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Société Mathématique de France 
Astérisque 61 (1979) p. 95-107 

ANALYTIC AND ARITHMETIC THEORY OF POINCARE SERIES 
by 

Dorian Goldfeld 

§1. Define Γ = SL 2(Ζ) to be the modular group, and let 

f(z) = Σ a e 2 w i n z , 
n=l 

oo 

g(z) = I b n e 
n=l 

2πίηζ 

be cusp forms of weight k for Γ which satisfy the modular rela
tions 

•F f a z + k \ 
t[cz+d} 

(cz+d) f(ζ), ,az+b* (cz+d) g(z) 

for ail (̂  d) € r. We are concerned with the gênerai problem of 

estimating sums of the type 

(1.1) Τ a b , (m e Z, m fixed), η n+m η 
and shall show that the solution to this problem is invariably based 
on the analytic and arithmetic properties of Poincaré séries. 

The spécial case, m = 0, of (1.1) has for the past forty years 
been the object of rather extensive research and has its origins in 
the papers of Rankin and Selberg. In [R] and [SI] it is shown that 
the L-function 

f f g (s) = 
oo 
y a b ~ n ~ s 

n=l n n 

has a meromorphic continuation to the entire complex s-plane and 
satisfies the functional équation 

R f (s) = (2k-l-s) 
f/g f*g 

where 

R,- (s) = (27r)~ 2 sr(s)r(s-k+l) ζ ( 2 3 - ^ + 2 ) 1 ^ (s). 
r r g £ / g 
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α = 12 ( 4 τ τ ) Κ ~ 1 

r(k) <f ,g> 
where 

<f,g> = JJ f ( z ) i û ) yk^xdz 

D Y 

is the usual Petersson inner product (over a fundamental domain D 

for Γ) for forms of weight k. 
The functional équation (1.2) was obtained by analyzing the 

inner product <f,gE(*,s)> where 
E(z,s) = l (Im a z ) s , Γ = {σ e Γ; σ°° = o o } 

σετ Λ Γ 
00 

is the non-holomorphic Eisenstein séries which satisfies the proper-
ties 
(1.3) E(az,s) = E(z,s), for ail σ e Γ 

2 2 
(1.4) ΔΕ(ζ,β) = s(l-s)E(z,s), Δ = - y 2 1$-* + 

9 x z 8 y z 

(1.5) u" Sr(s)c(2s)E(z fs) = π" ( 1 ~ s ) r ( l - s U ( 2 - 2 s ) E ( z , l - s ) . 
It is of course (1.5) which gives the functional équation. (1.2). 

In [S2], Selberg returned to the gênerai problem (1.1) and very 

briefly indicated how to obtain the meromorphic continuation of the 

function 

Moreover, L f (s) is regular except for pôles corresponding to the 
r f g 

complex zéros of C(2s-2k+2) and a simple pôle at s = k with resi-

due 

oo 

l 
n=l 

a b ^ n " s . n n+m 

Unfortunately, this function does not satisfy a functional équation 

and a suitable generalization of (1.2) to the case m ψ 0 requires 
the use of the non-holomorphic Poincaré séries 

P ( z , s ) = l (Im σ ζ ) * Ι β .(2ir|m|lm az)e2lïim Re σζ  

m σ € Γ \ Γ s~* 
00 

where 
00 , 

i v(y) = Σ (*Y> D + r/j!r(j+v+D 
j=0 

is the modified Bessel function of the first kind which grows 
exponentially 
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(1.6) lim i/y I v ( y ) e " y = (2πΓ*. 
y-»-oo 

\s shown in [NI] and [NE], the Poincaré séries P m(z,s) is similar 
ίη behavior to the Eisenstein séries E ( z , s ) , and in fact satisfied 

