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REPORT ON P-ADIC L-FUNCTIONS OVER TOTALLY REAL FIELDS 

by 

Kenneth A. Ribet 

This report concerns known p-adic properties of values at negative integers of 
abelian L̂ functions over totally real fields. These properties were first estab̂  
lished by P. Deligne and the author [5], using the theory of p̂ adic Hilbert modular 
;forms. Recently, techniques found by P. Cassou-Nogues [2] and by D, Barsky [l] f 

based on formulas of Shintani [7], have provided a totally new method for the p-adic 
study of L-values. The main object of this paper is to compare the congruence re
sults obtained by the two methods 

More precisely, the main theorem of I5J is a statement about the existence of 
p-adic measures with certain properties, or equivalently a theorem asserting generr 

alized Kummer congruences for L-values. The main theorem of I2j establishes certain 
special congruences introduced C&s axioms) by Coates in his study of p-adic L*func
tions [3]. These congruences are particular cases of the Kummer congruences, Here 
we shall explain how the congruences of Coates in fact generate all Kummer congru
ences, so that the main results given by the two methods are entirely equivalent, 
This comparison takes place in the second section of this paper, which follows a 
preliminary section on the rationality of L-values. 
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In the third section, we state some 2-adic divisibilities (and a wow-divisibil
ity) which follow from the modular form technique for studying L-values. These re
sults, obtained in 1 5 ] , form a complement to the main theorem on Kummer congruences, 
Some of these divisibilities may be deduced formally from the Kummer congruences, 
because of the existence of trivial zeros for L-functions attached to abelian char
acters. It appears, however, that the general divisibility cannot be so obtained, 
It might be interesting to reprove these divisibilities using the method based on 
Shintani's formulas. 

In the fourth section, we restate the Kummer congruences for conductors which 
are divisible by p , in terms of measures on Galois groups. Then we review a con
struction of p-adic L-functions based on these measures. The construction is basi
cally that given by Coates [3], except that the role of measures has been made ex*, 
plicit. In summary, it is the following; the p-adic L-functions, after multiplica
tion by suitable "fudge factors," become the Mellin transforms (in the sense of 
Mazur) of our measures. In our discussion, we have indicated how one may eliminate 
constant consideration of the fudge factors by using the pseudo^measures recently 
introduced by Serre [6]. 

1. Rationality properties of abelian L-values 
Let K be a totally real field, and set r = [K:Q] , For each (non-zero) in

tegral ideal (or "conductor") f of K f let be the strict ray class group of 
K modulo f . Recall that Ĝ  is obtained by dividing the set of prime-to*-f inte* 
gral ideals of K by the equivalence: 

a ~ b if and only if ab^1 = (a) for some totally 
positive a £ 1 + fb ̂  . 

Let K be an algebraic closure for K . Class field theory interprets Gf as the 
Galois group of an abelian extension Kf C K of K , and the union U K f is the 

ab — maximal abelian extension K of K in K , 
Let f now be a conductor, and let v be an embedding K^IR , ite,, a real 
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place of K , Let a G 1 + f "be an element which is negative at v (i.e., v(ot) 
< 0 ) but positive at each real place of K different from v . The image in 

of the ideal (a} is independent of the choice of a and has order 1 or 2 , 
It is the Creal) Frobenius element of Ĝ, attached to v . It may also be describe 
ed as the automorphism of Gf obtained by choosing an embedding (C compatible 
with v and applying complex conjugation. 

For fixed v , as f varies, the elements ay £ Ĝ  form a compatible system 
in G = Lim Gf . We again write for the element of G given by this compati
ble system. Each G G has order 2 , and the subgroup H of G generated by 
the oy has order exactly 2 r . For each f , let Hf be the subgroup of Ĝ  
generated by the ay in Ĝ  ; this subgroup is the image of H in Ĝ  . 

If e: Ĝ  •> C is a complex-valued function mod f , we set as usual 

(1.1) L(s, E) = I e(x)Nx"S , 

the sum "being oyer prime-to-f integral ideals x . (Here N is the norm function, 
and we view e as a function on the set of prime-to-f ideals in the usual way,) 
While this sum need converge only for Re s > 1 , it is well known that the func* 
tion LCs, e) may be analytically continued to a mercmorphic function on C , hol-
omorphic for s 1 , with at worst a simple pole at s = 1 , The continuation de
fines in particular values L(l - k, e) for integral k > 1 . 

