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SPECTRUM OF MEASURABLE FLOWS

S. GOLDSTEIN

Let {Tt} be a measurable flow (one parameter group of
measure preserving transformations satisfying standard measurability
condition) on the (Lebesgue) probability space (X,Z,u). Denote by H
the generator of the group Ut = e_itH of induced unitaries and let

sp(H) be its spectrum.

Let P(x) be the period of xeX (if x 1is aperiodic,

P(x) = » ). We have the

Proposition.
If ||P||w =o , sp (H) =R

Corollary. If {Tt} has an aperiodic component and in
particular, if T% is ergodic and T' = only if t = 0 , then

sp (H) =R .

Proof: We first give an a argument which only establishes
the latter half of the corollary. The argument, which is a generalization
of the standard proof that the discrete spectrum of an ergodic trans-
formation forms a group, may be applied to prove the appropriate re-
sults for automorphisms of C*-algebras.

Let sp ¢y denote the support of ye LZ(X,U) in the spec-

tral representation determined by H . Then
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Lemma 1. If y,¢e L”(X,u) then sp(y$) cspy + spé
Proof: For q;eLz (X,u) let
: _T .2
7T = 5117 fmelEt ezt (U y) dt (Bochner Integral)

By the spectral theorem :

LT
Y (E) = (SE(H)IP
where 2/2
T 1 ~ (x-E) !
g = o

We claim that if 1lim ||§7 (E)||2 = 0 for all E in an open set O,
t-+0

then sp(y) and © are disjoint. [By the spectral theorem :

~t 2 1 -e'-m)
fp = 18T@113 = 5 Jo dEfduw (E') e
) -(E'-E)2
=7—TT—T-Jdu¢ (E)JVO, dE e T ~ T uw(e')
Therefore if ||1])T(E)||2 + O uniformly on &' , U‘P(Gl) = 0.
Hence, by Egoroff's theorem, uw(S) = O (here Hy is the spectral
measure belonging to y )] .
P ,\T/~ AT/ ,\T/ 1/
Now (y@) (E)) =] “x@ 2(EO) =[9 .Z(EO—E) $ %E) aE ,
and 2
(’B}‘ (E ) AE(E -E) é;T 25) 4E < Sonst 8 /2Tf -const 'E®dE —0
[weF B 1, < [117 7, 1, @ ¢ £2555 e T 0
if Eg ¢ spy + sp # , where
§ = inf dist(E,sp$) V dist(Eo-E,qu)) = % dist(Eo,spw+sp¢).
E
In the above we have used these estimates :
AT 1 T T2/2 _ 1
v EY, < J55 e ae) [lull, =y vll,
2/2‘[

A -[dist(E,
BTE 1, ¢ g [l0]], e [A1SEESPY]

(spectral theorem) and
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Lol < [lwll, T1ell, [Telly [1éll,

Theorem.

Let T, be ergodic. Then sp(H) forms a group.

Proof. Let Cy(x) = §(x) . Then C U =U_C , i.e.

CH = -HC . Therefore if ) € sp(H) , -) € sp(H) . Let

|
—

1 1
E € o(H) , spy (B = E+2),|[y|l,

I
—

1 1
E2 € o (H) , sp ¢ (EZ—H’ E2+;l-)’]l¢| I2 =

By ergodicity,

1 (T
Lt at fay|u| |60 %) |—— (aulu]) (a| @] > 0,
T > o

so we may assume that w¢># O . By lemma 1, w¢ is therefore an approxi-
mate eigenvector of H of eigenvalue E1 + E2 , so that E1 + E2 € sp(H) .

Now if sp(H) 1is discrete, it must be of the form

{nE | n=...,-2,-1,0,1,2,...}

and T, =1 for T = 2n/Eo . If sp(H) 1is not discrete, it must be
R , since it is closed.

The proposition itself should follow from the decomposition
of Tt into its ergodic components. We instead prove it directly,
using an entirely different approach.

Assume first that Tt has a nontrivial aperiodic compo-
nent. This may be represented as a special flow [], i.e. as a flow
built under a function f 2 § > O and aperiodic automorphism

(XO,uO,TO) . (X,u) 1is identified with the "region under the function

f on (Xo,uo)" with measure given by u x Lebesgue measure.
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For t > O , Tt(x,s) = (x,s+t) for s+t ¢ f(x) and
Tt(x,s) =(Tox,s+t—f(x)) otherwise.

Since TO is aperiodic, for any n > O there exists a set A with

n-1

o (A) disjoint [ ] . Therefore there

> e
uO(A) O and A, TO(A), T
exist in X T"rectangular tubes" of arbitrarily large length in which
Tt induces a uniform translation. Consequently we may construct
. . . its

approximate eigenvectors (approximate plane waves e ) corres-
ponding to any A € R . Finally, if Tt has no aperiodic component,
we may construct approximate eigenfunctions is above by employing the

representation of T as the flow built under the function 7 (x)

t ’
and the identity automorphism. Here mw(x) 1is the period of x e XO .

Since ||P(x)||Oo = o , we obviously have "tubes" of arbitrarily large

length on which the motion is a uniform translation.
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