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THE FORMAL COMPLETION OF THE SECOND CHOW GROUP, 

A K-THEORETIC APPROACH 

by 
Jan Stienstra 

1. Introduction 

Let X be a smooth projective surface over a perfect field k of character­

istic p > 0. In case p = 0 it will be assumed that k is algebraic over £) 

(because there are problems if Q.\ , ̂  does not vanish). 

Recall that the n-th Chow group of X, denoted CH (X), is the group of 

codimension n cycles on X modulo those which are rationally equivalent to 

zero. Bloch's formula CH (X) = H (X,̂ < ) allows us to study Chow groups 
using algebraic K-theory, Here *K. is the sheaf of abelian groups on X 

which is associated to the pre-sheaf (open U) h*- K (T(U, Qr )) [16]. 

We will discuss the structure of the formal completion of the second Chow 

group (at the origin). This formal completion is a covariant functor CH from 
X 

the category of augmented local artinian k-algebras to the category of abelian 

groups. It is defined by 
(1.1) CU2X(A) - kertH^XX^SpecA,^^ SpecA)^H2(X,5C2)X)]; 
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J. STIENSTRA 

the map q in (i.l) is induced by the augmentation map A -*• k . (See also [4], 
/S ? 2 x 

where CH .̂ is called F̂  . ) ^ 2 We want to unravel the structure of CH by studying a morphism of X 
functors 

(1.2) H 2 ( X , ^ ) ® 0 T C K 2 - CHJ 

(see §3 below). Suitable conditions on X imply the injectivity of this map and 

the pro - repre s entability of its cokernel (functor). (See [17] for pro-repres ent-

ability of functors. ) It seems likely that this cokernel is naturally isomorphic to 

the formal group at the origin of the Albanese variety AlbX. 

The present text describes the main results of the author's thesis [19]. 

Proofs are to be found in [19]. An appendix is added to show that there are no 
non-trivial morphisms from H (X,JV)® TCK into a pro - re pre s entable functor. JP 2 
This result is not in [19]. It shows that, if (1.2) is injective and has a pro-

repres entable cokernel, H (X ,JV) ®^ TCK^ is the smallest subgroup (functor) of 

CH^ for which the corresponding quotient is pro - rep res entable. In another paper 

I want to relate the cokernel of (1.2) to the formal group at the origin of Alb X. 

I would like to thank Spencer Bloch for explaining the problem to me and the 

stimulating conversations we had. In particular, it was his idea to study the 

kernel and cokernel of (1.2). I also thank Fred Flowers for the careful typing of 

the manuscript. 

§ 2. Algebraic preliminaries 

(2.0) The schemes X Spec A and X have the same underlying 

topological space. The map 5< -> % between sheaves on this 
2,X. X. bp6C A 2,X. 

space splits. We denote its kernel by *J< ^ X® A/X * so we have 

(2.0.1) CH^(A) = H 2 ( X , K 2 ) X ( S ) A / X ) . 
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COMPLETION OF THE CHOW GROUP 

Since *K»2 X<52)A/X Ŝ t̂LG ŝ eâ  associateci to the presheaf 

(open U) ker[K 2(r(U,CX)®KA) -> K2(r(U,<>-x))] 

it seems natural to start our study of CH^ with a description of 

ker[K2(R^>k -A) K^(R)] for a k-algebra R and an augmented local artinian 

k-algebra A. 

(2.1) For an ideal I in a ring S one can define relative K-groups K (̂S,I) 

such that there is a long exact sequence 

(2.1.1) -K 3 (S) K3(S/I) -
^2 

- K 2 (S, I) - K 2 (S) >• K 2 (S/ I ) -
- K ^ S . I ) - Kt(s) -^X K ^ S / I ) - . . . 

(see [U],[13]). 

If I is contained in the Jacobson radical of S, one has the following results. 

(2.1.2) the maps TT̂  and TT are surjective 

(2.1.3) K(S,I)=1+I = ker[S* - (S/l)*] . 

We can reformulate this as follows 

(2.1.3a) The group K^(S,l) is the abelian group, which has a presentation 

with generators < a>, one for every a € I, and defining relations 

<a> + <b> = <a+b - ab> for a, b € I. 

