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SUPERSINGULAR K3 CRYSTALS

by
Arthur OGUS

(Berkeley)

§0. INTRODUCTION.

This paper is intented as propaganda for the machinery of crystalline cohomolo-
gy, and in particular for the philosophy that F-crystals are a partial analogue, in
characteristic p, to Hodge structures in characteristic zero. An extremely rudimen-
tary start along this road, for "abstract" F-crystals and Hodge structures, was made
in [15] ; here we turn to crystals arising geometrically, especially from supersingu-
lar abelian varieties and K3 surfaces. As we shall see, it is reasonable to hope that
the moduli of such varieties are given by the moduli of their F-crystals, which in fact
form explicit "period-spaces".

Here is a plan of the paper : The first section contains some refinements of gene-
rally known facts concerning crystalline Chern classes, e.g. an integral version of
Bloch's theorem relating flat and crystalline cohomology (1.7), ¢onditions guaran-
| ¢ Pic ® Z/pZ - H12)R

second order obstructions to extending invertible sheaves in a family (1. 15).

teeing that ¢ is injective (1.4), and a formula for certain
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The second section gives applications of these results to families of polarized K3
surfaces. In particular, we slightly refine Deligne's proof of liftability of a K3 by

bounding the ramification ; this allows us to prove that if p >2, the map

2

Aut(X) » Aut H s

(X/W) is injective. We also show that the geometric generic fiber
of a versal family of polarized K3's is ordinary and has base number p= 1.

The next three sections are devoted to the classification of those F-crystals
which have the slopes and Hodge numbers of the crystalline cohomology of a super-
singular surface with pg = 1, which we call "supersingular K3 crystals". In sec-
tion three we give the basic structure theorems and explicit " coarse moduli". Sec-
tion four introduces a finc moduli space for such crystals, suitably rigidi-
fied. This space turns out to have a beautiful smooth compactification, with a clear
"modular" interpretation. In the fifth section we discuss families of crystals, make
precise the term "fine moduli", and study the period map arising from a family of K3
surfaces. As Artin showed, K3 surfaces with p=22 fit in 9 dimensional versal
families ; we show that (after suitably rigidifying) the period map to our fine moduli
space is étale. This is the local Torelli theorem, and, I hope, the first step towards
a global Torelli theorem for supersingular K3 surfaces.

In the sixth section, we look at supersingular abelian varieties of dimension n.
We prove a Torelli theorem : If Y and Y' are supersingular abelian varieties of di-
1 1

. . . . . . .
mension n = 2, and if there exists an isomorphism : Hcris(Y/W) - Hcm’s

(Y'/w)
compatible with Frobenius and the trace map, then Y and Y' are isomorphic. It is
interesting to note that this is false if n = 1, or if the trace map is forgotten, and in
particular the interpretation of H1 in terms of p-divisible groups is inadequate for
such a result.

The final section is devoted to the Torelli problem for K3 surfaces in charac-

teristic p >2 with p= 22, which takes the following forms :

0.1 Conjecture. X and X' are isomorphic iff there exists an isomorphism
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2 (x/w) ~+ H?

, . . . .
epis cr‘is(X /W) compatible with Frobenius and cup-product.

H

0.2 Conjecture. Suppose 8 : NS(X) » NS(X') is an isomorphism, compatible

with cup-product and with effective divisor classes, and suppose 6 fits into a commu-

tative diagram :
6
NS(X) — NS(X')

Cﬂ lc1
H? dx/K) HZ (X'/K).
D DR

Then 6 is induced by an isomorphism X' - X.

We attempt to prove this by following the proof in characteristic zero. The key
step is the proof when X is assumed to be a Kummer surface ; this turns out to be
possible in characteristic p as well ((7.13) and (7. 15)). In characteristic zero, one
then checks that the set of Kummer points in the period space is dense, and concludes
by the local Torelli theorem. Unfortunately, in characteristic p, the set of Kummer
points forms a closed one-dimensional subset of the period space, so this method
fails. The only way I can think of to pursue the conjecture is to prove that the period
map is proper, at least in a neighborhood of the Kummer points. As a matter of fact,
since the period space is compact, it seems reasonable to hope that supersingular
K3's cannot degenerate in any serious way. This would prove that the period space
is in fact a fine moduli space of (rigidified) supersingular K3 surfaces.

At this point T would like to express my immense gratitude to the many people
who showed an interest in this work and who provided many helpful discussions,
including L.. Illusie, P. Berthelot, J. Milne, T. Shioda and especially P. Deligne.
Of course, this paper was very much inspired by Artin's original paper on supersin-
gular K3 surfaces [2], and in fact began as the exercise of systematically replacing
flat cohomology by crystalline cohomology in that paper. I would also like to thank the

C.N.R.S. and the I.H.E.S. for their support and hospitality during the main part
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of the research that went into this paper, as well as Orsay for the preparation of

the manuscript.
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§1. DEFORMATIONS AND OBSTRUCTIONS.

We begin with some simple but important refinements of some well-known rela-
tionships between the crystalline and flat cohomologies. It is convenient to make the

following standard hypotheses :

1.1 Hypotheses. Assume that X is smooth and proper over an algebraically

closed field k, and additionally that :

1.1.1 The Hodge to De Rham spectral sequence :

El?q - 1x,aP /k Hp+q (X/k) degenerates at E,.

1.1. 1bis The conjugate spectral of De Rham cohomology :
p q p
E2 = H"(X,H (ﬂx/k = Hp (X/k) degenerates at E,.
1.1.2 The crystalline cohomology groups Héms(x/w(k)) are torsion free,

We remind the reader that the Cartier operator induces a (Frobenius inverse

o4 ; i .
linear) isomorphism C : I—I (nx/k X/k’ hence also an isomorphism :
. bis .
C:H (X,}_i (nx/k)) -+ HP(x, o X/k . It follows that 1.1.1and 1.1.1 are equiva-
lent ; if they are satisfied, we can view C as an isomorphism :
C: grl‘; Hp”‘ (X/k) - ng Hg}? (X/k). Recall also that 1.1 (= 1.1.1+1.12) is
con Hodge
satisfied if X has a smooth lifting X'/W with Hq(X QX'/W) torsion free (Hodge
theory), or if X is a K3 surface [20].
1.2 Proposition. If X satisfies 1.1.1 and if ﬂHodge and 11 on 2are the
natural projections, the following sequence is exact :
m -Com
) 2 1 1 2 Hodge con
o H (Xﬂ’“p) ° 1:‘Hodge n I:‘Con I_]DR(X/k) P%R(X/k)

Hodge
Proof. First of all, I claim that if g;(/k is the sheaf of closed one-forms on

X, there is a natural isomorphism :
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Yo 0 ~
1.2.1 HIX,Zy,) — Pl]odge anon i

To prove this, consider the exact sequence of complexes :
0 — 7. =11 - F) Q —_— Q — 0
=X/k Hodge "X /k :
It is clear that HHQ") = 0 if q < 2 and that the map HY®E'Q: , ) » HIQ") is

X/k
Teae
%

an isomorphism for q 2 2. Since H'(X,Q°) = 0, the map H](X,'_A;&,/k) + H2(X,F

is injective. Since the maps :

H2(X, Q1) = HOO,BHQ ) « HOOGHAF 'y ) — HOO, B8y )

are isomorphisms, we get an exact sequence :

Ty 1 2 1 - o 2.
1.2.2 0— H (X,‘éx/k) — H (X,Fl Qx/k) — H (X’}_I QX/k))
12 2 o 2/~
0 — FconHDR(X/k)—> HDR(X/k) — H(X,H (nx/k)) .

The hypothesis (1. 1. 1) implies that the middle vertical arrow is injective, with image

1 . -
FHodge’ and this establishes (1.2.1).

To prove the proposition, we use Milne's isomorphism :

2 w 11! % D . X
H (Xﬂ,up) ~ H (Xét,OX/GX ), and his exact sequence (on Xét) :

*, %¥p dlog 1 inc-C 1
O—»OX/OX ZX/k .QX/k — 0,

hence

H (X, ,Z

St EX /K

o 1 incC [0 1 2 g ! 1 incC 1 1
N . . . ] 1 o 1 .

Now hypothesis (1.1.1) implies that the map inc : H (Xét’Z—X/k) -+ H (Xét’nx/k) is

an isomorphism, Since C is Frobenius-inverse linear and k is algebraically closed,

inc-C is therefore surjective. Using the interpretation (1.2.1) of H1(Xét’Z1X/k)’

we find the proposition. O

P R 2 .
1.3 Corollary. If X satisfies (1.1.1) and if E£€H (Xﬂ,up) is such that

then in fact it lies in F2 n F2

2
or F Hodge con*

L 2
d log(g) lies in F con’

Hodge
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. . 2 _
Proof. If dlog(g) lies in Fhiodge’ C°Mco ,(d log(g)) = Hodge(d log(g)) = 0
Since C is an isomorphism, ﬂcon(d log(g)) = 0, and d log(g) lies in F?:on’ The

converse is proved similarly. O

1.4 Corollary. If X satisfies (1.1.1), the map : c, = Pic(X) ]Fp-' HDR(X/k)

is injective, and factors through rHodge n Fclon LI c1(L) lies in FH odge °F Fon?
2 2

Hodge n l:‘con

it lies in F

Proof. We have Pic(X) ®F < H(x o;/o";(p) " H2(Xﬂ,up), so this follows

ét’

immediately from (1.2) and (1.3).

1.5 Corollary. If X satisfies (1.1), the cokernel of the map :

c, Pic(X) - Cms(X/W is torsion free.

Proof. In this case we know that H>_. (X/W) ® Z/pZ = ZDR(X/k), so (1.5)

cris

follows from the injectivity of c1 mod p. O

1.6 Corollary. If X satisfies (1.1) and if the rank of NS(X) equals the rank

F=p
of cms(X/W then the map NS(X) ®Z, —~ Hcms(x/w) is an isomorphism. O

1.7 Corollary (Illusie). If X satisfies (1.1) the map :

2 2 F=p . . .
He(X Zp(1)) - Hcpis(x/w) is an isomorphism. O

fl’
For the proof of the above result, I refer to forthcoming work of Illusie. I

would like to explain at this point that in fact my starting point was (1.4), and that

Illusie and Milne pointed out to me that the same proof gave the injectivity of

2 2
H (Xﬂ,ﬂp) * HDR(X/k) .

1.8 Remark. It can be said that the Cartier operator above is playing a role
analogous to complex conjugation in characteristic zero. Namely, if L is a line bun-
dle on a smooth proper X over @, its Chern class c ( )EF H (X/¢ is the obs-

truction to endowing L with an integrable connection, while its Hodge Chern class
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c](L) € gp (X/@) is the obstruction to endowing L with any connection.

THodge FH DR
We know that in fact if the latter vanishes, c (L) € F°H 2 (X/(]I but since

c](L) € H2(X,R), c]iL) =cC (L) hence c (L) € p? nF = {0}. The same thing is
true for varieties in characteristic p (satisfying (1.1)) with Flio odge NF ., =0,
by corollary (1.4). It is interesting to note that c1(L) is still the obstruction to

finding an integrable connection on L[, and that if C,I(L) vanishes, we can in fact

find a p-integrable connection (this is essentially the surjectivity of Ho(inc—C) ). O

] 2 . P " 3 3 n 1 "
1.9 Remark. If FHodge NF ,, =0 (and (1.1) holds) (i.e. in the "ordinary

(X/w), F™)

x/w)Pe w

case), we can say more : we know [15, 3.13] that the F-crystal (H2 ris

is then a direct sum of twists of unit root crystals, and hence H

cris
is a direct summand of HipiS(X/W). Thus, the maps :
H2 (X, 1) ®k — H2(X/K)
f17Hp’ © DR
. 2 ) 1 |
— F F —
and Pic(X) ®k .{DR(X/k), and even Pic(X) ® k H (X,mx/k)

are injective. In the supersingular case, by contrast, these maps are not injective

(in fact we shall see that their kernels classify supersingular K3 crystals). O

1.10 Example. The most extreme form of supersingularity in degree two
occurs when the Hodge and conjugate filtrations coincide ; I like to call this casc
"superspecial". If X is superspecial (and satisfies (1. 1)), then the natural map :

2 o . g , .
W ® H (XH,Z (1) — Hcr‘ls(x’:-IX/W) is an isomorphism, and if Tate's conjecture

is satisfied then the same is true with NS(X) in place of HZ(X Zp(1)). To prove

f1’
this, we use Mazur's theorem [4, 8.26] which implies that when X is superspecial,

1

xX/w,J is stable under p~ F*. In fact, since the slopes of the latter are

Hiris X/W)

all zero, p 1F induces an automorphism of this space, and hence it is spanned

by its fixed vectors. Notice, for example, that this applies to the product of two

supersingular elliptic curves., Cl

10
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We will apply the above results to study the problem of prolonging an invertible
sheaf in a family. In this context it is convenient to give ourselves the following ver-

sion of assumption (1.1) :

1.11 Assumption. If X L T is a smooth proper family of (possibly formal)

schemes, assume :

1.11.1 The Hodge groups rRYt 3* ﬂ;)(/T are locally free OT—modules.

1.11.2 The (relative) Hodge to de Rham spectral sequence degenerates at E 1

In what follows, we shall take T to be affine, for simplicity of notation.
First we recall that classical obstruction theory tells us that if S € T is defined
by a square zero ideal I, and if L. is a line bundle on XS = X; S, then the obstruc-
tion oT(L) to prolonging L to X lies in H2(XS,OXS) ®1 %HZ(X,f*(I)) : OT(L)

is simply the image of L. under the natural coboundary arising from the exact se-

quence :
1.12.1 o— 51 L% oF o ¥ L o,
X Xg

where e(la) = 1+a.
Next we recall Deligne$s generalization and crystalline interpretation. Instead
of assuming 12 = 0, suppose instead that I admits a nilpotent PD structure 7, and

use 7Y to define an exact sequence :

€
1.12.2 o—t¥) 0¥ L 0¥ Lo
X XS
oc
where e,),(a) = ‘)/n(a). Then the coboundary of L is an element o, ,y(L) of
i

o
3%
H2(X,f (1)), which can be identified in the following way : The crystalline Chern

. . 2
class of L gives us a global section of R7fgcris %OXS/Zp on (Scris/zp)’ and

the PD structure 7y enables us to evaluate c1(L) on the object (T,I,y) of
Cr‘is(S/Zp). Furthermore, the lifting X of X provides us with an isomorphism :

(R%¢ o (1)

gCris XS/Zp)(T’I’y) . Since

H2DR(X/T), which is where we view ¢

T,y

11
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] . 2 o
Cl(L)T, y » Maps to the ordinary Chern class of I. in HDR(XS/S), which lies in the

first level of the Hodge filtration, we see that the image of ¢ l(L)T y in H2(X,OX)
, b

in fact lies in H2(X,f*1)). It is an enormous tautology that this image is simply
c. ) 1.
T,/ f8]

As a corollary of the above, we see :

1. 12 Proposition (Dcligno). With the notations above, [ extends to X iff

2 1
DR Hodge "

ol

its crystalline Chern class ¢ (L) (X /T) =H

1 s (X/T) lies in F

After applying this yoga step-by-step, one can deduce :

1.13  Corollary (Deligne-Illusie) [81. Suppose S = Spec k,

T = Spf k[U,- . 'tn 1}, and that the crystalline Chern class <, € Hcms(XS/w)

prolongs to a horizontal section of H (X/W[I_t \ ). Then L. prolongs to X. @

If now X 1is smooth over a formal power series ring A, the obstruction to ex-

tending L. from X =X % A k to X = X >/§ A/mnH can be made explicit in terms of

the Kodaira-Spencer mapping, provided n <p. In that case the ideal I = m/mn+1 of
K in A/mn+1 can be endowed with the trivial PD structure 7y (with 'yp =0).
For example, if n = 1, the reader can easily verify that the above gives the classical

result :

1.14 Corollary. The obstruction o(L)€ HZ(XO,OY ® m/m is simply the
“o

cup product of the Hodge Chern class (L) of L with the Kodaira-Spencer

"Hodgec 1

class T€H (X T ®m/m2

X/k

In particular, if c1(L) lies in FZ

Hodge ’ this obstruction vanishes. Here is

a nice formula for the second order obstruction in this case.

- . . 2 . .
1.15 Corollary. If C1(L) lies in FHodge , and if p >2, then the obstruction

to extending L to XZ is given by the image of 2.c1(L) under the ''square'" of

12
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Kodaira-Spencer :

F2 ! 2 2 2 2
Hodge DR(X k) — gp DR(Xo/k) ®m/m” — gFFHDR(X Xo) ®m/m“& my/m

2 2, 3
H (XO,OXO) ® m“/m” .

Proof. This works because any crystal on (Speck/k) is constant : If H' is
such a crystal and if (B,I,?Y) is an object of Cris(Speck/k), then the value HY of

coming from

H'on B is simply Hl'< ®B. Now let H be the crystal on (Spec A/k)cric;
K 2 ‘

the de Rham cohomology HDR(X/A) together with its Gauss-Manin connection v,
and let H' be its restriction to (Spec k/k)criq' If our B is also an A-algebra, we

v i -
also know that HY = Hcms<x /B) = DR(X >;\ B/B), and there is a well-known formula
for the isomorphism :

o ! o
HDR(XO/k) f B =Hp = HDR(X/A) § B.

For notational clarity, I will write this out only in two variables, with A = k[[X,Y]].

If h GHDR(X/A) is any lifting of h_ GHDR(XO/k),

el ®1) = (1= 3, + %, ()& - () r..)(1= 3, + 7 (¥) &, -...)h.
Apply this when h_ is a Chern class lying in FH2 R(X/k), and B = A/m3. Choose
a lifting h € F2H2 (X/A) of h_. Since we are taking v to be trivial, ¥ =0 if
n = 3. Moreover, we are only interested in the image of c,(h0® 1) mod F‘1, and so by
Griffiths transversality, we can neglect BXh, aYh, and h. We are left with :
elhy, ® 1) = 3 X735 (h) + XY 3 (3,(h) + 3 Y 35 (h)

x? azx(h) £ XY 3 3 (h) + XY 3,3 (h) + v? a@(h)).

Nl —
—

Since the Kodaira-Spencer map is simply the graded map associated to X aX +Y aY

(which is linear), the corollary is clear. O

We end this section with a remark concerning the behavior of p-divisibility
of line bundle under specialization. Artin's work on supersingular K3 surfaces

[2] (to which we shall return) shows that a line bundle can become a pth power when

13



A. OGUS

specialized. The next result shows that this cannot happen for ordinary varieties.

1.16 Proposition. Suppose that f: X » T satisfies (1.11), and that for some

closed point t€ T, H (Xt/k) is ordinary. Then if T is a geometric generic point

specializing to t, the specialization map : NS(X;_) ®Z/pZ - NS(Xt) ® Z/pZ is

injective.

Proof. After localizing, we may assume that H%R(X/T) is ordinary. Then in
particular the inverse Cartier operator induces an isomorphism :
w1 1 © T/ 1
1 2 proj 1 2
Fcon/Fcon b Hodge/FHodge
If L€ NS(X), its Hodge Chern class £€ H I(X’Q]X/T) is fixed by ¢ . Hence if L,
o (pl) 1 1 B X B .
is divisible by p, &€ n m" " H (X,QX/T) = 0. But then g? -0 as well, and (1.9)

implies that 1. is divisible by p in NS(X_‘._). The proposition follows. [l

14
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§2. VERSAL DEFORMATIONS OF POLARIZED K3 SURFACES.

