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§ 0. Introduction
We introduce the notion of topological conditional entropy
for a subset of a compact space and a continuous transformation.
It is a generalization of the topological entropy defined by
Bowen ({1]) and the topological conditional entrapy introduced
by Misiurewicz ([3]).
§ 1. Definition
The following notations and terminology will be used:
X - a compact space
f : X - X - a continuous transformation
Y C X - a subset of X
»(X) - the set of all finite covers of X
(UX) - the set of all open finite covers of X
N - positive integers
C<A - if a subset ¢ of X is contained in some
member of A € §(X)
A 2 B-if a<B for every a € A and A,B € ® (X)
n n-1 . 0 N
A= Y o, aY¥ s Yot for Ae@@), nex
i=0 i=0
Now, for c¢C X and A € 9(X) let (see (1] )
sup{keN: c<Ak} if ¢ < A

ng 4(€) = ,
0 ir ¢ X A
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DA(C; ) = e-hT’A(C)
oo

pA(C,/\) = 2 DA(ci)'\ where C = (0_.1)::1 and AD> O

L=

For beBeSD(X) and € >0 we define

FA,b,)\,e (¥) = iléf{DA(C,)\ ) s UciDbnY, DA(ci)< e}

L9
and

Palp,ae (¥ = maX oy a,e (F)

It is easy to see that

(1.1) F (Y) > F (Y) for A,> A, B,<B
L LT T RO VY b PP PN 1772 "1 T2

A €A, €, <€,

Now we can define

n (Y) = lim 1lim F (¥) .
A|B, A ) €20 nay Aan.MG. )

Notice that

mA1lB1,)\1(Y) > mAz\Ba"\z(Y) for A.Y A, B, < By, A <A,
and BB, A (Y) ¥ {O,+ 00_} for at most one \
Define

By |p(£,Y) = int {)\; my(py (¥) = o} (inf & =+ )
From the definition it follows that
(1.2) hA1‘B1(f,Y) > hAQIBz(f,Y) for A, 7 A, B, < B,

Now we can take limits (finite or infinite) (see [3])
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TOPOLOGICAL CONDITIONAL ENTROPY

Aem.(x) A‘B(f Y) = smf AlB(f,Y) = h(f]|B,Y)
. - 3 ) = x
B@:,lc:‘Ll?X) hA'B(f,Y) -B:él\fx) hA\B(f’Y) h (st)

hx(f,Y) will be called the topological conditional entropy
of f for a subset Y of X,

§ 2. Basic properties

The proofs of the following propositions are simple and
therefore we omit them

Proposition 1

1 2t % ™ %
conjugate (i.e. there exists a homeomorphism 11 : X~ X

such that Tre f, = £,0T7) then h*(£,,Y,) = h™(£,,TT(¥,))

a) If f,: X, —> X, and f are topologically

for Y1 C X1

b) If f: X —> X is a homeomorphism, then h*(f,£~1(Y)) =
= h¥®(£,Y) = n¥*(£,£(Y)).

Proposition 2

If nel and A,B e ¥ (X), then

a) h (£2,Y) = nh, (5(£,¥)

A"|B
b) h(£f|B,Y) = nh(£|B,Y)

¢c) h¥(£%,Y) = nn®(s,Y)
Proposition 3

If neN and A,B € 9 (X), then
a) hA[B(f .:U t) = sup by (£, Y;)

b) n¥(f, _U Y,) = max h"(f,Yi)
- 184i<n
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From Proposition 3 it follows that if Y is countable, then

n¥(f,Y) = 0.