Of course < a> corresponds to 1 - a € 1 + I. 

(2.1.4) The group K2(S,I) is the abelian group, which has a presentation 

with generators < a, b >, one for every (a,b) € R X I vj I X R and 

defining relations 

(Dl) <a,b> = -<b,a> for a e l 

(D2) <a,b> + < a, c > = <a, b+c - abc > for a € I or b, c e I 

(D3) <a,bc> = <ab,c> + <ac,b> for a e l . 
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J. STIENSTRA 

These facts are proven in [3 ], [ 1 4], [ 1 1 ]. It should be noticed that the notation 

<a,b> in (2.1.4) corresponds to <-a, b> in other articles. 

The above results hold in particular for S = A and I = R (§>̂  m ^ , 

where m is the maximal ideal of A. In this case the homomorphism S S/l 

splits. So -rr̂  is surjective and ker[K2(R (g^A) K (̂R) ] = K (̂R (g^ A, R0^ m A ) . 

(2.2) Assume for a moment char k = 0. Put S = R A and 

1= R(g) m . Define Q\ t = ker[^ , -> . ]. There is an isomorphism 

(2.2.1) K2(S,I) ~ ^ S t l / d l 

defined by < a,b > !-*• ^ \ — a b ^ db mod dl (see [4], [14]). Assume now 

that R has no zero divisors and that k is algebraic over g). Let k' be the 

algebraic closure of k in R. Then one has an exact sequence 

(2.2.2) k ^ m A m R ^ ^ - . [ a l ( i / d i ] ' [ " i / ^ ^ - O -

One can analyze the functor CH .̂ using this exact sequence, sheafified with 

respect to R (see § 3). Essentially this is the method Bloch uses in [4], though 

his groups are slightly different and his arrows go the opposite way. 

For p > 0 there is no isomorphism (2.2.1) and the analysis of 

K (̂R (g)̂ A, R (g)̂  *£Lp) nas to ^e done with K-theo retical means. After all it will 

appear that this method works in characteristic zero as well as for positive 

characteristics. 

(2.3) Following [6] we define 

(2.3.1) CK (A) = ker[K (A[x ]) - K (A)] , 
TL T. the functor of formal curves on K evaluated at A„  q 

(2.3.2) C

n

K

q ( R ) = ker[Kq(R[t]/(tn+1)) -> K q (R)] , for n > l . 

Varying n we get a projective system C#Kq(R), with structure maps induced by 

the canonical projections R[t]/(t n + 1) R[t]/(tn). We define 
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COMPLETION OF THE CHOW GROUP 

(2.3.3) CK (R) = lim C K (R), qv ' n qv 

the functor of curves on K evaluated at R .  
q 

The latter group carries a topology given by the filtration with the subgroups 

kerfCK (R) — C K (R)l. The standard reference for C K and CK is [5] L qv ' n qv / J n q q 
A-

(see also 1*191). Note however that in [51, lim C K (R) is denoted as CK (R) 
«* n q q 

instead of CK^(R). The above notations are taken from [6]. 

According to (2.1.3. a) and (2.1.4) we have generators and relations for the 

groups C^K (̂R) and C^K^R). These sets of generators are in fact too large. 

It suffices to take 
(2.3.4) for C K(R) the elements < atm > with ae R, i< m<n. \ n 1 v ' — 

(2„3.5) for Ĉ K (R) the elements <atm,b> with a, b e R, l < m < n 

and the elements < atm *, t > with a c R, 1 < m < n-f-1. 
Let us write <atm>, <atm,b> and < atm \ t > also for the elements of CK (̂R) 

and CK (̂R) respectively whose image in every C^K^R) and C^K (̂R) is 
m m 1 m<-1 < at > , < at ,b> and < at ,t> respectively. The sets oi these elements 

generate CK (̂R) and CK (̂R) topologically. (incidentally, the relation with the 
-. . r r-1 . ! m m m 1 r , m , generators used in [5J is given by <at > = 1 - at ,<at , b > = | 1 - abt , b y 

>FC m— 1 m provided beR and < at ,t> = { 1 - at , t} (cf[l4])). 