In this section we apply the results of §1 to K3 surfaces in characteristic
p > 0. The "superspecial" K3 surfaces play an exceptional role ; note that a K3

# {0}, i.e. iff Foon=F

Hodge" It is easy

surface is superspecial iff F2 ﬂ FHodge
to see that, in characteristic p >2, the Kummer surface associated to a product of
supersingular elliptic curves is superspecial.

Let Xo/k be a K3 surface. Since XO has no tangent vector fields, it satis-
fies hypothesis (1. 1). Moreover, the  versal formal k-deformation X/S of X, lies

over S = Spf k[[t ety ]] and satisfies (1.11). The mappings
J27.
T s/k” Hom[gr'F DR(X/S), gr'F DR(X/S)] and
(17, : ‘
v : TS/k - Hom[gr‘FHDR(X/S gFF DR(X/S ] induced by the Gauss-Manin
connection 9 are isomorphisms, and for any D€ Té/k s v[ZJ(D) is the negative

transpose of v[1](D . For computational purposes, it will be convenient to choose

a basis w of H (X QX/S) ; then v composed with cup product with w induces an
isomorphism :

1
2.1.1 Py, * (X “x/% - “s/k'

Evaluating this at zero, we view it as an isomorphism :
2.1.2 o :H'X ,al )~ m/m?
c (A ALY /k
where m is the maximal ideal of the closed point of S. If a€ H (X QX/S to compute

pw(a), choose a lifting a' €F H (X/S) of . Then p, (@) is just

<va',w>=-<a',vw>, [ince <a',w>=0).

Let L be a line bundle on X_, and recall from (87 that there is a maximal
closed formal subscheme Z)(Lo) over which L can be prolonged. Moreover Z}(LO)

is defined by a single equation, hence has codimension zero or one.

" . th .
2.2 Proposition. Suppose LO is not a p power. Then :

15
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. . . 2 2
2.2.1 Z}(LO) is smooth of codimension one unless C1(Lo) € FHodgeHDR(Xo/k)’
and this cannot happen unless XO is superspecial.
. . R 2,.2
2.2.2 If X is superspecial and c1(LO) EF HDR(Xo/k)’ E(LO) has an

ordinary quadratic singularity (characteristic # 2).

Proof. The obstruction theory (1. 14) tells us that :

. ) 2 . ; 2
2.2.3 The ideal of Z')(LO) mod m“ is generated by Py "Hodgo(c1(l‘o)) € m/m°,

Thus, if C,I(Lo) £ o H%R(Xo/k), this ideal is not contained in m2, and since

it is principal, E(LO) is smooth. Moreover, (1.4) tells us that if

2 2 e lies in B2 12 .
C1(Lo) € FHodgoHDR(XO/k)’ then it also lies in PconHDR(Xo/k) ; since it is nonzero,
. . . . . 2
XO is superspecial. Moreover, in this case C1(Lo) forms a basis for I Hodge’ and

we can take w= c1(LO). In order to be as explicit as possible, let us also choose

a basis for H1(XO,&'¢>1< /k)’ Since the cup product pairing on this space is
o

nondegenerate, we can choose the basis (51 R AR .1710)

such that < §i,ni>r 1 and all other products are zero. The isomorphism

1+ S0 t1... t10

for m/m2, hence with a system of coordinates for At 1f

1 1 2 . o .
H (XO’QXn/k) -+ m/m“ then furnishes us with a basis s

C - H2( Xqo OXO) is the dual basis to «, and if we lift everything to HéR(X/A),
we have : vg.l = dsi L, V-ni = dti ® € . From the fact that F‘2 is the annihilator of
F1, and since < , > is horizontal, we find : Yw= -5 dsi ® n - Edti ® gi . Thus,
plw) = -Ts; ®n, - Z}ti ®E , and pz(w) =-2Ds;t;. By (1.15),we see that the equation

3

for Z}(Lo) is precisely Esiti mod m~ . Notice that after another change of coordinates,

we can even assume that the equation is Esiti. dJ
This allows us to improve slightly on a result of Deligne :

2.3 Corollary. Any nonsuperspecial K3 surface over k can be lifted to

W(k). If p>2, any K3 can be lifted to W[Vp].

16
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Proof. The versal W-deformation of a K3 lies over W[[X 1 ‘XZOH . Let I
be an ample primitive bundle on X_ ; then over ’Z}(LO) < Spec W[[XT . 'XZ()‘H we
have an honest K3 surface. If X is not superspecial, E(LO) is smooth, and we
can obviously find a W-valued point of Z}(LO) extending the given k-valued point at
the origin. Otherwise, the equation for Z(I,O) has the form : —s1t1+-. .. Smt 10+ P8
for suitable coordinates s and t. If 112 = p, we have to find elements o, T of
w(7] such that (mo,, m7,) satisfy this equation, i.e. such that
O T +eee TinTio + g(mg,m7) = 0. Mod m, solve these equations with (say) o, = 1.

Then by Hensel's lemma, they can be solved in W[n]. &

2.4 Remark. We shall see in section 7 that if Tate's conjecture is verified,

there is only one superspecial K3, and it can be lifted to W.

2.5 Corollary. If p>2 or if XO is not superspecial,the map

2 R .
) - o ~
Aut(X ) Aut Hcr‘is(Xo/W) is injective.

Proof. Let m=p unless p>2 and XO 1s superspecial in which case let
= «/p . Choose a lifting X of XO to R = W[m]. Since the ramification of R is less

than p, (@) has a PD structure v, and hence we have a canonical isomorphism :

2 2

HZ . .
cris cris

(X /W) ® R o H>_. (X /R) & H>_(X/R). Local Torelli for K3's implies
O w O DR

that any automorphism of X0 which is compatible with the Hodge filtration

F)'(H2DR(X/R) lifts to X . (This follows, for example, from [87, or [6].) Of course
. . . 2 . . .
if a € Aut(Xo) acts as the identity on Hcris(xo/W)’ it preserves any filtration,

hence lifts to an automorphism « of X. Since & acts as the identity on HZDR(X/R),
a is the identity in characteristic zero, by [18, §2, Prop. 2] and hence is the

identity over R as well. O

We now look at the singularities of the nonordinary locus of a versal family

X/S of K3 surfaces. We recall the definition : The absolute Frobenius endomor-

17
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phism F‘X of X induces an Fs*—linear endomorphism of H2(X,OX), hence an

. 3 2 2 . 2 .
G -linear map : FgH (X,GX) +H (X,OX). Since H (X,OX) is free of rank one,

it is clear that the support of the cokernel of this map is (scheme theoretically) defined

by a principal ideal (h). This support is the "nonordinary'" locus.

2.6 Proposition. Suppose X _ is not ordinary. Then V(h) €S is smooth of

codimension one, unless XO is superspecial. In this case, if p >2, V(h) has an

ordinary quadratic singularity.

Proof. Recall that (as a consequence of (1. 1)) the Frobenius map

12
Fs DR(X/ S) *Hpp

Choose a basis w for HO(X,Q

. ) "
(X/S) factors through an isomorphism FoH (X Oy ConI—IDR(X/S

X/‘%) let £ be the dual basis for H (X,OX), and let
2

o= F*(C) be the induced basis for F con DR(X/S It is clear that <w,a>=h is

an equation for the nonordinary locus. (In particular, XO is nonordinary iff

(0) iff P! (0) o

(O) < FHodge con - Hodge

(0).) Moreover, a is horizontal, so
dh = < vuw, @ >. Thus,if XO is not ordinary, h lies in m, and via the isomorphism

Pus (2.1.2), we see that h (mod m?) is —pw(a(O)). In particular, hé€ m® iff

a(0) € FHodgeHDR X /k .e. iff X, s superspecial. This tells us that if X is

not superspecial, V(h) is smooth of codimension one. Moreover, the tangent space

to V(h) becomes identified, via the dual of o, with F /2

Hodge Con Hodge "

Now suppose p >2 and XO is superspecial. Choose a basis (c, §i, ”1’ g) for
2 R(X/S) adapted to the Hodge filtration, and such that <g&,m, >=1, <wp>=1,

and the others equal zero. Let m/m3 cA, = A/m3 have the trivial PD structure,

2
and prolong w(0), §i(0), ni(O), ¢ (0) to a horizontal basis for HZDR(X/S)éAZ’ A,,using v.

(0) =F; (0) and F

Call the new basis e, Bi’ Y 5, and note that since L Hodge

on
is horizontal, this basis is adapted to the conjugate filtration.
Moreover, since the cup product is horizontal, the intersection matrix in this

basis is the same as in the original one. In particular, h = <w,a> is the coefficient

18
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of 6 in an expansion «w= ua+z>fiﬁi + Z}giyi +hd of w. It is clear that the fi's
and gi's lie in m, h lies in m2, and u is a unit. Since this basis is horizontal,
vV w is just Edfi® Bi + Z\,dgi ® yimod m+F‘2, and it follows that (fi’gi) form coordi-
nates for A2 . Now use the fact that < w,«w > =0, and find 0 = 2(uh +Efigi). In
other words, there exist coordinates s 1°++S107 t1 Lot 10 for A such that the ideal
of V(h) is generated by Esiti mod m3. This proves that V(h) has an ordinary qua-

dratic singularity, and (since h #£ 0) that V(h) has codimension one again. 0

2.7 Remark. A K3 surface is superspecial iff F* = Féon ; this makes sense
infinitesimally also. However, since the conjugate filtration is horizontal, it is clear

(from local Torelli) that any infinitesimal family of superspecial K3's is trivial. O

2.8 Remark. The above result shows that V(h) €S is of codimension one
(i.e. that V(h) #S) except when p=2 and X, is superspecial. To treat this and
similar cases in which precise local calculations seem out of reach, the following
principle is often useful : Suppose that S/k is smooth (of finite type now), that
(H, v) is a coherent locally free Gg-module with integrable connection, and that
F cH is a local direct summand which is "modular'" : i.e. the connection induces
an injection : T&]}/k -+ Hom[F,H/F]. Then the dimension of S is less than or equal
to rank(F)rank(H/F). We will apply this in the following situation : Suppose there
also exists a local direct summand N € H which is horizontal. It is clear that there
is a largest closed subscheme T5(F,N) €S on which F S N (take the ideal genera-
ted by matrix coefficients of the map F -+ H(N)). Then the dimension of ¥(F,N) is

necessarily less than or equal to rank(F) [ rank(N) - rank(F)]. @

2.9 Theorem. Let (X/T,H) be a versal k-deformation of a polarized K3

surface (XO,HO), with (HO) = PiC(XO) a direct summand. Then the geometric generic

fiber X;, is ordinary, and Pic(X;_) is generated by H;_ .
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Proof. We know that c¢ (H ) is not zero in F1H2DR

true on an open set. Let Hpmm(x /K) be the annihilator of C1(Ho) under cup product ;

(Xo/k), and this remains

this contains c1(HO) iff H_.H_J is divisible by p. Versality tells us that we have

an isomorphism :

X /k prlm(X X /k

/k(o) + Hom[H® (X a2
After replacing T by an open neighborhood of the origin, we may assume that (X/T,H)
is a versal deformation of (Xt’Ht) for every te€T, and we may also assume that
Ht < Pic(Xt) is a direct summand for every such t. Then we can replace the
origin by any other closed point, and hence throughout the proof we can replace T
by any nonempty étale T'/T. In particular, we may assume that T is smooth. Its

dimension is nineteen or (so far as we know now) possibly twenty .

The Gauss-Manin connection induces an injection :

1 2 2 .
TT/k + Hom[F HD (xX/T), DR(X/T)/F pmm (x/T)7.
: 2 2 .
Apply remark (2.8) with F = FHodge and N = F__ , and conclude that the set

of superspecial points has dimension zero. Deletling these points, we see by (2.1)

that T is smooth of dimension 19. Moreover, c1(Ht)ﬁ Fi (t) for every t, by (1.5),

on
2 . o 2 e
and hence F__+ Cp ® c1(H) is a local direct summand of HDR(X/ I'). Since it is
. 3 . . L2
also horizontal, we can again apply our remark, with I = PHodg‘e and
2 2
N=F_, + OT ® c I( H). We find that the set of points with F‘Hodge(t) c Fcon(t)+k ®C1(Ht)

has dimension < 1, and hence we can delete this set also.
Now consider the nonordinary locus V < T ; if t€V, the tangent space to V

®, ' ©nF'®)/F®)].

at t can be identified with Hom [P con prim Hodge

Hodge

R ; 1 . ise we
But notice : Fprim(t) cannot be contained in Fcon(t) ; for otherwise we would have

2 2 . 2

Fcon(t) c FHodge(t) +k® C1(Ht), hence either Fcon(t) ck® C1(Ht) or

F2 (1) <cF°_(t) + k ® ¢ (H) - both of which we have ruled out. This tells us that
Hodge"’ = con 1t

V is smooth of dimension 18 - and it too can be deleted.

We are now in the following situation: f : X + T is a smooth family of ordinary
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polarized K3 surfaces, versal at every point t of T. Then the map induced by
Kodaira-Spencer :

1 1 2 2
is an isomorphism for every point, and hence

1 1 1 2
H (X,QX/T)/WC1(H) ® O, — GT/k®II (x,@x)

is also an isomorphism. This remains true if we replace T by Spec k(T), where T
is the generic point, or by Speck(7'), for any separable extension k(7') of k(7).
Since H1(X,GX) = 0, the Picard scheme of X'r/k(T) is unramified, and hence after
some separable extension, we may assume Pi,c(XT) = Pic(X?_). But it is clear that
Im(Pic(XT)) ® k(1) forms a horizontal subspace of H%R(Xf/k('r)), hence is killed

by the above map. Counting dimensions, we see that Im(PiC(XT))® k(1) H 1(X - dx )
T

has dimension one, and hence the same is true over k(7). But since X= is ordinary,
the map is injective (1.9). Since (H?) is a direct summand of PiC(X;r), it must

generate it. M
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§3. THE CLASSIFICATION OF SUPERSINGULAR K3 CRYSTALS.

This section is devoted to an explicit classification of the F-crystals that
could conceivably occur as the crystalline cohomology of a supersingular K3 sur-
face. This classification gives computational meaning to the conjectured Torelli theo-
rem (0. 1), and it also enables us to construct the "period space' which puts the crys-
tals together. For the time being, however, we work purely punctually, over an al-

gebraically closed field k of characteristic p > 2.

3.1 Definition. A "K3 crystal of rank n over k" is a free W(k)-module

H of rank n, endowed with a Frobenius linear endomorphism ¢ :H *H and a sym-

metric bilinear form <, >H :H®H » W, satisfying :

a) p°H < Im(®).
b) & ®id, has rank one.

c) <, >y s perfect.

2 %
d) <&X,®Y > =P Fw <X,Y 3.

In the language of F-crystals, a) says that (H,®) has "level" or "weight" 2 ;
it is equivalent to the existenceof a V:H - H suchthat oV = Vo& = p2. Property
b) says that the Hodge number h° is one. By definition, c¢) means that the associated
linear map BH tH -~ Homw[H,W] = HV is an isomorphism. The last property is simply
the compatibility of duality with the F-crystal structure. It is easy to verify that the

associated filtrations F; on H® k [15] are autodual :

Hodge and Fco
2-i

n
Ann(F!) = F=~! | By Mazur's theorem [4,8.261, the crystalline cohomology of a
surface with pg = 1 satisfying (1.1) is a K3 crystal.

A morphism of K3 crystals is a W-linear map compatible with & and <, >,
Notice that any morphism between K3 crystals of the same rank is an isomorphism.

Two K3 crystals are said to be "isogenous'" iff there isamap H®  » H' &

compatible with & and < , > in the obvious sense,
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Recall that the isogeny class of the pair (H,®) (forgetting <, >H) is determi-
ned by its Newton polygon [ 127 . We shall say that (H,®) is "supersingular" iff all
its slopes are one. Our object is to classify all supersingular K3 crystals up to iso-

morphism,

3.2 Definition. The "Tate module" TH of a K3 crystal H is the Zp—module

given by :
Ty = {x€ H: & =px}.
Roughly speaking, here is how the classification of supersingular K3 crys-

tals works : First of all, TH inherits a bilinear form <, >T : TH ® TH ad Zp

(which is no longer perfect). The isogeny class of this form determines the isogeny
class of H. Furthermore, only two isogeny classes can occur, and the isogeny class
cannot change in a family. One additional numerical invariant 9, determines the iso-

morphism class of <, >T ; this o, can decrease with specialization. The isomor-

phism class of H is then determined as follows : The dual T; inherits a (twisted)

bilinear form <, >*, and the form on H induces a map H - T:—(I- ® W. It turns out

3 . . . . . . .
® k is a maximal isotropic subspace which lies in a "spe-

H
cial position", and the set of all such spaces classify all supersingular K3 crystals

that the image of H in T

with given T up to isomorphism.

Here are precise statements of the results. The proofs will be given later.

Recall from [21,IV] the invariants classifying a quadratic form over (Dp :

its rank €N, its Hasse invariant e € {£ 1}, and its discriminant

®, H#2 A~ * ~
dE€ y —_— + ¥ x
qu/cgp — ZRZ ><]F‘p/]Fp {£1¥x {1},
= ord_(x)

We will denote the latter isomorphism as follows : If x ECDP , write (-1) p to
keep track of the first factor, and (-;;—) for the second, where x is the reduction

-ord_(x)
mod p of p P x, and (l_)) is the Legendre symbol.

3.3 Theorem. The Tate module TH of a supersingular K3 crystal is free of
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rank n, and its bilinear form is nondegenerate. Its isogeny invariants are as follows :

ord (d) 3
(-1 P =41, e=-1, and (l_)) —~ £ 1. A supersingular K3 crystals of rank n is

determined up to isogeny by (g).

3.4 Theorem. Let d be the discriminant of < | >’1‘ , computed in any basis,

and let or'dp(d) = 20 . Then (r, <, >T) is determined up to isomorphism by o and

(g). More precisely, there is an orthogonal decomposition :

(T, <, >p) = (T, p= s >TO) ey, <, >T1)
where < | >T and < , >T are perfect forms of rank 200 and g, respectively,
[¢) 1
and with discriminants given by :
d % 4 - %
2)- =&, D= &
p P p p'p

3.5 Theorem. H is determined up to isomorphism by the kernel H of

T ® k = H ® k. Moreover :

3.5.1 H is a totally isotropic subspace of T0 ® k of dimension Oy

3.5.2 The dimension of H + (idT ® F::)ﬁ is o, 1.

O

3.5.3 There are no Fp—rational subspaces of TO® k between H and T0 ® Kk

thus, TO ® ]Fp -+ H ® k is injective.

3.5.4 Every H satisfying the above conditions corresponds to a K3 crystal.

We begin the proof of the above assertions (as well as some more precise ones)
with some estimates concerning the Tate module of a K3 crystal. For generalizations

of these estimates, we refer the reader to Katz's article [11] in these proceedings.

3.6 Lemma. Let (H,&) be an F-crystal over k with h® = 1. The following

are equivalent :

a) @" is divisible by p"7'.
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b) The slopes of & are all = 1 - 1/n.

Proof. It is clear that a) implies b) ; we prove the converse by induction on n.
If n= 1, there is nothing to prove, so we may assume n =2. Since the slopes of &
are =1-1/n2 1-1/n-1, the induction hypothesis allows us to write F L pn—2¢
for some 3 :H -+ H. The slopes of  are = (n-1) (1-1/n)-(n-2) = 1/n > 0, and hence
¥ has no unit root part. The reduction d)o of ¥ mod p is therefore nilpotent. Since
® and ¢ commute, the image of <I>O is zpo—invar*iant, and since this image is one
dimensional, qbo is zero on Im <I>O. This tells us that Y o ® is divisible by p, i.e.

that ®" is divisible by p"~'.

