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THE LOCAL TIME OF THE BROWNIAN SHEET

by

John B. WALSH

The Brownian sheet, {wst’ s >0, t >0}, is a Gaussian process with mean
zero and covariance E{Wuv wst} = (upas)(vp t). It has continuous paths, and it
also has a local time which, as was shown in (l), is continuous in all variables.
We will refer to this as the local time in the plane. We will also use a second

local time, the local time on lines. Consider, for instance, the line s=s_ in

2
R,. {wS e
o

t > 0} is a one-parameter Brownian motion, and it therefore has a local
time at any point x, which we call the local time along the line s=s .

Our approach is quite different from that of (l). We will start with the
local time on lines, and get the local time in the plane, L(x;s,t), by integrating
L(x;s,t) 1is not exactly the same as the local time of (l), but it is closely
related to it. Our basic results, Theorems 1.2 and 2.1, state that L(x;s,t) is
continuous in x and is continuously differentiable in s and t, except at the
boundary. Its partial derivatives are exactly the local times on lines, as one
would expect. (This was mentioned in [1], but the delicate part, which is to show
that the local time on lines changes continuously when the line is changed,
eluded us).

We are also able to get some estimates on the moduli of continuity of

L(x;s,t) and its partials. It turns out that L(x;S,t) is much smoother

in all its variables than is the usual Brownian local time, while t - é% L(x;s,t)

and s - é% L(x;s,t) are much rougher.
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1 - LOCAL TIMES ON LINES

Let {wét’ s, t > 0} be the Brownian sheet. If we fix t, s > W, isa
Brownian motion, and its local time at x up to s is given by Tanaka's

formula :

(1.1) L](x;s,t) =

TN

+ _ s
[(wst-x) - x -J T > 2100 wut]
o ut

where the stochastic integral is an Ito integral with respect to u - wut' We

use "8]W" instead of "dW" to emphasize that this is a line integral, not an area
integral. The particular normalization chosen above assures us that for a bounded

Borel f,

00

s
(1.2) Jo f(wut)du = J L](x;s,t) £ (x)dx a.s.

—00

Similarly, the local time along the line s = constant is

1.3) L. (x; =2 ot - - [ 5
(1.3) 2(x,s,t) =3 (Wst X) X I{W > x} 22 Wl
o sV

We can get the absolute distributions of L, and L, by a scaling argument.

1 2
-1/2 -1/2

Both {s W t >0} and {t \ s > 0} are standard Brownian motions,

st’ st’
so their local times at x are standard Brownian local times. If, say, ¢(x,s)

is the local time of t_]/2 wst at x, then, for a bounded Borel f£

s _ -1/2 ®
JO f(t Wut)du = J_w ¢ (x,s8)dx.

Compare this with (1.2) to see that ¢(x,8) = vt L](x va;s,t). Thus we

have
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BROWNIAN SHEET

PROPOSITION 1.1

For each s,t > 0, { Yt L & vVt ; s,t), s > 0} and

{f; L2(x Vs ; s,t), t > 0} have the same distribution as standard Brownian

local time at x.

Notice that Ll(O,s,t) has the same distribution as -;%? ¢(0,s), so that
as t > 0, L](O,s,t) + o in probability, and L2(0,s,t) + o in probability as
s - 0. Thus, Ll and L2 are badly-behaved at the points x =t = 0 and

x = s = 0 respectively. Elsewhere, though, they are quite respectable, as the

following theorem shows.

THEOREM 1.2

There exist versions of L, and L

1 2 which are a.s. jointly continuous in

(x3s,t) in RXx Rf except at x =t =0 and x =s =0 resgeptivelx.
Before proving this, we need a lemma which is not new, but which we will

prove for the sake of completeness.

LEMMA 1.3

Let {Bs, s > 0} be a standard Brownian motion from zero and let p > 1.

For each xe R and s > 0

S

p [
I{IB —xl < e}du) } <
o u

(1.3) sup E{(%— J
e >0 €
x € R
Proof : the integral above is bounded by s, so if e > 1 the whole expres-
sion is bounded by (%)p. Thus, suppose O < € < 1. Note first that, by a familiar
argument, (1.3) is maximized over x by taking x=0. Let f€ be a function whose

second derivative is (2:3)_I I(_ )" By Ito's formula applied to f :
€

€,€

1 (S ] .
(1.4) e Jo I{lBul < e}du = fe (BS) - fe(Bo) - Jo %:(Bu)dBu'

Now O < f! <1 and 0<f (t)<|t+e| < [t| + 1, s0
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(1.5)  E{(f_(B)) - fe(Bo))p} < E{(B | + NP} < =,

The stochastic integral on the right hand side of (1.4) is a continuous
martingale with an increasing process
s
2
= '
AS J (fe(Bu)) du < s.

o

By Burkholder's inequality, there is a constant cp 3:

s
' P p/2 p/2
(1.6) E{(J0 fe(Bu)dBu) ]Vicp E{(AS) } j_cps .