It is possible to get a similar result for CK (̂A) and CK^A). Using the 

fact that K^(k[x]) = K^(k) one shows easily that CK (̂A) is the kernel of the 

split surjection K^(A[x], m^[x]) K^(A,m^). Thus one obtains a presentation 

for CK (̂A) and CK^(A). As before it suffices to take as generators 

(2.3.6) for CK (̂A) the elements <ax m > with a C *D , rn > 1 
A TT1 (2.3.7) for CK (A) the elements < ax ,b> with a, b e A, a or be m , 2 A 

m -1 
m .̂ 1 and the elements < ax , x > with a € , m > 1 . 
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J. STIENSTRA 

(2.4) Inside CK1(R), CK^R), CK^A) and CK^A) one distinguishes the 

subgroups of p-typical (formal) curves [5], [6]; in fact these subgroups are direct 

summands. We denote these summands by W(R), TCK^R), W(A) and TCK (̂A) 

respectively. The projection operator onto the typical parts is in all four cases 

denoted by E. The group W(R) is in fact the group of p-Witt vectors of R and 

W(A) is the group of "formal" p-Witt vectors of A. The letter E refers to the 

relation with the Artin-Hasse exponential; indeed in CK (̂R) one has 
— ^ 

E<t> = | | (1 - t) , where u is the Mobius function (see [5]). 
n e IN\ p ZL 

The operator E kills all elements <atm>, <atm,b>, < atm \ t > , <axm>, 

< ax m , b> and <ax m ^,x> for which m is not a power of p [19]. Thus one 

finds the following sets of (topological) generators 
(2.4.1) for W(R) the elements E < at > with a € R, r > 0 

(2.4.2) for TCK2(R) the elements E < atP ,b> and E<atP " ,t> with 

a, b € R, r > 0 

(2.4.3) for W(A) the elements E < ax^ > with ae m^, r> 0 

(2.4.4) for TCK (̂A) the elements E < ax ,b> with a,be A, 

a or be m^, r ^ 0 and the elements E < ax , x > with 

a e m A , r >. 0. 

(Convention: for p = 0 we only take r = 0 and p = 1. ) 

In case p = 0, one has the following isomorphisms 

(2.4.5) R ~ > W(R) a E < at > 

ft* ~ > TCKJR) adb E<at,b> R/ //> 2 
m A ~ > W(A) a E < ax> 

1 A 
ft TCKJA) adb *-+ E<ax,b> 

—A 2 

(Recall: ft1 = ker^ 1 / ft*7 ] , by definition. ) A > A J £Za j£ / Zzl 
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COMPLETION OF THE CHOW GROUP 

(2.5) The groups W(R), TCK^R), W(A) and TCK^A) are modules over 

the ring W( k ) of p-Witt vectors over k. Multiplication with the Witt vector 

E<at>, in particular, is induced by the substitution t *-*• at and x t-> ax 

respectively [6]. 

These groups are also equipped with endomorphisms V (Verschiebung) 

and F (Frobenius). In the case p > 0 the map V comes from the substitutions 

t tP and x h*- x P respectively. The map F is the corresponding transfer 

map, explicitly given by 
r r 

(2.5.1) FE<atP > = E<aPtP > 
FE<atP ,b> = E<aPbP" t p , b> and 

p - 1 p - 1 FE<ar ,t> = E<ar ,t> 

and similar formulas with x instead of t. In the case p = 0 we take V = F = 
identity map. 

In fact, W(R), TCK2(R), W(A) and TCK^A) are left modules over the 

Dieudonne ring P . Recall that is the non-commutative polynomial ring 

W(k)[F,V] with commutation rules FV = VF = p if p > 0 (respectively 

FV = VF =1 if p = 0), Ya = Q'̂ F and aV - Vc*0", where a is in W(k) and 

is its image under the Frobenius automorphism of W(k). 

Every left p -module M is in a natural way also a right &-module, namely 

with co«or = Q"oo, OJF = Vco and coV = Foo for a e W(k), GO € M. We will use this 

right action for W(R) and TCK^R). 