3.7 Definition. If (H,®) is an F-crystal on k’”EI;: {x€H: ®" xep™H for

" —N 21N
all n =0} and LH:Ep d H.
- — n

It is clear that E ; € H is the largest submodule on which & is divisible by

H

p, and that L., ©H ® Q is the smallest submodule containing H on which & is di-

H
visible by p.

3.8 Corollary. If (H, &) has h° = 1 and all slopes = 1, then pngLHSEHSH.

1

Proof. We know from the lemma that &"H < pn_ H for all n, and hence

pL., ©H. But then pl. . is a submodule of H on which the action of @ is divisible

H H
by p, whence pL,H EEH. O

3.9 Corollary. Let (H,®) be an F-crystal with h®=1 and all slopes = 1.

Then the natural map : (EH,QE) - (H,<I>H) is an isogeny of F-crystals, and the

natural map (TH® W, p® Fw) - (EH,QE) is an isomorphism of F-crystals.

Proof. The first statement follows from the previous result. It implies that @E
has all slopes one, hence that p_1<I>E has all slopes zero - i.e. is a unit root crystal.

Such a crystal is spanned by its Tate module, [10, 5.5] and the corollary follows. O
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Of course, the above result is true without the hypothesis h® = 1. [1z2]
From now on, H will denote a supersingular K3 crystal. Of course, the ar-

rows in the above corollary are compatible with the natural dualities on H, on EH ,

and on TH . The pairing <, >H allows us to identify the dual Mv = Hom[M,N] of

any W-lattice McH ® @ with {x€H®Q: <x,y > €W forall yfM}, in the

H

obvious way. We make this identification without further comment.

- - i a 2 11 o — v M — E A s

3.10 Lemma. With the above notations, EH = ]‘H and LH = F‘H' Moreover,
the k-vector spaces LH/H and H/EH are naturally dual, and the images of EH and
pL in H ® k are the annihilators of one another.

Proof. If M is a submodule of H containing pH, then M' = pMV is another.

Of course, the images of M' and of M in the (self-dual) vector space H ® k are the
annihilators of one another and M'" = M. Moreover, the W-dual of the exact sequence :
0—=M —-H —H/M—o0 is
0o—H — M — Ext‘;v(H/M,W) —o0,
and the natural isomorphism Ext‘}v(H/M,W) — Homk(H/M,k) shows that MV/H and
H/M are dual as k-vector spaces. Thus, the lemma reduces to the assertion that
E' = pL.
To prove this, notice that if &M = pM, then <I>MV = va, and éM' = pM'.
Since ®E =pE, @Ev: pEV, and by minimality of L, L < EV, hence plL.CE'. Since
also @L = pL.,, ®(pL) = p(pL), so &(pL)) = p(pL)', and by maximality of E, (pL)'CE.

Then E' < pL, and the lemma is proved. O

3.11 Corollary. The p-adic ordinal of the discriminant of the quadratic form

<, > restrictedto E is 20, where

o, = dim L/H = dim H/E = 1/2 dim L/E = 1.

Proof. This ordinal is the length of the cokernel of the map E *EV , i.e. of
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E - L. This length is the sum of the lengths of H/E and L[/H. Since @ is not divi-
sible by p, E # H, and o,z1. O
We now come to the key step in the classification.

3.12 Proposition. The form <, >H restricted to pL is divisible by p ;

let < , > be the form on L obtained by dividing by p, i.e.:

L
<X,y > = p_1<px,py >4 for x, y€ L. Then:
3.12.1 The corresponding map BL L~ Lv has cokernel killed by p, and the
annihilator of the corresponding form on L/pL. is E/pL.
3.12.2 The image H of H in L/E is a totally isotropic subspace of dimension
04
3.12.3 Let ¢ denote the automorphism of L/E induced by p~ '@ . Then :

a) H+ ¢H has dimension o 1

b) E@il—{:L/E.

Proof. In the notation of the proof of (3.1C), we have E' = pL, hence (pL)'=E.
Thus pL CE = (pL)' = p(pL)v, which says precisely that < , >4 is divisible by p
when restricted to pL. Since pLV =pE < pL, if f€ Lv, pf = BH(py) for some y€L,
and then pf = BL(y), so  cok( BL) is killed by p. Now the annihilator of the form indu-
ced by < , >L on L ® k is just the image of
{x€L : <x,y>L€ pW Vy €L.}= {x€L: <px,py>H€p2W v yeL}

{xEL:<x,py>H€pW VyeLY=Ln(pL)'=LNE = E.

This proves (3.12.1).

It is obvious from the definition of < , > that H is totally isotropic, and we

have already proved that H has dimension Oy - This proves (3.12.2).
To prove (3.12.3), let A'H = {x: ®xep'H}, and recall that H/A'H has di-
mension one. Now that map p—1<l> t:H-~+ L. sends A1H to H, and the induced map :

1

H/E - LL/H factors through H/A1H. In fact, it is clear that p ' & induces a bijection:
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H/A'H = o(f)/H no(@) < 1/E.
Since H/A1H has dimension one, H +¢(H) has dimension o, +1. Finally, note that

L = ):)(p‘1 o) H, so L/E=% coi(H/E) A

We are now ready to compute the isomorphism type of the quadratic form

< T, ®T —>Zp.

R U SR S

3.13 Proposition. The Tate module T of a supersingular K3 crystal satis-

fies :
3.13.1 The p-adic ordinal of its discriminant is 20, with I, = 1.
3.13.2 Its Hasse invariant e is -1.
3.13.3 T admits an orthogonal decomposition :

(T,<y zp) = (Tgup =y =p V& (T, =, =g ), where <, >y and

[¢] 1 ¢}
<, = are perfect forms.
T1

Proof. We have already proved the first statement in (3.11), because the p-adic

ordinal of <, > can be computed after tensoring with W. The third statement fol-

T

lows from the following lemina.

3.14 Lemma. A guadratic form < , >: T' ® ' » Zp admits an orthogonal

L

docomgosition (3.13.3) iff the cokernel of the corresponding linear map BF: T-»T

is killed by p.

Y
g

Proof. Suppose that p cok(Br) =0 ; then T/pl = (F ® ]Fp)/Ann(l‘ ® ]Fp), and
we proceed by induction on the dimension of this vector space. If it's zero, <, Zp

is divisible by p and p_1 <, >F is necessarily a perfect pairing. If not, there exists

an x€T with <x,x>. not divisible by p. Then if I'' is the orthogonal complement

T

of x, we have an orthogonal decomposition: T' & (x) @ I'', and it is clear that the

induction hypothesis applies to I''. This proves the nontrivial implication of the lemma.
[}

3.15 Lemma. If (T, <, > satisfies (3.13.1) and (3.13.3), the following

r)
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are equivalent :

a) T' has Hasse invariant -1.

b) I‘O ® ]Fp is not neutral, i.e. admits no rational totally isotropic subspace
of dimension o .
or aumensol 04
d0 A )cro
c) (=)=-(= .
) (p) (p

Proof. There are just two isomorphism classes of quadratic forms of rank 20O

S
7

%* .
over ]Fp , and they are classified by the discriminant do € ]Fp/IPp 2 , l.e. by

d
(BQ) € {*1}. For example, the neutral form of rank 20, isasumof o hyperbolic

o
planes and has d, = (=1) ©. This is the equivalence of (b) and (c).
To prove the equivalence of (a) and (c), we have to compute the Hasse invariant
of I' in terms of the decomposition (3.13.3). For this, the following two formulas

are uscful.

3.15.1 e(f‘1 @ I"Z) = e(l‘1)e(F2)(d1,d where (d1,d2) is the Hilbert symbol of

2)’

the discriminants of T‘1 and 1"2 . r
1 (r—1)u+{z] g.r+1

3.15.2 If <,>.,=p<, > then e(I"')re(l")(—E) (5) where r

is the rank of T, d is its discriminant, and v = ordp(d).

These formulas are simple computational consequences of the definition of e
and the bilinearity of the Hilbert symbol [21,III,IV] . In our special case, they become

s A o _ . 1) _ : A
very simple : Let <, >1..(,) =p <, >1.O ; then ordp(do) = 200 is even and

1
- 1 — — - 1 -

or'dp(d1) = 0, hence (do’d1) = e(f]) =1 and e(l“O @ F1) = e(f‘o). Moreover,

15
e(l‘(‘)) = (%1) © (—p(-)), whence the equivalence of (a) and (c). 0O

In order to prove Proposition (3.13), we have only to observe that the existence
of a totally isotropic subspace H of TO® k of dimension %5 such that

- . *, = ) ) - .
H +(1.dT ® F) )(H) has dimension o,+ 1 implies that T is not neutral. Of course,

o
this sort of thing is well known, but here is a proof : The family of all totally isotropic

subspaces of dimension 9, of TO® k is the set of k-points of a smooth projective
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algebraic variety called Gen in [SGA7, XII,2.7].This scheme is in fact defined
over ]Fp , and its Stein factorization is given by a morphism e : Gen = 7, where 7,
is the spectrum of an algebra of rank 2 over IF‘p [loc. cit. Prop. 2.8] . Moreover,
if K and K' correspond to k-points of Gen, then e(K) = e(K') iff K+K'/K is
even dimensional [loc. cit. Prop. 1.127 and hence e(H) # e(id ® F::)(I_—I). This says
that the action of Gal(k/'le) on Z(k) is nontrivial. Since 7 is a fortiori the spec—

trum of either ]Fp x ]Fp orof F ,, it must be the latter, and so Z(]F‘p) is empty.
p

3.16 Remark. The direct sum decomposition of (3.13.3) is not unique, but

nonetheless the isomorphism classes of TO and T, are determined by that of T.

1

In fact, the isomorphism class of a perfect form over Zp is determined by its reduc-

tion mod p, and To ® ]Fp and T : ® ]Fp are functorial in T. To see this, note that

13 . . .
T1 ® Fp =~ (T ®IF‘p)/Ann(T ® ]Fp) =~ T/p T* , with the evident quadratic forms. Also,

as an Fp—vector space, TO ® ]Fp = Ann(T ® ]Fp), and the form can be found as fol-

lows : The form <, > restricted to pT%g T is divisible by p, dividing by p

T
3¢
gives us a form <, >T-;'c on T , and multiplication by p induces an isometry :
3, e 3 3 "p"
3.16.1 T/T — (T ®]Fp)/Ann(T ®Fp)—rTO® ]Fp.

In the context of Proposition (3.12), we can give an interpretation of
ﬁg To ® k = LL/E, using the interpretation To®k =Ann(T ® k) € T ® k1 it is simply
the kernel of the natural map E ® k - H ® k. This follows from the diagram :

o— H/E & E/pE — H/pH — H/E — o

3.16.2 J )

L/E 5 Ann(E/pE).

Notice that by contrast, the map T

H ® ]Fp — H is injective. O

3.17 Definition. A " K3-lattice (over Zp)" is a free Zp—module T of finite

rank, together with a quadratic form <, >1= T ® T Zp satisfying (3.13.1) through

(3.13.3).
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3.18 Corollary. A K3-lattice is determined up to isogeny by its rank and by

(g) € {+1}, and up to isomorphism by the additional specification of o= %ordp(d). ]

It is clear that if H is a supersingular K3 crystal, the natural map :
w —
particular, H is determined up to isogeny by TH ® (Dp , and hence by (g). Thus, we

(TH ®W, id® F_ ) - (H,®) is an isogeny, compatible with the quadratic forms. In

have proved all the assertions of Theorems (3.3) and (3.4).

3.19 Definition. Let V be an ]Fp—vectot‘ space of dimension 200, with a non-

degenerate nonneutral quadratic form <, >V , and let ¢ = idV ®RF :V®k~ V ® k.

Then a "strictly characteristic subspace of V ® k" is a k-subspace K <V ® k such

that :

1) K is totally isotropic and has dimension o, -

2) ©(K)+ K has dimension o + 1.

3) V®k-= .Z‘) <pi K, i.e. there is no Fp—rational subspace of V between V
and K. i=0

A "characteristic subspace of V ® k" is one which satisfies 1) and 2), but not neces-

‘sarily 3).

Now let @3(k) be the category whose objects are pairs (T,K), where T is a
K3-lattice over Zp and K < TO ® k is a strictly characteristic subspace. The mor-
phisms (T,K) » (T',K') are defined to be the isomorphisms T -+ T' sending K to
K', in the obvious sense. (We should note that TO ® ]Fp depends functorially on T,
because T ® ]Fp is Ann(T ® ]Fp), or by (3.16).) Let IK3(k) be the category whose

objects are supersingular K3 crystals over k, and with only isomorphisms as morphisms.

3.20 Theorem. There is an equivalence of categories : K3(k) > @3(k).

Proof. v is defined as follows : If H is an object of K3(k), Ty isa K3-

lattice, and H= ker(T ® k » H ® k) is a strictly characteristic subspace of T, ® k
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(cf. 3.16). For reasons which will become apparent later, we work instead with the
subspace KH = (p_1(FI) < TO ® k, which of course is also strictly characteristic. It is

clear that this construction defines a functor v : K3(k) » @3(k) , with HH)= (TH,KH).

To define the quasi-inverse, we give a slightly more general construction : Let

T be a K3-lattice and K < ’FO ®Kk a characteristic subspace, (not necessarily strict).

St
<

St E-T®W, L=T ®&W, K-=0¢(K)<IL/E = T, ®k, anddefine Hc 1. to be the

inverse image of K. The W-module L has an F-crystal structure given by

S

$ = p(id .,® FW), and H is a subcrystal, because &(H) < p(id ® F
T =

3
Wl = pL CH.

Then (H,®) < (L,®) is an isogeny of F-crystals, and the slopes of (H,®) are all
one. To define <, >H , note that (by a general formula) the p-adic ordinal of the dis-
criminant of <, > (cf. (3.16)) on the sublattice H of 1. is twice the length of 1M plus

the ordinal of the discriminant of < , > Gl 20+ rk(T)—ZoO = rk(T). On the

other hand, since K is isotropic, < , >L is divisible by p on H, and we can de-

fine <x,y > = p_yl<x ,¥ >, . Then the discriminant of <, > = is a unit, and

H |5 H
<, >H is perfect. Moreover, it is clear that
< &x, Py > :p_1<p(id ®F.)x p(id®F‘%)y> =p< X,y> :p2<x y >
*Y TH Wi WYL -7 L ’ H -

To prove that H is a K3 crystal, it remains only for us to compute ho. For
later applications, it will be convenient for us to be more precise by computing the
Hodge filtration of H ® k. Recall that by definition, Fi(H ® k) is the image of
AiH + H ® k, where Ai'H = {x€ H: &) EpiH} . I claim that the diagram below has
exact rows :

o(K) — T®k — H®k — ¢(K) — o
I I N N

3.20.1 oK) — T ® k — F(H®K) » Kno(K) » o

I J J J
o(K) — K+o(K) —»F‘Z(H@k) — O

EYS
5

Since oK) is simply the image of H in (T "® k)/(T ® k) = T, ® k, the first row is
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clear. Now an x€L = T ® W lies in A'H iff x€H and (p~ '®)(x)€H, i.c. iff the
image of x lies in H ﬂgo_1(l-'l) = @(K) N K. Moreover, T ® W is obviously contained
in A1H, and hence we get the second row of the diagram. For the bottom row :
x€A°H iff x€H and (p-1<1>)(x) €pH, i.e. iff x =py with y€l. and (p_1®)(.y) <H.
Recalling that multiplication by p induces our isomorphism : LL/E = TO® k T ®Kk,
we see the claim.

This proves that H is a supersingular K3 crystal. It is clear that E CH is
a submodule on which & is divisible by p, and hence E < EH and T < TH . It fol-
lows that K= ker(T ® k » H ®Kk) contains the kernel of T ® k - TH ® k, which is

defined over IFp. If now we assume K to be strictly characteristic, any rational sub-

space of @(K) is zero. Then T® k +» T,, ® k and T » T,, are isomorphisms, This

H H

implies that y(H) = (T,K), and hence that we have a quasi-inverse to y. Since ¥ is

easily seen to be fully faithful, this completes the proof. C

Our next task is the classification of elements of €3(k). In order really to be
able to compute, it is necessary to introduce explicit invariants. However, for geome-
try, it is more convenient to rigidify further and represent a functor. Since both ap-
proaches are useful, we sketch them each, beginning with the invariants.

Let € (k) denote the category of pairs (V,K), with K €V ® k strictly cha-
o
racteristic and with dim V = 20_ (3.19), and with isomorphisms as morphisms. If

o -1
(V,K) is an object of T, (k), it is easy to see that Ly =Kn o(K)N...0° (K)eve k
[e) [o |
is a line, and that ZK .. 09% (2

205-1
I R ¢

-1
K) = ¢ © (K) is another strictly characteristic

subspace. Then £ K) =V ®Kk, andif e isabasisof 4,

{ei = (p1'1(e) i=1. ..200} forms a basis of V ® k, with {ei ti= 1...00} a basis
o -1
of @ © (K). It follows that <epe. > # 0, and hence we can find e, tnique up
o o
toa (p O+1) root of unity, such that <€ e, =1 Define :
o
3.21.1 a;(e,V,K) = <e1,eco+m > for i=1...0,-1.
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If e is replaced by fe, with L€pu o (k),
o _+i . p o
o i

?:p +1a - ¢ 1-p

then a; is replaced by
+1

3.21 Theorem. The above coordinates induce a bijection :

[
C[UO(k)/Isom—, A ° (k)/,;LpoOH (k).

Proof. The main step is the following computation

3.22 Lemma. In the basis (e1.

S Che ), the intersection matrix <e , e>
o
has the form :

{ t , where A is the croxcro—matm'x:
0

0 .
o2 \
i 2 .2 v
A =l 0O 0 1 F‘(a])...F(ano_B) .
\
\\
\o © . . 1
The Frobenius-linear endomorphism ¢ of V ® k h‘a:5 "matrix_" : (p(ei) = ei+1 for
i = - = . s '
i=1...20-1, (p(ezc ) >\1e1 +on >‘0' €y THCG 4 te-e Hg Sy - The A's and
[e) o o [¢) o
u's are determined by : >\] =1, Wy 0, and:
1) ?
0 F(a(, _1)
ala = . Ap = .0 .
< :
\ o -1
0/ \ (¢}
/ \E ey

Proof. The formula for the intersection matrix follows from the definitions and
the fact that <@(x),0(y) >=F <x,y > for x, y€ V ® k ; the only thing that needs
proof is the computation of the A's and u's. Notice that the formulas above do deter-

mine A and W uniquely, because At and A with its first row deleted are invertible.