(1.7) Ρ (az,s) = Ρ (z,s), for ail σ e Γ 
m m 

(1.8) ΔΡ (z,s) = s(l - s ) P ( z , s ) 
m m 

2Tr s|m| S"*a 1 _ (m) 
(1.9) P m(z,s) - P m(z,l-s) = ( 2 s . 1 ) r ( 8 ^ 2 B ) E ( Z ' 1 " S ) 

rfhere 

a (m) = I d w . 
w dlm 

d>0 
On the basis of thèse properties, one obtains the following 

jeneralization of the Rankin-Selberg method. Let 

ζ (s) = |™|*-k 2~ Sr(s) 
r(s-|-k) 

oo 
Σ 

n=l 
a A + m < 2 ï ï k > F ( f f u ± i , s + f - k , 

2 
y) 

(2nfm) z 

where b ^ = 0 for u < 0, and 

TP/ ο __\ _ r 1 Γ (ct+m) Γ (β+m) Γ (η) T y m F( a , B , n ; w ) - j j j - r ( a ) r ( ^ r ( n + m )
1 w 

is the Gauss hypergeometric function which in the spécial case of 
(1.10) is just a Legendre function since β-α = h- From the expan
sion 

F(l s±l s+2_k. _JL_) - ι + s(s+l) m 2 . F C 2 , 2 , s + 2 k, 2
} " 1 + 4s+6-4k 7ΓΤΤ2 + ··* (2n+m) (2n+m) 

it is easily seen that z
m ( s ) converges absolutely for Re(s) > k. 

We show that the function Ζ (s) can be continued to a meromorphic 
m 

function in the entire s-plane which is regular in Re(s) > k-£ 
except for simple pôles at the points s = k - h + ir. where 

2 3 2 k + is an eigenvalue of the Laplace operator for L (T\H). The 

eigenvalues are discrète and are characterized by the existence of an 

orthonormal basis of Maass wave forms {e_.(z)} satisfying 

(1.10) e.(z) = l c.(n)>/yK. ( 2π | n | y) e 2 7 r i n x , 
: n^O 3 i r j 
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( 1 . 1 1 ) àe.(z) = (J + r 2)e..(z), 

( 1 . 1 2 ) β^(σζ) = ej(z), for ail σ e Γ, 

where 

K v(y) = J" e - ^ i u + u " 1 ) ^ - ! d u 

is the modified Bessel function of the second kind. 
THEOREM (1). The function Z m(s) can be continued to a meromorphic  
function of order two which is regular in Re(s) > k-% except for  
simple pôles at the points s = k - h + ir; with corresponding  

residues 

c . (m) 
a j = 2JTT < f ^ e j > « 

Also, s = k is not a pôle, and Z m(s) satisfies the functional  

équation 

k +I 2k"l 
Z m(s) - Z m ( 2 k-l-s) = ( 2 s + î , 2 k ) ^ O R f . g O 

where 

- | m | k " * ~ S ( J 2 s - 2 k + l ( m ) 

G m ( s ) r(k-s)T(l-k+s)c ( 2 k-2s)c ( 2 - 2 k+2s) 

is invariant for s — > 2 k-l-s. 

The proof of Theorem (1) is slightly complicated by the fact 

that the inner product <f,gP^> does not converge absolutely for 

large m . If we look at the Fourier expansion (see [NI]) of the 

non-holomorphic Poincaré séries 

- . 2 T r s|m| s~*a 1 9 (m) -, 

(1.13) P m(z,s) = / y I s ^ ( 2 T r | m | y ) e 2 ™ + U s ) \ \ \ s ) Y 1 " * 

+ l B^(s;m)v^ K s ^ ( 2 * | * | y ) e 2 7 r U x 

£ = - 0 0 

where 
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oo 
B^(s;m) = 2 J S ( A , m ; c ) c ~ 1 M 2 s _ 1 ( 4 π ο " 1 ( m £ ) ) 

c=l 

0 . aA+dm c 2πι 
S(A,m;c) I e c , ad = 1 (mod c) 

d=l 
(d,c)=l 

is the Kloosterman sum, and 

J CylmJtl*) m£ > 0 
M v(y(.mA) ) = 

I (y|mAf*) mi < 0 

it easily follows from (1.6) that 

| P m ( z , s ) | » e 2 7 r l m l y ( y — > - ) . 