The result follows from the fact that the bounds in (1.5) and (1.6) do not

depend on €. qed

We can now prove Theorem 1.2.
Proof : let s,s', t and t' be positive, and let x and x' be real.
Write
J(x"s;s",t") - J(xss,t) = (I(x'3s',t') - J(x;3s',t"))
+ (J(x3s',t") - J(x,s,t")) + (J(x;3s,t') — J(x;s,t)).

def
= J] + J2 + J3.

We will estimate E{|Ji|p} separately for each i. The plan is the same in

all three cases:represent Ji as a stochastic integral, then use Burkholder's

Lplz

inequality to bound its LP-norm by the -norm of its increasing process. Once

this is done, the theorem is a consequence of a general theorem of Kolmogorov.

We will treat J1 and J2 first since they are relatively straightforward

to handle. J3 is a bit tricky.

Let p > 1. Now either x < x' or x'<x. Suppose the former, for instance.

Write
1

s
1
J, = J I vl W .
1 t o {x<wut,ix} 1 "ut
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BROWNIAN SHEET

If we define Bu = (t:')_l/2 W , B is a standard Brownian motion from zero,

ut
and
sl
1.p vt' P
Bl J|1P}= PP RS | 1 v ap [P
x"—x 1 t x'=x (E.<p <X u
Ve tTVe
By Lemma 1.3, there is a constant cs'p such that this is
1
< P e
Thus
- P
P x'-x
(1.7) B[P < ego | =
Moving on to J2, suppose s £ s' and write
S'
1
J, = I X dB .
2 [ J {8 > }
t s \ﬁ;
This is a martingale whose associated increasing process is
s'
_ 1 s'-s
S
s u 7
t
By Burkholder's inequality
1
P s'-s \p/2
(1.8) E{(Jz)}icp(—tv .
This brings us to J3. Assume that t < t'. We can write
1 (S 1 (8
J=—,J’I BW,""JI 9, W
3 0t o {wut,> x} 1 "ut t, {wut> x} 1 Tut

s
1J 1
- I 3, (W '—W)‘—fl 2w
t' {wut' >x} °1 ut' “ut t o {wut,<x< wut} 1 ut

s S
1 1 1
+ (—,--)J I 3, W +—J I 3, W
t e, {Wut,>x} I lut e {wut<x<WUt'} I Tut
def ,
£ K () + K'(s) + Ky(s) + Ky(s).

We will just conmsider K,,K, and K,, for K’ 1is obtained from K, by

1’72 3? 3
simply interchanging t and t'. Now KI’ K2 and K3 are martingales
with increasing processes A1 B A2 , and A3 respectively
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1,23 t'-t
A(s) = (=9 J I (t'-t)du < s
1 t o {Wut, >x} —-(t,)Z
2
t'-t (2 (° (t'-t)
A (s) = ( ) J I t du <-———5s
2 tt ° {Wut' >x} t(t')z
and
1 s
A (s) = — J I t du
3 t2 o {wut<x<wut'}
Just as above, we apply Burkholder's inequality:
p/2 _, P p/2
p t'-t JR . t'-t s
(1.9) E{K}} iCP( 2 s) 3 1{Ky} gcp( ) @
and
» c s p/2
(1.10) E{K:} :_—-2—» E{(J I du) }
3 tp/2 o {wut < xiwut' }

We must bound the expectation on the right hand side of (1.10). Write

t'=t+h and put
=1 2 . -
Bs = \fE wst and BS = \/}_l (ws,t+h Wst).

1 . . .
Then B and B2 are independent standard Brownian motions from zero, and

e ol 1\(}'12
wSt <x< ws,t+h iff Bs :-X/V? s Bs + t BS > X/Vz

. 1 .2 def t
or, iff (BS’BS) eRXth = {(E,n) :Ei k/ﬁ’ n > V,XE._V:}: £}

Thus, put fs = (B;,Bz). This is a standard planar Brownian motion, and we

are finally led to look at

S —
I (Bu) du.