(2.6) From the pairings which Bloch has constructed in [6] one obtains maps 

(2.6.1) W(R)®^ TCK2(A) - K 2 (R® k A, R® R mA) 

(2.6.2) cjj: TCK2(R)®o W(A) - K 2 (R® k A, R ® k mA) 

One has explicitly 
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J. STIENSTRA 

(2.6.3) $(E<at>®E<bx, c>) = 
ne IN\ pzz 

u (n) 
n 

n n n-1 < a b c , c > 

and, in case p > 0, 

$(E < at >® E < bx P

r - i 
,x>) = 

nslN\p 7L 

u (n) 
n 

<b n 
a 
np r - 1 

, a> 

Similar formulas hold for ijj. 

In case p = 0, and I|J correspond via the isomorphisms in (2,2.1) and 

(2.4.5) to the obvious maps from R® 
k ft 

1 
A ,m 

and ft 1 
'R/2Z k 

m "A 
, respectively, 

to U 
1 
R® A, R® 

'k 
m 

/d(R® m 

In any case, the images of <£ and ijj together generate the group 

K 
2 
(R® 

1< A,R® 
k m "A 

). We get therefore a surjection 

(2.6.4) 4>: TCK 
'2 

(R)<8 W(A) -> coker 

(2.7) Assume p = 0. One can check without difficulty that the iso­

morphisms in (2.2.1) and (2.4.5) induce an isomorphism 

[^R/k / d R ] ® k —A C ° k e r * • 

In this case the kernel of ijj corresponds exactly to dR® _̂ m

A ° 

(2.8) Assume now p> 0. We define 

(2.8.1) W"m(R) = image of W(R) in K1(R[t]/(t P 
m-1 

'+ 1 )) for m > 1 

TCK 
2,m 

(R) = image of TCK ,(R) in K 
2 (R[t]/(t 

m-1 f 1 )) for m > 2 

TCK 2,1 
(R) = ft 1 

R/k 

The group W 
m 

(R) is the usual one , i.e. W(R)/V m W(R). The group TCK 
2,rr. 

(R) 

is the same as TC 
m 

K 
2 
(R) of fôlo It is also the same as the W 

m 
ft 
e 
Spec R of the 

De Rham-Witt complex [9]. Only in characteristic 2 is it necessary to define 

TCK 
'2,1 

(R) separately; the other definition (that is, as the image of TCK 
2 
(R) in 

K 
2 
(R[t]/(t 2 '))) would give wrong results in this case. In characteristic ^ 2, 
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COMPLETION OF THE CHOW GROUP 

however, there is no difference (because of Van de r Kallen's theorem [10]). 
There is in any characteristic a surjection from TCK (̂R) onto ^-p/ k

 9 

r r — r_j 
We are going to use the notations E < atP >, E < atP ,b> and E < atP ,t> 

also for the images of the so-called elements of W(R) and TCK (R) in W (R) 
2 m 

and TCK^ (R)> for every m. In particular, 
(2.8.2) the element E<at,b> of TCK^ ̂ R) = ^^y k is in fact the 1-form adb. 

The endomorphisms V and F of W(R) and TCK (̂R) induce maps for 

every m > 1 

(2.8.3) V: W (R) W , (R) , F:W (R) — W (R) 
m m + 1 m m V:TCK (R) -*> TCK (R) , F:TCK_ (R) — TCK (R). 2,m 2,m+1 2,m+1 2,m 

In [5] a homomorphism (of groups) 

(2.8.4) d: W (R) - TCK, (R) 
m 2,m 

is defined. It is given explicitly by 
r r 

(2.8.5) dE<atP > = E<atP " ,t> . 
It is the same as the map W (R) W Q\ ^ of the De Rham-Witt complex. 

m m Spec R 
For m = 1 one has W^R) = R and TCK2 ^ (R) = ^^y k and d is the ordinary 
differentiation d: R ^^y k » (UP to sig n)« 

For every m, W (R) and TCKn (R) are W(k)-modules and the map d m 2,mv — r 

is linear. One has furthermore the basic relation 

(2.8.6) FdV = d. 