Consequently 
| f ( z ) g ( 2 ) P m ( z , s ) | » e2^C|m|-2)y ( y _ ^ w ) 

if a-b. 0; and, therefore, the inner product <f,gP~~> does not i l m 
make sensé for |m| > 1. 

In order to get around this difficulty, define for every Y > 1 

D y = {z e H; |z| > 1, Im (z) < Y, 0 < Re(z) < 1} 

A = {z e f/; |z| < 1, 0 < Re(z) < 1} 
P*(z,s) = Γ (Im σζ)*ΐ ^(27r|m|lm(az))e 2 7 r i m R e ( a z )  

m σ€Γ ω\ Γ S 

where the prime on the summation symbol means to omit the identity 
matrix from the sum. Since 

A = υ 1 gD 
oev\ Γ 

00 
it is immédiate that 

(1.14) I A(s) = f ( z ) g T i T y k + \ _ % ( 2 * | m | y ) e 2 l r i m x ^ 
' J ν 

= JJ f ( z ) g 7 z T y kP*(z,s) 

D 

dxdy  
2 · 

y 
But, for 1 < Υ χ < Y 
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i i - C C - ζ ί - ί ί · 
A D Y 

Hence 

(1.15) I A , s , - ^ >JÇ^ ( J * - Q . - " « - " " Ί . , ^ . Ι . Ι γ ^ - * f 

" V " ' 

Using the transform 

f e ~ Y y I (ay)y p & = (-5-) S ~ V P £ J ? " * + P )
 F ( s - ^ p s + % + p ( a 2 

J 0
 e x s - ^ a y i y y K2yi γ rts+%) 1 2 ' 2 f S + * ' > j ' 

and letting Y — > <» i n (1.15), it follows from (1.14) that 

(1.16) z m(e+k-l) = f a n b — " f V 2 l T ( 2 n + i n ) y i . (2n|m|y)y k-* ^ 
m n n+m JQ S - % 1 1 y 

= JJ f ( z ) iTzT y k P m ( z , s ) + J D ( S) 
D ^ 

+ Σ a Γ e - 2 l T ( 2 n + m ) y i , ( 2 7 r | m | y ) y k ^ 3Z 
n £ 1 n n+m J y s-% 1 | j r # J f y 

and this holds for any fixed Y > 1. Since the second and third 
terms on the right side of (1.16) are entire functions and 
|P*(z,s) | « y 1 " 1 1 6 (s) a s y — > », i t immediately follows that the 
right side of (1.16) defines an analytic function and gives the 
analytic continuation of z

m ^ s ) t o t n e entire complex s «-plane. 
To détermine the pôles of Z (s), note that if we define 

m 

V z ' s ) - ^ Γ ε ' λ Γ l d m a z ) s e 2 ™ 2 

00 
then 

V z ' s ) " ? m ( z ' s ) 

is regular for Re(s) > 0. The analytic continuation of P m ( z,s) 
was given by Selberg in [S2] by expanding it in terms of an orthonor
mal basis of eigenfunctions {e..} satisfying (1.10) - (1.12). The 
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spectral décomposition of P m(z,s) is 

~ 0 0 _ -ι (%+i°° _ 
P m(z,s) = I < P m , e >e (ζ) + 4 ^ - <P m,E(*,w)>E(z,w) dw. j = l J J '^-ϊα» 

One easily computes that 
c.(m)Γ(s-%-ir.)Γ(s-%+ir . ) 

<P m , e . > = J ^ L 

σ ( m ) r ( 5 ^ W ) r ( ^ | ± ^ ) 
<P m,E(.,w)> = 3 ~ — 

π W | m | Z r(s - % ) T(w) ζ(2ν/) 

It follows that the only pôles of P(z,s) in Re(s) > k are at 
s = k + irj with corresponding residues 

c . (m) e . (z) R = _J J 2ir. 
D 

There is no pôle at s = 1 since the inner product of Ρ with a 
constant function is identically zéro. Putting this information 
back into (1.16) gives 

Γ(s-%-ir.)Γ(s-%+ir.) 
Zn{s+k-l.) = _Σ χ Cjtm) 1 ^ i- <f,g e j> + H m(s) 

where H
m ( s ) i s regular for Re(s) > %. 

