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SOME RECENT RESULTS IN TRANSCENDENCE THEORY 
by 

David W. MASSER 

INTRODUCTION 

This art ic le is dïvïded into parts I, I I , and I I I , dealing respectively wïth 

ellïptîc functïons, gamma functïons, and Sïegel E-functïons. In each part we 

descrïbe some récent results and mention a number of open problems. 

I - ELLÏPTIC FUNCTÏONS 

M. Anderson [ l ] , [ 2 ] has proved several ellïptîc analogues of A. Paker's 

ïnequalïtïes [ 3 ] for lïnear forms ïn logarïthms of algebraïc numbers. Let 

be a Weïerstrass ellïptîc functïon wïth algebraïc invariants g^ and g^ . 

There ïs a canonïcal way of choosïng a basis U0j , u)̂  for the perïod lattïce of 

^P(z) (see, e .g . [ 6 ] p. 4 2 1 ) , and we dénote by II the fundamental para l le l -

ogram consïstïng of ail points of the form 0̂  uî  + ^ ^ 2 ^ O R R E A ' ^ 1 ' ^ 2 
wïth 0 ^ 0 , 0 O < 1 • For n > 1 let u , , . . . , u be non-zero points of II 

•\ 1 n 
such that J P ( U J ) , • • ^ ( u ) are algebraïc numbers of heïghts at most. A > 4 
and generate over the ratïonal fïeld Q and algebraïc number fïeld F of degree 

at most d > 2 # Let pQ> - # # >(3 n be algebraïc numbers of heïghts at most 

B > 4 which generate over F an algebraïc number fïeld of degree at most 
D > 2 (over Q) . Put : 

A = •0 3 u, + . . . + 3 u n n 

and assume A ^ 0 # 

AN Anderson's results need the addîtïonal hypothesîs of complex 

multiplication ; thus throughout thïs section we shall assume that (z) has 

complex multiplication over a complex quadratïc fïeld K . The maïn results 

take the form : 

log | A | > - C D X (log A)^ log B (log log B ) K 

where C > 0 ïs effectïvely computable in terms of g^, g^, n and the choïce 

of K, \ 9 [i . There are three possïbïlïtïes for thïs latter choïce ; 

uncondïtïonal ly we can take any values satïsfyïng eïther 

K > n + 1 , X > 4 n 2 + n + 3, > n 2 + n 
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or 

K > n + 2 , \ > n 2 + 4 n + 6 , i a > n 2 + n - 1 ; 

whïle ïf n > 2 and one of Uj ,»««,u ïs a half-perïod we can suppose merely 

that : 

K > n + 1 , X > n + 2n + 3 , | j > n - n - 1 • 

Already thïs présents us wîth two apparently very dïff icult problems ; 

f ï rs t ly to remove the term (log log B) from thèse estimâtes, and secondly to 

relax the condition on |JL to \i > n • Both of thèse (and much more) have been 

solved in the case of lïnear forms in logarïthms of algebraïc numbers. 

N'ext, suppose that 1, u ^ , . . . , u n are lïnearly dépendent over the fïeld of 

algebraïc numbers. It has been known for some tïme that then u^, . • • > u

n 

must be lïnearly dépendent over K . Anderson shows in fact that there exïst 

ïntegers Pj»«««>Pn of K , no ta l l zéro, wïth absolute values at most 

/ 2 ^ 4 / . . A j / 2 ( n - l ) (en d (log d) log A) ' , 

such that 

p, u, + . . . + p n u n = 0 . 

Here c > 0 ïs effectively computable ïn terms of g^ and g^ • 

For the rest of thïs section we shall dïseuss an ïnterestïng feature ïn the 

proof of thïs second resuit . F i r s t we consïder the exponential case, due to 

J . H. Loxton and A. J . Van der Poorten [ 8 ] . One approach, not quïte theïrs, 

leads to the followîng problem. Let F be an algebraïc number fïeld of degree 

d > 1 , and for any non-zero a ïn F defïne 

h (a) = E log max (1 , v (a)) , 
v 

where the sum ïs taken over ail normalïzed valuatïons v of F . Recall that 

there are d archïmedean valuatïons v such that v (a) ïs the absolute value 

of one of the conjugates of a , and every other valuatïon ïs assocïated wïth a 

prime ïdeal *P of F . ïn the latter case v (a) = ( N l 3 ) ~ k where k ïs the 

exact power of î 1 dïvïdïng the principal ïdeal generated by a ïn F , and 

N^P ïs the norm of *P . 