Next recall that the group W(R ) of unipotent Witt covectors is defined as 

the limit of the inductive system 

W1(R) — ^ W2(R) — • • • — W (R) — ^ • • • 

(see [8], [15]). We define the map 

(2.8.7) 8 : W(R) TCK, (R) m ->v 2,m ' 
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J. STIENSTRA 

to be the limit of the maps 
m — i" -dV : W (R) TCK (R) for r ^ m rN 2,mx 

r — m -F d: W (R) - TCK (R) for r > m rx 2,mv ' — 
One can identify the elements of W(R) with sequences 
a = (• • • , a ,a , . . . , a , a ) with a c R for all n and a =0 for n » 0. 
— - n -n-fl -1 0 -n -n The map 8 is then given by the formula m 

m- 1 m- 2 
(2.8.8) 9 a = E<t, a tP " > + E < t , a t P " > + . . . N m — 0 -1 

p- 1 . . .+E<t , a , >+E<a^ t, a > + . . . -m+1 -m -m 
n-m+1 ^ 

. . . + E < a P " t , a > + . . . 
-n -n 

Note that 3^ W(R) — TCK^ l (R) = is in fact the well-known map -1~*" ' nn- 1 _ 

a H> da„ + aP da , + . . . + aP da + . . . (cf [15]). 
0 "I -1 "I -n \ L J / 
The projection TCK , (R) —* TCKn (R) maps 8 , W(R) onto 2,m+lv 2,m m+1 -»* 

3 W(R). So it induces a map m 

t T C K 2 , m + l ( R > / a

m + l ^ R > ] - t T C K 2 , m ( R ) / 9 m ^ R ) ] -

We define 

(2.8.9) TCKz(R)/8 W(R) = lim [TCK2 m ( R ) / a

m W(R)] 

and 

(2.9.10) 3W(R) = ker[TCK2(R) — TCK2(R)/9W(R)] . 

The group 9W(R) is in fact a -submodule of TCK^(R). It is generated 
m - l m _i by the elements E<t,atP > and E<a t,a> with ae R and m > 0„ One 

has, according to (2.6. 3) and its analogue for the following relations 
m m 

(2.8.11) ijj(E<t,atP " ><g)E<bx>) = $ (E < at > ® E < b, xbP " >) 
m - l m - l i|j(E<aP t, a>®E< bx>) = $ (E < at > ® E < bxP " ,x>) 
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COMPLETION OF THE CHOW GROUP 

So the map I}J of (2.6.4) induces a surjection 

(2.8.12) 4,:[TCK (R)/8W(R)]® W(A) - coker $ 

(2.9) Theorem. As sume p > 0. Let R be a regular local k -algebra of 

(Krull) dimension > 1. Let A be an augmented local artinian k-algebra. Then 

the ho mo mo r phi sm \\) of (2.8.12) is an isomorphism and the homomorphism $ of 

(2.7.1) is injective. So one has an exact sequence 

0 - W(R)®^TCK2(A) - K 2 (R® k A,R® k m^) -

- [ T C K fR)/aw(R)]®Äw(A) - 0 
2 -> ^ 

The proof of this theorem is based on a lengthy analysis with generators and 

relations for the various groups. It is given in [19]. 

Note that if one uses the isomorphisms (2.2.1) and (2.4.5) to translate the 

exact sequence (2.2.2) one gets in characteristic 0 almost the same result as (2.9) 

would give for p = 0. 

§ 3. Applications to geometry 

Recall the hypotheses: X is a smooth projective surface over a per­

fect field k of characteristic p > 0. In case p = 0 it is assumed that k is 

algebraic over ß. 

We will discuss the characteristic zero case first, because it is technically 

easier and can be formulated in the more common terms of differentials. It is 

also treated in [4]. 

(3.1) Assume p = 0. Then we get from (2.2.2) an exact sequence 

(3.1.1) 0 - k'®^mA^x®yA>ffi^X2)X(§A/x -0 - k'®^mA^x®yA> 

0 - k'®^mA^x®yA>ffi^X2)X( 
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J. STIENSTRA 

for every augmented local artinian k-algebra A, depending functorially upon this 

A; here k1 is the algebraic closure of k in the function field k(X). Note that the 

sheaf k'&k m

A is constant. Taking cohomology groups we get an exact 

s equence: 

(3.1.2) . . . - ^ ( x . ^ / d ^ ) ® ^ ^ ^ H 2 C X . © X ) < 8 ^ Ì S 1 A 

- C H £ < A ) - ^ ( x . ^ / d c ^ ) ® ^ - 0 . 