If u and v are column matrices in k of length O, set
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Zz=Uue, +...u_e_ +v.e +...V_ e € V ® k. Then we have the formula :
11 o, 9, 1oo+1 0'O 200
t t. .t
3.22.1 <z,<p(e20)>=uA/J.+vA>x.

o

Apply this with u =0 and with v = e, the i standard basis vector. Then

zZ=ey s and v'Ata s the jth row of A'A. Formula (3.22.1) tells us that this row
o

. 3 . i . _

is < eooﬂ., qo(eZUO) >= F‘<eoo+j_],e200> 1 if j=1, 0 if j> 1. Next take v =0

)St

and u = €j+1 , SO Z = eJ.+1 and utAy, is the (j+1 row of Ap, which must be

> = F‘J(ao -j)' Finally, take u=X and v =pu.

j
<e. ,90(e, )>=F <e ,e, .
Jj+1 200 1 200 J+1 5

We have 0 = <e > = <<p(920 ),<p(e2° ) > = AtAu + utAt)\: 2 AtAu. But
o )

SN
20’0 ,_.O'O

)\tA:e1,so W, =0. 0

Let us now prove the theorem. Suppose first of all that f: (V,K) » (V',K')

is an isomorphism in (Ec (k), i.e. f is an isometry V + V' such that f ® id, sends
o
K to K'. Then {® idk sends zk to ;zk, , and hence a normalized basis vector of

lk to one of Jlk, . It is then apparent that (V,K) and (V',K') have the same coordi-

nates. If, conversely, (V,K) and (V',K') have the same coordinates, then we can
choose e and e' so that ai(e , V, K) = a.l(e' , V', K'") for all i. Then by the lemma,
the map V® k »+ V' ® k sending e to ei' for all i is an isometry, and in fact
sends ¢ to ¢'. This last fact implies that it descends to an isometry V -+ V', Clear

ly it also sends JLK to ZK' hence K to K'. To prove that the map

-1
c k) -+A° (K)/u oy (k) is surjective, start with elements (a1, ... a 1) of

ey p 41 %5~
A © (k) and use the formulas of the lemma to define an intersection form and a

Frobenius linear endomorphism ¢ of kzﬁo . Since )\1: 1, ¢ is bijective, and
hence defines an ]Fp—for‘m VvV for kzqo. Since F <x,y>=<o(x),dy)> for

X,y € kﬁgo’ the intersection form descends to an ]Fp—valued form on V. Finally, it is
clear that the first 9, standard basis vectors of k200 span a strictly characteristic

1-o

subspace K' of V ; we take K = ¢ C)(K'), and evidently ai(V,K) =a;. O
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3.23 Corollary. Fix (g) €{f1} and o, NEN, and consider the set

KB(O'O,n,(g)) of isomorphism classes of supersingular K3 crystals over k with

these invariants. This set is empty unless n = 200 =2 and either n >2CJ'0 or
o TH—1
(;_)J) = -('51-) ©. If it is not empty, the coordindes above identify it with A ©  /u & (k).

(S
p +1

Proof. The numerical conditions above are just the conditions that there should
exist a K3 lattice with invariants (or0 , n, ([%))’ and such a lattice T is unique up to
noncanonical isomorphism. Furthermore, it is clear that Aut(T) - Aut(TO ® F ) is
surjective. Thus, if (T,K) and (T',K') are two objects of @3(k) with the same
invariants and the same coordinates a;, the objects ('1‘0® IFD,K) and (T(') ®Fp, K')
are isomorphic, hence so are (T,K) and (T',K'), and hence so are the correspon-
ding crystals. It is equally clear that we can construct crystals with arbitrary coor-

dinates. O

3.24 Remark. It may be of some interest to observe that the techniques above

give another proof that if (V,K) is an object of T, (k), then the discrimiant d, of
o
R o ) be a basis for V ® k as in Lemma (322),
o

20 3%
and let (x1 ...x 9 be the dual basis. Then the map B® idk VRO K-V ®Kk cor-

"‘1)00

o o
4 —) = —-(=— (
V satisfies ( 5 ) (p . let (x

responding to <, >V

0o A\
has matrix (At ()) with respect to these two bases, and its
o/
determinant is (=1) “(det A)Z = (=1)

[+
O . This computation is only valid over k, but

that is easily remedied : This determinant is also the matrix of

200 200 200 s
A=A T(B® idk) A (VO K)— A (V' ®K) with respect to the two bases
20 (¢}
o and y = x1 A e X O, i.e. A(x)=1(-1) Oy. But L.emma (3.22)
o

X=X, A ool X,
2

1

allows us to compute the action of Frobenius on x :

o(x) = (p(x1) Auas <,D(¥2 ) = Xo A wes Xy Alx, + ...) = -x. Choose A€k such that

00 HO‘O 1 s
AP-1T . ; then if x' = Ax, ©(\Ax) = Ax, sothat x' = Ax is an ]FD—basis for A °V.
The dual basis, with respect to the form <, >V , is y' = X7 1y, and hence the matrix

o
d, for A with respect to these bases is >\2(— 1) ©. Now ]FD(M =F , , so that A2

p
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g ag
" (e} o
i

d
. . - o A7y -1 1
is an element of ]Fp which is not a square, so (F) = (—p)([T = _(_F) .M

3.25 Example. There is a unique isomorphism class of supersingular K3
crystals with o = 1 (provided, of course, n and ([(—i) are fixed and satisfy the

conditions of (3.23)).

3.26 Remark. If X is a surface satisfying (1.1) and with pg(X) =1,

then Hims(x/w) is a K3 -crystal. It is clear from (1.2) that the flat cohomology of
2
X can be computed from its crystalline cohomology. In particular, if HENS(X/W) is

supersingular, we can express H2(Xf' ,pp) in terms of our parameters.It is not hard to
see that HZ(Xﬂ,up) can be identified with the group :
{x€T®Z/pZ = 9(x) + & (x) € GK) + (K) }/@K).
It seems clear that the subgroup corresponding to those x such that x €TO® Z/pZ
is Artin's U(Xﬂ, p,p), but 1 have not checked this carefully, nor have I explicitly

calculated Artin's period map. O
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§4. RIGIDIFIED CRYSTALS.

In order to deal with jumps in Oy and for (conjectural) geometric applications,

it is convenient to classify "rigidified K3 crystals', in the following sense :

4.1 Definition. Let T be a K3-lattice (3.17), and let H be a K3-crystal

of the same rank. Then a "T-structure on H" isamap: i:T - TH which is compa-

tible with the intersection forms. An "isomorphism" of K3 -crystals with T-structure

is an isomorphism f : H - H' such that foi=1i"'.

4.2 Remark. If H and T are as above, then H admits a T-structure iff

oO(H) < O’O(T), and in fact there is a natural bijection between Aut(T, )N{T-structures

u
on H} and the set of isotropic subspaces of T0 ® le o T-'7T of dimension

OO(T)—O'O(H). To see this, note that i : T » T,, is necessarily injective, and

H

W= T,/T has length o (T) - g_(H). Moreover, T < T, and we T%/T = T,® F

H

corresponds to the kernel of i mod p, which is clearly invariant under the (left) ac-

tion of Aut(TH). Conversely, if W< T/T is isotropic of dimension oO(T) —O’O(H),

EYA
<

then the inverse image T(W) of W in T  is (with the form 1/p < , >T-;<-) a K3-

lattice with the same invariant o, as H, hence there exists an isomorphism

(W) — TH.

4.3 Proposition. If i: T ATH is a T structure on a K3 crystal H, then
H = ker(TO ® k »=H ® k) is a characteristic subspace of T, ®k, as is KH:(p_1(I_4).

The correspondance i~ K, defines a bijection between the set of isomorphism clas-

1

ses of crystals with T-structure and the set of characteristic subspaces of TO® k.

Proof. The proof is exactly the same as in the special case i = idT given
H
above. Perhaps we should explain how TH can be computed from K < TO R K :
Since N @ K<V ®k is ¢ -invariant, it is W, ® k for some isotropic W, S V.

The construction of the previous paragraph then defines a new K3-lattice TWK and
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. It is easy to see that TW is the Tate module of the K3 crystal
K K

H associated to K, and that this map i is the corresponding T-structure. g

amap i:T- Tw

4.4 Remark. If i:T -‘TH and i' : T *TH, are T-structures on H and H'

and if K and K' are the corresponding characteristic subspaces, the following are
equivalent :

i) K and K' are conjugate under Aut(TO® ]Fp).

ii) K and K' are conjugate under Aut(T).

iii) There exists a commutative diagram :

i

T — H
%‘l . ‘Lg
T L5 H )

iv) H and H' are isomorphic.

Proot. Since the map Aut(T) = Aut(TO ® ]Fp) is obviously surjective, i) im-
plies ii). In fact, the only nonobvious implication is "iv) implies i)". If there exists
an isomorphism o« : H -+ H', then O‘O(H) = O’O(H' ), and hence W = ker(i ® ]Fp) and
W' = Ker(i' ® Fp) are two isotropic subspaces of TO &® Fp of the same dimension.
By Witt's theorem, there is an automorphism of T0Q9 ]Fp taking one to another, and
hence we may assume that W =W'. Then i and i' induce isomorphisms :
wJ-/w - TO(H) ®Fp and wk/w - TO(H') ® Fp , respectively, and by functoriality we
see that o induces an automorphism of WL/W. Since Wl/W is an orthogonal direct
summand of TO ®]F‘p , we can extend this automorphism to TO ® Fp. This proves that

iv) implies i). @3

4.5 Note. The isomorphisms H =+ H' in (iv) and iii) are not necessarily the
same. However, if OO(T) = OO(H), they can be chosen to be the same, and Aut(H)
becomes identified with the stabilizer subgroup G(KH) < Aut(T) of K- (In general,
this subgroup is a subgroup of finite index in Aut(H), viz., the stabilizer of the image

of T).
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The above proposition motivates a more detailed study of characteristic sub-
spaces of T0 ® k. It is apparent that this should be the set of k-points of a suitable
scheme. I find it remarkable, however, that it turns out to be complete.

The most convenient way to construct and study the scheme in question is by
introducing the functor it represents. Let V be an ]Fp-—vo.(rtor space, and rccall that if
A is an ]F-“p—algebr*ay Quot{}(A) is by definition the set of isomorphism classes of locally
free rank r quotients of V ® A ; of course this functor is representable. We will
find it convenient to work with the equivalent notion of direct summands of V ® A :
ker{l/(/\) = {direct summands K of V ® A which have rank d}. Clearly if dimV =20

d 20,-d . i . . . ) o
keFV(A) & Quot (A). The only thing that requires a bit of caution with this nota-
tion is the functoriality : if 6: A B and K<V ® A is a direct summand, then
6*(K) CV ® B is the B-module generated by the image of K under idV ® 6. For
example, if k is a perfect ficld and F is Frobenius, F*(K) = ¢(K), where

. 3
qD:1dV®F .

If K] and K2 are direct summands of V ® A, it is not necessarily the case
that K | |—-K2 is a direct summand of V ® A, and hence its formation is not compatible
with base change. However, if 6 : A » B, there is a natural surjective map :

3%, 3¢ -
9 (K1+K2) -+ 6 (K]) + 6’ (KZ)’ and hence an isomorphism :
¢ ¢ ¢
0" (v ® A/K 1K) = (Ve B)/e™(K,) 8™ (K,). It is casy to see, in fact, that for-
mation of K | +VK2 commutes with arbitrary base change iff K19K2 is projective iff
K '+K2 is again a dircect summand, or (if A is reduced) iff K.l(t) + K2(t) has constant

rank on Spec(A). Moreover, if these conditions are satistied, (K1 + K2)/K1 ,

(K‘l - KZ)/K2, K, M K,, and (Ve A)/K] 0 K, are projective, and their formation
commutes with base change.

Let <, >V be a nonneutral quadratic form on the 200-dimensiona1 ]F‘p—vector
space V. If A is an Fp—algebra, a "generatrix of V ® A" is a direct summand K
of V® A whose rank is 9, such that <, >V K= 0. The set GenV(A) of genera-
trices of V ® A is functorial in A. A generatrix is called "characteristic" iff

K + F‘X(K) is a direct summand of rank cro+1, and MV denotes the functor taking A
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to the set of characteristic generatrices of V® A.

4.6 Proposition. M——V is representable by an ]Fp—scheme M

sal characteristic generatrix KM GMV (MV) Moreover
4.6.1

v and a univer-
MV is smooth and projective, of dimension 00—1.
4.6.2

% 3¢ Lt
Hom[KM n F‘M(KM), FM(KM)/KM N F

3%
connection on FM(KM).

There is a natural isomorphism from the tangent bundle of M

v e
M(KMH , induced by the canonical

Proof. Recall again from [SGA 7,XI1,2.8] that the functor Gen
A +— {generatrices of V ® A}

Gen,

is represented by a smooth projective F _-scheme
together with a universal object K

G
(with exact rows)

. Thus, over Gen, we have a diagram

o — l‘(G —_ V®OG — Q — 0
4.6.3 Y Bl,

v v
o —

v
— V'®o, — K. o.
The vertical arrows are isomorphisms.

It is now convenient to introduce the functors P : A = {(K1,K2)€ Gen(A)xGen(A) :

K1+K2 is projective of rank co+1} and _1}3:]_<G , the functor represented by the projec-
tive bundle associated to KG.’Ihee are evident morphisms L
m: ]PKG + Gen,

P+ Gen
and a commutative diagram

and
P& P Kq
™
Gen
with « given as follows : If (K ,K,)€Gen, then K, - ni*(KG), and
. . . . 3t
(K1H<2)/K1 . }(2/K1 NK, is an invertible quotient of 112(KG).
I claim that ¢« is in fact an isomorphism of functors. To see the inverse, let
KG & A+ £~ o be an A-valued point of EG ; then its kernel W C K® A is a direct
G

factor of rank 0'0—1 . The annihilator W-L

of W is a direct summand of V ® A, of
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rank 00+1, and WJ-/W is projective of rank 2. Moreover, the quadratic form on

W-L/W induced by <, >, is nondegenerate, and hence defines a smooth quadric in

\Y%

]P(WJ-/W) - i.e. an étale cover of A of degree 2. Since K =K _ ® A is isotropic,

G
K/W defines an A-valued point of the quadric, so the covering is split. That is, there
is a unique "other section", corresponding to an isotropic line L < W—L/W, and we
have a hyperbolic decomposition : WJ'/W = K/W @ L. The inverse image K' of 1. in
wt is an isotropic direct summand of W—L, hence of V® A, and K + K' = w. Thus,
(K',K) is a point of P(A), with K' 0 K =W and K/K' N K e 2. It is easy to check
that this defines the inverse of a. Of course, we could have interchanged the roles
of ™ and 772 .

Now it is clear that I\:4V(A) = {K GgAe__n(A) : (K, K)) €P(A)}, i.e. that we have

a Cartesian diagram :

M\/ . incl G_i_n

| [re

P — GenxGen
B (111, 112) T

where T‘F is the graph of Frobenius. It follows that M is represented by the cor-

\Y

* . .
responding fiber product of schemes, with incl” (K as universal object.

c)

To prove that M is smooth, we verify that P and FF‘ intersect transver-

\Y%

sally in Gen x Gen, that is, that their tangent spaces generate the tangent space of
Gen xGen. Since the differential of Frobenius is zero,

: T - T e~ T

Gen xGeanen Gen @ TGen is just y = (y,0). The map

TP - (TGen @ TGen)l P

Thus, (171,172)*— (I‘F)*: T,®T

is just x (171%(x), nz*(x)), and we know that #, is smooth.
Gen ? TG.enGE T

(x)), which is evidently surjective. In fact, we obtain an exact ladder

Gen Sends (x,y) to é(x,y)dgf

(171*(x)—y, m

29t
of bundles on MV : 5
°= TMV * Tp®Tgen * Tgen ®Tgen * ©
e (igm )t T (o,id)
23
°© * Tp/Gen * Tp d TGen - o .
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In other words, the tangent space to MV can be identified with the relative tangent

, and hence M., is smooth of dimension

space of m, : P = Gen, i.e. with T v

2 PK/Gen
o~ 1. Moreover, recall that TIPK /Gen o Hom [ W, 05 (1)1, where

3
o-’W-"lTZK*OIP

phism is induced by the "second variation" associated to the standard connection

R ] 3
Vi K2 G /Gen € ™

K( 1) » o is the canonical exact sequence, and where the isomor-

-«

. . 3 3
K=d %GenldK. If we restrict to MV’ 7r2K e~ F KM ,

. %* 3
We K, N FK,, and G}PK(” o F KM/KM N F K, . To prove (4.6.2), we therefore

M M

have only to check that the following diagram commutes :

3¢ v L1 3

TKG = @p/gen ® T K

! |
% v [ 3
PMKM — ﬁMVQ@ FM KM .

. . 3¢
In other words, we have to verify that the horizontal sections of 5 KG ‘ are the
M

sections of KM. Since m, oincl =7, oincloF this is clear. O

2 1 M’

4.7 Examples. If g =1, Gen(k) is clearly just two points, with Aut(k/]F‘p)

acting nontrivially - i.e. Gen = Spec ]sz. 1f CfO =2, <, >V

quadric X in ]PB, and X xk is isomorphic to (]F’1 x 1P1) x k. Again, Aut(k/]F‘p)

defines a nonsingular

interchanges the two factors. Points of Gen(k) just correspond to the rulings on

]P1 ><IP1>< k, and hence Gen e ]l’1>< ]l;z , viewed as an ]Fp—schcme. Now it is clear
that if K €Gen(k), ©(K) # K, hence K+@(K) has dimension 3, and K is characteris-
tic. Thus MV = Gen. If o, = 3, <, > defines a nonsingular quadric in IPs, which
is a twisted form of the Grassmanian G(2,4) of lines in P> . The points of Gen(k)
correspond to planes in G(2,4), and the two families of these are respectively the

planes of lines containing some point p 61133 or contained in some hyperplane HEJPB.

Frobenius interchanges these families, hence gives us some morphism IP3 nd ]P3V .
It follows from the above that MV < ]P3 1L Il—’3v corresponds to a nonsingular hyper-

surface in each factor.
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4.8 Remark. The spaces MV can be regarded as compactifications of the
modull space of K3 crystals with fixed Oy and it is easy to be fairly explicit about

o!
the divisor at . For each ¢! , let M ®(k) = M, (k) be the subset corresponding
M =M

v

S (k) correspond to crO(H) cr(‘) . Recall

Vv

that if K emzv(k), then cro(HK) =0, - dlm(WK),
o! o!

Mvo(k) is a closed subset of M (k) and that {L:)VO(k)} form a partition of I\:/Iv(k)

into locally closed subsets. FFor each totally isotropic subspace W of V, let

to crystals H with UO(H) < 0(!) , and let U

where Wy =0 ¢'(K). It is clear that
1

My, W(k) = 1K GMV(k) : W < K}, and note that there is a natural bijection :
LV i

~ {
gV,W(k) = MW"‘/W(k)'
o.l
Moreover, Mvo(k) admits a finite decomposition :
AL o

o _ . A _ ot
My, (k) = U{MV’W(k) s dim W= o co},

i.e. is a union of smooth spaces, which are simply similar moduli spaces of smaller
dimension. The intersection properties of these components are also easy to see :

if W1 and W2 are totally isotropic, MV,W1(k)§]\:1V,W2(k) iff WI
MV,W1(k) n l_vtlv’wz(k) = MV,W +W2(k)’ which is empty unless W W, s also totally

1
isotropic. U

2 Wy, and

We will now attempt to explain the relationship between the parameters (3.21)
o o -1
- Suppose K€U, 7 (K) ; then 1,(K) = K ne(K) n...9°% (K)

is a line in V ® k, and in fact the map L(K) = ©

and the moduli space M

-1
© (K/K ne¢(K)) is an isomorphism.

a
o .
v

is a rank one direct factor of V ® GM , and

It is not hard to see that this holds universally on U = U
L, =K., nFYK '“')00_I )
SO VRN M
L~ (F*) © (KM/KM n F*KM) is an isomorphism. Moreover, the quadratic form

)... N(F (K

o
o . R .
L,,* 0O, ,l.e. atrivialization of

*
® (F7) U U

<, >y induces an isomorphism: I
(o

1 p O

U

2% Uo

section e of LG such that <e,(F") ~e > = 1. The sections a; of T (G,OU) defi-

U

Let U= U be the associated finite dtale cover, over which there exists a

L O+ - o -1
ned by a;= <e,(F*) © e > give us a morphism U » A © . We will see that this mor-
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phism is finite, whence U and U are affine.
In order to be really precise, it is convenient to introduce some additional
. ¥
functors. Recall that if A is an ]Fp—algebra, ©: VA +V QA is the F‘A—lmoar

3¢
. . R F K
endomorphism 1dV FA .