Now, ït ïs not too hard to prove that h (a) = 0 ïf and only ïf a ïs a root 

of unïty ; thïs ïs essentïally Kronecker's Theorem about algebraïc ïntegers on 

the unît c ï r c le . The problem re fer red to above ïs to find a good positive lower 

bound for h (a) , dependïng only on d , as a runs over ail non-zero 

éléments of F that are not roots of unïty. 
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Thïs îs solved as fol lows. If a îs not an algebraîc integer then v ( a ) > 1 

for some non-archimedean valuatïon v , and this împlïes v (a) ^ 2 , so that 

we have the lower bound h (a) ^ log 2 . On the other hand, îf a ïs an 

algebraîc integer, then, assumïng for the moment that a ïs of exact degree d 

wïth conjugates a ^ , . . . , ^ , we see that 
d 

exp h (a) = II max (1 , |cc.|) . 
i = 1 

It ïs a classîcal problem to find good lower bounds for the rïght-hand sïde of 

this équation, and untïl recently the best estïmate was due to F . E . Blanksby 

a n d H . L . Montgomery [4 ] . 

They showed that i f a is not a root of unïty, then 
d « 
II max(1 , |cc.|) > 1 + (52d log 6d) • 

i = 1 1 

We deduce that if d > 2 then 

h (ct)> c (d log d)~* (tt) 

for some absolute constant c > 0 , and ït ïs easy to check that this remaïns 

valïd even when a has degree less than d . It follows that (-)'c) îs valïd for 

any non-zero a ïn F that ïs not a root of unîty. 

In 1977 C L . Stewart found a new proof of (-*) , wïth a siïghtly smal 1er 

value of c , by applyïng techniques from transcendence theory (see [12]) • 

Recently, E. Dobrowolskî used sïmïlar methods to obtaïn a sïgnifïcant ïmprove-

ment on thèse estimâtes, ïn whîch the order of magnitude (d log d)~^ ïs 

replaced by (log log d / log d) . 

To explaïn the ellïptïc analogue, we note that h ïs a natural heïght functïon 

assocïated wïth the multiplicative group C of non-zero complex numbers, 

This group can be ïdentïfïed wïth the curve C of points (x, y) satîsfyïng 

xy = 1 , for example, Then h ïs defïned on the subgroup C (F) = F of 

points (a, (3) on C wïth coordïnates oc, (3 ïn F , 
Moreover h vanïshes exactly at the torsion points of C (F) . Now let <$ 

dénote the ellïptïc curve assocïated wïth (z) , consïstïng of poïnts (x, y) 
2 3 

satîsfyïng y = 4x - g^x - g^ together wïth the point at ïnfïnïty oo . 

This curve has an addïtîve group structure, and r provïded g^ and g^ lïe ïn 

the algebraîc number fïeld F , so has the subset S (F) of poïnts P = (a, (3) 

on S wïth coordïnates a, p ïn F (together wïth P = oo ). 

There îs a natural heïght functïon h on # (F) whïch vanïshes exactly at the 

torsïon poïnts of <$ (F) ; thïs ïs the Tate heïght, defïned ïn the followïng way. 
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For a fïnïte point P = (a, |3 ) of S (F) let 

h (P) = T, log max (1 , v(a), v(p) ) , 
v 

where the sum ïs as before, and put h (°°) = 0 . Then for any P in S (F) 

the lîmït 

h (P) = lïm m " 2 h (mP) 
m -* oo 

can be shown to exïst and have the requïred vanishing propert ïes. 

The problem we have to solve for thïs heïght functïon h is the same as 

before ; to fïnd a good posïtîve lower bound for h (P) , dependïng only on the 

degree d of F , as P runs over ail non-torsïon points of $ (F) . The 

solution seems dîffïcult if the approach of Blanksby-Montgomery ïs adopted. 

But by modïfyïng the methods ïntroduced by Stewart, Anderson was able to 

establïsh the followïng resui t . When V9 (z) has complex mult ipl ication, there 

ïs a constant c > 0 , effectïvely computable în terms of g^ and g^ , such 

that for any algebraïc number fïeld F of degree at most d > 2 contaïnïng g2 

and g^ we have 

h (P )> c (d log d)"" 3 

for any non-torsïon point P in S (F) . 

It ïs an ïnterestïng problem to extend thïs resuit to el l ïptïc curves wïthout 

complex mult ipl icat ion. An easy argument shows that always h (P)>exp(-cd 2 ) 

for some c îndependent of d , but ït seems hard to prove h (P) > cd~" for 

some absolute constant K . One mïght even ask whether h (P) ïs bounded 

below ïndependently of d . The analogous question for h (a) was asked some 

tïme ago by D.H. Lehmer, but ït remaïns unanswered to thïs day. 