Since X is smooth, the Hodge-De Rham spectral sequence degenerates at 

E [7]. From this it follows that 

Hn(x,s2x/k/dOx) = H n(x,Q x / k) e Hn+1(x,o-x) 

for all n. In particular, H 2 ( x , a x / k / d 0 x ) = H 2 ( x , a ^ ) . It can be shown that 

the image of the map 6 of (3.1.2) is H 2 ( X,O x ) ^ d n l A . Thus we find the exact 

s equence 

(3.1.3) o ^ H 2 ( x , a x ) ® k [ < m A / d m A ] - â£< A > 
— — A 

- H 2 < x ' 4 / k > ® k^A ° • 

It depends functorially on A. The functor 

(3.1.4) A K H 2 ( X , 4 / k ) ® k n l A 

is the formal group over k with tangent space H 2 (X ,Q x / k ) . So it has the same 

tangent space as the formal group at the origin of Alb X, which we denote 

Albx . Therefore it is isomorphic to A!b x. So we have: 

(3.2) Theorem. Assume p = 0. Then there is a short exact sequence 

(3.2.1) 0 -> H 2 ( X , a x ) ® k [SI1 /dm A ] - CHJ(A)-> Albx(A) - 0 
— ' — A 

which is functorial in A. 

From now on we assume p > 0. 

(3.3) We introduce some notations. Given a functor G from (commutative 

rings with 1) to (abelian groups) denote by sheaf(G) the sheaf on X which is 
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COMPLETION OF THE CHOW GROUP 

associated to the pre-sheaf (open U) G(r(U,Ox)). We now define: 

JV ® TCK2(A) = sheaf(W(-)®pTCK2(A)) 

[3CtC2/3Mr]®Ä W(A) = sheaf([TCK2(-)/3W(-)]®0 W(A)) 

y/ = sheaf(W (-)) "m m 
^ Z . n A n W = s h e a f ( T C K

2 , m ( - ) / a m W ( - ) ) 

Following Serre [18] we define 

(3.3.1) Hn(X,VV) = lim Hn(X,")Vm) 

and similarly 
(3.3.2) H n ( x . ^ V 9 > ^ ) = iimHn(x, j c v /d yf) . 

The groups Hn(x, w ) and Hn(x, lCXz/dyr) are in a natural way ^-modules. 

One can show that there are natural isomorphisms 

(3.3.3) H2(X,>ir ® 0TCK 2(A)) ^ H2(X,>V)®DTCK2(A) 
and H2(X,[je^<2/8>V;]®0 W(A)) S H 2(X,0CX 2/9X)® oW(A) . 

The proof of this result uses the fact that H is right exact (dim X = 2) and does 

not work for . 

(3.4) From §2 we conclude that there is an exact sequence of sheaves 

on X: 
(3.4.1) o - . 3 Y ® Ö TCK 2(A) 3 < 2 > X ( 8 ) A / X - [0CX 2/a^]® Dw(A) 0 

for every augmented local artinian k-algebra A, depending functorially on A. 

Taking cohomology and using the isomorphisms in (3.3.3) we get the following 

exact sequence of covariant functors from the category of augmented local 

artinian k-algebras to the category of abelian groups: 

(3.4.2) . . . - H 1(X,[3C?3< 2/ 9)V]®DW) -

- H 2 ( X ^ ) ® T C K 2 - C H ^ - H 2 ( X , 3Ci<2/dy/)<g)p-w - o. 
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We now are going to discuss conditions which imply that the functor 
2 * H (XjCk / 9 ) V ) ® W is pro-representable and that the morphism c. ~~*~ kJ 

H 2(X,)V)® oTCK 2 — CH^ is injective. 

