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DOWNCROSSINGS AND THE MARKOV PROPERT Y  

OF LOCAL TIM E 

by 

J.B. WALSH 

Paul Lev y suggeste d tha t th e Brownia n loca l tim e a t zer o coul d b e gotte n a s 

a limi t o f th e numbe r o f downcrossing s o f th e interva l (0,e ) mutiplie d b y $, 

as $ $  0 . Thi s wa s prove d i n (3 ) , an d a  shorte r proo f ha s bee n give n i n (l ) . 

The method i s interestin g fo r severa l reasons , no t th e leas t o f whic h i s tha t 

i t work s equall y fo r an y continuou s loca l martingale . W e refer th e reade r t o (2 ) 

for a  treatmen t o f loca l tim e fo r semi-martingale s fro m thi s viewpoint . 

Our ai m i n thi s articl e i s t o us e th e local-time-as-a-limit-of-upcrossing s 

to approac h th e Marko v propertie s o f th e loca l tim e discovere d b y F . Knigh t an d 

D. Ray . 

This approac h i s quit e computational , bu t i n fac t th e computation s ar e con -

ceptually simpl e an d usuall y com e down t o summin g a n appropriat e geometri c series . 

It ha s th e advantag e o f providin g th e exac t distribution s o f th e quantitie s invol -

ved. I n addition , th e downcrossing s themselve s hav e som e rathe r curiou s properties , 

so whil e th e pat h t o th e fina l result s ma y th e tediou s i n som e stretches , i t 

affords unexpecte d view s i n others . 

In section s on e t o thre e w e study th e Brownia n loca l tim e i n th e simples t 

case, i n whic h th e proces s start s a t 1  and i s stoppe d whe n i t firs t hit s 0 . We 
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then trea t th e genera l cas e i n sectio n four , i n whic h w e trea t th e loca l tim e fo r 

a genera l regula r diffusion . Thi s i s perhap s no t th e mos t efficien t wa y t o d o i t , 

because al l th e idea s neede d i n th e genera l cas e ar e alread y neede d i n th e specia l 

case, makin g th e secon d hal f o f th e articl e somewha t o f a  repetitio n o f th e first . 

However, w e have le t th e firs t par t stand , feelin g tha t th e theorem s ar e mos t 

easily understoo d i n a n uncluttered specia l case , an d leavin g u s fre e t o concen -

trate o n findin g th e infinitesima l generato r i n th e mos t genera l case . 

A historical not e :  th e fundamenta l theorem s o n th e loca l tim e whic h we 

prove -  Theorem s 3. 3 an d 4. 1 -  ar e du e t o Knigh t an d Ray , an d t o Ra y respectively . 

The onl y thing s wit h an y clai m t o novelt y i n th e articl e ar e th e approac h an d th e 

theorems o n th e downcrossin g processes . 

1. THE UPCROSSING AND DOWNCROSSIN G PROCESSE S 

Let X  b e a  diffusio n o n th e lin e wit h a  possibl y finit e lifetim e $  • W e 

suppose tha t X  i s canonicall y define d o n th e spac e ($,$,P ) o f right-conti -
nuous function s o n [o,$) t o R${$} -  wher e $  i s th e cemetar y -  whic h ar e 

continuous unti l th e lifetim e $  an d equa l $  fro m the n on . Le t $ t b e th e 

translation operator , P ft th e sem i group , an d P  th e distributio n o f X  give n 
that X Q=X. Th e first-hittin g tim e o f a  poin t a  i s 

T =  inf{t >  0 :  X  =  a} a t 
Let x  <  y an d define  stoppin g time s S Q , S J , . . . b y 

So "  V  S l = S o + V 6 S '  S2 "  S l + V 9 S , ' J o  J \ 

and b y inductio n 

S2n S2n-1 + T o9_ 
y S 2n-1 ' S2n+1 " S2n + 

Tx02n . 

Then X g equal s x  fo r od d n , an d y  fo r eve n n . I t make s a n 
n 

upcrossing o f (x,y ) betwee n S2 n_j a n c* S2n* a n C* a ^ o w n c r o s s ^ n § betwee n S^ n 

and S ~ . . s o th e tota l numbe r o f downcrossings , D  ,  o f (x,y ) i s 2n+l' & xy ' , J / 
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D =  sup {n :  S 0 ,<«>} . xy 2n- 1 

Let Y  =XT  ^TY m an d 2  =  X^ _  ,  an d define Y  =  Y0QC ,  and 
t t  A  T  t  t  A  1 n  ^ o i 

y x  2n- l 2 =  Z o 0 s »  n=l,2,. .. W e call Y n an d 2 ^ th e n  upcrossing an d downcrossing 
2n—2 

processes respectively . 

If X q £ (x,y) , i t i s no t clea r whethe r w e should cal l th e proces s fro m 

t=0 unti l t = S Q a n upcrossing o r a  downcrossing . W e avoid thi s inessentia l 

ambiguity b y assuming tha t X q= a fo r som e rea l a , an d we will onl y conside r 

intervals whic h d o not contai n a . 

This agreed , w e set Y

Q ( t ) -  X  T i n cas e a  < _ x, wherea s i f a  > _ y, 
° y 

we set 2 Q(t) =  X ^  .  W e then defin e th e upcrossing fiel d % ^ b y o A  X x y 

tf*y-oIV - ' . 2 . . . . } 

Remarks 
1°). I f (x,y ) an d (x f ,y') ar e interval s no t containin g z , wit h 

x £ x 1 an d y  < _ y f , the n C  % ?  T  • Thi s i s becaus e i t i s impossibl e fo r 
xy x  y 

an upcrossin g o f (x,y ) t o occu r durin g a  downcrossin g o f (x f ,y') :  eac h 

upcrossing o f (x,y ) occur s eithe r durin g a n upcrossing o f (x ! ,y f ) or , i f 
a <  xf , befor e tim e T

v» * Tnus a1 1 upcrossings o f (x,y ) ar e made by the 

upcrossing processe s Y  , Yj ,... o f th e uppe r interval . (B y the sam e token , al l 

downcrossings o f (x f ,y f ) ar e made by the downcrossing processe s o f th e lowe r 

interval (x,y)) . 

2°). D  i s If , -measurable . Indee d xy "̂ x y 

{D >  n } xy - { S2n-l < ~ } {Y (0 ) G -R} £ 1L n x y 

3°). Warnin g :  i n cas e a  >  y, th e process 2 j i s a  sub-proces s o f 2 q , 

for bot h en d at tim e T  . 
x 

The processes*^ an d Y ^ ar e define d onl y o n the set s { S2n-2 <  " > 
and { S2n-l <  "} respectively. If D  3  oo, xy i t follow s fro m th e stron g Marko v 
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property tha t al l o f th e processe s Z n an d wil l b e independent . I f D 

is finite , w e have th e followin g conditiona l statement . 