Il - GAMMA FUNCTIONS 

G.V. Chudnovsky's proof [ 5 ] of the transcendence of T ( l / 4 ) shows ïn 

fact that the numbers rr, T (1/4) are algebraïcal ly îndependent over Q (see 

a l s o [ l 4 ] ) . A sïmïlar remark applïes to F ( l / 3 ) . By easy calculatïons we 

deduce that T (x) ïs transcendental for the followïng values of x wïth 

0 < x < 1 ; 

1 /6 , 1/4, 1/3, 1/2, 2/3, 3/4, 5/6 . 
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Naturally, the next problem ïs to complète the Farey séries of order 6 by 

addïng the values l /5 , 2/5, 3/5, 4/5 to the l ïst . Thïs problem seems ïntïmately 

connected, vïa the Chowla-Selberg relations, to the perhaps no more dïffïcult 

question of the algebraïc ïndependence of perïods of abelïan varïetïes wïth 

complex mult ipl ication. Recently P. Delïgne found an extensïve famïly of new 

algebraïc relations between thèse perïods, thereby substantïally reducïng the 

upper bound for the transcendence degree of the fïeld they generate. 

Chudnovsky in hïs talk at the Helsinki Congress conjectured that the reduced 

upper bound ïs the correct value of the transcendence degree ; thïs amounts to 

saying that there are essentïally no more algebraïc relat ions, AN that îs known 

so far ïs that the transcendence degree ïs always at least 2 • Thïs ïmplïes, 

for example, that at least two of the numbers TT, T (1/5), T (2/5) are 

al gebraïcal I y îndependent over Q T 

On a less excïtïng level, one can consïder lïnear ïndependence. In [9 ] 

I asked ïf the values B (m/5, n/5) of the classïcal beta function span over 

the fïeld of algebraïc numbers a vector space of dimension 6 as m and n 

run over ail positive ïntegers. Recently I proved that thïs ïs so ; wrïtïng 

0 = r ( l / 5 ) , «& = r (2/5) we deduce that the numbers 

1, TT, 9 2 / $ , T T < S / 0 2 , 0 $ 2 / T T , T T 2 / 0 ç * 2 

are lïnearly îndependent over the fïeld of algebraïc numbers. 

Final ly let us mention an ïnterestïng quantitative sharpenïng of Chudnovsky's 

resul ts . A subfïeld F of C that ïs fïnïtely generated over Q ïs saïd to be of 

fïnïte transcendence type ïf for any © ^ • • • > 6 n in F there exîst C > 0 , 

T > 0 wïth the followïng property. For any polynomïal P in Z [ x ^ , . , « , x ] 

wïth degree at most d > 1 and coefficients at most H > 2 in absolute value 

such that P (Gj, . . . , 9 n) ^ 0 , we have ' + ' 

log | P ( 0^ 0 n) | > - C (d + log H) T . (*) 

(ït suffïces to check thïs for a single transcendence basïs 0 , 0^ of F 

over Q ) . 

^ It ïs probably too late to change the nomenclature now, but ït would have 

been nïce to defïne the transcendence type of F as the ïnfïmum T Q of ail 

numbers T such that (-*) holds. If then M happens to hold for T = T Q we 

could have saïd that F has str ïct transcendence type T q (cf. the order of an 

entïre functïon). 

149 



D.W. MASSER 

Classical results show that Q (e) , Q (TT) , Q (e1) are ail of fïnîte 

transcendence type (and much more) ; but until recently no such f ie ld of 

transcendence degree 2 was known. The work of Chudnovsky provîdes several 

examples, ïncludïng Q (rr, T (1/4)) and Q (TT, T (1/3)) . 

111 - E-FUNCTIONS 

0 0 k 
Recall that f (z) = S c t i Z / k ! ïs defïned to be an E-functïon ïf there 

k = 0 
îs an algebraic number fïeld F and a constant c > 0 such that, for 
each m > 1 , there exïsts a positive ïnteger ^ ~ c m such that 
d ~ ocn, . • • , d_ a are algebraic ïntegers of F wïth ail theïr conjugates of m u m m 
absolute values at most c . The fundamental theorem of Sïegel-Shïdlovsky 

[ i l ] i s a s f o l l o w s . For n > 1 let f ^ (z), . . . , f (z) be E-functïons, 

algebraïcal ly ïndependent over C (z) , that satïsfy a system of lïnear 

dïfferentïal equatïons 

f! (z) = q (z) + S q (z) f (z) (1 < ï < n) 
j = 1 J J 

wïth ratïonal functions q. (z) in C (z) • Then for any non-zero algebraïc 

number a dïstînct from the pôles of the q.j (z) , the values (a), • • • , f n ( a ) 

are algebraïcal ly ïndependent over Q . 