(1,2) THEOREM [7], [8]« Suppose that the values of e 
are rational numbers. Then 

L(l - k, e) G Q for k > 1 . 

For each a £ G , let 1 be the characteristic function of a on G , I a,f f 
The L-series L(.s, 1 J is the partial zeta function of the class a modulo f a,i 
as considered by Siegel. The theorem asserts that the values of such partial zeta 
functions at negative integers (including 0 ) are rational. The formula 

L(l - k, e) = I L(l - k, 1 J-e(a) 

shows for arbitrary e; G •> <D that the values LCl k, e ) lie in the (̂-vector 
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space spanned by the numbers eta] in C , It provides the definition of values 

Lt'l - k, e) G V for any function on Ĝ  with values in a ̂ -vector space V , 

We now consider certain identities which hold among these values. Let 

e: -> V be given. For a G G- we write e for the function xl • e(ax) , the 

"twist" of e by a , For c £ G , we write for the twist of e by the 

image of c in Gf . Similarly we define the twist of e by a prime-tô f integral 

ideal d. 

(1.3) PROPOSITION. Assume that K # $ or tfiat f is non-trivial. For each real 

place v of K and all k > 1 , naue L(l ̂  k, e ) = (-l)kL(l f- k, e) , 
av 

The proposition is proved by reduction to the case where e is a primitive 

character with values in C , It follows in this case from the functional equation 

for L(s, e) (trivial zeros). Note that in the excluded case the proposition would 

be false for k = 1 , since the Riemann zeta function does not vanish at 0 , 

Now let f' C f be two conductors. Suppose that d is a divisor of f' 

which is prime to f . Then f divides the quotient f'd"1 , so that there is a 

canonical map G , G« . Let us write e for the composite of this canonical 
f'd 1 

map with the twist of e by d , The function e* is thus a function 

mod f'd"1 . 

(1.1+) PROPOSITION. For k>l we have 

L(l - k, e) = I LCl - k, e^Nd*"1 , 
d 

where the sum runs over those divisors d of f' which are prime to f . 

To prove this proposition, it suffices to treat the case V = Ç . There we de

compose the sum (l.l) according to the greatest common divisor d of x and f ' , 

The asserted identity then falls out immediately. 

The simplest, and most familiar, case of the identity (l.U) occurs when f and 

f' have the same prime factors. Then the sum has only one term, corresponding to 

d ss l , and the identity states that L(l - k, e) has the same value when we 
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regard e as a function modulo f' as when we regard it as a function modulo f , 

2. Congruences for Li-values 
Let p be a prime number, fixed in what follows. Let N : G •> be the pr 

adic norm character. This map is characterized by each of the following: 
(i) The map N is the "Tate" character describing the action of 

G = GaltK^/K) on the p-power roots of unity in K a t , 
(ii) The map N factors through the quotient G = Lim G of G and coin-

oo «— n 
P P 

cides with the standard norm map on the dense subset of G consisting 
00 
P of the prime-to-p integral ideals of K . 

In connection with (ii)» we note that for n > 0 the map 

N mod pn; G ~* (&/pnZ)* 

already factors across the quotient G of G . Also, we have N = -1 for each 
n • (j 
P v real place v of K . 

Let f be a conductor, and let e; Ĝ  •> y take values in a Q̂ -vector space, 
For c E G we set 

A (1 - k, e) = L(l - k, e) - NckL(l - k, e ) e V 

for k > 1 . These e are the twisted Ir-values attached to e , If e is a c 
character with values in an extension field of Q , then we have 

P 
A (1 - k, e) = (l - e(c)Nck}LCl - k, e) : 

the twisted L-values are the usual L-values corrected by a "fudge factor" depending 
on c . 