PROPOSITION 1. 1 

Let N  >_ 1 and suppos e a ^(x,y) . Then,conditioned o n th e even t 

{D =  N} , xy we have tha t 

i ) . 2 j , . . . , 2 N ar e ii d an d independen t o f t t I 

i i ) . Z q i s independen t o f 2^ , . . . , 2^ and of t/ . 5 

i i i ) . each 2 ^ has th e distributio n o f X t A T ' 
x 

conditioned o n {T <  oo} . X 

Proof :  le t Aj,...,A N an d b e event s i n pat h space , tha t is , 
elements o f (ft. We will writ e ^  €  I\ } instea d o f {c o :  Y^.,0) ) €  Le t 

r = 
N 

N 
1=1 

{Y. € r . } . We must sho w tha t 

(1.1 Pa{Z. é A., i=l,..., N ;  r |D x y =  N } 

= Pa{r|D =N } 1 x y 
N 
n 

i=l 
P ^ { X # a T e A j T x < 

X 

Now Dxy = N  Ì £ f S o < TO '-"'S2N-1 < 0 ° ' S2N+1 Remembering tha t 

2. 
J 

z0e 
S2j-2 

and Y. 
J 

Yo8 
S 2 j -

, we ca n writ e th e left-han d sid e o f (1.1 ) a s 

Pa{D =N } 1 

xy Pa{S <  co, 
o 

Zo0s s 
o 

€ A, , s , <  », Y o e S i fir r , , . .. 

. . . Z 06 
S2n-2 * V  S2N-1 < "  ' Y0e 

S2N-1 ^ V  S2N+1 *  °°}-

Apply th e stron g Marko v propert y successivel y t o S2N-1' S 2N-2'*'* 9 S l ' 

noting tha t X 
S2j 

=y and X 
S 2i - . 

=x. 

= P a{D =N} _1 

xy Pa{S <  oo } O Py{2 C  Aj,Sj< «>} PX{Y € I \ , S  <  oo} .  . . 1 o 

. . . P y{Z 6  A N, S <  «> } o PX{Y e r N , s. = oo} 
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Collect al l term s containin g Z  : 

N 
n 

i=l 
py{z e A £ , Sj«» } 

pa{s < «> } o 
PafD = N } xy J 

( 
N-l 
n 

i=l 
PX{Y £  T., S  <  a>})pX{Y£r ,S-œ } 

1 o  N i 

Taking Aj=...=A^= Œ  above, w e identify th e ter m i n bracket s a s 
Pa{r|D =N } Py{S t <oo } N . Bu t Z  = 1 x y 1 t T 

X 
, so 

p y{x. £ A. I  T < »} = 
1 1 X 

pyfz e  A i ? S j < oo>py{s1< c»}""1, 

and w e conclude tha t th e abov e equal s th e right-han d sid e o f (1.1), which i s 

therefore proved . Th e statemen t fo r Z q follow s upo n replacin g 2 j b y Z Q 

above an d makin g th e obviou s modification s t o accoun t fo r th e fac t tha t Z Q 

starts fro m a  rathe r tha n y. q e  d 

2. THE BASIC CALCULATION S 

We will b e encounterin g geometri c distribution s fairl y ofte n i n wha t follows , 

so i t i s convenien t t o recor d th e following . 

LEMMA 2.1 
Let X  be a n integer-value d rando m variable wit h 

P{X >_ n} 
1 n=0 

k cr n '  11 =1,2,... c < 1 , r < 1. 

Then E{X} = c 
1-r 

, Var{X}= c(l+r-c) 
(1-r) 2 

and E{eSX}= l-c+(c-r)eS 

1 s 1-r e 
Most o f th e calculation s w e will mak e below involv e nothin g deepe r tha n 

the followin g lemma . 
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LEMMA 2.2 
Let b  <  x1 <  yf an d le t {K^9 t  > _ 0 } be a  continuou s martingal e wit h 

initial valu e z  >  b, such tha t T , <  °° a.s . Le t D  . .  b e the numbe r o f   b x  y 
downcrossings o f (x f ,y f ) before T^ . Then 

i ) . P{ D t f  >  n}= x y  — 
у1 л z -b 
y'-b ( x'-b 

y'-b ) 
n-1 

, П ^ 1 

i i ) . E{ D , 
x y 

y!-xf z-b 
y !-x f 

i i i ) . Var{ D ,  , } = x y 
ут л Z -  b 
y'-x' 

s 
iv). E{ e 

x y }= 1  - (V'AZ -b ) (1-е 8) 
y'-b-(x'-b)e S 

, Re e S 

< y' - b 
x*-b 

Proof :  onc e (i ) i s proved , ( i i ) , ( i i i ) , an d (iv ) follo w fro m Lemm a 2.1. 

To prove (i) , not e tha t fo r M  t o mak e on e downcrossin g o f (x' jy 1 ) , i t 

must firs t reac h y f befor e hittin g b , a n even t whic h i s certai n i f z  >  y f 

and whic h ha s probabilit y z-b/y f-b i f z  <  y T . Onc e a t y 1 , i t i s sur e t o make 

at leas t on e downcrossing . 

Next, i n orde r t o mak e n+ 1 downcrossings , i t mus t firs t mak e n , wit h pro -

bability p  ,  say . I t wil l the n b e a t x , an d mus t firs t retur n t o y  withou t 

hitting x , an d even t o f probabilit y x T-b/y'-b. I t i s the n sur e t o mak e a t leas t 

one more downcrossing , sinc e i t eventuall y reache s b . Thu s 

p n + l = P n 
x*-b 
y'-b' 

Since P j =  yfAz -b/y'-b , (i ) follow s b y induction . q  e  d 

We now specialize ou r diffusio n X . Le t X  b e a  Brownia n motion wit h 

X q 5 1 , stoppe d whe n i t firs t hit s th e origin . (I n fact , i t i s no t necessar y 

that X  b e a  Brownia n motio n ;  everythin g w e do below i s vali d i f X  i s an y 

diffusion o n natura l scale) . 

If x  <  y an d i f D  (t ) i s th e numbe r o f downcrossing s o f (x,y ) i n th e xy 
interval \p9t] ,  the n 2(y-x ) D

X y(t) converge s a.s . a s y  +  x t o th e standar d 
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Brownian loca l tim e a t x . ((l) , (2) , an d (3)) . 

