Asterisque

J. PALIS

A differentiable invariant of topological conjugacies
and moduli of stability

Astérisque, tome 51 (1978), p. 335-346
<http://www.numdam.org/item?id=AST_1978__ 51_ 335_0>

© Société mathématique de France, 1978, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique 1’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1978__51__335_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Société Mathématique de France
Astérisque 51 (1978) p.335-346

A Differentiable Invariant of Topological Conjugacies

and Moduli of Stability

J. Palis

We discuss here a differentiable invariant that arises
when we consider topological conjugacies of a certain class of
dynamical systems (diffeomorphisms or vector fields). These
dynamical systems exhibit a pair of hyperbolic periodic orbits
of saddle type whose stable and unstable manifolds meet non-
transversely. This condition is not open or persistent in the
set of all dynamical systems. However, this may be the case when
we consider one (or more) parameter families of diffeomorphisms
or vector fields. Also for holomorphic vector fields near a
singularity, when we consider the real flow induced by the inter-
section of its trajectories with a sphere of small radius center-
ed at the singularity [1], [2]. We think that other interesting
situationsof a similar nature may arise in dynamical systems,
specially when specific subsets of these systems are considered.
We point out that most of the results we present here will appear
in [7] with more general formulations and several global
implications, like the stability of a generic arc of gradient
vector fields.

This conjugacy invariant will be used here in quite
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opposite ways: on one hand we show that certain systems are
finitely stable (or have a finite moduli of stability) and on the
other there are open sets of diffeomorphisms on the sphere 82
with an infinite moduli of stability. This last application will
make use of diffeomorphisms constructed in [ 5] and in fact it
will provide open sets of diffeomorphisms of 52 with infinite
noduli of Q-stability. As usual, Q-stability means stability
restricted to the non-wandering set.

We remark that there are quite complicate systems with
a finite moduli of stability. This is the case for the Lorenz
attractors as recently proved by Guckenheimer and Williams. In
[l], [2] moduli of stability are determined for holomorphic vector
fields.

Let M be a C€° manifold. Two C° (r21) diffeomor-
phisms of M are topologically conjugate if there is a homeomor-
phisms h of M such that hf(x) = gh(x) for all x € M. A
diffeomorphism f is structurally stable if any g c’ near f
is conjugate to f. Two ¢’ wvector fields X and Y on M
are topologically conjugate if their flows Xt and Yt are
conjugate in the following sense: there is a homeomorphism h of
M such that hXt(x) =Y, h(x) for all x € M and t € R. The
vector fields are topologically equivalent if there is a homeo-
morphism of M sending trajectories of one onto trajectories of
the other. The most natural concept of (structural) stability
for vector fields is defined in terms of topological equivalence:
X is stable if any ¢’ close vector field is topologically

equivalent to X. Tn both cases of vector fields and diffeomor-
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phisms the moduli of stability is defined as follows. A dynamical
system is k-stable, k a non-negative integer, if in any small

ct neighborhood of this system there is a k-(real) parameter
family of topologically distinct systems and every system in the
neighborhood is equivalent to one in this family. A stable system
is O-stable and for a system that is not k-stable and for any

k 2 O we say that it has ®-moduli of stability. Similarly, we
can restrict the notions of equivalence, stability and moduli of
stability to the non-wandering sets of the systems,

We recall that a periodic orbit o(p) of a diffeomor-
phism f is hyperbolic if DfL(p) has all eigenvalues with norm
different from one, where 4 is the period of p. The orbit is
called a saddle if some of these eigenvalues have norm bigger
than one and some smaller than one. Similar concepts hold for
periodic orbits of vector fields by considering the Poincaré
mappings associated to local transverse sections. For the
singularities of vector fields, we require for hyperbolicity that
the eigenvalues of their derivatives at these singularities should
have non-zero real part; if some of these real part are negative
and some positive, we call the singularity a saddle point. 1In
all cases, we can associate to a hyperbolic periodic or fixed
orbit Y a pair of invariant manifolds called the stable and
unstable manifolds of Y and denoted by WS(Y) and Wu(Y).

They are as smooth as the system and are made of orbits that have
the periodic or fixed orbit as their w or a-limit set, respect-
ively.

We can now start presenting the conjugacy invariant we
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suggested above. Let us first consider 02 vector fields X

7

and X’ on a two-manifold. Let p, q and p’, q be singular-
ities of saddle type for X and x’ . Suppose that one component
of the stable manifold of p coincides with one compoent of the
unstable manifold of q; di.e. there is an orbit Y of X whose
w-limit is p and q-1limit is q. The same for X', p', q' with
connecting orbit Y'. Finally, let M, p and u’, p’ Dbe the

eigenvalues of the derivatives DX(p), DX(q) and DX (p'),

DX'(q') in the transversal directions to Y and Y', respect-
ively.
X X w x’ x’ w’
o V A o 0 [ ‘\ v ’
Z /7 Y\’ 4
q v - z p q y? 27 1%