4.9 Definition. A "strictly characteristic line in V ®A" is an L VeA

such that :

20 -1
< % \ . . .
4.9.1 The natural map : £ eFrf e, .. (F—)) © () » V@A isanisomorphism,
3¢ %07 ) i
4.9.2 K(#) - s F Le... (FY (2) is totally isotropic.
def
A "strictly characteristic vector'" in V ® A is an ¢ € V®A which spans a strict-

.o
ly characteristic line, such that <e,(F")‘) ©(e) > = 1. The set of strictly character-

istic lines (resp. vectors) in V ® A is denoted by I:JV(/\) (resp. ;V(A)).

4.10 Proposition. The functors _g, L, g and U are representable by

affine schemes of finite type over IF_ . There is a commutative diagram :

P
~ N ~ g -1
(U § RS SR SN
{ ! {
LoE U AL .

The maps I.+1. and U » U are Galois (viz. finite and étale) with group

o +1
po (k), and @ is Galois with group O(V,< , >V), The composite @o A is simply
g -1

the map a (3.21.1), and Xou, HoX, Xou, WoX are (F‘ab ©

w

)

Proof. The functor : A~ V ® A is represented by the spectrum of Sym(V*),
together with a "universal section'" e of V, and the subfunctor :

A= {e€V® A :e, ¢e).. .ozoo_‘(e) is a basis for V ® A} is represented by the af-
fine open subset obtained by inverting the determinant & of the matrix made up of these
vectors. It is clear that __t_ corresponds to the closed subscheme E of this scheme
defined by the ideal generated by {<e,e >, <e,@le)>... <e,(poo_1e>, <e,<poo(e)> -1},

which is again affine.
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o _+i
Define t, = <c,¢ © (e) >er(l, Of) 5 then t ...t _,
~ o.—1 o
a:L »A° , which is Galois with group O(V). In fact, the proof of (3.22) used no-

define a map

thing other than the invertibility of the matrix for < , >, and is just as valid over .
-1

o
Thus, there exist elements >\2 CoA Myl 4l €T(A ° o =-.—1) such that
! oo’ "2 0o AC©
20, o, 1 T+ 1 20'0_|
© (o):e+>2<p(o)+... Ag @ (o)+u2(p (e)+...pocp (e). These are
o o o.-1

obviously finite and étale equations for the coordinates of e over A o,
It is clear that the map I. - L sending e to span(e) identifies L as the

quotient of Z by u o +l(k)’ hence L. is represented by another affine scheme L.
= o =

o.-1
Define u by £ - K(2) and X by K = Lo =Kn o(K)... N © (K). Then

Oo-1 o1

(Mou)(#) =0 7 (2 and (uoX)(K) =@ © (K), hence dou and poA are
a.—1 ~

(F_,0) © »and U is also affine, Notice that U(A) = ((K,e) : K€U(A), e €2,

o~ S~ ~~, 0 _I
<e,0%%e)> = 1}; set XN(K,e) = c€T(A), and mle) - (K(span(e)),o © (e)). It is clear
that oo X is simply (3.21.1). Since in the proof of (3.22) we showed that the set
theoretic fibers of aoX area torsor under O(V), it is clear that O(V) is the

Galois group of «. I

We are now ready to find the connected components of M,. It turns out that,

\Y4

just like GenV, MV is connected over F‘p , but has two geometric components. More

precisely, recall that H°Gen,,, © ) e ZV (the center of C*(V)) is isomorphic

V? " Gen

to F 59 via a map e : Geng, * Spac ZV . Since O(V) acts nontrivially on ZV , we

\Y

have no right to identify Z with 5 - It is easy to check, however, that if WSV

N P
is isotropic, the natural map Gen

W-L/W *Genv induces a natural isomorphism

7‘V d ZW , and we can therefore identify these two fields. Via the natural maps

MV -+ Gen,, * Spec Z

Vv we obtain a structure of a Lv—scheme on MV‘

\Y

4.11 Proposition. With the above structure of Zve F 2—scheme, MV is abso-
p

lutely irreducible.

Proof. The proof iz by induction on o4 - The cases of o5 =1, 2 and 3 are
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covered by the explicit calculations (4.7), and the induction step works if 00 =3,

[/
Assuming the proposition for 00—1, note that if dim V = 200 B UVO c MV is an affine
a5 1
open subset of the smooth projective scheme MV’ and hence its complement MVO
o -1
o

meets every geometric component. Thus it suffices to prove that MV is geometri-

o -1
cally connected. But l\K/O =u{M : WcV is an isotropic line}, and each

V,W

WY is geometrically connected by the induction hypothesis. Hence it suf-

v, w = My
fices to prove that the MW W's intersect enough. This follows from :
,W's

4.12 Lemma. Suppose 9, =3 and £, &' are isotropic lines in V. Then

there exists a sequence (lo, .. .zn) of isotropic lines such that £ = LO , A = zn ,

span an isotropic plane.

and such that £. and £.
_— i — i+l

Proof. The isotropic lines in V correspond to ]Fp—valued points of the non-

singular quadric Q(V) € PV defined by < , >y
the families of characteristic subspaces, the trace of Frobenius on middle dimensional

2q,-2 0Oo—1
% -p .

. Since Gal(]l—Tp/]Fp) interchanges

cohomology is zero, and the number of such points is given by : 1+p+...+p
The isotropic planes in V correspond to lines in Q(V). Fix a q€Q(V) ; then the
lines through q correspond to the points in Q(ql/q). Since this is again a "non-

20’0_4_ 0,52

neutral' quadric, there are 1+...p p such lines. Each line contains

p points other than q, and two such lines intersect only in q. Thus, the set S(q)

) 205-4 o,-
of points q' such that q and q' are contained in a line has p(1+...p -p 2)+1
elements.

Now suppose o, = 3, and fix a line L. contained in Q(V). Notice that if q

and q' span L, andif q"€S(q) NS(q'), then the span of q, q', q" is contained
in Q, and is defined over ]Fp. Since there are no ]Fp—r'ational planes contained
in Q, this span must be L. Thus, S(q) NS(q') = L, and hence U{S(q) : q€L} is

3

the disjoint union [ {S(q) - L}l L, which has (p+1)p3 + (1+p) = 1+p+p +p4 elements.

Since this accounts for all the points in Q, the lemma is proved in this case.
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In general, suppose £, &' are isotropic in V.If £ and £' are orthogonal,
there is nothing to prove. If not, they span a hyperbolic plane W. The orthogonal
complement wl of w is again nonneutral, and we can write W‘i' = V' e V" with V"
hyperbolic, V' of dimension 4 and nonneutral. Then V =W @ V' € V', The proof

for 00 = 3 allows us to work inside W & V', proving the general casc. [}
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§5. FAMILIES OF CRYSTALS.

In order to explain precisely the sense in which our parameters are moduli,
we have to speak about families of [F-crystals, ideally over an arbitrary base
scheme S. Unfortunately, technical difficulties involving PD envelopes prevent
us from dealing effectively even with an S as simple as k [X,Yj /(XZ,XY,YZ).

I have therefore chosen to restrict attention to the case of a smooth base scheme
(although, with considerable effort, local complete intersections could probably also
be handled). We will see that there is a universal K3 crystal HM with T-struc-

ture over the moduli space M so that any K3 crystal with T-structure over a

VY
smooth S is canonically isomorphic to f*(HM), for a unique f:S — MV.

Moreover, we will show that the supersingular locus in the versal deformation of a
supersingular polarized elliptic K3 is a union of smooth schemes %, that on a

finite étale cover X of X the associated crystal admits a T-structure, and

that the corresponding period mapping S": — MV is étale.

Let S be asmooth k-scheme (where k is still an algebraically closed
field of characteristic p > 2). For the notion of an F-crystal on (S/W(k))CFiS s
and of the Hodge and conjugate filtrations attatched to such a crystal, we must refer
the reader to [15] . A "K3-crystalon (S/W)" is suchan F-crystal H,
endowed with a perfect pairing: H® H — &S/W (a morphism of crystals) such
that <$(x) , g(y)> = p2 F*<x,y> for any two sections x,y of F*H, and
such that grl': HS is a locally free @S—module, with grg‘ HS of rank one.
The base-changing results of [15, 1. 12] show that formation of the Hodge and
conjugate filtrations is compatible with pull-back f:S' —s S, and hence f*H
will again be a K3 crystal. Moreover, if 7 : X — S is a family of K3 sur-

faces, then R%7 isa K3 crystalon (S/W).

cris # @X/W
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5.1 Proposition. If H isa K3 crystal on (S/W), then the following

are equivalent :

i) TFor every closed point s of S, the [F-crystal H(s) on (k/W)

is supersingular.

i)blS For every geometric point s of S, the I'-crystal H(s) on

(k(s)/W(k(s)) is supersingular.

i) I (s', FS,) is a local lifting of (S,Pg) to W, then the map

n * o n-1
) Hg, —> Hg, s divisible by p = .

(n) |
ogl (g )

Proof. Fix a local lifting (S', FS,) of (S, FS) to W. TFor each

closed s€S, there is a unigue Teichmuller point s' : Spec W — S' '"prolonging"

* * * K

s, andthe F-crystal H(s) is just (s1)* g i F W(s‘) H., = (s") Fgy Hey —

S) 1
* -

(s') Hg,. Since a matrix in @,%, is divisible by p" U itf all its Teichmuller
values are, the equivalence of (i) and (ii) follows easily from (3.6), and clearly (ii)
implies (i)blS implies (i). It is perhaps also worthwhile to remark that the

bis

equivalence of (i) and (ii) can be made to work in a slightly more general context,

e. g. if S is the spectrum of a local ring. [

We shall say that a K3-crystal on (S/W) is "supersingular" iff it
satisfies the above conditions. I would like to remark that one of the problems with
nonsmooth S is the lack of an adequate definition of a family of supersingular
crystals : (i) is clearly inadequate (e. g. if S is not reduced) and (ii) seems
unmanageable because of the presence of p-torsion in PD envelopes. If we stick
to the smooth case, however, everything works nicely. It is even possible to
introduce an analogue of the Tate module TH in a relative setting. Notice, however,

that since Artin's invariant GO can jump in a family, we cannot expect formation

of T.LI to commute with base change.

Recall that there is an equivalence of categories between p-adic constant
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tordu sheaves on S and unit root F-crystals on (S/W) [10, 5.5:[ , 1i.e.

F-crystals E such that the map & : F‘*E — [£  is an isomorphism. Since S
is locally liftable over W, nothing changes if we replace @ by pg (i. e. the
Tate twist functor is fully faithful). Let us agree to call an F-crystal for which &

is p times an isomorphism a "Tate crystal".

5.2 Proposition. A supersingular K3 crystal H on (S/W) contains

a universal Tate crystal E!—I' That is, there is a morphism i : EH —> H, such

that any 1i' : E' —H with E' a Tate crystal factors uniquely through 1i.

Dually, there is a universal morphism H —s» LH’ with LH a Tate crystal.

Proof. We begin with LLI Choose for the moment a local lifting

(s Py ,) of (S,Fg). By the previous result, we know that
3 =

qaé“,): (Fg )" Hg, —> Hg, is divisible by p"~', and since S' is noetherian,

. 5(n)

rp Im(@sn,) is a coherent subsheaf Lo, of Hg,. Itisclearthat L,

n=o0

is invariant under the connection VS' , and under p—1 <I>S, . Now H necessarily

* ~
has level 2, so there exists a VS' : HS' —_ I HS' such that VS' o Pg,
~ 2 _n ~

and &g, e Vg, are multiplication by p~. If x=2Z p1 n @én,) (xn) is a section
-1 -n,. ~(n) . 2-n % (n-1 -

of L, Vg ()= p g, ) (x) = FE (20t ey e L L),

Since (p'1 g )o (p‘1 VS.) is the identity, p_1<I>S,
1

follows that (LS, , P g ,) is a Tate crystal (and in particular that Ly, is

is an isomorphism. It

locally free).

It is obvious from the definition that pH < L and we define

Sl7

j:H— I"S’ to be multiplication by p followed by the inclusion. Suppose

j' :H— L', with L' a Tate crystal, and suppose x€LS, . Then perS, ’
(n)

and in fact px can be written px =2 p1_n ES' (xn). Then j'(px) =
T-n . -n ~
zp' <I>(Sn,) (J'(xn)) =py, where y=3% p " ¢>g],) (j'(xn)). It is clear that

X +—> y defines the unique homomorphism making the diagram commute. This universal
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property implies that LS' is unique up to unique isomorphism, and hence allow

us to glue these local constructions and obtain l,‘_1 globally. We simply take

i: F‘H —— H tobe the dual of H —> I"H’ followed by the inverse of

R g H —5 HVY (induced by ¢ , >H).[-_\
o SO that we have EH — H — EH’

tion being multiplication by p. It follows that for any s, UL[(S) —>H(s) —> EH(S)

Notice that pH < I the composi-

is still multiplication by p, and so I3 ,(s) —»H(s) is injective. By the universal

H
nature of E‘H(S)’ we see that [uH(S) must be contained in ILH(S), but in
general we will not have equality. Indeed, it is clear that just as before, the
o
discriminant of ¢ , . =p © forsome o _, andthat o _ =0 (H(s)) +
hq o o o

length(EH(S)/EH(s)) for every geometric point s of S. If S is irreducible,
and if 7 is a geometric generic point, then since 7 is flat over S, formation
of E commutes with pull back to 7, i.e. EH(F) = ELI(T?), and so

i li i

0, =0 O(H(?/)). This implies that o decreases under specialization. (In fact, it

will follow from the representability theorem below and the stratification of M\/

that 00 is semicontinuous.)

The dictionary between Tate crystals and p-adic representations implies that

on some (possibly infinite) étale covering S of S, FEg becomes constant, i. e.

~

isomorphic to the pull back of some K3-lattice via the structure map 7 : 5 —»

~

Spec W. e will denote 7*(T) simply by T. Thuson S, H admits a

T-structure, that is, a map T — EL]. The category of K3-crystals with

T-structure is defined just as before ; again, the only automorphisms in this

category are the identity maps.

Fix a K3-lattice T, let V = ’I‘O ® I and M = MV x Spec k, where

p’
M,, is the moduli space (4.6). We will construct a universal K3-crystal with

T-structure on (M /W),

52



SUPERSINGULAR K3 CRYSTALS

5.3 Theorem. There is a K3-crystal with T-structure iM : T —>H on

(M/W) with the following universal property : Any K3-crystal with T-structure

+*
over a smooth (S/k) is isomorphic to f (iM), for some unique f : S —> M,

Proof. Let M be the functor which to any smooth S assigns the set of

T
isomorphism classes of K3-crystals on (S/W) with T-structure. Ve have to

find an isomorphism of functors : =_MV <« M] It suffices to consider smooth affine

schemes ; we will write M

_V(A) = I_\___1V(C>) if S =Spec A.

To construct the arrow MV —_— MT’ let A' be aliftingof /A to W

* *
and FA‘, a lifting of its I'robenius. Then the value of the l'-crystal T on
s
S'= Spec A'  is simply o % A', and its Frobenius (I)S' is p idT* @ F;\, .
b S

We have T¥*/T =V, hence anatural map T%, —V® A, If K& Ii]\/(f‘\), let

Hg, be the inverse image of F¥(K) in T;, . Since F¥(K)c V® A is horizon-

tal HS' o Tg, is also. It is apparent, just as before, that <1>S, maps HS' to

itself and that H inherits a perfect pairing. The only new feature is that

SI

everything is compatible with the connections, which is clear.

We must check that this construction is compatible with base change. Suppose

B' is an A'-algebra which is p-torsion free, and that FB’ is a lifting of the

absolute Frobenius of B = B'/pB' which is compatible with T, ,. Then I claim

that the F-crystal H obtained by applying the above construction to the image

131’

KB of K under MV(A)—>M\/(B), is simply H,, ¥ ,, B'. To see this,

tensor the exact sequence :
0 —>H,, —> T*?ls Al ——»(VGDA)/F::(K) — 0

p

with B' obtain:
0 —H IN
Clearly the only thing that needs to be checked is the injectivity of HA B —>

* 1 < *
B —» T @é B _-)(VgB)/FB(KB) — 0.

Al
T"® B', i.e. that Tor’® (V®A)/FI(K) , B') = 0. Since (VOA)/F%X(K) isa

1
B4
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1
projective A-module, this reduces to Tor"?t (A, B') =0, which is true because

B' is p-torsion free.

In particular, the above paragraph tells us that if A' — W is a
Teichmuller point, HS' ® W is precisely the F-crystal on (k/W) obtained by
specializing K and applying the dictionary (4.3). This implies that Hy (s) is
a K3 crystal at every point, hence that HS' isa K3 crystal. Hence [ 15,1.7]the

connection on HS' is nilpotent, and we have the right to call H an [“-crystal,

S 1
since the connection allows us to compare different liftings. Thus, we have indeed

an arrow : l\=4V(A) ——>I\=1T(/\), whose functoriality we have already established.

The construction of the inverse is essentially similar : If i: T —H €
MT(A), (T* ® @S)/(Im HS) has rank O'O(T) at every point, hence is locally
free. We conclude that Im HS °’—+To ® (’5’5 is a local direct factor, whose forma-
tion therefore commutes with base change. Moreover, since it is horizontal, and S
is smooth, it descends through Frobenius, i. e. it is P;(KS) for some unique
KS c To & @S . Since KS is characteristic at every point, it is characteristic,

and hence defines an element of I\ZI\,(A). It is clear that this is inverse to the map

My, —Mp. 5

Recall from [15, § 2]that an F-crystal over any smooth base S gives
. . . =1 1 .
rise to a Kodaira-Spencer map : P tEerL HS —erp HS & ﬁS/k’ induced by
the connection. We can use this to relate our universal K3-crystal with T-structure
to the tangent space of M. First of all, the punctual calculation of the Hodge
filtration of H globalizes to become the following diagram :

0 — F*¥(K) _’T®OM — Hy, —> F*¥(K) — 0

il 1 j

0 > *(K) _,Tm@M — F HM > KNF*(K) —» 0

I J YR

0 —> F*(K) — K+F*(K) —>F2HM — 0.

1
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Evidently the image of T ®@M in F1 HM is a horizontal subspace of

HM’ and contains F2HM. Thus the Kodaira-Spencer map factors :
P1 H
¢ oM \
1 o 1
5.4.2 ern HM/Im(’I® GM) — grp Hy® QM/k
* * 1
K N F(K) —F (K)/KmF*(K)®QM/k

It is clear that the bottom arrow is precisely the dual of the canonical isomorphism
(4.6.2) which calculates the tangent space to M. Since this construction is compa-

tible with pull-back, we conclude :

5.4 Corollary. If i:T —H 1isa K3-crystal with T-structure on

(s/W) andif f:S —> M is the corresponding map, we get a commutative diagram :

T1 a * T1
S/k M/k

Kodaira - N

Spencer l l =

Hom [grlLHS/Im(Tt&@S),gr;HS] —2~2, Hom [KSOF*(KS),F*(KS )/KSﬁF*(KS)]

Let us now try to relate our period space to families of K3 surfaces. If
we had developed a theory valid over a singular parameter space, we could work
directly with the construction TH' As it is, however, we must resort to _Fji_gx.
Thus, we have to restrict our attention to K3's with p =22 (i. e. we have to

assume Tate's conjecture). Fortunately, Artin has proved the abundance of these

[2] . I would also like to explain how his result follows from the crystalline theory.