Rather tha n lookin g a t thi s fo r a  fixe d t , w e want t o loo k a t thi s a t th e 

time T  ,  th e firs t hi t o f zero . Accordingly , w e will writ e D  instea d of D ( T ) o x y x y o 
for th e tota l numbe r o f upcrossing s o f (x,y ) b y X , an d w e will defin e 

M =  (y-x) D xy x y 

(We are normalizin g b y y- x instea d o f 2(y-x) , s o M  wil l converg e t o hal f 
xy 

the standar d Brownia n loca l tim e a s y  \  x) . 
Before doin g thi s le t u s not e tha t w e can deriv e man y of th e propertie s 

of D  (t ) fro m thos e o f D  ( T ) . Indeed , D  (t ) =  D ( T )  i f t  >  T ,  and , xy xy v o  x y x y o  o ' 
on { t <  T }, o 

D (t ) =  D (T ) -  D  (T )o6 _ - Y, xy x y o  x y o  t 

where Y  =  0 o r 1  i s ther e t o accoun t fo r th e possibilit y tha t t  fall s durin g 

a downcrossing , whic h would no t b e counte d i n eithe r D (t ) o r D (T ) 0e #.. 
xy x y o  t 

But no w i f lim 
y4-x 

(y-x) D x y(TQ) exists a.s . , s o doe s lim 
y4-x 

(y-x) D x y (T o ) 0 e t by th e 

Markov property , henc e s o doe s lim(y-x) 
y+x 

D (t) . 
xy 

Similarly, i f thi s limi t i s 

continuous i n x  a t tim e T  , i t mus t b e continuou s a t tim e t , too . 
o 

PROPOSITION 2.3 

Let (x,y ) and (x T,yT) be interval s no t containin g 1 , such tha t x<x T 

and y  < _ y 1 . Then 
(i) M^ y is. L^ ~bounded fo r y  in compacts , all p  > 0 ; 

(ii) M

x»y» is conditionally , independen t o f 2^ x y give n M  ; 

(iii) E{M x V I  lL x y } = Mxy +  y ' A l " y  Al î 

(iv) Var{ M , J 11 }  = (x'-x + y f-y) M +  (y ' A hyA l )(x'-y +y f -y f

A l ) 
A y  Xy X y 

Proof :  once (iii ) ha s bee n proved , (i ) follows , sinc e b y Lemma 2.2 (iv), 

all moment s o f M exist, an d s o fo r p  >_ 1, if x <  y <  k, Propositio n 2.3 xy 
(iii) implie s : 
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(2.1) E{ |Mxy -  y  Al |p } <  E{|Mk k + 1 - l | P> < ~. 

To prove ( i i ) , conside r th e case s y  < 1  an d y  >  1  separately . Suppos e 

first tha t y  >  1  an d le t Z1,Z2,... b e th e successiv e downcrossin g processes , 

as define d i n §1 . Eac h downcrossin g o f (x',y' ) take s plac e durin g a  downcrossin g 

of (x,y ) ;  i t i s no t possibl e fo r on e t o happe n durin g a n upcrossing ' Thus , 

if V1 , V 2 , . . . ar e th e downcrossing s o f (x',y' ) b y Z1,  Z 2 , . . . respectively , 

then 

(2.2) D t f  -  V.+V 0+... 
x y  1  2 

But th e Zi  ar e ii d (Propositio n 1.1 ) an d independen t o f U x y> a^d th e ar e 

functions o f th e Zi,  s o tha t D

x»y T mus t b e conditionall y independen t o f U Xy 

given D  ,  whic h prove s (ii ) i n thi s case . Moreover , th e exac t distributio n o f xy 
the ar e give n b y Lemma 2.2 , wit h z= y an d b=x . 

(2.3) E{V.}= i y-x 
y - X 

, Var{V i}= (y-x)(x'-x+yT-y) 
(у'-х') 2 

Since D  i s li -measurabl e xy ^x y 

E{D ,  , I U  ,  D  =N } = X y  1 ^x y x y 
N 

i=l 
E{V.|D =N } 

I 1 x y 

= N y-x 
y'-x' y'-x' D 

xy 
Since M  =  (y-x ) D  , xy J x y 

(2.4) E { M x V l U x y > = M x y i f y  > K 

The ar e independent , s o thei r variance s add , an d 

Var{D ,  . \ % ,  D  =  N} =  N X y  1 ^x y x y 
(y-x)(x'-x+y'-y) 

(У т-х') 2 

so tha t 
(2.5) Var{M ,  , 1 U  J  = (x !-x+yT-y) M  i f y> l x y  1 ^x y v J  J  x y 

In cas e y  <  1 , th e sam e analysi s hold s excep t tha t ther e ca n no w be som e 

downcrossings o f (x T ,y f) befor e i t reache s y . Thi s mean s tha t th e proces s 
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2 mus t b e take n int o account , an d Z1  ignore d (se e remar k 3 , §1 ) sinc e al l o i 
downcrossings o f Z1  ar e als o downcrossing s o f Z2.  Thu s 

D =  V +  V0 +  V_ + 
xy o  2  3 

As before , ^ x»v» wil l b e conditionall y independen t o f K xv> s o tha t 

E(D ,  , | I f ,  D  =  N} = E{V }  + (N-l ) E{V 0}. x y  x y x y o  2 

Taking z= l i n Lemm a 2.2 . 

E(V }  = o 
y'\ 1  - x 

y'-x' 
, Var( V }= o 

(y VI -X ) (x'-X+y'-VAl ) 
(y ' -x ' ) 2 

Since th e expectatio n an d varianc e o f V 2 > . . . ,V N ar e give n b y (2.5 ) 

E(D , ,  I V } -
x y  xy 

y'* 1 -  y 
y'-x 1 + y~x 

y'-x' D 
xy 

Var{D , ,\% } = x y  1 ^xy 
(y - yFA l)(x T-y+yT-yVl) 

(y f -x f ) 2 
+ y - yFA l)(xT-y+y 

(y ' -x ' ) 2 
D 
xy 

In term s o f M ,  if y >  1  this i s xy 
(2.6) E{M , ,  | | f } = y!Al - y  +  M 

(2.7) Var{M , f I  - (y - y'Al) (x f-y + y' - yy%0 + (x'-x + y'-y)D 
A. y X.y A Y 

Equations (2.4)-(2.7 ) prov e (ii ) an d ( i i i ) . q e  d 
Remark : (M , xy 0 < x < y ,  1 (x,y)} is a  two-paramete r process . I f w e par -

tially orde r it s paramete r se t b y "4", where (x,y ) < (x'y') i f x  £ x ' , 

y 1  y f , then Propositio n 2.3 tells u s tha t i t i s a  Markov proces s i n th e sens e tha t 
M ,  , 
x y 

is conditionall y independen t o f ^xy and henc e o f th e "past " befor e 

(x,y) - given M . 
xy 

It i s natura l t o as k whethe r thi s proces s satisfie s Levy' s 

Markov propert y :  tha t is , give n a  nic e subse t A  o f th e paramete r set , i s i t 

true tha t th e proces s M ^ fo r (x,y ) £  A  i s independen t o f M  fo r (x,y ) 

outside o f A , give n {M , xy (x,y) 9A}? The answer i s no . Whil e i t i s no t har d 
to sho w tha t thi s i s tru e fo r set s A  o f th e for m ((x,y) : Olx<y<.y o}, i t 
doesn't hol d fo r thos e o f th e for m {(x,y) : X < X , 

— o 
0 <_x < y <y } . 
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3. THE RESULT S 

With th e basi c calculation s ou t o f th e way , w e can dra w som e conclusions . 

The following , fo r example , i s a n immediat e consequenc e o f Propositio n 2.3 . 