_‘__J
V-E o thh
‘n 'y

1
Al
1
=
N

~AY

Q
>

i \.\\\\\\\

R yth



BROWNIAN SHEET

Note that as h - O this tends to a local time along the half-line
hn>0, &= _x_} We don't need to show quite that much ; the following rather crude
t
estimate is enough for our purposes. We claim that

E{ (= Js L E)awP’?
\/‘; o thh u

is bounded in x,t and h. It is clearly bounded for h > 1, so we may assume

h< 1, Let M= max |B2]. Then for wu <'s, Ip (ﬁu)gl x
0<u<s u xth (= -MVh<B <21},
Ve t
so that
s s
E{(—]—J I, (8 dwP i< B —’——J T 1 du)P/2
Vi o xth MYh’'o {——-M\ﬁ;<Bu< }

t vt
But M YT is independent of Blll, so this is
/2 1 (® p/2
< E{MP }supE{(E I du)®’ 7}
o

e>0 {L'€<Bl<x}
Vvt ‘N

Now E{MP/2}<m, while thé expectation is bounded by Lemma 1.3. If the bound
for this expression is D(t,s,P), we have shown

(i BB} < 915;3321 (e'-0P/%,

Denote Ax = x'-x, As = s'-s, At = t'-t. Collecting (1.7),(1.8), (1.9) and

(1.11), we have

B3, %)= o(|ax|P), E(],|P} = o(|as|P/?), BC[3,]P) = o(]ac[P%,

and this is uniform in x,s, and t for t >e¢ >0 and s <s . It follows

that if A(x,s,t) = (Ax2+Asz+At2)1/2

for t > e, s_<_so, and x € R,

E{I Jx";s',t") - J(x;s,t)|P} <a A(x,s,t)PM.

, that there is a constant &« such that

If p = 12+4e, this is
=aA(x.s,t)3+€
Thus Kolmogorov's theorem applies, proving that there exists a version of
J(x;s,t) which is a.s. jointly continuous in the three variables on t > 0. In

fact, if x#0, we can extend this continuity to t=0, since as W__=0,

E1e]
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L](x,s,t) = 0 for all small enough t if x#0. qed

Remark : the behavior of Ll(x;s,t) for fixed t has been well-studied,
since it is then a Brownian local time. It is interesting to consider its behavior
as t varies for fixed x and s. We can show that it has a modulus of continui-
ty which is O(]t]]/é-e) for any ¢ > 0. Indeed, (1.9).and (1.11) imply that for

§ > 0, there is a constant K depending on s and p such that if
t,t'> 6 , |t'-t]| <1, then

E{|L, (x;s,t") - L](x;s,t)lp} < Klt'-t|1/4

1/4

If we set V¥(t) = ]tlp and p(t) =t in the theorem of Garsia,

Rodemich, and Rumsey (2), we see that

146 1+5|L](x;s,t') - L, (x5s,t) P
E{J J 7% dt dt'} < K.

s 8 I [t'-tll

If B 1is the value of the double integral above, it is a.s. finite, and the
theorem tells us that for all t, t' in (6,1+8) :
le'-t| L o 1/p
B dv
L, (x38,t") = L (x38,8)| < 2I (——)
1 1 ° v2 v374

This is finite if p > 8. If we set € = 2/p (which can be made as small
as we please since p 1is arbitrary) this is
_ss'l?
1-4 ¢
While the above does not prove it, it suggests that t - L](x,s,t) is much
rougher than, say, a Brownian path which would have a modulus of continuity of
0(Vx log x). We conjecture, for instance, that its quadratic variation is infinite
but that its fourth-power variation is finite. (This might be interesting to check.

It could give us a process which is not a semi-martingale).
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2 - LOCAL TIME IN THE PLANE

Let us define local time in the plane by

t
(2.1) L(x;s,t) = J L](x;s,v)dv
o

The integral exists, for if x#0, L, is continuous in v, and if x#0,

t t
E{j LI(O;s,v)dv} = J E{Ll(O;s,v)} dv,
o o

where the application of Fubini is justified since the integrand is positive. By

V’I/Z

Proposition 1.1, Ll(O;s,v)has the same distribution as Ll(O;s,l) so this

is
t
dv

< o,

= E{L](O;s,l)}J

o v
It follows that L(O;s,t) exists and is integrable (but not square-integrable !).