5.5 Proposition (Artin). Let f: X — S be a family of K3 surfaces,

with each X(s) supersingular. Assume that S is connected and that for some

point s of S, p(X(s))=22. Then the same is true at every point.
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If, moreover, S is the spectrum of a complete local domain and 7 is =& geometric

generic point, the map Pic(X) — Pic X(n) is an isomorphism.

Proof. Iirst assume that S is the spectrum of a formal power series ring.

, _p2 , .
Then H=R fcpis*@ X/W forms a supersingular K3 crystal on (S/W). Assume

that the closed fiber Xo has ¢ =22, so that by (1.6), NS(XO)ED lp ;’TH(O)'

Now the cokernel of the map TLI ©) — T is killed by p, so that

H(o)

p c1(L0) € TH(O) for any Lo € PIC(XO). Since TH is a Tate crystal on a
Henselian scheme S, the map Iy —» FH(o) is an isomorphism, so p c1(LO)

extends to a global section of H. By (1.13), this implies that L% extends to S,

Now suppose f: X —» S is as in the statement of the proposition. By
specialization and generalization via discrete valuation rings, one sees easily that

p =22 everywhere. Moreover, the relative Picard scheme Pic is representable

X
by a scheme which is proper and unramified over S (but only locally of finite type,

of course) "1 , 7.3] . This implies the last statement. O

Now let XO be 2 K3-surface with p =22. As Artin observed in

[-2, g 4:! , it follows from the theory of cuadr=ztic forms that the intersection form

ori NQ(XO) cuiniol be divisible by p ; this Allows us to find an ample line bundle
IA0 on Xo such that IJO.LO is not divisible by p. Moreover, e know by
(1.6) that NS(XO) ® Zp is cznonically isomorphic to the Tate module T’-I of
)
2

H, = HCMS(XO/\V), hence o = 10 (cf. also (7.6) and its proof). This will enable

us to control the period map associated to a deformation of Xo' Consider first

the versal deformation (X,L) of (XO,I‘ ), which lives over

o
S = Spec k [[t1 cee t19:|] . According to Artin, the closed subscheme S < S

o =
defined by the condition that the formal Brauer group of X/S have infinite height
over S_ is defined by 10 equations [2, §7:] , and X(s) has e=22 iff S is

a (geometric) point of S_.
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5.6 Theorem. Every irreducible component I of (SOC)I‘ed is smooth of

dimension 9, and the p-adic ordinal of the intersection form on the Neron Severi

group of the generic fiber Xn is 20. The K3-crystal HE of X'Z on z

has a natural NS(X,r )& Zp—structure, and the corresponding period map Z — M
_— !

is étale.

Proof. It follows from (5.5) and its proof that the natural mep :  Pic(X !2_) -
g /
Pic(Xn) is an isomorphism, and we identify these groups. If s is a geometric
point of ¥ and W(s) is the Witt ring of k(s), we obtain 2 natural map :

Pic(Xﬂ)® W(s) — H2 (X(s)/W(s)), which is compatible with the cuadratic forms.

cris
Moreover, if 7 is a geometric generic point, Pic(X, ) =iy Pic(Xﬂ), and so
PiC(Xn)® Zp = T?7 is a K3-lattice, and we can view the map :

T — H

" Cr,iS(X(E)/W(E)) as a Tn—str‘ucture on H2 (X(5)/W(s)).

cris

Consider in particular the closed point So of S, corresponding to the
meximal ideal m of k [[t1 .. .twﬂ. After choosing a basis w of
recall that we get an isomorphism (2.12) :

o ~2
H (Xo'“xo/k)’

Ty 1 2
p:H (Xo,ﬂxo/k)/k.c1(l.o)——-—>m/m .

Let I be the ideal defining X ; since the elements of Pic(Xn) = Pic(X ]2_)
extend to X, it is clear from the obstruction theory (2.23) that P(Pic(XTI)) c
I/Inm2 . We obtzin = diagram :

. 1.2 1.2 .
P1C(X77)® K —T HDR(XO/k) — F HDR(XO/k)/Im(Plc(XT')éD k)

P

/1N m? ——> m/m ———%m/m —>0
. 2 , 2 .
Notice that HDR(Xo/k)/Im(PlC(XT]) ® k)= Hcris(xo/vv)/(Tn®w) has length

Oo(Tn)’ hence F1/Im(Pic(Xn)® k) has length oro(T,n) - 1=<9. On the other

hand, since (Soo) is defined by 10 equations, dim(Z)= 9, hence

red

dim(n‘a/rﬁz) =9. But p is surjective, hence orO(T,n) =10, dim(rﬁ/n'12) =9, and
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P is an isomorphism. This tells us that Z is smooth,and we can view

2

T‘n — HCNS(XQE) as a T_rl-structure ona K3-crystalon X . Thanks toour

identification (5.4) of the derivative of the period map, we see that it is étale. (5

5.7 Remcark. If we choose a K3-lattice T with C"O(T) = 10, then for

each I there is 2an isomorphism T =T hence we obtain @ T-structure on

T,’

HZ}‘ Evidently this T-structure is canonical, up to the action of Aut(T). By an

argument dual to (4.2), one sees easily that this orbit is determined by the kernel

v
of the dual map : TH & Fp —_— T:’ ® F‘p, which is a totelly isotropic subspace L

=10-0 (T

V “«
of (TH)O®F H) o H).

imension o_(T,;) -0 (TY) =0 (T, ) ‘
b of dimension o _(Ty,) - 0 T,,?):o,l T‘r, —Ol(’l
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§6. THE TORELLI THEOREM FOR SUPERSINGULAR ABELIAN VARIETIES.

In characteristic p > 0, there are roughly pl;21 isomorphism classes of super-
singular elliptic curves, all isogenous, and all with isomorphic crystalline cohomology.
Any supersingular abelian variety of dimension n = 2 is isogenous to a product of
such elliptic curves, and it turns out that such varieties have moduli. In (147, it is
proved that deformations of a supersingular abelian variety are classified by deforma-
tions of the associated Dieudonné module, and a classifying space of the corresponding
Dieudonné modules is constructed. Regarding the Dieudonné module of an abelian var-
iety X as its H(]:r‘is , we find an extra bit of structure coming from the trace map
of crystalline cohomology. It turns out that this will allow us to refine the work of
[14], to obtain a Torelli theorem for supersingular abelian varieties of dimension
n=2.

If Y is an abelian variety of dimension n over an algebraically closed field

1

cris(Y/W) is a free W-module of rank 2n with an

1
cris

k of characteristic p >0, H
3
W

. Loa2n 1
coming from cup-product : A Hcris
2n

cris

linear endomorphism & , plus an isomorphism : tr : A" H (Y/w) » w

2n
cris

F

(Y/W) — H (Y/W) followed by the trace map :

H (Y/W) » W. Notice that if f : Y, Y, is an isogeny, then via the isomorphism

tr, A%t is carried to multiplication by deg(f). In particular, the relative Frobenius

morphism induces multiplication by pn, and tro An D = pnF‘wo tr.

6.1 Definition. An "abelian crystal of genus n" is an F-crystal (H,&) of

rank 2n and weight one, with nonzero Hodge numbers h° = h1 = n, together with an

isomorphism of crystals : tr : APTH w(-n].

1

6.2 Theorem. If n =2, the functor H_ .
—_— = ———— ‘cris

defines a bijection between the

isomorphism classes of supersingular abelian varieties of dimension n and of super-

singular abelian crystals of genus n.
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Proof. The proof of injectivity rests on two well-known basic facts and one
"miracle'". The first basic fact says that a morphism of abelian varieties which induces
the zero map on %/ %Z-cohomology (respectively, on de Rham cohomology), is

divisible by £ (respectively by p). Thus, we have :

6.3 Lemma. If Y,' and Y, are abelian varieties, the maps :

2
1 . 1
Hom[Y.I,YZ] ®ZL, Hom [H (YZ,ZIL),H (YI,ZE)]

and
1

1
eris(Yo/W), He (Y /W) ]

Hom[Y » Y2] ® 7, * Hom [H cris

are injective, with torsion free cokernels. U

The "miracle", which is also well-known, is the following :

6.4 Lemma. If Y1 and Y, are supersingular and of the same dimension,

2

the above arrows are isomorphisms. (Of course, in the target of the second arrow,

we take only maps of F-crystals).

Proof. Since we know the cokernels are torsion free, it suffices to prove that
the maps become isomorphisms after we tensor with Q. Thus we may replace Y1 and

Y, by any isogenous varieties, e.g. by E x... E, where E is a supersingular ellip-

2
tic curve. By the Kunneth formula, it suffices to consider the case Y] = Y2 = E. But
then H=End(E)® @ is known to be a division algebra of rank 4 over @, and this implies
that the f-adic map: H ® @, ~End(H 1(E,CD")) is an isomorphism. To check the claim
when £ = p, we have only to verify that End(HC]FiS(E/W) ® @) has rank 4 over CDp.

This follows from the following well-known :

(E/W) admits a

1
cris

6.5 Lemma. If E is a supersingular elliptic curve, Hc]:r‘is

basis «w, n such that &(w) = pn, %®(n)= w. In this basis, End H (E/W) becomes

identified with "matrices" of the form :

W — F%(a)w + pF*(b)n
N — bw + an
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where a and b lie in W(F 2). |

p

This is an easy calculation which we leave to the reader. Recall that (as fol-
lows from the above) H is a quaternion algebra of rank 4, split everywhere except
at p and <, and that the reduced norm map H » @ is simply the degree. Of course,
the degree of an element is always positive, and in fact the map H - CDF is surjective
(as follows, for instance, from [21, V §2, cor. 27]).

The second basic ingredient of the proof is the strong approximation theorem
for semi-simple simply connected groups. I thank PP. Deligne for explaining this theo-
rem to me. We shall apply it as follows : if Y is a supersingular abelian variety of
dimension n, consider the group G(®@) of invertible elements of End(Y) ® @ of de-
gree one - clearly this is the set of (@-points of an algebraic group G over @.
follows from the above that we have natural (anti) isomorphisms :

G@,) — SLH'(Y,,a,)

G(CD ) — Aut(Hcms(Y/W) @M, d,tr).

In particular, G(C) is isomorphic to Sl, (@), which is semi-simple and simply con-

2n
nected. Moreover, if n =2, G(R) is noncompact, and the strong approximation theo-
rem implies that G(Q) is dense in G(A\i)’ where Ay is the ring of finite adeles [19] .
To prove the theorem, proceed as follows : Since Y1 and Y2 are supersingu-
lar, they are isogenous ; that is, there exists an element © of Hom[Y1,Y2 | @@
with deg(¢) > 0. Since now : (End(YZ) ® CD)* -+ @' is surjective, we may as well
assume that deg(¢) = 1. For each £, choose an isomorphism : 6,: H1(Y1,Z )~H ( ’Zz)
compatible with the trace maps -this is clearly possible-and let ep:H;ris(Y}/W)*Phis(YZ/W)
be the given isomorphism of abelian crystals. For each 2, H1(<,o,®z) is a map
I—I1(Y2,<D ‘e)_’H](YP@z)’ and it is integral for almost all £. Composing this with €,, we get
an automorphism of H 1(Y2’CD£)’ hence a point of G(CDJL)’ and putting all these together,
with 6 OHcms( «©) as well, we obtain a point gEG(Af). The subgroup K consisting

of the stabilizer of 12 H 1(Y2’Zz) X H1(Y2/W) is a compact open subgroup, so by strong
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approximation, the double coset space G(Q)\G(Af)/}( is a single point. This means
that after we multiply g by an element of K - which corresponds to a change in our
choice of e'zs and Gp - g lies in G(®@). But then after modifying ¢ by this element
g, we find that <p€Hom[Y1,Y2]® @® has degree one and maps H 1(Y2 ’Zz)—' H 1(Y],Zf/)
for all £, and also H 1(Y2/W) - H1(Y1/W). This implies that ¢ is in fact a morphism
... hence an isomorphism.

This completes the proof of injectivity. We kave the proof of surjectivity to the

reader. (Follow the method of [ 141 and (6.10).) U

6.6 Remark. It is of course well-known to arithmeticians that one counts
the abelian varieties isogenous to a given Y by looking at the double coset space
G((D)\G(Af)/K, where G = (End(Y) ® ). If T am belaboring the obvious, it is only
because it was new to me,and to explain the role of the trace map. It is not hard to
show by example that it is vital to the above theorem, except in such special cases

as the following :

6.7 Corollary. There is a unique isomorphism class of

. s . . 1 1 1 1
> _ .
abelian varieties of dimension n = 2 such that FH dgeHDR F c nHDR : the class

of the product of any n supersingular elliptic curves.

Proof. It is easy to see that any such product satisfies F‘1 = F1‘ . Conver-
—_ Hodge con
1 2 1

. 1 . R =122 . - .
sely, if Fcon = FHodge , ® on Hcris is divisible by p, and p & is bijective,
1

J .. which is fixed by p~ 182, select from such a

so we may choose a basis of H

. . . . o1
basis n elements n 19 Mq which project to a basis of ngHDR , and let
. . . . . .0 .1 1 1T |
W = ¢(ni). Since @® induces an isomorphism : erp HDR - ngconHDR = gPFHDR , the

1

w's and 7m's together form a basis of H__.
cris

, adapted to the filtration F . Obvious-

ly, Q(wi) = pn; . This shows that the isomorphism class of ng is unique ; we still

is
have to check the trace structure : tr : A2nH1 i W[—n] . Let wAn= w1/\...wnAnTA...nn H

then tr p(-1)"wan = tr &(wrn) = &tr(wan) = pnFW tr(wam), so €=tr‘(wAn)€W*
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satisfies F‘:;g = (—1)n§ . This determines & up to multiplication by an element of

Z*, so to see that the isomorphism class of (H1,tr) is unique, we have to check

1 ~ 3 .
that det: Aut(H,®) » Aut(Aan1) = Z; is surjective. Let o€ Aut H' act on w, and
n, via the formula (6.5) and as the identity on the other basis vectors ; then

< 3% .
det(et) = aF*(a) - pr-) (b). 1t is clear that any element of Zp can be expressed in

this form. (]

6.8 Remark. It also follows from strong approximation that the maps :
Aut(y) — s1u (v, z/2"z)

1
Aut(Y) —» Aut(HCmS

(y/w ), &,tr)
are surjective for any £ # p and any £. One can also work simultaneously with any

finite set of primes, including p .

Supersingular abelian crystals (without the trace structure) have been comple-
tely classified in [14] . (To take care of the trace structure, one has only to divide
by a slightly smaller group). In our study of Kummer surfaces we will need this clas-
sification in the genus 2 case, which we review below. In particular, we will prove

that a supersingular abelian surface is determined up to isomorphism by the associat-

2 . 2 ~ 2 .1 -
ed K3 crystal H_ ;. Notice that Hcris(Yt'ﬁw) = N Hcris(Y/W)’ and the bilinear form
is simply the map : AH'® A%H' » A*u! =0 wl-27.

6.9 Proposition. Suppose p # 2. The above construction defines a functor

2

A from the category of supersingular abelian crystals of genus 2 to the category of

supersingular K3 crystals of rank 6. This functor induces an injection on isomorphism

classes of objects, and its essential image consists of those K3 crystals with

o,=1o0or 2.

Proof. It is clear that if F is either the Hodge or conjugate filtration,

F 1(/\2H ® k) is the first level of the Koszul filtration attatched to F1(H ® k), and
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hence A2H has the Hodge numbers of a K3 crystal. Moreover, A2H is supersin-
gular iff H is. It is easy to dispose of the "superspecial" case o,= 1: O’O(AZH) =1
1 1 1

. 2 .
iff F (X H@kLPCO Hodge

_!
Hodge (H @ k) = r‘con(l_I ® k).

nA.2(H ® k) iff F
To deal with the general case, it is convenient to rigidify our abelian crystals :
Fix a superspecial abelian crystal S ; then an "S-structure" on H 1is a morphism

of F-crystals i:H —+ S of degree p. It is easy to see that such a structure exists

if H is superspecial. If not, we use :

6.10 Lemma. If H is a supersingular abelian F-crystal of genus 2 which

is not superspecial, let S(H) = {x€H ® @ : ®(x) € H and V(x)<H }. Then S(H)

is superspecial, and there is a unique map tr : A4S(H) + W[ -21 such that the in-

clusion H — S(H) has degree p. Any S-structure on H factors uniquely through

an_isomorphism S(H) »S.

Proof. FFirst of all, notice that F1 n F1 is a line in H ® k, and we
_— con Hodge

can choose a basis (e1 ,e2,e3,e4) for H whose reduction mod p is adapted to the
1 1 1 1 L o -1

flag Fcon ﬂFHodge’ FHodge’ FHodge } Fcon’ It is clear that (p € ey eB,e4)

= (51,52,53,54) is a basis for S(H), and that S(H) is invariant under @ and V.
Hence S(H) becomes an F-crystal, of weight one. I claim that mod p, its Hodge

and conjugate filtrations are equal to the span of {52,53 }, i.e. to the image of

1 1
(FHodge + l:‘con

the observation that <I>3 is divisible by p. Thus, S(H) is superspecial, and

)H ® k » S(H) ® k. We let the reader check this for himself, using

S(H)/H has length one. Therefore A*S(H)/A* also has length one, and the exis-
tence and uniqueness of tr are clear.

If i:H~ S is an S-structure, S/H has length one, and since & and
V are nilpotent on S/pS, they are zero on S/H, i.e. &(S)<H and V(S) €H. This
implies that i factors through a map S(H) » S, which must be an isomorphism since

its degree will be one. (I
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6.11 Lemma. If i:H - S is an S-structure on H, then H contains A1S,

and the image 2H of H in gr;(s ® k) is a line . This defines a bijection between

the set of isomorphism classes of H - S and the set of lines in gr‘; (s ® k).

Proof. This is straightforward. A much more general statement is proved in
[14]. O

Now if i : H+ S is an S-structure, we get a morphism of crystals :
A21 : A2H - AZS which multiplies the intersection form by p. Since the map
AZH ® Kk Azgr‘(l:),(s ® k) is zero, the map Azi factors through M ]AZS, which is
T(AZS) ® W (1.10). Hence we get a map T*(AZH) - T(AZS) which is now compat-
ible with the intersection forms. Dualizing, our map becomes T*(AZS) -+ T(AZH),
which is a T*(AZS)—structure on A2H . Notice that cO(T*(AZS)) = 2, hence

UO(A2H) < 2, with equality iff this map is an isomorphism.

6.12 Lemma. Let T = T-:\(AZS), let TP be the projective space of lines in

gr‘;(s ® k), and let M be the moduli space (4.6) of characteristic subspaces of T,.

Then A2 induces an isomorphism between 1P and mt , one of the two geometric

components of M x Spec k.

Proof. This can be done in many ways. I prefer to calculate explicitly.
v o . .
) is the inverse image of FZ(AZS) ® k, and so

1
F

The quadratic form on TO® k comes about as follows : From tr : A4S ®k +» k we

Since E(AZS) = M1, pE(AZS
V ~ ~ . .
E/pE" = gr‘ll,(AZS ® k) T gri(s @ k) ® grih(S ® k). This is (T™/T) @ k = T ® k.
get a map : (Azgrloz‘) ® (A2gr*;,) — k, which in turn defines a symmetric pairing on
garp ®@grl: <a®b, c®d>=tr(aAbacad=--tr(ancAbad =-<anc,bnd>.
. . . 2 o0 2 1 . . .
If 2 isalinein A'gr. , £ ® A 8y is a maximal isotropic in grg ® gr‘;:x , and it
. 2 . ‘s .
is clear that £ +— £ ® A gr'll, defines a bijection whose image is one of the two fami-
lies of maximal isotropics. (The other family consists of subspaces of the form

Azgng ® 2), O
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To finish the proof of the proposition, we have to eliminate the S-structure.
Suppose H and H' are abelian crystals with A2H = AZH’ . To prove that H Iy .
first choose S-structures i :H ~+ S and i' :H' »S, and look at the associated
T-structures T - AZH, T - A2H' . Since A2H and A2H' are isomorphic, we
know that the corresponding characteristic subspaces are conjugate by Aut(T).
Clearly it suffices to prove that this implies that the lines lH and zH, are conju-

gate under Aut(S). In other words, we must prove :

6.13 Lemma. The bijection P(k) » MT(k) induces a bijection :

Pk)/Aut(s) » MH(k)/Aut(T).