THEOREM 3.1 

{M x y -y A l , U x y , 0<x<y , 1 f(x,y)} is a  two-paramete r martingale . I n 

particular, i t i s a  martingal e i n eithe r paramete r whe n th e othe r i s fixed . 
Since M  - y A 1 i s a n I? -bounded martingal e i n y  fo r eac h fixe d x , th e xy 

martingale convergenc e theore m allow s u s t o defin e th e local tim e L ^ a t x  b y 

L = x lim 
y+x 

M . 
xy 

Define Ux = U 
y > X 

V Note that th e field s are increasin g and that L 
x 

is 

measurable. The n we have : 

COROLLARY 3.2 

{Lx~x A 1 , x_> 0} is a  martingale , locall y bounde d i n L ^ for al l 

P >o, whose associate d increasin g proces s i s 

A = 2 
x 

X 

o 
L dy . 
y 

Proof :  set N =  L -x A  1 
X X 

; i t i s a n L  -bounded martingal e fo r al l p  > 1 P 
(just le t y J, x i n Theore m 3.1). We can the n g o t o th e limi t i n Propositio n 2.3 

(iv) t o se e tha t 

(3.1) E{N 2 
x1 - N 2 

x 
|U x> = Var{L fI x 1 Ux} 

= 2(xf-x)M 
xy 

+ (X 1 A  1 -X A 1 ) (X1-X+X T-X A 1) . 

To identif y A 
x 

as th e associate d increasin g process , not e tha t 

E{2 
xf 

X 
Ly dy |Ux> = 2 

x* 
(E{N \UX] + y Al)dy 

= 2(xT-x)N +2 x 
xT 

X 
y A 1 dy 

= 2(X'-X)(LX-XA1) + 2 
x1 

x 
y A 1 dy , 
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which equal s th e right-han d sid e o f (3.1) , verifyin g tha t №-A x x is a 

martingale. q e d 
We are no w in a  positio n t o prov e th e Marko v propert y o f th e loca l tim e 

L^as a  function o f x . Th e followin g i s th e simples t cas e o f theorem s b y Ra y and 

Knight. 

THEOREM 3.3 (D . Ray , F . Knight ) 

The proces s {L^ , x  > _ 0 } is a  continuou s stron g Marko v proces s o n [b,<») , 

absorbed a t zero , an d havin g infinitesima l generato r C  : i f f  €D(G) O  C (2) , 

(3.2) €f(t) -
t f"(t ) +  f r ( t ) i f 0 < t < 1 

. t f"(t ) i f t > 1 , 

Proof :  i t i s nearl y clea r fro m Propositio n 2. 3 tha t L  i s a  Markov process , 

but t o pas s fro m nearl y clea r t o clea r wil l tak e som e work. W e will d o thi s b y 

brute force , an d calculat e th e characteristi c functio n o f L  .  W e claim tha t i f 
x 

0 < x < x 1 an d R e s  <_ 0 

(3.3) 
sL , 

E U X |U X> 
1+(XT-X !A l) s 
1 -  (X'-XAI) S 

e 
sL 

x l-(xT-x)s 

The Markov propert y follow s immediatel y since , a s th e right-han d sid e o f 

(3.3) depend s onl y o n L^ , L^ , mus t b e conditionall y independen t o f an d 

hence o f Ly , fo r x n £x, give n L^ . 

To se e (3.3) , le t e>0 , an d conside r th e interval s (x,x+e ) an d 

(x f,x f+£), wher e x+ e <  x1 . Le t b e th e downcrossin g processe s o f th e 

lower interva l (x,x+e) . Suppos e x  > _ 1 . The n 

DxT,xT+e V1+V2+.... 

and, give n D  =  N, V  ,. . . ,V ar e ii d an d independen t o f ti •  Apply 
X X""£, I  N  X,X"f" £ 

Lemma 2.2 (iii ) wit h b=x , z=x+ e an d y'=x T+e : 
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(3.4) Eie 
sM , 

X ,xf+e 1 ^x,x+e Eie X , x +e 1 ^x,x+e 

On {D } = N x x+e this i s 

es V. N 
= E{ l ) = i _ e(l-e )  

e+(x ,-x)(l-e e S ) 

l 
e 

Mx,x+e 

As e 0, M  .  L  whil e th e quotien t i s x,x+e x 

-se 
l-(x'-x)s + o(e) , 

so th e right-han d sid e o f (3.3 ) tend s t o 

(3.5) e 
sL 

x l-(x'-x)s 

In cas e x 1 <  1 , w e reason a s befor e tha t D  . .  =  V +V0+... s o tha t 
x , x + e o  2 

e{ 
sM f . X1 x'+ e 

l^xy } = 
Eie esV 

о } 

E{e 
es Vj } 

Eie 
esVj } 

D 
x,x+e 0 

The expressio n involvin g V j i s jus t a s above , wit h it s limi t give n b y 

(3.5). Le t z= l i n Lemm a 2.2 (ii i ) t o se e tha t th e quotien t i s 

Eie 
es V 

о } 

Eie 
es Vj } 

l-(x' -x'a Qs 
l-(x !-x)s + 0(e ) 

which, togethe r wit h (3.5) , give s (3.3) . 

To se e L x i s continuous , not e that , i f 

Ф(э) = Eie 
s(L ,- L ) 

X X I V -
l+(x'- X' aQS 
1-(XT- XA1) S e 

(x T-x)s 2 L x 

l-(x f-x)s 
9 

then E{(L x ,-L x ) 4 | t t x } =  $ ( 4 ) ( 0 ) . We can comput e th e fourt h derivative , whic h 

is mos t easil y don e b y considerin g th e case s x  <  xT < ^ 1 an d x  > ^ 1 separatel y 

rather tha n b y differentiatin g th e formul a a s is , an d w e find tha t i n bot h cases , 

Ф ( 4 )(0) = 4(x f-x) 2 2 
X 

+ higher powers o f (х т-х). 
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Since L x i s L P-bounded fo r x  i n compact s fo r al l p , w e conclude tha t fo r 
0<_x < x1 <_k, there i s a  constan t c  suc h tha t E{{L ,- L ) 2 } x x <c(x !-x) 2 . 

This implie s b y a  well-known theore m o f Kolmogoro v tha t ther e i s a  version o f Lx 

which i s continuou s i n x . 
Now we can calculat e th e transitio n functio n Pz(u,v) from (3.2). Indeed, 

(3.2) says tha t i f f(v) = e s <  0 , that i f z=x f-x an d i f x * << 1 , for 

instance, 
Pzf(u) - 1 

1-zs e su 
1-zs 

which i s continuou s i n u . I t follow s tha t u ->P f  (u) 
z 

is continuou s i f f  i s 

a linea r combinatio n o f exponentials , and , sinc e thes e ar e dens e i n C q , fo r al l 

f E c0 In short , P  i s a  Felle r semi-group , an d th e proces s i s strongl y z 
Markov on 0 < _ x < 1  . Similarly, i t i s als o a  Felle r process.wit h a  differen t 

semi-group - on x  .> 1 . 