Theorem - X and X’ are conjugate in neighborhoods of Y and

4

Y if and only if pAJ = P,/hlv

Proof: We observe that 02 flows on two-manifolds are C1
linearizable near hyperbolic singularities [3]. Thus we
may assume that the flow Xt generated by X is linear in neigh-

/7

t in neighbor-

borhoods Up, Uq of p and gq. Similarly for X
hoods Up,, Uq/. First, suppose there is a homeomorphism h

from a neighborhood of Y onto a neighborhood of vy’ such that
h X, = X, h, Consider sequences x. # x € Ws(q) NU, v;*7Y €

t t i q

u
€ Yynpvu z; * z2€ YN U, and w; *w € W (p)nN U, such that

q’
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v;= Xti@iL z; = Xs(yi) and w, = XTi(Zi)’ where s 1is constant

and  t,,T, + » as i+ «. Let x' = h(x), x; = h(xi), y' = h(y),

’ ’ ’

Y = h(Yi), z' = h(z), Z;_ = h(zi), w = h(w), w;_ = h(wi)'

Let a, a, be the (vertical) coordinates of x, x; in the W (q)
direction and d, d; (the vertical) coordinate of w, Wy (in
the WY(p) direction with a, a;, d, d; > 0. We get d; =

i
pty BTy
= a, e k., e and a, *+ a, d. + d, k. + k as i <4 o,
i i i i
Here, k;, measures the distortion of the normal (vertical)
distances in Uq from vy to Y passing to the normal_(vertical)
distances in Up from z; = Xs(zi) to Y; k idis obtained from
DXs(y) in these normal directions. Thus, we have pti + uTi i
4+ log d/ak and so Ti/ti + -p/M since t; * . Similarly
Ti/ti + -p’ ', proving that oM =p’'’.

Conversely, let us suppose that p/M = p' Mu’'. We

define a conjugacy between Xt and XL in neighborhoods of Y
and Y’ as follows. In Uq’ Uq' we use the linear structures
of X, and x;. We define h(q) = q', h(a,0) = (a’,0) for

some (a,0) € W(q), (a’,0) € W°(q’) and h(0,b) = (0,b’) for
some (0,b) € Y, (0,b’) € y’'. Then, for any point (3,b) € U,
we have that (a,0) = Xt(a’o) e (o,S) = Xr(O,b) and so we

define h(&,b) = (Wl X;(a',O), m, X;(O,b')), where 1 m are

1’ 2

the natural projections. At large, if v = Xt(u) for u € Uq

we set h(v) = X;(h(u)). We have to show that h extends

continuously to a conjugacy from W (p) to W (p'). To see

this we fix vertical sections Lq’ L in U, Uq/ perpendicular

q q

’ N -
to Y and Y with h(Lq) =L, Let L= Xs(Lq) and L/ =

= X'(L +); it follows that L_, = h(L_). Now consider any
s q p p
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sequence w; * W € Wu(p), w with vertical coordinate d. We
want to show that h(wi) + 0’ € w'(p'). As before, we can write

w; = XTi(Zi)’ z; € Lp and z; * z € v, z; = Xs(yi), v € Lq

s .

and y, +y € v, y; = Xti(xi)’ x; » x€ W (q) with ty, T; 4o
as i< o, It is clear that w; = h(wi) + w'(p’); the problem
is to show that its vertical coordinates converge. With the same

notation as above, the vertical coordinate of w, is d., =

i
pti uTi
e e and di -+ d, a; <+ a, ki + k as i+ o, The

= a., .
1 1

. . . ’ ’ . . .
expression for the vertical coordinate di of w;, is similar.

Using the relation pﬂi = p'/h', we conclude that d; converges
to (a'k'/ak) ep'-p d. This shows that h extends continuously
to Wu(p) and it is clearly a conjugacy between Xt and X;.
The proof of the statement is complete.

An obvious consequence of this theorem is that any two
such vector fields X and X’ with saddle connections Y and Yy’
are always topologically equivalent near Y and Y', even if
o/ £ p’/u’. We consider X = £fX such that this moduli condition
is satisfied for X and X', where f is a positive real
function with f = 1 outside a neighborhood of a saddle point
for X. Since X and X are equivalent and X and X' are
conjugate, X and x’ are equivalent. This fact was known,
but it was proved (see [8], [10]) using proportionality of arc
lenghts. We conclude that for vector fields on two manifolds near
a saddle-connection, we have a one-parameter family of models up
to conjugacy and a unique model up to equivalence.

The theorem will be generalized to higher dimensions in

(7] together with several global applications. Among other things,
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it will be proved the stability of a generic one-parameter family
of gradient vector fields.

Let us consider now a similar situation for diffeomor-
phisms on two-manifolds. We take diffeomorphisms f, £’ of
class 02 with hyperbolic fixed (or periodic) points p and q,
p’ and q’ of saddle type. Suppose that W (q) and Ww°(p),
w'(q’) and W°(p’) have one orbit Y, Y’ of quasi-transversal
(parabolic) intersection, respectively. Denote by p, p’ the

eigenvalues of Df(q), Df'(q') with norm less than one and M, d

the eigenvalues of Df(p), Df’ (p’) with norm bigger than one.