Proof. To calculate Aut(S), recall that if q = p2, Z(TQ{{Z €S : @2(2) =pz}

is a free \Wq—module, and ZWQ WZS (cf. (6.7)). Clearly 7 is &-invariant, and
q
- FHodge - FCon

a basis @y w2, ‘n], 'n2 for Z as in (6.7), which then induces a basis for Z ® ]F‘q

hence the filtration F* descends to Z ® ]F‘q s> S ® k. Choose
adapted to F . Clearly any element of Aut(S) acts on Z and preserves F°, and in
fact is given by formula (6.5), with a and b 2 x2 matrices with coefficients in
Wq. Since we are considering only automorphisms of S as an abelian crystal, we

also require this matrix to have determinant one.

6.13.1 Claim. Let 7' = gr;,(z ® I ). Then the image of : Aut(S) - Aut(z°)

consists of those elements go such that det(go)p+1 =1,

G

Proof. The p-linear map & induces a p-linear isomorphism: 6 :Z ~ - 21,
whose inverse is the (p-linear !) map induced by p_1¢. If g€Aut(s), let g be the
corresponding element of Aut(z') ; note that g1 = 9_]go 6 . The determinant of

g mod p is thus 1:det(g1)det(go):F;"(det o©)det(g®) = det(go)p+1 =Nm
O)p+1 _

(det g°).
Fq/Fp

Conversely, if det(g 1, let a be a 2x2 matrix with coefficients in Wq

satisfying det(a) F” (det a)) = 1 and lifting g¢° (in the basis w, m). Then the endo-

.

morphism of S with this a and with b = 0 is an automorphism of S lifting go
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6.13.2 Claim. The image of Aut(s) - Aut(To ® ]Fp) is the special orthogonal
group.

1

Proof. We have T0 ® Fq = 7°® 7 , and the ]F‘p—r‘ational structure is given

1

by the p-linear automorphism ¢ of z°® 7z sending x ® y to -6-1(y)® 6(x) .

p+1 _

Let G° be the subgroup of Aut(z®) consisting of elements with (det) 1.1t is

clear that we have a commutative :
Aut(S) —  Aut(T)
3 3 : T
6.13 D j PO \
G = So(TO ® ]F‘p) — o(TO ® Fp) .

The group u of (p+1) st roots of unity embeds diagonally in GO, and it is easy

p+1
to check that this is precisely the kernel of po. Since we have an exact sequence :

1 - $12°% — c°

“p+1 -
the cardinadlity of the image of G° is the same as the cardinality of Sl(ZO), i.e.
(q2—1)q. But the cardinality of our nonsplit special orthogonal group on TO ®]Fp is
p2(p2—1)(p2+]), which is the same. This establishes the claim,

To prove lemma (6. 13), and hence the proposition, note that if £ and £'
are lines in Z° ® k such that 1607,1 and £2' ® Z1 are conjugate by some
TGAut(TO ® ]F‘p), then in fact TGSO(TO ®IF‘p), since elements with det = -1 inter-

change the two families. Since T is the image of an element of Aut(S), this completes

the proof. O

6.14 Corollary, If X and X' are supersingular abelian surfaces with iso-

morphism K3 crystals He (X/w) = H2 (X'/W), then X and X' are isomorphic.
cris cris — = -

6.15 Corollary. Any supersingular abelian surface admits a principal polari-

zation., O
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§7. TOWARDS A TORELLI THEOREM FOR SUPERSINGUIL.LAR K3 SURFACES

In this section we go as far as we can towards the proof of conjectures (0.1.2),
and in particular we give a proof when o, < 2. The main tool is a careful analysis

of the Neron-Severi group of a supersingular K3. Throughout this section, p is odd.

7.1 Proposition. Suppose X/k is a smooth surface satisfying (1. 1) and with

Py = 1 and p = B,. Then the discriminant of the intersection form on NS(X) is
(_1)9—1 2006 2
p cris

, where o is the Artin invariant (3.4) attached to H (X/W), and the

Hasse invariants of NS(X) ® @ are given by :

(55111
op:—'l, eZ:(—I) y €,=+1 for L£2,p, o,

Proof. Recall from (1.6) that NS(X) @ Zp » Ty is an isomorphism, and of

course it is compatible with the intersection form [3]. This implies that the p-adic

ordinal of the discriminant is 200 and that ep = -1 (3.3). This rest of the argument

is the same as Artin's [2, §4] : If 2 # p, NS(X)® z, f:VHZ(Xét,Z}Z), and hence by

Poincaré duality, the discriminant is prime to /. For £ # 2, this implies that e, =+1.

The Hodge index theorem tells us that the sighature of NS(X) ® R is (1, p-1), hence

(o-1)(p-2) [e=1
2 2 - . - . 0o-1 20
e, = (-1) = (-1 , and the discriminant is (-1) p  ©. The Hilbert
. . [ p£1 1 +1
reciprocity theorem says that I;l e,=e, , S0 ey = epeoC = (=1) -
7.2 Remark. For certain surfaces we can give alternative proofs that ep =-1.

For example, if X has a lifting X' to characteristic zero, HZ(XC'E,CD) has a non-

degenerate quadratic form with discriminant £1, hence its Hasse invariants {e'}

satisfy e'f =+1 for £ #2, e, and hence eé =e/ . By the I—godge index theorem,
, o -4
HZ(XG':,R) has signature (3, p0-3), hence e! = (-1) =-e_ . But
201 ~ 2 oAl e _ _ a2
H (X(I’CD2) = H (Xét,CDZ), so e, =e}=-e_, hence ey = eye,, = —e - 1. O
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By using the Neron-Severi group of a supersingular abelian surface as a sub-
stitute for integral homology, we will obtain a characteristic p analogue of Shioda's
description [237 of the isomorphisms between abelian surfaces. Shioda begins by
making a subtle point: If YAT is an abelian surface, the isomorphism AH 1(Y) - H2(Y)
provides H2(Y) with an "orientation". This may be though of in the following way :

If wcH ](Y) is a three dimensional subspace, Aw c AZHT( Y) is a totally isotropic
subspace, and if w' is another one, A2w N Azw' is even dimensional, hence A2w
and A2w' lie in the same family. This distinguishes a family of totally isotropic sub-
spaces, hence an element in the center of the Clifford algebra attached to H2, which
"is'" the orientation. (Away from characteristic two, we can think of this more con-

cretely asfollows:If w €H is as above, we have a canonical pairing w & H/w-+Q®,

hence det(w) ® det(H/w) —s (0. Taking the inverse of this composed with the Koszul

isomorphism det(w) ® det(H/w) » det(H/w) - det(H) gives an element %w of

o L dim(H) : - o
det(H) satisfying < €W , gw > =(-1) -1, which classifies the family in

which w lies).

Since we are in characteristic p, we cannot use rational cohomology directly.

If Y is supersingular, we have for every £ # p:

~_ .2 ~ 2 1 . . . . .
NS(Y) ® Z ,=H (Yét’Zz) = A°H (Yét’Zl)’ which defines an orientation & , on
NS(Y) ® ZL for every £. (Infact, these descend to an orientation on NS(Y), but

we will not need this fact.) Here is our analogue of Shioda's result :
7.3 Theorem. Let X

and X, be supersingular abelian surfaces, and let

1 2
6 : NS(X1) - NS(XZ) be an isometry which takes effective cycles to effective cycles

and preserves the orientations on NS(Xi) ® CD2 . Then the following are equivalent :

a) 8 is induced by an isomorphism X

2"X1.

b) 8 extends to an isomorphism :

2 2
Hpp(X/k) = HLp (X, /K)
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c) 6 extends to an isomorphism of F-crystals

2 2
Hcr‘is(X 1/W) ® Hcris

(x2/w).

Proof. It is clear that a) implies b) and c). Moreover, if b) holds, so does c).

2

Indeed, NS(Xi) ® Zp = T(Hcpis

(Xi/W), by (1.6), so we can think of the characteris—
tic spaces Ki = Ker‘(Ti ® k Hi ® k) as being simply the kernels of
NS(Xi) ® Kk - HZDR(Xi/k)' Thus c) follows from the classification (4.3) of crystals in
terms of characteristic subspaces.

The basis for the implication of a) by c¢) is the isomorphism Spin(6) = S1(4),
which for us will take the following form : If c¢) holds, we know that X

1= Xy, by

(6.14), and hence we may assume that X, =X, =X. Let G as above be the (opposite)
group of elements of End(X) ® @ of degree one, regarded as an algebraic group over
®. Then G acts on NS(X) ® @, preserving the quadratic form Q(x) = 21 <x,Xx >and the
orientation. This defines a representation from G to the special orthogonal group SO
attached to Q, which evidently factors through G/t id. Moreover, G is simply con-
nected, so we find a natural map from G to the universal cover Spin of SO. Since

these groups are connected and simply connected and have the same dimension, the

map is an isomorphism.

7.3.1. For the definition and basic properties of the Spin group, we refer to
[6, §9 N° 5] . We shall need to know that if A is a field extension of (, there is an
exact sequence :

Spin(A) — S0(A) RSP, A¥*/p%*2,

The "spinorial norm" Nsp can be calculated as follows : Any element a€O(A) can

1

be written as a product of reflections e;, where e; : x — X - <x,e; >Q(ei)_ e; and

e, € N® A is a nonsingular vector. Then if o= &

product : Q(e1). . .Q(em).

10 .’é’m, Nsp(a) is the class of the

Now to prove the theorem, let 8 be an automorphism of NS(X) which pre-

serves the orientation on NS(X) &® @, ; then of course det(89) = 1, and we can try
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¢, 3¢
to compute the spinorial norm of 6 € (D')/CD 2. In fact :

2

C[‘iS(X/ w),

7.3.2. Claim. If 6 is as above and extends to an automorphism of H
. *
Nsp(8) = + 1 in @*/@*?.

To prove this it suffices to show that ordLNsp(e) is even for every 4. If
24 p, NS(X)® z, iy HZ(Xét,Zz), so by Poincaré duality the form is nondegenerate
and this implies, at least if £ # 2, that 8® idzz can be written as a product of
integral reflections, hence that Nsp(9) GZ;?/ZZQ. (The argument of [ 6, §6 N° 4]
works without change). If £ = 2, one can use the fact that the intersection form on
NS(X) is even (by Riemann-Roch), hence Q is integral, and [ 6, §6 Ex. 28] works
over the maximal unramified extension of Z,, so Nsp(8) GZ;‘L/Z;Q . For 4=p,

use c)to extend 6® id, to H2 (X/W) ; computing the Nsp there shows that

L cris
%, W2 . .
Nsp(8) € ZP/Zp . This proves the claim.

7.3.3. Claim. If 6 is as above, + 6 is induced by an automorphism of X.

To prove this, first note that Nsp(-id) = - 1. Indeed, by a general formula, the
spinorial norm of (-id) is the discriminant of the quadratic form, which here is
—pZOO. Hence Nsp(f 8) = 1, so there is a g€G(®) which acts as 6 . For every £,

g acts on H1(xét,q) ,)» and A® of this action induces an automorphism of HZ(Xét,Zﬁ).

It is easy to see that this implies that each H1(g,Z is integral. Since the same

o)
thing works in crystalline cohomology, g comes from an actual morphism X - X,
which is an automorphism since its degree is one. It is clear that this proves the

theorem, because if 6 takes effective cycles to effective cycles, -6 does not, and

hence -6 cannot be induced by an automorphism of X. O

We now return to K3 surfaces. Our main goal is the proof of Conjecture (0. 1)

when o, < 2. The first step is the determination of the Neron-Severi group.

7.4 Theorem. Let X] and X, betwo K3 surfaces with p =22, in charac-
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teristic p > 2. Then :

7.4.1. There exists an isometry (i.e., an isomorphism compatible with the inter-

~

section forms) : @ ® Ns(x1) = Q@ ® NS(XZ).

7.4.2. I X,

NS(X I) = NS(X2).

and X2 have the same invariant Oy s there is an isometry :

~

; ; ; rvatale « H2 =, 12
7.4.3. If there exists an isomorphism of K3 crystals : Hcr'is(x 1/W) —-»HCFiS(XZ/W),
then there exists a commutative diagram :
2 oy 2
Hcr'is(x1/w) - Hcr‘is(x2/w)
4 *»

~

NS(X,) — » NS(X

| 5)-

Proof. The first statement is an immediate consequence of (7.1) and the
classification of quadratic forms [21, V, 3.31. The proof of (7.4.2) is more delicate.
Like (6.2), it rests on the strong approximation theorem for semi-simple simply con-
nected groups. However, since the group of isometries of a quadratic form is neither
connected nor simply connected, we have to do some work before we can apply it.
These methods are of course standard, cf. [17].

First let us note that if X1 and X2 are as in (7.4.2), then for every prime £,
there is an isometry NS(X1) ®Z, SNS(XZ) ® Z, . For 4= p, this follows from (3.4)
and (1.6), and for odd £ # p it follows from the fact that a quadratic form over z,
whose discriminant d is an 4-adic unit is determined by its reduction modulo 2,
hence by d 62?/%;2, which in our case is -1. For 4 = 2, recall that by the
Riemann-Roch theorem on a K3 surface, L*L = 2[ x(L)—x(OXH , so the intersec-
tion form on NS(Xi) is even. Define Q(v) = 21 <v,v > for v ENS(Xi) ; SO

<vyw>= Q(v+w) - Q(v) - Q(w), and Q is an element of Hom T‘2(NS),Z KSSZ(NSV).

This Q then defines a quadric in IP(NSV), and the associated bilinear form < , >
is its derivative. Since this form defines an isomorphism NS - NSV away from p,
the quadric is smooth over Spec Z[%] . By Hensel's lemma, for £ # p, the quadric

over Z , is determined by its reduction mod £, hence by its discriminant, even for

£
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£ = 2. In fact, one has the following well-known "canonical form" :

7.5 Lemma. Let <, > be a symmetric bilinear form on a_free Zp module

of even rank, with discriminant are f-adic unit. Then :

7.5.1. If 2#2, there is a basis in which the matrix for <, > is:
[ 1 0 0o 1 AN A
L ) ® > S )
NOREEDN 1 0 10/ .
7.5.2. If <, > is even, there is a basis in which the matrix is :
2 1, /0 1 0 1
) @ K ) e . .. )
1 a 1 0 1T 0O .
Let me remark that using (7.5.2), one can verify the computation above that our
e, = -1.

In the calculations which follow, we will rely on the following consequence of

lemma (7.5) :

7.6 Lemma. If X is as above, then :

7.6.1. For £# p, NS(X) ® 7, contains a hyperbolic orthogonal direct summand
Wl , with basis {xz,yf} in which the intersection matrix is (? 01) .
7.6.2. For £=p, NS(X)® Zp admits an orthogonal decomposition :

NS(X) ®Zp ;JTO © T, , as in (3.4), and T, admits an orthogonal decomposition :

1
T, = W[') © Wp , where W' is neutral and Wp has a basis {x

1
. .10 N =1
tersection matrix is (O )\) , where (5) =~ -5).

p’yp} in which the in-

Proof. The first statement is clear. As for the second, recall that T0 has

rank 200 and T, has rank 22—200. Here is another proof of Artin's observation

1
that 0, = 10 : We know that the discriminant d of NS(X) is -pZOO , and we also

d IR
know that the discriminant d_ of (T, < >, ) satisfies (—;’) - (= o =11,

To
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these formulas are incompatible ! Hence T ., has rank =2 2, and therefore admits a

1

basis as in (7.5.1). Note that the Legendre symbol of the discriminant d1 of T1 is
o
1
)

—(%1 , where o= 1 I—O'O is half its rank. Thus, T] is also nonneutral. O

To prove (7.4.2), first choose an isometry ¢ : NS(X2) Q@ -~ NS(X]) ® @, and
notice that the set of such isometries is a torseur under the (left) action of the group
O(M) of automorphisms of (NS(X ]) ® @, <, >). {This is the set of Q-rational points
of an algebraic group O over ). Next, for each ¢, choose an isometry
% : NS(X 1) ['3g Zl d NS(XZ) & ZE ; the set of such isometries is a torseur under the
(right) action of the group K, = Aut(NS(X 1) ® zz) c O(qgl). Putting these together,

we get an isometry § : NS(X.,) ® Z - NS(X,) ® Z, which we can modify by an ele-

1 2

ment of K =T sz CO(AE). It is clear that we will have found an isomorphism
. =

NS(XZ) -+ NS(X 1) when we arrange matters so that ¢ ® idy, = (¢ ® id )~ ' In other

VA @
words, if we let g = (zp@idi)o(gb ® id(D) (as an element of O(Af)), we have to show
that by multiplying on the left by O(®) and on the right by K, we can obtain g = 1.

This amounts to :

7.7 Lemma. O(CD)\O(Af)/K is a single point.

Proof. The idea is to reduce to the spin group.
Step 1. If SO <O is the subgroup consisting of the elements with det = 1, the map :
SO(@N SO(A)/K N SO(Ay) + O@NO(A)/K

is surjective.

Proof. Clearly it suffices to prove that if g GO(Af), there is a k €K such that
ok GSO(Af). We can do this prime by prime, so it is enough to check that for every
2, there is a k, €K, such that det(kz) = -1. For £#p, let k, be the element which
interchanges x, and y, in (7.6.1) and is the identity on WJ; , and let kp send x
to —xp, y.. to yp , and be the identity on W:; .

p
Step 2. If Spin is the spinor group corresponding to the quadratic form Q on
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NS(XZ) ® @, and if kg Spin(At) is the inverse image of K, then the map :
Spin(@)\ Spin(A)/K — SO@)\SO(A,)/K N sO(A)

is surjective.

Proof. Since Q is an indefinite form of rank 2 5, it represents zero [21, 1v,
§3 Cor. 21, and this implies that the sequence :
Spin(@) — so(@) NP, @™ /@*% +1
is exact, [6, §9 N°5]. The same is true with @, in place of @ for every £, and

hence we also find an exact sequence :

spin(A) — so(A,) 222, A;(‘/A? - 1.

f
It is clear that we must prove that the image of SO(®@).(K N SO(Nf)) fills up
Af*/A;Q . Since Nsp(®) fills up CD*/(D*Z, we have only to prove that Nsp(KﬂSO(Al))

tills up 2" /z*n A}‘Z

. For 2#p, let X, and Y, be as in (7.6), and for each a
aez"; consider w =X, +y,, V=X,+ay, . Then Q(w) =1 and Q(v) = a, so the
product of the reflections Wov lies in Kzﬂ SO(QDL) and has spinorial norm

Q(w)Q(v) = a. (cf. (7.3.1)). For £=p, it is still true that on wp, the form Q re-
presents every element of Z§ 21, 1v, 2 .2, cor. 7, so again we can find u and v

with Q(u) =1, Q(v) = any a EZEe , and the rest of the proof is the same.

Step 3. Spin((D)\Spin(Af)/E is a single point.

Proof. Spin is a semi-simple, simply connected group, and since the form is
indefinite, Spin(IR) is noncompact. By the strong approximation theorem, Spin(®d) is
dense in Spin(Af), hence meets the open set K . The lemma and (7.4.2) are proved.