Finally, th e generato r i s easil y determine d b y a  stochasti c integra l argu -

ment. I f f  i s bounde d an d twic e continuously-differentiable , the n 

ff(Lx+h ) - f(lx)= 
x+h 

x 
f f(L ) dL + 

y y 
1 
2 

x+h 

x 
f"(L )d A 

y y 

where A y i s th e increasin g proces s o f Corollar y 3.2.This i s 

x+h 

x 
f (L ) d(L -y A l> + 

•x+h 

x 
f'(L y)dy*l + •x+h 

• 
f"(L ) L d y 

y y 

Take th e expectatio n give n As L -y Al 
y 

is a  martingal e th e firs t 

integral ha s zer o expectation , s o 

Gf (Lx) = lim 
h+o 

1 
h E{f(L x + h) -£tt x )IU} = lim E 

h-io 
{ 

x+h 

x 
f f(Ly)dy/vl + 

x+h 

x 
f»(L )L y dy |U x} 

= Lx f " ( V + f ( L x ) I { x < 1 } , 

proving (3.2). q e d 
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4. THE EXTENSION TO GENERAL DIFFUSION S 

Let X  b e a  regula r diffusio n o n th e lin e wit h lifetim e £  < «>, an d scal e 

function s(x) . W e assume tha t ther e i s a n a  such tha t 

(4.1) X =a a .s. , and X  =0 a.s. 
o Ç -

and als o tha t s(0)=0 . Defin e 

f (y,z) = Py{T < T } x J z  x 

and 
p(y,z) = Py{Tz <  oo} 

By the definitio n o f th e scal e function , i f 0 ^ [x,z] , 

(4.2) fx(y,*) - s(y) -  s(x) 
s(z) - s(x) 

If x  <  y <  z, p(z,x ) =  p(z,y) p(y,x ) ;  i f y  >  0, p(z,y ) =  1 , fo r b y (4.1) , 

the proces s mus t pas s y  i n orde r t o di e a t th e origi n •  W e have treate d th e 

case wher e C  = inf{t :  X fc_ =  0} i n th e firs t par t o f thi s article , s o w e will 

now suppose tha t c  >  T •  Thus , se t 

P(x) = { 1 x > 0 

p(0,x) x  £ 0 . 
Then fo r y > x, 

(4.3) p(y,x) = p(x)/p(y) 

(There i s a  simila r function , p + , suc h tha t i f x  <  y, p(x,y ) =  p +(y)/p+(x), 

but w e will no t nee d t o us e i t ) . 

In orde r t o relat e s  an d p , notic e tha t i f x- h 4  x ^  0, th e proces s 

can pas s fro m x  t o x- h eithe r b y goin g ther e directly , o r b y firs t goin g 

to zero , the n passin g t o x-h . Thu s 

p(x,x-h) = fQ(x,x-h) + f x + h (x,0) p(0,x-h) . 

Use (4.2), (4.3 ) and a  l i t t l e algebr a t o se e tha t 
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p(x)-p(x-h) 
s(x)-s(x-h) = - p(x)(l-p(x-h)) 

s(x-h) . 

Let h 4 - 0 to se e tha t 

(4.4) dp 
ds 

p(p-o 
s 

x < 0 

which ha s th e solutio n 

(4.5) P(x) = 
1 if x  > 0 

1 
l-cs(x) 

if x  < 0. 

Since p(x ) decreases  a s x  decreases , c  > _ 0 . Th e paramete r c  determi -

nes th e amoun t o f tim e X  spend s a t 0  befor e I f C  i s th e firs t hittin g 

time o f 0 , c=« > ;  i f c=o , th e proces s i s neve r killed , an d i f 0  < c <  «> ,  th e 

process spend s som e tim e a t th e origi n befor e £ . 

Let a + an d a  b e th e positiv e an d negativ e part s o f a , an d define 

6(x) = 

0 if x ^ a + 

1 if a  <_ x < a + 

2 if x < a 

As before, le t D  b e th e tota l numbe r o f downcrossing s o f (x,y ) b y X . 

Define th e loca l tim e L  a t x  b y 
x J 

L = x lim 
y^x 

(y-x)Dx 

if i t exists . W e are goin g t o follo w th e method s o f th e firs t thre e section s t o 

determine th e propertie s o f th e loca l tim e process . Althoug h w e will no t b e read y 

to prov e i t fo r som e time , th e fina l resul t wil l b e th e following , whic h i s a 

minor modificatio n o f a  theore m o f D . Ra y (6). 

THEOREM 4.1 

Suppose (2) 
s £  C v »  and le t m= inf 

t 
[Xt} • Then th e proces s {L , x >  m} is an x 

inhomoeeneous diffusio n on K  ?  absorbed a t 0» with infinitesima l generato r 
€ x :  if f  £ C ( 2 ) i s bounded . 
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(4.6) € f(u ) =  uf"(u) +  (6(x ) - (p 2(x)8 ,(x))'n 
p 2 (x) s1 (x) 

•)f f(u), u>0 . 

We wil l b e followin g th e sam e path i n thi s sectio n tha t w e did i n section s 

1-3, s o w e will b e abl e t o trea t som e of th e calculation s i n les s detail . However , 

the tota l lengt h o f th e treatmen t i s increase d sinc e a t eac h stag e w e have t o 
handle th e thre e specia l case s x < a , a < L x < a , and + 

x > _ a 
separately. 

The reason thes e thre e case s requir e specia l handlin g i s apparen t i f w e 

look a t th e path s o f Xfc. I f i = sup{t : Xt=x}, we can divid e th e pat h int o thre e 

sections :  fro m 0  t o T  , fro m T  t o £  ,  an d fro m I t o r. Th e proces s 
x x x 7 x  ^  r 

behaves differentl y i n eac h o f thes e intervals . If , now , x  <  xf , an d x,x f 

x,x f £  (-~,0) all thre e o f thes e time-interval s ca n contribut e t o L^ t ;  if 

0 <  x,x f <  a, there i s n o contributio n fro m (T x,ç), i .e. L = LT > x and i f 

x,x f €  (a,co), there i s n o contributio n fro m eithe r (O,TX) or fro m Crx,c>. Thus, 

i t i s no t s o much tha t w e need t o trea t th e space-interval s (-°°>0) , (0,a) an d 
(a,oo) separately a s i t i s tha t w e need t o handl e L , L - L , and L  -L T £  T  ç  % x x  x  x 

separately. 
The followin g tw o result s generaliz e Lemm a 2.2 and Propositio n 2.3. 

LEMMA 4.2 

Pa{D I n > =  P(a,y)p(y,x) (p(y,x)p(x,y)) n 1  . 
xy 

Proof :  t o hav e on e downcrossing , th e proces s mus t firs t reac h y , the n x,whic h 

has probabilit y p(a,y)p(y,x) . I f th e proces s ha s alread y finishe d n  down -

crossings an d i s a t x , the n t o mak e another , i t mus t firs t g o fro m x  t o y , 

and the n retur n t o x , whic h i t doe s wit h probabilit y p(x,y)p(y,x ) . Th e lemma 

follows b y induction . 
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LEMMA 4.3 
Let (x,y ) and (x f ,y*) be interval s wit h x  < _ x T an d y  < _ y f .  Suppose 

neither a  no r zero i s i n th e interva l [x>y fl >  a n ^ le t V  b e th e numbe r o f — x y 
downcrossings o f th e interva l (x f ,y f ) before tim e T  .  The n fo r n  > _ 1 , 

(a) P y {V x f y l >n|T x <  c>« f x(y,y T)p(y T ,y)rf x(x T ,y T)p(y f ,x l)] n" 1 

(b) If a  >  y' , 

P ^ V x l y f >n|T x <  C }=[f x(x»,y l) P(y l,x»)l n" 1 

(c) If 0  >  y', P y (V x f y l >n|T x >  c }=[f x(x f,y f)p(yVxT)] n. 