Now let (ê , k ̂  1) be a sequence of d̂ -valued functions on Ĝ, , only fi~ 
nitely many of which are non-zero. The Kummer congruences mentioned in the Intro
duction are given by 
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(2.1) THEOREM [5]. Assume that we have 

7 E. (x)Nxk"1G 7L 
k£l k P 

for each prime-to-f integral ideal x . Then for all c G G we ftaye 

I A C U - k, c k ) P 

We note immediately the following variants of (2-1): 
1. By linearity, we may replace Z p by pnZ^ for any n € Z , in the statement 
of (2,1), Hence (2.1) may be paraphrased: any congruence satisfied by a finite sum 
2, ekN is again satisfied by the corresponding sum of twisted L-values. 
2. We may replace Z by any free 2̂ -module R , replacing Q by E = R & $ , p V P P 
This applies for example if E is a finite extension of <Ĵ  and R is its ring of 
integers. 
3. We may replace c by an integral ideal d which is prime to pf , The conclu
sion of (2.1) for a given c is equivalent to the corresponding statement for a 
given d provided that c and d have the same images in G^ and have norms 
which are sufficiently p-adically close. 

We now turn to the congruences of Coates 13]. We restate them slightly, to 
make evident that they are special cases of the Kummer congruences (2.1): 

A. For all e; G~ + 2Z and k > 1 , we have A (l ̂  k, e) G Z for all c G G , 

B. Let f be divisible by pn (n > 0) , and let k> 1 be given. Suppose that 

n: •+ 2Ẑ  is suoh that n = N mod p , the two functions being considered 

as functions on the space of prime-to-f integral ideals. Then for all 

e ; Ĝ, Z we fan;£ 

Ac(l - k, E) = A cCQ, en) »od pn . 

iNote that, in B 9 the function n exists because N mod p n may be viewed as a 
function on G . Assuming A , the assertion B is independent of the choice of n •] 

Pn 
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(2.2) THEOREM. Statements A and B imply (2.1). 

Proof. We first condider the case where f is divisible for all primes dividing 
p . For n >0 we have the right to replace f by fpn in (2.1), replacing 
by their composites with the map G •> G- : The replacement does not change the 

hypothesis of (2.1), and in light of (1.1+) it does not change the conclusion either. 
Make this replacement, choosing n so that all e take valua in p*"nZ . For 

k p _ k—1 n each k >1 , let n, be such that n, = N mod p , The function k K 
£ = I Eknk 

is Z - valued according to the hypothesis to (2,1). Hence, by i4, ve have 
A (0. e) £ Z . But by B we have c * p 

A (0, e,n, ) = A (1 - k, E, ) mod 7L 
c k k c k p for each k . Since ^(0, e) = 1 ^c^> Ck\^ 9 ^ h i s Sives the conclusion to (2.1), 

We now treat the remaining case, where f is not divisible by all primes over 
p . Each class in Ĝ  is represented by ideals whose norms are arbitrarily highly 
divisible by p , so that the hypothesis to (2.1) implies that takes values in 
Zp . Of course, if all are Ẑ -valuedf then the conclusion to (2.1) is a con
sequence of A. Arguing inductively, we shall assume that (2,1) is known if all 
e, take values in p~nZ but that we are in fact given functions e, with values k P k 
in p ^ Z . 

P Let f' = fp , and decompose each value L(l *• ê ) as in (.1,1+), The 
quantity to be proved integral in (2,1) then breaks up as a sum of quantities 
v * k—1 
2, A (1 - k, e )Nd , one for each divisor d of f' which is prime to f . 
It suffices to prove that each such quantity is integral, Fix d , and for each 
k set a = e Nd ; the problem is then to obtain the conclusion of (2.1) k K, ci 
with the e replaced by the a . Now for each x prime to f* d^1

 9 we have 

I « k U ) N x k _ 1 

k K 
- I e, (dx)N(dx)k-1 , 
k K 

so that the hypothesis of (2.1) for the a is just a special case of the same 
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hypothesis for the . If d = 1 , then f = fp is divisible by all primes 

over p , so we have already obtained the conclusion of (2.1) for the o.^ , If 

d=£ 1 , then clearly Nd is divisible by p , so that each takes values in 

p . We again have the desired integrality by induction, 

3. 2r-adic properties of L-values*and "parity" 

In this section we state a strengthening of i_2tl) for p = 2 in the situation 

where the functions satisfy certain parity conditions. 

Let f be a conductor. A function e on with yalues in a ̂vector space 

V is said to be odd (resp. even) if e = »-eCresp. e = e ) for 
o o 
V V each real place v of K . (.Here the are the real Frobenius elements of §1,) 

Let k be an integer. We say that e has parity (-1) if k is odd and e is 

odd or if k is even and e is even. We shall be considering functions as in 

C2,l) where each has parity (-1) . Before doing this, we distinguish an ex

ceptional case. This is the case where each of the following three conditions is 

satisfied; 

(i) The conductor f is the trivial ideal il). 