The functional équation for Z m(s) can be easily deduced from 
(1.9) and the identity 

I s ^ ( 2 T r | m | y ) - 1 %_ β<2π|m|y) = 2 5 ΐ η ^ 5 ) π K g , % ( 2π | m | y ) . 

One then obtains from (1.16) that 

(1.17) Z m(s+k-l) - Z m(*-s) = Q m(s) JJ f ( z ) g T i T y kE(ζ,1-s) ^ψ-
D 

where 
_ 2 * s | m | s " * a 1 , 2 s ( m )  

Q m ( s ) (2s-l ) r(s )C(2s) " 
The Rankin-Selberg method gives 

(1.18) ff f ( z ) 5 7 i 7 y k E ( z , l - s ) = f°° f 1 f (z) ̂ ) y * - « d x ^ 
y h j0 Y 

D 
= (4ïï ) S " k r(k-s)L- fk-s). 

f/g 
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On combining (1.17) and (1.18) one immediately obtains the functional 
équation for Z (s). 

m 

§2. The arithmetic properties of the classical holomorphic Poincaré 
séries of weight k 

2πίιτι ζ , 
P m ( z ) = ^ k ' σ = ( c d> 

m σβΓ^ΧΓ ( G Z + d ) K C d 

with Fourier expansion 
k-1 

00 00 

(2.1) P ( z ) = l { δ + 2 τ τ ( £ ) 2 i k l s(m,n;c)c" 1J. . (^JL/mn) }e

2lrlnz 

m Lt , mn m Lj, k-1 c n=l c=l 
lead to some interesting identities similar in spirit to the func
tional équation in Theorem (1). Since p

m ( z ) must be a cusp form, 
it can be expanded in terms of a basis f ^ , f 2 . . . f n 

f.(z) = l a . ( n ) e ^ i n z  

3 n=l 3 

of the space of holomorphic cusp forms of weight k for Γ. Conse-
quently 

rfk-l) & a.(m) 
(2.2) Ρ (z) = { t}ι l J f ^ f. (z). 

( ^ m ) * ' 1 j=l < f j ' f j > 3 

Equating Fourier coefficients of (2.1) and (2.2) 

„ T(k-l) h a i ( m )
 a , . 

( 2 · 3 ) ,. ,k-i . 1 . <£.,f.> a j ( n ) 

(4ππι) 2=1 3 3 J 

k-1 
- Λ α. ->-*n\ktn\ 2 Y s (m,n;c) T ,4ir y — , 
- i m + 2ir(i) (-) l - J

k-1{— ^>· 

Now, using Barnes' représentation for the Bessel function 

, fa+i°° Γ -s 
J k - l ( x ) = Ï Î T j ^ r ( k + l - S ) Φ d s ' d - k < « < 0 ) 

and multiplying both sides of (2.3) by a^(m)m W , and then summing 
over ail positive integers m , it follows that 
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(2.4) 
. L , _ (w+k-1) = . . 