Proof :  i n orde r t o hav e a t leas t on e downcrossin g th e proces s mus t firs t 

reach y 1 withou t hittin g x , the n reac h x f befor e C , whic h ha s probabilit y 

P x(y>y f)p(y f>x !). I f th e proces s ha s jus t complete d n- 1 downcrossings , i t i s a t 

x f . T o make another , i t mus t fire t hi t y f withou t hittin g x , the n reac h x 1 , 

which ha s probabilit y r=f x (x f ,y T )p(y f ,x f ) . Thu s b y inductio n 

(4.7) p y { V y ' l n } =  f

x ( y ' y , ) p ( y t , x t ) r I 1 ~ 1 -

Having finishe d n  downcrossings , th e proces s i s agai n a t x T . T o have 

Tx <  £  ,  i t mus t g o fro m x T t o x , whic h ha s probabilit y p(x T,x). 

Since P y{Tx <  U  =  p(y,x), 

(4.8) Py{V ,  f >n|T <  O = x y  1 x 
f x (y,y l )p(y t ,x I )p(x l ,x) 

P(y,x) 
n-1 

r 
After simplifying , (e.g . p(y 1,x f)p(x T,x) =  p(y'x)) thi s give s (a) . 

If a  >  yf , th e sam e derivation hold s excep t tha t y  i s replace d b y a , 

and th e probabilit y o f reachin g y T initiall y i s p(a,y f) instea d o f 

f x(y,y f) i n (4.7 ) an d (4.8) . 

To prove (c) , not e tha t i f th e proces s ha s jus t finishe d n  downcrossings , 

i t i s a t x f ;  the n T x >  £ i f th e proces s neve r reache s x , a n even t o f probabi -

lity l-p(x T,x), whil e P y{Tx >  O =  l-p(y,x) . Combinin g thi s wit h (4.7) , w e get 
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Py{V >n| T > C> -x— 1 X 
1-P(xt,x) 
l-p(y,x) f x(y,y f) p(y f ,x T ) r n l . 

But notic e tha t 

l-p(y,x) = f x (y,x f ) (l-p(x',x) ) 

since, i f th e proces s i s a t y , i n orde r t o hav e T x >  C > it mus t firs t hi t x f 

- sinc e i t i s a t 0  a t tim e £ - the n no t hi t x . Thi s make s th e abov e expressio n 

= 
f x(y,y f) 
f x(y,x') 

p(y',x') = f (x',y')V(y\x')rn~l - rn. 

q e d 

NOTATION :  w e will ofte n writ e x  instead o f s(x) . 

COROLLARY 4.3 

Under th e sam e condition s 

(a) Ey{V t , |T < C)= x Ty T 1 X 
P(x)p(y)(y-x) 

p(x î )p(y î )(y , -x T ) 

(b) Ea{V , , |T < ç}= x y  1 X 
p(x) (y'-x) 

pCx'Xy'-x1) 

(c) Ey{V , , | T > ç}= x y  1 X  — 
P(x) 
P(y') (y'-x') 

(d) Vary{V , ,|T < Ç} = x y 1 X 
P(x)p(y) (y-x) 

(p(x')p(y')(y ,-î')) 2 
x ... 

...[2p(x)p(y')(? ,-x)-p(x ,)p(y ,)(y ,-5 ,)-p(x)p(y) (y-x) ] 

(e) Vary(V , , | T > ç}= Vara(V , , | T < Ç } -x y x  x  y  X 
p(x)2 (x'-x)(y'-x ) 
p(x , )p(y , )(y , -x') 2 

Proof :  i n a  sense , ther e i s nothin g t o prove , sinc e (a)-(e ) follo w fro m 

Lemma 4.2 an d Lemm a 1.1 . However , ther e ar e som e identitie s whic h w e use t o 

simplify th e expression s whic h w e shoul d poin t out . Le t r=f x(x T,y 1)p(y f,x*) an d 

notice tha t 

p(x',x) = f  y,(x',x) + fx (x, ,y î )p(y î ,x ! ) p(xT,x) 
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which jus t expresse s th e fac t tha t th e proces s ca n g o fro m x f t o x  eithe r di -

rectly, without hittin g y f , o r b y firs t hittin g y f , the n returnin g t o x T , the n 

to x . Thu s 

(4.9) 1-r = 
f y , (x ' ,x) 
p(xf ,x) 

If w e apply th e formula e o f Lemm a ^.1 wit h r  a s above , an d wit h c  equa l 

to ^ x (y,y f ) p(y l>y)> 1 > and r  respectively,th e expectation s i n (a) , (b ) an d 

(c) becom e respectivel y 

(4.10a) 
fx(y>y f)p(yT>y)p(x f,x) 

f y , (x \x) 

(4.10b) P(x',x) 
f t(x f,x) 

(4.10c) 
f x (x f ,y t )p(y t ,x t )p(x' ,x) 

fy,(xf ,x ) 

Turning t o th e variances , i n (d ) w e write 1+r- c = 2-(l-r)-c t o ge t 

(4.10d) ( p(x',x) 
f i(x'.x ) ) f x(y»y')p(y',y)[2 -

f .(x'.x ) 
p(x',x) - f x(y.y')p(y',y)] 

If eithe r c=l , o r c=r , c(l+r-c ) =  r, s o th e fina l tw o variances equa l 

r(l-r) 2 , i .e . 

(4.10e) p(x' ,x) 
\£ .(x*,x ) 

2 
) f x (x ' ,y ' ) P(y' ,x') . 

If w e write (4.10a ) - (4.10e) i n term s o f p(x ) an d s(x ) = x, w e get 

(a)-(e). q e d 

For x <  y, defin e 

Mxy =  p(x) p(y ) (s(y ) - s(x))D x y. 

We assume tha t a  >_ 0 , a bein g th e initia l valu e o f th e process , an d leav e 

i t t o th e reade r t o mak e th e necessar y modification s i n cas e a  < 0. The follo -

wing generalize s Theore m 3.1. 
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THEOREM 4.4 

Let xq <_ 0. The followin g ar e two-paramete r martingale s whic h ar e locall y  

bounded i n L P fo r 1  <_ p  <  °° . 