Cii) All units of K have norm +1 . 

(_iii) The extension L of K obtained by extracting the square roots of all 

totally positive units of K is quadratic over K , 

[When (ii) is satisfied, (iii) means that there are units of K of all possible 

signatures which are compatible with (jLi),J 

Finally, suppose that e ; Ĝ  •+ & 2 is either even or odd, Then the reduction 

*Z • (E/2Z) 

is invariant under the subgroup Hf of Gf generated by the f so that the 

sum 

I 
g€!Gf/Hf 

ë(g) GZ/2S 

is well defined. We let 6(e) denote this sum. 
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(3.1) THEOREM 15]. Let €^ (k > l] be given as in (2,1), Assume that each e k 

has parity (~l) one? tnat p = 2 , Then: 

(a) For aU c G G we have 

л def. А = С 
I д Ci - к, c k ) е Л 2 , 
к>1 

C"b) In t/ze non-exceptional case, we have Ac G 2 r^ 2 . 
(c) In tfee exceptional case, we have Ac

 e 2r2Z2 provided that either 
fth 

c G Gal(K /L) <?r 6 (e ) = 0 . 

[Note that in the exceptional case the function e^ is Z ̂ -valued because the con-
ductor f = (l) is not divisible by each prime dividing 2 t as in the proof of 
(2.2).] 

(3.2). THEOREM 15J • Suppose, in the exceptional case, that 6(e) = 1 and that 
c ̂  Gal(KAB/L) . Then A C £S exactly divisible by 2 r" 1 , 

In connection with these theorems, we now explain why the case where each ê  
has parity (̂ 1) is a central one. As in §1, let H be the subgroup of G gen
erated by the real Frobenius elements . Let N: H -> {±1} be the homomorphism 
such that No = -1 for each v ; it is the restriction to H of the p-adic norm 
character N ; G •> Ẑ  for any prime p , 

Suppose that e is a function on Ĝ  with values in a (̂-vector space, Write 

+ 1 V 
£ = #H ^ % » 

f H cGH C 

e = i . j 
# н сен 

с 9 

these two functions are respectively even and odd, (As we have remarked in §1, one 
fcnows in fact that #H = 2 r . ) 

(3.3) PROPOSITION. Suppose that either K is different from the rational field or 
that f is non-trivial. 
(1) For k > 1 and c G H we have L(l - k, eQ) = NckL(l P k, e) , 
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(2) We have 

(L(l - k f £ + ) if k is even 

L(l - k, e) « j 

L(l - k , O i / k ¿¿3 odd, 

Proof* The first statement is a variant of (1.3). The second follows directly from 

the first and the definitions of e f c+ , 

Statement (2) gives a simple expression for an arbitrary L-value in terms of an 

L-value for a function "with parity." Using it, one shows easily that (2,1), when 

p = 2 , is a consequence of (3.1). Conversely, given (2.1), the divisibility 

statement (3.1) may be reinterpreted in terms of divisibilities of values A (0, e) 

for arbitrary functions e; Gf 7L^ . 

k. ^-adic L-functions and v-adic measures 

Let p be a prime number. In this section we shall outline the construction 

of p-adic measures on certain Galois groups with the aim of relating our Kummer con

gruence (2.1) to the theory of p-adic L-functions attached to abelian characters 

over K . 

Let f be a conductor which is divisible by all primes of K dividing p , 

In this section, we modify our previous notation and let G be the Galois group 

G = Lim G . The group previously denoted by G will now be referred to with-
fp~ < fpn 

out abbreviation as Gal(K /K) . We shall reformulate in terms of measures on G 

all Kummer congruences modulo the conductors fpn (n > 0) , 

For each locally constant function £, G Q , quantities L(l k , e) G Q 

are defined for k > 1 . Namely, any such e is (for sufficiently large n ) a 
£ 

map G —-—• <D, , and the numbers L(l »• k , £ ) attached to this map as in §1 

are independent of the choice of n because of (l.U). For fixed k f the associa

tion £ H- L(l - k , e) is thus a distribution on G with values in Q . 

