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On a generalization of topological conditional entropy 

by 

B. Marczyriska 

§ 0. Introduction 

We introduce the notion of topological conditional entropy 

for a subset of a compact space and a continuous transformation. 

It is a generalization of the topological entropy defined by 

Bowen (LI-J) and the topological conditional entrdpy introduced 

by Misiurewicz (L3.1). 

§ 1. Definition 

The following notations and terminology will be used: 

X - a compact space 

f : X X - a continuous transformation 

Y C X - a subset of X 

9(X) - the set of all finite covers of X 

(jl(X) - the set of all open finite covers of X 

N - positive integers 

G^A - if a subset c of X is contained in some 

member of A <£ ̂ (X) 

A ^ B - i f a^<B for every a € A and A,B 6 5> (X) 
n-1 0 0 

A n = V f^A , A*" = Y f^A for A e ? ( X ) , n € N 
i=0 i=0 

Now, for c C X and A £ 9{X) let (see С 1J ) 

f supikeN: c ^ A k J if C < A 
n f j A ( C ) = ^ 

0 if С ^ A 
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B. MARCZYNSKA 

DA(C ) = e - v ( c ) 

D A(C, A ) 
7" D A ( C i ) A where С - (*i)i=1 

and Л > О 

Por Ъ€ ВеФ(х) and € y 0 we define 

pAfb,Á,e 0 0 - inf ( 
С I D A (0,Л ) : 

«5 
и 
tr4 

с ±Э Ъ л Y, V c i > < ej 

and 
рА|в,л,е ( Y> - max P. b . (ï) 

It is easy to see that 

(1.1) P. I B X e (Y) > РА I B X fe ( 3 0 for A ^ A g , B ^ B g 

A1 $ Л2e^e 

Now we can define 

mA|B,X W - lim lim F „ (Y) . 

Notice that 

Ю А 1 | В 1 , А 1 
(Y) > Ш А 2 | В 2 > Л 2 

(ï) for A 2, в., 4 в 2, A 1 $ Л 2 

a n d mA|B,A (Y) £ { o . + oo} for at most one A 

Define 

h A l B(f,ï) * inf 1*. m A l R A (Y) - O ] (inf ^ = + OQ ) 

Prom the definition it follows that 

(1.2) V, l B i(f,Y)> hA 2|B 2<
f>*> for A 1 > A 2 > B 1 ^ B 2 

Now we can take limits (finite or infinite) (see L 3 J ) 
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TOPOLOGICAL CONDITIONAL ENTROPY 

lim hi (f,Y) = sup h l B(f,Y) = h(f B,Y) 

lim h |B(f,Y) = inf h A l B(f,Y) = h
x(f,Y) 

hx(f,Y) will be called the topological conditional entropy 

of f for a subset Y of X. 

§ 2. Basic properties 

The proofs of the following propositions are simple and 

therefore we omit them 

Proposition 1 

a) If f 1 : X 1 X 1 and f 2 : X 2 ~> X g are topologically 

conjugate (i.e. there exists a homeomorphism IT : X^ X 2 

such that TT« f 1 = f2<>TT) then h ^ , ^ ) = hx(f2,TT(Y1 )) 

for Y 1 C X 1 

b)If f : X X is a homeomorphism, then h x(f ,f""1 (Y) ) = 

= hx(f.Y) = hx(f.f(Y)). 

Proposition 2 

If nelï and A,B e 9 (X), then 

a)
 V|B(fn,Y) = n h A ( B ^ Y ) 

b) htf^B.Y) = nh(f (B,Y) 

c) h^f^Y) = nhx(f,Y) 

Proposition 3 

If nfcN and A,B 6 9 (X), then 
00 

a> hA|B< f' M Yi> = s f hA|B( f.V 

b) hx(f, U Y, ) = max hx(f,Y. ) 
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Prom Proposition 3 it follows that if Y is countable, then 
h*(f,Y) = 0. 