(a) {M ,  %  ,  a  <  x <  y} ; xy ^x y —  J 

(b) {Mxy "  ^xy ' ° - x < y - a } 5 

(c) {M -xy 
•X 

X 
o 

p2(u)du - y 
x 
o 

P2(u)du, ^ X Y , X Q <_ x <  y < _ 0}, 

on th e se t Unf 
t 

X < x }. t o 

Proof :  th e M xy are geometri c rando m variables , henc e ar e i n fo r 

fixed x  an d y . Onc e i t i s establishe d tha t (a)-(c) are martingales , loca l 

boundedness i n 1? i s immediat e sinc e i n cas e (a) , fo r example , |M l p 

1 xy 1 

will b e 

a sub-martingale , s o i f x <  y <  k, E{|M | P } 1 x y 1 < E{|Mk,k+1|P} < ~ 

Let (x,y ) an d (x^y 1) b e interval s suc h tha t a  £x < _ x 1 an d y  < _ y 1 . 

Let ZjjZ^,.. . b e th e successiv e downcrossin g processe s o f (x,y ) an d le t Vi 

be th e numbe r o f downcrossing s o f (x T ,y f) b y 2^ . Bot h th e initia l an d fina l va -

lues o f X  li e belo w x , s o al l downcrossing s o f (x f ,y f ) occu r durin g down -

crossings o f (x,y) . Thu s 

x y  1  2 

Given tha t are ii d an d independen t o f Uxy with a 

distribution give n b y Lemm a 4.3a).Since p(y f ,y) =  pCy^x') =  1 

E{V. ID =N } = 
J x y 

y-x 
y'-x' 

N, 

so E{D , ;| K , } = x y  ^xy 
y-x 

y1 -xT D 
xy 

and 
E{M , ,  I % } =  (y-x)D = M . x fyT 1  ^x y J x y x y 
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y'-x 
y'-x'

In cas e (b) , a  >  yT s o ther e i s a t leas t on e downcrossin g o f (x f ,y T) 

before T  ,  an d w e must conside r th e initia l dowcrossin g proces s 2  instea d x o 
of Z j (se e remar k 3 , §1) . The n 

D ,  F =  V  +  V 0 +....... 
x y  o  2 

The distributio n o f V q i s give n b y Lemm a 4 .3 (b), an d tha t o f V 2 > . . . , V N i s th e 

same as above . Thu s 

E{D , , ID = N} = 
x y  1 x y 

leading t o 
E{M ,  f I  1/ }  = yf-y +  M . x y  ^x y J J  x y 

Finally, i n cas e (c) , =  0 >  yf , s o th e las t "downcrossing"o f (x,y ) 

is incomplete . I f D  =  N, the n Z X T i 1 start s fro m y , an d i s kille d befor e r x y N+ 1 J 

hitting x , s o tha t 

D -  V  +V 0 +...+V +V. _ xy o  2  N  N+ l 

and th e distributio n o f v

N + j i s give n b y Lemm a 4.2 c. Th e distributions o f V Q 

and ar e a s before , excep t tha t p(x ) i s n o longe r necessaril y one , s o 

E{D j  , ID =N } = 
x y  1 x y 

P(x)(y'-x) 
p(x')(y'-x') 

+ (N-l ) P(x)p(y) (y-x) 
p(x')p(y')(y'-x') 

+ P(x) (x'-x ) 
p(y !)(y f-x T) 

Thus 
E { M x V f | ^ x y } =  M xy + P W P ^ 1 ) ^ 1 ^ ) 

+ p(x')p(x)(x'-x) -  p(x)p(y ) (y-x) . 

We can simplif y this . Sinc e p(x ) =  1/1+ c x , 

(4.11) 
•y 

x 

2 
p (u)d u =  p(y) p(x ) (y-x ) 

so th e abov e equal s 
y' 

X 
+ 

xf 

X 

y 
X 

x1 

X 
+ 

•yf 

y 
2 ~ p (u)du , givin g finall y 
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E(M ,  T \% }  = M + x y  1 ^xy x y 
x' 

X 
+ 

y 
p2(u)du. q e  d 

For fixe d x , th e processe s o f Theore m 4. 4 ar e martingale s i n y , s o tha t 

M 
x 

def 
lim M , 

xy 

exists a.s . an d i n fo r al l p  >  1 . A s th e processe s ar e als o martingale s i n 

x, s o ar e thei r limits . W e can unif y the m a s follows . Se t Ux U 
y >  x 

Uxy and 
define 

6(x) = 
{ 0 i f x  > _ a 

1 0 <_x < a 
2 x  < 0 

Then fo r an y X Q , 

(4.12) {M -x 
X 

6(u) p 2(u)du, U x> x  >  X Q} 

is a  martingal e o n th e se t {in f X, . <  x }  = {M >  0} . No w M  i s closel y relate d t o  x  x o 
to th e loca l tim e L  : x 

L = 
x 

lim 
y^x 

(y-x)D J x y 

= li m 
yix 

y~x 

p(x)p(y)(y-x) 
M xy 

It follow s tha t L  exist s i f s(x ) i s differentiable , an d x 

(4.13) L x =  (p 2(x) s'(x))" 1 M x. 

Now an elementar y calculatio n wit h stochasti c integral s give s u s 

dL - (p 2 s ! ) 1 d M - M x 
(P2s')< 
t 2 M 2 (p s T) 

dx 

- (p 2 s f f 1 (dM -Sp2sTdx) +  (  6 - (P 2 s l ) t 

p 2 -' 
L )dx 

X 
or 

L - L X X o 

•X 

X 
o 

(«00- (P 2 s ' ) ' L )du = u 
x 

x 
o 

(p 2s f) 1 (dM-6p 2sf dx) . 
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The las t ter m i s a  martingale , whic h bring s u s t o 

THEOREM 4.5 
(2) 

Suppose s  € C  .  Then fo r an y x0 
(L -x 

x 
X 
o 

(«(u) - (P 2 s ') ' 
p V 

L )du, ft, ,  x  >  x } u x  —  o 

is a  martingal e o n th e se t {L >  0}. x o 
Its increasin g proces s i s 

<L> =  2 x 
x 

x 
o 

L du . u 

Proof :  w e have jus t show n tha t th e proces s i s a  martingale . T o identify it s 

increasing process , w e will identif y th e proces s < ^ >

x f irst . Notic e tha t < ^ >

x 

can b e characterize d a s a  continuou s increasin g proces s wit h th e propert y tha t i f 

x <  x 1 , 

(4.14) Var{M ,  I li } = E { <M> f -  <M > I  1L } . 
X 1 X  X  X  1 X 

As i n th e proo f o f Theore m 4.4 , le t x  <  y <  xT <  yT an d suppos e al l fou r 

lie i n on e o f th e interval s [a,») , [p ,a] , o r [-°°,o ] . W e have t o trea t al l thre e 

cases separately . W e wil l refe r t o the m a s case s (a) , (b ) an d (c ) respectively , 

and w e will us e th e notatio n o f th e proo f o f Theore m 4.4 . 

Suppose =  N an d tha t y- x an d y f-x f ar e small . The n Corollar y 

4.3e give s 

Var(V )  = o 
P(x)2 

P(x') P (y') 
(x-y) (y-x) 

(y ' -x ' ) 2 

in case s (b ) an d (c) ,  an d i n cas e (c) , Var(V^ +J) =  Var(VQ). I f 1  <_ j  £  N 

Var(V.) = J 
2p(x)p(y) (v-x ) 
[p(x)p(y f)(y'-x')] 2 

[p(x)p(y')(y r-x) +  o ( l ) ] . 

