contradicting the assumption that -1 € sp(f * f*)
Hence, there is a ¢ € LT(G) such that <g x f * 7+ g, o>=0 for
all geli(G) and <f«f*,o>=1 .Thus Fxf xo=-0.

Let o =]||ol|2 . Note that for h e Ll(q)
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1 x ol 2(s) = | ht) w(t7ls) de)?
<[] V2 e M2 jeels) at)?
< Jn@ld [ ) jees))? at
= lInily [l x ol
Hence, © = [o]% = |f + £ x 0|2 <[If £ |f « £ x 0

Thus, there is a functional p on hg satisfying i) - iv) of definition 4
with respect to A . Now, if g,h € Ll(G) s

(9 x ©) (hxo0) < % flg = ol% + [h x o) € Ly
We define a bilinear form B on AN Ll(G) by
B(g,h) = <p, (g x @) (h x o) >

Clearly B(g,g) >0 for g€ AN Ll(G) and
B(f + f*, f « %) = < p, |o|/®>=1. Also, for g€ An L(a) ,

2
[EXIE

2
B(g:9) = <ps |9 *x0">< [lgll; <p ., [g] x06>
Thus B is bounded, and if g,h € A n Ll(G) > S €EG,

* h) = <p, & * [{(g x ©)(h x ©)]>= B(g,h)

B(és * g, & s

s
Hence, for g,h,k € A n Ll(G)

B(g * h, k) = B(h, g% x k)
Recalling that fxf*xo=-¢, we have

0 < B(F*, %) = = B(f* & f » %, £%) = - B(f + 5, f 5 ") = - 1

This contradiction implies that -1 € sp(f x f¥)
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A Banach *-algebra A is said to be symmetric if -1 ¢ sp(aa*)
for all a € A . Theorems 5 et 7 show that Ll(G) is symmetric if G
is a connected group with polynomial growth or if G 1is a compact
extension of a nilpotent group. This was first proved by Ludwig [ 5].
Hulanicki [2] , considered the following group : let D be a countable

direct sum of 12 , and let

D= TT (D), = {(X,) X, € D}
2T 4 ep ddden ! X

be the direct product of D copies of D . Define 4: D - Aut(D) by
t(c) (Xd)d €epD " (Xd+c)d €D - Then Dx, D is a solvable group and

t'._
for each s € D Xy D , 34 = e . Hulanicki showed that Ql(D Xy D) s
not symmetric, hence DX _ D 1is a solvable group with polynomial growth

t
that does not have M(Db<t D)-invariance. Hence even for solvable groups

being type A 1is a weaker condition that having M(G)-invariance.

Let F(G) denote the subalgebra of M(G) consisting of all measures
with finite support.

Using the Krein extension theorem, one can easily see that G is
type A if and only if G has F(G)-invariance. Hence polynomial growth
implies F(G)-invariance. Using the same techniques as in the proof of
theorem 2, on can show that polynomial growth implies K(G)-invariance
where K(G) denotes the measures with compact support, or even invariance
with respect to algebras of measures that vanish sufficiently rapidly at
infinitly. (In Hulanicki's example, for instance, one selects a sequence

of subsets U <U such that u U =D&, D and requires the

n+1
measure u to satisfies

>| Jul (Dxy D~<u >) =0)

It is not known how large a subalgebra will give invariance for arbi-
trary groups with polynomial growth.

180



INVARIANT FUNCTIONNALS AND POLYNOMIAL GROWTH

References

. Guivarc'h , "Croissance polynomiale et périodes des fonctions

harmoniques", Bull. Soc. Math. France, 101 (1973)
p. 333-379.

Hulanicki , "A solvable group with polynomial growth and non-
symmetric group algebra", preprint.

. Jenkins , "Folner's condition for groups with polynomial growth",

Math. Scand. 3S (1974).

. Jenkins , "Growth of locally compact groups", J. Funct. Anal. 12

(1973) p. 113-127.

Ludwig , "A class of symmetric and a class of Wiener group
algebras", to appear in J. Funct. Anal.

Rosenblatt , "Invariant measures and growth conditions", Trans.
AMS, 193 (1974) p. 33-53.

181



