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MUTUAL SINGULARITY OF SPECTRA OF DYNAMICAL SYSTEMS

GIVEN BY ''SUMS OF DIGITS'" TO DIFFERENT BASES

Teturo Kamae

0. Summary

In [3] , it was proved that if (p,q) =1 and a and b are
irrational numbers, then the following two arithmetic functions «

and g have mutually singular spectral measures

a(n)
g (n)

exp (2ri a s_(n))
P (nEN) ’

exp (27i b sq(n))

where sp(n) (sq(n)) is the sum of digits in the p-adic (q-adic)
representation of n . Here we prove a slightly stronger result that
the two shift dynamical systems corresponding to the strictly ergo-

dic sequences « and B have mutually singular spectral measures.

That is to say that for any f ¢ Lz(ua) and g e Lz(us) such that

fdy = [gdu, = 0 , where and are the measures on TN
o B o B

(T being the unit circle in the complex plane) for which o« and 8
are generic with respect to the shift, respectively, the spectral

)

measures Aa £ and l\B g are mutually singular, where A
’ ’

is the measure A on B@ determined by the relation

a,f(AB,g

("¢, ), = [e2mA0 4p ) ((1"g,@), = [e2™M 44 (3)) for all n e N
o B8
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(T denoting the shift as well as the isometry on L2 induced by

the shift).

1. Mutual singularity of spectra and disjointness

Given two dynamical systems X = (X,u,S) and Y = (Y,v,T). We
consider, in the obvious way, Lz(u) and Lz(v) as subspaces of
Lz(uXv). For f ¢ LZ(uXv), H(f) denotes the closed subspace of
Lz(uxv) spanned by f, (SxT) f, (SXT)2 f,... . The following theo-

rem is essentielly due to A.N. Kolmogorov.

Theorem A.

X and Y have mutually singular spectral measures if and only
if
(1) X and Y are disjoint in the sense of H. Furstenberg, and
(2) for any f € Lz(u) and g € Lz(v) such that

[fdu = [gdv = 0O , f ¢ H(f+g)

Proof

We prove only that the mutual singularity of spectra implies
the disjointness, since the other parts follows easily from [4].
Assume that X and Y are not disjoint. Then there exists a proba-
bility measure £ $ u x v on X x Y which is S x T -invariant
and satisfies that EIX =y and AIY = v . Take f ¢ Lz(u) and

g ¢ L,(v) such that [fdu = [gdv = O and (f,g)E $+ 0 . Since
ll l%‘] e—Zni)\n SanZ dx > A
N 1 u x,f

-27iixn n 2
T A > A
g Ay g

(weakly)

—_1Z

e

Z|—=

|v
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MUTUAL SINGULARITY OF SPECTRA

and the property of the affinity p[Z], we have

A A
ol x,f )’:g)
N . .
> Tim [ [T e 2" g™ w || T ¥ g an
N 1
N . N .
> Tim J’IL l }' e-anAn Snf , 5‘ e-21r1)\n Tng) l da
- f - E
N 1 1
N . N .
> Tim % |[(F ™2 1 Mghy | o2 11 gy gy
- G 13
N 1 1
= [(£e), 1 >0
Thus Ax,f and Ay,g are not mutually singular.

2. Disjointness of o and B

To prove the disjointness of the two dynamical systems given
by o and g in §0 , it is sufficient to prove that any vy and §
in the orbit closures of o and B , respectively, with respect to
the shift are independent of each other. The proof by J. Besineau [1]
for the independency of o« and g works well for these y and 3§

Thus, we have the disjointness of o and B8

3. Mutual singularity of dynamical systems given by o and B8

Let (X,u,S) be a dynamical system. Let f and g be in

Lz(u) . Then we have

Lemna
(1) ag = |c|2 Ag , where c is a constant

(2) Mgy s 2hg + 20,

(3)  [lng = a ll < |1£-g]1% + 2| |£]] |1£-g|| , where Hag = agll

is the total variance of the measure Af - Ag .
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Proof :