The proof of (7.4.3) is essentially the same argument, but slightly refined at p.

Instead of using an arbitrary isomorphism zpp : NS(X ]) ® Zp — NS(XZ) ® Z _, ob-

p
serve that we can choose zpp to be compatible with an isomorphism

2 2
H (X1/W) - Hcr'is

cris (X2/W), by (4.4). Notice that we can modify z,bp by any element

o
It is clear that the elements kp of Aut(NS(X1) ® Zp) we constructed in steps 1 and 2

of the stabilizer subgroup Gy < Aut(NS(X1) ® Zp) of the characteristic subspace K
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lie in GH' Thus we conclude that Spm(CD)\Spm(Asf)/GH — O(@\ O(A\f) / GH
is still surjective. Since EH is again open, the strong approximation theorem still
applies. M

Theorem (7.4) has the following important refinement :

7.8 Proposition, The isomorphism in (7.4.2) or (7.4.3) can be chosen to

preserve effective classes.

Proof. Ona K3 surface X, Pic(X) — NS(X), and a line bundle 1. corres-

ponds to an effective class iff h®(L) £ 0. If ¢ : NS(X,) + NS(XZ) is an isometry, we

1
will show that, after composing © with some reflections in NS(XZ) and T id, we
obtain an isomorphism preserving effective classes. These reflections will be otained

as follows : If e GNS(XZ) has <e,e > = -2, then o(x) = x+<x,e>x is an isomei-

ry of NS(XZ) - reflection through the orthogonal complement of e. Let e also stand

for the first Chern class of e in H(eris(XZ/w)’ and notice that since &(e) = pe, e
extends (use the same formula) to an automorphism of the K3-crystal Hiris(XZ/w)'

Thus, we can use this extension to modify the top part of diagram (7.4.3).
Let R be the subgroup of Aut(NS(X)) generated by the above reflections, and
recall that an element h of NS(X) is called "pseudo-ample' if h® >0 and

h.c 20 for every effective c.
7.9 Lemma. If he > 0, there is a wé€R such that w(+ h) is pseudoample.

Proof. This lemma is usually proved, in characteristic zero, by obscure refer-
ences to the theory of reflections. Here is Deligne's simple and direct argument :

Recall that if C is an irreducible curve on the K3 surface X, C2 = -2

. . . . + .
(adjunction formula) and, conversely, if 1. is a line bundle with I_,2 2 -2, L ! is
effective. In particular we may assume that h is effective.

Suppose there exists an irreducible curve C with h.C <0 - if not, h is

pseudoample. By Riemann-Roch, the (projective) dimension of the complete linear
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system |C| is 21+Z1 C2, so that if C2% = 0, there exists a C' € |C!| other than C.

Since C' is irreducible, |C| has no fixed components, so h-C =0, a contradiction.

Consequently C2 = =2,

Thus, we may consider the reflection e , where e is the class of C in

NS(X). Set h' = e(h) ; since (h')2 —n> 0, T h' is effective. If -h' is effective,

choose an effective curve Z' in -h' and an effective Z in h, and notice that since
h' = h-ae, where a=-e.h >0, Z+Z"' belongs to ae. But the complete linear sys-
tem |aelis simply aC itself, since C is irreducible and of negative self intersec—
tion, so this tells us that as divisors, Z+Z' = aC - which is absurd.

We conclude that h' = g(h) is still effective. Continuing in this way, we find
(i)

e o0... 31(h) is effective. Since it is

a sequence e,...e ... such that each h i

1
impossible to have an infinite sequence of this form, we must eventually reach a

pseudoample class. O

To prove Proposition (7.8), let h1 ENS(X1) be ample, and use the lemma to
arrange matters so that h2 = (p(h]) is pseudoample. Then if C is the class in
NS(X,) of an irreducible curve, ©(C)? = c? = -2, hence + o(C) is effective. But
@(C)*(p(h1) = C+h, >0, and since q:‘(h1) is pseudoample, it is indeed ©(C) that is
effective, and the proposition is proved. (In fact, as in [7.3.27, it is also true that

(p(h1) is ample). 0

7.10 Theorem. A supersingular K3 surface is Kummer iff p =22 and

o,=1or 2.

Proof. First let us recall the relationship between the cohomology of an abel-
ian variety Y and the associated Kummer surface X. The involution —idY of Y
has as its fixed point set the 2-division points of Y, which we identify with
H (Yét,Z/ZZ). Let q: Y~Y be the blowing-up of Y at these 16 points : Then -id

1

acts on Y and (since the derivative of -id,, is -id) the resulting automorphism has

Y

77



A. OGUS

the exceptional locus {ﬁy ty €H1(Yét’ Z/2Z)} as its fixed point set. The quotient
map 7 :Y - X is a double cover, ramified precisely along {ﬁy} , and X is (the
smooth minimal model of) the K3 surface associated to Y. The image Ey of ﬁy in X
is a smooth rational curve with Ef} = -2, and Ey‘ Ey’ =0 if y#4y'. Let ny< NS (X)
be the subgroup generated by {Ey} .

If Y is supersingular, we can construct the analogue of the special cycles
[18, §51 in NS(X). I like to think of this in the following way : If V §H1(Yét,%/ZZ)
is a 2-dimensional subspace, A2V = A H 1(Yét,Z/ZZ) is a line, and its image in
AH 1(Yét,Z/ZZ) via Poincaré duality contains a unique nonzero vector v. This
establishes a bijection between the set of all such planes and the set of all nonzero iso-
tropic vectors in A°H 1(Yét,Z/ZZ), (where isotropic means Q(v)= 21 <v,v>=0).
We will allow ourselves to identify these two sets.

As an example, suppose that Yo <Y is an elliptic curve. Then the image of
H 1(YO,Z/ZZ) — H ](Y,Z/ZZ) is a two-dimensional subspace, and the correspon-
ding vector v GHZ(Y,Z/ZZ) is just the reduction modulo 2 of the cohomology class
of Y. Notice that by (6.8), if Y is supersingular, Aut(Y) - Aut(H1(Y,Z/2Z) is
surjective, and hence acts transitively on the set of two dimensional subspaces. Since
we know Y contains at least one elliptic curve, it follows that every v GHZ(Y,Z/ZZ)

is the cohomology class of some elliptic curve YV €Y. Let us fix a choice of some YV

3% 1
for each v, andlet A = m.q (YV) € ”Y S NS(X).

7.11 Lemma. The relationship between NS(Y), H1(Yét,z/274) and NS(X) is given

by :
1
7.11.1. On the submodule TTY ) TTY of NS(X), the intersection form <, > and

* .
T induces an isometry :

Nl

the map 77* are divisible by 2. In fact

1, 9 1
3Ty en,, J<,>) - (Ns(Y), <, >)

. 1 a*
taking T, to q NS(Y).

1
7.11.2. The images of the Av‘s span TTY ® Z /27 , and the image of
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in NS(Y) ® z/27Z is q*(v).

7.11.3. A subset w of H 1(Yét’ Z/2Z) containing zero and of cardinality eight

is a subgroup iff G. = L {E_:y€w} lies in 2NS(X).
W def y

Proof. Clearly q*(Yv) = rYVV +33 {Ey :y€v}, where ?\/ is the strict transform

of Yv‘ The image F‘v of YV in X 1is a rational curve, and 1T_)(_Yv = 2F‘v. I claim :

7.11.4. szsz+D Ey.
_}{EV

A — 7$Y N
o V)_2q v

<Fv’Ey >=1 if y€ v, =0 otherwise.
<F ,A,, > = card(v N v') mod 2, i.e. = <v,v'>,

These are all clear, except perhaps the last one. But

1 1 ¥* 3, o .
<F‘V,AV, > =5 <AV,AV,> =3 <mw Av,ﬂ AV,>= < YV,YV,>.M0d 2, this is the inter-

section product < v,v' >, which is 1 iff the corresponding planes intersect only in
zero.

Now choose a basis YooYy for H1(Yét,Z/ZZ), and for i <j let Vi be the
vector in HZ(Yét,Z/ZZ) corresponding to the plane spanned by y; and ¥y - the re-
duction mod 2 of the cohomology class of an elliptic curve Yij €Y. It is clear that

{vl.j} is a hyperbolic basis for H2(Yét,Z/ZZ) :<v..,v. >=0 unless {i,j} is the

ij’ 'rs
complement {r',s'} of {r,s}. I claim that the images of Aij in NS(X) ® z/27Z are
L
linearly independent, and hence that they form a basis for Ty, ® Z./27. < NS(X)®Z/27Z.
Indeed, if & niinj =0 mod 2NS(X), then Nag =<D niinj’Frs > = 0 mod 2. This

1
y ® Z, , and it follows that 7" and <, > are

divisible by 2. Statements (7.11.1) and (7. 11.2) follow immediately.

implies that {A..} form a basis of T
1)

To prove (7.11.3) let w be a hyperplane., We copy the argument of [ 18] :
Choose a two dimensional subspace v<Sw and an x in w but not in v. The trans-
late Y"/ of YV by x is obviously homologous to YV , hot so for its strict transform
?"f . We have, if v' = x+v :

3 * o ~
q (YV)=Q (Y",)=Y",+Z> {Ey: Tyl Eev'y,
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hence :
—_ 1 . 1 1
AV72FV+E {Ey, ty'€e vy,
Since v U v' = w, adding these gives :
2A, =2F ,+2F +D {r;y ty€Ewd,

and hence & {Ey :y€w} is divisible by 2.

For the converse, observe that it suffices to prove that x+y¢w whenever x
and y €w, and we may assume that x and y are independent. LLet v be the plane

they span. Then Gw‘Fv =cardlw N v)=4 and vcw. O

Since TI"; ® ITY -+ NS(X) is an isomorphism away from 2, it is clear from the
lemma that the p-adic ordinal of the discriminants of NS(X) and of NS(Y) are the
same. Hence by (6.9), if X is Kummer, O‘O(X) =1 or 2.

To prove the converse, suppose that X is a K3 surface with p =22 and
04 = 1 or 2. Construct a Kummer surface X' with the same oy - We know by (7.8)
and (7.4.2) that there is an isomorphism 8 : NS(X') » NS(X) carrying effective cy-
cles to effective cycles. Then for each i, the line bundle Z; = e(@x.(E; )) has
£;"#; = -2 and ho(,{i) # 0. I claim that any E, € l;{‘i | is irreducible. If not,

Ei = Z1+ 22 with Z1 and ZZ effective, hence E; is linearly equivalent to a sum
of effective divisors on X', Since we know that the complete linear system \El’ | is
simply Ei , this is impossible. It follows that each Ei is in fact a smooth rational

curve, and E;.E, = -2 6,;. Moreover, the sum T E, is divisible by 2 in Pic(X). The

J 1]
proposition now follows from :

7.12 Lemma. Suppose X is a K3 surface and E1. . .E16 are irreducible

curves on X with E;.E;=-26,; and with E =T E; divisible by 2 in NS(X).

Then there is a Kummer surface structure Y °*--> X such that TFY = span FET ..E 16} .

Proof. Let £€Pic(X) be the bundle with 2%2 1. The map : ;£®2*1E — 0y

defines a multiplication on ¢ & £, and SlgecX OX @ 2 is a double covering X

X

. 3 ~ . c s . .
of X, ramified along E. Moreover, Ei = Ei is a disjoint union of rational curves
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of self intersection -1, and hence can be blown down ; let q : X-+Y be the resulting

map. I claim that Y is an abelian surface and that X is the associated Kummer surface.

To check this, first note that ho(-i)=h2(.£)=0, so by Riemann-Roch, h1(.£)—.—2-1,£2-2:2.

1 ~ 1 ~_ 1 1 1 )
But H (Y,OY)—:H (X,@r)v()=H (X,n*og) =H (X,#), so h (Y,OY)=2 and B1(Y)§4.
On the other hand, it is easy to check that Xtop(Y)= Xtop( X)-16=0, and

B,(¥) =32(§)~16 = B,(X)- 16 = 6. This implies that 8,(Y)=6, and that B,(Y)-4

3 fa<? o~ 3¢ ~ . - .
(wX)(E)ng(h) =q (wY)(E,), w, is trivial, and it

follows that Y is abelian [5, thm. 6. Choose any of the 16 points q(Ei) as origin to

—op | i _
=2h (Y,OY). Since also Wy =T

endow Y with a group structure. The involution of )N(/X descends to an involution T

on Y, with 16 points as fixed points. Since T2 =-1, its eigenvalues on Z-adic coho-

mology are all * 1. The trace formula tells us that the value of its characteristic poly-

nomial at +1 is 16, whence all eigenvalues are -1, and hence 7T = -id. This

completes the proof. O

7.13 Theorem. Suppose X and X' are K3 surfaces with p =22 and

05 = 1 or 2, and with isomorphic K3 crystals. Then X and X' are isomorphic.

Proof. We already know that X and X' are Kummer, but we can say more :
Choose an isomorphism 6 : NS(X) » NS(X') preserving effective cycles and extend-
ing to crystalline cohomology (by (7.8)), and a Kummer structure Y --> X on X.

Then by lemma (7. 12), there is a Kummer structure Y' °--> X' such that W= G(TTY).

2 ~ ¥* .2 * .2 .
Now Hcpis(x/w) = m.q Hcris(Y/w) ® (rrY ® W), and m,q HCPiS(Y/W) is the ortho-
gonal complement of ‘TY ® W. The same is true for X', and hence it is clear that 6

induces an isomorphism of K3 crystals : H? (Y/w) - H? (Y'/w). Thus, by (6.9),

cris cris

Y is isomorphic to Y', hence X is isomorphic to X', O

7.14 Corollary. There is a unique isomorphism class of K3 surfaces with

p =22 and o, = 1, viz. the Kummer surface associated to any product of supersingu-

lar elliptic curves. O
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I recently learned in correspondance with Rudakov that he and Shafarevitch
have also obtained this result, as well as Theorem (7. 10).

It is perhaps premature, but I would like to indulge in some further speculations
about a Torelli theorem for rigidified K3 surfaces. For each % between 1 and 10,
we know that there is a K3 surface with O'O(X) =04 and that the isomorphism class
of its Neron-Severi group is unique. Choose an element N of this isomorphic class.
If X is a K3 surface with p =22, then by an " N-structure on X" we mean a map :
i: N = NS(X) which is compatible with the intersection form. A "morphism of K3
surfaces with N-structure'" is an isomorphism X - X' compatible with the N-struc-
tures in the obvious sense. If T is a K3 - lattice, then a "T-structure on X'" is
simply a T-structure on Hiris(x/w)' There is an obvious functor from K3 surfaces
with N-structure to K3 surfaces with N ® Zp—str‘uctul‘e, and the same argument as
in (7.4.3) shows that this functor induces a bijection on isomorphism classes. In par-
ticular, if N -+ NS(X) is a K3-surface with N-structure, we can compute the "per-
iods" of the associated K3 crystal with N & Zp—str‘ucture‘ These periods are simply

the point of M (k) given by the Frobenius pull-back of

N ®F
o p 5
Ker : N ® k - HDR(X/k).
Suppose that (X,i) and (X',i') are two K3 surfaces with N-structure, and

that they have the same periods. Then there is a commutative diagram
2

N\ - Hcris(X/W)
\ 0 | =
Hir‘is(xl/w)

and 6 is unique. Moreover, since N -+ NS(X) and N = NS(X') are isomorphisms
away from p and since NS(X) ® Zp and NS(X') ® Zp are the Tate modules of the

corresponding crystals, it is clear that 8 induces an isomorphism NS(X) =+ NS(X').

7.15 Conjecture. Suppose (X,i) and (X',i') are K3 surfaces with
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N-structures which have the same periods, and suppose that the induced isomorphism
B8 : NS(X) » NS(X') preserves effective cycles. Then 6 is induced by an isomor-

phism of K3 surfaces with N-structure (necessarily unique , by 2.5)).

Proof when o_ < 2 : Begin with the same proof as in (7.13). Thus, X and X'
are Kummer surfaces, 6 : NS(X) -+ NS(X') and is an isomorphism preserving effec-
tive cycles and also the ramification locus of the double covers Y~ X, Y' »+ X'. In
other words, there is a bijection B : H1(Y,Z/2Z) - H1(Y' ,Z/27) such that

G(Ey) = E/'S(y)‘ By our choice of origins, B(0) = 0. In fact :

7.16 Lemma. The map B is a homomorphism,

Proof. It is clear from (7.11.3) that B preserves hyperplanes. If now x and
y lie in H1(Yét,Z/ZZ), I claim that B(x+y) = B(x) + B(y). Indeed, we may assume
that x and y are nonzero and that x # y.Then R(x) and B(y) are linearly indepen-
dent and span a plane. If R(x+y) # B(x) + B(y), then B(x+y) does not lie in this plane,
and hence there exists a hyperplane w containing B(x) and B(y) but not B(x+y).

Since B—1(w) is a hyperplane containing x and y, this is impossible. O

1
7.17 Lemma. The isomorphism 21 'rr* : HY -+ NS(Y) (7.11.1) mod 2 carries

e to (AZB)”‘. That is, if p: AZH] + H® s the isomorphism induced by Poincaré

duality, the following diagram commutes :

T
1 = T
Ty @ z/2z Z— W (Y, z/2z) & NH (v, z/22)
ol . erl= < |4
L 1
Ty, @ Z/22z 2 HZ(Yét,Z/2Z) L A2H1(Yét,Z/ZZ).

Proof. Define 6' so that the square on the right commutes : if VEH1(Yét )27

is a plane corresponding to an isotropic v EHZ(Yét,Z/ZZ), then 6'(v) corresponds

3*
T A

to B(V), and HZ(Yét,Z/ZZ) is spanned by such vectors. Now by (7.11.2), 21 v

mod 2 is simply v. But AV=2FV+D {Ey : Y€V}, hence :
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G(Av):ZG(FV)+ b {G(Ey) ty€EV}
:26(Fv)+ b>) {Eﬁ(y):yQV}
=2 G(FV)+D {Ey. ty'€ B(V)}.

n < - < c > = i — wise, i.e.
On the other hand, < G(F‘V), LB(y) > F V’Ey 0 if y€Vv, = 1 otherwise, i.e

i = ~ - -L
< B(F‘v), E,B(y) > =< Fy '(v)’EB(y) > for all y. This tells us that G(F‘V)-Fe,(v)é T
and hence we sce that €(A_) = A mod 2 1%, . By (7.11.1), A7¥0(a ) =1 a*A
- = Ty 6 '(v) Y':* e 3 v/ "2 e'(v)

1

mod 2 NS(Y'), i.e 5

. é—lﬂ*O(Av) maps to 8'(v) = 6! ‘rr*(AV) mod 2. U

We can now prove (7.15) : Let 9' : NS(Y) » NS(Y') be the isometry induced
by 6. It follows from (7.17) that €' mod 2 preserves the distinguished family of
totally isotropic subspaces of H2 (the hyperplanes in H 1), hence it also preserves
them over Z2 . Since 6' also preserves periods and effective cycles, we know by
(7.3) that there is an isomorphism f:Y' = Y inducing 8'. Let g: X' » X be the
corresponding map of Kummer surfaces ; I claim that g acts as 6 on NS(X). This is

4 P -
clear on ITY ; we must also check that g L(EI ) = O(Ey) ; i.e. that f 1(_y) = R(y), for

y
y€H1(Yét,Z/2Z). But notice : the automorphism H1(f) o B of H](Yét,Z/ZZ) has as
its second exterior power (Azf*) o Azﬁ*. IL.emma (7.11) implies that this is the iden-

tity, and since we are in characteristic two, H 1(f)o R is also the identity. O
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