§ 3. Connection with topological conditional entropy 
First let us recall the definition of the topological 
conditional entropy h x(f), ( C3J ). 

h x(f) = lim h(f|B) = inf h(f|B) 
BeotfX) BeOl(X) 

where h(f|B) = lim h(f,AlB) = sup h(f,AJB) 
AeOl(X) AeOl(X) 

and h(f,A|B) = lim ̂ log NU^B 1 1) . 
n-^oo 

Moreover for A , B e V (X) N ( A | B ) = max N ( b , A ) , 

be B 

where for b C X, b t§ N(b,A) = min^Card C; CCA, U c ^ b 
and N(i?,A) = 1. 
Theorem 1 

h*(f,X) = h x(f ) 

Proof 

It is sufficient to prove that 

a) if A,B e § ( X ) , then hA|B(f,X) ^ h(f,AJB) 

b) h*(f,X) > h*(f) 

For the proof of a) let X> 0 , £ > 0 and e" n < e , 
where n € N. Moreover let be such, that 
P t „ (X) = P (X) and let CCA n be a cover of 
A|rf\Afe A,bn,A,e 
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TOPOLOGICAL CONDITIONAL ENTROPY 

b11 with N(bn,An) members. Then 
D A ( C , X ) 4 Card C . e~ n A < H(A n! X)B n)e~ n^ 

and 

A B * , a ,e A I B 1 1 , A , e n ADA(C, X) 

^ ( e l l o S N ( A n k ) - A ) R 

If X > h(f,AlB), then lim 
A| В11 

(X) =0. Since €. was 

arbitrary, it follows that 

тА|В,Л ( Х ) = °' hence h(f,A В) > hA|ß(f,X) 

Por the proof of b) l e t mA\B,X ( X ) = 0 where А,В € Ol(X) 
and A > 0 then for fixed 0 < ̂  < 1 and 0 < € < 1 there 
exists n Q e N such that 

v ° 
(X) < n 

n n n 
Hence for every b 6 B there exists a cover C(b ) = 
= (ci)i°!1 of ЪП° with D A(c ±)<€ (so n f A ( c ± ) > 0 ) 

and СД(С(ЬП°), X ) < ^ . We may assume that is open. 

Let D e Gl(X) and 5 > В П°, where 5 =[d : d e . 
Since for d £ D d is compact, therefore there exists 

a finite, open cover Cx(d) of d such that Cx(d) C C(b °) 
n n 

for some b £ B . 

If C = ̂ cÉCK(d) : de and K = Card C, then 0<k<oo . 

Let n 6 N and for c1,0..,c £ C such that 
I s 
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n f ) A(c,) + ... + n f ) A ( c s _ 1 ) < n and 

n ^ n f , A ( C 1 ) + ••• + " f . A ^ 

Z(c1f...,cB) .(xfec,! f f ' A 1 f » A r (x) € c r + 1 

for r = 1,...,S-1J 

inen 
Z(c 1 f...,c s) < A n 

If d n 6. EP and d n = (l f"Jd, , where d. 6 D for j=0,...,n-1 
then 

Z =|z(c r...,c s): 8 ) 1 , c,€ C*(d 0), 
c r + 1 € ° K ( dn f > A(c 1) +...« l f ) A(c r)) 

for r = 1,...,s-1 ^ covers d n. 

Hence 

N(d n,A n)e- A n 4 Card Z e" A n $ 

¿21(1 +X_ ZZ. e"
Mnf'A(Cl)+,,*'nf'A(^ 

<• Ho. Z lA',t')(...(l>.»lt-'))...)) 

^ K 7" h = M <i 

and 

(e 
И ( А П Ь П ) ) П 4 M 
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TOPOLOGICAL CONDITIONAL ENTROPY 

Therefore if m Aj B ^ (X) = 0, then h(f.A|D) 

(for some D which depends on B). 

This implies that 

h(f,A|D) 4 n A ( B(f,X) and therefore h s(f) 4 hs(f,X). 

Remark. 

If Y is closed and f - invariant then hx(f,Y) = h*(f|Y) . 

The proof is like that of Theorem 1 and is close to the proof 

of Proposition 1 L11 • 

§ 4. Connection with topological entropy introduced by 

Bowen ( L 1} )• 

R, Bowen defined the topological entropy h(f,Y) in the 

following way: 

h(f,Y) = sup hA(f,Y)A e Ol(X) 

where for A e Ol(X)hA(f,Y) = inf [ A ; m A ) ¿ (ï) - о} 
and for X > 0 

0 0 = lim infJD.(C,A) : O с±} Y, DA(Ci)<e} 
It is easy to see that h(f,Y) ̂  hx(f,Y) 
Theorem 2 gives another relation between these notions 
Theorem 2 
Let A £ OL(X) ancl B e 9 (X). Then 

h.| B(f,Y) > sup h.(f,ïnlf). 