In 1962 , S. Lang obtaïned a quantitative version of thïs (see [ 7 ] ) • For 

brevïty put 0. = f. (a) (1 < ï ^ n) . He proved that for any d > 1 there 

exïst constants c > 0 , C > 0 , dependïng only on d, a, and the functions 

f j ( z ) , . , , f n ( z ) , wïth c ïndependent of d , havïng the fol lowïng property. 

For any non-zero polynomïal P in Z [x^ , • • • , x n ] of degree at most d and 

coefficients with absolute values at most H > 2 , we have 

| P ( e t , . . . f e n ) | > c H ~ c d n . 

Since C may dépend on d , thïs does not show that the fïeld 

Q ( 9 0 ) has fïnîte transcendence type ; and ïndeed thïs has not been 

proved even for the simple example Q (e, e v ) • 

Recently, Ju. V # Nesterenko [ l u ] publîshed a proof that we can take 

1 2n C"" = exp exp (c ! d log d) 

for some c' dependïng only on a and f j (z), . . . , f (z) . 
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Thïs relatïvely weak estïmate reflects the fact that Sïegel's method ïs desïgned 

to operate wïth lïnear ïndependence of power products rather than dïrectly 

wïth algebraîc ïndependence ïtself. Incïdental ly, ït does not seem clear from 

Nesterenko's proof that c f îs ïn fact effectïvely computable ïn ail cases, and 

ït would be an ïnterestïng exercise to verïfy thïs poînt. 

The maïn part of Nesterenko's paper ïs concerned wïth estimâtes for zeroes 

of functïons that are polynomïals ïn f j ( z ) , . « « , f (z) . The arguments are 

algebraîc ïn nature rather than analytïc, and the paper contaïns techniques 

from commutatïve algebra that should be applicable elsewhere ïn transcendence 

theory. Recently, Dale Brownawell and myself have obtaïned sïmïlar zero-

estîmates for solutions of certain non-lïnear dïfferential equatïons. Among 

other thïngs thèse lead to a quantitative versïon of the Schneïder-Lang Theorem 

[ 7 ] , [13] . 

Let us f ï rst recal l thïs resui t . Let f j (z), . . . , f^ (z) be meromorphïc 

functïons of fïnïte growth order p . Suppose they satîsfy dïfferentïal équations 

of the form 

fj (z) = P. ( f 1 (z), . . . , f n (z)) (1 < ï < n) , 

where P ^ , . . . , P are polynomïals wïth coeffïcïents ïn an algebraîc number 

fïeld F of degree at most d > 1 . Suppose further that at least two of 

f j (z), • . . , f (z) are algebraïcal ly ïndependent over F . Then ïf m > 2p d 

and W j , . . . , w m are any dïstïnct poïnts at whïch f 1 (z), . . . , f (z) are 

analytïc, not al I the values f. (w .̂) (1 < i < n , 1 < j < m ) can l ie ïn F . 

Thus, îf p. (1 < ï ^ n , 1 < j < m ) are éléments of F wïth heïghts at 

most B > 1 , the expressïon 

U = max | f. (Wj) - p | 

never vanïshes, and we can ask for a posïtïve lower bound for V. as a functïon 

of B . In fact, a further hypothesïs ïs needed before we can gïve a satïsfactory 

answer, 

For, ïf X j , X are complex numbers algebraïcal ly ïndependent over Q , 

the constant functïons f. (z) = X. (1 < î < n) satîsfy ail the condïtîons of 

the theorem, and, ïf also Xj,»««,X are arbï t rar ï ly welI approxï mated by 

numbers of F , then V. can be an equally arbï t rar ï ly small functïon of B . 
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However, let us exclude thïs possïbïl ity by assumïng that there exïsts an 

addïtïonal poïnt w n , at whïch f- ( z ) , . . , , f (z) are analytïc, such that 

f. (w Q ) , . • • , f (w Q) lie in F . Then we can show that gïven any E > 0 , 

there ïs a constant c > 0 , dependïng în a simple way on n and E , such 

that i f m > cp d and W j , . . . , w m are points as above, then 

K> C exp ( - B e ) 

for some C > 0 dependïng only on f j (z), • • •, f (z), w o » # , # » w

m > e > 

and F . 
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