This gives us a local time in the following sense : if we integrate (1.2) we
get

s rt 0
(2.2) J J f(wuv)du dv = J L(x;s,t)dx

o ‘0 -

for each bounded Borel £. We can do the same with Ll replaced by LZ. Since

(2.2) remains true, we conclude that for each s,t

t s
(2.3) L(x;s,t) = J L](x;s,v)dv = J Lz(x;u,t)du,
o o

for a.e. x, hence, by continuity, for all x. Since L] and L2 are continuous,
L is continuously differentiable in s and t. In fact, we have the following.

THEOREM 2.1

L(x;s,t) 1is a.s. continuous in the three variables (x,s,t) and, for fixed

X, continuously differentiable in s and t, with

] ]
s L(x;s,t) = Lz(x;s,t) and EE-L(x;s,t) = Ll(x;s,t).

Moreover, for each s,t > 0, & >0 and N < o , there is a finite random
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variable B such that

(2.4)  |L(y;s,t) - L(x;s,t)| §_B|y—x|]—E if e < |x], |y] <N

We should point out that L(x;s,t) is not the same as the local time
¢(x3s,t) introduced in [1,56], although they are closely related. Indeed, ¢

satisfied

s rt oo
(2.5) JO Jo f(wuv)uv du dv = J_m¢(x;s,t)dx.

If we compare this with (2.2), we see that

s rt
o (x38,t) = J I uv L(x;du,dv)
o’o

The factor uv makes ¢ better-behaved at the origin thah L, while L
is perhaps a more natural quantity, since it is the occupation-time density.

We have proved all but (2.4) of this theorem, but we can't prove that yet.
It will follow from theorem 2.4 below.

We will need to establish a number of results before we are ready to prove
this theorem. Because of the singular behavior of L near the origin, we will
first consider the local time in a region bounded away from the axes, which we may
as well take to be s > 1

’
Fa)
L (x58,t) = L (x;58,t) = L (x51,t)
A
L

N
—~
»
we
2]
-
(ad
~
I

= LZ(X;S’t) = LZ(X;S,]),
and put

t
= J L](x;s,v)dv
1

=
~
Ll
1]
t
~

1

SA
J L, (x;u,t)du.
1 2

A . A
Note that s - LI(X;S’t) is increasing ; instead of writing dsL](x;s,t)

A
we will write Ll(x;ds,t). Equation (1.2) can be generalized easily to include

functions varying with time : if £(x,t) is bounded and Borel measurable :
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s o g
(2.6) J f(wut’u)du = J J f(x,u) Ll(x;du,t)dx
o

-/ o

(To see this, note that is is clearly true if f(x,u) = g(x) I[a b] (u), and apply
’
a monotone class argument).

Let Rs = [O,s] X [O,tl, with the obvious convention in case either s or

t

t is infinite. We recall a few facts about stochastic integrals.
If {cbst, s > 0, t > 0} is measurable and adapted to the fields

o~
s

e = O{Wuv, u<s, v<t} and if E {J ¢2(u,v)du dv} < «, one can define the

Rst

stochastic area integral
[ ¢uvd Yav*
R
st

We can also do this if ¢ is only weakly adapted, i.e adapted to the fields
J{;m (1) Furthermore, one can write line integrals in this form, e.g. if
F

{ps, s > 0} is adapted to ¢ then

s
9, W = I d
Jo Pu 1 "ut JR Pu v <t} wu,v
soo
. . ~
This brings us to another formula for L.

PROPOSITION 2.2

f s>1, t>1

t

2.7)  T(x;s,t) = 2 J ((WST‘X)+ - (W]T’X)+) %T—
1

® (ot

-2 (J I 1. (y3s,dt) L dy) dw

R -R % v']2 T uv
st 1t

Proof : we begin with Tanaka's formula (l1.1), writing the line integral as an

area integral with respect to a weakly adapted integrand.

~ . - 2 _ont _ont
L](x,s,t) t[(wst: x) (wlt x) JR -R I{wut> x} I{Of_vit}d Wuv]'

st 1t
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~
By the definition of L :

1 urt

T(x;s,t) = 2 t(w—)‘“-(w-)+ d—"-zt I 1 aw 4
X538, L) = LS ¥ x T {w > x} {o<v<t} Tuv T
Rt Rie

Interchange the order

t t
. oF - . -0t - ax
=2 L [(wsT x) (W, ~x) ] P 2[ . U v >x} T]clwuv
st ¥t vVl ut

replaced by ?.