Γ (k-1) & fyti a . . V n ) _ 
.k-1 . Z, <f.,f.> a j ( n ) w (4π) ]=1 j ] J n 

k-1  
,. vk 2 

~~ 4 TTÎ 
r a+i°° 

'a-i°° 

r ( k l l ± s ) n - s / 2 

( 2 i r ) s - i (k+ize," 

œ 2ïïidn 
ν ^s-1 r c γ /S+k-1 , τ τ . a , -, 

c=l d=l ^ Z ° 
(d,c)=l 

where 
2ïïiam  

» a £ ( m ) e
 c 

L £ ^ s ; c ^ = ^ ϋ ' ad = 1 (mod c) . 
m=l m 

The disadvantage of (2.3) is the appearance of Kloosterman sums on 
the right hand side. If in (2.4) we apply the functional équation 

s , k-s , 
(2.5) ( £ ) r(s)L A(s;|) = (i> <^f> Γ (k-s) L £ (k-s ,ψ) 

then it is easily seen that the Kloosterman sums are transformed into 
Ramanujan sums which can be evaluated exactly. Ramanujan's identity 

27rid(m-n) n . \ 
r -2w S β 5 g l - 2 w ( m " n ) 

c=l d=l Ç [ Z W ) 

(d,c)=l 
can then be applied to give 

0 c 27ridn ( m)a (m-n) • o c\ V ~2w γ ô c _ , -dv _ 1 ν x l-2w v 

( 2 · 6 ) X C

 d L β L ) l ( S ? — > " TOI J , "Ï 
c=l a=l m=l m 

(d,c)=l 

k+1 
which is valid for Re(w) > 1 and Re(s) > — ^ . 

On combining (2.4), (2.5), and (2.6) we get 

. L- . (w+k-1) 
{ 0 Ί , Γ (k-1) ? t j , t £ Λ 
( 2 · 7 )

 f A ,k-i . S J < f . , f . > — a j ( n ) 

(4π) 3=1 j ' j J 

k-1 
V n ) ^ (27r) 2 wn 2 y a j l ( m ) a 1 _ 2 w ( m - n ) 

= n " *< 2"> mil Î S + i - w W n 

m 
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where 

r a+ioo r ( ^ i i - w - s ) r ( ^ i + s ) β  

( 2 · 8 ) V x ) = 2 iT h ^ î JEÏI x d s -
w ^ π ι V i - r(w + ̂ . + S ) r ( ^ - s ) 

Since k > 12, the right side of (2.7) converges absolutely for 
1 < Re(w) < 2 and α < -Re(w), say. 

The intégral in (2.8) can be computed as follows. If x < 1 
k+1 

(2 9) I (x) = ? ( - D m H k - w + m ) -Τ" " W + m 

V x ;

 m £ 0 m! r(k+m ) r(w-m) x 

k+1 
Γ (k-w) 2 ι , » 

= r(k ) T(w) x F(k-w,l-w,k;x) 

(-l) m 

since Γ(ζ) has pôles at z = - m with residue - — r — . Similarly, mi 
for x > 1 

_ k - 1 

(2.10) I w(x) = n i O H w ) x 2 F i k - w a - w . k ^ " * 1 ) . 

Moreover, by continuity, thèse results are also valid when x = 1 ; 

and, in fact, using G a u s s 1 formula 

F(a,S,y,l) - r ( ; - a ) f (γ-ρ) 

we have 

(2 .11 ) I (1) = r(k-w ) r (2w-l) m 

W T ( 2 ) ^ r(k-l+w) 
It, therefore, follows from (2.7), (2.9), ( 2 . 10 ) , (2 .11 ) and the 
functional équation for the Riemann zeta function that 

π k - 1 
n Γ (k -1) 

h 
Σ 

j = i 

R*: * (w+k-1) . . 
3<f'f-> a j ( n ) - r(w+k-l)Ul-2w) yfèfr-L^ 

4. r i> „ Ï r f 9 » η r(2w-l) a ^ ( n )  + r<k-w)C(2w-l) — ^ 
n 

. r(w+k-l)r(k-w) y V m ) c f l - 2 w ( m - n ) „ . „ . .nu 
+ ΓΤ1Π ï k^5 P(k-w fl-w,k; ï ï) 

m ^ n n 

+ r(wHk-l)r(k-w) y V m ) g l - 2 w ( l n - n )

 p ( . . k . n . 
+ fjfi Y χ=ζ • F(k-w,l-w,k,-) . 