If in addition Y is closed and B is a closed cover then 

the reverse inequality also holds. 
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Proof. 
If B e J O O and n £ N then for any b°° G B°° exists 
b n e B11 such that b°° C b n . 

Therefore for £ > 0 

infJDA(C,^ ) : \J c ±3 Y o b° , D A(c ±)< ej ^ 

^ F „ (Y) £ F t „ (Y) 
A,b ,A ,£ A| B , A 

and hA(f,Y n b°° ) ^ * A | B ( ^ * ) 

This gives the required inequality. 
For the proof of the second part let £ > 0 and A > 0, 

Then for any b ° ° £ B*° there exists a cover C ( b ° ° ) = 

= ^ i ^ ) } ^ o f n Y such that D^e ^ b 0 0 ) ) <<E 

for i = 1,2,... and D A(C ( b ° ° ) , A ) ^ F (Y) + £ 
A A,b , A 

We may assume that c^ ( b ° ° ) are open. 

Let U ( b ° ° ) = U c. ( b ° ° ) and U = ) U(b°° )} , then 

U covers Y. 
For W = ^ d n ^ Y n B n : n a ] and V = [d n£ W: d n ^ u} 

we define g : V —^ W in the following way: 
if d n + 1 e V, where d n + 1 = d n n ±~nK for d n€ W and ' n 
b n e B, then 

g(d n + 1) = d n. 

A sequence (d n ) ^ = 1 with g(d n + 1) = d n for n = 1,...,m-1 
is called a branch of lenght m with initial vertex d 1. 
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We notice that for every d e W g (d ) is finite and 
d is from a finite family Y n B. 

Suppose that for every m £ N there is a branch of lenght 
m. By means of Konig's Lemma ( L 2 ] , p.104) there exists an 
infinite branch, that is a sequence ^ n ) n ^ ^ with &n+^ C d n 

and d n U for n > 1 . There exists b 0 0 £ B*° such that 
f ) d n = Y*b<°C U(b*°). 

Since each d n is closed, so d n C U(b°°) for sufficiently 
large . This is impossible, because d^C V for n 1. 
We have proved that there exists n Q e N such that all 

n n 
branches have lenght less then /y\, 0 • Hence for b e B 

n , 
such that P (Y) = P (Y) we have -Ynb U, 

1 F%A,fc A,b^o, X^ 
so Y o b ^ C U(b°°) for some b ^ B * 0 . 
Prom this and (1.1) it follows that for n ^ n Q 

F

 v , W £ P . ̂  (Y) ^ D A ( c ( b - ) f X ) <: 
AJB11, A,G AlB^.A.fe A 

£ F ^ (Y) + € 

This implies that ^ (Y) ^ m^ ^ (Y o b** ) 

and this gives the required inequality. 
Corollary 1. 

hx(f,Y) > inf sup h(f,Y n tf) for any Y C X 
BtOl(X) blB~ 

Corollary 2. 

If h*(f,Y - Y) = 0, then h*(f,Y) = inf sup h(f,Y* b"° ) 
Bt()l(X) b\F° 
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Proof 

In view of Proposition 3 b) § 2, Proposition 2 c) Q 1 3 and 

Corollary 1 it is sufficient to prove that if Y = Y then 

hX(f,Y) = inf sup h(f,Y f\ b*) . 
BeCtfX) b^ÇrB*0 

Let Y = Y. For any B Ol(X) there exists C B £ Ol(X) 

such that cL ^ B. Then by Theorem 2b) and (1.2) we obtain 

hx(f,Y) ̂  inf sup h . (f,Y) £ inf sup sup h,({3fnc^ 
BfcOi(x) AeOt(x) A | C B B*0I(X) AeOi(x) e t c * A 

^ inf sup sup h A(f,Yob
t 0) = 

BfcOl(X) Aea(X) lf*B* A 

= inf sup h(f,Y d b ^ ) 
B<0l(X) tf°<cB* 

In view of Corollary 1 this completes the proof. 
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