For each locally constant £: G and each c G Gal(K /K) f we define 

Ac(l - k , e) = L(l - k , e) - NckL(l - k , EJ G 

186 



P ADIC LFUNCTIONS 

as in §2. Since N: GalQC^/K) •> Z* may "be viewed as a function on G , for given 
e and k a quantity A (JL « k, e ) is well defined for c in G , 

For later use, we recall the standard factorization N = { )w of the norm 
character on G as the product of a character x I—-• (x) with values in 1+ 2pẐ  £ z

p 

and a Z*-valued character of finite order w , the TeichmUller character. We P 
let F c ^ be the image of ( > ; it is (nonr-canonically) isomorphic to Z^ . 
The extension of K cut out by the character < ) is the cyclotomic Z i-extension 

P 
of K . 

Also, we let A C G be the kernel of < ) ; it is finite if and only if the 
Leopoldt conjecture is true for K and p . 

(U.l) THEOREM. For each cG G , the distribution e»—•A^O, e) is a measure Mc 

k—1 on G with values in TL . For k > 1 , the measure N u is the map p c 
e H- Ac(l - k, e) . 

Proof. The first statement asserts that if a locally constant function e on G 
is TL -valued, then A (0, e) lies in Z . This is a special case of (2,1), and p c p 
indeed is contained in congruence J4 of §2, To check the second statement, it suf
fices to show for k^ 1 and n ̂  1 that 

eNk 1 dp = A (1 - k, e ) mod pn TL J c c P 

for each locally constant e: G •> Ẑ  . For this, let n ; G -* Z^ be a locally con-
stant function such that n = N mod p . By congruence B of §2, we have 

A (1 - k, e) = A (0, en) mod p nZ , c c p Qn the other hand, because u is a measure, we have 
f f k-1 n A (0, en) = en dp E eN dp mod p Z , c ' c c P 

This completes the proof. 

Remark. Conversely, we recover the Kummer congruences mod fpn (n p 0) from the 
_ k—1 measures H as follows: if > e, N isffi -valued, then we have c L k P 

Y A (1 - k, e. ) = f I e.N^du G TL . L c k J L k c p 
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Since our proof of 0+.1] uses only congruences A and B of § 2, we find once again 

that A and B imply the Kummer congruences for any conductor divisible by all primes 

above p . The proof of this fact provided by the above arguments is essentially 

the same as that given in §2. 

Following [6], it is convenient to renormalize so as to replace k - 1 by k , 

Namely, for c £ G , let XQ «
 N""^c • Then Ac is a measure on G with the 

property that 

| eNk dAc = Ac(l - k, e) 

for K> 1 and e locally constant (cf. ¡6, 3.5JL 

In the language of 16], the measures define a pseudo-measure X on G , 

For each non-trivial continuous character ^ on G with values in the completion 

C of the algebraic closure of Q > an integral 

I Фах = 
Фал 

J с 1-HcJ 
is defined independently of c . When is a character of finite order, we have 
in particular j \p N k dX = L(l - k, \p) . 

(U.3) Suppose that Leopoldt's conjecture is true for K and p , i,e,, that the 
group A = Ker < > is finite. Then by 16, 1.15], X may be uniquely written as 
the sum of a 7L^~valued measure p on G and some Zp-multiple of a certain "stand
ard" pseudo-measure on G obtianed from Haar measure on A . On the other hand, if 
Leopoldt's conjecture is false for K and p , then [6, 1.15] states that \ is 
already a measure. Write \i = X in this case. Then in both cases we have at least 
| i> dX = | \\f dy for all characters which are non-trivial on A [6, 1,17] i 

Now let H C G be the subgroup of G generated by the real Frobenius elements 
of G (i.e., the images in G of the real Frobenius elements of Gal(K /K)) . 

(k.k) THEOREM. Let <J> : G + Z be a continuous function which is even in the sense 

that it is invariant under H . Then for all c ̂  G we have <f> dXc e 2 rZ p , 
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Proof. There is no new assertion if p is odd, If p = 2 , the result follows 
immediately from divisibility (b) of (3 .1 ) . 