(3.5) It can be shown that for all m,n the sequence of sheaves on X 
n 

(3.5.1) o -actk /a yr jclc, A /a w -
2, m m -> 2, m+n m+n -̂a c * /a w o 

2, n n ^ 
is exact. One has the corresponding exact sequences of cohomology groups 

1 6 ? 
(3.5.2) . . . - H (x,oe^9 /a >v) n , m * r T(x, jg* 9 /a >v ) 
x ' v 2,n n 2 , m' m 

-^-•» H2(x,̂ rê < /a ̂  >r ) - H2(x,cr<?X, /a >v) - o . 
2, m+n' m+n-> 2, n n -> 

This is analogous to the situation for Witt vectors (see [18]). Because of this 
analogy we follow Serre in calling 8 a Bockstein operation . &Y & NJRRI — 

Using the sequences (3.5.2) and the fact that H2(X,7Gfc2 \ / ^ \ ^ )» being a 
2 1 

quotient of H (Xjft^y^), is finite-dimensional as a vector space over k , one 
shows that for every m, H2(X, jCtk^ /D yf ) is a W(k)-module of finite length. 

v 2,m m — Therefore, the projective system { H2(X,3 C /8 yT )} ^ , has the Mittag-^ J 3 2, m m*-* m>± 
Leffler property. Taking the limit of (3.5.2) for varying m and fixed n we find 

that the sequence 

(3.5.3) H2(x,ae3c_/ax) — » H2(x,jc*./a>v) - H2(x,orc^c /a *r ) - o 
^ ^ ^ Y TCI. Hl ^ 

is exact. 2 A 

(3.6) Theorem. The functor H (X, / 3 >V ) ® W is pro - representable 

if and only if the left & -module H2(X, £jC >£) has no V-torsion or 

equivalently, if and only if all the Bockstein operations 6̂  ̂  are zero. 

Proof. This follows from the classification of smooth formal groups by 

means of their covariant Dieudonne module (see [12] IV(7.12) and V(6.18)) and the 
results in (3.5) {23 
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(3.7) Theorem. Assume that H (X,3 G X-2/9>K) has no V-tor sion, 
2 

Assume furthermore that the Frobenius endomorphism of H (X, 0* ) (i. e. , the 
map induced by the p-th power map on & ^ ) is bijective. Then the map 

H2(X,>\r)<g) TCK CH2 is injective. ft 2 X 
For a proof of this theorem see [19]. 

(3.8) Remarks. Unfortunately we cannot compute the Bockstein 

operations. The only surfaces for which we could verify that the Bocksteins are 
2 1 2 zero all have H (X,C , ) = 0 (which implies H (X,3Cfc /byr) = 0). Among X/ k 2 -> 

these examples are the rational surfaces and the K3 - surfaces. 

I expect however that for every smooth projective surface X over a per-

feet field k the covariant Dieudonne module of the formal group Alb is 

isomorphic to H (̂X, G 3fê /3 >K)/(V-tor sion). That may give us more hold on 

the situation. 

It appears to be difficult to find a good condition which implies the injectivity 
of the map H (X, Y( )® TCK -> CH". . The condition that Frobenius F should £T 2 X 
act bijectively on H (X,^* ) is probably much too strong. But on the other hand, 

if X is a super singular K3-surface in the sense of [l], F is zero on H2(X, YF) 

and the map H2(X,,)V)(§> TCK -*• CH2 is not injective. So some hypothesis 
Cf 2 X 

about the action of F on H2(X, JV) may eventually appear to be necessary. 
(3.9) The hypotheses in Theorem (3.7) are so strong that they have other 

nice consequences besides the injectivity of the map H (X,>v)(2)p. ̂ "̂̂ 2 ^ 

and the pro-representability of the functor H2(X, X ) ® W. 
2 ©* Define ZCK^ = sheaf(TCK (-)) 2, m 2,mv 

and H2(X,j£"K) = limH2(X,0£X o ). 
2 -*m- 2, m 
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Then under the hypotheses of (3.7) one has (see [19]): 

H2(X,3C7C^ /9 W)« H 2 ( X J C K ) 

2, m' m ~ v 2, m 
for every m and moreover 

ker[H 2(X ,JC'K 2 j m + 1)-.H 2(X >JCK 2 ( m)] s H 2 (X ,^ ) 

/ \ 2 2 * 

for every m. The map CH .̂ H (X.JO'K^)®^ W which now appears admits a 

section, namely the map H (̂X,3£"K n ) & W -> CEL which always exists 

(cf (2.6.2)). So we find: 

Under the hypotheses of Theorem (3.7) there is a split short exact 

sequence of functors 

(3.9.1) 0 - H2(X,>/)<gL. TCK - CH2 - H2(X,3CTO® W - 0 . 