—— < 5
p pow o’ wiow
1
Theorem - If f and f’ are conjugate in neighborhoods of Y

and y' then 1log p/log 4 = log p'/log u'.

Proof: As before, take neighborhoods Uq, Up and Uq,, Up/ where

f and £/ are ¢! 1linearizable [3]. Take points

y€ vynNn Uq and vy’ in Y' n Uq" On a C1 curve L perpen-
dicular to Wu(q) in Uq at y take a sequence Vi -+ Vy.
Consider sequences x5 -+ x, z; <+ z and w4 <+ w such that
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n4 m.
y; = f 1(xi), z; = fs(yi), w; = f 1(zi) with n,,m, + e, s

a fixed integer and x € W°(q) N Uq’ z € U, and w € Wu(p)fWUp.

If a, a, are the vertical (along W°(q)) coordinates of x, x;

in Uq and d, d; are the horizontal (along W¥(p)) coordinates
nj mj

f w i = i
o w, ; in Up, we have di a; p ki V) . Since di -+ d,

a:.L + a and ki <+ k, all positive numbers, we get mi/ni -»

-+ - log p/log M as i <+ o, The constant k is given by Dfs(y)
along L expressed in terms of the linearizing system for f in
Up. Taking the images of these sequences by the conjugacy and
n.

i

using similar notation, we have dist(z;,wu(q')) = a; o’ k

i
with a; + a’ > o0, k; + k' >0 and dist(z;,ws(p')) >

S dis(z;,wu(q’)). Passing to the sequence w; + w’ and taking

PR T |

ns .
e g d; - d’. So p v

coordinates, we get a; p k; “,m
is bounded above. Since mi/ni -+ - log p/log M, we conclude

that 1log p'/log u’ £ 1log p/log M. Reversing the argument, we

get log p/log 4 < log p’/logu’. Thus log p/logu = log 0"/10g K,
proving the statement.

This result can be generalized to higher dimensions C71.
At this writing, W. Melo Lu] proved the converse for diffeomor-
phisms above on two-manifolds; i.e., if 1log p/log 4 = log pvﬁogu'
then we can construct a conjugacy between the diffeomorphisms in
neighborhoods of the quasi-transversal orbits.

Using the conjugacy invariant of the previous theorem
and results of Newhouse in [5], we can now exhibit open sets of
diffeomorphisms on the sphere 82 with infinite moduli of
stability and, in fact, of {l-stability. The examples can be

constructed on every manifold of dimension bigger than one.
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Previously, Robinson and Williams [9] also exhibit open sets of
diffeomorphisms with infinite moduli of stability. However, their
reasoning is of different nature and requires surfaces of genus

two or higher and for (Q-stability higher dimensional manifolds.

Theorem - There are open sets of CaD diffeomorphisms of 82 with
infinite moduli of stability.

Proof: Let f be a C° Morse-Smale diffeomorphism of 82 as

follows. The limit set of f consists of six fixed points,
all hyperbolic and their stable and unstable manifolds are in
general position., See the picture below, where Ii and r2 are

sources, s, and s2 are sinks and p and q are saddles with

w%(q) intersecting transversely W (p).

Sl <

For t € [O,l], we consider Py = ptOf, where P is an isotopy

with support in U as above and [ is the identity map. Thus,
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¢, =¥, = £ outside U for all t¢€ [0,1]. This isotopy is
such that, for some b € (O,l), Py is Morse-Smale and conjugate
to £ for O<€ t < b and for %, we create a generic (parabdi@
orbit of tangency between W (q) and W°(p) (see [6]). We
observe, as shown in [ 6], that for many values of t > b and
near b, @t is structurally stable with infinitely many
periodic orbits. However, it follows from [ 5] that, for some
values of t near b, there are open neighborhoods V of L
of C% diffeomorphisms with the following remarkable property.
For any integer K > O, 1is dense in V the subset of diffeo-
morphisms having more than K distinct pairs of hyperbolic
periodic points pi, a; with a quasi-transversal orbit of inter-
section Y, in Ws(pi) n Wu(qi). This fact is proved in [5]

for K =1, but for K > 1 one can use the same argument
inductively. The previous theorem implies that each such pair
of periodic points yields a positive real number as a conjugacy
invariant. We conclude that every g € V has moduli of
stability bigger than K, for all integers K > O. Therefore,
all g€ V have infinite moduli of stability.

We notice that these open sets of c” diffeomorphisms
of 82 have infinite moduli of Q-stability. This follows from
the fact that the orbits of tangency in Ws(pi) n Wu(qi) above
is non-wandering because, by construction, Wu(pi) and Ws(qi)
have a non-empty transversal intersection. Finally, we remark,

based in [5], that a large number of these examples can be

constructed on every manifold of dimension bigger than one.
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