The V . ar e conditionall y independen t give n %L ,  s o tha t th e variance s l x y 
add, henc e i n case s (a) , (b ) an d (c ) respectively , Var{ D ,  f | } i s equa l t o 

x y  x y 
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Dxy V a r { V i } »  Var{Vo} +  (D xy-1) Var{Vj } 

and 
Var{V }  + ( D - 1 ) (Var{V }  + VarfV^, } o x y I  N+ l 

This give s u s Var { -̂ x»y» I ^tXy^ t ^ i r e e cases . No w multiply b y 

|p(xf )p(y*) (yl -x r)] \ an d le t y  \  x  an d y T \  x f t o se e tha t i n case s (a) , (b) , 

and (c ) respectively , tha t Var{M x, |^ xJ equal s 

(4.15a) 2p(x') p(x)(x l-x)Mx 

(4.15b) 2p(x î)p(x)(x?-x)Mx +  [p(x)p(x ,)(x f-x)] 2 

(4.15c) 2p(x,)p(x)(xî-!?)Mx +  2[p(x)p(x t)(x t-x)] 2. 

We claim <M> = 2 x 
•x 

X 
o 

p2 (u) M ds(u) fo r al l x >  x . 

Indeed, 

E{2 
•x1 

X 
p2(u)Mu ds(u )|î6 x} =  2 

•x' 
E{Mu|îtx} p2(u) ds(u ) 

= 2 
xT 

x 
(M + x 

•u 

• 
2 2 <5(v)p (v)ds(v)) p (u)ds(u) . 

Now ô is constan t o n (x f ,x), s o 

= 2 M 
x 

x1 

X 
p2(u)ds(u) + 6(x) ( 

x1 

x 
p 2(u)ds(u)) 2 

by (4.11) this i s 

= 2  Mx p(x t)p(x)(x l-x) + 6(x)[p(x t)p(x)(x t-x)] 2. 

Compare thi s wit h (4.15a-c ) t o verif y (4.12). 

But no w tha t w e know <M > ,  w e get <L > immediatel y since , b y (4.13 ) 

d<L> = (p 2s T) 2 d<M > x r x 

= 2(p 2s î) 2 p 2 s f M x dx 

= 2 L d x x q e d 
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We can no w prove Theore m 4 . 1 . W e proved th e Marko v propert y i n a  simple r 

setting i n §3 , an d a  simila r argumen t ca n b e use d here , o r w e can jus t refe r t o 

[7, Theore m 2.3] . W e are intereste d primaril y i n th e infinitesima l generator . T o 

find this , le t f  C C (2)  b e bounded . The n fo r an y x , o n th e se t {L x >  0} 

f ( L x + h ) - f ( V • 
x+h 

x 
f f(L )d L +  \ 

y y  2 

oc+h 

x 
f"(L )d<L > 

y y 
x+h 

x 
F A )(< A -  («(y ) - ( p V v Ly)dy) 

+ 
rx+h 

x 
[f'(L)(«(y) " (P 2 s ' ) ' 

V + f " ( L y ) L y ] d y ' 

The firs t integra l i s wit h respec t t o a  martingale , s o i t ha s expectatio n 

zero, an d 

€ f( L )  = 
x x 

lim 
h o 

1 
0 

E { f (X x + h ) - f (L x ) | ^} =L x f"a x ) * (6(x ) -
(P 2 s f ) f 

2 i 
p s 

L x)f»(L x), 

which verifie s (4.6) , an d w e are done . 

Example :  i t i s clea r fro m (4.6 ) tha t {L ,  x  >  m } x — is no t time-homogeneous , 

for 6(x ) i s no t constant . I t will , however , be homogeneou s o n eac h o f th e inter -

vals (-°°,0) , (0,a) , an d (a,«> ) i f (P 2 s ' i P s f is constan t there . Thi s wa s th e 

case i n Theore m 3. 3 sinc e p* l an d s(x)a x there . I t i s tru e o f an y diffusio n 

on natura l scal e fo r x  >  0 fo r th e sam e reason . Anothe r celebrate d case , du e 

to D . Ray , i s th e following . Le t B t b e a  Brownia n motion an d S  a n exponentia l 

random variable wit h paramete r a  ,  independen t o f B t« Le t B fc b e B fc kille d a t 

S. Finally , le t X  b e th e diffusio n B  , conditione d o n B  =0. (Thi s conditio -
t t o 

ning ca n b e made rigorou s vi a Doob' s h-pat h processes . Th e semi-grou p o f B ^ i s 
P = t -at 

e 
Pt where P is th e Brownia n semi-group , an d th e semi-grou p o f x  i s 

the h-pat h transfor m o f P for h(x ) = e 
V2a x -Ae Vlax . Thi s i s a 

P-excessive functio n whic h ha s a  pol e a t th e origin , an d which i s invarian t awa y 

from th e origin) . Th e infinitesima l generato r G  o f X  i s th e h-transfor m o f th e 

generator o f B . 
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Cf(x) = 1 
2h(x) 

(hf)" -  « f 

= 1 
2 

f"(x) -  2\íla sgn x  f  f(x) 

The scal e functio n s  satisfie s Gs= 0 ;  suc h a  functio n whic h vanishe s 

at 0  i s 

s(x) = 
{ 2 fla x  ,  . . e - 1  i f x  j> 0 

, - 2 JTa x 
1-e i f x  <_ 0 

and i t follow s tha t fo r som e c  >  0, 

p(x) = 
1 x > _ 0 

1 
l-cs(x) 

x <_ 0 

To identif y c , i t i s easil y see n fro m Lemm a 4.2 tha t 

E°{L }  = lim 
x -> o 

x 
s(x) 

s(x) E{D ox} = 1 
cs !(o) 

1 
2c >/Ta 

Next calculat e E°{ L }  from anothe r standpoin t .  Le t E  be th e expectatio n o 
operator fo r B , an d E  th e expectatio n operato r fo r X . No w X  i s identica l 

to th e proces s B , kille d a t i t s las t exi t fro m 0  ( 5 ) , s o 

E{L (S) } =  E{L (e) } =  E{L } o o  o 

But a s 1 
2 

|B t | - LQ(t) i s a  martingale , 

E{LQ(S)} = 1 
2 E{|BS|} 

= 
oo 
O 

oo 
O 

X 
\̂ 2TT t e 

x2 

2t a e ' a t d x d t 

= 1 
2\/2a 
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Comparing thi s wit h th e above , w e see c=l , henc e 

P(x) = 
1 if x  > 0 

2V2Ö1 x ^  n e v i f x  <_ 0 

so tha t p 2 s f =  2  yflo. , and th e generato r o f L x i s 

€ f (u) = u 
x 

d 2 

du2 
+ (6(x) - l/la u ) d 

du . 

For th e interpretatio n o f thi s i n term s o f Besse l processes , se e (6 ) 

or ( 8 ) . 
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