(1) is clear. To prove (2), we have

1Y -2rind cn 2
Mgy = W-lim g 1] e “" ST(f+g) || ar <
g N N 1 N

N - N .
.2 - -
w_lltm 5 (IIZ e 2minA Snfllz . Il}]: e 2mina Sngllz) da =

IA

= ZAf + 2Ag
(3) follows from the fact that
N s N .
. 1 =27inA ongp 2 - A
g = ngll s Lim S |11 e S 7 - 1] €770 s 12 ] o

1A

N .
Lim [3 (1] eT2T0N Moy || %
N 1

+

N . N .
- - A
2l1] e 2mink oM g_gy || ] e 2TAM ghe |1y ax <

2
I1£-g[ 1" + 2| |£-gl| [I£]]

A

Because of this lemma, to prove the mutual singularity of dyna-

mical systems given by o and B , it is sufficient to show that

Ay £ and l\B g are mutually singular for f and g of the form
’ ’
M M M
1 k ¥

£(y) =y %(Ty) ' ... (Ty) T -C

N N N

k

gl = v °m) ..o aaf -

(k=1,2,..., Mi , Ni e Z ; C,D are constants such that

[fdu = fgduB = 0)

Let ¢ and ¢ are sequences such that

¢ (n) exp Zni(MO sp(n) + M sp(n+1) ...+ Mr sp(n+k)) - C

1

Yy (n) exp Zni(No sq(n) + N sq(n+1) ...+ Nr sq(n+k)) -D

1

Then L and are the spectral measures A¢ and A
’

o v
of the sequences ¢ and ¢ , respectively, in the sense of [2]. Let
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MUTUAL SINGULARITY OF SPECTRA

2niEa sp([—g])

9p(n) = e P A(n-pL[—%]) -C
p
2miFb sq([-g])
b () = e a B(n-qL[jﬁ]) - D
k k
where E= ) M. , F= } N and
i=o ! i=0 *
A(2) = exp Zni(Mo sp(l) L Mk sp(Q))

B(2) exp Zni(No sq(z) oot Nk sq(l))

Then, it is easy to see that and ¥, ~converge to ¢ and

L
v , respectively, as L - « in the sense of Besicovich norm. There-

A A
¢L(‘”L
riance (cf. Lemma). Therefore our conclusion follows from the state-

fore ) converges to A¢(A¢) in the sense of total va-

ment that A¢ and Aw are mutually singular. The last statement
L L
can be proved in the following way.

Case 1 : E=F =0 . Then ¢ and wL are cyclic sequences whose

L

cycles are coprime. Thus A¢ and Aw are mutually singular
L L

Case 2 : E$# 0, F=20 . Since
-1

L
) A(2)
=0

. 2
1 P -2mig L
(%) da ) = |— e dr_ (p™r)
¢L+C pL . n

2mi Ea s
mi Ea 5p(n)

where n(n) = e is known [2] to have a continuous spec-
tral measure, A¢ +C is continuous. This implies that C = 0 and
L
A is continuous. Since A is discrete, A and A are mu-
L L L L

tually singular.

Case 3 : E=0, F % 0 . Parallely as in case 2

13
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Case 4 : E+0 , F+0 . Then as was shown in case 2, C =D = 0

2ni Fb
m sq(n)

Let n be as in case 2 and ¢z(n) = e It is known[S]

that A, and AC are mutually singular. Since (*) and

L L, PE-1 zei(Ea s (2)-10) |72
dr (pA) = | ] e P (),
p =0 n
A¢ is absolutely continuous with respect to A
L
Parallely, Aw is absolutely continuous with respect to AC
L
Thus A¢ and Aw are mutually singular. Thus we proved
L L

Theorem B.

The two dynamical systems given by o and B8 in §0 have mutual-

ly singular spectral measures.
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