By (2.6) with L] 9 ¢
t L o
dt ~ 1
J I{W >x} T = J J Lz(y,u,d-r) I dy.
Vel ut x ‘vvl
Substituting this above gives (2.6) qed

Let us see how i(x;s,t) varies with x. From (2.7) we can write
T(x3s,t) = M(x) + N(x).
Now ]M(y) - M(x)] < 2(t—l)|y—x|, so M 1is Lipschitz continuous, and it remains

to investigate N. Let x < y and define :

y ¢t
Y = N(y)-N(x) = -2 (J J ‘I‘.z(z;s,d'r) 1 dz)dw
° Rst—th x ‘vl t w

This expression will be more transparent if we set

¢ (u,v) = J J = L2(z;u,d1')dz.

X ‘Vwvl

Ll

Pa)
Now L2 has moments of all orders, hence so does ¢ , and ¢(8,v) is

~
fst-'measurable, so that

Xy _ _
XS = ZJ q>(u,v)dwuv
-R
st 1t

is an integral with respect to a weakly adapted integrand. Moreover,

X M . . . . . .
{Xsy, J‘5t, s > 0} is a continuous martingale whose increasing process is

<x5y >, = 4 ¢2(u,v)du dv

JRst—th
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[
£~
—

-t
—
7]
~
—
<
=
[
~
N
ws
=3
-
rt
N
N
(=%
N
N
N
o
e
o
<

By Holder, if p >
(tos gy
<X 5P < 4P (t (s-1))P 1J J (J zz(z;u,t)dz)2p du dv.
s o’1 X
Applying Holder again

(2.8) <xx}’>p <4p ( t (s-1) )P (y—-x)ZP J
s I

t (s (¥
J J /I\Jz(z;u;t)ZP dz du dv
171 ‘%

Let us estimate this.since\"s'Lz(X\fé',s,.) has the same distribution as

Lz(x,l,.), (proposition 1.1) then if u > 1, certainly

E(L, (230,07} < E{L, (230,07} < E(L,(051,0)7P}.

But standard Brownian local time at zero has the same distribution as the Brownian

maximum process, so, by the reflection principle

2py_ 2p, _ (2p)! t\p
E{LZ(O,l,t) } E{W]t} P! (2)

(This last can be easily calculated from the characteristic function, for

instance). It follows from (2.8) that

2 1
(2.9) E{<Xx}’>§} < 4P (% (s-1) )p Qg—)'— (y—x)zP.
By Burkholder's inequality
(2.10) E(ET)P) < (p+1)P <xxy>1;/2},

where we have used Klincsek's bound on the constant (3) .

If we combine (2.9) and (2.10), we have proved
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THEOREM 2.3

For each p>1, s>1 and t > 1 there is a constant Kpst such that for

each x,y

E{ !a(y;s,t) - ?..(x;s,t) lp}_<_KpS Iy-xlp

t

"
This theorem immediately giwesus a modulus of continuity for L, thanks to

the theorem of Garsia, Rodemich, and Rumsey (2]

THEOREM 2.4

Fix s >1, t > 1. For all € > 0, and any N, there exists a random varia-

ble B such that for all [x], ly|] <N,

(2.11) lf(y;s,t) - L(x,s,t)[ < Bly—x!]_e.

Proof : let Y(x) = Ix]p and p(x) = x in the Garsia—-Rodemich-Rumsey

[

by theorem 2.3. If D(w) is the double integral above, D(w) < = a.s. so that

theorem. Now

"N ~
LLY;S:t)_ L(x;s,t) P
y=x

dy dx} < Kpst

for all O<x, y<I1
/p 1/p

ly-x| !
a [ D 8p D 1-2
.o -1, <8 QUL e 2 B2y 2P
t t 2 p-2
o t

This can be extended from [0,1] to any finite interval. Since p can be taken
as large as we please, we can assume % < e , and we are done. qed

Theorem 2.1 now follows easily. We have already proved all but (2.4).
To prove this, note first that if ie(x;s,t) is the local time in s > e, t > ¢

Al A~ . . ~ ~c

(so that L =L) then theorem 2.4 remains true with L replaced by L . But now
if |x| , |y| > 6 > 0 there exists some € > O, depending on w, such that

|w <6 if either s <e , t<N or t<e , s <N. But

st!
L(x;s,t,w) =/I‘f'(x;s,t,w) and L(y;s,t,w) ='T:"(y;s,t:,w) for all x,y such that

|x] , |y| > 6, and we are done, since 1%  satisfies (2.11).
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The modulus of continuity in theorem 2.1 is tantalizingly close to
O(|y—x|), which leads us to end the article with a question : is x-+L(x;s,t)

Lipschitz continuous ?.
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