§ 3. Connection with topological conditional entropy
First let us recall the definition of the topological
conditional entropy h®(f), ([33).

n¥(£) =Bg.ir&) h(f|B) =Bien01;/(x) h(f|B)

4

where h(f|B) = 1im h(f,A|B) = sup  h(f,A|B)
AEOUX) AeQuX)

and h(f,A|B) = lim Jlog N(a"|B?) .
n-oo

Moreover for A,B € P (X) N(A|B) = max N(b,A) ,
be B
where for bC X, b #&  N(b,A) = min{_Card c; cca, Ued b
and N(§,A) = 1.
Theorem 1
n®(£,x) = b¥®(f)
Proof

It is sufficient to prove that
a) if A,B e $(X), then By p(£,%) < n(£,A|B)
b) h*(£,X) > n¥(f)

For the proof of a) let A>0 € >0 and eRle ,

!

where n € N, Moreover let b% e B® be such, that

F x)=r (X) and let CCA™ be a cover of
A[B*), e A, D), €
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TOPOLOGICAL CONDITIONAL ENTROPY

b? with N(b®,A®) wembers, Then
D,(C, A) € Card C . e ¢ N(An‘Bn)e'nA

and
é AN [ g
FA\B”, A L€ ) FA\B”,/\, oo™ < (0
1
¢ (los N - "
If A > h(f,A|B), then 1lim F (X) = 0, Since € was

N0 AIBII,/\,G

arbitrary, it follows that
my|p,  (X) = 0, hence n(£,A[B) by | p(£,X)

For the proof of b) 1let my|B, )\ (X) =0 where A,B € OL(X)
9
and >\> 0 then for fixed 0 < Vl <1 and 0 <€ <1 there

exists n, € N such that

F X)< .
A|B™, )€ =)<
n n n
Hence for every b © e B° there exists a cover c(b °) =
n
= (ci);; of b° with DA(ci)<€ (s0 nf,A(ci) >0)
n

and DA(C(b ), A) < Ul . We may assume that ¢, is open.

- n -
Let D e CL(X) and D » B°, where D={d:d GD}.
Since for d € D d is compact, therefore there exists
- n

a finite, open cover C®(d) of & such that C®(d)c c(b °)

n, n,
for some b "€ B 7,
If C ={cec"(d) : deD} and K = Card C, then 0<{k< ,

Let n € N and for 01,...,cseC such that
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nf’A(c1) + oeee + nf’A(cs_1) {n and
n < nf,A(c1)+ ces + nf,A(cs)

nf’A(c1 Y+.. '+nf,A(°r)

Z(c.l,...,cs) ={xec1: f (x) € Cri

for r = 1,...,8—1}

then

Z(cqyeeescy) £ A"

M4

If e ® anda a = () £7a, , where d;eD for j=0,...,n-1
=0

then

2 ={2(cquennicgds 8) 1, cpe C¥(ay),
CK
°r41 € (dnf,A(°1)"'”'+nf,A(°r))

for T = 1,4.4,8-1 } covers 4",

\( 2(1 + Z e‘%(nf’A(C.‘)"".-.mf’A(Q

ceC S22 2(g,.. G4 O€ 2
=\ =) (
< T ey el (8 Meal%e?y |y
ceC 2% < Cq.y
w .
’\< K Z Vls =M 4 [voe)
S=0

and

-A + d10g N(AR|DP)
(e n » M

/PN
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Therefore if m (X) = 0, then h(£,A|D) ¢ A
Al B, A
(for some D which depends on B),

This implies that
n(f,a|D) & hy|p(f,X) and therefore n®(r) < b¥(£,X).

Remark,
If Y is closed and f - invariant then h¥®(f,Y) = h¥(f|Y) .
The proof is like that of Theorem 1 and is close to the proof

of Proposition 1 [1].

§ 4. Connection with topological entropy introduced by
Bowen ([1)).
R. Bowen defined the topological entropy h(f,Y) in the

following way:

n(f,Y) = h, (f,Y
( )AseuOIL)(X) L (£,Y)

where for A € OL(X)hA(f,Y) = infi'A; my (¥) = 0}
L
and for A > 0

LY

U ;> D(e;)<e]

m Y) = 1im inf{D,(C :
a ) (1) = 2im ane(nC,0) ¢ U
It is easy to see that h(f,Y) ) h®(f,Y)

Theorem 2 gives another relation between these notions
Theorem 2

Let A € OL(X) and B € % (X). Then

hA]B(f’Y) 2> E}:gm hA(f,Yn bw).