v ' m>n m 
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oo 
THEOREM (2). Let g(z) = J b e 2 π ι η ζ be a cusp form of weight k 

n=l n 

for Γ. Define 

B ( S) = r(s ) r(2k-l-2s) r(2k-l-2s) ^ 
Bm{s) r(k-l ) r(k-s) ζ { Ζ Κ 1 Z 3 ) s 

m 

m ï 
n<m 

b n q 2 s + l - 2 k ( m ~ n ) 

S 
m 

F(s,s+l-k,k;j[) 

b a0c,,-, 0, (n-m) 
+ J n 2s+l-2k P ( s , s + l - k , k ; - ) £ s n 

n>m n 

Then 

k-1 

Φ m 
h 
Σ 

j=i 

R f . , g ( s ) V n ) 

<f ,f > = B (s) + B (2k-l-s) 4 m m 
r(s)r(2k-l-s) γ . , 
Γ(k)Γ(k-1) mKS}' 

The functional équation for R^ g^ s^ immediately implies 

Y (s) = Y (2k-l-s), m m 
but this could just as easily have been obtained from the Gauss 
transformation 

(2.12) F(a,f3, Y;z) = ( 1 - z ) Y ~ a ~ 3 F ( γ - α , γ - 3 , γ ; z ) . 

Curiously, (2.12) can also be used to give a novel proof of (1.2), 
the functional équation of the Rankin-Selberg zeta function. 

As an example of a spécial case of Theorem (2), we put k = 12, 
s = 10 and 

oo / % r / x 2ττιηζ g(z) = 2, T(n)e 
n=l 

to be the Ramanujan cusp form of weight twelve. It follows that 

101L (13)  2^2 
(4π) <g,g> 

τ (m) = ,24ζ(3) 
K 11 m + 4> 

m 
τ (m) 

+ ¥ r î τ(η)σ ,(m-n) (5-β£) 
1 1 n<in " 3 m 

+ ZfP- l τ(η)σ ,(n-m) φ 1 0 ( 5 - 6 § ) . 
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§3. Using the methods of §1 it is possible to dérive explicit 
formulae relating partial sums of the type (1.1) with sums going over 
the eigenvalues of the Laplacian. For example, we can obtain 

THEOREM (3) . Let x — > «> and ε > 0 be fixed. Then 
oo 
Σ 

n=l 
a b , e n n+m 

_ n 
x « x 

k - Ι + ε 

where the « - s y m b o l dépends only on ε and m . 

The proof of Theorem (3) uses the fact that there are no eigen
values in (0,j] for the group Γ. This, however, may not be the 
case for arbitrary groups; although it is conjectured that there are 
no eigenvalues in (0,-j) for any congruence subgroup of S L 2 ( Z ) . 

Let Γ 1 be any fixed congruence subgroup of S L 2 ( Z ) , and let 

M = i + r j 2 (λό = 0 < λί < λ 2 < ···> 
2 

be the eigenvalues of the Laplacian in L (Γ'\Η). Put 

a = max |Re ir.|. 
j 3 

THEOREM (4) . Let x — > » and ε > 0 be fixed. If a n , b n are  
the n t h Fourier coefficients, respectively, of two cusp forms of  
weight k for Γ 1 , then 

- S . 
Y a b ~ ~ e x « υ

Ί n n+m n=l 

k - i + a 
x z 

k - J + ε 
x 

a > 0 

otherwise. 

The « - s y m b o l dépends only on ε, m and Γ ' . 

In the case that a > 0, it is possible in many cases to re
place the upper bound in Theorem (4) by an asymptotic relation. We 
also remark that ail of our Theorems remain valid if the {b } are 

n 
taken to be Fourier coefficients of Eisenstein séries. 

106 



POINCARE SERIES 
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