Remark. Using (.3.3), one may show a priori from (^,1) that j <$> &\^ is divisible 
in Zp by the order of H when <f> is even. This order divides 2 r ^ and it is 
equal to 2 whenever p = 2 and Leopoldt's conjecture is true for K and the 
prime 2 . Hence (h.h) asserts the truth of a consequence of Leopoldt's conjecture, 

0+.5) COROLLARY. Let M be the measure on G introduced in 0+ . 3 ) , For all even 

<t> : G + Z , we have <f> dy G 2rZ . P J P 

Proof. The divisibility (U.lf) asserts that the pseudô measure on G/H obtained 
from X and the projection G •> G/H is divisible by 2 , The corollary then fol
lows from the uniqueness of the decomposition [6, 1.15]. 

We close now with remarks on the construction of the p-adic L-function 
Lp(s, e) attached to an even continuous character e of finite order on G , Let 
£ be the finite extension of generated by the values of e , and let R be 
the integer ring of E . By definition L̂ (s, e) is the continuous function (of 
B ) on Z - (l) with values in E such that Lp(l - k, e) = L(l - k, ew"k) for 
k ̂  1 . The point is to show that Lp(s> £) exists, and to derive various "analyt-
icity" properties for it. 

For the existence, choose an element c of G such that one of e(c) , c 
is different from 1 . The expression 

(>«.6) 
<x>1_Se(x)<U tx) 
I c-
1 - e C c X O 1 " 8 

then represents a continuous funciton of s having the defining property of 
kp(s, e) . Alternately, Lp(s> e) is simply the integral of e<) against the 
pseudo-measure X , 

The analyticity properties result form the well-known connection between Reval
ued measures on TL^ and elements of the power series ring RUT]] , cf. [6, 1,7]« 
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The essential fact for us is a resulting integral formula. Choosing a splitting of 
the projection G-> r , so that G may he viewed as a product r * A . Also, let 
Y G r be a topological generator of r over Z p , If a ; r ~ is the resulting 
isomorphism, we have x = Y" ̂  for x G r , We write simply a for the composite 
of a with the projection G •+ T . 

Let be a continuous character on G with values in C* . It is the prod-
uct of a character i> on G which is trivial on r and the character 
x*-*ua^ , where u = (y) . For n> 0 , let an be the integral 

f v > ( " . I 
G 

dp(x) G R 9 

(<*(x)} th 
where [ n J is the n binomial function on 7L^ , viewed via a as a function 

on G . Then, by the binomial theorem, we have 

(U.7) [ #d|i = J ft Cu - 1) n , 

cf. 16, 1.9J. 

One uses this formula to prove results of Iwasawa analytioity for L
p( s> £) • 

Namely, let us say that function :̂ -> R is Iwasawa analytic if there is a power 
1—s 

series F £ R[[T]J such that F(Y - l) = <f>(s) . [The power series is unique if 
it exists, and the property of being analytic in this sense is independent of the 
choice of the generator y of r . J Here are the nain facts concerning L

p( s> £ ) * 

(U.8) For each c , both the numerator and the denominator in Lh,6) are Iwasawa 

analytic function on TL^ . The power series representing the numerator is divisi

ble by 2 r . 

0.9) If £ is non-trivial on A , then Lp(s, e) extends to an Iwasawa analytic 
function on , and the power series 7^ which represents it is divisible by 2 • 

(U.10) if e i3 non-trivial on A , but if 0 : G + C* is a finite character 
which is trivial on A , then FQ (T) = F e (cU + T) - 1) , where c is the 
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p-power root of unity 0 Cy) . 

Sketches of the proofs. The assertion relative to the denominator of (h.6) is imr 

mediate from the definition of the denominator. The Iwasawa analyticity of the nu

merator follows from C^.T), where we take ]U - < >^s and y = eX . The divisi-

bility of the coefficients of the power series representing the numerator is a con

sequence of O+.U) and the hypothesis that e is an even character. (It is worth 

noting, in passing, that when e is a character which is not even, the definition 

of Lp(s, e) implies that L (s, e) is identically 0 . ) 

The statements in (^.9) may be deduced from (.̂ .8) by an argument involving 

unique factorization in R[[T]] (cf. IUJ, 6.5). A more direct approach is to use 

the expression 

Lp(.s, e ) = j e < >1"sdM , 

valid when e is non-trivial on A , for Lp(s» £) i n terms of the measure y of 

0 .3) . The divisibility of F£ by 2T results from C>.5). 

Finally, (U,10) is an easy consequence of the integration formula (.U,7)| we 

have 

Lp(s, E0) = (.< )1~S0)edA 

- Fe(y^
se(y) - 1) . 
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