If in addition Y is closed and B is a closed cover then

the reverse inequality also holds.

289



B. MARCZYNSKA

Proof,

(=) (Vo) .
If B ¢ 9()() and n ¢ N then for any b ¢ BY exists
b® e B® such that b < b7,

Therefore for e> 0
n

U e;d> ¥anb , Dyley)< el <

=

inf{DA(C,)\ ) :

< F . () < F (Y)
A%, € AlB%, )€

and  h,(f,Yq %) < hA\B(f,Y)

This gives the required inequality.

For the proof of the second part let €> O and A > O,

Then for any b € B® there exists a cover C(b™) =
)
= {ci(bm)jiﬂ of b™ a Y such that D,(e;(b™))<e

for i = 1,2,... and DA(C(b°°),/\) £ F o (¥) +¢

’ ’ ’

We may assume that ci(bm) are open.

Let UDG®) = U c,(b® a U=4 U™ , th
et UL®)= U c;(6®) an {()}bchm en

(1
U covers Y,
For W={d"<¢¥nB: neN} ana Vv={a"ew a" 4 U}

we define g : V. —> W in the following way:
if @™ e v, wnere ™' =% £ for d"c¢ W and
b, € B, then

g(dn+1) = dn.

n

A sequence (a%))_, with g(@®*1y =@ for n = 1,...,m-1

is called a branch of lenght m with initial vertex d1.
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We notice that for every e w g'1(dn) is finite and

1 ig from a finite family Y n B.

d
Suppose that for every m € N there is a branch of lenght
m. By means of Kénig's Lemma (( 2], p.104) there exists an
infinite branch, that is a sequence (d") y with e g
and a" 4 U for n > 1 ., There exists bwG Bw such that

() a® - Yab®c U(b®),

mewN
Since each a% is closed, so ac U(b°°) for sufficiently
large m, . This is impossible, because d™e¢ V for nS 1,
Wle have proved that there exists n, € N such that all

n n
branches have lenght less then Moo Hence for b %e B °

nO
such that F (Y) = F (Y) we have ‘Ynb °<L U,
3 [B™, )¢ A, %0, )\,¢

n
so Ynb° < U(™) for some b'c B .

From this and (1.1) it follows that for n > n

o
F Y) £ F Y) £ D, (c(b™), <
AIBn,/\,G() AlB“",A,e() ,(C(B% ), X))
L F (Y) +¢
A!bw!A’E

This implies that mAlB,}\ (v) £ my (Yad)

and this gives the required inequality.

Corollary 1.

n*(f,Y) > inf sup h(f,Y A ¥) for any YC X
BeQUX) ©PeB™

Corollary 2.

1f b®(£,7 - Y) = 0, then n¥(f,Y) = inf sup h(f,¥a ")
Be(X) PeB
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Proof

In view of Proposition 3 b) § 2, Proposition 2 ¢c) [ 1] and
Corollary 1 it is sufficient to prove that if Y = Y then

h®(f,Y) = inf sup n(f,¥ 4 %) .
’ BeQUX) 1b™e B® ’

Iet Y = ¥, For any B € OL(X) there exists Cy € Q(X)

such that EB :; B, Then by Theorem 2b) and (1.2) we obtain

n¥(s,Y) € inf sup h = (£,Y) € dinf sup sup h,(£¥nck
’ BeOu(x) Ael(X) [Ty BeO(x) AcOU(X) ce'gs“‘ A
£ inf sup up b, (£,Ynb%) =

sup
BeQu(X) AeQU(X) B'eB™

= inf sup h(f,Yab™)
BQU(X) beB®

In view of Corollary 1 this completes the proof,
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