13 2 .A. 2 |5 

As examples we can at the moment only offer; 

1) rational surfaces: in this case all terms of (3.9.1) are zero. 

2) K3-surfaces whose formal Brauer group Br (see [2]) is isomorphic to the 
X 

A 2 2 A 

multiplicative group : in this case CH^ ^ H (X,*/ )<g)̂  T C K 2 
= w(k) ® 0 T C K 2 . 

APPENDIX 

In this appendix we prove the following theorem 

Theorem. Let k be a perfect field of characteristic p>0. Let M be a  

right ©-module and let G be a pro - rep re s entable functor from the category of  

augmented local artinian k-algebras to the category of abelian groups. Then there  

are no non-trivial natural transformations from the functor M(§^TCK^ to G. 

Proof. Let A be an augmented local artinian k-algebra. According to 
A p1"- 1 

(2.4.4), TCK (A) is generated by the elements E<ax^ , x> with 
r 

a e m , r > 0 and the elements E < bxP , a> with a, b e A, a or b € m , 
A -¿1 
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r I> 0. Using the relations (Dl)-(D3) one reduces the set of generators to the set 
r - 1 r 

of elements E< ax^ ,x> as before and of those elements E < bx^ ,a> with 
r 

b € m^ , a € m^ , or a € k , r > 0 . We show that E<bxP , a > = 0 for 
b € m^ and a e k . Let N be such that b =0. There exists c e k such that 

DN " p

r

 p

r

 p

N (D3) N P

NI"i p

r 

a = c p . Then we have E<bx , a> = E<bx »c > K===̂  p E<c P bxF ,c> 
( D 2 ) 2N N r+N ^ 
±=r E<c P " b P x P ,c> = 0. Thus we find that the group M(g> TCK (A) 

r & Z 

is generated by the elements m(^)E<ax , x> and m® E <bx, a> with m e M, 
a, b € m ̂  , 

We introduce the following notation; for every s > 0 and I > 1 with p'fi 

let 1̂  C k[a, b] be the ideal generated by the monomials anb^ with 

npS + qf > ip S and we define Ag ^ = k[a, k]/lg ^ . 
A Now let (pi M(g) TCK G be a natural transformation. We want to show 0 & 

that for every A, <p kills the generators of M(g) TCK (A). It suffices to show 
r - l ° ^(m®E<axP ~ ,x>) = 0 and ^(m®E<bx,a>) = 0 when A = A for all 

/ s - r s and I with p/( i and p > i . Fix s and i . Put A = A and S , x 
A1 = k[u]/(u P ). The substitution a uP , b »-*- u defines an injective ring 

homomorphism f: A -*A !. Since G is pro-representable, the map 

G(f): G(A) G(A») is injective, too. 

The little computations below show that the elements m®E<ax P ,x> 

and m®E<bx,a> are killed by the map M® TCK_(A) -> M® TCK/A1) which 
£r 2 © 2 

is induced by f. So <p maps them into ker G(f) = 0. We are done. 
It remains to give the little computations: 

s r s - r 
E<uP x P " ,x> = p r E<u P ,x> by (D2) and (Dl) 

s s ~ r - 1 = pSE<u, uP x > by (D3) 
2s-r s 

= E< u, uP xP > by (D2) 
2s - r s 

= 0 since p > I p 
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E<u i x,u P > = p SE<u i + p S *x,u> by (D3) 
s 2s s 

= E<u P P x P ,u > by(DZ),(Dl) 

= 0 

The preceding theorem has the following analogue in characteristic zero. 

It is left to the reader to prove this. 

Theorem. Let k be an algebraic extension of Let M be a k-vector 

space and let G be a pro-representable functor from the category of augmented  

local artinian k-algebras to the category of abelian groups. Then there are no 

non-trivial natural transformations from the functor [fi^^^/drn ] to G. 

These two theorems show that under the hypotheses of (3.7) and (3.Z) the 

subgroups H2(X,>/ ) ®£ T^K2 and H2(X»(5"x)®k f^/k^ dm ^ resPectivelY» 
A 2 ~ ~ ~~ " 

of CH .̂ are the smallest subgroups for which the corresponding quotient is 
p ro repres entable. 
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